
8. Passification of the central measures



We
go
back to the classification of central measures a partitions :

· A central measure en partitions is a family of probability measures (i) nee
on the sets Y(r) which satisfy therecurrence relation :

P Pr++() # = G(n)--
& : Jide dim

·
The central measures are the marginal distributions of the infinite rendom

tableaux T
= &d=+ ... Thn X

...
with the property of conditional

uniformity :

- conditionally to dri AnyTo the distribution of the beginning
ofthe tableau is uniform over ST(n) .

# the
sequence (Jan = Jn)-nso is Markovian with respect to the

kernels P.(6) dind.
dim

· Theextremelantrelmesures arein bijetianwithmorphisms ofa
P(J) =

dimd
. s(x) with s(x) =Of

P+(x)= & -

·AmanthoseScur-positive normalised marphisms we those indexedi
- [( ,) )
P(G , B) = &

prze(c , B) = [Gi)k + (1) (i)
We want to prove

thi these are theonly Sahur-positive normalised morphisms...



A
.

Central measures and charadersof(a)
* normalised positive trace on a

group
G is a map T : G-> such that :

- T(e) =
4

e Age ...., gnG , ([(gigjt)usijen is Hermitian positive.
3) + (gh) = =(g) .

Proposition : If G is finite ,
then a normalized positive trace is a barycenter

of the normalised irreducible characters of G.

Proof : The 3rd condition is equivalent to :- = &g4d for some GE
↓+ E

Indeed
, Ihes is a bosis of ZIKG) = &frudiassucha

= [functions such thatfigh)-f(ng)
The 1st condition is then equivalent to [G = 1.

de

we havetoshowtheheree
(h(gigj) Hermition positive
For -

enEK
,
be . . .

,

a) ((gigj)eijeno
= twe

, ...,
at D

,
+((PV) = 0

with U= (g)& this is true
.

=>> Lat -Fagg be the element of ZCKG) which is sent bythe Farrier
transform to liduiy land O in the other representation spaces) .



Them
, 0[ogt Eight) =[ + (x() **(s)) = q .

5.

dimd
9, h

Given a normalised positive trace I
,

its trat measure is the setof coefficientsspec
(g)Je :

thisgeneralises the definition of spected measure of a representation of
a finite group.

Especcet[X
*

(g)] = [4X
*

(g) = T(g)
Theoremcentmesure is thesetofpemereoa
Proof: Atraceandeterminessequenceofcompetite s is

[P(j)x = Tis() =
(T, ga++))(84)

JEY(n)
=E Pry (d)(x() ,y(n)

= ()
4 EY(n+ 1)

and the Frobenius-Schur isomorphism :By Frobenius reciprocity:
< VSI Rest = IndS(n)

= (p+ s(sy) = #j +%

so(x) = [Pr+y (N) dind X = (P(ns
, satisfies the

↓ dim induction relation of contemesuresI

J T

D .

C . Backwards martingales associated to central measures.



Let The a random infinite tableau with the conditional uniformityproperty,
Cet

,
FP) a probability space on whichT is defined ,

D = Anx() the associated central measures .

We denote for nz 0 : En = oldn
,
dat

....
(

(F)nso is a filtration indexed by negative integers .

Fix k=*, p =Y(k) and o E5(k) with cycletype p.
Lemma : (X

- (a) nork is a (backwards) martingte w . r. t . (Fluste

Proof : the measurability and integrabilityis obvious.

#S Xtr(or) Fr.] = [P()- n - 1
,
j)x()

deY(n) ↳din, en #
a - ,

+

= X
**

(op) . D .

Therefore ,
there existsfomyof andmost sure limit** (o) =limX.

#( *** (r)) =[X
*

(of)] = T(op)
,

I chander of S(0)
associated to T/ Przy-

Lemma : the character is extremal ifund onlyif there exists a normalised Schur

positive specialisation of Sym such that T(op) = pp(X) .

Proof: For an extremal central measure associated to the specialisation X ,

[(op) = [P())x*

(f) = [Sy(x) ch
+
(f) = pp(X)

JEy() . JEM(n)

by theFrobenius-Schurfamula B.



3. Extraction of the limiting frequencies.

For an extremal system :

Er(
Er = pp + terms with lower degree:) -X

*

(f)
n

We have[**(o)] = T(or)
EdX*

Cok] = lim
n+Ed=(p)]

= T(ourp) = T(o)2 if thesystema
So

,

X** (a) = constant = pp(X) .

We therefore have
,

N=*An =Eli
We endow the sealed Frobenius Coordinates of JEYG) in me :

us = (ii 1 (i
Theorem : The map2 =

M+

((+, +]) is

(6,B) [difci + BiS .pi
+ USo

2 homeomaphism towards a closed subsetf the set of probabilitymeasures a f)

Then
,

the moments of Nr converge
wes ;

so there exists Mapo
Nan is Nap

&.Wan =
-(9, B) .




