HECKE OPERATORS AND THE COHERENT COHOMOLOGY OF
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ABSTRACT. We consider the problem of defining an action of Hecke operators on the
coherent cohomology of certain integral models of Shimura varieties. We formulate a
general conjecture describing which Hecke operators should act integrally and solve the
conjecture in certain cases. As a consequence, we obtain p-adic estimates of Satake
parameters of certain non-regular self dual automorphic representations of GL,,.
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1. INTRODUCTION

This paper studies the problem of defining an action of Hecke operators on certain
natural integral coherent cohomology of Shimura varieties.

Let us start by describing the situation for modular curves. Let N > 4 be an integer,
and let X — Spec Z[1/N] be the compactified modular curve of level I'1(N). Let k € Z
and let w* be the sheaf of weight k& modular forms. Let p be a prime number, (p,N)=1.
When k > 1, there is a familiar Hecke operator T}, acting on the C-vector space of weight k&
modular forms. On g-expansions, the operator T, is given (on forms of nebentypus a char-
acter x : Z/NZ* — Z™) by the formula T (3,50 and™) = 50 anpq™ + P 1x(p)ang™.
This formula is integral and the g-expansion principle implies that the action of T}, actually
arises from an action on H(X,w*). We now give a more geometric construction of Tp.
Assume first that we work over Z[1/Np]. Then, viewing a modular form f as a rule on
triples (E, an,w) where FE is an elliptic curve, ay is a point of order N, and w is a nowhere
vanishing differential form (and satisfying a growth condition near the cusps), there is a
geometric formula defining T, [Kat73, Formula 1.11.0.2|:

Tp<f<E,aN,w>>—; SO F(B/H, o)
HCE[p]

where H C E[p] runs over all subgroups of E[p| of order p, and if we let 7y : E — E/H
be the isogeny then 7y (ay) = oy and 7jw’ = w.
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The above formula does not really make sense over Z[1/N], but a slight modification
of it will be meaningful. We explain this modification.

There is a correspondence Xo(p) over X corresponding to the level I'1(N) N Ty (p)
(so Xo(p) is a compactification of the moduli of triples (E, oy, H) where H C El[p] is a
subgroup of order p), and there are two projections : pj,p2 : Xo(p) — X (induced by
(E,H) — E and (E,H) — E/H). Then T), originates from a cohomological correspon-
dence T}, : p5w® — piw”, where p} is the right adjoint functor to (pi)x-

The cohomological correspondence T}, is obtained using the differential of the universal
isogeny 77, : pjw — pjw, the trace of pi, and a suitable normalization by a power of p that
makes everything integral (this corresponds to the coefficient % in the displayed formula).
More precisely, we first define a (rational if £ < 0) map over Xy(p),

i * \®k t
qraive ; gk THLT g oyt
and then set T), = pilTZ?‘”‘”e when £ > 1 and T), = p*kTZ’fai”e if k <1.
The first basic result for elliptic modular forms is the following (see also [Con07, §4.5]
and [ERX17, Proposition 3.11]):

Proposition 1.1. For any k € Z, we have a cohomological correspondence T, : p§wk —
piwk over Xo(p), inducing a Hecke operator T, € End(RT'(X, wk))

Given the cohomological correspondence, the operator on the cohomology is simply
obtained using pullback and pushforward as follows:

T, H*(X, ") — H*(Xo(p), piw’) —2 H*(Xo(p), phe®) — H* (X, w").

The action of T}, on formal g-expansions (of level I'1(/V) and Nebentypus x) is given by :

o Tp(X50anq") = Y50 @npd” + PP x(P)ang™ if k> 1,
b Tp(znzo ang") = anopl_kanpqn +x(p)ang™ if k <1,
therefore T}, appears to be optimally integral.

One would like to generalize this to other Shimura varieties. To do this, we introduce
some notations and recall the fundamental results concerning the cohomology of auto-
morphic vector bundles on Shimura varieties. A standard reference for this material is
[Har90a].

Let (G, X) be a Shimura datum, let K C G(Af) be a neat compact open subgroup,
and let Shi be the associated Shimura variety. This is a smooth scheme defined over
the reflex field E. Over Shy there is a large supply of automorphic vector bundles V., f,
naturally parametrized by weights x of a maximal torus in G, dominant for the compact
roots. For a choice of polyhedral cone decomposition ¥, one can construct a toroidal
compactification Sht[?TE of Shg, such that Di s = Sht[‘(’fE \ Shiy is a Cartier divisor.
Moreover, there is a canonical extension V, g s of the vector bundle V g, as well as a
sub-canonical extension Vg »(—Dk x).

The coherent cohomology complexes we are interested in (which generalize the classical
notion of modular forms) are:

RI(Shis, Ve k,z) and RT(Sh¥'s, Vi kx(— Dk x))-

These cohomology complexes are independant of 3, they have good functorial properties
in the level K and they carry an action of the Hecke algebra Hyx = Ce°(K\G(Ay)/K,Z).

Over C this coherent cohomology can be computed via the (p, K)-cohomology of
the space of automorphic forms on the group G' [Junl8]. Automorphic representations
contributing to these cohomology groups therefore possess a rational structure. We now



fix a prime p. In order to study p-adic properties of automorphic forms contributing
to the coherent cohomology, we introduce integral structures on R]_“(Sh’}?fz, Ve, kx) and
RF(Sht[‘(’TE,VN7K7Z(—DK7E)).

Let A be a place of E above p. If the Shimura datum (G, X) is of abelian type, G is
unramified at p, and K = KPK,, where K? C G(A?) and K, C G(Qp) is hyperspecial,
we have natural integral models &by for Shg, as well as an integral model of V,, i, over
Spec O\ [MFK94]|, [Kot92], [Kis10], [KMP16]. Moreover, there is a theory of toroidal
compactifications (at least in the Hodge case) 6%?7:2 of Ghy, with integral canonical
extension V, iy, and integral sub-canonical extension V, x»(—Dgk ) [FC90|, [Lanl3],
[Lan12], [MP19].

We are therefore led to consider the cohomology complexes RI’(@htj{’TZ,V& K,5) as
well as RF(@f)tI?TE, Vi kx(—Dgx)). Our work investigates the question of extending the
action of the Hecke algebra Hy to these cohomology groups. The action of the prime
to p Hecke algebra extends without much difficulty, so our main task is to investigate
the action of (a suitable sub-algebra of) the local Hecke algebra C2°(K,\G(Q,)/ Ky, Q) on
RT(SH%s, Ve k.5)-

We formulate a conjecture (see Conjecture 4.16, as well as Conjectures 4.7 and 4.15)
precisely describing a sub Z-algebra H" (where ¢ is an isomorphism of C and @p) of

p,K,L
C(K\G(Qp)/Kp, Q) which should act on the cohomology complexes RI'(Shy;, Vi x)
and RT(Sh¥s, Vi = (—Dk x)).-

The definition of H}"  is given in Definition 4.8, with the help of the Satake basis
[Va] of Hp, (where A runs through the set of dominant and Galois invariant chararacters
of the dual group G of G) normalized by a certain power of p determined by A and the
weight .

In the modular curve case, the description of this sub-algebra precisely reflects the
normalizing factors p~ ™14} in the definition of the T,-operator on the cohomology in
weight k.

This conjecture is a translation for the coherent cohomology of Shimura varieties of
results obtained by V. Lafforgue on the Betti cohomology of locally symmetric spaces
in [Lafll]. It is inspired by Katz—Mazur inequality: For X a proper smooth scheme
defined over Z,, Katz and Mazur gave p-adic estimates for the eigenvalues of the geometric
Frobenius acting on the cohomology Hi(X@p, Q¢) (£ # p). The estimates say that p-adic

Newton polygon of the characteristic polynomial of Frobenius lies above the Hodge polygon
(determined by the filtration on the de Rham cohomology of Xgq, ).

One believes that similar estimates hold for algebraic automorphic representations be-
cause of the conjectural correspondence between motives and automorphic representations
[Clo90], [BG14]. Roughly speaking, the weight x determines the Hodge polygon, while
the characters of H, determine the characteristic polynomials of Frobenii. We postulate
the Hodge-Newton inequality to determine the precise shape of the maximal sub-algebra
H;”EL C H,, which should act integrally on the cohomology.

We then try to prove our conjecture in certain special cases. To the charateristic
functions of all double cosets K,gK, in the local Hecke algebra, one can associate Hecke
correspondences p1,pz @ Shgngrg-1 — Shi over Shy. These correspondences rarely
admit integral models whose geometry is understood, except when ¢ is associated with a
minuscule coweight. In this case, K,NgK,g~! is a parahoric subgroup and there is a good
theory of integral models whose local geometry is described by the local model theory.
We are thus led to work with Hecke operators associated to minuscule coweights (this is a
serious restriction).



At this point a second obstacle arises: the projections p; almost never extend integrally
to finite flat morphisms. This means that defining the necessary trace maps in cohomol-
ogy is in principle complicated. We develop, using Grothendieck—Serre duality [Har66],
a formalism of cohomological correspondences in coherent cohomology which solves the
problem under some assumptions on the correspondences. In particular, we assume that
our correspondences are given by Cohen—Macaulay schemes. This suffices for our pusposes
since using the theory of local models (see, e.g., [PRS13]), one can often prove that integral
models of Shimura varieties with parahoric level structure are Cohen—Macaulay.

In order to prove Conjecture 4.16, our strategy is to switch to the local model, where
we can make all the computations, and then transfer back the information to the Shimura
variety.

We completely solve our conjecture for Hilbert modular varieties (G = Res F/QGLQ),
when p is unramified in the totally real field F. To formulate the result precisely in this
case, let E’ be the finite extension of £ = Q equal to the Galois closure of F'. Weights
for Hilbert modular forms are tuples of integers & = ((ko)seHom(r,E7); k) Where ks and k
all have the same parity. We let + : B/ — @p be an embedding. Let p = [, p; be the
decomposition of p in O has a product of prime ideals.

Theorem 1.2 (Theorem 5.9 and §5.6.4). The Hecke algebra MY, = ®3iZ[Ty;s Sps> Sp;']
acts on RF(G[)'}?TZ, Vi k,x) and RF(GUY}?TE, o K2 (—Dkx)).

Under the assumption that the weight x belongs to a certain cone (conjecturally
the ample cone), the theorem was first proved in [ERX17, Proposition 3.11] by different
methods.

We can be explicit about normalization factors. Let I; = {o € Hom(F, E"), too(p;) C
mip} and let

Tgawe = GLQ(OFpi)diag(pi_l, 1)GL2(OF,.)
and
Sp¢ = GLy(OF,, )diag(p; *, p; )GLQ(OFH)

be the naive, “unnormalized” version of the Hecke operators attached to the familiar double
classes (the reason we have to use these double classes and not their inverse is that we set
up the theory in such a way that the Hecke algebra acts naturally on the left and not on
the right on the cohomology). Our normalized operators are:

Ty, = ngezi sup{ M5ER 1, e }Tnawe
k2

Z

and
_ > ser k onaive
Spl == p €l; sz .

For more general Shimura varieties of symplectic type we only have partial results
because there is essentially only one minuscule coweight (see Theorem 5.9). However, the
situation is better for unitary Shimura varieties. Let F' be a totally real field, and let L be
a totally imaginary quadratic extension of F'. We let G' C Resy,joGLy, be a unitary group
of signature (pr, ¢r)r.psc. We assume that p is unramified in L and we let Ghtor be a
toroidal compactification of the (smooth) integral model of the unitary Shimura variety
attached to G.

Theorem 1.3 (Theorem 7.5). Assume that all finite places v | p in F split in L. Let
H;’},ﬁL ®o<i<mZ|Ty, 5, 0 < j < n T, 0,T ] be the normalized integral Hecke alge-
bra in weight  (where the Tp j are standard genemtors of this Hecke algebra). All the

operators Ty, j act on RF(GF}K s, Ve k) and RF(GF)??’"E, vk x(—Dk ). In particular,



Im(Hi(GhY}?fE, Vi Ky) = Hi(Gf)'}?TZ,V&K,E) ®z, Qp) is a lattice which is stable under the

; int
action of Hy' .

Remark 1.4. The limitation of this last result is that we have not been able to prove that
the operators T}, ; commute with each other in general.

Let L be a CM or a totally real number field. One can realize regular algebraic es-
sentially (conjugate) self-dual cuspidal automorphic representations of GL,,/L in the Betti
cohomology of Shimura varieties. The interest of coherent cohomology is that it captures
more automorphic representations. Namely, one can weaken the regularity condition to
a condition that we call weakly regular odd (the oddness property is automatically satis-
fied in the regular case). Weakly regular, algebraic, odd, essentially (conjugate) self dual,
cuspidal automorphic representation on GL, /L admit a compatible system of Galois rep-
resentations, but at the moment these compatible systems are not known to be de Rham
in general (and local-global compatibility is not known). We can nevertheless prove the
following result which is to be viewed as the Katz—Mazur inequality.

Theorem 1.5 (Theorem 9.11). Let 7 be a weakly regular, algebraic, odd, essentially (conju-
gate) self dual, cuspidal automorphic representation of GL,, /L with infinitesimal character
A= N\ir1<i<n,7€Hom(L,Q)) and A1+ > -+ > A\,+. Let p be a prime unramified in
L and w be a finite place of L dividing p. Assume also that m,, is spherical, and corresponds

to a semi-simple conjugacy class diag(ay, - ,a,) € GL,(Q) by the Satake isomorphism.
We let v : Q — Q, be an embedding and v the associated p-adic valuation normalized by

v(p) = 1. After permuting we assume that v(a1) < --- < wv(ay). Let I, C Hom(L,Q) be
the set of embeddings T such that v o T induces the w-adic valuation on L. Then we have
k k
Zv(ai) > Z Z—)\e,n
i=1 T€ly 4=1
for 1 < k <mn, with equality if k = n.

1.1. Organisation of the paper. In Section 2 we develop a formalism of cohomological
correspondences in coherent cohomology. In Section 3 we give a number of classical results
concerning the structure of the local spherical Hecke algebra of an unramified group. In
Section 4, we introduce Shimura varieties and their coherent cohomology and formulate
Conjecture 4.16 on the action of the integral Hecke algebra on the integral coherent coho-
mology. In Section 5 and 6 we consider the case of Shimura varieties of symplectic type
and their local models. In Section 7 and 8 we consider the case of Shimura varieties of
unitary type and their local models. Finally, the last section deals with applications to
automorphic representations and Galois representations.
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2. CORRESPONDENCES AND COHERENT COHOMOLOGY

2.1. Preliminaries on residues and duality. We start by recalling some results of
Grothendieck duality theory for coherent cohomology. The original reference for this, which
we use below, is [Har66]; although this and [Con00], which is based on it, suffice for our



purposes, the more abstract approaches of [Ver69|, [Nee96] and [Lip09] give more general
results with arguably more efficient proofs. In particular, the latter two references show
that the noetherian and finite Krull dimension hypotheses of [Har66] can be eliminated
and that most results extend to the unbounded derived category.

For a scheme X we let Don(Ox) be the subcategory of the derived category D(Ox)

of Ox-modules whose objects have quasi-coherent cohomology sheaves. We let D;rc on(Ox)

(resp. Dq_coh(ﬁx)) be the full subcategory of Dycon(0x) whose objects have 0 cohomology
sheaves in sufficiently negative (resp. positive) degree. We let Dgcoh(ﬁ x) be the full
subcategory of Dg.on(O0x) whose objects have 0 cohomology sheaves for all but finitely
many degrees. We remark that if X is locally notherian D;“coh(ﬁ x) is also the derived
category of the category of bounded below complexes of quasi-coherent sheaves on X
[Har66, I, Corollary 7.19]. We let Dgcoh(ﬁX)de be the full subcategory of Dgcoh(ﬁx)
whose objects are quasi-isomorphic to bounded complexes of flat sheaves of &x-modules
[Har66, II, Definition 4.13]. We fix for the rest of this section a noetherian affine scheme

S.

2.1.1. Embeddable morphisms. Let X, Y be two S-schemes and f : X — Y be a morphism
of S-schemes. The morphism f is embeddable if there exists a smooth S-scheme P and a
finite map i : X — P Xg Y such that f is the composition of ¢ and the second projection
[Har66, p. 189]. The morphism f is projectively embeddable if it is embeddable and P can
be taken to be a projective space over S [Har66, p. 206].

2.1.2. The functor f'. For f : X — Y a morphism of S-schemes, there is a functor Rf, :
Dycon(Ox) = Dyeon(Oy ). By [Har66, III, Theorem 8.7] if f is embeddable, we can define

a functor f' : D;rcoh(ﬁy) — D;coh(ﬁx)' If f is projectively embeddable, by [Har66, III,

Theorem 10.5] there is a natural transformation (trace map) Rf,f' = Id of endofunctors
of D;rc o1 (O ). Moreover, by [Har66, I1I, Theorem 11.1] this natural transformation induces
a duality isomorphism:

(2.1.A) Homp ,(0x)(F, ['9) = Homp,_, oy )(RfF,9)
for # €D, (Ox) and ¥ € D;wh(ﬁy).

The functor f' for embeddable morphism enjoys many good properties. Let us record
one that will be crucially used.

Proposition 2.1. [Har66, III, Proposition 8.8| If .7 € D;’coh(ﬁ’y) and 9 € Dgcoh(ﬁy)f;pd,

there is a functorial isomorphism f'F @ Lf*4 = f'(F @ 9).
2.2. Cohen—Macaulay, Gorenstein and lci morphisms.

2.2.1. Cohen—Macaulay morphisms. Recall that a morphism h : X — S is called Cohen—
Macaulay (abbreviated to CM for the rest of this section) if h is flat, locally of finite type
and has CM fibres.

Lemma 2.2. For a CM morphism of pure relative dimension n, h'Og = wx/g[n], where
wx/g 18 a coherent sheaf which is flat over S. Assume moreover that S is CM. Then wx/g
is a CM sheaf.

Proof. For the first point, see [Con00, Theorem 3.5.1]. For the second point, first observe
that if S is Gorenstein (e.g., S is the spectrum of a field), so @s[0] is a dualizing complex
for S, then wy,g[n] = h'Cyg is a dualizing complex for X [Har66, V, §§2,10]. Using local
duality [BH98, Theorem 1.2.8], it follows from [BH98, Corollary 3.5.11] that wy g is a CM



sheaf. In general, for a CM map h as above, the formation of wx/g is compatible with base
change [Con00, Theorem 3.6.1], so it follows from [Gro65, Proposition 6.3.1] that wx/g is
a CM sheaf.

O

2.2.2. Gorenstein morphisms. A local ring A is Gorenstein if it satisfies the equivalent
properties of [Har66, V, Theorem 9.1] (for instance, if A is a dualizing complex for itself).
Note that local complete intersection rings, in particular regular rings, are Gorenstein.
Furthermore, Gorenstein rings are CM. A locally noetherian scheme is Gorenstein if all its
local rings are Gorenstein. Finally, a morphism h : X — S is Gorenstein if it is flat and
all its fibres are Gorenstein.

Lemma 2.3. For a proper Gorenstein morphism h : X — S of pure relative dimension n,
h'Og = wx/s[n], where wx /g is an invertible sheaf on X.

Proof. A Gorenstein morphism is CM so by Lemma 2.2, h'0g = wX/S[n], where wy/g is
a coherent sheaf on X. Since for a CM map h the formation of wy/g is compatible with
base change [Con00, Theorem 3.6.1], for any point s € S wx/g|x, = wx,/s- By [Har66, V,
Proposition 2.4, Theorem 8.3] (and the remark after Theorem 8.3), wy, /s is a dualizing
sheaf for X;. By |Har66, V, Theorem 3.1|, the Gorenstein hypothesis on X, implies that
wx,/s is an invertible sheaf. Since wy/g is flat over S by Lemma 2.2, it is flat over X by
the fibrewise flatness criterion [Gro66, Théoréome 11.3.10], so it is an invertible sheaf over
X. O

2.2.3. Local complete intersection morphisms. A morphism h : X — S is called a local
complete intersection (henceforth lci) morphism if locally on X we have a factorization

h: X % Z — S where i is a regular immersion [Gro66, Définition 16.9.2], and Z is
a smooth S-scheme. If A is lci, then the cotangent complex of h, denoted by Ly/,g, is a
perfect complex concentrated in degree —1 and 0 [I1171, Proposition 3.2.9]. Its determinant
in the sense of [KM76] is denoted by wx/g.

Lemma 2.4. If h: X — S is an embeddable morphism and a local complete intersection
of pure relative dimension n, then h'Cx = wx/sln] where wx g is the determinant of the
cotangent complex LX/S-

Proof. This follows from the very definition of h' given in [Har66, ITI, Theorem 8.7]. [

2.3. An application: construction of a trace map.

Proposition 2.5. Let X,Y be two embeddable S-schemes and let f : X — Y be an
embeddable morphism. Assume that X — S is CM and that Y — S is Gorenstein.
Assume that X and Y have the same pure relative dimension over S. Then f'Oy := wx/y
is a coherent sheaf. If moreover S is assumed to be CM, then wy,s 1s a CM sheaf. If X

and Y are smooth over S, wx g = det Qﬁ(/s ® -1, (f71det Q%//S)*l.
Proof. We have h'Cs = wx/g[n]. On the other hand,
hos = flg'0s)
H(wyys[n))

f(
F(Oy @ wysn])
f(

!

(Oy) ® [fwyys[n].



We observe that by adjunction we have a universal trace map Rf,wx/y — Oy. In
particular for any section s € HY(X, wx/y) (or equivalently morphism Ox — wx,y), we
get a corresponding trace Trs : Rfy Ox — Oy .

Proposition 2.6. Let XY be two embeddable S-schemes and let f : X — Y be an
embeddable morphism. Assume that:

(1) X = S is CM,

(2) Y — S is Gorenstein,

(8) S is CM,

(4) X and'Y have the same pure relative dimension over S,

(5) there are open sets V. .C X, U CY such that f(V) C U, U and V' smooth over S

and X\V is of codimension 2 in X.

Then there is a canonical morphism © : Ox — wx,y called the fundamental class. More-
over if W C Y is an open subscheme and X xy W — W is finite flat, then the trace Trg
restricted to W is the usual trace map for the finite flat morphism X xy W — W.

Proof. 1t is enough to specify the fundamental class over V' because it will extend to all
of X by Lemma 2.2. Then over V, we have a map df : f*QIIJ/S — Q%//S and we define
the fundamental class as the determinant det(df) € HO(V,det Q%//S ® (f*det Q}J/S)_l).
To prove the second claim, we can assume that X,Y are smooth over S and the map
X — Y is finite flat. In this situation, X — Y is lci. We claim that the cotangent complex
Lx/y is represented by the complex in degree —1 and 0 : [f*Q%,/S @; Q}(/S]’ and that the

determinant det(df) € H(X,wyx,y) = Hom(Ox, f'Oy) is the trace map try. We have a
closed embedding 7 : X < X XgY of X into the smooth Y-scheme X xgY. We have an
exact sequence:

0—)Iy—>ﬁy><sy—>ﬁy—>0
which gives after tensoring with &y above Oy
0—>Ix—>ﬁx><sy—>ﬁx%0

where Zx is the ideal sheaf of the immersion 4. It follows that Zx /7% = Ty /I%, Rpy, Ox =
Q%//S Ry Ox.

On the other hand, i*Qﬁ(XSy/Y = Qﬁ( /s The cotangent complex is represented by
Zx/I% — i*Q}(Xsy/Y] which is the same as [f*Q%,/S — Qﬁ(/s].

The morphism f, detLx/y = Hom(f,Ox, Oy) — Oy is the residue map which asso-
ciates tow € f*Qﬁ(/S and to (t1,- - ,t,) local generators of the ideal Zx over Y the function
Res[w, t1,...,t,]. It follows from [Har66, Property (R6), p. 198] that the determinant of
[f*Q%//S — Q}(/S] maps to the usual trace map. O

2.3.1. Fundamental class and divisors. We need a slight variant of the last proposition,
where we also have some divisors.

Proposition 2.7. Let X,Y be two embeddable S-schemes and let f : X — Y be an
embeddable morphism. Let Dx < X and Dy <Y be relative (with respect to S) effective
Cartier divisors.

Assume that:

(1) X —- S is CM,

(2) Y — S is Gorenstein,

(8) S is CM,

(4) X andY have the same pure relative dimension over S,



(5) there are open sets V. .C X, U CY such that f(V) C U, U and V are smooth over
S and X\V is of codimension 2 in X,

(6) the morphism f restricts to a surjective map from Dx to Dy,

(7) Dx NV and Dy NU are relative normal crossings divisors.

The fundamental class © : Ox — f'Oy constructed in Proposition 2.6 induces a map:
Ox(—Dx) = f'Oy(=Dy).

Proof. We may assume that X and Y are smooth, Dx and Dy are relative normal crossing
divisors. In that case, we have a well defined differential map df : f*Q%,/S(log Dy) —
Qﬁ(/s(log Dx). Taking the determinant yields det df : f*det Q%,/S(Dy) — det Qﬁ(/S(DX)
or equivalently detdf : Ox(—Dx) — f!ﬁy(—Dy). O

2.4. Cohomological correspondences. Let X, Y be two S-schemes.

Definition 2.8. A correspondence C' over X and Y is a diagram of S-morphisms :

C
RN
X Y
where X, Y, C' have the same pure relative dimension over S and the morphisms p1 and
po are projectively embeddable.

Remark 2.9. In practice, the maps p1, po will often be surjective and generically finite.

Let # €D, (0x) and &4 € D' . (Oy).

qcoh

Definition 2.10. A cohomological correspondence from F to 9 is the data of a correspon-
dence C over X andY and a map T : R(p1)+Lp5-F — 9.

The map T can be seen, by (2.1.A), as a map Lp5%# — pi¥9. Note that if .# and
& are coherent sheaves (in degree 0), then Lp4.Z is concentrated in degrees < 0 and p} ¥
is concentrated in degrees > 0 (as follows from the construction in [Har66, III, Theorem
8.7]), so any map Lp5.# — p|¥ factors uniquely through the natural map Lph.# — ph.%.
It gives rise to a map, still denoted by 7', on cohomology:

RI(X, ) B RD(C, psF) = RU(Y, R(p1).p5.7) 5 RI(Y,9).

Ezxample 2.11. Let C be a correspondence over X and Y. We assume that the map
p1 : C — Y satisfies the assumptions of Proposition 2.6, so there is a fundamental class
Coc — p!1 Oy. Let % and ¥ be locally free sheaves of finite rank over X and Y. We
assume that there is a map p3.% — p7¥. Twisting the fundamental class by p7¥, we get
a morphism pt{¥ — p, Oy @ pt¥9 and using the isomorphism of Proposition 2.1, we get a
map pi¥ — pi%4. Composing everything we obtain T': p5.% — p'\ 9.

3. THE SATAKE ISOMORPHISM FOR UNRAMIFIED REDUCTIVE GROUPS

3.1. The dual group. Let K be a nonarchimedean local field, Ok its ring of integers,
and 7 € O a uniformizing element. Let g be the cardinality of the residue field O /(7).
Let G be a reductive group over Spec Og. We assume that G is quasi-split and splits over
an unramified extension of K, and fix a Borel subgroup B and a maximal torus 7' C B. We
denote by X, (T") and X*(7T) the groups of cocharacters and characters of 7. These groups
carry an action of I' = 7, the unramified Galois group. We denote by Ty C T the maximal
split torus inside T'. Tts cocharacter group is X, (T)' and we have X*(Ty)r = (X*(T)r)r.
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We now introduce the Langlands dual of G, following [Bor79, Chapter I]. Let G
be the dual group of G, defined over Q, and let T be a maximal torus in G (so that
X.(T) = X*(T)). We denote by ®* the set of positive roots for B in X*(T) and by
&t € X,(T) = X*(T) the corresponding set of positive coroots. This is the set of positive
roots for a Borel subgroup B of G which contains 7.

We let W be the Weyl group of G and G and we denote by wg the longest element
in W (which maps the Borel B to the opposite Borel). We let Wy be the subgroup of W
which stabilizes Ty; this is also the fixed point set of the action of I on W [Bor79, §6.1].

The set of dominant weights for G is denoted by P*. This is the cone in X*(T) of
characters \ such that (X, o) > 0 for all & € ®+. We let Pg C X*(T)r be the positive
Weyl chamber which is the R>q-linear span of P*. The cone Pﬂ‘{ is a fundamental domain
for the action of W on X*(T) @ R. We have similar notations for G. We denote by p the
half sum of elements of ®*.

We choose a pinning to define an action of I' on G, preserving B and T, and we then
let LG =G % T.

3.2. Hecke algebras. Whenever we have a unimodular locally compact group G and a
compact open subgroup K, we denote by H(G, K) the algebra of compactly supported left
and right IC-invariant functions from G to Z. The product in H(G,K) is the convolution
product (the Haar measure on G is normalized by vol(K) = 1, so 1k is the unit in H(G, K)).

We have an isomorphism of algebras H(Ty(K), T;(Ok)) = Z[X.(T;)]. Moreover, the
restriction map H(T(K),T(Ok)) — H(Ty(K),Ty(Ok)) is an isomorphism of algebras
because T'(K)/T(Ok) = Ty(K)/T4(Ok) by |Bor79, §9.5].

Since G is quasi-split, the centralizer of Ty in G is T', so Wy is equal to N (Ty)/T. We
have a Levi decomposition B = T'N. Let § be the modulus character for B.

We now study H := H(G(K),G(Ok)), the spherical Hecke algebra for G. The char-
acteristic functions T\ = 1g(0, )\ (r)c(0k) for A € (PH)T form a Z-basis of # by the Cartan
decomposition.

We define the Satake transform:

$:H®Zlgtq 2] = HT(K),T(OK) ®2lg,q 2]
F oo )i / F(tn)dn
N(K)
where the measure on N(K) is normalized so that N(K) N G(Ok) has measure 1. It
induces an isomorphism [Car79, Theorem 4.1]:

S:H®Zq2,q 2] ~ Zlgz, q 7] [ X, (Ta)] V.

For any A € (15+)F let V) be the irreducible representation of G with highest weight
A. Since IT' preserves a pinning, the action of G on Vj extends to an action of LG. This
extension is determined uniquely by the condition that I" preserves a highest weight vector
and any other extension differs from it by tensoring with a character of I'. We continue to
denote this extended representation by V. If we consider (as we may) G and LG as being
defined over QQ, then this extension of V) is also defined over Q.

Let [V3] be the the trace of the representation Vi on 7' x o, where o is the generator
of I' given by Frobenius. For A € (P1)I, let [\] denote the formal sum of the elements in
the Wy-orbit of \, viewed as an element of Z[X,(Ty)]"V<.

Lemma 3.1. The trace [Vy] belongs to Z[X,(T;)]"V¢. Moreover,
VAl = Al + 32, aulp] with p € (PHY and a,, € Z.

11t can be shown that a, > 0 but we do not need this.
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Proof. We have a decomposition V) = @,¢x, () V/\“ , where V/\“ is the weight p eigenspace
of V for the action of 7. The action of o permutes the spaces V¥, so if 1 is not fixed by o

then the trace of any element ¢ x o restricted to » ) %8 "is zero. Here Or () denotes

€0 (p
the T-orbit of u. It follows that [Vy] € Q[X,(Ty)]. Since the weight spaces are permuted
by W and o acts trivially on Wy, [V)] € Q[X,(Ty)]"Ve.

As noted earlier, we may consider G, L@ and V), as being defined over Q. For each
€ Xy (Ty), the eigenspace VA” is defined over Q and ¢ acts on this space as a finite order
operator, so its trace must be in Z.

Finally, since the highest weight space is one dimensional, we have [V)\] = [\] +

Do aulp] € (PHT with a, € Z. O
Corollary 3.2. The elements [VA],\e(ﬁJr)F provide a Z-basis of Z[X(Ty)]"Ve.

Proof. This follows immediately from Lemma 3.1 and the fact that the set {[A]} Ae(PH)r 18
a Z-basis of Z[X,(T;)]"<. O

We may now relate the two bases {[V,\]}Ae(pﬂp and {TA}/\e(ﬁﬂF of the unramified
Hecke algebra.

Proposition 3.3. We have the following properties:
(1) S(Tx) = ¢MIVA] + 32,0 (1) (¢ 9! [VLL]) for integers by(p),
(2) ¢MIVA] = S(T2) + 32,0 da(1)S(T,,) for integers d(p).

Proof. The formulae (1) and (2) are clearly equivalent. If G is split, these formulae are
(3.9) and (3.12) of [Gro98|, though a a complete proof is not given there so we provide the
missing references:

By (6.8) of [Sat63], for A, u dominant coweights in X, (Ty), S(T))(u(m)) = 6(u(m))ax(p),
where ay(p) is an integer. By [Sat63, Remark 2, p. 30|, ax(A) = 1 iff

(3.2.A) (G(OR)AM)N(K)) N G(Or)ANm)G(Ok) = G(Ok)A(T).

This holds by part (ii) of the proposition in (4.4.4) of [BT72|. Part (i) of the same propo-
sition implies that a)(u) = 0 unless g < A. (We note that these results in the unramified
quasi-split case follow from the case of split groups by base changing to an unramified
extension over which the group splits, applying the results there, and then taking Galois
invariants. Also, all cases that we actually use later are already proved in full in [Sat63].)

Since &(u(m)) = ¢ (as B is a Borel subgroup), (1) now follows from Lemma 3.1. [

3.3. Conjugacy classes. We denote by Td the torus with cocharacter group X*(T}).
Note that there is a map T" — Ty. It follows from the Satake isomorphism that there is a
bijection:

Hom(H, Q) = T4(Q)/Wa
We have a surjective map N, G(T ) — W. Let us denote by V[N/d the inverse image of Wy. By
Lemma 6.4 and 6.5 of [Bor79], we have natural bijections

A —

(3.3.A) T(Q) x o/Int(Wy) — G(Q)** /o — conj
and
(3.3.B) T(@) x o/Int(Wa) — Ta(Q)/Wa

so we deduce that there is a bijection

Hom(#, Q) = G(Q)** /o — conj
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which associates to any x : H — Q a semi-simple o-conjugacy class ¢ € G (Q)®* character-
ized by the property that

X([VAl) = Tr(c @ o|Vy)
for all A e (PH)L.

3.4. The Newton map. Let us now fix a valuation v on Q extending the p-adic valuation
of Q for some prime number p, and normalized by v(p) = 1. The valuation v defines a

homomorphism G,,(Q) — R and induces the Newton polygon map:
Newt, : G(Q)* /o — conj = Ty(Q)/Wa % X*(To)z/Wa % ()T,

where the last map ¢ is defined as follows: We have a canonical identification of (X™*(T)g)
with (X*(T)r)r = X*(Ty)r induced by the inclusion of (X*(T)g)" in X*(T)r. Given
y € X*(Ty)r/Wa, let x € (X*(T)g)" be a lift of y, let w € W be such that w(z) € Py
and then define ¢(y) to be the -average of w(z), which is an element of (P )". Namely,

r

1
oY) = e Z yaw(x).
]F/Stabpw(x)\ ~€l'/Stabprw(z)
This is independent of the choice of the lift 2 of y, since any other lift is of the form w'(x)
with w' € Wy.

Lemma 3.4. Let ¢ € G(Q)% /conj and A € (PP, Then the minimal valuation of an
eigenvalue of ¢ x o acting on V) is equal to (wo(\), Newt,(c)).

Proof. Since the set of eigenvalues is invariant under conjugation, we may assume by (3.3.A)
that ¢ € T(@) Let 7' be the largest subtorus of 7' on which T' acts trivially. The map
T — T induced by the inclusion of 7T in 7" is an isogeny, so the map T Q) — Td(@) is
surjective. Thus, by (3.3.B) we may assume that ¢ € 77 (Q).

Let u be a weight of T occurring in V). Then o, hence also ¢ x o, preserves the

subspace Y ) VA“ " of V). Since c¢ is invariant under I', ¢ acts on this space by the

20
scalar p(c). MOn Ft(he other hand ¢ acts on this space by a finite order automorphism. It
follows that all the eigenvalues of ¢ x o on this space have valuation equal to v(u(c)).

The choice of the element ¢ gives an obvious lift = € (X*(T)g)" of the image of ¢ in
X*(Ty)r/Wy. Let w € W be such that w(z) € Pi. Then v(v(w(c)) > 0 for all positive
coroots v € ®T. The eigenvalue of smallest valuation of w(c) on Vy is then clearly the
one corresponding to the lowest weight wo(A), so it has valuation (wp(\),w(x)). Since A,

hence wy()), and also the pairing ( , ), are invariant under I', we have

(wo(A), w(z)) = (wo(A), Newty(c)) -
On the other hand, the set of eigenvalues of w(c) and ¢ on V) is the same. The lemma

follows since we have seen that the set of valuations of the eigenvalues of ¢ and ¢ x ¢ on
V) is the same. O

Recall that for two elements v1,vs € PF, we write v1 < 1y if v5 — vy is a linear
combination with coefficients in R> of elements of ®+. We use the same notation for the
restriction of this ordering to (P )!.

Remark 3.5. Assume that G is GL,,, T is the diagonal torus and B is the upper triangular
subgroup. We identify X*(T) with Z" and Py = {(An, -+, A1) €R", Ay, > -+ > A} To
any A € P]f{ we can associate a convex polygon in R? whose vertices are the (i, A\ +- - -4+ )\;)
for 0 <i <n. If p,v € Py | then u < v means that the polygon of y is above the polygon
of v with the same ending point.
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Lemma 3.6. Let v € (Py)" and c € G(Q)% /conj. Then
Newt,(c) <wv
if and only if for all X € (P+)F
v(Tr(c x a|Vy)) > (wo(A),v).

Note that the second inequality in the lemma does not depend on the choice of ex-
tension of V) that we have made above, since any other choice differs from it by tensoring
with a character of I'.

Proof. When G is split, this is Lemme 1.3 of [Laf11]; we show that Lafforgue’s proof extends
to our setting without much difficulty. By (3.3.A) we may and do assume that ¢ € T/(Q).
We first assume that for all A € (P*)F, v(Tr(c % 0|Vy)) > (wo(A),v). For A € (PT)T,

let 7y = dim(V)) and consider the representations A'V) for 1 < i < ry. The action of o
on V) maps V;‘ to V)\U(“ ) and so the analogous statement holds for the weight spaces of

AVy. As a representation of G , this breaks up as a sum of representations V,, with u € pt
and p < ¢A. If the line generated by the highest weight vector of such a representation is
not preserved by o, which always holds if ¢ (PT)!, then this summand of A’V is not
preserved by o and the trace of ¢ on the sum of all such summands (which is preserved
by ¢)is 0. If p € (]5+)F and the line spanned by the highest weight vector is preserved by
o, then this G-irreducible summand isomorphic to V,, is preserved by L@G. Tt is not clear
whether this representation is always isomorphic to our chosen extension but, as noted
above, the condition in the lemma is independent of the choice.

Since the lowest weight occuring in all the representations above is > wg(i\) and
only the invariant p contribute to the trace of ¢, we deduce from the assumption at the
beginning that

(3.4.A) v(Tr(e x o] AYVY)) > i(wo(N), V)
for all ¢ > 0.
Let oy, 9,...,a,, be the eigenvalues of ¢ acting on V) ordered so that v(a;) <
- < v(ay,). Let i € {1,...,r\} be such that v(oy) = -+ = v(e;) < v(aiy1). Then

v(Tr(c x o] A'Vy)) = iv(a1) so we deduce from (3.4.A) that v(ay) > (wg(A),v). On the
other hand by Lemma 3.4, v(a1) = (wo(\), Newt,(c)) since wp(A) is the lowest weight of
V). We thus have

(3.4.B) (wo(X), Newty(¢)) > (wo(N), v)

for all A € (P, Since A — —wp(A) is a bijection of (PT) into itself and the cone
generated by the elements of (IE’*)F is dual to the I'-invariants of the cone generated by
the positive coroots of G, we deduce that Newt,(c) < v.

The converse, not explicitly stated in [Lafll], is simpler: If Newt,(c) < v, then
v — Newt,(c) is a I'-invariant element of the cone generated by the positive coroots of G.
The result then follows from the formula v(Tr(c x o|V))) = v(a1) = (wo(N), Newt,(c))
used above and the fact that (wo(\), @) < 0 for any a € . O

4. SHIMURA VARIETIES

4.1. Shimura varieties in characteristic zero. Let (G, X) be a Shimura datum [Del79,
§1|. This means that G is a reductive group over Q, and X is a G(R)-conjugacy class of
morphisms

h: Resc/rGrm — Gr
satisfying the following conditions :
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(1) Let g be the Lie algebra of G. Then for any h € X, the adjoint action determines
on g a Hodge structure of type (—1,1), (0,0), (1, —1).

(2) For all h € X, Adh(i) is a Cartan involution on G%(R).

(3) G has no factor H defined over Q such that H(R) is compact.

Ezample 4.1. The most fundamental example is the Siegel Shimura datum (GSpgg,”H,gt).
Let g € Z>1, let V = Q2. and let ¢ be the symplectic form with (e, eg11-4) = 1 if
1 <i < gand ¥(e,e;) = 0if i +j # 29 + 1. Let GSpy, be the group of symplectic
similitudes of (V). We take H;t ={M € Myx4(C), M = ‘M, Im(M) is definite} to be
the Siegel space. Observe that ’H;t = 7—[;‘ UH,, where "H; (resp. ’H;) is defined by the
condition Im(M) is positive (resp. negative) definite. Then H is the GSpy,(R)-orbit of
the morphism
ho : RGS(C/RGm — Gr, a+1ibe C* <Z§,‘Z _ablig>

where 14 is the identity g x g matrix and Sy is the g X g matrix with 1’s on the anti-diagonal
and 0’s otherwise.

Since Resc/r(C) = C* x C*, the choice of h € X determines, by projection to the
first factor, a cocharacter p : C* — Gc. We denote by P, C G¢ the parabolic defined by
P, ={g € Gc, limy_, o Ad(pu(t))g exists} and by M, = Centg,(u) its Levi factor.

Let FLg x be the Flag variety parametrizing parabolic subgroups in G' of type P,.
The Borel embedding is the map X < FLg, x given by h +— P,. Using this map, we endow
X with a complex structure [Del79, Proposition 1.1.14].

Let K C G(Ay) be a compact open subgroup. We let Shg(C) = G(Q)\(X x
G(Ay)/K) be the associated Shimura variety. This is a complex manifold as soon as
K is neat and in fact it has a structure of algebraic variety over C.

The conjugacy classes of p, P, and M, are defined over a number field £ = E(G, X)
called the reflex field. We deduce that FLg x is defined over . Moreover, it has been
proven by Shimura, Deligne, Borovoi, Milne (see, e.g., [Mil83]) that Shx (C) has a canonical
model Shyx — Spec E.

Example 4.2. In the Siegel case (GSpQg,H;t), Shy has a moduli interpretation: it is the
moduli space of abelian varieties of dimension g, with a polarization and a level structure
(prescribed by K).

4.2. Compactifications. For any choice ¥ of rational polyhedral cone decomposition,
one can construct a toroidal compactification Shi?:z of Shx. In general, this is a proper

algebraic space over E/ and we have the property that Dy s, = Sh’}?fz \ Shg is a Cartier
divisor (see [AMRT10] and [Pin90]). Furthermore, for a suitable choice of ¥, Shi’y; is
smooth and projective.

4.3. Automorphic vector bundles. Let Z;(G) be the greatest sub-torus of the center
of G which has no split subtorus over Q but which splits over R. Let G¢ = G/Z,(G).

Remark 4.3. If F is a totally real field and G = Resp;gGLy, with center Z = Resp/gGLi1,
then Z5(G) is the kernel of the norm map Z — GLj;.

One can define (|Mil90, III, §3|) an analytic space Pg(C) — Sk (C), called the prin-
cipal G°-bundle by:

Px(C) = G@\X x G°(C) x G(A)/E.
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There is a natural, G(C)-equivariant map Pg(C) — FL¢ x defined by sending (z,g,¢’) €
G(Q)\X x G(C) x G(Ay)/K to g~'z. We therefore have a diagram of analytic spaces:

)

P (C
. / \

Shy FL¢ x

By [Mil90, III, Theorem 4.3 a)|, Px(C) is the analytification of an algebraic variety Pk
defined over F, and there is a diagram of schemes:

Pk
% X
Shi FLe x

where « is G-equivariant and 8 is a G°-torsor.

Ezample 4.4. In the Siegel case, let A — Shy be the universal abelian scheme (only
well defined up to quasi-isogenies, a representative of the isogeny class can be fixed by
the choice of an integral PEL-datum). Then Pk is the GSpy,-torsor of trivializations of
H1,dr(A/Shk) and the map « is given by the Hodge filtration on H; g4r(A/Shk).

Let E’ be a finite extension of E such that the conjugacy class of y, M, and P, have
representatives defined over E’, and all finite dimensional algebraic representations of M,
are defined over E’. We now consider all the schemes Pk, Shi, FLg x = G/ P, over £
Denote by VBg(FLg, x) the category of G-equivariant vector bundles on FLg x and by
Repg(M,,) the category of finite dimensional algebraic representations of M, on E’-vector
spaces. There is a functor

RepE/(Mu) — VB(;(FLG7)()
V - V

which is defined by V = G x V/ ~ where ~ is the equivalence relation (gz,v) ~ (g, xzv) for
all (g,v,z) € G xV x P,, and we let P, act on V through its projection P, — M,,.

Let VB(Sh) be the category of vector bundles over Shyi and Repg: (M, /Z(G)) the
category of finite dimensional algebraic representations of M, /Z,(G) on E’-vector spaces.
We deduce that there is a functor

Repy (M, /Zs(G)) — VB(Shy)
V — Vg

which is defined as follows: a representation V' of M,,/Z(G) defines a representation of P,
(by letting the unipotent radical act trivially) and therefore a G-equivariant vector bundle
V over FLg x. We can pull back this vector bundle by the map a to Px and descend it to
Shg using S.

4.4. Automorphic vector bundles and compactifications. By [Har89, Theorem 4.2],
for a choice X of rational polyhedral cone decomposition, there is a G°-torsor Pg 5. — S ht[‘(’fz
extending Pk, and a diagram:
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where « is G-equivariant and ( is a G°torsor. Therefore, the functor V — Vg extends to
a functor

Repp (M,/Zs(G)) — VB(Shiy)
V - VK,E-

and Vg s is called the canonical extension of Vg . Moreover, VKE(—DK,E) is called the
sub-canonical extension of V.

4.5. Cohomology of vector bundles and Hecke operators. For any 3, K and V €
Rep(M,/Zs(G)), we identify the vector bundle Vi s with its associated locally free sheaf
of sections, and we consider the cohomology groups:

H*(Shig's, Vx) and H*(ShiZ's, Vie s (— Dk ))-

By [Har90b, Proposition 2.4] these groups are independent of the choice of ¥, and we
therefore simplify notations and let HY(K,V) = Hi(ShtI‘gZ,VK,E) and Hl,.,(K,V) =
H"(Sh?(’TE,VK,E(—DK,E)) .

Let Hx be the Hecke algebra of functions G(A ) — Z, which are compactly supported
and bi K-invariant. By [Har90b, Proposition 2.6], the Hecke algebra Hy acts on the
cohomology groups H'(K, V) and H, (K, V).

Observe that the Hecke algebra is generated by the characteristic functions Ty = 1x gk
for g € G(Ay). We spell out the action of T, by writing the corresponding cohomological
correspondence. For any g € G(Ay), we have a correspondence (for suitable choices of
polyhedral cone decomposition X, ¥ and ¥"):

tor
Sthg_lﬁK,E”

% Kx
ShiZ, Shier,

where p; is simply the forgetful map (induced by the inclusion gK¢g~' N K C K), and po
is the composite of the action map g : Sh;%g,lmK’E,, — Sh'}‘ggg,lngz,,, and the forgetful
map Sh'}?%g,l Kosm — Shig’sy (induced by the inclusion g 'KgN K C K). There is
a corresponding cohomological correspondence T, : p3Vk sy — p!vi,g which is simply
obtained by composing the natural isomorphism p5Vg sv — piVk s (see [Har90b, §2.5])

and the map p{Vi s — p}Vi.s which is deduced from the fundamental class p{& Shter, =
P} Osper (see Proposition 2.6).

4.6. The infinitesimal character. Let again (G, X) be a Shimura datum. The reductive
group G is defined over Q. We have chosen an extension E’ of the reflex field E over which
all representations of M, are defined. This actually forces G to split over E’. Let S be
a (split) maximal torus in Gp and let X*(S) be its character group. We assume that
S C (M,)g. The roots for G that lie in the Lie algebra of M, are by definition the
compact roots. The other roots are called non-compact. We make a choice of positive
roots for M,,. We also make a choice of positive roots for G by declaring that the non-
compact positive roots are those corresponding to g/p,. We denote by p the half sum of
all the positive roots. Let x be a highest weight for M,.

Definition 4.5. We define the infinisitemal character of k, denoted co(k), by the formula
oo(k) = —k — p € X*(9)g.
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Remark 4.6. This is a representative of the infinitesimal character of automorphic repre-
sentations contributing to the cohomology H'(K, Vi;) or Hy,,, (K, Vi) [Har90b, Proposition
4.3.2].

We now choose a prime p such that the group Gg, is unramified at p. As in Section
3.1, we denote by T' C G, a maximal torus, split over an unramified extension of Q, and
contained in a Borel subgroup B C Gg,. We let X*(T') be the character group of T and
let PT C X*(T) be the cone of dominant weights. We fix an embedding ¢ : E' < Q,.

The tori S Xgpec B SpPec @p and T' Xgpec @, SPec @p are conjugated by some element
g of G(Q,). Conjugation by g defines an isomorphism X*(S) — X*(T'); this isomorphism
depends on g, but the composite map X*(S) — X*(T') — X*(T)/W =~ P is independent
of the choice of g.

We therefore get a canonical element co(r, ) € Py (which only depends on ¢), which
is by definition the image of co(k) via the map X*(S)r — Pg .

4.7. Newton and Hodge polygons. We assume that K = K,K? is neat and K, is
hyperspecial. Let V,, be the irreducible representation of M, defined over E’ with highest
weight .

Let H, = H(G(Qp), K,) be the Hecke algebra at p. It acts on the groups H'(K, V,,)
and H’, (K,V.). We put H (K, VH)@p = HY(K,Vy) Qg @p and HY, (K, VH)@p =

cusp cusp

Hiusp(Ka VN) QE . @p-
Using the results of Sections 3.3 and 3.4, we have a Newton map:

Newt, : Hom(H,,Q,) = G(@p)/a — conj — (PL.

Conjecture 4.7. Let x : H, — @p be a character occuring in H' (K, Vn)@ orH., . (K, VH)@ .
P P

cusp

Then we have the inequality in (Pg )Y :

1
N . < - : ) )

00 < b ] 2 U1l
~€I'/Stabr (co(k,t))

where wy is the longest element of the Weyl group.

We now explain that this conjecture is compatible with existing conjectures on the
existence and properties of Galois representations attached to automorphic representations.
Our convention is that the Artin reciprocity law is normalized by sending uniformizing
element to geometric Frobenius element and that the Hodge—Tate weight of the cyclotomic
character is —1.

This inequality is to be viewed as an inequality between a Newton and a Hodge
polygon. According to the work of [Jun18] (see also [Har90b]), all the cohomology H*(K, V)
and Héusp(K ,Vi.) can be represented by automorphic forms. Let 7 be an automorphic
representation contributing to these cohomology groups. We fix an embedding £ — C
and an isomorphism ¢ : C — @p extending our embedding ¢ : F — @p. The automorphic
representation 7 is C-algebraic with infinitesimal character co(k) = —k — p.

Let us assume that 7 is also L-algebraic (for simplicity). Then, according to [BG14,
Conjecture 3.2.2], there should be a geometric Galois representation pr, : Gg — LG Q)
satisfying a list of conditions. In particular, it should be crystalline at p (because 7 has
spherical vectors at p) with Hodge—Tate weights —oo(k, ¢). (Note that our sign convention
concerning the Hodge—Tate weight of the cyclotomic character is opposite to [BG14]). Let
X, © Hp — C be the character describing the action of H; on m,. The conjugacy class of
the crystalline Frobenius should be given by ¢ o x;, via the Satake isomorphism. Then the
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inequality in (Pg)L:

1
Newt, (¢t 0 xx,) < Z —wo(y - 0o(k, L))
|F/Stabp(oo(/£, L))| ~€I'/Stabr (co(k,t))

is the Katz—Mazur inequality (see also |Lafll, Lemma 4.2|, and Theorem 9.11).

Motivated by this conjecture, we can introduce a modified “integral structure” on the
Hecke algebra H,:

Definition 4.8. Let ”H;",ib be the Z-subalgebra opr®Z[q%,q_%] generated by the elements
[V/\]p(&m(ﬁ,t))

Lemma 4.9. Conjecture 4.7 holds if and only if, for any character x : H, — @p occuring
in H'(K, Vy)g or Heyop (K, Vio)g , we have x(H% ) C Zy.
5% D )1y

cusp

Proof. This follows from Lemma 3.6. O
Lemma 4.10. The algebra H" | is a Z-algebra of finite type.

PRt

Proof. Let {\,---,\,} be dominant weights of G which generate the cone (P)' as a
monoid and is closed under <, in the sense that if A € (15+)F satisfies A < \; for some
1 <i<n,then A € {A\,---,\,}. We claim that the map Z[T1,---,T,] — H;,”,i where T;
goes to [Vy,]¢P 00} is surjective. Let A € (P, and let us prove that [Vy]gh(0) is
in the image. We argue by induction and assume that this holds for all X' € (ﬁ—k)l“ with
N < X We can write A = 7" | k;\; with k; € Z>o and we have that

n
Iz = g4+ Y™ Vg™ with ¢, € Zxo
=1 peP+ p<
= [W]gMhek) 4+ Z u [Vu]quoo(m))q(/\—M,OO(w»
peP+, p<
and we can conclude since (X — p1, 00(k, t)) € Z>( because A\ — p is a finite sum of positive
roots with non-zero integral coefficients for G. 0

Proposition 4.11. Conjecture 4.7 holds if and only if both H (K, Vi)g, and H.,. (K, Vi)g
P P
int

contain Zy-lattices which are stable under Hophe

Proof. We deduce from Lemma 4.9, that we can find a basis for H' (K, Vi)g » such that the
P

elements ’H;",i act via upper triangular matrices with integral diagonal coefficients. After

conjugating this basis by a diagonal matrix diag(p*,--- ,p*) with k1 > ko --- > k,, and
using that 7-[;,%% if a finite type algebra, we can suppose that it acts via integral matrices.
O

4.8. Shimura varieties of abelian type. The theory of integral models of Shimura
varieties produces (in many cases) integral structures on the coherent cohomology of auto-
morphic vector bundles. In view of Proposition 4.11, it is natural to ask (see Conjectures
4.15 and 4.16 below) whether these integral structures are stable under the action of our
integral Hecke algebras.

A Shimura datum (G, X) is of Hodge type if there is an embedding (G,X) —
(GSpQQ,’Hg). A Shimura datum (G, X) is of abelian type if there is a Shimura datum

of Hodge type (G1, X1) and a central isogeny G9¢" — G9°" which induces an isomorphism
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(G944, X9y ~ (G, X2) where X{? is the G{¢(R)-conjugacy class that contains X; (and
similarly for X29).

Ezxample 4.12. Here is an important example of abelian Shimura datum, that we call a
Shimura datum of symplectic type. Let F' be a totally real field. We let G = Resp;oGSpy,

and X = (Hgi)[F ‘@ This datum is related to the following Hodge type datum (which
is actually of PEL type): take G7 C G to be the subgroup of elements whose similitude
factor is in GL; and X = (’H;)[F:Q} U (H;)[F:Q].

We fix (G, X)) a Shimura datum of abelian type and K C G(A¢) a neat compact open
subgroup. Let p be a prime such that that G is unramified at p, K = KK, and K, is
hyperspecial. The group G has a reductive model over Z,. Let E' be a finite extension of
Q unramified at p, which splits G (necessarily E < E’). Let A be a prime of O dividing p
and X a prime of O dividing A. We denote by Op  and O  the localizations of O and
Opr at X and X respectively. The cocharacter 4 is defined over E’, and the parabolic P, as
well as its Levi subgroup M, have a model over Spec Op . Moreover, the conjugacy class
of P, is defined over Spec Og ). The flag variety FLg x therefore has a proper smooth
canonical integral model over Spec Og ). To ease notations, we keep denoting by G the
reductive model of G over Z,), by FLg x — Spec Og x the canonical integral model of
FLg x — Spec E, and by P, and M, the models over Spec O y» of P, and M,,.

Theorem 4.13 ([Kis10|, [KMP16]). There is a canonical model G — Spec Op x of
Shi.

Theorem 4.14. Assume that (G, X) is a Shimura datum of Hodge type, or that (G, X) is

a Shimura datum of symplectic type. Let X2 be a polyhedral cone decomposition.

(1) There is a canonical integral model 6[]32?’ s; — Spec Op \ for Shl}?fz which is smooth

for suitable choices of X.
(2) There is a canonical integral model Vs, for the principal G-torsor Pk s, and there
s a diagram :

Shis FLg.x

where a is G-equivariant and B is a G¢-torsor.

Proof. The Siegel case is [FC90], the PEL case is [Lan13] and [Lan12], and the Hodge case
is [MP19]. To our knowledge, there is no reference for the abelian case in general. We
will explain in Section 5 the proof for the case of a symplectic type Shimura datum by a
simple reduction to the PEL case. This is a straightforward generalisation of the argument
presented in [BCGP18, §3] in the case of the groups Resp/gGSpy. O

Let RepoEl’A/(MM/ZS(G)) be the category of algebraic representations of M, /Z(G)

(M,,/Zs(G) is viewed as a reductive group over Spec Opr y/) over finite free Opr y-modules.
Using Theorem 4.14 we get a functor

(M,./Zs(G)) — VB(6hEy)
V - VK,Z-

RepOE,

Y

which is an integral version of the functor of section 4.4. Depending on the context, Vi »

will mean the locally free sheaf over Sh’y; attached to an object V € Repo,, ., (M,/Zs(G))

or the locally free sheaf on Sht]‘éfz attached to Vg :=V ®o,, ,, £'.

Py

N
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The cohomology complexes RI'(6h¥y;, Vi s) and RI(Sh¥s;, Vi's,(— Dk x)) are in-
dependent of ¥ (this is a standard computation using the structure of the boundary, see
[Lan17, Theorem 8.6 in the PEL case) and these are perfect complexes of Op/ y-modules.
We observe that

Im (Hi(thI?,rEa VK,E) ®0E’,)\’7L ZP - Hi(K’ VEI)@p)

and
i (075, VIES(=Dic)) S0, Ty = Wiy (K. Vi), )

are lattices that we denote respectively by Hi(K, V)Z and HY,, (K, V)Zp

cusp

4.9. Conjectures on the action of the integral Hecke algebra. Let x be a dominant
weight for M, /Z(G) and let V,; be the corresponding Weyl representation, defined over
Opr . Namely, let k¥ be the dominant weight —w M,k for wyy, the longest element of the
Weyl group of M,,. Let By, be the Borel of M, (corresponding to our choice of positive
roots). We let V™ be the space of functions f : M, — Al with the transformation
property: f(mb) = k"(b)f(m) for all b € By,. The right action of G on itself given by
g +— L(g™') (where L is the left translation) induces a left action on the space Vj;, and
(Vi) is an irreducible highest weight representation of weight .

Conjecture 4.15. The lattices H'(K, V, )Z and H., . (K, VH)Z, are stable under ' .

Conjecture 4.16. The algebra H™ | acts on RF(Gb}?’"E, Vi K,5) andRF(Gh'}?TE, Vikx(—Dkx)).

Dyl
Observe that Conjecture 4.15 implies Conjecture 4.7 by Proposition 4.11, and Con-
jecture 4.16 obviously implies Conjecture 4.15.

5. SHIMURA VARIETIES OF SYMPLECTIC TYPE

This section is dedicated to Shimura varieties of symplectic type. We prove the missing
part of Theorem 4.14, and we state in Theorem 5.9 some partial results towards Conjecture
4.16 which are proved in Section 6.

5.1. Group theoretic data. Let F' be a totally real field with [F': Q] = d and let (V, ¥)

be a symplectic F-vector space of dimension 2¢g, with basis ey, --- , ez, and V(e;,ej) =0
if j #29+1—1iand ¥(e;,ez9—i11) =1if 1 < i < g. Let Vo = (e1,--- ,e4) and V} =
(€g+1,-+ ,e24) be sub F-vector spaces of V. The pairing ¥ on V restricts to a perfect

pairing between Vj and V;. Let G be the algebraic group over Q defined by
G(R) ={(9,v) € GLp(V ®g R) x (F ®g R)*| Yv,w € V® R, ¥(gv,gw) = v¥(v,w)}

for any Q-algebra R. Let G be the subgroup of G whose elements have their similitude
factor v in Gy, embedded diagonaly in Resp/gGp,. Let also G be the derived subgroup
of G defined by the condition v = 1.

Let 79" be the diagonal maximal torus of G%": T = {diag(ty,- - , 1, tg_ N )
with ¢; € Resp/gGy,. The center Z of G is the group Resp/qgGm embedded diagonally in
G. Let T be the maximal torus of G, which is generated by 79" and Z. Let Z; be the
center of GG1, the image of G,,, embedded diagonally in G;. The maximal torus of G1 is
generated by Z; and T%".

Let X*(T) be the group of characters of T' defined over Q, identified with tuples
k= (kig, " kgos; ka)aeHom(F@) € Z@tDd gatisfying the condition k, = > i kio mod 2,
via the pairing:

g
(, (st 2ty 2t 20) = T (o) [ ot
=1

[
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We denote by P C G the Siegel parabolic, i.e., the stabilizer of the Lagrangian sub-
space Vp. We denote by M its Levi quotient (which we identify with the standard Levi
subgroup of P). Note that M ~ Resp/gGLg x Resp/gGim.

The roots of G corresponding to the Lie algebra of M are by definition the compact
roots, the other roots are called non-compact. We declare that a character of T' is dominant
for M if for all o € Hom(F,Q), k1, > - > kg . So our choice of Borel subgroup in M is
the usual upper triangular Borel.

A character of T is dominant for G if for all ¢ € Hom(F,Q), 0 > k1, > -+ >k, (so
our choice of non-compact positive roots are those corresponding to g/p).

We have similar definitions for G; and we denote by Ty, My, ...the intersections of
T, M, ... with G;. Weights for T are labelled by

((kl,dy e ’kg7U)UEH0m(F7@); ]’C) € ng X 7

with the condition that £ = ) . ki mod 2 and a weight x as above pairs with an
element ¢t € T via the formula:

g
(K, (2t1,- -+, 2tg, zt;l, ezt h)) = 2R H(H a(ti)k""’)
i=1

g

5.2. Shimura varieties of symplectic type in characteristic 0. Let ’H;t be the Siegel
space of symmetric matrices M = A+iB € Mgy ,(C) with B definite (positive or negative).
Let X = (”H;t)Hom(F’Q) and X; = (H;‘)Hom(F’Q)U(H;)Hom(F’Q) C X. The group G(R) acts
on X and its subgroup G1(R) stabilizes X;. The pairs (G, X) and (G, X;) are Shimura
data. The Siegel parabolic P is a representative of the conjugacy class of P,,.

Let K C G(Ay) be a compact open subgroup. We assume that K =[], K, and that
K is neat. We also assume that p is unramified in F' so G(Qp) = ][, GSpyy(F?) for
unramified extensions F, of Q,. We further assume that K, = [[ K, C G(Z,) where K,
is either GSpq,(OF,) or Si(v), the Siegel parahoric subgroup of elements with reduction
mod p in P(OF,/p).2

We let Shi(C) = G(Q)\(X x G(Ay)/K) be the quotient. Let G(Q)T C G(Q) be the
subgroup of elements whose similitude factor is totally positive.

By strong approximation, we can write

Gap) =[[G@TeK

where the elements ¢ € G(Ay) are such that the elements v(c) range through a set of rep-

resentatives of I\ (Ay ® F)* /v(K) and we find that Shg(C) =[], I'(c, K)\’Hgom(F’@

where I'(c, K) = G(Q)T NecKe™L.

This is an algebraic variety over C, and it has a canonical model Shx over Q. The
Shimura variety is not of PEL type, and it is therefore useful to introduce another Shimura
variety which is of PEL type. We begin by rewriting Shg(C) = (G(Q) N Kp)\(X x
G(AZ}) /KP) and then consider the Shimura variety of PEL type (in fact an infinite union
of such) Shi(C) = (G1(Q) N K,)\ (X1 x G(A?)/Kp).

By strong approximation, we find that

G(AY) = [T(G1(@F N Ky)ek?

c

2We could actually allow any parahoric level structure as in [BCGP18, Section 3.3.1], but in the sequel
we shall only need to work at hyperspecial level or Siegel parahoric level.
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where ¢ € G(Ap) ranges through a set of representatives of Z(Xp’)Jr\(A’} ® F)*/v(KP) and

we find that ShK( ) = [I.Ti(c, K)\HHom(FQ) where Ty (¢, K) = G1(Q) T NecKce™L. Tt has
a canonical model Sh x — Spec Q and we have a natural morphism:
Shic — Shi.

On the set of geometric connected components, this map is given by : Z(Xp ’)+\(Afc ®
F)* [v(KP) = Opi"\(A} @ F)* Ju(KP). N

If we let ¢ € G(A?) so that v(c) defines geometrically connected components (Shg ).
of Shi and (Shg). of Shg, then the corresponding map (Shg). — (Shg)c is a finite
Galois cover with group

A(K) = (0" Nu(KP) /v(OF N KP),

where the first intersection is taken in (A? ® F)* and the second in G(A?), with O
embedded diagonally in the center of G.

5.3. Integral models. We observe that Shi has a canonical model évh K over Z,) which
is a moduli space of abelian varieties of dimension gd with K-level structure, prime to p
polarization, and an action of Op. More precisely, &by represents the functor over Z,)
that parametrizes equivalence classes of (4, ¢, A, n,7np), where:

(1) A — Spec R is an abelian scheme,

(2) ¢: Op — End(A) ® Zy) is an action,

(3) Lie(A) is a locally free O ®z R-module of rank g,

(4) A: A — Alis a prime to p, Op-linear quasi-polarization,

(5) n is a KP-level structure,

(6) np is a Kp-level structure.

Let us spell out the definition of KP-level structure. We may assume without loss of
generality that S = Spec R is connected, and we fix 5 a geometric point of S. The adelic
Tate module H; (A|s, A°P) carries a symplectic Weil pairing

<, >x: Hi(Als, AP) x Hi(Als, A®P) — Hy (G |5, AP)
or equivalently an F-linear symplectic pairing:
< >0 Hi(Als, AP) x Hi(Als, A®P) = Hi (G5, A™P) @ F.

The level structure n is a KP-orbit of pairs of isomorphisms (n1,72), where (with V' the
standard symplectic space defined above):

(1) An Op-linear isomorphism of II; (S, s)-modules 7y : V @z A®P ~ H; (Als, AP).

(2) An Op-linear isomorphism of I (S, 5)-modules 72 : FRzA®P ~ FRzH (G5, AP).
We moreover impose that the following diagram is commutative:

V @7 AP x V @7 AP — TN (A5, AP) x Hy(Als, A%P)

l<,>1 l<:>1,>\

F ®gz AP ~ F ®7 H1 (G s, AP)

The K, level structure 7, is the data, for each v | p such that K, = Si(v), of a maximal
totally isotropic subgroup H, C Av].

A map between quintuples (4, ¢, A, n,7,) and (A’,/, N',n',n;) is an Op-linear prime
to p quasi-isogeny (in the sense of [Lan13, Definition 1.3.1.17]) f: A — A’ such that

e f*\=r) for a locally constant function 7 : S — Z~
(p)
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o f(np) =), and

o Hi(f)on=1"
This last condition means that ' is defined by Hy(f) on = 1} and 0} = r~1n,. Also, we
have denoted Z ’+ =QZ,N ZX

Remark 5.1. Note that we allow the similitude factor in the level structure to be in AP ®q
F(1), but we only allow quasi-isogenies with similitude factor in AP (1).

We now define an action of (Op) " () on Shi by scaling the polarization. Namely,

((’)F)( ’)+ sends (A, ¢, A\, n,mp) to (A, ¢,z xn,n,) where zn = (91, zn2).

This action restricts to a trivial action on the subgroup v(K? N C);,(p)) (where O;,(p)
is embedded diagonally in G(Ay)), because for any = € K? N O, F(
7 : A — A identifies the points: (A, ¢, \,1,m,) and (A, 1,372\, 2720, 1,).

We therefore get an action of A = (’);ﬁ’(; ) Jv(KP N O;(p)). One can show that this
action is free [BCGP18, Lemma 3.3.13|. The group A is infinite, but the stabilizer of any
connected component of Sh K 1s finite.

The étale surjective map ShK — Shg identifies Shi as the quotlent of ShK by the
group A. The action of the group A extends to a free action on Gh K- We can form the

X the multiplication by

quotient of &hy by A and this defines an integral model &by for Shy over Z,) (see
[BCGP18, Section 3.3|).

~ ¢
5.4. Compactifications. We have smooth toroidal compactifications Gf I(()TE for suitable

~t
choices of polyhedral cone decompositions. The action of A extends to an action on &h I?TE

and this action is free so we get a smooth integral toroidal compactification 66“” of Gh.
See Section 3.5 of [BCGP18|.

5.5. Integral automorphic sheaves. Let E’ be a galois closure of F, X be a place of
E’ above p and Oy the localization of O/ at A. Let Repo,, ,(M1) be the category of

representations of M over finite free Oy y-modules. Let FLg x = G/Q = G1/Q1 be the
flag variety.
~t
By |Lanl12, Proposition 6.9], over &h 12;7 the first relative de Rham homology group

~t
has a canonical extension H; qr(A/Sh I?TE)“‘", it carries the Hodge filtration

~t
0 — war — Hiar(A/Shg )™ — Lie(A) = 0
and a pairing (,)x induced by the polarization. We can consider the principal Gp-torsor

—~ tor

Pr s — Sth of isomorphisms between H1 4r(A/Sh )", (,)x and (V, ¥).
We therefore obtain the following diagram:

PLITSS
B a
RN

brx FLg x

where « is Gi-equivariant and § is a Gi-torsor. Using this Gi-torsor we can define a
¢
functor Repp , |, (M1) — VB(('S[)I?TE)
Let K = (k1,05 ,kg0)o); k) be a dominant weight for M;. There is an associated

Weyl representation V,; and we denote by V, ks the locally free sheaf corresponding to it
via the above functor.
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Example 5.2. Over Op/\ we have wy = @y(wa)s. Let g € Hom(F, E’) Let K =
((k)lp,”- ,kgﬂ)a);k) with ki,U = 0if 0 # 09 and (kLUO?‘ .- ggo) = ( - ) and
k =1, then V, gy = Lie(A)s,. Therefore, if x = ((k107"‘ 90)0); k) w1th k: io = 0 if
o # o and (ki,g,  ,kgoo) = (1,0,---,0) and k = —1, then VHKZ (WA)oyp

Let Zs(G) be the subgroup of the center of G equal to the kernel of the norm map
and we let G¢ = G/Zs(G). We now restate and prove the missing part of Theorem 4.14.

Proposition 5.3. There is a natural commutative diagram:

Prs

Ghtor FLG,X
where o' is G-equivariant and ' is a G¢-torsor.

Proof. We have a commutative diagram

/‘BK 2\

FLg x

—~ tor

We consider the G¢-torsor ‘J3 K% xG1 G¢. We claim that this torsor descends to Ght‘”"
order to prove this we must exhibit a descent datum for the action of A.

Let (A, ¢, A\,n,1p, ¥) be an R-point of ‘iK,g xG1 G, where U : V@R — Hy ar(A/R)"
is a symplectic isomorphism up to a similitude factor in (F® R)*. For any z € KPNO}; F.(p)’
the multiplication by 2! : A — A induces a natural map:
/HldR(A/R)am — /HLdR(A/R)am

which is scalar multiplication by z~!' in the trivialization ¥. We observe that z €

Zs(G)(OF), and therefore in %K,Z x@1 G¢ the multiplication by 2~! induces a canon-
ical isomorphism between (A, 1, A, 1,7y, ¥) and (A,t,22)\,n,7,, ¥). Therefore, we can
simply define an action of ((’)F)(Xp’)+ on {T}K,Z xG1 G, by sending (A, t, A, 1,1, ¥) to
(A, 1,z xn,np, ¥), and this action passes to the quotient to an action of A.

We can therefore descend the torsor &BKZ xG1 G to a G-torsor Pry — Ghtm
Moreover, one descends similarly the P¢-reduction of ‘]3;(72 xG1 G¢. and therefore get a

map (' : Prx — FLg x. O
Corollary 5.4. There is a functor Repp,, |, (M/Zs(G)) — VB(Gf)tOT ) which makes the
following diagram commute: ’

—~ tor

Rep@E,A,(Mﬂ VB(6[JK,2)

Repo,, ,(M/Z,(G)) — VB(SHZ)

Remark 5.5. Let k = (k1,5, -+ , kgo; /{:J)Hom(F@ be a dominant weight for M, with asso-
ciated Weyl representation V. The representation V. belongs to Repp , ,(M/Zs(G)) if
and only if k, = k is independent of o. 7
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5.6. Minuscule coweights and the main theorem in the symplectic case.

5.6.1. The general formula for minuscule coweights. We take E’ to be the Galois closure
of F. Welet ¢ : E' — Q,. Let p be a prime unramified in ' and denote by p1,--- ,py, the
prime ideals above p in F. We let I = Hom(F, E’) and for each 1 <1i < n, let

I; = {o € Hom(F, E’), 1o o induces the p;-adic valuation on F'}.

We consider a weight k = ((k1,6,- - , kg,0)ocr; k) for G, where we assume that the
parity of EZ k; o is independent of o, and we choose k € Z such that ZZ ki, =k mod 2.
We have, by Corollary 5.4, a sheaf V, x» on 6%?7:2.

The spherical Hecke algebra at p, denoted H,, is a tensor product of the spherical
Hecke algebras Hy, at each prime p; dividing p. Each of the algebras H,, contains the

following familiar characteristic functions of double cosets:
T3 = GSpay (Or,, )diag(p; 19, 1) GSDsy (O,

and Speve = GSpQQ(OFpi)diag(pi_l,p;l)GSpQQ(OFpi) and to each of these double cosets
we can associate a cohomological correspondence over Q on the sheaf V. x5, (see Section
4.5). We have added the superscript “naive” because the cohomological correspondence is
not suitably normalized in general.
By definition T}'*"¢ = T} (see Section 3.2) for the cocharacter X : t — ([],;, diag(t~'1y,1))
x (1 oI, diag(14,14)) which is given in coordinates by

(I100:0) x ([L-Lo -2 -),
oil; ocl;

and S;‘iai“e = T}, for the cocharacter p : t = ([],¢p, diag(t~11,,¢t711,))x (IL,¢r, diag(lg, 14))
which is given in coordinates by

(H(o,... 70;0)0) X (H(o,... 70;_1))

o’%[,' o€l;
Remark 5.6. The goal of this remark is to justify the use of the double class

GSpay (O, )diag(p; "1y, 14)GSpay (O, )
rather than the double class

GSpQg(OFpZ- )dlag(pllg’ 19>Gsp29(0Fpi )

which appears in some classical references. The difference can be explained as follows: the
adelic points of G act on the right on the tower of Shimura varieties, and therefore on
the left on the cohomology; in the classical theory of modular forms, one usually defines a
right action of the Hecke algebra on the space of modular forms. Let us give some more
details. To avoid complications with non-PEL Shimura varieties, we will assume that our
totally real field is Q. For simplicity, we also assume that K C GSp4(Z). Associated to
the element g = diag(p~11,,1,) we have a correspondence over Q:

tor
SthgflﬁK,Z”

N
Shigs, Shiy,

and the relation between pj A and p5 A is given as follows (at least away from the boundary).
There are symplectic isomorphisms 1 : Z* — Hy(pfA,Z) mod gKg~' N K and 1 :
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729 — Hi(p3A, Z) mod ¢~ 'KgN K and a commutative diagram :

g

7292 Q 7292 Q

llﬂz l%
Hl(p§A7 Z) & Q I Hl(p){Av Z) ® Q
Therefore, the lattice Hy(p5A, Z) contains the lattice Hy(p7 A, Z) This means that p5A
appears to be the quotient of p} A by a Lagrangian subgroup of pf A[p]. The Shimura variety
Shyk g1k is therefore parametrizing all Lagrangian subgroups of pfA and the projection

po is given by “taking the quotient by the Lagrangian subgroup”. If we had made the choice
of g = diag(1,,ply), then we would have obtained the transposed correspondence.

Motivated by Definition 4.8, we now let
sz — [VA]p<>‘700(H7L)> — p<)\,OO(IQ,L)>—<)\,p>TgI;(M'U€

where the last equality follows from the fact that A is minuscule. We now determine the
value of the coefficient (X, 00(k,¢))) — (A, p).

Lemma 5.7. We have (\,00(k, 1)) — (\, p) =

11 ko — (ZZ:j+1 "”v”) +k _JU+1

sup
sl 1<i<y 2 2
Proof. We have p= (_17_27 7_9;0)0'617 S0 (H—i_p)O' = (_17_27’ T 7_g7k) if o ¢ I’L

and (k+ p)o = (k1o — koo —2,-++ , kg0 — g; k) if o0 € I;. By definition, co(k, t), is the
Weyl translate of —(k + p), in the dominant cone. We have A\, = (0,---,0;0) if o ¢ I,

and A\, = (—%, e ,—%; —%) We clearly have
<A,OO(I<J, L)> - </\7p> - Z<)‘07 OO(H7 L)U)> - <)‘07p0>
oel

and the contribution to the sum of any o ¢ I; is 0.

Let us fix o € I; and compute the corresponding pairing at . We need to put each
—(k + p)o in the dominant cone (i.e., the coordinates on the left of the “” need to be
non-positive and in decreasing order) and the pairing with A\, will amount to taking the
sum of the coordinates and multiplying it by —%.

Now there will be some integer 0 < j < g such that the first j coordinates of —(k+p),
are non-positive and the next g — j coordinates are non-negative. In that case, the weight

will be put in the dominant form by first changing it to
<_k170 + 1? T _kjﬁ' +]7 kj+170 _.7 - 17 e 7kg,0' —Gg; _k)

(so that all entries on the left of “;” are non-positive) and then applying an element of the
Weyl group of the Levi to put it in the dominant form. Of course, this last operation is
irrelevant for computing the pairing since we will take the sum of all coordinates.

We therefore find that in this case

iy ko <22:g:j“ kﬁ’g) T - %zj:ﬁ +3 Zg: l.

=1 =j+1

(Ao, 00(Ryt)5) =

Now we note that for any j’ # j, the corresponding sum on the RHS above, with j
replaced by j’, is less than or equal to the sum for j. The formula then follows from the
observation that —(\s, po) = —3 >9_, £. O
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Similarly, motivated by Definition 4.8, we also set
Sp — [Vu]p<:u“700(’{‘vb))) — p<)\,OO(H,L))>—(/\,p>S;LiaiU6

and it is elementary to check that Sy, = pz"EIi kSgi“i”e.

Remark 5.8. The coweights A and p (for varying primes p;) are the only minuscule coweights
(up to twist by a central coweight). Unfortunately, our techniques don’t allow us to deal
with non-minuscule coweights well, and this is why we do not consider the entire Hecke
algebra.

5.6.2. The main result in the symplectic case. We have the following partial result towards
Conjecture 4.16:

Theorem 5.9. There are algebra morphisms
®o<i<mZ|Tpis Spis Sp, | = End (RT (S5, Vo, i)
and
®o<i<mZ|Tp;s Spis Sp, ] = End(RT(SHKs, Vi k- 5(— Dk )

extending the action over Q (see Section 4.5).

We now discuss some special cases of the theorem.
5.6.3. G = GL2/Q. The sheaf of weight k& modular forms corresponds to the weight
(k;—k) := k. From the formula of Lemma 5.7, we deduce that T}, = p~ inf{l’k}Tg‘””e
and S, = p*kS;}awe and that

Hmt Z[Ty, Sp, Sy 1.

It follows from Theorem 5.9, that Hmt acts on the cohomology complex of weight k& modular

forms. Conjecture 4.16 is thus proven in this case.

5.6.4. G = GLy/F. We let k = ((ks)o; k)o with the property that £ and all the k, have
the same parity. Then we find that

o> e[~SuP{k02+k_177k72ko} naive
Tpi =P 75h Tpi

and 5 i ‘
Spi =p oel; S;Liawe‘

We deduce that HiY = ®i7-[$?fﬁ where
HiM = Z[Ty,, Sp,, Sy,
It follows from Theorem 5.9, that ’Hm,ﬁ . acts on the cohomology complex of weight x

modular forms. Conjecture 4.16 is thub also proven in this case.

5.6.5. G = GSp,,/Q. We take k = (k1,--- ,kg; — > k;). Our choice of the central char-
acter is the standard choice in the theory of Siegel modular forms. Indeed, the sheaf
V.. k5 has the following elementary description. First, on 66’}??2, we have a semi-abelian
scheme A of dimension g, and we denote by w4 the conormal sheaf. We denote by T

the torsor of trivializations of w4. This is a GLg-torsor and we let 7 : 7 — Sh?ﬂz be
the projection. Then, unravelling the definitions, we find that V, x5, = mOr[kY] where
kY = (—=kg, -+ ,—k1) (and m,O7[r"] is the subsheaf of 7,07 of sections which transform
by the character £" under the action of the Borel). We finally obtain that

o '
T, = pS“pléng{_ Yi—in kl_m; )}T”awe

P
and S, = p_zki Sg‘””e.
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6. LOCAL MODEL IN THE SYMPLECTIC CASE

In this section we will prove Theorem 5.9. The actions of the normalized Hecke
operators will be defined using the results of Section 2, in particular the construction in
Example 2.11. In order to do this, we need to understand the integrality properties of the
Hecke correspondences with respect to automorphic vector bundles and also the pullback
maps on differentials. This will be done by using the theory of local models of Shimura
varieties. Variants of the local models we consider in this section were introduced in [CN92],
[DP94], [dJ93] and studied further by Géortz [G03]; for a general introduction to the theory
of local models the reader may consult [PRS13|.

After recalling the basic facts about the local models for symplectic groups, we prove
two results, Proposition 6.5 (on the integrality properties of differentials) and Lemma
6.7 (on the integrality properties on automorphic bundles) which are used to construct
normalized Hecke operators on the local model in Proposition 6.8. We then transport
these computations to the Shimura variety side using Theorem 6.9 and thereby prove
Theorem 5.9.

6.1. Definition. Let g € Z>1 be an integer. For any positive integer ¢, we let Id; be the
identity t x t matrix and we let K; be the anti-diagonal matrix of size t x t, with coefficients
1 on the anti-diagonal. When the context is clear, we sometimes write K instead of K
and Id instead of Id;.

Let Vo = Z?9. We equip Vp with the symplectic pairing v given by the matrix

— 0 Ky
(& )

We now consider modules Vi, -+, Vo,_1 = 729 and the following chain:
Ve Vo= Vi— o= Vg1 = W

where the map from V; to V41 is given in the canonical basis (eq,- - ,eq) of 729 by the
map e; — e; if j #i+1 and e; 1 — pe;y1. Whenever necessary, indices are taken modulo
2g so that Vo, := V.

This chain is self-dual. The pairing v and the maps in the chain induce pairings
) : Vi X Vag_, — Z which can be written as p?’, for a perfect pairing .

Let us fix a set 0 # I C {0,1,---,g}. We define the local model functor My :
Z — ALG — SETS which associates to an object R of Z — ALG the set of isomorphism
classes of commutative diagrams

Vie@zR——V;; @&z R—— - ——V; ®z R

| | |

m

where ig < 7+ < iy, are such that {ig, -+ ,in} = [ U{2g —i|i € I}, the modules Fj,,
for 0 < j < m, are rank g locally direct factors of V;; ®z R, and they are self dual in the
sense that F2J§7i = F; for all ¢+ € I (with respect to the pairing v).

The functor My is represented by a projective scheme which we denote by Mj. It
is a closed subscheme of a product of Grassmannians, the embedding being given by the
vertical maps of diagrams as above.

When () # J C I, there is an obvious map M; — M given by forgetting the modules
Fj for j € I\ J. There is a canonical isomorphism Mg, =~ M, given by taking Fy; C
Vy ®z R to be Fy, via the tautological identification of Vj and V.
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6.2. The affine Grassmannian. Let Vy = F,[[t]]?9. We equip V, with the symplectic
pairing v given by the matrix
_( 0 K
7= (G, )

We now consider modules Vy, - -« , Vog_1 = F,[[t]]?? and the chain:
V.=V0—>V1—>'~—>Vgg_1—>V0

where the map from V; to V41 is given in the canonical basis (eq, - , ea4) of Fp[[t]]*? by
the map ej + e; if j # ¢ + 1 and e;41 + te;41. Whenever necessary, indices are taken
modulo 2g so that Vo, := V. Observe that Ve ®p, (1) Fp = Ve @z Fp.

Let LG denote the loop group of GSpy, over Fy. The group LG acts naturally on
Vo ®r, 177 Fp((T')) and therefore it acts on the chain Ve ®p, 177 Fp((T)).

Let § # I c {0,1,---,g}. Let V! be the subchain of V, where we keep only the
modules indexed by elements ¢ € I and i/ = 29 — i for ¢ € I. We denote by P; the
parahoric subgroup of LG of automorphisms of the chain VI. For any I as above, we
define the affine flag variety as the ind-scheme F; := LG/Py.

6.3. Stratification of the local model. It was observed by Goitz [G03, §5] that the
fibre M of M; over Spec F, embeds as a finite union of P; orbits in F;. We recall the
description of the map M; — Fr. Given a diagram

‘/;;(]@ZRH‘/:M ®ZRHH‘/;m®ZR

| | T

corresponding to an R-point of M, we can construct a new diagram:
Vip@zR—V;, Q7 R—— - ——V;, Qz R

| | |

Fig Fiy o Fi

im

| | |

Vi, ®@z R——tV;, @ R—— - ——1tV;, Rz R

where all the vertical maps are inclusions and each F;; is determined by the property that
Fi; [tVi; @z R = Fy; — (Vi /tVi,;) @z R = V;; ® R. The chain F, determines an R-point of
Fr.

We now recall the combinatorial description of the image of M; in F;: Fix a Borel
subgroup B of GSp,, and a maximal torus 7' C B. This gives a base for the root datum of
GSpy, with a corresponding Dynkin diagram with g vertices and Weyl group W generated

by reflections s1, s2,...,s4. Let W be the extended affine Weyl group of GSpy,. This is the
semi-direct product of the Weyl group W and the cocharacter group X, (7). It contains
as a subgroup Wy, the affine Weyl group of GSpy,, which is a Coxeter group with simple
reflections s1, s2,...,s, and one affine reflection sg.

We give a concrete realization of W and W following [KR99|. The group W can
be realized as the subgroup of Sag, the group of permutations of {1,2,...,2¢}, which
satisfy the condition w(i) + w(2g +i —1) =2g+ 1 for all i« = 1,--- ,2g. The extended
affine Weyl group of GLagg is Z%9 x Sy. It can be realized as a subgroup of the group of
affine transformations of Z29 with Z29 acting by translation and Say by permutation of
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the coordinates. For an element v € 729 we will denote the corresponding translation by
ty. The group W is realized as the centralizer in Z?9 x Sy, of the element (1,2g)(2,2g —
1)---(9,9 +1) € Sog. We have s; = (5,1 +1)(29 +1 —14,2g —i) for 1 < i < g —1,
sg = (9,9 +1) and so = t(_10,.. 0,1) ¥ (1,29). Welet p = (1,---,1,0,---0) € 729 (with
both 1 and 0 repeated g times) be the minuscule coweight corresponding to our situation.

For each I as above, we let W be the subgroup of W generated by the simple reflexions
siyi ¢ I. This is a finite group since I # (). The Py orbits in F; are parametrised by the
double cosets W \W /Wj. For any w € W we denote the orbit corresponding to the
double coset WiwW; by Uy, and the orbit closure by Xy ,,. The orbits included in My
are parametrized by the finite subset Admy(u) of WI\W/ W7 of p-admissible elements as
defined in [KR99, Introduction|. The open orbits—these are the only ones we will need to
know explicitly—are parametrized by the double cosets corresponding to elements in the
W-orbit of p (viewed as translations in W).

As noted earlier, whenever J C I we have a map M; — M. This map is surjective
and Admj(p) is the image of Admy(p) in W \W /W ;.

When I = {0,---, g}, Kottwitz and Rapoport give a description of the set Admy(u).
This is a subset of W ¢ c C W where ¢ = t(0,- 0,1, 1) (L, g+1)(2,9+2) ... (g,29). We can
transport the Bruhat order and the length function from W,; to Wy c via the bijection
Wap ~ Wy c of multiplication by ¢ on the right. We observe that u € W,y c; indeed,

U= wWyC,
where wy, = (S¢Sg—1...51)(8g...52)...(S¢g8g—1)sg € Way. Observe also that the length

of u is @. The set Admy(p) is precisely the subset of W,sc of elements which are
< a translation t,., for some w € W [KR99, Theorem 4.5|. Furthermore, for each w €
Admy(p), the stratum Ug,, has dimension ¢(w).

6.4. Irreducible components.

6.4.1. The case that I = {0,---,g}. There are 29 translations in the W orbit of yu and
they correspond to the open stratum in each of the 29 irreducible components of M
when I = {0,---,g}. These 29 translations are parametrized by W/W, where W, is the
subgroup of W of elements which stabilize p. It identifies with the elements in W C Sy
which preserve the sets {1,---,¢} and {g +1,--- ,2g}, so this group is isomorphic to S,.
The quotient W/W, has a set of representatives in W, denoted W€, and called Kostant
representatives. An element w € W€ is characterized by the property that it is the element
of minimal length in the coset wW,. The elements in W€ are exactly the permuations

w € W for which w™(g) > -+ > w™!(1). Such representatives are in bijection with

functions s : {1,---,9} — {1,---,2¢g} which are increasing and take exactly once one of

the values {i,2g + 1 — i} for all 1 <i < g. (Just set s, = w~1(i)). Moreover, the length
g9(g+1)

of an element w with corresponding function s is 57— — Zz‘elm(s)m{l,--- a9 14 1.

We can concretely determine an element of each of the orbits in M corresponding
to these ty, for I = {0,---, g} as follows. The group W can be viewed as a subgroup of
GSpqy(Fp((t))), with W begin represented by permutation matrices and the elements of
X.(T) as diagonal matrices by x € X, (T') — x(t). The element t, is thereby identified
with diag(t,--- ,¢,1,---1).

We now consider the inclusion of chains:

tVe C twu(Ve) C V.

By reduction modulo ¢ and using the identification Ve @, (1) Fp = Ve @z Fp, we deduce
that t,,(Ve)/tVe < Ve defines an F,, point of M7, which represents the wy-orbit.
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Remark 6.1. Let Fy C Vo ®k be a k-point in the wy orbit. Let s : {1,---,g} — {1,...,2¢g}
be the associated function. We actually get that the map

Fi 1 — B
is an isomorphism if and only V;_1/F;_1 — V;/F; has kernel and cokernel of dimension 1

and if and only if ¢ € Im(s).

6.4.2. The case that I = {0}. The special fiber Mgy of Mg is smooth and irreducible.
Moreover, there is a single orbit

6.4.3. The case that I = {0, g}.

Lemma 6.2. The special fiber M{th} of Mo,y has g+ 1 wrreducible components. There
are g+ 1 open strata for the KR stratification, indexed by the integers 0 < s < g. For each
0 < s < g, a representative of the s-stratum is given by taking

FO(S) = FQ(S) = <65+17 Tt 7697 629—8+17 e 7629>
This corresponds to the element diag(tld,,Idg—s, tIdy—s,1ds) € LG.

Proof. It is easy to see that for all w € W, there exists a w’ € Wy and 0 < s < g such
that

W'ty = diag(tlds, Idg—s, tIdg—s, Ids).
This simply follows from the fact that S, = W;. It is easy to see that all the orbits

corresponding to these elements are disjoint and of dimension %. O

Remark 6.3. We have the equality diag(tlds,Idg—s,tIdg—s,1ds) = w(s)(tldg,Id,) where
w(s)(i)=iifi <s,w(s)(i)=29g+1—iifs+1<i<g.

6.5. Local geometry of the local model. The local model M, is smooth of relative
dimension %. The other local models M for I # {0} and I # {g} are isomorphic to

Moy over Spec Z[1/p] but they have singular special fiber at p. Nevertheless, we have the

following important result, the first part due to Gortz [G03, Theorem 2.1] and the second
to He [Hel3, Theorem 1.2]:

Theorem 6.4. The local models My are flat over Z and M is reduced. Furthermore, My
is Cohen—Macaulay.

6.6. Hecke correspondence on the affine Grassmannians. We consider the corre-
spondence:

We now pick the element w(s)u € W and restrict this map to a map:

Ul0,g},w(s)n

P

Ulgyw( Ulo}w(s)p

Proposition 6.5. The map on differentials dpy : piQ% has kernel

— Qf
(s D Utoy.w(s)u Ufo,9},w(s)n
g—s)(g—s+
and cokernel a locally free sheaf of rank *—-5——.
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Proof. We have

-1
Uo.ghw(s)n = Pro.gr/ (Pio.gr N tu(s)nPio.gtbus),)

Utoyw(sin = Proy/ (Pioy N tus)uPi0} tusy) -

and p; is the obvious P(g g - equivariant projection:

Pro.g}/ (Po.gy N tu(euPiogbuts) = Pioy/ (Pioy N tu(s)uPioytus),)

Because the map is P(g 4)-equivariant, it suffices to prove the claim in the tangent space
at the identity.

We first determine the shape of Pygy and Pyg 4). The group Pygy is the hyperspecial
subgroup of LG, whose R-points are G(R[[t]]). The group Pyo 4 is the Siegel parabolic
group:

Plogy(R) ={M = ({.3) € LG(R)}

where a,b,c,d € Mgy q(R[[t]]).
We now determine that Proy Nty MP{O}t;(ls)# consists of matrices with the following
shape (the x have integral values, the rows and columns are of size s, g — s, g — s, and s):

* tk * tx
*x x Kk *
* tk * tx
*x *x ok %

-1

We also determine that Pyo g1 Mty (5),P1o,g3t consists of matrices with the follow-

) w(s)p
ing shape:
* tk * tx
*x  x K %
tx 2% x tk

tx tx *x %

Passing to the Lie algebras, we easily see that the kernel of the map:

P0.01/ (0.9} 1 bu(0)uP (0.0} tu(sy) = P10}/ (P0} N bun(0)aP (0} b))

is the set of matrices of the form:

0O 0 0 0
0O 0 0 0
0 tA 0 O
0O 0 0 O
with A € My_sxg—s(Fp) satisfies K;_SAKQ_S = A (the symplectic condition). O

6.7. The Hecke correspondence on the local model. We consider the correspon-
dence:
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6.7.1. Sheaves on the local model. Let X be a scheme and L be a locally free sheaf of rank
g over X. We let Ty, = Isomx (0%, L) be the associated torsor. We let w be the universal
trivialization. The group GL4 acts on the right by wy = wo~. Let T be the standard
diagonal torus in GL, and let B be the upper triangular Borel.

Let X*(T) be the character group of T. We have X*(T') ~ Z9 via (ki,--- ,kg) —
[diag(t1, - ,tg) — Htfl] and P, the cone of dominant weights, is given by k; > ko >
>k

For all Kk € X*(T) we denote by L, = m,0r, [k¥] where m,Or, [£"] is the subsheaf
of mOr, of sections f(w) (w a trivialization of L) which satisfy f(wb) = kY (b)f(w) and
kY = (=kg,-+-,—k1) and b € B. This is a locally free sheaf over X.

We can in particular apply this construction to the sheaves Ly = (Vo/Fp)" on Moy
and Ly = (Vy/Fy)Y on Mgy to obtain sheaves Lo, on Mgy and Ly, on M.

Remark 6.6. We have isomorphisms L, ~ F, and Lo ~ Fj using the pairing, but these
isomorphisms are not equivariant for the action of the center of the group G (there is a
“Tate” twist).

6.7.2. The map Ly, — Lo . The natural map Vp — V, induces a map piVo/Fo — p5V,/ Fy
over Mg 4y and by duality a map p5L, — pjLo that we denote by a. The map « is an
isomorphism on the generic fibre of My g1, so it induces an isomorphism o* : p5Lg . —
piLo, on the generic fibre for each . We now investigate the integral properties of this
map.

Lemma 6.7. Let k = (k1,--- k). Let 0 < s < g. Let £ be the generic point of Ugg g3(s).
The map o* induces a map o* : (p5Lgx)e — plotTRa—st1(ptLy )¢ over the local ring
OMy 46

Proof. We first check that over Uy 41(s), the map o has kernel and cokernel a locally free

sheaf of rank s. Indeed, it is enough to check this at the point corresponding to t,,(s),, in
which case the corresponding diagram is:

diag(tlg,1y)
0 = Vg

tw(s)uT ban ()
diag(tlg,14)
0 = Vg

and our claim is simply that the map Vo/ty(s),Vo — Vg/tw(s)uVy has kernel of rank s.
This is obvious.

We can work over the completion R of &)y, , ¢, which has uniformizing element p. We
also denote by v the p-adic valuation on R normalized by v(p) = 1. We fix isomorphisms
Lo ~ RY and Ly ~ RY such that o = diag(pls, 14—s) in these bases. We have

GLy(R) = [] IwwU(R)
wESy

the Iwahori decomposition with Iw the matrices which are upper triangular mod p and U
the unipotent radical of B. Let f € L, .. Then for i € Iw and w € &y,

ot f(w) = fla~tiw)
= fla Yiaww o tw)
fla Yiow)sY (w™ta ™ w)
Since a™tiaw € GLg(R), we deduce that v(f(a tiow)sY (w o tw)) > v(kY(w o tw)) >
kg +kg—1+---+ k(g,sﬂ) for all w since k1 > kg > --- > k. O
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6.7.3. The cohomological correspondence. We may now construct a cohomological corre-
spondence. By Proposition 2.6 and Theorem 6.4, we have a fundamental class pj & Moy —
) O,y - Moreover, the sheaf ) Oy, 1s a CM sheat.

There is also a map « : p5Lg . --» pT Lo, defined on the generic fibre, so that putting
everything together, we have a generically defined map (the naive cohomological corre-
spondence):

Tnaive : ngg,n -2 p!lLO,n

We may now normalize this correspondence.

Proposition 6.8. LetT =p~ 03 {ELJ‘” ke 25 }T"“i”e. Then T is a true cohomological
correspondence:

T :p5Lg, — p!lLQ,g

Proof. Because paLo,n is a CM sheaf, any generically defined map from a locally free
sheaf into p! Lo, is defined globally if it is defined in codimension 1. So it is enough
to check that T is defined at the generic points of all the components of H{O’g}. Let
0 < s < g and let £ be the generic point of the stratum Uyg gy(s). At this point, we see

. (g—5)(g=s+1)
that T" : (p5Lg k)¢ — pi=g—st1 ket =3 (p} Lo k)¢ by combining Lemma 6.7 and
Proposition 6.5. 0

6.7.4. Proof of Theorem 5.9. The main point of the theorem is to construct the action of
Ty, The action of Sy, is by automorphisms (they are some generalized diamond operators)
and the commutativity of the various operators is rather formal.

We fix some prime p;. We let K(p;) = K Nt;Kt; " for t; = diag(ww; 1y, 1,) C G(Ay)
where w; is the finite adéle which is 1 at all places different from p; and p at p;.

We claim that there is a Hecke correspondence:

6 hf}??pl)72”
% K
tor tor
Shysy Shx’s

which extends the usual Hecke correspondence on the generic fiber. In order to construct
this correspondence we use the PEL Shimura variety. We claim that there is a diagram :

(6.7.A) Shicpy)
D2 i D1
Ghy Shi(p) Ghy
N
Shy Shg

where the lower hat is simply the quotient of the top hat by the action of A. The right
square is cartesian by definition. We explain how to define ps in order to make the left
square cartesian. We take a totally positive element z; € F*" which has the property
that its p;-adic valuation is exactly 1, but that its pj-adic valuation is 0 for all j # i.

Given a point (A4, ¢, A, n,7mp) in &) K(p;) Where 7, corresponds to a maximal totally isotropic
subgroup H of A[p;] we define pa((4, ¢, A\, n,1p)) = (A", //, N, 1) where A’ = A/H, // and n/
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have the obvious definitions, and X" is defined by descending the polarization x;A to A/H.
This indeed defines a prime to p polarization.

The vertical maps in the above diagram are étale and surjective. We note that ps is
not canonical (because of the ambiguity in the choice of x;), but that ps is canonical.

Let & = (k1,65 - - , kg,0); k)oer be a dominant weight for M, /Z.(G): k1o > -+ > kg0,
and both k and ), k; » have the same parity. After inverting p, there is a map (denoted Ty,
in section 4.5) Tave . P3Vis — p!lv,./v, K5, Tespecting the cuspidal subsheaves and therefore
inducing p3Vy k.5(—Dk, v) = p\Vskx(—Dkx).

We will prove that p!lVH,K,g and p!an,K,E(—DK,z) are CM sheaves over Opr y and
that _

S L kp =9 .k koo
Tpi _ pZaeIi SUP1<j<g {ze:l be Z:2223+1 Lo 7“];—1) }T;:aive
is a well defined map integrally.

Actually, once we prove that p!lv,{, k.5 is a CM sheaf, it will be enough to check that
the map 7}, is defined in codimension 1. Since it is well defined in characteristic 0, and
the boundary is flat over Z,, it will be enough to check that the map T, is defined on the
interior (‘5[]1((,3 y of GhK )5

The main idea is to reduce everything to local model computations. This is slightly
delicate since our Shimura datum is only of abelian type, but we can reduce to working
with a PEL Shimura datum.

We can pull back the cohomological correspondence

Treve gver Q to a cohomological

correspondence T, p’;‘“'ve : PV — ﬁllv,{. It is enough to prove everything for the latter
correspondence.
Now we have a local model diagram of correspondences:

(6.7.B) B (o)
q2 | | q1
m/ \
Mloc

By definition, M¢ = HUGI Moy and Mégfpi) = I1ser, Mo,y I1ogr, Mioy- The projection
t1 is the product of the projections py : Myg 4 — Mgy at places o € I; and the identity
otherwise. The projection {3 is the product of the projections pg : Myg gy — Mygy =~ Mgy
at o € I; and the identity if o ¢ I;. The map h is the torsor of symplectic trivialisations of
H1,dr(A/Shik) for A the universal abelian scheme. The map f is the torsor of symplectic

trivialisations of the chain Hl,dR(A/S%K) — H17dR((A/H)/;§VhK) — Hi dR(A/B’th) (i.e.,

isomorphisms with the chain [], ;. (Vo = V5 — Vo) x [[,¢/,(Vo L7 &y Vo)) The maps

g and e are given by the Hodge filtration.

This diagram is commutative, the diagonal maps are smooth and the diagonal maps
going to the left are surjective, but the squares are not cartesian! We have the following
theorem:

Theorem 6.9. Let T : Spec(k) — ‘i?K(pi). Lety = f(z), z=p1(9), ¥ = 9(z), 2 = t1(¥).
Then there are isomorphisms between the strict henselizations:

ﬁ&]Kvg = ﬁM}gcyzl
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and

ﬁ/‘/ ﬁ loc m
Sy MV

Moreover, there is a commutative diagram between the maps on Zariski cotangent
spaces at 4,y and z,2':

2 ~
_—
mﬁGWhK,E ﬁé\dhKﬂg IT'LﬁMl‘m // leoc 5!
ldi)l \L
My jmZ ——>mg /
Sbg(p;)¥ GhK(pi)’@ M2 K(p; Mloc . ,Q’

Proof. The first point is the main result of local model theory. The second point is an
immediate consequence of Grothendieck—Messing deformation theory (see [dJ93, Thm.
2.1] for a precise statement of this theory). O

t
Corollary 6.10. The map 6[]1(2 — Spec Opr y is smooth and the map Gblc(w —
Spec Opr x 1s a CM map.

Proof. Over the interior of the moduli space, this follows from the previous theorem. The
description of the integral toroidal compactification in [MP19] shows that the property
holds everywhere. O

It follows that the cohomological correspondence can be extended to a rational map

from a locally free sheaf to a CM sheaf T2 : p3V, ks --» pi Ve k,x. In particular, this
corollary implies that it is enough to work with the interior of the Shimura variety.

For any pn = (1, , pbg), with pg > -+ > pg, we have already defined two sheaves
piLo, and p3Lg ,, over Mg gy, and a rational map o* : p5Lg,, --+ piLg
Let us write k5 = (k1,6, - ,kg,s) for all 0. We define sheaves Lo, = XNsLg,, and

Ly, =WNoer,Lgr, gaéh Lo, on M}?c and a map
/8* = &o-elia* &0-%[1 Id . tngv"{ — tTLOJW
Lemma 6.11. Over %K(pm we have a commutative diagram:

k+Z sk
j %30
_EUEIi !

P 2 gp
g*tELg,/@ g*t)fLO,n
P35V K PV x

Proof. The sheaf (Vp/Lo)¥ on the o-component of the local model M¥¢ corresponds
to the sheaf wy, by definition. Therefore, the sheaves Lo, and L4, correspond to the
representations of M), of highest weight (k1o, - ,kg0; —>_; ki,s)oer. There are isomor-
phisms of sheaves over %K(pi): G t5Lg . ~ f*p5Ve ik and g*t7Lo . ~ f*piVe ik but these
are not G-equivariant isomorphisms. We can make them G-equivariant as follows. Over
My = My, =G /P we have a G-equivariant sheaf £ corresponding to the similtude
character of G (viewed as a P-representation). This sheaf has a trivialization (given by
the similitude character of G), but its G-equivariant structure is not trivial. There is a
canonical map p5L — piL over Mg 54 which is multiplication by p~ ! in the trivializations.
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E+2Xg koo

We can twist Lo, = Xy Lo, to L{)?,’g =NyLok, L 2 and L, to

k+> g kg o k4> kg o

L;Lfﬂ =Woer, Lgk, ® L= gcﬁéh Loy, ® L 2

Therefore, we have a commutative diagram over M}?fp_):

k+2j kj.o
p* EUEIZ' ‘276* N
tngyﬁ tlLO,n
\L (B/)* ‘L
5Ly t7 Lok

for (B')* the natural map coming from the G-equivariant structure. After twisting we have
a commutative diagram:

9Lk L 9"t Lo
3V x S PiVek

g

We can now conclude the proof of Theorem 5.9. Let { be a generic point of the
special fiber of Sk (p,)- It corresponds on the local model M}?fm) to a point in the stratum

oer, Uto.grwisoin X Logr, Ugoy
Using the definition of # in terms of «, Lemma 6.7, Theorem 6.9 and Lemma 6.11,

we deduce that on the local ring at £, we have a map

_ g—so g
—— > (9=s0)(9=s0+1) Xi=1 oot Xy 5o 1 R0 tR
o€l; 2 2

TRowe : (55Ve)e — p (P Ve

We conclude using the CM property in Corollary 6.10 that we have a well defined coho-
mological correspondence

Tpm1 koo Tl Feotk i) } — |
2 2 naive . Sk =~
sz : pQVH — plv,i

which, using the diagram (6.7.A), shows that we have a cohomological correspondence

=~ >oer; SUP1< <g {
TPi =D

J 59
2= P i1 koo th G4
2

> oer, SUP1< < { } i !
€l; <j<g 2 Tprzawe :p;VN N in,-; .

Ty, :=p

7

7. UNITARY SHIMURA VARIETIES

This section is dedicated to unitary Shimura varieties.

7.1. The Shimura datum. Let F' be a totally real field, and let L be a totally imaginary
quadratic extension of F. We denote by ¢ € Gal(L/F') the complex conjugation. We let
I = Hom(F, Q) and for all ¢ € I we chose an extension 7 : L — Q of o to L. Therefore,
Hom(L,Q)=I]]Ioec.

Let V be a K vector space of dimension n, together with a hermitian form (,). We
assume that this form is not definite at at least one real place of F'. Let G be the reductive

group over Q of similitudes of (V, (,)). Namely:
G ={(g,¢) € Resp oGL(V) X Gy, (gv, gw) = c{v,w) Yv,w € V'}
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We have natural isomorphisms F' ®g R = R and L ®g R = C! given by 2 ®@ y —
(T(x)y)rer- Welet Vg = V@R = @ Vg where Vg ; = V®p.R. We chose an isomorphism
Vr > >~ C" where L acts on C" via 7 and the hermitian pairing induced on C", denoted by
(,)r, is of signature (p;,¢-) and is in the standard form > 27, 2z — Z?ZPT-Fl 2iZ;.

We deduce that Gr = G(]],¢; U(pr,¢-)). The natural action of Gg on Vg ~ @¢;C"
gives an embedding Gr C [],¢; Resc/rGLy.

Our Shimura datum is (G, X)) where X is the G(R)-orbit of the homomorphism hyg :
Resc/rGm — Gr given by ho(z) =[], 2p,,q, Where z,_,. € GL,(C) is the diagonal matrix
diag(z1p,, 214, ).

The centralizer of hg is Koo X R*T where Koo = [, U(p;)(R) xU(g;)(R) is a maximal
compact subgroup and R*T is the connected component of the identity in the center of

G(R).

7.2. The flag variety. The embedding Gg — [].¢; Resc/rGL;, induces, after extending
scalars to C and projecting Resc/r GLn Xspec R Spec C = GL;, X GLy, onto the first factor, a
morphism G¢ — ([[,<; GLy) of algebraic groups over Spec C. We thus get an isomorphism
Gc — ([I,;¢; GLyn) X Gy, whose second component is the similitude factor. The cocharacter
o attached to hg is given by po(z) = [, diag(z1,,,14,) X 2.

We deduce that a representative of P, is given by the group ([[, Py, q,) X Gm C Gc
with P, _, the standard parabolic subgroup of GL, of lower triangular matrices with
blocks of size p, and ¢, with Levi GL, x GL,, .

The Borel embedding is the map

X = FLg.x
sending h to the Hodge filtration Fil, = @Fily, - (i.e., the subspace stabilized by P,) on
Vg ®@r C = @, Vg, ®r C.
We have Vg ; ®r C ~ C" ®@g C ~ @, (C" @ C") where the last map is given for each 7 by
C"orC — C'ocC"
vex — (vr,ox)

We denote by V¢, 4+ and Vg - — the two factors in this isomorphism. The pairing ( ,)-
induces a perfect pairing between V¢ -+ and V¢ . —. We can therefore think of FLg x as
a product of Grassmannians parametrizing for each 7 a direct summand Fil, = Fil, | ©
Fil, _ C Ve 4+ @© Vi 7 —, where Fil. | has rank ¢-, Fil, _ has rank p;, and they are orthog-
onal with each other for the pairing ( , ), (therefore Fil; is determined by Fil, ).

The filtration at the point hg, is given by < ep 11,---,e, > © < e, - ,¢ep. >C
C™ & C" for each 7 (in the canonical basis e1,--- , e, of C").

We now choose the diagonal maximal torus S C Ggr. Then S = ([[. U(1)") x Gy, /p2
and its character group is the subgroup of (Z")! x Z of elements ((a1.r, - ,an+)r; k) with
the condition that »; a;; = k mod 2. We have U(1) Xgpec r Spec C = {(z1,22) €
G X Gy, 2122 = 1}, and the projection on the first coordinate induces an isomorphism
U(1) xg C ~ G;,. We have

Sc ~ (J[Gm) x Gm/p2 = Ge ~ (][ GLn) x G

Tel

and this map is given explicitly by ((x1,r, -, Znr)rit) = [[, diag(tzi -+ tan )7 X 2.

We choose the upper triangular Borel in G¢ (this choice is compatible with our con-
ventions in Section 4.6) and the corresponding dominant cone in X*(Sc) is given by the
condition ai > --- > an, for all 7. There is also an associated dominant cone for the
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Levi [[ (GLp, x GL4, ) x G,, which is given by the conditions ay, > --- > a,,  and
Ap,+1,7 = -+ > Gp for all 7.

The (trivial) vector bundle Vg ®g C over FL¢ x is associated with a representation of
Gc. This representation is the direct sum of the standard n-dimensional representation and
its complex conjugate. For any 79 € I, the direct factors V¢ 5, 4+ and V¢ 5, — correspond re-
spectively to the representations of G¢ with highest weight ((1,---,0)r,, (0, -+ ,0)72£7; 1)
and ((0,---,—=1)r, (0, ,0) 7703 1).

The vector bundles Vg 5, 1 /Fily, + and Vg 5, — /Fily _ correspond respectively to the
two irreducible representations of the Levi [ (GL,, x GLgy,) x G,, with highest weights:

((L 70)7'07(07.“ 70)7'757'0;1) and ((07 7_1)7'07(07"' 70)7'757'0;1)-

7.3. Integral model. The reflex field E is the fixed field in Q of the subgroup of Gal(Q/Q)
consisting of all elements acting trivially on the set {(p-,q:)}+.

We now let p be a prime unramified in L. We choose an Og-lattice V; C V and we
assume that V7 ® Z,) is self dual for the pairing (,). The choice of this lattice gives an
integral model for G, and this model is reductive over Z,). Let K = KPK), C G(Ay) be a
compact open subgroup with K, hyperspecial. Let A be a finite place of E over p.

The Shimura variety &by represents the functor on the category of noetherian Op »-
algebras that sends a noetherian O, y-algebra to the set of equivalence classes of (A4, ¢, A, 1),
where:

(1) A — Spec R is an abelian scheme,

(2) A\: A — Alis a prime to p quasi-polarization,

(3) ¢: O — End(A) ® Z,) is a homomorphism of algebras with involution,
(4) Lie(A) satisfies the determinant condition (see Remark 7.1),

(5) n is a KP-level structure.

Remark 7.1. The determinant condition is the following. We let E’ be an extension of E
which contains the Galois closure of L. We let A’ be a place of E’ above ). It is enough to
spell out the condition when R is an Opr y-algebra. In that situation, we have

Lie(A) = @D Lie(A)r; ® Lie(A)- -

where Lie(A), + = Lie(A) ®0, or,+ R and Lie(A), _ = Lie(4) ®0, @ r,roc B. The condition
is that Lie(A), 4 is a locally free R-module of rank p, and Lie(A), _ is locally free of rank
qr.

7.4. The vector bundle dictionary. This section follows [Goll4, Section 5.5]. We now
work over Opr y as in the preceeding remark. We have wg = @, wa -+ ®wa r—. It follows
from the discussion towards the end of Section 7.2 that wj -, + corresponds to the irre-
ducible representation of ([ [, Py, q,) X G, of highest weight £ = ((a1,7,- - , an,r)r; k) with
(@179, sanz) = (0,-+-,0,—1,0,---,0) (with —1 in position p;), k = —1, (a1, - , anr)
(0,---,0) if 7 # 19. We deduce similarly that wa , — corresponds to the weight k =
(@17, yans)r; k) with (a1, - ,anr) = (0,---,0,1,0,---,0) (with 1 in position
pr+1), k=-1, (a1 ,an7s) = (0,---,0) if 7 # 7.

We now choose integers a;r > --- > ap, r and by > -+ > by, forall 7 € I
and consider the representation of the Levi M, of the parabolic P, with highest weight
k= ((—ap, =17 017, by 7);— Z“ah > ¢, ber). The sheaf V, i associated

with this weight has the follovvlng description. We denote by 7, : T-+ — &by and

— :Tr— = Gbg the GL, and GL,, torsors of trivialization of w4 4+ and wy,_ We

let W7 = (mr4)u(OF arr, - ap, o] and W7 = (1 4)(OF )by 7y —bis]

(where the bracket means the isotypic part for the representation of the upper triangular
Borel given by the characters (a1, ,ap, ) and (=by, r,---,—b1,,) respectively).
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Then we find that V, i is simply ®wa4 T) L ® wf4 ) that is usually considered in the

theory of modular forms on unitary groups (We mean that our normalization of the central
character is the usual one).

7.5. Dual group. Recall that we have G¢ ~ ([[, GL,) x G,, with diagonal torus S¢ =
(Il Gn) x Gy /p2 embedded via (21,7, ,&nr)rst) = [, diag(teir, - ten,) X 2.
Moreover, our choice of positive roots is given by the upper triangular Borel. The character
group X*(Sc) is the subgroup of (Z")! x Z of elements ((a1r,: -+ ,ans)r; k) with the
condition that ZW ajr =k mod 2. We have (a1, ,anr)ri k).((z1,r, - s Znr)rit) =
I~ x?i%Ttk~

The cocharacter group X, (Sc) identifies with the subgroup of (% M x %Z of elements
((ri,ey -+ yrpr);r) with 7+ 7 € Z for all (i,7). To an element ((r1,--- ,7n7);T) We
associate the cocharacter

Ers (07, )T = Hdlag i L g ETY) g2

The pairing between characters and cocharacters is given

<((a1,‘r7 ce 7a’n,T)T; k)a ((Tl,Ta T ‘r T Z Qi rTi,r +rk.

We have the usual identification G ~ G¢ = [[.(GL,) x G, with standard torus
S = Sc. We use the standard pinning. The complex conjugation acts on S by

(@1 @) t) = (@170 2 )r5t)
and on the full G by (g,¢) — (PN tg_lé&lc, ¢) where @ is the anti-diagonal matrix with
alternating 1 and —1’s on the anti-diagonal.

7.6. Formulas for the minuscule coweights. We let ¢+ : F/ — @p be an embedding
continuous for the N-adic topology on the source and p-adic topology on the target. Let
P1,--- ,Ppm be the primes above p in F. We assume that they all split in L. We have a
partition I = [] I; where I; is the set of embeddings 7 : F' — E’ for which ¢ o7 induces the
p;-adic topology. The local L-group at p is simply a product Hi(GLn)Ii X Gy, x I', where
I = Z is the absolute Galois group of IF,,. It acts by permutation on each of the sets ;.

We fix 0 < ¢ < mand 1 < j < n. We denote by Vj; the representation of G
whose underlying vector space is ®rez,(AJC™)Y, with action of G = (IL, GLp) x Gy,
given by the dual of the j-th exterior standard action of the 7-factor for all 7 € I;,
and the inverse scalar multiplication by G;,. The corresponding highest weight A;; is:
((a17,--+ ,anr); —2—141;) with (a1,7,- -+ ,ap-) = (0,---,0,—1,--- ,—1) (with j many —1s
yif re L, (a1, ,ans) = (0,---,0) if 7 ¢ I;. This representation extends to a repre-
sentation of the local L-group.

The corresponding cocharacter of G¢ is

t (1 1) x (T diag(tayt7115)) x ¢!

T¢I, T€l;
which is given in coordinates by ((71,+, -+ ,7n.7); f%) with (ri,, - ,rpr) = (%, cee %, f%, .
(with n — j many 3s) if 7 € I, (a1,7,-+ ,ans) = (3, ,3) if 7 € L.

We let Tp’z‘?”e be the Hecke operator associated to Ty, ,. We have an embedding
G(Qp) — 11, GL,(Fp;) x GL,(Fy,), and the operator Tg:‘f;“e is associated to the double
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coset
Zp>(1'[1n pr11n> x (diag(1n—j, p; '1;) x diag(p; "1, 1)) G(Zp)-
14

Remark 7.2. Our definition of the Hecke operators ngfbj”e depends on the choice of a prime
above each py in L (. This means that some symmetry has been broken. For an explanation
of the use of the double class

Zp)(Hln X p;lln) x (diag(ln—j,p; '15) x diag(p; ' 1n—j, 1;))G(Zy)
I#i
rather than its inverse, we refer to Remark 5.6.

As in Section 7.4, we choose integers a1, > -+ > ap,. r and by, > --- > b, for all
7 € I and we consider the representation of the Levi M, of the parabolic P, with highest
Welght R = ((_ap‘,—,Tv Ty _al,Tv bl,T7 e 7b(I7—); - ZK,T afﬂ' - ZE,T bﬁ,‘l‘)'

Remark 7.3. In the rest of this section, we work with the weight x, and therefore we fix a
particular normalization of the central character, as justified in Section 7.4. We leave it to
the reader to formulate Lemma 7.4 for another choice of central character. Theorem 7.5
holds for any normalization of the central character.

Motivated by Definition 4.8, we let T}, ; = plHigno0(m))—(A U"">T"a“’e We now find a
formula for the coefficient (\; j,00(k,¢)) — (i, p)-

Lemma 7.4. We have ()i j,00(k,t)) — (Nij, p) =

ZT¢1< th)—i-Z( sup {— i agr— i bg,T—rT(qT—sT)}>

0<r;<p;,0<s:<¢r, sr+r-=n—j

l=r+1 l=qr—s++1
Proof. We observe that p = (252, ,15%);0) so k + p is equal to
((_apT,T+nT_1a"' )_al,T‘i'nT_l_pT"'labl,T_nT_l+QT_17"' qr Tl a Zaé'r Zbéfr

Now we need to compute the pairing (\; j, 00(k,¢)) — (Xij, p). The product (N, OO(H}, L))

decomposes as
1
Z«)\i,j)ﬁ OO(”; L)T>T - (5 ; Qg r + lZ: bK,T)-

T

For all 7 ¢ I;, we have

(Niyj)rs00(K,1)7)r = % (Z agr — Y bgﬂ-).
7 ;

For all 7 € I;, there will be integers 0 < r, < p, and 0 < s; < ¢, such that s, +r, =n—j
and such that the first n — j coordinates of oco(k,¢),; put in the dominant form will be
(possibly not in this order)

{—a1: + 5 —pr+ 1, —are + 55— pr 7 by, — 55 by g1 — 5L s — 1)
In this case, an easy computation shows that
1, Gr—ss ar
<()‘i,j)7'700(’%a L)T)T = 5(26%7- - Z agr+ Z bér - Z bg,.r)—l—
/=1 b=r:+1 l=qr—s.+1

—nly 4 702l 4 (p — )y 4 B5Ls, — Srlorml),
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Moreover, we have the pairing (\; j, p)r = @ if 7 € I; and (\; j, p)> = 0 otherwise. So

we finally get that for all 7 € I;

((Niyj)rs 00(K, )7)r — (Nij, P)r
qr—St qr

:%(Zaf,‘r_ Z aer + Z bET_ Z bé,"') _TT(qT_ST)
(=1

l=r-+1 l=qr—s++1

while for all 7 ¢ I;, we have

(i) 00(m.0)r)r = (Nigop) (Zah th)

It remains to add the factor Y. —(3 >, arr + >, bsr) to conclude.
O

7.6.1. The main theorem for unitary groups. We have that H;”,ﬁb = Qo<i<mZ[Ty, j, 0 <
j<mn, Tp_i,lo’ Tp_z.%] and the following result gives some evidence towards Conjecture 4.16.

Theorem 7.5. The operators Ty, j, 0 < j <n, 1 <i<m, act on RF(G[)'}?TZ, Vi k,x) and
RF(6htf()T2> Vi gk x(—Dk x)).

Remark 7.6. We do not know how to prove the commutativity of the operators Ty, ; in
general. The main point is that although the operators Ty, ; are associated to minuscule
coweights, the composition of two such operators will not in general be associated to a
minuscule coweight.

Corollary 7.7. Conjecture 4.15 holds in this case.

Proof. Conjecture 4.15 asserts that
Im (H (865, Vi, k,3) = H (605, Vi k,5) ®z, Qp)

is a lattice in HZ(GU?TE, x,5) ®z, Qp stable under the action of H2" . This follows from

Theorem 7.5. O

7.6.2. Ezample: the group GU(2,1). Let us assume that /' = Q, and that the signature
(pry¢r) = (2,1) for a chosen embedding 7 : L — Q. Let p be a prime that splits in L.
We choose an embedding ¢ : L < Q,, which corresponds to a prime p above p. We have
pp¢ = p. We have an isomorphism Gg, = GL3 x Gy,

The spherical Hecke algebra at p is the polynomial algebra generated by the charac-
teristic functions (identified with double cosets):

(1) Tgeve = Kp(diag(1,1,1) x p~") K, (Tg*¢)~1,

(2) T7"° = Kp(diag(1,1,p~") x p~ ) K,

(3) T3 = Ky(diag(1,p~",p~") x p~ 1)K, .

(4) Tgnawe — Kp(diag(p_l,p_l,p_l) % p_l)Kp, (Tév,awe)—l’

There are associated representations of the dual group V; = (A7C3)Y (and action of
Gy, by the inverse character), for 0 < j < 3. The relation given by the Satake transform
is (observe that all these representations are minuscule):

(1) Tgeve = [Vosl,

(2) TP = p[Vi],

(3) T3 = p[Va,],

(4) T3¢ = [Vaq].
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We now pick integers (ki, k2, k3) and consider the automorphic vector bundle:
ko ks
Symkl_kaAmJr ®@detwa -4+ @detws .
It is the sheaf V, g, for kK = (—kg, —k1, k3; —ka2 — k1 — k3). It follows from the construction
that the sheaf det H; 4r(A)r+ is tivial (viewed as a sheaf, the equivariant action is not
trivial). It is therefore harmless to assume that k3 is constant and we assume that k3 = 1.
We conclude that:

H?}Iﬁ,L _ Z[(pflTSLaive)il)pflfinf{l,kg}Tlnaive,pflfinf{kg,lier}T%laive, (pflﬁszTélaive)il]

8. LOCAL MODELS IN THE LINEAR CASE

In this section we will prove Theorem 7.5. As in the symplectic case, the actions of the
normalized Hecke operators will be defined using the results of Section 2, in particular the
construction in Example 2.11. In order to do this, we need to understand the integrality
properties of the Hecke correspondences with respect to automorphic vector bundles and
also the pullback maps on differentials. This will be done by using the theory of local
models of Shimura varieties.

After recalling the basic facts about the local models for general linear groups, we
prove two results, Proposition 8.3 (on the integrality properties of differentials) and Lemma
8.4 (on the integrality properties on automorphic bundles) which are used to construct
normalized Hecke operators on the local model in Proposition 8.5. These computations
imply Theorem 7.5 in the same way as in the proof of Theorem 5.9.

8.1. Definition. Let n,p,q € Z>; be integers such that n = p + ¢q. We now consider
modules Vg, -+, V,,_1 = Z™ and the following chain:

Ve Vo> Vi—---=V,.1 =W
where the map from V; to V;y; is given in the canonical basis (e, - ,e,) of Z™ by the
map e; — e; if j # i+ 1 and e;41 — pe;+1. Whenever necessary, indices are taken modulo
n so that V,, := Vj and the chain V, can be seen as an infinite chain.
Fixaset() # 1 C {0,1,--- ,n—1}. We define the local model functor M : Z—ALG —
SETS which associates to an object R of Z — ALG the set of isomorphism classes of
commutative diagrams

— Vi @z R—Vy, @z R—— - —V,, @z R —

| | T

where dg < iy -+ < i, are such that {ip, -+ ,in} = I and the modules F;, for 0 < j <m
are rank ¢ locally direct factors.

The functor M is represented by a projective scheme M7 which is a closed subscheme
of a product of Grassmannians.

When () # J C I, there is an obvious map M; — M given by forgetting the modules
Fjforjel\J.

8.2. The affine Grassmannian. We now consider modules Vy, - -+, V,—1 = F,[[t]]" and
the chain:

Ve=Vo—=>Vi—=-—=>Vu1—=>Wo
where the map from V; to Vj41 is given in the canonical basis (e1, - - - , e,) of Fy[[t]]” by the
map e; — e; if j # i+ 1 and e;41 — te;41. Whenever necessary, indices are taken modulo
n so that V,, := Vy and the chain V, is made infinite. Observe that V, QF, [[] Fp=Ve®zF,.
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Let LG denote the loop group of GL, over F,. The group LG acts naturally on
Vo ®r, 177 Fp((T')) and therefore it acts on the chain Ve ®p, (77 Fp((T)).

Let § # 1 c {0,1,--- ,n — 1} and let V! be the subchain of V, where we keep only
the modules indexed by elements i € I (modulo n).

We denote by P the parahoric subgroup of LG of automorphisms of the chain V..
For any I, we define the flag variety as the ind-scheme F; := LG/P;.

8.3. Stratification of the local model. As in the case of symplectic groups, the special
fibre M of M; at p embeds as a finite union of Py orbits in Fj.
We recall the description of the map M — F;. Given a diagram

Vie@zR—V;, @z R—— - ——=V; @z R

| | T

Fi, F - F;

im

corresponding to an R-point of M, we can construct a new diagram:

Vip®@zR——V;, z R—— - ——V;, Qz R

| | |

Fio Fi s Fi

| | |

tVi0®ZRHtVi1 ®ZRH*>tV1m®ZR

where all the vertical maps are inclusions and each F;; is determined by the property that
Fi; [tVi; @z R = F;; — (Vi /tVi;) @7 R = V;; ® R. The chain F, determines an R-point of
Fr.

We now recall the combinatorial description of the image of M; in F;: Fix a Borel
subgroup B of GL;, and a maximal torus 7' C B. This gives a base for the root datum of
GL,,. Let W be the extended affine Weyl group of GL,,. This is the semi-direct product
of the Weyl group W = S, and the cocharacter group X, (T') = Z". It can be realized
as a subgroup of the group of affine transformations of Z™ with Z™ acting by translation
and S, by permutation of the coordinates. Let s; = (i,i 4+ 1) for 1 <i < g—1, and 59 =
t(~1,0,-,0,1) ¥ (1,n) be the usual choice of simple reflections. Welet = (1,---,1,0,---0) €
Z™ (where 1 occurs p times) be the minuscule coweight corresponding to our situation.

For each () # I as above, we let W} be the subgroup of W generated by the simple
reflexions s;,7 ¢ I. This is a finite group. __The Py orbits in F; are parametrised by
the double cosets WI\W/ Wr. For any w € W we denote the orbit corresponding to the
double coset WiywW; by Uy ,, and the orbit closure by X7 ,,. The orbits included in M
are parametrized by the finite subset Admy(u) of W[\W /Wr of p-admissible elements.

Whenever J C I we have a map M; — M. This map is surjective and Adm (p) is
the image of Adm(p) in WJ\W/W].

When I = {0,---,n — 1}, Kottwitz and Rapoport give a description of the set
Admp(p). The set Admy(p) is precisely the subset of W of elements which are < (in
the Bruhar order) a translation t,,, for an element w € W. In particular, the orbits that
are open in M correspond to the translations b

8.4. Irreducible components.
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8.4.1. The case that I ={0,--- ,n—1}. There are actually o7 translations w -y and they
correspond to the open stratum in each of the z% 1rredu01ble components of M; when
I={o,--- )= 1}.

These & p + translations are parametrized by W/W, where W, is the subgroup of W of
elements Wthh stabilize p. It identifies with the elements in W C &,, which preserve the
sets {1,--- ,p} and {p+1,---,n}. This group is isomorphic to S, x S,.

We can concretely determine an element of each ofAt/he orbits corresponding to these
twy in My for I ={0,--- ,n— 1} as follows. The group W can be viewed as a subgroup of
GL,(F,((t))). The element t, is identified with diag(t,---,¢,1,---1).

We now consider the inclusion of chains:

tVe C typVe C Ve.

By reduction modulo ¢ and using the identification Ve Qp, (1) Fp = Ve @z Fp, we deduce
that t,, Ve /tVe < Vs defines an F p-point of My, which represents the wu-orbit.

8.4.2. The case that I = 1. For any j,j’ € I, the spaces My and My are canonically

isomorphic. The special fiber M{O} of Mygy is smooth and irreducible of dimension pg.
Moreover, there is a single orbit.

8.4.3. The case that I ={0,j}.

Lemma 8.1. The special fiber M{O’j} of My jy hasinf{p, j} —sup{0, j —q} +1 irreducible
components, indexed by integers sup{0,7 — q} < r < inf{p,j}. For each sup{0,j — q} <
r <{p,j}, a representative of the r-stratum is given by taking

Fo(r) = Fj("“) = (erq1,- y €py Cn—jtrd1, " ,€n)
This corresponds to the element t,,(,, = diag(tld,, Id;, tIdp—,Idg—j4,) € LG.
8.5. Local geometry of the local model. The local model Mg, is smooth of relative
dimension pq. The other local models M| are isomorphic to Mgy over Spec Z[1/p] but they

have singular special fiber at p. Nevertheless, we have the following analogue of Theorem
6.4, the first part due to Gortz [G01]| and the second to He [Hel3, Theorem 1.2]

Theorem 8.2. The local models My are flat over Z. and M is reduced. Furthermore, M
is Cohen—Macaulay.

8.6. Hecke correspondence of the affine Grassmannians. We consider the corre-
spondence:

We now pick the element w(r)u € W and restrict this diagram to get maps:

Uto,4}w

N

Uy w(ru Ut0}w(r)u

Proposition 8.3. The map on differentials dpy : p has

*()1 1
1QU{0},w(7‘)/,L/FP - QU{Ou'},w(r)u/FP
kernel and cokernel a locally free sheaf of rank (j —r)(p — ).
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Proof. We have

Uto,g3wrn = Progt/ (Progy N twirnPiot b (ru)

Uopw(ryn = Proy/ (Proy N turynPro} (o)

and p; is the obvious P(g j)- equivariant projection:

Pro.y/ (Prog) 0 6w Py i) = Pioy/ (Proy N tuirynProy () -

Because the map is P (g j)-equivariant, it suffices to prove the claim in the tangent space at
the identity.

We first determine the shape of Pggy and Py j;. The group Pygy is the hyperspecial
subgroup of LG, whose R-points are G(R[[t]]). The group Py ;} is the parahoric group
with shape:

Progy(R) = {M = (fc Z) € LG(R)}

where @ € My (RIH])), d € Mo jn—y (RIE]), ¢ € Moy s (RI[H]) and d € Mo (RIE]).
One computes that Py Mty () NP{O}t;l consists of matrices of the following shape

(s)p
(the x have integral values, the rows and columns are of size r, j —r, p—7r, and ¢ — j +r):

* tk * Tx
* * * *x
* tx * tx
* *x * %k

One also computes that Pyg 1 N tw(r)uP{O’j}t;(lr)u consists of matrices with the fol-
lowing shape:

*  tk Kx tx
* kK %
tx 2% %tk

tx Tk x %
Passing to the Lie algebras, we easily see that the kernel of the map
-1 -1
P01/ (PL0.53 N ()P 10,3 bunry) = P10}/ (PL0} N b0} o)

is the set of matrices of the form:

cooco
o oo
cooco
cooco

with A € My_yjr(F,).
O

8.7. The Hecke correspondence on the local model. We consider the correspon-
dence:



47

8.7.1. Sheaves on the local model. Let k = (a1, ,ap, b1, ,bp), with a; > --- > a,, and
by > -+ > by, be a weight. We have a locally free rank p sheaf (V;/Fp)Y, and a locally
free rank ¢ sheaf Fj over My, and similarly over M;. We let Ly = (Vp/ Fy)V @ Fy and
L; = (V;/F;)" @ F};. To the weight x we can naturally attach locally free sheaves Lo, and
L; ,, using the procedure described in Section 6.7.1.

8.7.2. The map Lj, — Lo . The natural map Vy — V; induces a map Vy/Fy — V;/F}; and
by duality a map V;/F; — V/Fp that we denote by «. The map V; — V) induces a map
F; — Fy denoted by ap. We let o = (a1, 2) : Lj — Lg. The map « is an isomorphism
over Z[1/p] and it induces an isomorphism o* : p5L; . — piLo,. We now investigate the
integral properties of this map.

Lemma 8.4. Let k = (k1,--- ,ky). Let sup{0,j —q} <r <inf{p,j}. Let { be the generic
point of Uy j3(r). The map o* induces a map

@ 1 (P3Lyw)e — portr et i (5T Lo )
over the local Ting Oy, ; ¢

Proof. We first check that over Uy j3(r), the map a; has kernel and cokernel a locally
free sheaf of rank r and the map ao has kernel and cokernel a locally free sheaf of rank
q— j+ 7. Indeed, it is enough to check this at the point corresponding to t,,(,),, in which
case the corresponding diagram is:

diag(t1;,1,—5) diag(1;,tlp—j)
0 V; 0

tw(r)uT tw(r)uT tw(r)uT
v diag(tlj,ln,j) ' diag(lj,tln,j) Vi

0 7 0

and our claim is simply that the map Vo/t, Vo — Vj/tw)uV; has kernel of rank r
and toy (), V5 /tVi = twe)uVo/tVo has kernel of rank ¢ — j 4+ 7 . This is obvious. We now
conclude the proof as in Lemma 6.7.

O

8.7.3. The cohomological correspondence. We may now construct a cohomological corre-
spondence. By Proposition 2.6 and Theorem 8.2, we have a fundamental class p; &’ Mgy =
pll ﬁM{O}. Moreover, the sheaf p!1 ﬁM{o} is a CM shealf.

There is also a rational map o : p5L; . --+ piLo x, so that putting everything together,
we have a rational map (the naive cohomological correspondence):

Tnaive

p5Ljs = PiLos

We may now normalize this correspondence.

Proposition 8.5. Let T = p inf { S0, et L, bﬁ(j_r)(p_r)}T”m”e, Then T is a
true cohomological correspondence:

T : ]);Lj7,.i — ]7!1[/()7,i

Proof. Because p!ngv,i is a CM sheaf, any rational map from a locally free sheaf into
p!lLO,n is well defined if it is well defined in codimension 1. So it is enough to check that
it is well defined on the generic points of all the components in the special fiber. Let
sup{0,j — ¢} < r < inf{j,p}. Let { be the generic point of the stratum Uy ;3(r). We
then see that 77%¢ : (p5L; )¢ — ng:P*TH @t ¥imj—p bt (G=r)(p—7) (p} Lo k)¢ by combining
Lemma 8.4 and Proposition 8.3. O
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8.7.4. Proof of Theorem 7.5. Given Proposition 8.5, this is very similar to the proof of the
main theorem in the symplectic case (see Section 6.7.4), and left to the reader.

9. WEAKLY REGULAR AUTOMORPHIC REPRESENTATIONS AND (GALOIS
REPRESENTATIONS

In this section we study a class of automorphic forms that realize in the coherent
cohomology of Shimura varieties and have associated Galois representations.

9.1. Weakly regular, odd, essentially (conjugate) self dual algebraic cuspidal
automorphic representations. Let L be a C'M or totally real field, F' the maximal
totally real subfield of L, and ¢ the complex conjugation (trivial if L = F' is a totally real
field). We let I = Hom(F,C) and J = Hom(L,C).

Let 7 be a cuspidal automorphic representation of GL,, /L (we do not assume that the
central character of 7 is unitary). We define below certain properties (1), (2), (3) and (4)
of such representations. We will say that a m satisfying these properties is a weakly regular,
algebraic, odd, essentially (conjugate) self dual, cuspidal automorphic representation.

(1) Essentially (conjugate) self dual. We say that 7 is essentially self dual when
L is totally real and essentially conjugate self dual when L is CM if:

“=1"®x,

where xo : AR /F* — C* is a character such that xo(—1,) is independent of v for
all v | oo, and x = xo o Ny /p o det. We note that in the C'M case, the character
Xo is not unique because we can multiply xo by the character associated to the
quadratic extension L/F without changing x. This will however change the sign
of XO(_lv)'

(2) C-algebraic. We say that 7 is C-algebraic if the infinitesimal character A =
(Murs -+ s Anr)res) of To lies in ((Z" + 25171)/S,,)”.

(3) Weakly regular. We say that a C-algebraic 7 is weakly regular if for each 7 € J,
after applying a permutation in S, to the indices, we have Ay, > -+ > A, 9] 7 and
Aln/2l+1,r > **+ > Anr. We say that a C-algebraic 7 is regular if for each 7 € J,
after applying a permutation in S,, we have Ay, > --- > A, 7.

(4) Odd. We consider an oddness condition on a C-algebraic, essentially (conjugate)
self dual (7, x) which is given by the existence of a pole at s = 1 for a certain
L-function.

If L is CM, the oddness condition is that L(s, Asai(fl)n_le(xo)(w) ®x") has a
pole at s = 1.

If L = F is totally real, the oddness condition is that L(s, A7 ® x~!) has a pole
at s = 1 if e(xo) = 1 and n is even, and that L(s, Sym?r ® x ') has a pole at s = 1
is €(x0) = —1 and n is even or €(xo) = 1 and n is odd. We will see below that
€(x0) = 1 when n is odd and L is totally real.

Let us explain the definition of the above L-functions and of the sign €(xg). We first
recall the definition of the Asai representation. Assume that L is CM. Consider the group
(GL,(C) x GL,(C)) x Gal(L/F) with Gal(L/F) acting by permutation of the factors (in
other words, this is (a finite form of) the L-group over F' of Resy pGL,, ).

The tensor product of the standard representations give a representation C" @ C™
of GL,,(C) x GL,(C). For € € {—1,1}, it extends to representations Asai® : (GL,(C) x
GL,(C)) x Gal(L/F) — GL(C" ® C") by putting Asai(c)(v ® w) = ew ® v.

We now define the sign of xo: It follows from the C-algebraicity of w that xq is
algebraic. Therefore, there is an integer ¢ such that yo = Xg | . |7 where X(])c is a finite order

character. We let €(x0) = xo(—1,)(—1)? for any place v | co.
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We observe that when n is odd and L is totally real, €(xo) = 1. Indeed, if ¢ is the
central character of 7, we find that ¢? = Xg, and since c is an algebraic Hecke character,
we deduce that ¢ is even and yo(—1,) = 1.

One may also verify that in the CM case, the oddness condition only depends on x
and not on xp.

The following shows that the oddness condition is often implied by the other assump-
tions:

Theorem 9.1. Let w be a weakly regqular, algebraic, essentially (conjugate) self dual, cuspi-
dal automorphic representation of GL,, /L. Then 7 is odd unless possibly when n is even and
for all T € J, there is an ordering of the infinitesimal character X = (A7, , An7)red)
of Moo such that N+ = Nijpnjar for all1 <i<n/2 and T € J.

Proof. Lemma 9.5, reduces the proof of the theorem to the CM case. The CM case
follows from Theorem 9.7. g

Remark 9.2. Let m and 72 be two cuspidal automorphic representations of GL2/Q, both
L-algebraic and with trivial infinitesimal character. Assume that (71) is a limit of dis-
crete series (and therefore corresponds to a non-trivial parameter Wr — GL2(C) via
the local Langlands correspondence), while (m2)s corresponds to the trivial parameter

Wgr — GL2(C). Then m ® |det \% is C-algebraic, arises from a weight one modular form

and is odd, while m ® |det ]% arises from a Maass form of Galois type, and is not odd.
Thus, 7 is an automorphic form which has a realization in the coherent cohomology of
modular curves, while m2 has no such realization. We observe that we cannot distinguish
(T1)oo from (m2)se by looking at the infinitesimal character, it is the oddness property of
71 or mo that distinguishes them.

9.1.1. Oddness and base change. In this section we let L be a CM field and F' its maximal
totally real subfield. If 7 is a cuspidal automorphic representation of GL, /F, we let
Resp(m) be the base change lift of © to an automorphic representation of GL, /L (see

[ACS9)).

Proposition 9.3. Let L be a CM field and F' its mazimal totally real subfield. Let xr,/r
be the associated quadratic character. Let m be a weakly regular, algebraic, odd, essentially
self dual cuspidal automorphic representation of GLn/F. Assume that m # ™ ® X1/
Then Resr(m) is a weakly regular, algebraic, odd, essentially conjugate self dual, cuspidal
automorphic representation of GLy, /L.

Proof. This follows from Lemma 9.4 and Lemma 9.5. O

Lemma 9.4. Let L be a CM field and F be its mazimal totally real subfield. Let xr/p
be the associated quadratic character. Let m be a weakly regular, algebraic, essentially self
dual, cuspidal automorphic representation of GLy/F. Assume that m # m ® xr/p. Then
Resp(m) is a weakly regular, algebraic, essentially conjugate self dual, cuspidal automorphic
representation of GL,/L.

Proof. Since T # 7 ® X1/, we deduce from [AC89, Theorem 4.2] that Resy (m) is cuspidal.
Since Resy(m) = Resy(m)¢, we deduce that Resy (m) is essentially conjugate self dual. Let
v | oo be a place of F. Let w be a place of L above v. Then Resy (), and 7, have the
same infinitesimal character which is C-algebraic and weakly regular. U

Lemma 9.5. Let m be a cuspidal automorphic representation of GLy,/F satisfying the
assumptions of Lemma 9.4, with base change Resp(m). Then m is odd if and only if
Resy,(m) is odd.
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Proof. We have an L-group “diagonal” embedding GL,(C) x Gal(L/F) — (GL,(C) x
GL,(C)) x Gal(L/F), where GL,(C) x Gal(L/F) is (a finite form of) the L-group of
GL,,/F. We have the decomposition

Asait| gL, (©)xGal(r/F) = MC" ® x1/F @ Sym*C"
and

Asai”|Gr,, (0)xGal(L/F) = A*C" @ Sym®C" @ x1/p-
It follows that L(s, Asai(fl)nfle(xo)(ResL(W)) x50 =

e(x0) (=)™

L(s, A’ ® XE(XO)(_D” ® xg 1) L(s, Sym*m @ XL/F ® X ')

L/F

By [Sha97, Theorem 4.1], neither of the L-functions L(s, A’1 ® X;f;([‘)()(_l)n ® xg') and
n+1

L(s,Sym?7 ® XEL(;(;)(_I) e Xp ') vanishes at s = 1. We therefore deduce that Resy,(r)

is odd if 7 is odd. Conversely, if we assume that Resy(m) is odd, then at least one of

L(s, A’ ® XEL(;(}O()(_D” ® xp ') or L(s,Sym’r ® Xz(;(;)(_l)nﬂ ® Xp ') has a pole at s = 1.

But notice that L(s,m7 @ 7 ® x1/x ® Xgl) is holomorphic at s = 1 since 7 # 7 ® xp /- It
is now easy to deduce that 7 is odd (by examining the parity of n and the sign €(xp)). O

9.1.2. Descent to a unitary group. In this section we consider a C'M field L. We say that 7
on GL, /L is conjugate self dual (as opposed to essentially conjugate self dual) if 7¢ = V.
It is not hard to prove that if 7 is essentially conjugate self dual, there exists an algebraic

Hecke character ¢ : A7 /L* — C* such that 7 ® ¢ is conjugate self dual.

Theorem 9.6. Let L be a CM-field and w a weakly reqular, algebraic, odd, conjugate
self dual, cuspidal automorphic representation of GL, /L. Then there exists a cuspidal
automorphic representation T of the quasi-split unitary group U(n)/F such that m is the
transfer of T for the standard base change embedding and T~ is a non degenerate limit of
discrete series.

Proof. This follows from the main results of [Mok15]. We give some explanations.

Let U(n)/F be the quasi-split unitary group. Its L-group “U(n)/F (over F) is iso-
morphic to GL,(C) x Gal(L/F) with the complex conjugation c acting by g + ®,, fg~1® 1
where ®,, is the anti-diagonal matrix with alternating 1 and —1 on the anti-diagonal.

Let v be a place of F' and let Wg, be the Weil group of F,,. First assume that v does
not split in L. The local L-group *U(n)/F, is isomorphic to GL,(C) x W, where an
element of W, \ Wy, acts via g — ®,, tg71®_ 1. If v splits, the local L-group “U(n)/F,
is isomorphic to GL,,(C) x Wg,.

Let us denote by G' = Res ;pGLy. The L-group of G is isomorphic to (GL,(C) x
GL,(C)) x Gal(L/F) with the complex conjugation acting by permuting the factors. We
similarly have local L-groups “G/F, = (GL,(C) x GL,,(C)) x W, if v does not split and
LG/F, = (GL,(C) x GL,(C)) x Wk, if v splits.

We have the standard base change embedding of L-groups & : “U(n) — LG which
sends g x 1 to (g, ‘g7') x 1 and 1 x ¢ to (®,, P, ') x c. We have similar local versions
& YUm)/F, — EG/F, for any place v of F.

Let v be a place of F. Denote by L, the local Langlands group of F,. We let ®(n)
be the set of isomorphism classes of parameters Lp, — *G/F,(C) and we let ®(U(n))
be the set of isomorphism classes of parameters Lg, — “U(n)/F,(C).

In the case that v does not split in L, we recall how one can identify parameters
Ly, — GL,(C) with parameters Lr, — “G/F,(C). We choose an element w,. € Lg, \ Lz, .

v
v



51

To p : Ly, — GL,(C), we associate the parameter p' : L, — *G/F,(C) defined by
#(9) = (p(0), plwg o)) % 1if o € Ly, and pl(we) = (p(u?), 1)  c.

By [Mok15, Lemma 2.2.1], if v does not split, the natural map & : ®(U(n)), — ®(n),,
given by ¢ ~ &, 0 ¢, induces a bijection between parameters ¢ : L, — “U(n)/F,(C), and
parameters p : L, — GL,(C) for which there exists an invertible matrix A with:

(1) 'p°Ap = A, where p(0) = p(w; ' ow,).

(2) A= (=1)" T Ap(w?).

Indeed, to such a parameter p we associate the parameter ¢ defined by ¢(o) = p(o) x 1
if o € Ly, and ¢p(w.) = C x ¢ where C = A~1®,,.

Now let us consider a place v of F' that splits in L. Let w and w be the two places
in L above v. We have canonical isomorphisms Ly, = Lp, and Ly, = Lg,. A parameter
p:Lp, — TG/F,(C) can be written as p(c) = (pw(0), ps(c)) x o for all ¢ € Lf,, where
pw: L1, = GL,(C) and pg : L1, — GL,(C).

In this case, the natural map & : ®(U(n)), — ®(n),, given by ¢ — &, o ¢, induces
a bijection between parameters ¢ : Lp, — U(n)/F,(C), and parameters p satisfying
Pw = Poy-

For any place v of F' there is associated to m, a local Langlands parameter ¢, :
Lp, — “G/F,(C) ([HT01], [Hen00]). Since 7 is conjugate self dual and odd, it follows
from |[Mok15, Theorems 2.4.10, 2.5.4| that this parameter arises from a unique parameter
¢n, : Lp, — TU(n)/F,(C). By |[Mokl5, Theorem 2.5.1], there is a local packet II,
associated to ¢n, .

By [Mok15, Theorem 2.5.1], since 7 is cuspidal automorphic, any representation 7 =
®, Ty with 7, € II, is cuspidal automorphic on U(n)/F.

Let us describe in more details the parameter q@m at a place v | co. Associated to
there is a parameter

py: Lp, = C* — GL,(C)
which is conjugated to
2> diag((2/2)0, - (2/2)).
This parameter is conjugate self dual with respect to the standard orthogonal form given
by A = 1Id.

Using the recipe of [Mok15, Lemma 2.2.1] (observe that (—1)""1p,(w?) = 1), we
deduce that the parameter gZ)m corresponding to II, is the non degenerate limit of discrete
series parameter given by:

Lp, = Wg — "U(n)/R(C)
with ¢(z) = diag((z/2)*v, -+, (2/2)*) x 1 and ¢(j) = ®, x ¢ where j € Wg \ C*
satisfies j2 = —1.
g

Theorem 9.7. Let w be a weakly reqular, algebraic, conjugate self dual, cuspidal automor-
phic representatioin m of GLy /L. Let A = (\; ;) be its infinitesimal character. Then 7 is
automatically odd unless possibly when n is even and for all T, N\ir = Njjy 2, for some
ordering of the infinitesimal character.

Proof. This again follows from the results of [Mok15|. If 7 is not odd, we deduce that
L(s, Asait™"" (7)) has a pole at s = 1. Let us fix a character x_ : AT /L* — C* verifying:
& = x_! and X—|Ax corresponds to the quadratic character of L/F. We can define a
twisted L-group embedding ¢ : LU(n) — G (for the Weil group form of the L-groups)
which sends g X 1 to (g, tg™') %1, 1 x 0 to (x_(0),x=*(0)) x o if ¢ € W, and 1 x ¢ to
(=@, @ 1) 3w, for w. € W \Wp. A similar argument as in the proof of theorem 9.6 shows
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that m descends via the twisted L-group embedding to an automorphic representation of
U(n). For each place v | oo the parameter of my, p, : Ly, = C* — GL,(C) is conjugated to
2+ diag((z/2) v, -+, (2/2) ). For m, to descend via the twisted L-group embedding,
there should exist a non degenerate symplectic form A on C™ such that !p,(2)Ap,(z) = A
for all z € C*. It is easy to see that there is no such symplectic form, unless when n is
even and A;, = Ajip /2, for some ordering of the (A;,). O

9.2. Automorphic Galois representations. In this section we let again L be a CM
or totally real field. We first recall the following result concerning Galois representations

attached to regular, essentially (conjugate) self dual, cuspidal automorphic representations
of GL,,/L (see, e.g., [CH13|, [BLGGT14]).

Theorem 9.8 (Bellaiche, Caraiani, Chenevier, Clozel, Harris, Kottwitz, Labesse, Shin,
Taylor, ...). Let m be a regular, algebraic, (essentially) conjugate self dual cuspidal auto-
morphic representation of GL, /L. In particular ¢ = 7V ®@x and the infintesimal character
of mis A= (A7 s Anr)reg) with Ay > - > Xy -, Let 1 : C ~ @p. There is a contin-
uous Galois representation pr, : G — GLn(@p) such that:

(1) pg, =~ pX7L®6;_"®XL where X, is the p-adic realization of x and €, is the cyclotomic
character,

(2) pmy is pure,

(3) px. is de Rham at all places dividing p, with 1= o 7-Hodge- Tate weights: (—An.r +
n—1 n—1
B T AL ),

(4) for all finite place v one has:

1-n

WD(pr,lcp )5 =rec(m, ® | det [, ).

Remark 9.9. Our convention is that the reciprocity law is normalized by sending geometric
Frobenius to a uniformizing element. Moreover, the cyclotomic character has Hodge-Tate
weight —1.

In the situation that regular is replaced by the weaker assumption of being weakly
regular and odd, we have the following weaker theorem:

Theorem 9.10. Let 7 be a weakly regular, algebraic, odd, (essentially) conjugate self dual,
cuspidal automorphic representation of GLy, /L. In particular, ™€ = 7 ® x. There is a
continuous Galois representation pr, : G — GLn(@p) such that:

(1) p%, =~ PV ® 6}1,_" ® x, where x, is the p-adic realization of ¥,
(2) pr, is unramified at all finite places vt p for which m, is unramified and one has:

1—n

WD(pTr,L|GF,U)F_SS = rec(m, ® |det [,% ).

Proof. By the patching technique of [Sor|, we may reduce to the case of a C'M field. Using
Theorem 9.6, there is a 7 on the quasi-split unitary group U(n)/F, which transfers to
w. Moreover, 7 is a non degenerate limit of discrete series and therefore realizes in the
coherent cohomology of a unitary Shimura variety. We can then apply the main result
of [PS16] or |[GK19] to conclude. The point is that the Hecke eigensystem of 7 is a p-
adic limit of Hecke eigensystems of regular, essentially conjugate self dual, automorphic
representations to which Theorem 9.8 applies. O

One conjectures that pr , in Theorem 9.10 satisfies the stronger properties of Theorem
9.8. In particular, it should be de Rham with Hodge—Tate weights (—)\n,T—&—"T_l, e = At
"T_l), for X = ((A1,7, -+, An;r)res) the infinitesimal character of 7o, and WD (pr,|cp, yE—ss
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1—n
rec(m, ® |det |, 2 ) for all finite place. This has been verified in some special cases (e.g.,
for weight 1 modular forms).
We can prove the following very weak instance of local-global compatibility at places
dividing p:

Theorem 9.11. Let 7 be a weakly regular, algebraic, odd, essentially (conjugate) self dual,
cuspidal automorphic representation of GLy /L with infinitesimal character X = (X\; 7,1 <
i < n,7 € Hom(L,Q)) and A1+ > --+ > \ur. Let p be a prime unramified in L and
let w | p be a finite place in L. Assume also that m, is spherical, and corresponds to a
semi-simple conjugacy class diag(ay,--- ,an) € GL,(Q) by the Satake isomorphism. We let
1:Q— @p be an embedding and v the associated p-adic valuation normalized by v(p) = 1.

After permuting we assume that v(ay) < --- < v(ayp). Let I, C Hom(L, Q) be the set of
embeddings T such that v o T induces the w-adic valuation on L. Then we have

k
> wla) = D> Ner

=1 7€l (=1
for 1 <k <n, with equality if k = n.

Proof. We first reduce to the C'M case because if L is totally real, we can consider a
CM quadratic extension L’ of L such that w splits in L' and Resy/(7) is cuspidal (for
example, it suffices to take L’ to be ramified over L at some finite place vy of L where
Ty, is unramified). Now assume L is CM and let F' be its maximal totally real subfield.
We next explain how one can reduce to the case where all primes v | p in F' split in L.
We can construct a totally real quadratic extension F’ of F' with the property that p is
unramified in F’ and for all places w | p of F, w splits in F” if and only if w splits in L.
We may also impose the additional condition that F’ ramifies at some place vy of F' which
is inert in L and such that m,, is unramified. We now set L' = F'L. It is clearly sufficient
to prove the result for the base change of m to L’. Note that this base change is still
weakly regular, algebraic, odd, essentially conjugate self dual, cuspidal. The cuspidality
follows from our choice of L', it being ramified at vg. The oddness is another application
of Shahidi’s theorem that L(s, Asai(_l)n_le(xo)(ﬂ) ®Xp ®X1//r) does not vanish at s = 1.

We have thus reduced to the situation that L is a CM field and all primes v | p
in F split in L. It is useful to make the further restriction that there exists a quadratic
imaginary extension Ly of Q such that L = LoF. We can achieve this by considering a
quadratic imaginary extension Ly of Q such that p splits in Ly and ramifies at a prime ¢
such that there is a place vy of L above ¢ which is unramified over Q and such that m,,
is spherical. We may now replace L by LLg which is a C'M field containing a quadratic
imaginary field and = by Respr, (7).

By Theorem 9.6, there is a cuspidal automorphic representation 7 of U(n)/F which
transfers to m for the standard base change embedding and is a limit of discrete series
at infinity (with infinitesimal character given by A, see the end of the proof of Theorem
9.6). The result now essentially follows from Corollary 7.7, but there is a subtlety in that
Corollary 7.7 applies to the group GU(n) and not U(n). We will reduce to this case.

Let Z be the center of GU(n). We observe that Z x U(n) — GU(n) is a surjec-
tive map of algebraic groups (U(n) is viewed as an algebraic group over Q by Weil re-
striction). Let ¢ be the central character of 7. Let ¢’ be an extension of ¢ to an alge-
braic automorphic character of Z which is unramified at all places dividing p. We claim
that the cuspidal automorphic representation 7 admits an “extension” to a cuspidal au-
tomorphic representation 7’ of GU(n) with central character ¢’. We explain the meaning
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of this “extension”. By definition 7’ will realize in the space of cusp forms with cen-
tral character ¢ on GU(n), say Aeusp(GU(n))». There is a well defined restriction map
res : Aeusp(GU(n)) e — Aeusp(U(n))e and we say that 7’ extends 7 if 7 is a constituent
of res(7’). Observe that the very general result [HS12, Theorem 4.14] implies that = ad-
mits an extension for some choice of ¢. We will prove the slightly stronger result that
in our case, for any choice of ¢ lifting ¢, the map res is surjective. Our argument fol-
lows [Chel8] which proves a similar result under slightly different hypotheses. We take
¢ € Aeusp(U(n)).. One first extends ¢ to a function ¢; on Z(Ag)U(n)(Ag) C GU(n)(Ag)
satisfying ¢1(zg) = ¢(2)¢(g) for all (z,9) € Z(Ag) x U(n)(Ag). We then extend ¢ to a
function ¢9 on GU(n)(Q)Z(Ag)U(n)(Ag) C GU(n)(Ag) by letting ¢2(vg) = ¢1(g) for all
(7,9) € GU(n)(Q) x Z(Ag)U(n)(Ag). To check that ¢ is well defined, it suffices to prove
that GU(n)(Q)NZ(Ag)U(n)(Ag) € Z(Q)U(n)(Q). This actually amounts to proving that
Q* Nv(Z(Ag)) € v(Z(Q)), which follows from Hasse’s theorem that in a quadratic exten-
sion any local norm is a global norm. Finally, we claim that GU(n)(Q)Z(Ag)U(n)(Ag) is
of finite index in GU(n)(Ag) (the quotient is dominated by (Q*Ny,,0AF )\Ag). We can
therefore extend ¢y by zero to a function ¢3 defined on GU(n)(Ag). The verification that
¢3 € Aeusp(GU(n)) is made in [Chel8|. By construction, res(¢s) = ¢.

Since all places v | p in F split in L, we have that GU(n)(Q,) = U(n)(Qp)Z(Qp), so
we deduce that 7, is spherical at all places v | p. Moreover, the Satake parameters of 7/,
and 7, are related via the map on dual groups @(\n) = Gy, X GLq[f a U/(n\) = GLLLF:Q]
(which forgets the G,,). There is a similar story at archimedean places and we deduce
that 77 is a limit of discrete series. We may apply Corollary 7.7 to 7, and we deduce the
validity of Conjecture 4.7 in this case, which is the inequality:

1
Newt,(x) < Z —wo(7y - 00(k,t)).
|F/Stab[‘(00(l€, L))| ~€I'/Stabr (co(k,t))

—

We project this identity under the map GU(n) — U(n) and then further via the map

GLLF:Q] — G:L,[fJ Q) for a chosen prime v € F' below the prime w € L. We can now unravel
the meaning of this identity.
The local L group of Resp, g, GLn is GLLF”:@” V54T where T' = Z acts by permutation
of the factors.
The Satake parameter of 7, = 7, is given by the conjugacy class of diag(ay, - - ,ay),
and via the Newton map it goes to
1

[Fy Qp]

in (Py)! where (PF)! is the subset of [-invariants in the cone of dominant weights Py C

(U(an), ce ,v(al))[Fvi@p}

(Rn)[F v@l The projection of the infinitesimal character is (XNir)rer, and the average
DT /Staby(co(x,0)) —Wo(Y - 00(K, 1)) gives:

w(z —Anry Z _)\177) [FU:Q,,].

TEL TELy
The theorem is proven.
O
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