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Given (1
,

F
,

) and BER with P[B] > O there is a naturel induced

probability measure on B
, F = [E1CBY :

BC 6] :贺 for ACB .

Pi is actually the restriction to Fig of a probability measure a (2
,
) :

PB[A] =
BCAnB] conditional probabilityofAknowingB)PCB了

↑ and B independent P[AIB] =
PCA]

=>I knowing thatis happens gives no information on the

probability of A.

Moregenerally,
we would like to define the conditional expectation of random variables,

knowing the occurrences of a bunch of events my conditional expectation w. r .t to
ao- subalgebra .

Chapter# . Conditioning .

4. Conditional expectation .

(2
,

F
,

P) probability space,
ACF o-subolgebra .

X t (
+
(x

,

J
, () .

Definition There exists a unique varicele
X-L

"
(r

,

A
,

1) sit
,

formyZ-Lo( ,
A

,
P) r . v. A-measurable and bounded

,

¢[ xz] , 4C *z] .
(*) .

One denotes X = ESX1] : this is the conditional expectation of Xknowing



Intuition : #[X/A] is the function of occurrences of events in which,
knowing said occurrences

,
returns the corresponding expected value of X.

Proof (unicity) : suppose
that *

:

ad ** satisfy (* )
Toke Z = #*+ Ye .

Since ** and"are Amesurhl
,
z

isie [(1
,

X
,
B), so :

④ CC *. *
)

'* }

] .
G [

*'8
]

.4 [
*'Z]. 0 -

←
-O

So
,
almost surely,= ** = 0

,

ad by symmetry NY*** = 0
.

Hence
,

PC **
= **] =

&
.

Proof /[virichles) . Suppose that X is square integritate
The spece ((-,A ,

P) is a closed subspace of the Hilbert space
L(-,F,) . "Therefore ,

the arthogonal projection *=-(2
,
A

,

)(X)
is well defined.

By definition,ZEL(-,A ,

),
G[ XZ] . 4CXZ

3

.

In particular ,

this is true if zELP(2, , 1)
,

wherethe existence
·

Proof (L"variables) .

Given XEL(-2
,

F
,

P)
,

there exists a

sequence of
↳ variables (X2)new

which converges Lt to X
.

Each Xn admits a conditional expectation In knowing the cosubvlybroN .



Let us then remak that
#[1 Y - Ym1)=[* - *m) sann-*m)]

-Lo(a
,
A

,
p)

,

= z

- ¢CCXn-Xm )?≤ ECIXn . Xm ]
.

S (Molney is Suchy in L(1
,
A

,

P) and converges towards some Y
.

Wethen have
, formyZEL

*

(2
,
A

,

1) :

4CXZ] .EC*Z ] SECCX .X,) E ] |.4[ * )2 ]
511811

s ( ECIX ,X , D- 4C( ,*D
toO.

Properties of[ . 1) :
L (2

,

F
,

p) = - ((r
,
A

,
P) :

① linearity .

② positivity : If X0 a . S
.,
then[X] 0 a . S .

(tokez =Xxin *)
.

③ triangular inequality : ECX1] < ECIX AJ .

(positivity of IX)-X and (x1+X)

① of X is already X-measurable ,
then X=[X1A] a . s .

⑤ of X is independent from ,
thenZE(P(-,F,)

,

G[ XZ] . πCX] 4[Z] .
ECE[×3Z]

s t[X 1f] = E[X] .

⑥ successive conditioning: of ACOCF,
ELECX1@] 1A] = #IXIA]

⑧ expectation by conditioning : #C[X1A3]=[X] ·



remak: Sine4CXaD-regligible subset
a 6 LCptioaltk,areiP

,

)ollowed
,"
tisdefiredomodifyisiptowe

on

any
subset with D probability0.

② generalisation of Gund : one can externat- measurable variches

2. Computations and conditional distributions.eghte X-independent

① discrete conditioning
X =aFkr ,

thee
ony
Ex1) mustbeo lesa e

combination of 1 and A .

Moregenerally , suppose
that-

=
↓Ai is a decomposition of me into disjoint

、
IEI

# measurable subsets with I countable

P[Ai] >OIEI .

* a(fi
,

if) = [Tejtj ,
5c= y dissete osubberfF.

femma : &
y
#- measurable function is a line combination of functions #A:

Indeed
,

the sense= is obvious
,

and conversely , if fis X-measurable ,

then

fa cay x
, y EAi forsome i EI

ㅣ

E (f(x) is some containing X
,

hence Ai

sof(x) =fly) = is constant onmy
Ai = filivecombination te

Xet(z
,

F
,

P) . E[X11] !
We claim that[X11] = &ECX#] Mi ·

itI
P[f,.]



Indeed
, if* is the RHS

,

then Vie.-
,

ECXXA ; 3
: 4 E

GCXcip3A; Pt;jos

= T E[X**i 8T
:ECXA]

P[Ai]
so Y has the characteristic

property
-

□

= particular
, if X = A

,

then KA] = [PCBI] Nai
-> one recovers thenation of conditional probability -

By taking the expectation ,
one obtains the formula :

P(B3] =[ PSBIAi]P[Ai] .

it I

② conditioning by a random variable

The most important case of conditioning is when # = o(x) withY :(
,

T. )+ (f
,2)

measurable.

Comme : any
o(Y) measurable function Z : (

,
o(Y))--

(R
,
COCR)) an be

written es Z = f(x) withf :
(5

,

2) -> (R
,
COC)) messuable

.

roof : again ,
the sense is obvious .

For =>, we can assume that Y is surjective : replace E by Y(12)
E by (Any(r), dee]

For
any

[0
,
b)

,

z
*

((a
,
b) is in o(Y)

,

so it can be written as Y"(Mcrb))
with Mc

,
b)

-E
.

Then :

z(w) ( (w
,
b)= Y(w) E Mc

, b) ·

Since Y is surjective , Msrb) =
Y(Z"([2

,
b)) .

This ineplies that :

· if [c
,
d) C (a

,
b)

,
then Mcc

,
d) < Mca

,
b)

· if (Swi , bi) SieI is a family of disjoint intervals
,

the so are the Mcai
,bi)



Setther Fr=e NMs)
· for mye , ([./

nez

is a measurable set partition of R ,
so

(M)nez
℃

.

- fy-M) ,the
hence

, IZ-Fix everywhere .

- since [C) =[ ) ,

the seme oa

for the corresponding Mar ,
b) ,

so (Fulnen is increasingwith m

+-Els&
/

2n+1

We conclude that to-> f for some measurable function for with E-faty
# Xf L

+(
,
F

,
P)

,

we denote[X1o(Y)]=[X1Y]
·

This is a measurable function g(Y) ,

with gE L(E,

E
,
By) ·

· case of discate variables X ,

Y with values in I

It is then
easy

to check thatCX1X] = [EX#] Ay
= k

kez P[Y= k]
P[Y=k] > 0

example : X m Poisson (3) independent .
Y =
X +
*

~ Poisson (d + p) .

* Poisson (p)
We here f(X (y

=
k] = ["P[X =

2
,
y =
k

-e]2
e。

= E ebeSe



krd

= J[ et jepkedetc
2- 4 ! (k- l) ! (k-1) !

So
, H(X1Y]=y+ p
importan remark : the computation above involves the conditional probability
PX(y

=

k(l] = p(X= 2e+ y= k)
= (h)()((PCY - lK了
=> binomirl distributionn.

We denote Pxy(l] =
the or(Y)- measurable random variable equal to PXIY

=
Cl]

when Y= k.

The
,

¢[X1y] = [ Pxly deje .

CEN

·se of continuous random wristles X
,

Y with values in R and ajointdensity fr
Ther

, by copying the discrete case
,

we define the conditional density :

8(4
, y
) if fyly) =(pf(x ,y)dx > 0

.

fx (y=y (x) =

(S5( ,y)2x

some density ,
2. g. if fyly)=

*s before ,
we dende EXIY(x) the o/)- measurable random variable obtained bysubstitution of y by Y in the formula above-

Then,[x1y] = Ci"Exy (x) do .

Indeed
,
formy bounded random variable Z = g(Y) , if h(V) is the right-hand side ,

then :

#(h(y)z] =(h(x)g(x)fy(y)]dy



,Saz*

g (
y
)
8 x.y )dady;

£ [xg(
y)], ④ CX2].

example : XmExp() independent .

Y= X+
X

.

The jointl*can be computed asfollows : for my g : /2 --Rebounded
measurable,

# [g(x ,
x)] = /) g( ,

x+) de* dya
-Dr g(x ,y) *oex ey bpé

x-p)x - yy dx by
1

, the joint density of CX,

Y).

# particular, if d = p ,
then the joint density is flx ,y) =

#
-xzy

Be dy.

Ther
,

the conditional density is:

8X 14g

(
x) . Fosxsy Pedg ; Hosxsy .

/3 je- by d y

Therefore, 4[X 1Y] = (*Exiy(x)dx = 1
,)
"

x dx=

③ conditional distributions
In the examples above :

· ~ Poi(s)
,

Y= X+: conditional to Y
,
it looks like

* ~Poispl X 〜 BinCY
、 党) 、

· X-Exp(a)
,
Y= X+*: conditional to Y

,

it looks like
*
〜 Exp (a)

X - Unif)Co ,
Y])

.

randam o(Y) - measvraldla law Dxiy ?



We need to endow the set of probability measures MTR) with aougebra :

& = o([pip(t), Barel subset of RY)
= o((p +- (F(x)p(dx) ,

# measurable boundedfruction on RY) .

Theorem Let X
,

Y be random variables defineda (2 ,
F

,
P)

X with values in I.
Y- insomespace (E, E) .

There exists a measurable map Px1 : EMC)
,

y> Rxly
unique up

to a My negligible subset, such that for any bounded measurablefunction
F

=
R =- RR,

EEFCX) Y ] : SF(× ) PXly (do ) .
* * )

ㄡ
remarks :·or the space of values of X ,

we can replace (R ,

BRI) by any
measurable

space CD,
D) measurably isomorphic to a measurable

subset of C ,
&CRI)

,

in particular this works with IR2
ㅣ

· by using the DCT/MCT are con extend the identity* to
more generat functions ,

e .

g.
F(x) = X&

Cemnes : if (XnIneN is an increasing sequence of bounded random varidles,
X = line Xu

σ

n-3 +c

the for myo-subrybraA,lim] =EX]

proof : since KC . /] is a positive linearmap
:

- CEX
. (A) /new is on increasing sequence of rundam variables

.

-> #[X
_ 1] <#[XIA] e . S. forseye -



Therefore,[X. 1A) converges almost surely towardsa measurable random
variable Y which is smaller thanCX1]

.

Moreover
,
sinceC . (A) is 1 - Lipschitz (C,

F
,
P) =L

,

A
,
P)

,

#((y-(X1A]/7 <[IY- E[X1A]] + #CIECX. (A] - EXIA))
-E[IY - E[X

. 1 A317 + #[IXn-X1]
y ¿

both
go

to 0 by the dominated convergence theorem
so Y=E [X1*] almost surely . □

Proof of the theorem We define the conditional cumulative distribution function .

For re
,
consider #CNX -

1Y] = Fr(Y) for some measurable

funcianFr : E-- IR
.

· since Os Aver =* 0 Fr> 1 Byimest surely .

· ifrss ,
then Axer'= A

xs
,

so Fr Eg Rumostsurely .

· since lim
"
aAxsOod , lixs

,
oot . IPRyas.

By countable intersection ,

there exists a subset BC1 with Py[B] =&
and all the properties above for Fr, re

We define for tER : F :
E = [0

,
1]

y + #y eBinf(Fr(y) ,euz+Y
+ NyEB+zo

For
any yeF,

+ + Fily) is a comulative distributionfunction of a real
valued randan voriskle

.

Denote Ily the associated probability measures on IR .

Px(y[( - 0
,
+3) = F((y) .



1 For
any
AECOCR)

,

PLXEAlY] = SPXy[dx] . By almost surely -

Indeed
,

this is tre f A = (- 0
,
+] : if V&B which happensalmostsurely,

then

Sply Cdx3 .f PxlyCxD. FE [y )
∅

,

“

品{ ←(x), -

>6 ,
-
σQ. }

- f{4Cx
- 143 , ->

6,-6 }
=>

(by the Lemmel
(2 x+ + /Y] = paxAlX]

.

The
, by the monotone class Lemma ,

thisextends to any
Barel subset

.

2) If F : R => R is measurable bounded
,
then it is a limit of step

functions :

Ka], lin í Ʃ×( *

笑 )》いn -> + 0kE2

and IIF- Follo&
Then, [F(X)(y] =[F

r[ *F()Pyd
=fF.

G) IPXy Cd×]
and by liking the limit, we get the same identityfor F-

3) y
+

Xly
is c(Y) - measurable : the set of subsets A such that

g- Pyly [A] is - is a monotone class containing the Co,
t]

.



so

,

YAEBCR)
, y 1> [A) is of measurable

,

which means that

y Ply isa) measurable ·

4) unicity : suppose
that Me

,

Me : E= MCR) are two o ()
-measurable

maps such that (**) holds : ECF(X) (Y]/ F(x) M: (y) [dx]
R #Fbounded

them EB with[YEB]
=
1 such that Ey GB

FrEQ,

S'M(y)[dx] =&'Ma(y)[dx] · Ther , Moly) and Ma(y) have the some

∞

cumulative distribution -Grection Ny FB
,

so they are the same measure M .

3. Applications
& Poisson process on I+
Consider independen exponential random variables Es

,

Ec
, ..., EminExp(s) .

Set Ti= Ex +... + Fi

# = sup[ix0 : Fisty fortfR ·
Poisson processwith
intersit J.

∆ y

(Nt)+et
is right continuous

,

with
NE values inN .

lim Nt = + 0 a .S .

t-s +c

. 옴 ㎥
'

· Et
,
Nt follows a Poisson law with parameter It. Indeed :

PCNt = 0] =
P(t

, y t] = e

-st
_

and Ykz1
,
PCNt = k] = P[Tk (tcTk + Ek++ ]



=
-

as...she
-

Se + .. - + SkSt (Se+ - -- + Sk+,

dS ---dsk-
,

-Asktl

dsket] ds . -dom=-(stsk) set+satet-se
- - - su

e-bt + x(+...+ sk)

=
jeadt Sh Ast-tset ds ..

de

'
volume ofthe l-dimensional simplex - h

;
(λ6)

*

e器
·
conditional to N+=

↳
, ET . ...,Thely has the bu of h independent

uniform points chosen in [0
,
t] .

ECFCTAIn… TR )ING - KJ:" tiste s- strcet
F(t, . . .

,
th)

[a, z]k dite ... dthe

Indeed :

H(F(Ty
,...,
Tw) (N

+=
k] =

Si de ... de Fle
...
Setsk) da

-(+-+)
se+... +Syst

dsy ...
ask

-Cchange of verichtes)
↓-dtAte ... stust .. th) dete

and we get the desired formula by dividing by [NT=] = /I met



② Gaussian rectors

Definition : A Gaussion rector is a random rector (Xe
,

...,
Xn) ER" such

that
any
linear combination [tiX: follows a normal distribution

N(m(t), o(t)) .

Since #C .J is a linear form ,

m(t) = &timi with mi = E[Xi]
i = 의

me (me,
, ...,

mm) is the mean rector

Ther
,
+ a (t) is a quadratic form ,

so it writes as :

·() = t
*

[ + with [ = Klosijem = (cor(Xi
, Xj))esijen

covariance matrix
with cou(X, Y)= #(XY] - E[X] ESY] if X ,

YEL(e,FID)
vor(X) = cov(X

,
X)

.

Lemma : The distribution of (Xx ....,
Xn) EXC is entirely determinedbythe pair (m ,

2)
.

of : We shall see in the next chapter that the Fouriertransform
=

x (9 , .... () = Ede+X +--- +GXs)] which is a continuous

map-> K withy(0, ..., 0) = 1
,

determines uniquely the law oft.

However
, #x 19 , .... [n) = Forrier transform ot= * of Nm(g) , 02 (g)

=
2

im (9) =o

=>min
We then denote (e

, ...,
Xn) ~ Nim

,

2)
. By construction

,
mER" and

& is a new negative symmetric matrix .

Conversely , any
such pair corresponds to a distribution of normal rector.



Indeed
,

note that if X-N(m ,
2)

,

them AX ~NJAm
,
*[*) for ER

ChooseAE Ol
,
R) such that :

* [ **= dieg(be =... = m =0(
Am = (pe .... pr) .

Y vedor of independent random rectors with Y:m Ni , bi) .

X
=
A-

+
Y works. (with by convention

Ni = N(pi, 0)) .

Suppose [is invertible . Then
,

Y has density w . r .t .
the Lebesque measure on RC :

Δ

(」2 Tpipik) .

Therefore :
- Ec(y- Am))(A[

-=

A9)(y-Am)]

GCFCX )] . ff(8
”

g )
(品n「e dy

.

=if()ent *p(E(x -
m)

+
2"(x-m))dx
커

density ofXw Nim
,2) w . r- + Lebesquemessure -

Letus the investigate conditioning and independence of Gaussian vectors .

J

Independence .
L X = [X1, ...,

Xm
,
Xnte, ..., Xn) be a Grussian rector .

Proposition : (Xe
, ...,
Xm) and (Xmte

, ...,
Xn) are independent

=> the covariance mutrix[is block-digond .

[
=
(or (Xi, Xj))ijsn =

[&, mI 이 ↑ㆁ [km
+

2, nT

Proof = If the subrectors (e
, ...,
Xm) and (Xm+e

, ...,
Xn) ere independent

,

the fism and janey ,

J 。
「匹 x、」や Lい

j ).



cov(Xi
, Xj)=[XiVj] - E[Xi]E[Xj]
4CXJ 4CXJJ , ECXiJ 4Cj] :

O
.

Conversely , if[ is block-dizant ,

then the construction of X-N/m ,
2)

as above allows are to write Xe+mD = A
+

(Ye
,.

--

,
Ym)

Ykm+* inD = AeNote
, ...,
Ym) withthesent.

Therefore ,
Xe+, mi

and Xin+y
,
ni

are independent
(this is a property of the distribution P ,

so we arecllowed to realise
the variables X...., Yn as we like)

. D

remark Given a centered Gaussion rector X- No
,
2)

,
set V= Spania(.....Xn)

We have dim V = rank[
.

#deed
,

with the some notations above
,
V= Sprip(X) = Spor (4 , ..., Yo

with Y = AX
,

[=** dieg(b ...,
dr

,

0 - 0)X -

Then
,

cor is a scolar product on V with orthogond bosis Ye . . .

.
Yo

=> dim V
= rook Y = rank[.

Conditioning .
Let (Xe

, ...,
Xn

,

Y) be a Grussion rector . What is the
conditional distribution of y knowing X, .., In !

Withou loss of generability,

are con assume the rectorcentered:CX:] = ECY70

Proposition Denote Y = EdiX: the arthogal projection of y ar Spana(x ,
--/

& Webove Y = #[Y /X
,

. . .

,
Xn]

② Set o=[(Y - Y 1]
.

The conditional low of Y knowing X , ...,
In is NCY

,
02) .



P

Proof : O Set V= Spanie (XX , ...,
Xn)

.

This isa finite dimension Closed) rector

subspace of L'(ne
,
a(Xx

, ...,
Xn)

,
P)

S
,
the othogal projection is well defined ,

and :

Vi
,
E[(y- Y(Xi] = 0

.

Therefore ,

Z= Y- T is independent from (X , ...,
Xu)

·

For
my

bounded observable F(x1
, ..., Xu) ,

ECYECX
.

.

… 、

X

.
)
]。 4 XF(X%、

… 、
%

)
}。ECZT(...

;
X

_
)]

> Y ; 4[ Y X
.

.
…

,

X
.
] .

く
o(Xe

, ...,Vilmensurble *Z]EI

& Denote Z =
Y- Y

. Since Y is the orthogona projection of Yato V,

cor(z, Xi) = 0 Vi

=> Z is independent from o /XX
, ...,
Xm)

.

-

S Y = Y + 2) centered brussion variable with variance of

Then
, for my bounded observables F(X

, ...,
Val

,

GCX ]
# G(x) F(X

,
. .

.,
(n)] =(6)Xi + z) F(X

, ..., Xh)](x)
1st cose : 0 = 0 () z =

0 a . s .= YEV
,
mdiso(Xe

, ...,M)
measurable.

Ther
,

Y =
↑ and its condition distribution is S = NT

,

0) .

Endsase : 070) YEV .

Without loss of generality ,
we con assume the familyMilies ,

ni free
= if En = cor(Xi

, Xj) , jey ,
the E is invertible

Then
,

the full convince motrix [of (X , ...,
Xo

,
Y) is also invertible

,

and [ =<4) with = (cov(Xi
,
Y))isn

λ - warly)
.



We then have :

* * lary(G(y)F(x)dxdn i
Schur complement formula : Set s = J- AtE**.
Wehave :

2
=

=

{
.

CFts'ff
'
En

"

) - s

*

En
* *

- sAtE" 5

-
7

Therefore ,
the exponent is - (x+&x + 5

+ (y-[x)2) -

O the other hard
,

Y
= A+
S

*

X
.

Indeed
,

write I = H2 with Hsymmetric positive -

If W = #X then We ... Wh is an orthonormal basis of V .

Therefore. GECYWi]W:= [YHXj] HuXh
is ,

ijik
= [E[Y(i,jhXj]Xm = [([ijh #j Xu
j ,

k

'

各 (*Ʃ
.

"

) u Xe ;
80E

.

"

5}
.

Finally ,

02 = ([(Y- Y (2)=[Y7 -
#[X2]

=
x - A+[

" 7 = s .

So
, making the change of variables z = y-At2.x ,

we get :

8 ;

× SF(x)(ChtS5 Ri

#(6/N/Atx
,
S))]
is


