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Consider a probability spece (2,

F
,
1)

,
and a sequence of random

variables (X-new
with

Xn : -2 -> -C state space
↳

some metric space endowed
with the Boel o Ngebra .

There are various notions of convergence forXm.
2.

g .: x= RV
.

objective : -

describe these
conregences

and their connections
- have useful criterions of convergence .

-

prove afew convergence theorems·

Chapter# Convergence of Random Variables.

↓ Almost sure converence

Definition The
sequence (XSew converges as to a random variable X

withdoes in (JE
,
d) if :

D[XTX(w)] = P[d(X(w)
,
X(w))in 0] = 1

.

Since the veriobles Xn
,

X might be defined up to a negligible subset ofwe
leg .,

Xn or X & L (2
,

F
,
P))

,

this is thestrongest possible notion .

#t is

easy
to see that a . s . convergence is kept byoperations (addition

,

multiplisation
,
eta)

and by continuous maps f : (t
,
de) -- (Y

, dry).

The first and mein example of 2 . S . convergence is :

Theorem (low of largenumbers)
Let (X)

n ,

be a sequence ofindependent real random variables
,

all with
the same distribution

X
= Bune1

-



# XE ( (-2
,

F
,

P)
,

then Mu = Yo+ Va+...+ Xm
5

.

#CX] .

We shall try to
give a proof which might extend to moregenerat temporal means

-> ergodictheorem.

setting :IFsomeprobabilityspo etime shift) such thatT=P.

An event * -Fis said invariant if T
*

(A)
= A .

The invariant events

forma o subalgebra ICF.

Definition : The transformationTis called ergodic if the osubilgebrai is
#trivid : FAEI, PCAJE[0 , 4} .

Theorem Consider some distributionon ,
and

(_,F
,

P) = (RON;BRjON 0)
1

The coordinate
maps X, X2

, ...
a (2

,
F

,
P) yield a

sequence of ii is random variddles with law X.

ConsiderT: (x
,
x2

,
...
) -- (x2

, xs
,

... ) (time shift
,

or Bernoullishift
This is an ergodic transformation-

Proof : O TXD =
D

. Notice that the set of subsets AEFsuch that

PCT"(A)) = PCA] is a monotone class .

Therefore ,
it suffices to provethe identity for cylinders A = A

+
+ - --xAnxP

Hower, P[T
-*(A)] = 1PCRX *x.. . x fexR8]

-"PCAi 3. PCD?.



& LetACF be the setofsubsets <with the approximation
property : VEyO

,

717*, 7C E COc)* @( ¢, tRen
++, + o

by
such that[C&[] =

PCCCna] +PLC1Cn]sE
Then

,

A is stable :

- by complementation : ifC approximates C,
then 21 C approximates,a

PC2
.
CIR、CJ: ECHRETHrZ、C-

2 DR
、C,
DRCI

=> #(1- 4c + 1
-
*
c

- 2 + 2Nq + 21c
- afc*C]

= tC AG + 1c - 24a *c] = P(GdC]
.

- by increasing union : of C=
W +Chwith theCA

:
in]4

then[C()] < form large enough ,
and PCC)dClis

for some In ED(R)① [q ,
& ,

+

ab) ,

so

P[C &G] = H(*
c

+ 1G - 2#c *q]

=+LNCm+-*m
4E .

- by simple intersection : if C and Dare approximated by
& and Dr

,
we can assume without loss of generality that nom

,

and ther CnDn approximate CnD :

↑[((nD) d((nd))=[D +CD-2Nc
- ECCCFDCD .] .ECAD .CDCR ' CXRC0-2)]
- ECCCDDCD.

J

] . ECFD
,
CYCCC

.

)]
-et[cp

,
( -Ay)(1- )] .

S PC DCD]X PCELCJ].



So A
=
F.

ㅣ

③ .Let Abe an invariant event
,

andIn approximating up
to E12-

We have

PC 8J . PCAN TEO3 ] PCPNTEOD I ADTECAJ?
+ P(Ann +(An)]

-> E + P[A nT
-4(An)]

↓
= PCAn] PC +-(n)] if kan .

= P[An]2
≤ E 1 CPCDJ-PCDJR SETPCAJ2

5

By taking the limit, [A] < PCAJE
,

so PLDE2a +Y D
.

Inthe setting of ergodic transformations of a probability space ,

the egodia
theorems are limiting results for the means

M
.
(x) = 1[. Xoth wth XEL(e

,
F

,
P)

.

(they migh converge to something not constant...)
A

. Square integrable variables.

LetTbe a transformation of a probability space (2,
Fi)

.

4 = {X f L2(x
,

f
,
p))X = Xo+y .

arem o XXEL(e,
,

P)
,

M
. (x) -- (X) ,

where
ㄶ

# is the orthogona projection on the closed rector subspace I .

② Ifthemsformation isegdi theH =
Ris the spo e

Proof. We denote U
+ (X) = XoT. Ut is a continuous lines

map
1 (-,F,

P)=- LoJe
,
F

,
1P) which preserves the norm

,

fpz1 .



For instance
,

in L
,

11 U
+
(x)/I=[IV+ (x))]

=N.T(u)l P[dw) =lKX(w'llTPCdl
2

=>

S (X(w'll P[dw] = IXI
#n particular

,
Up is on isometry of the Hilbert space L(-2 ,

F, )
,

and I is the closed subspace ke (UT-id) .

Set # = in (UT-id() ·

· if x = U+(y) -yEI and Ether'

* ( x2> =(xx) = #(U+ (y)xz -yxz]
= #[U

+(y) U+(x)] - E[yx] sincesel
= [ [yx] - E(yx] = 0

S HCI
+

· conversely , if x & It
,

then
E[ LUXC× ) - x 2 J .

4CUXC×RJ 。 4[×=] .
RE[O

,
(× ) ×]

= H[x(x -
U

+ (x))] = 0 sincext I
+

.

so x E H.

Conclusion : H = I
+

: we have the decomposition in arthagand subspaces:

L(R,F,
P) = H0H

+
= HQI .

Lt XE L(e
,

F
,
P)

.

We decompose X =Ty(x) + R with REI
R = line Ra

-- +C

RmEI
.

Then
,

M
.
(x)

= - 11y(x) + M
.
CR)

= π(x) + M
.

(R- Rm) + M
. CRm)

,

RmEF
≥

E in L2narm.

·
1I M CR-Rm) ll = & [IIR-RmoT = lIR-RmI

· IIMCRuIII = All Enjoy VotMo II = All Vott, UIIpsCIIV
for some V



So lives,
o

M(x) = πq(x)in [2(t ,

F, P) .

② If Tis egodia ,

notice that the property PCA] E20, 13 extends to
almost invariant events : IPCAXT"(A)] = 0

.

Ther
, f X &H the events &X50G are umost invariant

,
so they allhore

probubility Oor 1 . This implies that X is a . s . constant
.

In this case
, for XE L(ie

,

F
,
<)

,
Thy(X) is a constant

, equal to
# [πH(x)] =

lim ECCXJ]. ECXJ: Tx - ④ . □
n - + c

Example :If (Ins ,
is a sequence of Le iii verishles

,
then

#... + Xe
=

M
.(X)[X]

.

This com be proven with a simple
^ computation of variance

.

B. Integrable variables.

Corollary :
Given a transformationT of a probability space ,

and XEL"(e
,
F

,

P)
,

Me(X) converges in L(-2
,

F,) towards a variable Y s . t .

Y = YoT
.

# the transformation is engodic ,
then Y= ECX] is constant

-

roof : On the one hand
,

Me is a contraction of the Banach space LE
On the other hand

,

EXEL(-,F,
P)

,

M
.
(X) converges

towards a T-invariantvariable in L2

Let Xe L=; by density of Lin L ,
JzEL2 s .t . IX-Ellyse .

Then
,

1 May(X)- Muc(X)1l = 22 +
11 Mr (z) - Mrc(z) 1l

L2θ

s (Mr(X))
nz ,

is a Couchy sequence in L(m2
,
F,)

,

and converges
to some YEL+(-2

,
F,) .

Moreover, 11 M.(x) .T = Mn(x) (l = F1I XoT"- X1I1 -&
-O



Sobykingthe limitTheergodicea
C

. Birkhoff theorem .

Theorem Wealso have for XEL
*
(R

,

F
,

P) : Mr(X)
is
Y

This immediately implies the low of large numbers ,
since we have in this case

on egodic transformation -

Lemma (maximal inequality) .

For LCR
,

set BL = (wer/supM
We have :

LP[B1 s #[X1BL] .

More generally , for any invariant event C,
L P(B(nC] < H(XX-B7nc] .

Proof Set Y= X- L
; Sn = [The = muxS

0(ken

Wehore B7 = U{Ro
·If H = 0 a . S

.,
then U+ )0e . S

.,
because

PCWXCH ) > OJ . CT*B ) C1 HO 3 BCH3 O ]. P .

· Therefore ,

V
+ (Rn) + Y = max(U+ (Sk) + Y) = max Sk++ = max Sk .

0sk2n oflefn 12k2n
(toke H = Rn-Sk(:

On the event [Rn> OG the RHS is R since So = 0
,

so Y= Rn-Up(R) .

'

Therefore ,

#Y Aq>0g] #CRARo] - ELUCR)Ro]
ECRJ

-ECOCR)
] ,σ .



By dominated convergence, /Y #By] < O whence the first inequality\

For the second inequality ,
we concussume PCC]-O

,
and then work

in (C . Tic,) .

미

Final proof : Set Y- = liminfM.
(x)

,
Yx
=

inests M. (X)
.

Y and+ are T-invariant .

SimM B + 24 26mdy+ 3)
has probability 0.

Then
,
Y= Y = Y

=liv M. (x) 2 . S .

Land this mustbea
the limit in (2

,
F

,
D) .

We have Ec
, B <By = [sup M.

(x)x By .

Therefore , BIPCE , B] <[YNEBnBp] =
ESY #EaB] .

Replacing X by - X
,

we also have a [Ea
,
B]c- #LYNEc

,B] .

So
, (C- B) PCEc, p] = 0 => P(Ec

,p) = 0
刀

。

2. Convergence in probability and in L
.

We have encountered above another nation of convergence of random variables :

Deffinitia we nme X.

皆 *E
' Yc*.災

C2
.
πPD
.nes

.

)

?

In gene , if X- :P
.

Y
,

we need a control on the sequence(Xalnen in

arde toalso have X
,

X
,

which would imply in particular that
#[x]
=limEX]



tnsX
a . S.

For instance
,
of IIR WhEN with REL" (M

,

F
,
1) nonnegative ,

the

by the dominated convergencetherem X
+

X.

Definition Let (alnen X be random veribbles from (2 ,

F,) to

~metric space (DC ,
d) .

1

The sequence converges
in probability to X If

,

FE-O,

imbas P[d(X,X)= E] = 0
.

Notation : Xn
台
×

.

Proposition If Xn -- X
,

then Yn>X .

子 . S .

Indeed
, hid being fixed ,

we have line d (X
,
X) =

0 with probability &,
n + + 0

so Pd(
n

PR Gd(m , x)EG) = X. Fanlage enoug,e

P[R(d(X , x)cy] = 12 ,
so PCd(

,X]
=> lim PEdCX,

、 X
)> E ]. O . D

n -> + C

Proposition # the Xe and X are in L
*
/22

.

F
.

P) and XX ,

then

Yu
5
-X

.

Proof PCIY
.
X 1 ,E ]
.ECDxXL;E] S ECPXx1:EhM]

(Morkov inequality = E(IX
.
-X]] T508 ,

fExO . B.
ε

So,
, > Xn = XXn

- > X
with a domination2. S. 녀

4 hypothesis/
X
. 台

メ

Can we

Definition
goup
?
* family (Viliei is unformly integrable if



lime ECIkilPxilsy ? .
o

.

M -> + c

examples : ⑳ a single randone variable which is integrable is uniformlyinterea
② a unice of two Vi families (Xiliey and (Yiljey is Wi .

Proposition (Viliey is wi

4CNilto] . 0= Cility is bounded in
, undimSUNDA

it

Proof :

←

&K ,

the PXkM
4Clkilto ? 5 i

PCAJSE, itI

#MzR, thee sp K[IXi) AXibM] 52 .

^

s IS
x

ACIAixilpry 3 s
8

, then sup4CXil ] sM.

=Bonded
sequence .

[d(Xi)M] -sup KIiNKMn
Then
,SUPPCATS
it I

+ sup ECIXil Mixik
_

M]
i

-
> ME

+sIXililM] . Tike M= mdkEJ
Theorem The following are equivalent :

0 X
- [)X

② Y X and CXalnew is Vi
.

Proof D =>@ Weready know that XnX .
Moreover

,
if[A]EE

,



the[iXel #p] = E[IX-X1]+[IXIA]
≤ n
for > no

↑

fate small enough .

(N) is wi)
.

So
, sup #CIXl ** ] = & .

Since (Winsno- is Uso Wi
,

n≥ ~

PCA]P ≤ε

by dimishing the value of E
,

we consenove the assumption =00.

So,new
is Ni.

& If (X)new
is Wi

,
then (Xn-X) Uso

,

because

4[IXn - X) *x] < ([IX. (Nq] + E[(X1 *q] .

The,[IX-X17=[IX-X1 X-
x (cm) + #[IX-X)n

-
Xzm)

- 4[IX -X) ]
IVn-XIE

= MP[IX-XI 2] + E+ E for Me
3. Convergence in distribution

Let (7(d) be a metric space and (Minew be a sequence of Jt-volved
random varichtes

.

Definition One
says

that (Inem converges in low or in distribution if,
If continuous bounded a J

, E[f(X)] = #Cf(x)] .

n -> +0

Notice that this is a statement aboutthe laws and :

Yfcb()) , (fx)Px2dx) = (f()Py(dx) .

北 I



More generally , given probability measures ↑ , pr
an SE W . r . t . the Boel ouybin,

we
say
that

Mr = ↑ if (f(x)p(dx)(fE plyn-3+ c HfEG(z))
Theorem (Portmanteau) The following are equivalentfor probabilitymeasures pr , N :

8 Po => ↑
② of Lipschitz bounded a JE

,
N. (f)+ p(f)

③ X U open subset ,
liminf p. CU) > p(t)
n- +0

G #F closed subset
,

lim sup
n-+ c

Mn(F) -
> p(t) .

③ FA Boel subset with p(2A) = 0
,lin (A) = (A)

of 0 = ② is obvious
·

③←>④

② = Q .
Set f(x) = max(0

,

1 - kd(x
,

F))

n - J .
This function is Klipschitz, larger than

F

By monotere convergence,Exo
,

JK s . t . p(F) = p(f) - E .

; 品 -s
p -Cf ).

Em N.
C-)εspon .

So
, p(f) =limit pe (F) -

③ +G = 0 : limsup pr(A) < limesup pr(A) -p() = (A)

the Nrms" del' miun fo Co)
.

⑤ .
Let fe Cp(E) . Up to uniffine transformation,

we can assume

0s f(x) = 1 fxEx .



m(f) =S(*ysfe dydx=ylly
Themmpysp 延

alsygIdosedsusetof
"x

rsing, ←,R×
6

x* )>←

· countable setof discontinuities.

If g is continuous any ,
then p(fy) = p(y)=inn(y)= Fy

So
, gn(y) = pn(ty) convergesalmost everywhere on 50

,
17 to gly) -

By dominated convergence,limits (f) =f
+

p(Fyy = p(f) D .

Cardlary : if Xn X
,

then Y
.
=X.

Proof :
Let # be a closed subsetof JE .

We have :

limsup $CXEF) = limsup PC dn- +a n -s aa∞

≤ linesup P[d(X ,

F) =2mf]
n - +0

≤

CX
. 品

X )
limsopts PCd(X ,

F)smdd(X ,

X) =em]
Ʃ PCdCX

,

F)←] .

Ims &
.

So
, linspPIXEF] = P[XEF] fFclosdsbse

Scheme of convergences :

Xe is
X . … …. . 4

o -→x
with domination

7
&

-

…

…品ith Ui
.

X
.

台
×
”

X
,
*

⑮
×



Theorem Let Wolnew be a

sequence of real rundom variables .

We haveXX if It pointof continuity of
TX

.

(t) Tnxs #(t)).

roof : => this is Portmanteau G applied to 1-
,
+) = A

.

-> let to be an open
subset of I .

We have a countable

disjoint unich F= ( (ai, bil .

iEF

Thus
,

YC5) ≤ Clai ,biDi ε.* (bi).*Gi)ε

←^* (ai) - M(di) ) 。 2ε

di = 2,
,

5 悲
os
幾別愛)。 2℃ 感

-> liming IPX.(t) + 28. D .

The other essential criteria for real valued random variceles is :

Therem (Levy) We havean IfSER ,ECeiSY]
Th implication = is obvious (split eSX in real and

imaginary parts) .

Lemman
.
The map

M+

(R) =- Cb(1)
N 1= (p : g = /ei9* p(bx))

"s injective .

Prof : Let X-p and % ~
NCo

, (2) independent .

Xn =
X+ Yn



We hive[IX-X
.
1xE] = P[Y. 1 = [] = PCE]

-s O .

S Xo X ,
andin particular Xn ->

X
.

어D tOs

p.s.

So
,

itsuffices to show thatp determines the low of the variables Xn
-

by .
PCX 3 = /Aug pads)#anfetti sK bounded . R n

-afina *yerea-ig p(ds)
-sei ea-is (s)] e 口

.

Ve K

Therefore ,

itsuffices to prove that there is a subsequence of Mr = By
,

which

converges in distribution to p = X ·

(compacity + unicity of the limit) .

Lemma 2 Under the assumptions of Levy's criterion ,

VEXO
,
IR

compact such thatif M(K) = 1.

Proof : #80
,

*1Sx1 > 2 52(1- sizSx) = 1-cosgx) io
Integrtia /p.

(dx) yields :

↑(3)=PSKK = = = -cosignal %
s δ{s (a - picg)) d{



Since op is continuous and p(a)-1 , for I small enough ,

‰ *
- p(g)dq = 2 .

By dominated convergence , for n large enough ,

*I5 11-plg)ldgE.p]
By modifying the value of S ,

we can include the small valves D.

Lemma 3 Let K be a compact metric space. Given (pulnen sequence
of probability measures a K

,
7 subsequence Nute s. t.

Nnk Zcte P
.

a probability measure p

Riesz representation therem ,
a continuousof:Othearhmbbywrites uniquely as p = -pefinite sigea

measure.

So
,

the Ne are elements of CD
*] did.

Barach space

Then
,

the
convergence

in distribution is the restriction to M
+

(K) (CIR
of the *-week topology :

m = r (> m p .

O the other hand
, by the Banach Alrogh theorem ,

the mitboll
⑬CCKd(0 , 7) is compact for the *-werk topology.
∞
endowed with the nam III HIII = sup 1 ¢(5) 1

f CCR)
, "If Ilos&

By the Store-Weierstrass theorem
,

CCK) admits a countable dense subset

(fn) new.



Then
,
d($

,
%) = Emin(, 19()-Pf)) is a distance on

'

B CIRP) (0
, 2) which corresponds to thewerk topology .

Finally ,

MF(K) CB
(R

(0
, 1) is closed in this compactmetic space :

=> [ ¢ - BC(k)(a , 7)s . t . q(x)= t

¢ (f) 70 .Ffs0 3 .

Conclusion :
M + (K) is a compact metic space for the work topology D .

Proof of Levy's the rem (which obviously adapts to R**) :

We endow IR in a compact space , by using e .

g.
Ψ

: ☆∴ Cr
,t

加x
By Lemme 3

,
(4* M) admits aanregent subsequence : - exteration (nk)ne

NEN

such that YeNan = u probability messure on +
,
1)

.

By Lemma 2 , given E-0 ↑ /GMMJP < & GEIN for m large enough .

1 '

=> M (El-y),

1 -1)]" < 2 for I small enough .

By Portmantear theorem ,

liming UoPn ,
k ((( - 1) ,

(1-2)]9) = p/C*-2) ,

(1-y(]9)
S

, u(2- + y) = v([ + 3) = 0 .
Thus v is supported on (1

, 1) and
we can use P-!

= Pr (the coregence
in low is compatible withNnk =

- P continuous maps 'k-+0)
,

this must be pbylemmo- and injectivity of the Farie
transform. □

。

Application the control limit theorem
.

Let CX- Ins
,

be a sequenceof iii modom variables in L(
,

F
,

P)



m =[X]
,

02
= va(X) = E[X2] - E[X]2

We have * +... + Xn -
um

≈ n=Tg
No ,+ )

σ

&of If On is the left hand side
,

ther :

ESeig+- - + Xn)]=SY;)= (g)" , N =R
#de38] =)i
However

, 9 >log #Cei[X] is well defined in a neighborhood of o
"

℃S) .

C.

((s) = imscog + o(
So

, (p))= exp(ims-()) with fixed
#2e90] = expl + of) - Fouriertionsform ofN(,) D.

multidimensional version :
(*In

,
iid sequence in (2

,

F
.
P)@Rt

. ' 尚 ('t . …. - nM )with M .ECX: 3 .ECX. ]
:

4[皆] ㅣ
For

"

we have

#ei] exp) withCar
So
na Ned ,

2) Gaussian vector



Another important convergence in low :

^

Su = [B(pril with Episod
is , }

independent
Bernalivariables &pr, i2 = o (t) .

Then
,Su Poisson (a) .

#of if X-Poisson() ,

thenSei *] =Seige차
÷ e

b(eiS - 1)
.

On the other hand
,
F[eigB'67

= 1 + ple
:3-1) .

So log[e
:
Ssu] = ["log (* + pri(ei9- 1)

is ,

="p : )6
:-1) + 0([pri))

-> x(eiS
-g)

. 口


