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informations : -2x2h/week

Tuesday
Sh5 oa

+ exercise sessions just after .

- 2x6 = 12 weeks
.

partiol exam 19-23 oct.

exam 14-18 dec

holidays 26-30 oct.

- source : book by Jean-François Le Gall
- hand writteMeasure Theory , probability, und Stochastic Processes"

objective : learn all the basics of probability theory and disrate time stochastic processes
} b

dam varichlesrandom variables and objects sequences ofen

(Vr)nen×

contents : 1. Foredations of probability theory,
2

. Conditioning.

3 Convergence of sequences of random variables
.

. Mortingules f

55 Markov chains.

ChapterI: Foundations of probability theory-
1

. Probability spaces .

In order to model an experiment with endome outcome
,

one cn use lebesque
theory of measure :

Definition (Probability space) .



* probability space is a triplet(
,

F,) where :
⇌

- & is a set (all the possible outcomes of the experiment) ·

- F is a o field or o algebra one:

· Fc B(a) .

· ! ,

2 F

·if *E5 \

* =2* EJ (stuble by complementalifa
· if (fulne is a sequence of measurable subsets with AEYㅣ

then Gent andD. An areso measurable Ciei

Co-stability) .

The elements ofFore alsoclled events. One should think of them
as the subsets #C for which one isuble to answer afterthe
experiment : "did A occur or not ?"

-

P
:
F- R is a probability measure

,

which means :

· P[ ¢] = 0, P[r] = 1
.

· if (filie+
is a countable set of disjoint measurable'

subsets
,
then P[UA] = [PLAi] .

(countabledditivity) .

This implies that D is nondecreasing writ. inclusion
,
and that PSA] = 1.PED)

.

Often ,

one has only access to certain observables of the random experiment.

Definition (Random variste
,

law)
.

Given a probability space (2 ,

F
,
P)

,

a random variable defineda this space



is a measurable map
X : (

,

F) = (E
,

E) towards mother
measurable space:BEE ,

X*B)EJ.

Ther
,

X induces a probability measure $X on I
,
E) called the law or

distribution of X :

PCB3 (XxP) (B ) -
PCX"CB)] UBGE

←

image measure

Fundamental example : The dice throw

Consider a bulanced 6-foces dice -

-> = Call the prometers of athrow : speed ,

crientation
, height of the table

, etcly
= some o which makes the-

algebren parameter maps
w-> speed (throw w) EJR3

-> orientation (throw w) E $2
etc. measurable

P
= some probability measure on Cre

,
5)

, difficult to describe
.

One has only access to the random variable
X: 2 + [4

,
6]

.

w - resultof the throw we

and are expects that BX = uniform law an A
,
6]

.

* [b]=kET1
,
65

.

~ one can mostly forget aboutthe initial probabilityspace (2,
F

,

1P)
,

and focus on the space
induced by X :

( ¢ 1
,
6 B

, B(K*,SB) , unform low) .



2. Tools and constructions

① the oelgebra
DefinitionLet of be a set and C (D(22) be a class of subsets ·

There is a smallest oalgebraFan -2 / forthe inclusion) which contains
the class 2

.
It is called the o-algebra spanned by 2 and is

denoted T= o(l)
.

Proof : c-algebras are stible by intersection. Just take the Inan-empty) intersectionof all o-algebras containing 2.

Example : -e = topological space endowed with T= family ofopen
subsets

.

D(m) = Bardodgebra ofma = o(T)
.

Ifthe
metric

setof outcomes of
struckure, itwould

the rndom
be
crazy

experimentisendowedwith s topologioald
not to tokeJ. DC2), or.

Particular case : -L endowed with an observable X : ve-(E
,
E)

.

オ
- 0 (X). σ ({X 'CB) ,

BEE} )
= oulgebra spenned by the map X

; { X
'

cB)
,

BEE}

Moregenelygiven family ofobses
FGa( Xi

,

ief) : σC{ X;

'

(Bi)
,
BicEi

、 ixxy )
= smallest ofulgebra which makes allthe maps Y: measurable .

Example : Consider a sequence of real random variables (Valns :

Xn : (x
,

F
,
p) =- (R

,

PCR))
.



The n-the empirical measure of the sequence is the
w-dependent probability measure

N(w)= Still -

如 * ,爽 * 炎
S 112

.

Denote M"(R) = & probability measures an (R
,OCR)

One would like to see pres a random variable defined on (2
,

F
,
)

and with values in MICR) (random measure).
Which calgebra a M(R) ?

E = o(π, =&(2) with Ty(p) = (A) .

Them
, Nn is indeed a measurable map (,

F)-MIR)
,

E) :

Ne measurable= - FAECOCI)
,
Ty-Nm :

(m
,
F) =- (iR

,
COCIR)

is measurable.

ButTopra(w)E) is a linear combination

of measurable maps.

: actually ,

there isa nice metric structure an MFCR) s .
t

.

E = B(M=(R))
.

Other importan case : product of spaces
# (Ei, Elliey is a family of measurable spaces ,

then

E-Titi is naturally endowed with ① E,

ifI

= oldI: E- Ei projection map y) .



X (Xilie+ withlues in Fis measurable Il the Xi are measurable .

② the probability measure .

Recall the monotone class lemme :

& some set
;
C

= some class of subsets , containingand
M

= monotone class spanned by C : stible by complementation and
increasing countable union.

# & is stable by simple intersection : A
,

BEC = AnBel
then M = o(2)

.

This is often used to prove
the unicity of a probabilitymeasure with certain properties :

Lemmea :

# C is andgebre of subsets and D, we probability measures

on (-, (2) such that Re= 2 ,
then in fact P= Q

Proof : Let M Co(2) bethe setof subsets on whichandgree
· by assumption ,

2 CM .

. ofPC 6 ],QC
8

],thenPC] . 8.PC8 ],8QC8 ] :Q[
8]

=> stability by complementation .

·ifU ison increasingunia of subsets s .

t .P[A]
FEN

,

thenpC tAn] . 名lim tflu)ipcdu]
=

lim 1/ *Anka) PCda]
(mactonscoregence)

; li识PCAr ] , , 典Cn.] .



So Misa monotone class =>
M

= o(2) ㅱ

The only non-trivial construction of measure thatwe shalluse : productof
probabilitymeasures

'

(fi
.
Fi . Pilie = family of probability speces with arbitrary cordinality .

- =Ti
TTs olcylinders"th."?

:i,"
)

theAil Fil .

There is a unique probability measure P= P on the product space
such that for any cylinder ,

PC Aj" jri]. P: jo?.. I :[ Ajn] .

Sketch ofprof : o the unicity is immediatefrom the monatare class lemma.
· the existence is a particular case of the Kolmogoror extensiontheorem

,
which is itself an application of Grotheodory- Hahn

extension (iso used in the construction ofthe Lebesquemeasure)
.

↳

(going fromwodditive
measure an angebra to ove masa

33 Classical distributions of random variables.

Many observables of random experiments are real volved rundom variables :

X : (
,

F, P)=- (R
,
@(R))

.

Let us review the interestinglows 1y which occur
·



① discrete random variables with values in 2
'

#CXw)EX] =
&

,
theX is entirely determined by the values

1DCK] ,
1P[X(ω) - k] .

Indeed, FBEBCR)
,
Py(B] = 1P(X(w) EB]

= p[X(w)EBnz]

(countable edditivity)=E
We shall also be interested in the followingquantities (if well defined) :

Definition The expectation or mean of a real randome variatele X :/h
,

F
,
P)=-R

is

ECxJ-PCda] (well defined if
X(L(2

,
f

, p))
←仅 × RCx].

The variance of X ,

well defined f X-L(&,F,
#)

,
is

vor(x) = t[(X-[X]]]
= #[X2 - 2X*[X] + E(X]]
, ¢[X2 ] , ①[x]

^
.

These quantities allow are to easily control the dispersion of X
, through themostimportant inequality of probabilitytheory:

Proposition (Bienzymé-Chebysheu)
# XE (2,

F
,
P)

,

then

P[IXIn) #[X]1 = 2] <
ver(X) FaxO

a2



Indeed
,

LHS =-x(w)-CX31 = 2

P[dw]

2

5)#xw)-EEX]L
(X(m) - t[X])

*

P[dw]
2

-)(XIw)-EEX]) PLdu] =
vw(X). e
②

notations and remarks :

·If AEF,

then Ayis a rea random variablewith expectation[A]= PCA)

· #2 . ] =(.
(w)[do)

,
so all thatis true for integ is ingenere

forexpectations.
-> additivity, lineaity, monotaniciny .

-> monotone convergence theorem ,
dominated

convergence
theorem

,
Fotou.

· One often consider real random variables in a LP space ,

where
,
defined up

to

modification on a event with P-probability& .

that something holds almost surely ifsomething] =
1

.saysf X- Yamost surely ,

ther the random vericles are considerdepe
· One often forgets the olwy in the notations

,
so for instance

,

P(XEB] = P((X(w) EBy] .

Thisagreeswiththegerphilosophyigenea

For distrate random variables,[X] =
El [nezkAuez]
(ci [kez k PxCh] .



# XEN a
. S

.,
the distribution of X is entirely encoded in the generating

series

Gx(s) =E[s
*
] = [ Px(k] sk,

s E D(o,y) Cotheast) .

KE4

# [k] =e) 6(2) de for my contour wound 0 .

γ Z

* uniform distribution on [a+1
,

bD : 1P[k] = Motzskeb .

b
- a

¢[X] , axb ☆ :∝(x) : ⑤, a )
㎡
,

1

bal 12
4Cs

×

] . 品 (
'

;
';

Xm (((a+y
,
b]) .

* Bernoulli distribution with parameter p : X-() . pelo ,
1)

.

RCX3 ,

p : IBCO3 ,
8

p
.

#(x] = pivz(X) = p(1 - p) .
[[sY] = 1 + p(s- f)

.

* geometric distribution with parameter p. . (Xnlney sequence of independent
Bernoulli random variables&(p) .

G = if(n= 1-Xn = 1)) .

PCG 3 KJ .
PEX

.
- X
α

- …
.Xk

,

O }
#k"

P(Xi = 0] = (1 - p)k -

,
is ,

independance,
to be introduced later

So OK,
6
,POCK 3

,IPCGK } 1{6 ,kxx} } ←
p (rp
)

k".

#(6] = Eupp =p
for ( 67 = =) - %



¢C ,

6 ] , Ʃup [ o,p )h
…
sh ,

ps.
P -Cop) s

* Poisson distribution with parametery. Xm Poils)
.

Py[k = 0] =e Sto be explained later ...) .

x,Ʃ
n :×綠晶x.

4[s

× ] . e' ∞」 - e

( s. o )
'

exercise : how to recover[X] and vor (X) from EEsY] ?

②continuous random variables with values in I

To describe a more general law of a real random variable
,

one can use :

Definition Thearmulative distribution function of a random variable X is

Fx : R => [0
,
4]

E I> 父16). PCX56] .

# determines entirely the law By because 2 = ((-c ,+]) is an olgebe
o subsets which generates the 'or-field CCR) .

Proposition : The following are equivalent :

① F : R = 50
,
1] is the CMFof a random variable

.

② F is nondecreasing , right continuous ,

with

line 5(6 ) , 8
; lim F(6) , 0

.

t-+ o t-3 - a



Proof : 0 = 0 . If set ,

then <XsYcXsty
,

so

* (s) = P[X(s] = P(Xst] = Fx(t)
.

# tut ,

then Ext= Xtry ,
so by monotone convenien

P[Xst] = lim P[Xst] => right continuity.n= + c

line F(n) = line P[X =n]Finally , limF) Tradering) n n-3 + c

= PCUni[X= ny] = PLe] =
1

.

lim F16 ) -li$( n )
.PCn{Xsng] ,PC$] , 0.

+x - o

&

_

ー.

_
>

ㆁ

8 => O We define the pseudo-inverse :

-f (u) = if( + ER) =(t) = u() forve(o ,
)

.

。 ^

SinceFis non decessing ,

Ar is a right interval of the form (Flut ,
+a)

line F(t) = 0/1 or [F()
,

+d)
6-xres

Since # is right continuous ,
Fu) EAu

,
so Au-(Fut

,
+a) -

Consider the probability space ((0,
1), 8110,

1))
, Lebesgue measue) .

The law of FE (
,
F

,
) is uniform an 10

,
1)

.

Set X = F-
*(E).is measurable (0

,
1) --

&
.



PCXS 6 ] : PETGFEJ . PEFLED3J ... fs
Δ

#manyinterest casesisactuallycontinuousendly Lipschtechare :

F(t) = ( fx(s)ds .

-
S

The kw & is then absolutely continuous with respect to the lebesque measure
,with Radon - Nikodym derivative(s) = Ex(s)=

We have /Ex(s)ds = A
. Ex is the density of the variable X.

R

* uniform (continuous) distribution on [a ,
b) : X-U(Cr, b])

P

fx( s) , Asoca.

b]

b- a .

" ba

* 6 ) :{筑:b
①CX] , 奖

ㅣ

1 f bst .

vor(x)=b
* exponential distribution with parameter>0 : XmExp(a) .

Ex(s) = Eseo deds .

X -

7

* ) . {感品70ct .

¢Cx] , ☆
vwr(x) = y2 .



* Gaussian (or normal) law with mean mEIR and variance oE
.

X ~ N(m
,
02).

fx(s) =

1
e

'

(s .maos

↑a.roz

E(x] = m ;
var(X) = 02
'

(by using change of variables ; one on ㎡

5

ly
needs to know that Jedx-)

R

These variableswre deeply connected with mother description of probability measures

on IR :

Definition Let p be a probability measure an R .
Its characteristic function

or Fourier transform is the continuous function
( §) . ' oldx ).④CeS× }ifX ~ p .

example : If X ~ Nine
,

2)
,

then

GCe
'S× } . Spe{

x -感
品 ↑

でS" /pe
" {oy

-

段装
y= ,

x = ma

oy

The
mop g(s) = /e

:93-cdy is smooth
,

withglo and

gkgl . fig
-i9t ‰ - ifly - if) e

悲iss]io )

- { g ({): {ye
9).

=> g(g) =
e2

.

So
,
ETaiSX] , a

"Gne-oge

Proposition The characteristic function #x(5) = E[e:3] entirely determineshatwipx -

We shall prove this during Chapter#



4. Independent o algebras and random voriches.

N- common assumption on events A
,

B in a probability space (m,
F

,
1) is

their independence :

P[AnB] =
P[A] PCBJ

,

(the simplestformula thatone ona

kof to simplify
It is convenient to extend this definition to families of events.

things) -

Definition Let (2
,

F
,
P) be a probability space ^

(Filies be a family of o- subolgebras f Fi
F<F ; Fi stuble by complementation and countaine

union and intersection
.

The o-algebers Fire independent if , for my istit----in EI
ーand for my events fijE (

PCY: tij ] . Pctij] .

example : (2,, ) =Fi,i, ) productof probability
spaces.

End Fi = #
*

(Fi) =

{Aiijy is wersrbulgebroe
TheFare independent :

P[RiT
.
]

=

PP * xfizx ... x Ain xTbisrinlyj J
←

(definitionfep) j"
"

!"PCHij ]-
"

1PC &
: ]
J



example : If two events A and Bare independent
,

then the corresponding
o orgebres &

= (A) = (4 , *,*,2)
8 o (B) = (4 ,

B
, B -) are independent

Definition & family ofrandom variables (Xilie+ an a probability space←

(2
,

F
,
P) consists in independent random variables of the

corresponding o Mgebres Fi = &(Xi) (Fore independent .

Note thatby definition ,
on infinite family of ougebras or of random variables

is independent if andaly if my finite subfamily is independent. Therefore,
in the sequel we focus oninfite families .

TheoremGivedonvaridid probabilitaare
the following are equivalent :

& Xe, ...,
In are independent .

2) The low Bx of X = (X--
,Xa) E(ExxE ,

20 ...En) is

R . …PX:
3) For

my
bounded measurablefunctions fo : ER

, .... f :ER

E(f. (Xe) ... fo (X1)] =
πT ([fi(Xi)]is ,

4) (f E =... = En = R) The joint characheristic function foctorises :

#eig *+... + gM)]=Y]
Xg ... S) eR"



Proof : 1) (2) .

For
eny

meesurchle subsets #E
, ...,
HEEn

,

^

RC* ti ] . PCAIXiEPiGJ
= ." PCX : 6Hi] .RCHi] .

Cindependence
assumption ( ←殺 PXi).fi} .

2) = 3) .

This is the Fubini theorem applied to the product of
measures & Pxi

i= 1

3) =>h) is obvious

(spliteecheiXiinisinYyY i
1

=Cy
We admit the following extension of the already admitted proposition :

* law on R "N is entirely determined by its multidimensional Fourier

seethe trawsform :

p(GER
: )

= Sei
<s1*p(dy) .

proefbter. IR
"

Ther
,
n) says

that My and DX
,

have the some Fouriertionsform
so theyare equal .

口

Several basic and fundamental results from probability theory involve sequences of
independent events and random variables ,

and sums of independentrandom variables.
Let us state three preliminary results.



* Bord- Contelli (r2
,

F
,

1P) probubility space .

(An)new sequence of events .

* = limsup An=RPNAh) = Caninfinity of Ak ocuy,ae
Can one relate PC*] to the PCAn] ?
·f [P[A] < +o

,
then PCA] = O

.

nEIn

· if the An are independent and [P[An] =+, then PCA) = 1
.

NEW

Proof : Forthe firstcase
,

since the series converge,50,]
for m large enough
. Then,

PC8] S IPCWentlk 3 5 条 PCDE3SE . treformypcop. 8.
# the second case

, by complementation ,

P[A* ] = P[Unew Rkzn *k"]
= lim IPC Meon Hi]

'ependenceosTaan
P

. IPCtG])
n- +c

liminf exp)- [k
= .

P(Ak]) = 0. D
.

n- + c

example : (there is an infinity of successes in a sequence of independent Bernoulli'

experiments with parameter prot
has probabilityOor & according to the value ofPr

② Kolmogorou 0-* law .



(2
,

F
,
1) probability space ,

(Xunem sequence of random variables defined an 2

E = o (Xo
,

Xe
, ...,
Xu) ; we hove the inclusions of oulgebras

= Eevents measurablest T
CTC ... CFC ... CF

time n" g In filtration ofthe probability space ,moreonthisy
Gr = or(Xm+2

,
Xnte

, ...,
Xnom

,...
)

; Go( G. ) ... (Gn) . --

Lemma : If the X are independent, thenTr andIn are independent
o ugebras.

Proof : Fix on event G = [Xajy EBj ,
. . .

Xn+jm E Bjm] egn .

By assumption of independence ,
VF=&Xi ,

... VieffielFr
withthe is, ... if <n

,

PCFNGJ. PCXOFFi .}. PCXieE fie]IP(Xnj
:EBjoJ.. P [XuygmGBj'm)

IPCF
]

PC6]

The class of subsets FE Fr such that PCFnG]=[F] PCG]
is a monotone class containingwn algebra (with o(2) = F

,

so :

YFEF
,
P[FnG] = PCF] P[G]

prop(6) .

Then
,
the class of subsets GEG1 with property prop(G) is a monatorades

…

=> fFEF
, fGEgn ,

P[FnG) = B[F)P[G] r

We consider in this setting the tail or terminal o Algebra :

9=Ag.
Theorem If the Oulnen we independent ,

then Gis independentof itself .



= Geg,[6] e40 , +y .

Proof : If G EG ,

then G is in all Jo
,

hence independent of any eventingTh
Set Fo = o(UPFr) = o(Xn

,

new)
.

NEIN

By the some monators class argument as before ,

G is independent of
any
event in For

But Fo >Y ,

so G is independent of my
event inG , including itself.

Then
,
PCG] = PCGnG] =P[6]l2 刀

。

③ convolution of probability measures on IR

Consider two independent random real random variables X
,
Y with laws IP

,
By .

By assumption ,
the bu PcX

,

Y)
isxQ Py on R2

ㅣ

so the sum

S X+Y has law Ps = [ (Q Py) entirely determined by
Ʃ:1RR,R Rmd Py.

(x
,y) = x+

y
Formulrfor Ps ?
· if XandY are disrete with values inI

,
then SEZ e .S

.,
and:

PCSkJ. E PEXCetSk]
eE4

Ʃ PCX .
Cet Yok- e}

28Z

= [eez PySe] PyCh . l]
.

# particular , if X ,
YEAN

,

then PCh] = [21] By Ch-1]
.



For instance
, of X1Y and X-Poi(s)

,
then

B(k) =
e-b++[ y

Y~Poicr) Cxpe

zoes ! k !
= Sm Poi(d +p) .

· if X and Y have densities fx and fy ,

thenfor my positive measvirtle
function g : R= R

,

(g(s) Pg(ds)=(g(X+Y]
=(g(xxy) fx(fy(y)dyt

changeofuorichles s= x+y))Pfx(x)fy(sxds
=

(Fubini-Tonelli) (s) (fx(fy(x) .
dxds

x
almost everywhere convergent,

measurablewrits

Taking g=ord subset
,

we see thatP is the probability measure on IR

with donsity fg(s) = (efx(x)fyls-x) dx e

For instance
, if X+Y and X- N

,
2)

,

then X+YNMY~ NSma
,
2)


