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Given two random varidules X
,
Y defined on (22

.

F
,
P)

,

we

say
that

A a o-olgebra CT
& and Y are independent conditionally to Aif ,

FF
,

G- R bounded
measurable,
K[F(X)G(Y) (A] =

KLFCX)IAJE[GCY(IA)
.

This is different from independence ,
but equivalent if (x ,

Y) ↓A .

Previousl we considered sequences (XnInso of independent random
variables : Fn= 1

,
Xe is independent from (Xo, ..., Xn-1).

Weaker hypothesis :
Un= 1

,
Xn+1

and (Xo
, ...,

Xn-1) are independent
future past conditionally to X2 .

present.

Chapter&.
Markov chains.

1
. Definitions and constructions-

We fix a countable set >C (the state space)
,

endowed with the o-cyebraDCE)
Definition A stochastic matrix a >C is a family (PCx , yl) x

,yesE
& nonnegative real numbers with :

& PCx
,y) = A FxEJC.

YETE

HereDisaSpossibly infinite)
matrix where eachraise

example JC = [1
,
3D P =
↳
3la o bly
o 112 "2



We can represent a stochastic matrix by a labelled ariented graph :

↓ & 113
⑧ PR
←

_ For each vertex xfJE the
Sp 3lu

'

·I ㅣ

⑪
16

㎡
sum of labels of outgoingwraws

5 oln is
1

.

· 3
12

remarks
: 0 Given a probability measure TT

= (TC)
x -)) represented as

J

~ row vector
,

we can consider

TP = matrix product
#PCy) = [T() P(x,y) -

x EJE
Then

,

TIP is again a probability measure :

Ʃ xo(
y ) ; Ʃπ(x) Plx

. y
) , Ʃπx ) , &

.

y EJE
XEX*,YETE

& Therefore ,
even if KE1- + o we can take · product PQ of

two stochastic matrices on 72
,

and this is again a stochastic matrix.

cin
ㅣgeneal

,
one

herethere ame to be cmefol with products finfinitematrices bolproblemsf associstinty becsuse alltoms me nonnegsts
Definition Given >) and a stochastic matrix P on >&

~ probability measureTho on )-) Crow vector)
~ Markow chain on JC is a sequence of random variables (Xalne
defined on a space fre ,

5
,
P)

,

with values in CE
,
such that

,
for any

states Xo
, X, ---

,
Xi :

↑[X= xo
,
X = x

, ....
Xn = xn] = To(xo) P(xo

,
x) P(x

,

x2) ... P(xn-
,
xm) .

)
We then say that to is the initial measure andi the transition matrix-



remarks 0 The formula determines the law of(XInsin ,
viewed as

~ random element of(E ,
BCE)
** )

.

(probability of cylinders).
We denote I

of observablesWP)this law ,hed ,
P)
the expecton

② This is not the standard definition !
#) is equivalent to :

1) Xo has law To

and a) Xxo
, ..., Yous

, if &Xo = x0
, ...,

Xo =Y has positive probability ,
then

PCXn
+1

= xn+x Xo = x0

, ...,
Xn = xn] = P(xn

,
xn+1)

.

Indeed : if(*)
,
then the case n = 0 yields x) ,

and 2) is a ratio :

PEXnxy- enax ,
l Xo - to

,
.

…

,Xnaxn ]
.

o
(x

. ) Plx.
,
.).… PCXn

,
Xrto )

#a(xo) PCxo
, x1) ... PCxn-1

,
Xn)

- P(x1
,

xn+1)
.

Conversely , if " and 2)
,

one recovers (x) since

PCXo , xo
.
, Yisxn] .PCXos ] IPCXa, x Yosxa ]. . IPCXns a . YosxormrilXnts

If Fr = o(Xo
, ...,

Xn)
,

then the definition with conditional probabilities
say
that for a Markov chair with law IP(o

,
P) /

law of X conditionally to En = P(X2
,

) .

(*) is a much simpler definition : why bother with ratios ???

③ SetTin =
law of X .

One has

↑(x) = [ IP[Xo = xo
, ...,

Xn-1 = xm1
,

Xe = x ]
Xo

,
X1

,
-1

,
Xn-1



=[T1. (xo) P(x
,
x) ... P(xn-1

,
x)

XC
,

eve

,
Xn-1

= To P"(x)
.

So
,

Th =To · PuMatrix product -

Consider a bounded map f : JE -> R
. If we represent it by a

column vector
,
then :

E[f(Xm)/Fn = [P(
, y(fly) = (PF)(Xn).

yesE
4CfCX.]], Σ * x)fx): Tnfs to .

P
"

. f .

XEJE

Hence
, many computations on Markou chains rely on motrices and basic

existence of Markow chains ?Construction ?
linear algebrer.

intuitively :
o are picks Xo ot random according to To

· if Un is constructed
,

one chooses Xuxs by looking ofthe
X-throw of P .

so this isa random walk on Gp .

Theorem Crepresentation of Markou chains). .

Consider .2 sequence of iii random variables ([n)> with values in (E.
⇐ Xo independent from <Gluzs ,

with lawTo on J .

·
F

: JEx E- measurable .

We define (Xelnei by induction : Xn+1 = F(Xn
,[22) .

Then
, (XnInei is a Markou chain on JE with transition matrix

P(x
, y) = #[f(x , ? ) =

y
.

'Converselysuchthatigiven
t

%adthe
constroctigP ore

ca
bove

gieldsid iTcr.Yomdlgii"pt
.



Proof : For the first part ,
we compute

↑[X = xo
,
X1 = x ....,

X = xn] = P[Xo =, f(Xo, 5)= x .... FC ,9)=
- PCXosxo, fxo. S) .

, . ,fCans ,{ ) . xn?
=

(independance) ¢ [Xo =x] IP[[(x., [x)=*) ... P[f(xn-1 , 9)= xn]
=

(samelow forthe [s) Tto (xo) P(xo ,
x) ... PCxn-1

,
xe)

Conversely ,

we consider(2)n> w sequence of iii uniform varidules in 50
,
1)

F2,5,1P) =(20
,

1),88(20, 11)
,
Leb)

*N.

&- the coordinate maps .

· construction of Xo : we enumente the elements of JE = &, *2
,... 5

K

X = x where k is the unique integer such that =9 To(j)
}

lu ハ

· map F:
FSx

, 9) = xk where h is such that[Ci)5Cy)
By the direct sense

, (Xalnei defined by indiction by
Xn+,

= F(X2
, [x1) is a MC .

Moreover
,
Yo has low Ho ,

and P(x
, y) = P[F(x

, 3) = y] Fxy . B.

example :
CE =
Id

.

↑= some low om a finite subset of 2d
."
· .-> P2

X
.

= Et [2 +... 9 is a Makor chaie of 23 .

out is

N

-> random walk on 2" with steps distributed as N .

what do the trajectories look like ?



An instructiv example : the random walk on ZINX.
귀 고
스

:

“

PCk
,

k) ,
PCk

,
ka 6) .

PCk
k
.. ) . s&> O⇌Nlg d βs

-
N- 1 By invariance by rotation

,
the starting point is notimportant;

we lake Xo = O modN .

Construction : (fulnze ii) with DC? = 1=[5 = -17 = $[5 =0]=
Xn = # +Set ...+5 mod N.

스

krofXn ! P
= PN = 13

1
θ

and Tn = Sp (PN)" .

We need to diagonalise the transition motrix.
o.…

.
0

.
t )

PN = * (IN + CN + CN') , CN =
o1

응
Given v = /C1)... ~(N)) E K

,

its discrete Fourier transform is v
with

ock ) : 各 rg ) e “ ik

Lemma1 v- is invertible : u(el- ülkle-kezi
Indeed

,
RHS =

1 [v(j) eihez
* jikeZinz

and with fixed,let is a geometric sum
, - Gifsite



So RHS = [
,
vi) 1cj = e) =

vce).

Lemma 2 vEN (k) -
e'r(k).

Indeed, vCN(j) = v/j-1) , so rENCK) = f[ vij .)eini
← で幾能 、

NEG

')e ^

;器

=
eICK) .

Similarly, CK) =
e (k)

,

so

~
N (k) = 1 +20052 (k) = dk ülke

3

Wethercompute : ThSe)= Enez Fulk) a
inen

INZ

← * Cu) ak) 'o'ine
N

Andeck ) . o
th .So :eCe ) :☆xNaaj ' e

'

ike
.

Notice that unless K
= O mod N

,
- 7 dk1.

So
: VeEZINZ

,
Th(e) ->

-- >+ * convergence
to theuniform

on.
This is a particular case of a general result...

2. Markor property. -

In the sequel , Disfixed ,
and we abbrevise PCT

,
P)

= P · If to = Ex
we alsoobbreviste P8x = Pxo

Theorem Suppose CXmne is wMC with law Pr . Conditionally to
Frz1

,
(Xnm)nein

is a MC with low PXm



Set Yn = Xntm .

Proof : We have to prove
that for any states x0

, x, ...,m
, yo , Ye,..., In

Yosyo " …
,

% ayo 1 Yo - to
… 、

Xn - rm] : yo'
xmPSyaiyo) . … PKyo'

、 g、)
assuming

that the conditioning event has positive probability.
This is trivial :

p = PCAUB] with :

IPCB]

P[AMB]- #yo = xm
To (xo) P(xo

,
x1) ...

P(xm
+,

xm) Plyo , ye) ... PCyn-x
, yn)

P[B] = To (xo) P(xo,) ... PCxm-1
,
xm)

. □
、

This seems quiteabstract... it allows are to write recurrence relationforㄱ

certain observables of Markov chains.
1 λ2 「 12

example : Probability of vin& 1 ,
N2 N- , N

↑
= inf(9 2IN1xn = 90 , 063) .

What is flk) = PdT<C and X + = 0] ?
Notice that fC0) = 1 and fIN) = 0.

Suppose Ock/N . T is a measurable
map
JE

+ 40,+AB.

flU7 = Pu [ +(mine) <as and x
+())

= 0]

PEETCCY
. )

、on) < os andYo( cy .
)
, ) :0

rewrite in terms of Y = Xa
+1

PREX -k.i ?PE ( Y ) |Xok. .]
nEIN

conditioning according to Xe t PRCX
. -

K. JPRE …) 1 ☆ o .
'

: 6.]
NEIN

← 当 PK .[ . …CX
.)non } ..[

.… .(
X .)non }

-> a flk-1) + 2f(k+ 1).



The recurrence relation rewrites as fk+ 1)-f(k)-fCk)-flk)-constant
So

, flle)-affine function -1
ㅇ

↓ -

ruin probability.

ω "

One can also compute g(b) = En [T]

g(0) = g/N) = 0.

# X
. #20 , Ny ,

then T((X)na) = TCCY)new) + 1 .

gCH= Fr 2T(Cx)nc) ] = Ek[Ak[T(CYn)ne)++ 1F]]
: PeCP x 4

x
.
CtChiow 13] .4KCItgCx.)]

=1 + 2 (g(h-1)+ g(k+ 1)) .

So
, g(kxi) -g(k) = g(k)-g(k-1) - 2

;
*gcn)

*g(h) = dg(o) - 2k

[ N*g(k) = g(N)-gCo) = 0 = N4g(0) - NIN-1)

&g(0) =
W-1

,

&g(k) =
N-1-2k

.

lers

We conclude that g(k)=[ dg() = kCN-1)-kCk-1) =
k(N-K).

δ

#nCT] quadratic function .

ㅇ ∞

Translating by a time m= 1 a Markow chain keeps the structure of Markov chains
(weak or simple Markov property).



Is it also true if are translates by a random time+P .

Theorem (Strong Markor property) .

Consider aMarkouchain (Xn)nai with law PCTTo
,
P) .

~ stopping timeT w . r . t . (Fr= oCXo,, Xn))nein .

We define theassociated o-olgebra :

== [AEF1 TEN, AnSTenG =FuG.
9) T isa FT measurable random variable.

- If TS+ C a . s
.,
then the law of (Xn++ne conditionally to

It is IP
↑ ,
P)

'

CX
This means that for any

bounded measurable function f : C
*

-> R
and

any FT
measurable variable Z

1

FToC fCCXnxt? .
4. Qx

,
CfC》 3 z]

.

2)Forestoppingtietwhichmightbeequal
toro

,
this staye

Et [1++0 f (CXm+(nen)Z] = Ex[ATC Z
×
,CSC (X_). )]].

Proof a) Each event [T=Y satisfies :

ETzmynETzng - ETzwy ifmen EFn
.

↓ ifmAm
This is also obviously true for 2T=+ 04. So ,

T
-

Cany subset of INU[+06) is in FT
,

and T is Fmeasurable

-> and 2). Easy if are expands 14+2)
=[#=K)



Note that if I is Fx-measurable
,

then for any k , 11k) Z is The measurable
.

Indeed
, if O &B

,
then

[ACE4) Z EBG - { TzkynGeBy E Fu.

and if O EB
,
then

GATEK) ZEBG - [TAKG U [TKGRRZEBG.
Then

, by the simple Markow property,
K

. [ATTzros Z f ((Xn++)
.
) ]

- Lu
.
④ eock )8 fCCXnx;).)]ㅇ

ENECeey ? ExuCfCx.) .]]]
- #[AT2

+ s

Z Ex
,
[ECC) .)]]. D

example :
Conside a sequence (fulez1 of Bernoulli 11 iiD variables

with (PCgo : t 3 . 8 .PCEIJ - P , PECO,
8 ) .

By the representation theorem ,
X = [+... -In is a Markov chain a2.

It transition matrix is :

P(k , k+ 1) = p ; PCK, k-i) =
1p
.

Ford 1
,

set TR = inf(QuEIN 1X2 = ky)( ^

Lemma : The has the low of a sum of he independent random variables
distributed as T1 .

NeEN
,
PCTR =

2]
= [PCT= 1] ... P[Th = 1k].
&+ ... +le = 2

Indeed
, if K= 2

,
then :



1 PCtk .e }
:

4

.[
①E(cx,).) : e

]

(ifThe is finite , - K. d * Tu((x)
.) = e

*
Tx((X).))se]theni is finite,

smaller thanTk)
= E

.
Kod4

TR(Xn
-+(!+T(.)) =

elFix]
'

_

A
,.[x

..) se]
' E. CCtaCcxn.).)t lo. CA.] 1:(x. h

.
) . l.]

->

(strong Markov) [eKo[E (ATw() =
2ex] #TC(2)=)

-
Ʃ

lP
. CEe .e .] iP.C %: l.]

stranslation invriance) [e.
- .

Po dTR
.1

= 1-11] P
.
dT

. = 11)
and then use induction on 2.

.

Asa consequence ,
P
.
[TR +07 = (P

. [T< +&])" tk> 1
.

What is the low of T1 ? the value of PodTx(+0] ?
This can b solved by combinatories :

- To can only equal to an odd integer for +c) :

Un
, Xe = n [2] 0. 5.

So P[T1 = 2n] < PLXan = 17 = 0 UnEN .

-
P

.
[T = 2n+1] =

PCX
, ..., Yen = O and Xenx = 1]

= IP
.
[X, ...,

X2-1 =0
, X2n = 0

,
Xmx =1]

←
event inFn =p

.

= P [X, ...,
Xan-

,
50

,
Xen = 8] PCO

,
1)



λ

wwhwr. '

Suppose given some sequence, ....an of negative integers,
with X20 =

O, Ixi-xi- 1 = 4 (xo = 0)
->negative excursion.

Since Yan -Yo = 22 xi-Xi-1 =
O

,
there aren positive steps xixi

n negative steps xi-Yi--A
_

So
.
X .. , ,

.
. Xons xan? . PC 'x - xo ,

k " xuxs. … , {a xanter.
-∴ iPCEi - xi - xio }

: p
" Cip

) ".

s
Po

C

s:Inx6],pu "
(8
ip

) "
Anomberof regptivewithlengthand xcarsias

{
Cr
.

*

C is the n-th Catalan number. Co = 1
,
C = 4

,
C = 2

,
G =

5,..
The C satisfy :

Cn+ 1 = ['CkCrk.
ko

Indeed
,
there i objection decious-quigthx Seasinitfirst returns to 0.

∆

↓ of time 2(k+1) . ⑤

~
·uen +1)

ㅣ
好

、

>

↳ excursion under - A between the times 1 and 24+1 .



Set C(z)
. ECnz ?. Since G = 2*, Clalisa power series

with radius of converge R>
= (I)"- [ (Em.. ChCn-2)z

ㅇ

-[ Craz
**

- C(2) - 1
.

So
,

z (CC) -
CC) + 1 = 0.

C() = 11Fz
. ByendyticityHeQ2

But th solution has a singularity of z = 0

=> ((z) = 1-Nhz
.

㉒
From there are on recover Co=p (22).
PC6 CTD ] . C

.

prcopl .P .CCpCapD
=

p 1-11-2p
QP CO- P )

- 1-10-2p = [1 7P2 (Ap)

IfF4
,

then TKC 2 . s .
Nk21

,

so supX =+ 02
..p71

nEIN
.

IfP
,

then PC sunk] = D[TK <As
ㅇ

-(iP. [T1 <+0))"- (p)" .

So
,

inthis case
, S Xe follows a geometric law with parameter



3. Recurrent and transient states.
P fixed stochastic motrix on a state space JE.
V = numberof visits of x = 1Qv = 1/Xn =x

for (X)neN Markor chain with low

Theorem Under either K =+ & a . s
.,

or V is finite a . s.

*
o,

and follow's a geametric distribution .

One
says

that x is recurrent in the first case and transient in the second
case-

f :SetTx
+

= inf({r= 1(X = x 9) - first returntime to x.

If k= 1
,

ther :

PCYk ]. BCx " Cx ).)kts andf ( x.
1 .]k]

- R[Tx(C)+ & and W ((X++))k-1]
=

(Strong Markov w. r. t. FTxt)
PCFCCx),)xts? IRCX ? K 1]

fPRCTXETSJ - :

the X > k 2 . 5 .
Uk by induction ,

so K = + 0 2 . 5.

Otherwise : set R [Tx <+3] = 1-px , px >0.

PCX 3 k3 , CIfx)
k

.

V ~ Geom (px) on IN. *

So
,

we can partition JE =
R WT

numerisal criterian

x recurrent> [
,

PvCx
,

x) = + a .

· PPCx
,
x) C + C .

x transient<= [nz
,



Proof : Recall that ifUwGeom (p) o IN
,

then ECU] = -1 <+c

towever ,
S
,

P

^ Cx
.
x) , EPCXn. x3

R = 1

- '
4

,
[
N .cxrax)]

n 이

- .
[
E.

'
A ×.

- xJ . E
,CK]ロ .

example random walka 2 with parameter pECO,
1).

PCh
,

k + 1) = p i
pCk, le . 8 . 3

.
I - p

P" (x
,
x) does not depend an x

,
so the states are either ill recurrent

or all transient
.

P"C0
,

0)- ? This is Oif nis odd.
Otherwise

,
per 10

,
0) - [ # positive steps

(1-p)#negatives
admissible pathe

0-x-x2- . -- -> Xan -> &

stine steps.An admissible path hasa positive and n neg
then, choosingon

admissible path mounts to choose where to put then
positive steps among the 2n steps-> (21) possibilities.

So p2 10,0) =(2n) (p(1-p)".

· If P # & ,

then p(1-p)< whereas (2n) = 22-6".

So the series is convergent -> all states are transient ,

· If P = 2 ,

then (22) ~Stirling
(Rol" Vttan

=Fnar 2Tin

So thegeneral term of theseries [P" (0
,
9) is O (f)

=> divergent series -> all states are recurrent. -



4. Classification of states
&

,

P fixed .

Definition One says
that x communicates within if Jns11P"(x,y)O

= there isa path x ->* ->... -> X-1 -> y in Gp
notation :xmxy. This is transitive : if xm yand youz

,
then xm>z

.

Theorem If x is recurrent and x may ,

then
y
is recurrent and grex.

Lemma Given
x recurrent

,

consider the sequence of return times :

T
*)

- inf {nsf lXnax .
ㄡ

↑
(1)

-iefGnz 1 +Tx(k) /Xn = xG) Finite
w . s. under

The k-th excursion from x to x is :

P

E = (Xxch
, 1 ...., XT/) E 2

(X
0)

- 0 )
"M,

aWhW.
7

Unde Px
,

the excursions -x() are iiD varicles in WCE"
d? A

Indeed
,

note that TCR+ (CXc)
.) =T
(
((Xn

++
,
4) n) +**

X

=>(k-1) ((X. )n) = [x(4) ((Xn
+ Tx

*(n) .

Fix sets By, ...,
BK C WC

=I

PEE,

* '
CX)

.JEB. .
…Ex( '(Cx

.).) ε Bu]
= Dε×∞

'

((×n). ] ε B.
#L *Ex

*
(CXn+T(n)EBe

*Ex+n)EBL
1*,]]



=>

(Strong Markou property + rewriting)
BCEXD EB.J PRCEXE' EB 2

.EK' G BK]

-CinductionT[ExEBj .

Proof of thetheorem Consider the events :

Ak - { y 6 Gxl0) g
,

k≥ ! .

If x -- ...
-> X- ,

-> Y is a possible path with minimal length,
ther PC t.] , PCX-

x .
,

.

.
Yois xo

, Xiay?
≥ P(×

、
*0 ) P(6

、
2) . …PCan

,y) - p70 .

By the Lemma ,
the the are independent

,
all with the same positive probability.

=> an inility of Ale happen (Px-2 . s .

=> Vy =+& Rx-2 . 5. (inparticular, Ty5+ c (P-w . s. )
.

Thee
, ymxx : otherwise

,
we would have :

P CX - xs ] : ExC AxCX)
.I -to
}

- Ex [KxdAvx((X
+ig)) = +

/ Fiy]]
= KydAvx ((k)

.) = +
] = Py[K = +0]

Also
,
#x [Vy] = #x [#

x

[1+ Vy(Xn+Ty) .) / Fiy]]
"

XCJ = 1 + HydVy]
so Ey[Vy] = +c and

y
is recurrent is.



Consequently ,

the restriction of me to the set of recurrent states is

a equivalenca relation .

We split J =
T WWR:

if I ↳ recurrence classes
- equivalence classes of recurrentstates

* R

sasrcans t

qualitative aspect of the trajectories under Ix :

- if x & R; then the set of visited states is exactly Ri ,

and all
\

they's in Ri we visited an infinite number of times-

- if x E T : either (Xnnew stays in T and visits these transient
states eacha finite numberof times
or

,
of some time T

,
Xn hits a recurrence class Ri,

which is then explored infinitely.
Particular cases

-> One says
that(E

,
P) is irreducible if xmyx

,yEJE.
Then

,
either all states are transient

,
or all states are recurrent (in thesame

class)
.

a) Suppose that- is finite. Then
,
there is at least one recurrent state.



example Consider a finite graph G = (V
,
E) which is connected.

* natural stachastic matrix a Vis :

PoCaay ) "

dgx ary )
.

Then
,

the corresponding Markow chaie is necessarily recurrent,,
andull vertices are a . 5. visited infinitely often .

Set K
.
m

=
card [k112ksm ,

Xb = x G.
Can one estimate the frequence of visits V ?

5. Invariant measures.

C P fixad.
Definition An invariant measure for P is a positive measure on J

,

not

necessarily with finite mass
,

such that TIP =T.

Thus
, XxE)

x
,
T(x) = [T(v) PCr

,
x) .

VEJE

example random walk with parameter pan X.

To find the invariant measures
,

we have to solve the degree 2 lineor recurrence :

#(k) = TCk-1) p x TICk+1((x-p).
x2 (1-p)-X + p = 0

;
d

= 1-4p(1 . p) = 11-9p)
x ;

% C -2 p), P orp'221-p)
1st case : p = & .

The formal solutions are TTCK) = a + bk .
To

hav a solution which is non negative ,
we need b = 0andox 0

.

-

Conclusion : the only invariant measures are the multiple of the counting



measure - -
[Sk.
LEZ

And case : pf 2. . Then
,

the solutions are of the form TCK)= w +b)
and e

,

b30
gives na-negative solutions => a two-dimensional came of

invariant measures.

example random walk on a connectediftagraph G = (V,E)
NPg(x .y) = degx -Cxy)xE

.

Lemma Suppose that it is reversible with respect to P
:

Xx
,y ,

T(x) P(x
,g) =Ty) Ply ,

x)
.

Ther
,

it is invariantfor P.

Proof : Taking the sum

over y of
the identity gives

4(x) =(TTP)(x) *xEDE J

* The inverse implication is false. Consider e . g.
)= K1

,
33,

% (℃ :
:
) の d*. (s ' 当) 、

In our example ,
the equatio of reversibility yields :

*
x yinG , t-Flye

. So by connexity ,

iT()= c. degy
FxEV.

One can choose the constant a to havewn invariant probabilitymeasure
,
also

called staticary law.

Tokea

=Edgy
= card 7. TA =c deg

PropositionIf(P) isirreducible anditis invariant and naee,



f : Fix x such that +(x)c O
,
and
y
another state

. If TTD =T,
then TIP"-i Xn20 .

There existsn such that P"(x
, y)> O

,
and then

*ly) . cPoly): Σ*cu)p "
( y, } ) :
*( x )

P'(y) ,OS
VEXE

Theorem Consider an irreducible recurrent Markav chain (SEP).
There exists a nonzero invariant measureT1 andit is

unique up t multiplication by a positiv real number.

Proof : ·
existence

.

We fix x
.
EJC

; by assumption,

under P
,
Tx.< +0 a . s.

WesetT
. (y) = Ty) = Ex

.[[ ACXU=
Δ

∞ - expectednumbefrits,,eeeXo 의
TxAT

· cyclic lamma : 2 . s .
under Pxo

,
[u*,(x-y) = [u

.

*
Cu

·finiteness : Tily) = Ex
. [Vy,

F]

strngMrhapityfE Vy.tot
CCx.
IliPigylome

-berofnisitsgbeporeJ C
% it
?
*
Ty> Tx.

hilting xo

o CYctis]PyCt a nombebefrecfrisitshittingeof] .

Since excursions fromy one iid
,
the expectation is theone of ageometric

variable with parameter & [Txo <y.} .

So
, Tily) = PxodTy <TB]

C +CD .

Py [Txo > Tyt]



* inveriance: Let uscompute(TTP ((y): Txc-A

TP(y) =[ +(r) PCr
, y) = [Kx.[[* x2-v]P(r,g)

↓ECE VEDE k
0

Io CKcTto ',Xkar 7Plu.
g).←

E FR

- 옳 Ʃut↑ R.

[k+ 15 Tx
,
Xk= v, Xkx1 =y]

-

Ein: ."
o
Cetistio

"

.

Xuxiy ].
."RoClstii . xesg]

- Ex
. [ [Axezy] = Tily) .

· unicity. Consider another invariant measure v ; up
to multiplication by

a scalar
,

one can assume w(xo) =
1 = T1x (x) .

Take than yf x0
.

We have :

wly) = (OP)(g) = [UPCig)+ xg
*#Xo

-[v(P(2,) PCy , 9) + [D, )PCX2
, * #xa - Ax

.[A1STx
,
X=3)

- [v(x2)P(,(Ply) - [*Kxo[AksT
,

Xb= y]X
2

、
% * ×

o K= 1

By induction on n :

oly) , Eu, Ex. C Dlesti xeay] x emainder
.

Sowly) = [n?, Exo [ALTx
,
Xkx y] =T

. (y).



Then
,

0-T > O is invariant and vanishes ut xo
,
sor-T= O D

.

remark : Therefore , if pf & ,

the random walk with parameter par & is transient,
,

because it is irreducible with a 2-dimensional come of invariantmeasures.

The theorem says nothing aboutthe total mass of an invariant measure

faran irreducible recurrent Markor chair. Note however that :

Cx),ƩECEAxesx ] .DxoC Fot].
YGOG

Theorem : In this setting ,

there are two possible situations :

- all the invariant measures have infinite total massTCE)- to
=>XxEJE

,
ExCTx] = + a Calthough Tx<+c 2 . s . under)

null recurrence.

2) all the invariant measures have finite total massT(E) <+0.

=> NxEJE, Kx [Txt] <+ 0.

positive recurrence.

In the second case
,

there isa uniqu invariant probability measure I.

Mareover
,

x(x) = Txo(x). FxEDE .

Exo[Tx]

Taking x = x0 yields : T(x) = #[Tx]

Actually , for an irreducible transition matrix :

P is positive recurrent <
=> P admits a finite invariant measure

Criterion of recurrence
!)

.

Indeed
,

=> is the definition of positive recurrence.



Conversely , suppose
that TTP = T with +(E) <+c. With xo

,
we

can assume without loss ofgenerality that+(x) = 1
.

Then
,
the previous proof shows withou knowing beforehand the recurrence

that :

#(x) > #x
,

d numberof visits of x beforeTx] .

=>toxTTCE)= #x[Txt] so Txt tas 2 . s. underPom
.

examples :1 the symmetric random wolk with p= a & is

null recurrent (i
= [kxx Sh infinite invariantmesswel

2) my
irreducible Malou chain a a finite state space is

positive recurrent .

6. Ergadic theorem

Conside an irreducible Markov chair DE
,

P) and the empirical
1

measures un = 1 [n 8xk of (Xnew ~*1
,
P(

To arbitrary initial measure .

Theorem
. If the Markov chain is transientor null recurrent

,
then

Un(x
ais??

O *x EJE
.

· If the Marlou chain is positive recurrent with stationary lawit,

then

u (x)
es?
TCx) Xx EJE. .

Casymptotics of visit frequencies).

of :
The transient case is trivial since [KEN) Xk = x ] is finite as

Suppose in the sequel that the chain is recurrent.

By decomposition of the initial measure to = [Toly) by ,

it suffices to prove the result when To = Sy
.

gESE



Recall that the excursions En K> 1 are iid
,

with expected length #Ce(Ey)7 = #[Ty")σ

Tyca)

Denote VS4) - [xc21), 1

*(X = x)
the number of visits of xolong thekthexcrsian Fys.

· The random variables Uk are i
. i.d. under Py

.y.
x

· They are integrable with mean H(×) ,

y
· If the chain is positive recurrent

,
then Tty ( .) =

TC. ) with i unique invariant probability measure.

Tly]

Suppose the chain positive recurrent.
.

Then
, for Tyn <Ty

**),
v., ... -V un(x)s

Yy.+...+ V
*

y.

x kt☆

Tqai k k+ A TCa)
y

W

'I學the' 9'
of toinfinity ,
kagenomber

,sogoestk
bothsids, infinitynregeIbecs

4CVy ,
x

""

] , λly) π(x),
π (x)

,

4Cg
”} tly)

Suppose now the chain null recurrent.
.

The same inequality holds
,
this time with Vy,s + Y."Tyso,

andT + (generisation of the low of large numbers). So
,
unx)

is?
O in this case.

Lemma : Consider i . i. d. nonnegative random variables X, ...,
Xe
, ...

such that K[X] -[X(w)[dw] = tas

Them
,

Xx+...t + 0 .

Indeed
, by the monotone convergence

theorem
, lim$[X *x5M] = + c. Fix L0 and M arch that

#[X 1x = M] > 2. The variables Y = Xi #X; =M
are i.

. i. d. integrable,
so by the law of large

numbers
,liming+ /m

> lim Y +...t Yn
= #[Y] > L. Now make Lgo to +. . .

R-> +c m

Fix f : J-IR bounded function. If the chain is irreducible positive recurrent
,

then



: Ek:

:f(x4 . ]
: on( f)

.oxfx) .xl∴
.oo'"

*)fx]
∞

;

temporal mean spatial mean.

link with Birkhoff ergodic theorem ?
Consider an irreducible positive recurrent Markov chain with stationary measure +.

Lemmo If (Xnne-P
,
4) ,

then (nta)ne ~IPCp,
Indeed

, P[X = x .... XH1 = x] = [P[Xo = x
, ..., Xm+1 = xn+ 1]

XoEDE

=>[ +(xc) P(xo
,
x1) ...

PCx
,
xnx1)

Xo EJE

⇌
#(x1 (P(xy,x2) ... PCxn

,
Xn+ 1) .

Cinvariance ofT
「

Therefore ,

T
: J

*
-> CE is a transformation of the probability space

(S
, PDE)**,M).

(xn)neir 1 -(xntalnein

Emma (tobeproved later) T is ergodie.

By th Birkhoff ergodic theorem
, for any

FE L(J*, MCC)**, P),
F((

.)n) + F((Xmx)n) +... + F((Xn+ m-1)n)
→

E
,
[ F((X

,)
.)]

m m-> +c

A. S.

L으

In particular,f fE ((CE,
PCC) ,
i)

,

then :

E(X)+... + f(Xm)
mo [ (x) f(x) a . s . and in 4

m

7. Period of a Markov chaim and
convergence tothe stationary law.

Recall that given (Sncm ~ IP
CP

,
H

. ) ,
the marginal law of Xn is Th = T PM.

We saw with the random walk on Zinz that in some situations Tin= some limiting lowT.

lemma if Th =T1
,

thenItis an invariant law
,

and therefore the Markou chain is positive recurrent.-

the chain is irreducible

Indeed
,

TT
-(imTh+ 1 =imTIP = TP

However, positive recurrence is not a sufficient condition for convergence of the marginal laws.



example : J= $1
,
21

,

P
= (8) ,

To = G. Then Tan = 81 and Tante = Ga
,

so there is no convergence
although the chain is irreducible positive recurrent.

.

~ we need to take care of possible periodicity of the chair.

Definition The period ofw state x of arecurrent) Markov chain is h(x) = gad (RC) ,

where

R(x)
= {possible returntimes t xJ = {n ENN IP"(x

,
x ) > 06.

If 11
,

na E R(x)
,

then P*** (x
,
x) > P

*
(x) P"(x) > O

,
so nythe ER(x).

=> R(x) is a subset of IN stable by addition.

lemma If R #903 is a subset of IN stable by addition and h = ged/R) ,
then R ChIN

,

and

kIN , Bis finite.
example : R = 3INx5IN = 20,

3
,

5
,

6
,

8
,
9

,

10, ... ] differs from IN= god (3
,
5) .
IN by the finite

set 21,2, 4, 76.
roof . By definition ,

h divides
every

element of R ,

so RCLIN. Conversely,
there exists a Bezout

relation:

k = k2 +... +kar-9 by- ... -Isbs
,

the a; and bj ER.

the Ki and Ij = AN
.

By stability by addition
:a = k21 +...+kar and b

= 4 bx +... +9
,

bs belong to R.

h= a-
b.

.
We claim that all multiples of h starting from ab are in R.

Indeed
, if n =

ab + kk
,

letus divide kbya : k =

gatr,a.

We then have n =
ob + gak + rlz-b)

=>(2--)b + (ghtr)a EING + INb CR. □

Suppose now the Morkov chain irreducible.
Lemma Then

,

h(x) does notdepend an x Ex.

proof : Given x + y ,

there exists 1
,

m > 1 such that PPx
,y) > 0 and PYy,

x) > 0.

=.Chahly)orklarge enough,whlyadckshly)EReee



So
,
the difference hy) is divided by h(x) : h(x) /hly) . By symmetry , hly)/h(x), soh(x) = bly) 1.

In the irreducible case
,

we can thus define the period h
= h(P) =

h(x) ofthe Markor chair
.

inition The Markow chain isaperiodic if h(P)= 1

.

=> x
,

P"(x
,
x) > O for n = nx large enough

.

= Fx,y ,

P"(x
,y) > O for ninx

,y large enough.
Theorem Consider un irreducible Markou chain (Xalnew ~ Pp

,
to)

· If the chain is transient ormull recurrent
,

then XxET
,
Th(x) -> 0.

n->+C

· If the chain is positive recurrent andsperiodic
,

then XxGCE
,

Th(x) -> TT(x). (TT- stationary low)
n -stes

(we shall deal with the non-operiodic case lter).

of :
The transient case is trivial : Th(x) = P

.

[Xn = x] < 1 [the Markow chain visits x aftertime)
->

O because x is visited a finite number

Conside now the positive recurrent case.
of times 2 . s.

Let TT
.

andNo be two arbitrary initial laws. We consider (Xn)ne-P and CYlnew - Pu
, independent.-

ㅇ

Then
,

P[CXo
,
Y) =

(x
., yr) ,..,

(Xn
,

Yn)= (xn
, yn)] = P[Xo= x

, ...,
X = x] P[Y=

yo,...,
Yn = ynd

= To(x)P(x
,
x) ... P(xn-

,
xn) 8(yo) P(yo,y1) ... Plyn-1, yel

- .( xo ,yo
) Q(( ×o,go

) ,(*
,

g, ) )… Q( xrs,yo'a),(xn、y,
))

with Q / (2
,
b)

,

(x
, y)) =

P(2
,
x) P(b

, y).

So
,

the
sequence of pairs is a Makou chain on JC2 with law P(Q

,
T.)

.

We claim that it is still
irreducible positiverecurrent operiodic :

-
irreducible aperiodic : N(a

,
b)

,

(x
, y) ,

P"Ca
,
x) and P"(b

, y) are positive for large enough,
so

QL 3 b3,
ε
g )

.P ^
(

s

,x
)
p ^ (biy ]× 0.

- positive recurrent : TQTT is a probability measure invariant by 8.

SetT= inf[nEN/Xn = Yel. Because the pair MC visits
every state ofJ. s

.,
it visits the

diagonal ,
so T<+ D 2. 5.

We introduce the total variation distance between two probability measures p
and van )E :

d
+n (p,

v) = sup (p() - USAI .
*CJC

Lemma If min
,

then conditionally to <T= m 3 ,
X and Yo have the same low.



·umest exchnegerble oftertimrr.

SC

Indeed
, PrQu. [T= m and Xn = x

, Ymzy) = [T.
(xo) Volyo) P(xo

,
x) ... P(xm-1

,

2) Plyo ,y)... Plym-1,

2)
z

, xo Ayo, ... Xm+ Aym-1 pr-m(z
,
x) pr-M)z

,y)
and this expression is symmetric with respect to (x

, y).

Therefore, given ACCE
,

A
.

C 81 : w
.

Lo) , PSX .6 ]
,PCYGA ],PCYEett ],

CYETaMDPcX.ckqttang
∅

is the difference of two term -> 50
,
PCT2n]]

=>div(Tin,
Un) = PCT> n].

With No =TT
,

Un = WeEIN
,

so div(T,

#) = P+ [T71]Ig8 and theconvergencetoterove.
Consider finally the null recurrent case.

lemma : Suppose P recurrent irreducible on J with periodh2.
ther

,

there is a partition J = CE WJEeW ... Usm ofJ such
that ph induces on each J; a recurrent irreducible Markov chair.

proof : Fixa base point xoEJ and denote

SE ; = [x - >E (7n= i dh] with P" (x
.,
x) > 0G.

Since the chain is irreducible
,

J
=.U. Moreover

, for any xEJE
, if neich] and his

large enough,
then P"(xo

,
x) >0.

Suppose that xx)->, n)Ej .

Fix m > O such that P"(x
,
x) 30. For klarge enough,

Ph(x.
,
x) - O

and Ditkh (xo
,

x)20 . Then
,

it khtm and jtkhtm & R(x)
,

so h divides the difference : this forces izj.
So

,

the union is disjoint.
Fix x in some class JC. By assumption of recurrence

,[P"(x ,
x) = +o

,
and R(x)ChN,

So [CP4)"(x
,
x) = to and x is recurrent for Ph.

nE

Finally , if x

mpy ,
then yEJEi , so the restriction of Ph to C- induces an irreducible recurrent chain 1.



Notice now that P"ICE has period 1
. Suppose that are can prove

that for a mill recurrent operiodic chair
,

the

marginal laws
go to 0. Then

,
in thegeneral case h31

,
Tinh =

T
.

(P4)" -> O. Butthis is sufficient to proveD-> +Cs

that Tm =Tnhtr=nhP-0
.

osuch
,

a finite number of cases.

So, let us consider a null recurrent operiodic chair. By the same argument as before ,
(X

,
Ylne ~P& Pr

.

is also irreducible operiodic.
1st case : the

pair Markov chain is transient
.

Them
, Phi [(X ,

Y) =
(x

,
x)] n7g0

"

(Tir (x))2

2nd case : the pair Markov chain is recurrent . By compacity , if to = Gy and U
.

=82
,

them :

7 (nk)kzIN subsequence such that D'(y,
x)=) NxECE.

2) By the same argument as before , div (P"Cy, )
,

P"(z
,)0 ,

so we have also P"z
,x-p

For onykEIN [P" (y
,x) = 1

.
'

XEXC

=>xP(x) E1. (Fator's lemmo).

Then ,
βP ()(

ε). 6ely )Ply,x ) .Σlim p" sy)Ply 、 x
)≤

n象 kg)Ply,、)

-Liminf Pl
+
(z

,
x)Ylimief[P(y)P") I [Play) &A) -e

k- > + c k->+a

dominated convergence

Since the action of stochastic matrices preserves the total mass of measure
,

we also have

Ʃ
-ex

&P(x) =E P(x) ,
so above we cannot have a strict inequality

Conclusio : pP= P .

Then
,

we cannot have
g HO

,
because this would imply the positive

recurrence of the chain .

So
any convergent subsequence of P"Sy ,

x) is O
,

and this implies : Vy,

x,mPCyx)-.
By taking line combinations

,limTh (x)-

D.

Two remaining details :

& what happens in the positive recurrent periodic (h> 2) case ?
The proof above shows that Ph is irreducible recurrent on each class JE;.



DenoteI the stationarybur,

IT=;
its decomposition with respect to CE

=Ni.
lemma if xEJ;

and P(x
, y) > O

,

then yf)fix mode ,

and conversely ,
if yefir then「

(proof similar to the previous arguments for the set partition (f=2) .

P(x
, y) > 0.

This implies that ITiP is supported by JEixe .
Moreover

, [2==TP-TP,
therefore IT

,
P = Fixx mode

=> 4i(Ei) = A
,

hTT
;

is the stationary measure of P"DE;

Consider then an arbitrary initial measureTo on P
, decomposed as -TDE · By the

aperiodic sase
,
(ToDE

,)
) Phm

-> To DE
i
) Ti .

m ->+C

Then
, if n = km + ~with Osrch

,
we have TP"- [(1)PDETP

.CP'
-

paty. . .
poth .

t ), .
E
'

(
BEi)Tat.

h &->+ CS is I

Conclusion : if hi 2
,
Th+ Thxx +..- +Thth-

-> IT invariant law.

k n->tos

& ergodicity of a positive recurrent Markov chain.
Conside an invariant event A for T: Cxne -- (x

+1) new.

For
any

BE PCE)**, any
ExO

,
there exists ne

,
B

= n and B
.
E In such that

P[B & B
.
] = E.

π

Then
,

Mn RT-4(Am) approximates A :

PBC83 :PCADTECA ]S PCCA)NTJJ P onTECAJ?
-> E + PART-"(AdAr)] + B[AnnT(An)] = 25 + P[ART(An)],

and similarly Pi [A.
1 T-4CAn)] < 25 + 1 [A).

Thus
,
1IP [A] - R [AnT-"(A1)]) < 22.

We now claim that if An is fixed ,

thenlim
k-t * [* RdART-4 (An)] = (yCA])

This will imply in the end P[A) = (1[AJ)? so P
T

[A] E20 , 16 and the ergodicity
The event An fixes X = xo

, ...,
X = xm for (xo

, ...,
xn) in some fixed set SCJE**



Ther
, for k7m ,
P [An D T-4(An)] -

ƩT(
0 ) PCyo

、
t.) . PCen

', on)pK
- ^

(on
, yo)

P(
yoig;) … PCypoygo)

Xa ..

-
X. E S

yo , ... ye & S

% -Cfont hk 'j
(A.)

}
.Ʃ tcaa.. Plens、

+
、) ‰"

p

-
n' ;(n.yo))Plyo. yo). … PCyo' 、 gr)

Xo
, ..., Xe ES

yo,, ..., ye
7 S

-> [ +(x) PCxo
, x1) ... P(xn-1

,
xn) #Cyo) PCyo , ye) ... PCyn-1,yu)to then-> +o

,convngee e
< (RL 8

.
3 ]R1 ㅱ


