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Given a probability space (2 ,

F
,
P) which produces a random objectwere

,α

we we looking for quantities M
. (w) which have a stochastic malgue of the

property of conservation of energy in physics
Moreover

,
we expect : decay of entropy -> convergence

and concentration of Mr -

m theory of martingales
ChapteI Martingales
&

. Definitions and examples .

We fix a probability space (2 ,

F
,
1) and a filtration (Fulney :

5 F
. G5 ...

CFS ... ST
with theT

. -subalgebras -

Intuitively : En = &events whose realisation can be decided by observations
up

to time n }
example (Xulnen sequence of random variables (2

,

F) = (f
,
2)

#
= o(Xo

,
Xe

, ...,
Xn)

· canonical filtration attached to
a random process .

Definition. A sequence of real random variables (nein defined on

(2
,

F
,

P) is a martingale with respect to affration (Fulnenif:

1 The process is adapted : VEN
,
Xo is Fr-measurable -

2) The variables are integrable : EN
,

Y.L(-, F,
)

.

3) characteristic property :

*n = 0
,
E[Xy 1J] = Xm

.



#f 3) is replaced by #[Xne/F] = Xn 2 . S
.,

one has a

submartingale .

by #TX+,
1 Fr] < Xn2 . S

,
one bas a supermartingale .

remarks :f by successive conditioning , of Clnen is a mirtingale,
the

#[Xntm(Fn] = Xn .

2) also
,
[X

.
] = #[E[X

.
15)] = ELX] is a constant .

and we have similar statementsfor sub-and supermartingales .

3) (XaInfin is a submittingle if C-Xilnsin is a supermantingle
* motingale is a random process

which is ofthesame time asub

anda supermantingule
examples :& /G) - family of independent random variables with ES] :0.

F = o(G,...,g) .

^

* = En Te random walk with steps
Then (X)new is a matingle writ . /ne

particular case : Gr = Bernoulli1 with probability λ이a , independent.
->symmatria simple random walle.

9)No Inz , family of positive independent random varides、with Edqn] =
&

,
Fr = alp, ..., Pr) ·

Xe =T= Yk
Ther

,
(Xulnen is a martingale writ . (Fulney

prticularcase : Yo =
Benovlli 1 1 with PCG =*] = p, independent.

PCE .. , 8} , 6 p.



↑ = (5. The Xr = (p)5
++5

is a matingle -

3) XeE(r, ip) .
"They some filtration .

\ '

(X.
)
new defined by

X. = E[X15] .

=> clased mortingle .

4) Bouching process and associated matingles .

The Ulam-Harris infinite tree is U=
o

(N* (setof all finiteSegrenjust
Consider a subset +CU with the following properties :

: bE + (the root)
·

2) If v = Eve, ..., u) ETwith &
,
then its ascendant(v

....,
=1)

also belongs toT

3) coversely , if velve , ...,
if -T

,

the there exists k(r)EN
such that we (ve

, ...,
ur

, j) ++(15j-k() . 급
number of children

Then Tis a (canonically labelled) rooked tree -

branching process : some random rooted tree +CV
.

We fix a probability measure p onA and consider a family (k(r))new

o independent varisbles with ku ↑, all defined on (2
.

F
,
)

T = [veVlv = G
, ..., k) wh ve <k(k)

V2 ≤ KCr∞ )
µ
3 5 k[uy

,
wa)

:

rs kCusin vra .) } .

=> random rooted tree
, branching process with
reproduction lau N.



etc.

121 122 123 311 332 4(11)= 0
,

k(2)
=

3
,

k(31) =2
⑦ ∞ ∞ ②

140 a 12
∞

3스 k(x) =
2

,

k(2) =
0, k(z) = 4

· α 3

k(q) = 3

o G

# = o (k(r)
,

1vkn) gives the
structure ofTup to depth m .

En = crd((ve+ (vi = n() .

- Zu is Formasurkte : Zu = [vsk)
, ...,

in stelve
,

...,
VEN-
←
Fr-measurable .

"

Br
.

2) Ze is integrable if p has a first moment .

Obviously, each Bu is integrable. Let us compute CBu/Fr+ ] :

EEB
。

1F
。J . ECBC

.
. …

,Un .
.

)Ainske
、 …

、
no) 1

召.J
; σ

Ey measurable independentfrom Tn--
t∞

= Biue
, ...,

un-e) Ʃ pCk) .

「

k
= Vn

Therefore, ESBr] = E[ECBrIPr-_]]

= p(u ,

+OB) E[Bcu
, . . .,

un=)] .

-

Linduction) T (ki +AB) .

By taking the sure over vEN2
1

#[7
.
] = [ ECBD = [ETBwT [pICK,T

VEN1 WENu--



= E[Zn__
] [plk)ke -> mc + c .

n

= ms

3) Thesameompotatia
CE.1w 。3

.
ƩYeCBr 1。 3

| vl= n

=Ʃ Bu[Ik,+oD) = mBelwtnat

= mzn1 -

S
, f Mc+, then (n =E is a mutiegewrt

2. Transformations
Lemme : if Milnen is a martingale w . r . t .(

new ,
then

# : R = R is a convexfunction
#[IT(X)(]+ 0 En

N &

(t(X) new is a submarting .

&

.oof : We hove t(x) = sup (ax +b)
.

9

u+b=()

2Xn++ +b15]Therefore, IKC(Xn+1) (Fn] = E[SUPt)
#(aX+y + b) fn] = oXn +b =(X)

.

? Stibs∞(o) suPatobsolt) □

More importantly ,

consider a metingale (Xinen w . r .
t

. (Flnen
and a loctly bounded predictable process (Ann :

1)* lla +0=1 and An is Fry measurable .



Define the discete stochastic integral :

(AoXin =[ Ab (X -X =) =

*

(AtdX
*

ㅇ

Theorem
: The rundame process

((A .
X)

.
/nein is a

gaie
a martingle .

←

Moreover
, if An F0 ,

then sub-andsupermartingales ore olo

preserved.

roof : (A . X)
.

=L
+ (re

,
Fr

,

P) is
easy -

Then,[CA . X (n++
1

.
]

= (A .X) + E((
n+ + (Xn+ 1 - Xn)(T]

C &-X)
. s Prt .CECxaaIT.] . Xn )
←

=> O far s murtingcle .

# Aute) O
,
the some computation applies to sub-and supermartingales .

□

application : Xn-Yne =
random result of f game at time n.

∆

-Predictablechicofamountof moneyba1

(X) = total win ar loss of time n.

# the
game

is balanced : E[X-Xn-x] = 0
,

then
my predictable

strategy yields :

¢[(1 . X)
.
] E[(A - X)

.

] =
0 .

Imartingste)
Definition A stopping time for thetration (Filne is a random varistle

T - -> NNE + b) such that :

YEN
, {T= nYEFr .

example : (Xone adapted toHuber
,

with values in /E
,

E)
.

AEE

# = if ([nEIXEAY) (+ if X-EAEN) .

This isa stopping time w . r .
t . (Folne



Indeed
, [TA = uY = &X**, X # +, . . .

,
X- #A

, XfA]
↳ intersection of events inTh

Therem Ifleismwigde wrt toen,te
se

#=just defines a ratingle .

Idem withso

↳
and supermartingales .

martingale stopped oftimeT

>tn/nYux+ .

Prof. We con assume without loss of enerality that Yo =
0

. 2 . S .

/replace X. by Xn-Xo) .

Then
, Xo = [z Xa-Xue-

Xnot = [n=, * ky +
(Xn - Xz

- 1) =

(A
.
X)

.

with Ar
= As+=

1 - #Take Fry measurable
□

importantremark .

Therefore , if Nobey is a mustingle ,
we have[Yo+

]=[X] An .

If T+o e . S
.,
then lim Xx+=

X
+

Bolmast surely .

n -3 + c

But we need additional assumptions to ensure ECX
+
] = #CX] !

e.

g
.
dominated

convergence , uniform integrability ,

etc.



ex :siioBernalis 8 , PCE." 6 J .
是.

Xn = ( + (2+ ...+ 5m .

T= inf((nEN(Ym =
1y) .

(nottnen is a mortingle .

We haveTc+&GC Glimsup Xn = +33

this belongs to the toil o algebra !
¢

Let us prove that PClimsup Xn =+ c] =
&

.

Note that since Xn = - m
,
limsupYn =+a> supXn = + as .

Then
, IP1sXn +] =

lim DIVEN
,
Y

K => + a

- lim IP[XnR = K]
k -> + c

for my sequence (R)KE ·

With
on =
K

, bythe central limittheorem
,

P(X(k] =P(N(0
,
1) + 1742.

So IPClimsup Xn = + a) =@,T +o] = A
.

B the stopping time theorem, [Xx +
] =

0 Fre .

i3+ X
+ = 4

,

so ((X
+] = 4 + 0

.

⑫ In the some setting ,

set T = TE 2
, by

with a
,
b 1

-

∆

#+ a a . s . (becauselimit ^

=

m
mor Visi

Cre is
dominated inubsolete

'

- 7 = S E[X
+] =

lim E[Xnu+] =
0.

n -> + a

0 = P[Xy = -

a]( a) + (1- 1P[Xy= - 2])b .



SO IPCXX - a] . 最b
.

3. Doob inequalities.
Given a sequence (vi)nein R

*
and a <b

,

the numberof upcrossings
of the sequence between the levels a ond b and before time n is :

Mn(x
.,

c
,
b) = sup[kEN/7 0ss1 < t,sectz... skcthesm]

with Xs: a ,
X

,
>b

α

∅ ⑨
-- - - - - - - - - - -

∅

∅

ㄣ

∅

∅
∅ 숲

←------ =====
:

-x: Mn(x
.,

a, b) = 2
.

Ʃ

Theorem : If (X)new
is a supermostingle ,

then
Ms neggativen .Ba.E[M

.
(x

.,
a, b)]s E[N - w)

-

b- s

roof : In order to compute the number of uperossings ,
we can use optimal

times Si andTi :

T

-1 = 0.

Sm = inf(qn> Thy : Xn[a]) ) stopping times w .

rit
. (olnen

Tr = inf((n > Sk : Yn = by) .

Ther
,

Mr (X
,

2
,
b) =[Th ise measurableand

variable



Consider An =Asunth = we are alonganuprossing
This is a predictable process

,

because

Nskcn
=Tr =
*
sken-1

(1
-

H
+k(n-

1)
ー
Te

-
measurable .

Therefore ,
((A

·X1) new
is a submatingle ,

and EICA . X)
.
]=[CA -X] =

0
.

What is (A . X) .0 There are two cases :

& n-Sm+ + ,
m =

M
.
(X

,
2

,
b) (the k+ 1-th rise has not started).

Mn (X, 2
, b)

Then
,

(A
. X)n =[ Y

+k
- XSq = (b-a) M

.
(X

,
a

,b)
K= 스

② Smy < n <Tmty .

M.(X, 2
, b)
Xin- Ysm + Xo- YSm++

Then
,

(A . X)n = [m
=,

=> (b-a) M.
(X

,
2

,
b) = (XSm

++
- Xn)

So,[N(Xsure
- Xn)] = (b-)[M

.
(X

,

2
,
b)]

.

(Xn = 2)= mex(0
,

2- Xn) = - Xn = XSme- Yn □
。

Another important inequality due to Doob is :

Theorem : If (Xlnen is a submartingale ,
the for any 230

,

P[SPXk = 2]S ECD ]
~ (maximal inequality) .



Proof Let T
= T(o

,
+ a) .

We have :

#( (X
.
(
+
] = H (max (0

,
Xn)] c

-

#[max(0
,
Xn) *H(n)]

≥ E[X
. (tsn)}

md ④CX
. Dtan, ] .

Σ

'GCX .e. u)] .臨④CG[Xn 1πN
'ut

k. o

[i. E[Xu XCT= k)] .

≥ . Eu .PCTSKJ - 2 PEX
,
YZ 0J

where Xn* = sup Xa
刀

OSkIr

intuitively : the maximum of a (sub)-matingale at time n is controlled by Yo

Corollary (Doob L inequality) .

Given a connegutive submatingle
(X)en

and pE(A ,
+c)

, if the Xe belong to LP(&,F,

P)
,

ther

¢C (x
.

* ]0 ] ÷(∴
) "¢ Cx. ) ]

Proof The trick is to rewrite :

¢CCXn* ] 0] ;p[ 。
×* aP

<
da]

= p( t(Na < X* aP
-=] da

·

∞

=>) papte H2Yn #x*>a] da

by the proof of thenaximal inequality.
= p((X. (Y 28-2 do]

&

5 . .4 [
X .

[

X .Jt ]



-(Hölder)X([(40)□
Carollary If new

is a mustingle in LP(me
,

F
,
P)

,

then

ECk(al(P] < ()
* ESIX

.
1P]

.

4. Convergence of martingales.
· Almost sure convergence .

Theorem Let Naley be a supermatingale with
sup E[IX)] = kc + a

.

n E⑫

There exists XE(*)m
,

F
,

1) such that X. .
X

.

This is in particular true if (XeInei is nonnegative ,
since in this case

#(Ix1] = E[X
.
] < E[X] = K < +o ·

Proof For
any

a <b rational numbers
ㅣ

ECMaCx
,

2
,
b) ]: liCMCX,2 .

b
)

]sa
<

tos

so Mo(X
,

a
,
b) < + o a . s.

If Xn does not converge a . S
.,
then liminf X2 < limsup Ye

,

so one can

find tworational numbers in between such that Mo(X
,

2
,
b) = + o .

=> P[liminf Xn = limsup X. ] = P[X.
(r) has e limit X(w) fiR]
=

Denote X =
lim Xm 0 . S. By Fatou's lemma

,

E[IX1] = ECliminf IXn 1] = limief I[IXn1] sK c + o

so XEL (in particular ,
XER a .S .( D

.



example : Consider an uin which contains of time n = 0 1 red ball
↑ white ball .

At each time n= 0
,

there are no balls inthe urn : n +2 = Rn + Ŵ
One chooses a rondom ball in the urn and replaces it by two bulls with
the some color

. Concretely :

(Ulz- sequenceof independent random veriobles with U. ~Unif (Co,])
#Unt : Rate = Rn + 1

,
We W

Otherwise : Rn
+ + = Ru

,
Whe = W + &

.

En = o(R,..., Rn) = /V
, ...,

Uw)
.

Set Xm = &RECO, = proportion of red bol.
Then : (Xelne is a martingale w . r . t . (File
Indeed

,
XnEL (2

,
Fo

,

$) is obvious
,

and:

4[X
0.

1万 . 5 . 品ECRnxo1

: ECR
×品 )

。
“品 )

品「]= Xor .

S
,
X
-

X limiting proportion .
What is the law of XI

Note that formyk* ,
(X) "ECO

,
1)

,
so by dominated convergence ,

E[X] =
lim F[ X.)

]
.

n -stos

Set Yok =

R
.
(Ru + 1) ... (Rn+ k - 4)

←

R Tk

(n+2)(n+ 3) ...
(n+ k+1)(n+2)i

7(0
,
4)

.



Then
,
(Y

,
4)En is a martingale.

Indeed
,

4CYuos
,

k
I T

. J :
IC Rnosth II

. ]
(n +3)

+ k

= Ru (Rn+ 1)
+ k

+ (0
.R)Ri

,e ihn+2 (n +3) + k

= in
(Rnt + MatK)

n+2+ k

=
Retk

- Yo
,

k .

In+ 2)
il

So
, for my

let
,
York =5 Y,

3 with[You] = #CYak]=P
dominated convergence

However
,
Yn

,
k = (1 + 0(i)) ((X + 07) with deterministic OC. )

.

So
,

E[XK] =
lim #[(Xe)k] =

lim E[Yrik] = 24y
n -> +c n-3+s

For
my polynomial function f , ECf(x)] = /"f(x)dx -

By Stone Weierstress
,
this extends to continuous frictions my X-Unif(co ,

13)
.

·
L
convergence .

Conside w 'martingale (Xinew which is bounded in L(r
,

F
,

P)
.
Ingenera ,( X = lim Xn 2. S .

n-> +as

GCX
,
] .

E[X
0
J#[X] = live

to

Theorem: The following are equivalent :

)X .*
X .

2) (X
.Inew is Ui

3) There exists ZEL(m2
,

F
,

) suchthat[ZIT
.
]

=
X
.

2 . S
.



oftheyoresatisfiedthe acconessume
measure wrt . Fow,

Proof :0 is the genera result on convergence
in Landinformdebility
.

③ = Q . If X=[z15] ,

then we have :

E[IXeI
Ix I > M] S ECECIElIF] MIXnIsM]
×
Fr-measurable

≤ ECIZI AIXnI > MT .

On the other hand
,
P[IX1M]</]

=
ESIECzIF]1]

M M .

≤ FCIZ13

Slinesup[m]imEEsO

IP[A] < S

*=③ .
Set Yn =

E[X1F
.
]

,

where X
=lineXn a .sandin Le

We have : #CYn-Xn] = #[IEEX- Ymm1Fn]1]
=> ECE[IX- Ymanl If]]
-> E[IX-Xminl] YmzO

So, m => + 0 : E[IYn-Xol] = 0
,
Ye = Yna . S .

For the last statement
,

X For measurable con be ensured byreplacingX by ECX1Fo] ,

and then
,

are an prove for Fo musurable variables,

X =z VEIN
,
E[XIF] = E[YIF. ]. D



Enfortunately,

it is very difficult to check that a sequence is Wi
,

unless :

of (X)nei
bounded in LP>*, then CXalven is Wi

.

ECIA
xoby

? ← gr . ECMulp ] .

· Lôconregence.
Theorem If (VInen is a murtingale bounded in Li(2

,

F
,

1) with pot ,

then there exists XELP(_
,

F
,
1) s .

t
. X. X

.

2. S.

L+ LP
1

Proof We already know that Yn
.s.

X
,

and by Fotor's Lemma
,
X-LP .

By Doob's inequality ,

GC supI 4 ,( ] ≤(‰ )

P④
EIX

. P} sKits
Ein

-

so one can use dominated
convergence

to show thatSIX-Xn1P]= 0
Hence

,XnX ,

and we have a factioni Xn --X
.

L으

Note : one son give a simpler proof if p-2 .

Indeed
,

note that the incements of a mortingle we arthogonal :

E[(Xn - Xn-1)(Xm - Xm-1)] = #[(E[X. 1Fn+1] - Yn-1)(Xm - Ym-1)]
n> m = 0 .

Therefore , CXolnew bounded in LE>SUP-X)]

=) sup EE[(X- Xk-1)2] + 0

nEin

#> the series [vx Ed(X-X - 1)2) conveyes
=> Eney(Xb-Xk- 1) converges in L(,, PP)



= Xn converges in L2(
,

F
,

P)
.

example Asymptotics of brunching processes
↑ reproduction law with fixed moment. Fr = o (k(u)

,
Ivkn)

∞

E = [Br : Xn=w is a martingle (m=k| v) = e

Itis convenient to introduce the generating series 6/s)=ps well

defined at lastfor se 10
,
1) -

¢C .

E
∞1

不 ]④

C
品“

u
0

):j 1π]。
: ECMn $

B) KC0)
,r}

- 区[* s

k(0)
1 Tn] = (G(s))z

.

(v) = n

Bv = 1

Consequently, [sEr] = 6.6 ..... G(s) Cntimes)
·

One of the main question is : whatis[extinction]
= P[7nzt

,
En =0] = lim ↑ PP[Zn = 0] ?

n=1C

↑ nsuer : this is lim Go(o) ! N

n -> +0

Pstcose
"ebathutomt.

ssubariticdososl
,

6 istmexit
.Ther

, pext = &
.



N

2nd case : m =
1 critical case

Then
,

unless
p = S

,
and G(s)

= s
, f‰

Pext =
4

.

3rd case : my & supercritical case
.

There exists a unique other fxed point geo,
1) with (i

6(q) = 9 ,

and pext = 9
.

M
G

…
Whathappens if En +> 0 ! This has probability 1-9 .

Suppose that [K"plu) < + 0 Set of variance = Ship) = (Euph))
The

,
(YnInew is bounded in2

:

4CEn1a}, Σ ECB ωBw. l不]
( wl= Iw'l = n+ 1

Ʃ Br Bv . [ E[Akz4* k(ülz h]
lullrilan k

,

k'3 2

= 2 BrBvl ECk(o)h(o)]
lulilon

= m2 fu + r
-

and m2 + 0 fu=w

= m2[BrBri + [Br
Ivl = Iv r Isten

=> me Zp + oZn .

=> [[(Ene)"] =
m2 #Er)] + o'me

¢CCX
.)=] ④CCXnP}×

and E[(X)Se + +

so Xn = X e . s
,

L
,
L2; [X] = E[X]= A

.



Therefore ,
IP[K0] - 0

·
Let us prove

that P[X >0] = 1-9 .

This will imply the alternative : (E = 0) or (En -> + a ot speed m2)
P :

9 IP - 8 -

9 .

We compute EX = O) by conditioning according to the number of children of
theroot. Note that :

EX = 0yand(k(4) = ky = (x
*)

= 0
,...,

X(4)
= 0ymd(4(4) = b)

where X" =Live)
subexponential growth ofT#* * subexperial grauth sitdresses ...

I
Cha

p = p(X = o) = 20 (4) = handX* 0
....,
X
* ) 0

= [P P(4() = b] p = G
*s p =

t, p = 9 ㅱ

remark : we only need[X] = 1
,

which is true if Xn -X

Δ

= (n]nei
Resten-Stygune : this is true iff

[blogh p(k) <+o.

K

5. Backward martingales .

We consider a filtration labelled by negative integers :



(Folnso with =F
.

CFe ...
(. ...

DefinitionA backward marlingale is a family (XInso of variables in
^

↓(
,

5
,
1) with In measurable w . r . t . Eo far allso

and ECX
.
1Fn-1] = Yn-e Eneo .

Theorem Given a buckward mortingste (Xnlnso ,

X
.
EsX as n->o

,

with X =E[X
.
/Fo]

,

Fo=

Proof : (XI so is UI and therefore bounded in L
,

because

Xn = E[XolTn] EneO .

Moreover
,

the inequality on uprossings is
true (same proof) :

E[ M(
n,
op(X

,

2
,
b)] - E[(Xo - w) -]

b
- a .

So X
..

X
as n =a

,

XELt by Fotou
,
X is For measurable ·

By uniform integrability ,

X
=

--X
.

의

Finally ,
E(XIFs] =Ce[XIT] IFo] = #[XolFo]

So taking the limit ,
X =[X1Fo] = E[Xo /Fo] □

example : (Gnln= a sequence of ii is random variables in L(v
,
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lemma : Let G and It be independent o ugebras
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,
(t)

X integrable ,
independent fromSt.

We hore #[X1G] = E[X 16]
·

Roof : of AEG and BECt
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ther
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and this extends to measurable events more general than AnB . D .

Here
,
with G = o (X-n-e) and (t = /Gu + 2

,
...
)

,
we get :

#  1 F-n-.] = #[Gute(X-n-1) = Exchangeability)
=> (XnIns-e backward martingale , converge as and If to aFo measurable
variable

,

which is constant by the Kolmogorov 0.1 low.

-> new proof of the lawof labers!


