ASYMPTOTIC EXPANSION OF HOLONOMY

ERLEND GRONG AND PIERRE PANSU

ABSTRACT. Given a principal bundle with a connection, we look for an asymp-
totic expansion of the holonomy of a loop in terms of its length. This length
is defined relative to some Riemannian or sub-Riemannian structure. We are
able to give an asymptotic formula that is independent of choice of gauge.

1. INTRODUCTION

Let G - P — M be a principal bundle with some connection w and let 2
be its curvature form. The realization of curvature as the infinitesimal generator
of holonomy of w appears in the now classical Ambrose and Singer theorem, [1].
Further elaborated by Ozeki [10], this result explains how the holonomy group of
w is infinitesimally generated by € and its covariant derivatives at a point.

If we look at an individual loop v based in z € M, we can also make the
correspondence concrete in the case when G is abelian. An application of Stokes
theorem shows that for any p € P,, the corresponding holonomy Hol;f (7) equals
exp(— fdisk(,y) c*Q) where o denotes an arbitrary gauge satisfying o(z) = p and

disk(y) denotes the integral over an arbitrary filling disk. Using ideas from [11],
we are able to show that this result holds approximately for short loops relative to
some Riemannian or even sub-Riemannian metric on M. Such expressions have real
world applications, see [9, 5]. A question in these applications if often to look for
the best choice of gauge. In the case of M = R"”, we obtain the following expansion

using the radial gauge.

Theorem 1.1. For every x € R", define

mo(x) = 3+k Q and all its covariant derivatives of order < k vanish at x,
QT 2 otherwise.

Let 0 : R™ — P be a gauge in which w is parallel in radial directions emanating
from x. Then for p = o(zx) € Py, there is an e > 0 and C > 0 such that

(1.1) exp~ ! Hol¥ (7) + / o Q| < Cl(y)?me@)
disk(~y)

for every loop v based at x with £(y) < e. In the above formula, fdisk(,y) denotes the
integral over a radial filling disk.
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The above result also holds true on Carnot groups, which also have dilations and
hence the possibility of defining a radial gauge. The details are found in Section 2.
For this reason, the radial gauge is convenient, but may not always be so simple
to compute in practice. We therefore continue in Section 3, showing that the
two-form ¢*Q) in (1.1) can be replaced by a two-form with polynomial coefficients
whose terms are independent of choice of gauge. For the special case of R™ with

coordinates (z1,...,2,), we have the following result.
Theorem 1.2. Write 0y = % and let © = (x1,...,2,) be any point. Let o be
an arbitrary gauge such that o(x) = p. Use the notation wf = (c*w)(0x) and

Q7 = (07Q)(0;,0;) and define

(12) F) =3 3 95 [ (o - w)dz

+ é Z ((3kQ§7J)($) + [wy (x), ij(ac)]) /(zz — ;) (2 — xp)dz;,
i,7,k=1 0%

for any loop based at x. Then F,, does not depend on the choice of gauge. Further-
more, there exist constants € >0 and C > 0, such that |exp~* Hol}; () + Fy(y)] <
Cl(v)* for every v with (y) < e.

For a general Riemannian or sub-Riemannian manifold, we first need to choose
an appropriate local coordinate system of a type called privileged. However, after
this choice is made, the above statement remains true with respect to the dilations
in this coordinate system. We give the details of this in Section 4.

It was observed in [11] that integrating the curvature over a radial filling disk in
the sub-Riemannian Heisenberg group will actually give a better approximation of
the holonomy than in the Euclidean case. This result was found using ideas from
[4, 13]. By applying the new theory of horizontal holonomy found in [3], we are
able to show the following (for more details, see Section 5).

Theorem 1.3. Let m : P — M be a principal bundle over a sub-Riemannian
manifold (M, D, g), where D has rank ny. Assume that the sections of D and their
iterated brackets up to order k span a subbundle of rank equal to the rank of the
free nilpotent algebra of step k + 1 and of ny generators. Then there is a “modified
curvature” Q such that

< CU(v) 2,

exp ! Hol7 () + / o*Q
disk(~y)

The result of Theorem 1.2 follows from computations on Euclidean space found
in Section 6. In that Section, we also look at the examples of Riemannian manifolds,
the Heisenberg group and the sub-Riemannian Hopf fibration.

2. EUCLIDEAN SPACE AND CARNOT GROUPS

2.1. Sub-Riemannian manifolds. Throughout our paper, any manifold M will
be connected. In this section we will revisit some basic facts about sub-Riemannian
manifolds. For more details, we refer to [8].

On a manifold M, a sub-Riemannian structure is a pair (D, g), where D is a
subbundle of the tangent bundle TM and g € I‘(Sym2 D*) is a positive definite,
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smooth, symmetric tensor defined only on D. We will refer to the subbundle D
as the horizontal bundle. For any v,w € D,, we write (v,w), = g(v,w) and
lv]g = (v,v)é/z. We say that a continuous curve v : [a,b] — M is horizontal if is
absolutely continuous and satisfies (t) € D for almost every t € [a, b]. For such

a curve, we define its length ¢(v) by

b
()= [ Kl .

We have the corresponding Carnot-Carathéodory metric of the sub-Riemannian
structure,

0w

The distance in (2.1) is in general not finite for two arbitrary points z and y.
For a given horizontal bundle D, define D' = I'(D) and for every j = 1,2, ...,

D' =span {X,[X,Y] : X € D),Y € (D)}.
For any point = € M, we define the growth vector n(z) = (n;(z))2; of D at x by
nj(z) =rank {X(z) : X € D’}.
We say that A is the step of D at x if
A=min{k € N : n;(z) = ng(z) for any j > k}.

We often give the growth vector at = only by n(z) = (n1(z),...,nx(x)), indicating
that the remaining numbers equal ny(z).

We say that D is bracket-generating if for every x there exists some j such that
nj(z) = dimM. In other words, D is called bracket-generating if the sections
of D and their iterated brackets span the entire tangent bundle. If D is bracket-
generating, then the distance d defined in (2.1) is always finite and its topology
coincides with that of the manifold.

If n(-) is constant in a neighborhood of x, then x is called a regular point of D.
The point z is called singular if it is not regular. The set of singular points of D is
closed with empty interior, cf. [6, Sect. 2.1.2, p. 21]. If all points of M are regular,
D is called equiregular. If D is equiregular, the step A is constant and there is a
flag of subbundles of T'M,

D'=DcCcD?>C...C D,
such that D7 = T'(D7).
Remark 2.1. A sub-Riemannian metric can alternatively be described as a possibly

degenerate cometric g* on T* M such that the image D of the map f : T*M — T M,
B+ (B, )¢ is a subbundle. These two points of views are related by

(B,a)g = (85, fa)g.

Remark 2.2. We could have considered an even more general setting where we
have a Finsler metric rather than a Riemannian metric on D, thus considering sub-
Finsler geometry. The techniques and results of this paper are still valid in this
sub-Finsler setting.



4 E. GRONG AND P. PANSU

2.2. Carnot groups. Let n be a nilpotent Lie algebra. Assume that this Lie
algebra is stratified, meaning that we can write n = ny x --- x ny with bracket
relations satisfying

1 I‘lj+1 lflSjS)\—l,
[“1’“31_{ 0 ifj=A

Let N be the connected, simply connected Lie group corresponding to n. Choose
an inner product on ny and define a sub-Riemannian structure (D, g) on N by left
translation of n; and this inner product. The sub-Riemannian manifold (N, D, g)
is then called a Carnot group of step A. Observe that the case A = 1 is just an
inner product space.

With slight abuse of notation, we will use 0 for the identity element of N, even
though N is abelian only if A = 1. For each s > 0, define the dilation J, as the Lie
group automorphism J,: N — N uniquely determined by

(2.2) (6s)sA €I s sTA.

Dilation §, is homothetic: it multiplies the Carnot-Carathéodory distance by s.
Therefore, as a metric space, (N, D, g) is geodesic, locally compact, it has a tran-
sitive group of isometries and homotheties. Conversely, a theorem of Le Donne [7]
asserts that metric spaces with such properties are Finsler Carnot groups.

Write g = 0 and define n; as the dimension of n; x --- x n; forany 1 <j < A
Choose a basis Z1,..., Z, of n such that

(2.3) span{Zy,,_,41,.-.,2n, } = 1.
Since N is simply connected and nilpotent, the exponential map is a global diffeo-
morphism. We introduce exponential coordinates (z1,. .., z,) corresponding to the

point exp(z1Z1 4+ - -+ + 2, Z,). In these coordinates, we have
Os: (215nvvyZinennyzn) = (821,000, 8% 25,00, 8% 20),

where w; is the number such that Z; € n,,,. We call w; the i-th weight.
We define the radial vector field S by S(z) = %51+t(x)}t:0. It follows that if

t — €' is the flow of S, then 8, = e(1°8%)S for any s > 0. If Z,,..., Z, is a basis of
n satisfying (2.3) and (z1,...,2,) are the corresponding exponential coordinates,
then

- 0

Furthermore, since d is a group homomorphism, it commutes with the left action,
meaning that we also have

n
(24) S = Zwllez,
i=1

Here, we have used the same symbols for elements in n and their corresponding left
invariant vector fields.

As all Carnot groups are contractible spaces, we know that any principal bun-
dle 7 : P — M can be trivialized. Furthermore, we have the following stronger
statement by using our dilations ds. Let m# : P — N be a principal bundle with
a connection w. Let hS denote the horizontal lift of S with respect to w and let
t + €S be its flow. Define 0% : P — P by formula ¢ (p) = e85 (p).
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Lemma 2.3. (a) There exists a unique principal bundle isomorphism ¢ : P —
N x Py such that
(i) ¢(po) = (0,po) for any po € P,
(i) if C(p) = (2 p0), then C(82(p)) = (54(x), po)-
(b) For every py € Py, there is a unique gauge o : N — P such that 0(0) = po and
(c*w)(S) = 0. Furthermore, this satisfies (c*w)(v) = 0 for every v € TyN.

Proof. (a) For a fixed z, define v(t) = §1_4(x). Let 7,(t) denote this curve’s hori-
zontal lift to p € P,. Define then

C(p) = (z,7p(1)).

By smooth dependence on initial conditions of ODEs, this is a well defined
smooth map. Furthermore, from properties of horizontal lifts, {(p-a) = {(p)-a.
Hence, ( is a principal bundle isomorphism.

(b) Define o by the relation ((o(x)) = (x,po). We then have 0,5 = hS o ¢ which
is obviously in the kernel of w. The last statement follows from the fact that
there exist points z1,...,x, € N such that tangent vectors at 0 € N of the
form d%és(xﬂszo form of basis of Ty V.

O

We call any gauge such as in Lemma 2.3 (b) radial, centered at 0. We can define
radial gauges centered at an arbitrary point « € N similarly, replacing dilations d
with 0% := 1, 095 0l,-1, with [, denoting left translations by x.

2.3. Weighting of functions, forms and vector fields. For any ¢-form o on N
with ¢ > 0, we define 6%« as the pull-back with respect to d;. We say that a ¢-form
« is homogeneous of weight m € Z if §ia. = s™a. We say that « is of weight > m if
limgjo s ¥6*a = 0 for any k < m. We remark that if o is homogeneous of weight
m; (resp. of weight > m;) for j = 1,2, then a; A ap is homogeneous of weight
my + mg (resp. of weight > m; + ms) and a1 + ag is of weight > min{mq, ms}.
Write do(z) := d(0,z). Since {ds}s>0 is a dilation, any function f of weight
> m satisfies f = O(df*) as * — 0. For a general smooth function f, we have a
weighted Taylor polynomial at 0, Tay,(f; k) = 21]:1:0 ) with each f(™ being
homogeneous of weight m. Each f("™) is defined by
1 d 5 f

m!dsm ®

(2.5) Fm =

s=0

We can also give a similar Taylor expansion for forms. The one-forms dz1,...,dz,
are a global basis of T* N and dz; is homogeneous of weight w;. It follows that every
one-form « is of weight > 1 and has a weighted Taylor expansion Tay,(a;k) =
Z:ﬁb:l ™) as well. Here

n n
o™ = Z fi(mfwi)dzi, whenever a = Z fidzi,
i=1

i=1

with the convention that f(") = 0 whenever m < 0. Similarly, any ¢-form « has

weight > ¢ and Taylor expansion Tay,(a; k) by defining (o A 8)(™) = Sy a®) A
(m—k)

«a .

For a vector field X on IV, we define 7 X such that for any function f,
(05 X)(05f) = 65(X f).
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In other words,
65X (x) = (d1/5)X (0s(2)).
We define homogeneous vector fields and vector fields of weight > m in analogy

with our definition on forms. If X is any vector field of weight > m and f is any
function, then fX is of weight > m as well. Furthermore, since

(26) [6:X1,5:X2} = (S;k [Xl,XQ}, Xl, X5 € F(TM)

it follows that if X; is homogeneous of weight m; (resp. of weight > m;), then
[X1, X5] is homogeneous of weight my +mq (resp. of weight > mj + mg). Consider
Zi,...,Zy, as the basis of n satisfying (2.3). Use the same symbols for the corre-
sponding left invariant vector fields. By definition, Z; is a homogeneous vector field
of weight —w; for 1 < i < n. As a consequence, any vector field with values in D
has weight > —1 and all vector fields are of weight > —A.

Observe that any homogeneous function, vector field or form is uniquely deter-
mined by their values in a neighborhood U of 0. Hence, we call a function on
such a neighborhood U homogeneous if it is the restriction of a homogeneous func-
tion on N. Similarly, for any neighborhood U of 0, there exists a neighborhood
0 € U C U such that 53(0) C U for s < 1. We say that a function f defined on U
is of weight > m if limg sk5§f|g = 0 for any k < m. We use analogous definitions
for forms and vector fields.

Remark 2.4. Notice that since the flow of S commutes with §,, the vector field S
is homogeneous of weight 0.

2.4. Approximation of holonomy. Let M be a manifold. Define Z(z, M) as
the space of all absolutely continuous loops « : [0,1] — M based at x € M with
finite length relative to some (and hence any) complete Riemannian metric g on
M.

Definition 2.5. Let d be a metric on M. Let £ = (4 : L(z, M) — [0,00] be the
length relative to d,

k
£(v) = sup Zd('y(tj,l),'y(tj)) tk>1, O0=to<ti<---<tp=1
j=1

Let [ be a real-valued function defined on a subset of R and let F be a function
defined on a subset of £ (x, M) with values in a normed vector space (E,||-||). We
then say that F = O(f({)) as £ — 0 if there exist positive constants € and C such
that

(i) f is defined on (—¢,¢€),

(i) F(y) is well defined for any v with £(vy) < ¢,

(iii) for any £(vy) < €, we have

IEMI < CFE))-

Note that the definition of O(f(€)) does not change if we replace the norm on FE
with an equivalent norm. Hence, if F is finite dimensional, we do not need to
specify a norm in Definition 2.5, since all norms are equivalent.

Let us now consider the special case when (M, D, g) is a sub-Riemannian man-
ifold and d is defined as in (2.1). The following observations are important to
note.
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(i) If v is any absolutely continuous curve such that ¢(y) < oo, then v must be
horizontal.

(ii) Any absolutely continuous curve v : [0,1] — M in a Riemannian mani-

fold (M, g) can be parametrized by arc length, meaning that we can find

a reparametrization 7 : [0,1] — M satisfying |¥(t)|; = £() whenever ¥(t) ex-

ists, see e.g. [12, Chapter 5.3]. By a similar argument, we can reparametrize

any horizontal curve in a sub-Riemannian manifold (M, D, g) to have constant

speed.
Let m: P — N be a principal bundle with connection w with curvature 2. For
any v € Z(x, M), we define the corresponding radial disk disk(7y) : [0,1]2 — M by

disk(y)(s, 1) = 65 (v(1))-

Theorem 2.6. Let p € P, x € N be an arbitrary point. Let o be a radial gauge
centered at x and satisfying o(x) = p. Define F, : L (xz, M) — g by

h= [ oo
isk(y

Assume that o*Q) is of weight > mq. Then
Hol = exp (—F, + O(1*"2))..
The proof is given in Section 2.5.3
2.5. Theory and proof for Theorem 2.6.

2.5.1. Metric spaces with dilations. Let (M, d) be a metric space with possibly some
points being of infinite distance. We call a collection of maps {ds : M — M }ss0
dilations if

61 = ldMa 651 © 532 = 55152~
and if d(d5(x),05(y)) = sd(x,y).

Assume that M is a smooth manifold and define Z(M) = [] £ (2, M).
For any curve v € £ (M), define J,y as the loop dsv(t) = ds(7v(t)). Let d be
a metric on M and assume that this metric has dilations {ds}s~o that are also
diffeomorphisms.

Lemma 2.7. Let F : £(M) — E be a function with values in a normed vector
space (E,||-|). Let xzo € M be an arbitrary point. Assume that there are constants
e € (0,1] and C > 0 such that for every y € {ds(x0)}s>1 and v € L(y, M) with
{(y) <e,

|E(ds7)|| < Cfles), whenever 0 < s < 1.

Then F = O(f(¢)) at xq.

Proof. For any v € Z(x0) with £(y) < ¢, define 7 = 6./4(4)y. Then by our
assumptions
IEOO = I1E ey e < CFE))-
([l

Notice that F' in Lemma 2.7 needs only be defined for any v € Z(y, M), y €
{6s(z0) }s>1 with £() < e. If zg is a fixed point for every J,, then we only need
to consider y = xo in Lemma 2.7. If d only has finite values and 05 has a fixed
point xg, then this point is unique since limg g d5(z) = o for any x € M.
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For a Carnot group, the maps d, defined in (2.2) are dilations in the above sense
with fixed point 0. In general, for every x € N, the maps 67 = [, o §; o l,—1 are
dilations with fixed point x.

2.5.2. Forms on Carnot groups and functionals. Let (N, D,g) be a Carnot group
with dilations d;. We want to consider functions on loop space Z(z, N) related to
forms.

Lemma 2.8. Let a be a two-form on N with values in some finite dimensional
vector space g. Assume that « is of weight > m at x. Consider the map

(2.7) o : ZL(x,N) — g, % (y) = / .
disk(~)

Then @ = O(f™).

Proof. 1t is sufficient to consider g = R and x = 0. Choose an arbitrary loop
v € L£(0,U) and assume that it is parametrized to have constant speed, i.e. |¥(t)|, =
£(~y) at all points where the derivative exists. Write (g = 2?11 fjdz; and define

n 1
2.8 s = wj wi=L(§* fi)d )d ;.
(2.8) 8 g (/ (6%, f;)dr ) dz;

‘We compute

Juon= [ [t 000 [

122 ()] < £(7) / 1Bl (1(1)) dt

Since tga is of weight > m, each f; is of weight > m — w;. It follows that for
sufficiently small € > 0, there are constants C;, 1 < j < nq such that ||f;(z)] <
C;d(x)™ ! whenever do(x) < e. Combining these bounds, we obtain,

and so

m”l

<—Z(Jdo

Defining Cy = maxi <<y, C; and using that do(y(t)) <

g m m
n1f(y) Co m o me Co m
2mm m

|Bslg-

fy ), gives us the inequality

(N <

whenever £(y) < 2e. The result follows from Lemma 2.7. O

9

2.5.3. Proof of Theorem 2.6. Choose an embedding of g into gl(q,C) and put a
Banach algebra norm ||-|| on gl(g,C). We will show that there exists an ¢ > 0 and
C such that

(i) exp~! Hol ) (7) is well defined whenever £(v) < e,
(ii) For every 0 < s <1 and v with £(v) < ¢,

| exp™! Hol(8,7) + 87 2(3,)]| < O™,
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Let v be an arbitrary curve with length £(v) < e. Without loss of generality,
we may assume that vy is parametrized to have constant speed, so |¥(t)|g = £(7)
whenever it is defined. Let o be a radial gauge. Give p € P coordinates (x,a) €
N x G if p=o(x) - a and define 75 = d57y. In these coordinates, the horizontal lift

(7s(t), as(t)) of v4(t) to o(0) is given by
as(t) : as(t)il = _U*w(;ys(t)) = As(t)a as(o) =1,

and as(1) = Holg ) (7s)-
By Lemma A.1, there is an g < 1 such that whenever

Ayl = max ||A(t)]| Lo ,
1452 e [As @)z~ < eo
then exp~!a,(t) is well defined and

1
exp lag(1) —/ As(t) dtH < Co| Al
0

for some constant Cs. Since (o*w)(S) =0,

a0 = [ et = [dee) (i) ar
- [ e sen.i0 @

r

Since tg0*(Q is of weight > mgq, there is a constant C3 such that
[Asl|zo < Czs™l(y)™.

Hence, if we choose C3e™° < &g,

1
exp ag(1) — / As(t) dtH = |lexp™" Hol¥ (6,7) — F,(657)]|| < CoC3e*m0 5.
0

The result now follows.

3. GAUGE-FREE FORMULATION

3.1. Equivariant forms and adjoint bundle. Let 7 : P — M be a principal
bundle with structure group G. Let g be the Lie algebra of G. We can then
introduce a vector bundle Ad(P) — M called the adjoint bundle by considering the
product bundle of P and M x g divided out by the right action

(p, A)-a=(p-a,Ad(a"")A), peEPAcgacq.

We write [p, A] € Ad(P) for the equivalence class of (p, A) € P x g.

Sections of Ad(P) correspond to G-equivariant functions on P. A function
¢ : P — gis called G-equivariant if f(p-a) = Ad(a=!)f(p). This function can be
considered as a section of Ad(P) through the identification ¢(z) = [p, p(p)], p € Px.
Similarly, a g-valued form « on P is called G-equivariant if

a(vy - a,...,vg-a) = Ad(a (v, ..., v,).

Any G-equivariant form that vanishes on ker 7, can be considered as a form on M
with values in Ad(P).

Let w be a connection on 7. Let hX denote the horizontal lift of a vector field
X with respect to w. For any G-equivariant function ¢, the function hX is still
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G-equivariant. We denote the corresponding section of Ad(P) by V%, giving us
an affine connection V¥ on Ad(P). Remark that for any gauge (o,U), we have

(3.1) 0"V = Xo"(p) + [0 w(X), 07 ¢].

3.2. Explicit formulas of weighted components. Let N be a Carnot group
with stratified Lie algebra n and with exponential coordinates z. We give two
formulas for the m-th homogeneous component of a general function f relative to
0 € N. Let n be the dimension of N and define an index set .J, by

(3.2) Tn(0) ={0},  Ju()={L,...;n}, Ja=J 0.
j=0
and define functions j,w, || : J, — N by
J J
33)  jw =4  wE) =Y wu, |ul=> m,  foranyp € Ju().
i=1 i=1

We use the convention that w(f)) = 0 and |@] = 0.
By rearranging the terms of the usual Taylor expansion, we have

1 of
(3.4) e = S L.
peTn J(w)! 32’#
w(p)=m
where 2, = 2z, -2, and 62“ = 3211 &‘ij for any p € J,(j). We use the

conventions zp = 1 and 3%@ f = f. On the other hand, for any element Z € n,
we have the Taylor expansion f(exptZ) = S Lt3(Z9 £)(0) + O(t*1). Since

j=0 4!
21,...,2n are exponential coordinates, we obtain
z
fl,m)= > ,(C‘;), (Zu£)(0) + O(|2*1).
HETn ’
J(w)<k

with Z,, defined analogously to ai

Zu
of this sum with £ sufficiently large, we obtain

(3.5) fme= 3 i Zu)(0).

w(p)=m

. Collecting all the homogeneous components

3.3. Weighted components of equivariant forms. In order to introduce ap-
proximations that are independent of choice of gauge, we will introduce Taylor
expansions of Ad(P)-valued forms. Let m : P — N be a principal bundle with
connection w. Define 6% : P — P and ¢ : P — N X Py as in Section 2.2. For any
¢ € I'(Ad(P)) and p € Py, introduce Tay}; (¢; k) = Efnzo 0™ where (™) : N — g
is defined by

P(a) = o (32 .p)))

m
ds =0

We emphasize that Tay;) (¢; k) is a function on N, not on P.

We want to use (3.4) to give an explicit representation of ¢(™). Write 9; = %
N J

and let V be the connection on N determined by V9J; = 0. Denote the induced
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connection by V and V¥ on Ad(P)-valued forms by the symbol V¥ as well. Next,
for any j > 1, define V' = V% and iteratively

w,j+1 o owid  owd L owid
X0,X1,.,X;P = vxovxl,...,xj<ﬂ VVXOXl,...,Xj<p le,...,VXOXjQO'

Finally, for any u € J,(j), we write

Vi = ‘5“]1 A
Then we have the expansion
(3.6) M) = Y i (Vi ®):
per, T
w(p)=m

Alternatively, we can use (3.5). Define a connection V by the rule VZ; = 0.
Define V¥ analogously to the definition of V**J and furthermore

w w,J
ve=vy o,

M B j
giving us
m < w
pM(z)= Y .(“),(V,ﬁ)(p)
pEJTn JU):
w(p)=m
as well.

We extend the definition of Tay, (a; k) = an: el

values in Ad(P) as in Section 2.3. Remark that
Tayy (o k) = Ad(a™) Tay; (o: k),

(™) to a general g-form o with

and, in particular, the number 0 < m, < oo defined by
(3.7) Me = SUP {m ez : a\™(0) = 0} ,
is independent of p € Fy.

3.4. Gauge-free Taylor expansion. The curvature for € is an Ad(P)-valued
valued 2-form on M. We will define an expansion of holonomy using the Taylor
expansion of 2 that does not depend on gauge.

Theorem 3.1. Let w: P — N be a principal bundle with connection w. Let p € Py
be an arbitrary element. Define

B = [ Taysh)
disk(~y)

Then for any k < 2mq,
Hol}) = exp (—FéC +O(Fh)) .

Remark 3.2. Fﬁ(v) is a linear combination of terms involving iterated covariant
derivatives of  at 0, whose coefficients are moments (integrals of polynomial 1-
forms along 7). It is gauge free in the sense that Vi/Q(p) does not depend on a
choice of local gauge. This will be more apparent in the computation of examples
in section 6.
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3.4.1. Proof of Theorem 3.1. By Theorem 2.6
Hol}) = exp (—CDU*Q + O(€2m0)> .
We write 7 ¢ = F;f + @ such that
a = 0" — Tay, (0" k).

Since « is of order > k + 1, the result follows from Lemma 2.8.

4. PRIVILEGED COORDINATES AND GENERAL RIEMANNIAN AND
SUB-RIEMANNIAN SPACES

4.1. Privileged coordinates. Let us now consider a sub-Riemannian manifold
(M, D, g) with D being bracket-generating, but with no further assumptions. Such
manifolds do not have dilations in general. However, we can locally find coordinate
systems that play a role similar to the exponential coordinates of Section 2.2.

Let zy be a regular point of M. Let U be a neighborhood of xy where the growth
vector n(-) is constant. All points in this neighborhood will be regular and of the
same step \. Hence, by replacing M with U, we may assume that the horizontal
bundle D is equiregular with constant growth vector n = (n1,n2,...). Relative
to this growth vector, for any 1 < ¢ < n, define the i-th weight w; as the integer
uniquely determined by

N, —1 <1 < Ny s

with the convention that ng = 0.

Definition 4.1. Let D be a bracket-generating, equiregular subbundle with corre-
sponding flag D C D? C --- C D = TM and growth vector n = (n1,na,...,ny).
Let z : U C M — R™ be a local coordinate system such that z(U) = R™ and
z(zg) =0 for some xo € U.

(a) The coordinate system (z,U) is called linearly adapted at xo if dz;(D3 ) = 0
whenever n; <.

(b) A function f defined in some neighborhood of xg is said to have order > m at g
if for any j = 0,1,...,m — 1 and any collection of vector fields X,,...,X; €
['(D), we have

(X1 X;f)(wo) = 0.
Furthermore, f is said to have order m if it is of order > m but not of order
>m+1.

(¢) The coordinate system (z,U) is called privileged if z; has order w; at xo. Any
such coordinate system will be linearly adapted at x(.

For any sub-Riemannian manifold (M, D, g) and any xo € M, there exist priv-
ileged coordinate systems centered at xg. For a construction, see [2, Section
4.3]. Note that the definition of a privileged coordinate system at z( for a sub-
Riemannian manifold (M, D, g) only depends on D, but not on g. The following
characterization of the order of functions is found in [2, Proposition 4.10].

Proposition 4.2. Let f be a function defined around xo. Let d be the Carnot-
Carathéodory metric of (M, D, g). The following are equivalent.

(a) f has order > m at xy.
(b) f(z) = O(d(xg,z)™) for x — xo.
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Let (z,U) be a privileged coordinate system and define ds : U — U such that

w1 wo w;

. w
0s i (21,22, ooy Zig ooy 2n) > (8" 21,8229, 0, 8% 25,000, 87 2y).

Relative to this privileged coordinate system, define functions, forms and vector
fields of weight m or > m as in Section 2.3. We warn the reader not to confuse
notions of weight and order. In particular, for an arbitrary function f, being of order
m at xg is an intrinsic property of f and D while being homogenous of weight m is
something that depends on the chosen privileged coordinate system. These notions
are however related in the following way, see [2, Section 5.1].

Lemma 4.3. A function f is of order > m at xq if and only if it has weight > m
relative to any privileged coordinate system centered at xo. In particular, f has
order m at xq if and only if it has weight > m, but not weight > m + 1.

Lemma 4.3 also gives us the following corollary.

Corollary 4.4. Relative to a privileged coordinate system (z,U) centered at xg, if
a function, differential form or vector field has weight > m (resp. not weight > m),
then the same holds true relative to any other privileged coordinate system.

Proof. The statement is true for functions by Lemma 4.3. In particular, the function
z; must have weight > w; but not weight > w; + 1 with respect to any privileged
coordinate system. The same must then hold true for the form dz;. This gives us
the desired result for forms since, near zq, all such forms can be written as a sum
of elements fdz;, A--- A dz;, for some function f. Finally, any vector field X is of
weight > m if and only if for any one-form « of weight > my we have that a(X)
is of weight > m + mso, which shows independence of privileged coordinate system
for vector fields as well. O

Relative to a privileged coordinate system, we can define a radial gauge as in
Lemma 2.3.

Theorem 4.5. Let 1 : P — M be a principal bundle over a sub-Riemannian
manifold (M, D, g), equipped with a connection w. Let xg € M be a regular point
of (M,D,g). Let (z,U) be any privileged coordinate system around xo. For any
p € Py, let 0 : U — Ply be the corresponding radial gauge satisfying o(xo) = p.

Define
RO =[ o0
disk(7y)

Assume that 0*Q has weight > mq at xg. Then
Hol}) = exp (—F, + O(me“)) .
We will give the proof in Section 4.3.

4.2. Tangent cone of a sub-Riemannian space at a regular point. Let zg
be a given regular point (M, D, g). By choosing an appropriate neighborhood U of
xg, we can make the following assumptions.
(i) All points in U are regular. Hence, D|U is equiregular with growth vector
(nl, ce ,’n,)\).
(ii) D|y has a global orthonormal basis X1,..., X,,.
(iii) There is a privileged coordinate system z : U — R™ centered at xg.
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For now on, we will replace M with U and consider the sub-Riemannian manifold
(U,D, g). We will use the privileged coordinates (z1, ..., z,) to identify U with R™.
In particular, we identify zo with 0.
Define 74, ..., Z,, as the —1 homogeneous component of our orthonormal basis,
meaning that
Zi(z) = E£5(5:Xj)(z), zeU.

Let n = Lie{Z1, ..., Z,, } be the Lie algebra generated by these vector fields. Since
these vector fields are homogeneous of weight —1 and since there are no nonzero
homogeneous vector fields of weight < —A, the Lie algebra n must be nilpotent of
step at most A by (2.6). Actually, from [2], we can conclude the following.

Theorem 4.6. (a) The vector fields Z1,...,Z,, are linearly independent at every
point.

(b) Define a sub-Riemannian structure on (D, §) such that Zy,..., Zy, is an or-
thonormal basis. Then D and D have the same growth vector. Furthermore,
(U, D,g) is a sub-Riemannian Carnot group of step A, n is its Lie algebra and
(21,...,2n) are exponential coordinates with respect to some basis of n.

(¢) If d is the Carnot-Carathéodory metric of (D,§), then (U,d) is the metric
tangent cone of (M,d) at xq in the sense of Gromov-Hausdorff convergence.

(d) For any p > 0 there exists an € > 0 such that

(1= p)d(0,2) < d(0,2) < (14 p)d(0, ).
whenever d(0, z) < e.

4.3. Dilation of extended space and proof of Theorem 4.5. We continue
with the notation and assumptions of Section 4.2. Introduce a space U = R x U
with coordinates (s, z) = (s, 21, ... 2,). Define a projection v : U — U by (s, z) — z.
Consider any vector field X on U with local flow e!X as a vector field on U by
d
(Xf)(S, Z) = 7.]0(87 6tX(Z))

dt +=0

Introduce a map b5 : U —=U by

b5 (50, 20) = (850, 04(2)).
Then v o, = d; o v, and so 6*v*a = v*§*a for any form on U.
_ Relative to the global orthonormal basis Xy, ..., Xy, of D, define vector fields
Xi,...,Xn, by
X;(s,2) = s71(07.X;,) (s, 2).

Define a sub-Riemannian structure (D, §) on U such that the vector fields X7, . . . an
form an orthonormal basis. The subbundle D is then not bracket-generating, but
we will still consider the Carnot-Carathéodory metric d of (D, g). By definition,
any D-horizontal curve is on the form 5(t) = (s, 8sy(t)) where () is a D-horizontal
curve in U and s > 0. Furthermore, if (¢) has finite length, then

1
()= [ Kol e =stca)
0
As a consequence,

~ { 00 if 51 # s9,

d((31,21)’(52722)) = s1d(z1,20) if 81 = o
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The manifold U is isometric to the submanifold {(1,z) € U : z € U} and we will
identify these two manifolds from now on.

Lemma 4.7. Let a be a two-form on U that is of weight > m taking values in
some finite dimensional vector space g. Consider the map

o : 2(0,U) — g, v .
disk(7y)

Then ®* = O(4™).

Proof. Tt is sufficient to consider the case g = R. We consider .Z(0,U) as a subset
Z(U). Define ® : Z(U) — R by ®(3) = ®*(v(7)). Consider any loop 5(t) =
(80,9s,7(t)) where « is a horizontal loop in U of length ¢(y) and sy > 1. Assume
that £(%) < e so that sof(7y) < e. Furthermore, choose ¢ sufficiently small such that
1d(O z) <d(0,z) < 3d(O x) whenever d(0,x) < 2¢.

Write tga = 2121 fjdz; and define 3, as

n 1
= stﬂ' </ rwj_l(éjrfj)dr> dz;.
j=1 0

By possibly choosing e smaller, we can assume that
m— 3 m— o m—
|fil(@) < C3d(0,2)™ ™ < (5)™ 71 C,d(0,2)" 7,
whenever z < €. Since d(0,d5,7(t)) < €, we have

(i) D(357) = P%(85057) fomgg t))dt

(i) |9 (3opsm)] < £07) Jfy (y(t ))dt,
(iii) If Cy = maxlgjgm{C' 1, then for 0 < s <1,

gm—1 1 R
g (x) < %CO </ rmldr> d(0, z)™!
0

< 3m=lp sis™

Cod(o, x)m_l.

3n1Coe™ .m
o2m—1yy S

As a consequence, ||[®%(ds,s7)| <

Hence, [|®(5,7)| < %s ™ and since U a metric space with dilations, ® =

O(f™) by Lemma 2.7 . As a consequence, we finally have & = O(¢™). O
Proof of Theorem 4.5. Define U and U as above. Consider the pull-back bundle
v*r : v*P — U and define prp : V*P—>Pby (s, 2 p)»—>pf0r (s,2) EUandpEP
This gives us a pull-back connection @ = prj w on v*m, which has curvature prp (2.

We may now modify the proof of Theorem 2.6 as in the proof of Lemma 4.7 for
the result. (]

Remark 4.8. The gauge free expression of F]f found in Section 3 can be used in
Theorem 4.5 as well.

Remark 4.9. Assume that (z,U) is a coordinate system satisfying all conditions
of a privileged coordinate system centered at xg except that z(U) = V C R”
where V' is some neighborhood of 0. Define d; : R™ — R” by Js(%1,...,2n) =
(s21,...,8%z;,...,82,). Consider the norm, ||z|| = >, |2;|*/*, and define

Vi.={z€R" : ||z|]| <1}.
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Let € > 0 be such that V. C V and define UV = 27(V.). We can then for s < 1,
define dilations §) : UY — UV. Finally, taking a diffeomorphism ¢ : V. — R™ such
that @[V, /o = id, it follows that we can define a proper privileged coordinate system
Z = ¢ o z|UY whose dilations equals ¢Y for points close to zg.

Hence, if we have a coordinate system (z,U) which in privileged in all ways
apart from being surjective, we can still define Taylor expansions as in Section 3
with these coordinates and Theorem 4.5 is still valid.

5. INCREASE OF ORDER IN THE SUB-RIEMANNIAN CASE

If d is the Carnot-Carathéodory metric of a sub-Riemannian structure (D, g),
any curve of finite length is D-horizontal. Hence, when considering the expansion
of holonomy in terms of length, the following concept is natural to consider. If
P — M is a principal bundle and D is a subbundle of T'M then two connections
w and @ are called D-equivalent if w(v) = @(v) for any v € TP with m,v € D. Let
[w]p denote the equivalence class of w. By definition, Hol}(y) = Holg(v) for any
D-horizontal loop « based at x € M, p € P, and & € [w|p.

Assume that D is an equiregular subbundle with corresponding flag D = D' C
D? C ... C D*. Denote by D° the zero section of TM. Let Ann(D7) denote the
subbundle of T*M of covectors vanishing on D7,

Definition 5.1. A two-vector-valued one-form x € T'(T*M @ /\2 TM) is called a
selector of D if it satisfies the following two properties.

(i) For0<j<r—1, x(Dith)yC N> D7,
(ii) For1<j<r—1 and any a € T'(Ann(D’)),
v = a(v) + da(x(v))

vanishes on DITL.

Relative to such a selector x, the corresponding contraction operator
2
not NT*M = T*M

is defined by (t,n)(v) = n(x(v)), v € T, M, n € N T:M, z € M. It was shown in
[3] that any equiregular subbundle D has at least one selector. Actually, from the
construction in [3, Lemma 2.7], we know that D has a selector such that y(D7) C
EBf:—ll D@ D'~ for any j = 2,...,\. From the same reference, we also have the
following relation between holonomy along D-horizontal curves and selectors.

Theorem 5.2. Let x be a selector of D C TM. Let w be an arbitrary connection
on a principal bundle P — M. Then there exists a unique connection @ € [w|p
such that its curvature ) satisfies

LXQ =0.

Furthermore, for any x € M and p € Py, this connection satisfies

{Holg () : 77(2‘3;7:-}:)(7?;2?1 } = {Holi(’y) A .i”(:c)}

Finally, if Q is the curvature of w, then

(5.1) o = w-i-LX/\E:l()\_,l)(L“’Lx)j_lQ,

=1~
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(5.2) Q = (id+L¥,) 1O,

where X is the step of D and L* : T(T*M ® Ad(P)) — D(\>T*M ® Ad(P)) is
given by

w 1
(5.3) LYa=dY a+ §[a, al.

We see that a choice of selector gives us a unique way of choosing a connection
in a D-equivalence class, which is “optimal”, in the sense that the holonomy of any
loop 7 is also the holonomy of some D-horizontal curve. Recall that the exterior
covariant derivative d¥° of Ad(P)-valued j-forms is determined by the following
rules,

(i) For j =0, any d¥~ ¢ = V¥ for any ¢ € T(Ad(P)),

(ii) If « is an Ad(P)-valued j-form and § a real-valued form

AV (aAB)=dV anB+ (1) andB.

If the increase in the growth vector is maximal, then we can improve our expan-
sion by changing our connection to a D-equivalent one. Given n; = rank(D), the
maximal increase in the growth vector (n1,...,ny) is given by the free nilpotent
Lie algebra. The free nilpotent Lie algebra f[n;; k] of step k with n; generators is
defined as the free Lie algebra on n; generators divided by the ideal generated by
brackets of length greater than k. If we define v[ny; k] = rank(f[n1; k]), then

n, < ving; A

Remark in particular that ny < v[n1;2] = 2ni(ny — 1).

Corollary 5.3. Let (M, D,g) be a sub-Riemannian manifold with D equiregular
of step \, with canonical flag D C D?> C ... C D» = TM and with growth vector
(n1,...,ny). Let w be some connection on mw: P — M.

(a) Assume that Q defined as in (5.2) vanishes on Ei:ll D' @ D*=%. Then

Holy = exp (— P21 4+ 0(2+42)),

where 1*:‘1{(7) = fdiskm Tayg(fl;j), @ is defined as in (5.1) and TayZ(Q;j) is
defined relative to some privileged coordinate system centered at x € M.
(b) Assume that ny, = v[ny, k]. Let x be a selector satisfying
j—1
XDHc@Pr en ™ j=2...k
i=1

and define Q as (5.2) relative to x. Then Q0 vanish on Zf;ll D' @ DF.

Proof. The first statement follows by Theorem 5.2 and from the fact that if Q
vanish on EBf;fDi @® D, it must have weight > k 4 1. For the second statement,
observe that n; = ving,j] for any j = 1,...,k. Let hX denote the horizontal lift
of a vector field on M to P with respect to @. Write & = kerw, &/ = {w € & :
maw € DI} and & = T(£7). Note that rank &/ = n;. If we then define F' = &'
and F/Ht = Fi 4 [£1,£j], we claim that & = F/ forany i = 1,..., k.

We will first show that & = F7 for any j = 1,...,\ by induction. Assume that
&7 = FI for some j. For any vector field Z € I'(D7*!) with x(Z) = Zi:l XiNY;
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and for any «, we have a(Z — Zizl[Xi, Yi])) = a(Z) + da(x(Z)) = 0. This means

that
l

Z=7Zy+ Y [X:,Yi,
i=1
for some Z, € F(Dj). By our assumptions X; A'Y; also take values in @zzl D'®
DIt1=i, Since we know that Q(x(Z)) =0 =Y\, Q(X;, V), we have that
l
hZ =hZy+ Y [hX; hY;] € FH

i=1

This completes the induction step.
As a consequence of the above statement,

EICFI ={Y(x):Ye€FI}CT,M,
for any = € M. However, since £! has rank n1, we must have rank FJ < v[ni, k] =

rank &7 for j = 1,...,k and so & = F7. This means that for any vector field
X eT(D%) and Y € T'(D*~%), we have

[hX,hY] € T(EF),

which is equivalent to the curvature vanishing on Zle D' @ D+,

6. EXAMPLES

6.1. Euclidean space. Consider the special case when N is an inner product
space. Let g € N be an arbitrary point. We may choose coordinates (z1, ..., 2,)
so that we can identify N with R™ with the standard inner product and zy = 0.
Write 0 = %. Let m : P — R™ be a principal bundle with connection w and
curvature 2. Since any () has mq > 2, we have

Hol}) = exp (—Fp3 + 0(54)) ,

with sz as in Theorem 3.1 and p € Fy. Write Q2 = %szzl Q;dz A dz; with
Qij € F(Ad(P)), Qij = *jS. Then

1 & il
Fm=357 /d _ (Qij(p) - ZZkvngij(p)> dz; Adz;
i k=1

ij=1 isk «y
1 & I - .,
=1 v i,5,k=1 v

If (0,U) is any gauge around 0 such that ¢(0) = p, and we write (0*w)(0k) = wy
and 0*Q;; = 17, then
1 & o
O EO) =5 > 050 [ sy
i,j=1 v
1 = (e g o
£330 (@99)0) + [2(0),25,0)) L zizndz;.

ij,k=1
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6.2. Riemannian manifolds. For any n-dimensional Riemannian manifold (M, g)
and point zy € M, choose a normal coordinate system (z,U) centered at x.
This coordinate system satisfies all assumptions of privileged coordinate system
except surjectivity. It follows from Remark 4.9 that for any p € Py, Holg =
exp (—F2 + O(£*)) with F? written as in (6.1) in the coordinates (z,U).

6.3. The Heisenberg group. Consider the 3-dimensional Heisenberg group N.
This is the Carnot group of step 2 with Lie algebra

n=ny; ®ny, ny = span{Zy, Za}, ng = span{Zs}.

where ny is the center and [Z;, Zs] = Z3. Denote the left invariant vector fields
corresponding to Z1, Zs, Z3 by the same symbol. If we give the point exp(zZ; +
yZa + 2Z3) coordinates (x,y, z) then
o 1 0 7 0 n 1 0 0
= — 7m7 = —_—

oz 2Y0z >T oy 2702 7 0z
The corresponding coframe is given by dz, dy and § = dz + %(ydaz — xdy).

We want to compute our approximation of holonomy on N. Using left transla-

tion, it is sufficient to consider loops based at 0. We will use Theorem 5.2. The
unique selector x of D is given by

X : 21— 0, Zy — 0, Z3 > Z1 N\ Zs.

Zy =

The corresponding contraction operator is
ydx ANdy — 0, dx N0 +— 0, dy N6 — 0.
Write Q = Qldz A 0 4+ Q%dy A 6 + Q3dx A dy. Define
Q=Q+dV P A0=(Q" +VL V) dz A0+ (Q' + VL, Q%) dy Ao
= Uldz A G+ T2dy N6,

and @ = w + B, where
B = 1,0 =0%.
Notice that for any ¢ € T'(Ad(P)) and vector field X, we have V4@ = V% p +

[B(X), ).
We now want to compute Tayg’(Q; 5) = Tay; (0';2)dx A 6 + Tay, (¥2;2)dy A 6.

With ng defined as in Section 3.3 and for j =1, 2,
Tay, (¥, 2)
=W (p)+21VSW (p) + zzvgxlﬂ(p + 23 VW (p)
2172 T -
== ( w2\1’j(p)+23 3),1‘1’](17))
+ 23 (V“\Iﬂ( )+ [Q°, 99))

22 i v
= ( CoW (p) + 25 519 (p))

( )
+ ; (23 VS, (p) + 2 ’(p) +
=W (p) + 2, VYW (p) + Zsz‘I’J(p)

) )+

1
+ 5 ( W (p) + 23 Q‘I’j ()
which equals
Tay, (97, 2)
=V (p) + 21 ViV (p) + 22 V5 (p) + 23 (V5 (p) + [°, Q7))
1 w w Z1% w w ]
2 ( A\ 1Qj( )+ 23V 2QJ( )) Jfg (V 2QJ( )+ 23 2,1QJ(P))
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+ V5 (p) + 21V 0% (p) + 22 V5 ;0% (p) + 25 (V5,0°(p) + [2°, V507
1

+ B (Z% 1,1,jQ3(P) + zgvz,z,jgg(p)) + 172 ( 1,2,3‘93(]9) + V2,1,j93(10)) .

In conclusion, we obtain
Hol? = exp (—F, 4+ O((%)),
where F) = fdisk(v) Tayg’ (Q;5) = f7 q' (20 — 2zdx) + f,y ¢*(y0 — 2zdy), where

) 1 . z Wi z Wi z Wi . .
7:) = L)+ I + 2 + 2 (V) + (07, 2)

3
2122

1 w j w j w j w j

10 (AAVTLY (p) + 25 V5,9 (p) + W( 720 (p) + 23 V5 19 (p)
1. 21 —w 22 ww z

+ gvj Q%(p) + ZlejQ?)(P) + ZZV2,jQ3(p) +2

5

1 w w 2122 (w w
+ 10 (Z% 1,1,jQ3(P) + 23 2,2,jQ3(p)) + 0 ( 1,2,;‘93(10) + V2,1,jQ3(P)) .

6.4. Sub-Riemannian Hopf fibration. Consider the Lie algebra su(2) given by
basis X1, X5 and X3 and relations

[X1, Xo] = X5, (X2, X3] = X, (X3, Xi] = Xo.
This can be considered as the Lie algebra of the group of matrices SU(2) of the
form

(V5,Q%(p) +[2°, v50%)

w w
‘= ( _71112 wi >’ w17w2€c7 |w1|2+|w2‘2:1'

In these coordinates and with w; = u; +4v;, j = 1,2, we can identify X, X5 and
X3 with the left invariant vector fields

2X1 = —u20y, —v20y, + w10y, + 010y,
2Xo = —020y, +u20y, — V104, +u10y,,
2X3 = _Ulaul + u16v1 + 'UZaug - uQavz-

Introduce a sub-Riemannian structure (D, g) on SU(2) by defining X; and X» to
be an orthonormal basis.
On the neighborhood U = {a € SU(2) : u; > 0}, define coordinates
z:U — R3, a — (2ug, 2v9,207) .

This is a privileged coordinate system centered at the identity (u1,v1,u2,ws) =
(1,0,0,0) apart from the requirement of surjectivity. Furthermore, the dilations
05 : U — U are well defined for 0 < s < 1.

The vector fields X7, X5, X3 in the coordinate system z are given by

X1 = zn1Y ++/1—]220,, + 230,, — 220,
Xo = 2V —230,, + /1 — 1220, + 210..,
X3 = z3Y¥ + Zgazl — 2’1622 +4/1— ‘Z|2623.
1
——
V1-|z|

Define aq, ag, a3 as the coframe dual to X7, X, X3. In the coordinates (21, 22, 23)
this is given by

Zlazl + Z2822 + 23623)

1 —|2|2d21 + 23dzy — 22dz3,
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ap = —z3dz1 + /1 — |z|2dze + 21d23

a3 = zadzy — z1dza + /1 — |z|?dzs.

Let P — SU(2) be a principal bundle with connection w. We study the holonomy
of horizontal loops based at 1. Let € be the curvature of w, given in the coframe by
O =Q; Aag + Q%as Aasz + Q3aq Aas. with Q7 € T(Ad P). The unique selector
x:T*M — \’*T*M is given by

XIXl*—)O, XQF—>O, X3F—>X1/\X2.
This allows us to us to use the connection @ = w + Q23a! and curvature
Q= (Q' + VY, 9%a1 Aaz + (0% + VL, 0%z Aag = Tlag Aaz + P2as Aas,

which has order > 3.
For j = 1,2, consider the vector fields Z; = limgjosd;X; and define Z3 =
[Zl, ZQ} = lims\w 525;‘X3. Then
Zy = azl - Z28Z37 Zy = 6z2 + Z18z37 Z3 = 623~

Furthermore, S = 2121 + 22725 + 22373. Let V be the connection such that Zi,
Zo, Z3 are parallel. The corresponding frame is given by dzq, dze and 6 = dz3 +
29dz1 — z1dzo. It follows that

Q=22 A0+ E2dzo A O+ Z3dz1 A dzy,

with
S W) W T T 4 ),
22 = Wzl — 22— zm) + WA(1— 23 — 23).
2 = U1 —1—[2P)(21v/1 — |2 + 2223)

HUP(1 = V1= [2) (2125 — 221 = [2]?),
Hence, Holy = exp (—F7 4+ O(£%)) where

Fi('y) = / Tayg(El; 2)dzy N O +/ Tayg(Ez; 2)dza N O
disk(~y) disk(~y)

+/ Tayg’(E3; 3)dz1 A dzs.
disk(~y)

APPENDIX A. APPROXIMATION OF ODES IN LIE GROUPS

A.1. Lie groups and right logarithmic derivatives. Let G be a connected Lie
group with Lie algebra g. For any continuous curve [0,¢;] — g, t — A(¢), consider
the initial value problem on G,

a(t) = A(t) - a(t), a(0) = 1.
Assume that for any ¢ € [0,t1] the curve Q(t) = exp la(t) in g is well defined.
Note that
_1—e"

z

dexp : Tag — Texp 4G, B — exp(A) - f(ad A)B, f(2)

Hence

fadQ)Q() = A1),  Q(0) =0,
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and
(A1) Q) = gad QAWD),  g(=) = .

Consider g as a subalgebra of gl(¢,C) for some ¢ > 0 and let ||-|| be a Banach
algebra norm on gl(g, C). Write [|Al[Lo0,¢) = suP,ejo 4 [[A(S)]]-

Lemma A.l. Define constants By and By such that on the disk {z € C : |z| <7},

lg(z)| < B, 1g'(2)| < Ba.
Define
lad || = sup{[|ad(A1)Aa| : [[As] = [[A2]| = 1}
Then there exists € > 0, such that for any A :[0,T] — g with

tI| Al oo, < e,

we have )
|| ad [|¢* B3 2
A(s 010 ¢]-

‘ / H ||ad||B 8” ||L [0,¢]
Proof. We want to estimate Q(t) usmg Picard 1terat10n. For any ¢ > 0, write M; =
Sup,epo, [1A(s)]|- Define &7 (Q fo (ad Q(s))A(s) ds and write b = 7/| ad ||.
Note that

.97 (Q) | Looto,4) < tM;B1 whenever [|Q|| oo, < b,
and

7 (Q1 — Q2)|| Lo,y < tM;Ba| ad [|[|Q1 — Q2| L[0,4-
Define B = max{Bj| ad ||/7, Ba||ad ||} and assume that tM; < 1/B. Then it
follows that Q(t) = lim,,_,c 27™(0) is the solution of (A.1) and

1Q(t) = () < 1Q = (0)l| Lo 10,1

t2M?2 B2
<M, By ad ||| Q(t) | Lowio.q] < ———t2.
< Mol ad Q) ~io < {—yer b

The result follows from choosing ¢ < 1/B.
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