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1. LECTURE 0 : UNRAMIFIED CLASS FIELD THEORY

1.1. Galois groups. Let K be a field. We let K*®’ be a separable closure of K. We let
Gk = Autg (K*P) be the absolute Galois group of K.

Let L C K*°P be a finite extension of K. We say that L is Galois if for all o € Gk,
o(L) = L. The Galois group of L over K is Gal(L/K) = Autg(L).
Proposition 1.1. Let L/K be a Galois extension.

(1) The natural map Gx — Gal(L/K) is surjective.

(2) The group Gal(L/K) has cardinality dimp L.

Any finite extension L C K*P is contained in a Galois extension. Therefore, G =
th/K,ﬁnite galois Gal(L/K)

We equip Gi with a topology by declaring that an open basis of neighborhoods of
1 is given by the G = Gal(K*?/L) for L/K a finite extension. Then G is a profinite
group. Moreover the Galois correspondence is :

Theorem 1.1.

{Open subgroups of G} <> {Finite separable field extensions of K}
H — (K>
G L «— L
Ezample 1. Let ¢ = p" and let K = [F, be the finite field with ¢ elements. Let E be an
algebraic closure of IF,. For all n > 0, there is a unique extension of I, F,» C F, of degree
n. Its Galois group is isomorphicA to Z/nZ, and a generator is given by the Frobenius
Frobg : x — x4. Therefore G, >~ Z and Frob, is a topological generator.

Example 2. Let K = R be the field of real numbers. We have R = C and G = Z/27Z, the
generator is given by the complex conjugation ¢ : z — Z.

1.2. Discrete valuation rings.

1.2.1. Valuations. Let K be a field. A discrete valuation v (of rank 1) on K is a surjective
function : v : K* — Z which satisfies :
(1) vley) = olz) +v(y).
(2) v(z +y) = inf{v(z), v(y)}-
One extends v to K by setting v(0) = +o0.

Ezample 3. The trivial valuation on a field K is defined by v(z) =1 for all z € K*.

Ezxample 4. Let p be a prime number. For all x € Q*, write x = 2/p" where p does not
appear in the prime decomposition of 2, and set v,(x) = n. This is the p-adic valuation
on Q.

Ezample 5. Let k be a field. Let k(T') be the field of rational functions over k. Let P
be an irreducible polynomial. For any x € k(T)*, write x = 2/ P"™ where P does not
appear in the decomposition of = in product of prime ideals and let vp(z) = n. This is
the P-adic valuation on k(7). Let deg : k(T') — Z U {oco} be the degree map. Then —deg
is a valuation.



Theorem 1.2 (Ostrowski). The only non-trivial valuations on Q are (up to equivalence)
the p-adic valuations v, for prime numbers p.

Proof. [Cas67], section. 3, p. 45. O

Theorem 1.3. The only non-trivial valuation on k(T) which are trivial on k are the vp
for P an irreducible polynomial and —deg.

1.2.2. Valuation ring. We let A = {x € K,v(x) > 0}. This is the ring of the valuation v.
It is easy to check that A is a discrete valuation ring, namely a principal domain which
has a unique non-zero prime ideal. Conversely, A determines the valuation v. Indeed, we
have a group isomorphism K*/A* ~ 7 which sends a generator m of the maximal ideal
of A to 1 and we recover v as the composite K* — K*/A* ~ 7.

We let |.|, = e ¥() be the associated norm. It is called non-archimedean because

|z + ylo < sup{|x|v, [ylv}-

1.2.3. Completion. If A is a discrete valuation ring, we can consider its completion A with

A~

respect to the norm |.|,. Concretely, A = lim,, A/p™.
1.3. Dedekind rings.
1.3.1. Definition.

Definition 1.1. A Dedekind ring is a noetherian domain which is integrally closed of
dimension one.

Proposition 1.2. A noetherian domain is a Dedekind ring if and only if, for all maximal
ideal p of A, the localization Ay is a discrete valuation ring.

Proof. See [Ser68], proposition 4 on p. 22. O
For any maximal ideal p of A, we denote by v, the corresponding p-adic valuation.

We will also denote by A, = AEm the completion of A for the p-adic topology.

1.3.2. Fractional ideals. A fractional ideal of a Dedekind ring A is a non-zero finitely
generated submodule of K = Frac(A). The set of fractional ideals is a monoid under
multiplication, with neutral element A itself.

Proposition 1.3. The fractional ideals of a Dedekind ring form a group. Any fractional
ideal a has a unique expression
a= H p"r
p

where almost all the ny are zero.

Proof. See [Ser68], corollaire and proposition 7 on p. 24. O

1.3.3. Eaxtension of Dedekind rings. Let A be a Dedekind ring with fraction field K. Let
L be a finite extension of K. Let B be the integral closure of A in K.

Theorem 1.4. If either A is a finite type algebra over a field, or L is a separable extension
of K, B is a finite A-algebra and a Dedekind ring.

Proof. See [Ser68], part I, chap. 4. O

We assume that the assumptions of the theorem hold. There is a (surjective) map
Spec B — Spec A. We say that a prime ideal 3 in B divides a prime ideal p and write
P | p if P is mapped to p.

If p is a maximal ideal of A, we have p = H‘B\p P¥. The integer eq is called the
ramification index at . The residual degree at P is the degree of the finite extension
A/p — B/ and is denoted by fip.



Proposition 1.4. We have the formula pr epfp = dimg L.

Proof. B® A(y) is a finite free A(,)-module of finite rank dimg L. By reduction modulo p
we find that B/p — [[ B/B* is an isomorphism. The formula is obtained by comparing
the dimensions as A/p-modules on both sides. g

Definition 1.2. We say that B is unramifed over A at ‘B if ey = 1.

1.3.4. Ramification. Let K C L be a finite separable extension of fields. We have a non-
degenerate bilinear trace map Tr : L x L — K. Let A C K be a Dedekind ring with
fraction field K. Let B be the integral closure of A in L. We assume that the assumptions
of theorem 1.4 hold.

We can define QE}A ={z € L,Tr(zB) C A}. This is a fractional ideal of B and its

inverse D /4 is an ideal called the different of B with respect to A.

Proposition 1.5. The set of ramified prime of B over A is exactly the set of primes which
divide the different Dp,a. In particular this is a finite set.

Proof. See [Ser68], thm 1 on page 62. O

1.3.5. Unramified extensions in complete discrete valuation rings. Let Ok be a complete
discrete valuation ring. Let K be its field of fraction. For any finite separable extension
L of K, we let O, be the inegral closure of Ok in L.

Lemma 1.1. The ring Oy, is a complete discrete valuation ring.

Proof. We know that Oy, is a Dedekind ring and has finitely many maximal ideals. Each
of these ideals induce a topology on L which extends the topology of K. Since K is
complete, this topology is unique (this is the product topology on K™ identified with L.
Therefore there is a unique maximal prime in Of. O

Let K*°P be a separable closure of K. This is a valued field (in general not complete).
Let mpser be the maximal ideal of Ogsep. Let k5P = OKsep/moi(ep.

Theorem 1.5. k*P is a separable closure of k and there is an equivalence of category :

{ Unramified finite extensions L C K*®} — {finite extensions { C k*¥}
L — OL/moL

Proof. [Fr7], p. 26. O

Assume that L/K is Galois. Let Gal(L/K) be the Galois group. We have a surjective
map Gal(L/K) — Gal(l/k) whose kernel is denoted by I, and is called the inertia.
Passing to the limit over L we have an exact sequence :

1—>IK—>GK—)Gk—>1.
1.4. Global fields.

1.4.1. Definition. A global field K is either a number field or a function field of one variable
over a finite field IF,,.

(1) K is a number field. That is K is a field of characteristic 0 and is a finite extension
of Q.

(2) K is a function field of one variable over a finite field F,. That is, K is a field of
characteristic p and is a finite type extension of transcendance degree 1 over [Fp.
Moreover [, is the integral closure of ), in K. The simplest example of such field
is Fo(T).



If K is a number field, K is finite over Q and we let Ok be the ring of integer. If
K is a function field, we can choose T' € K which is not algebraic over F, and K is finite
over Fy(T'). But T is not unique.

1.4.2. Places. A place v of K is an equivalence class of non-trivial rank one norm :
Hv K — RZO'
There is the following description of the places of K.

Proposition 1.6. If K is a number field, the places of K are the non-archimedean norms
|.lp attached to the mazimal ideals B € Spec Ok and the archimedean norms |.|, for
embeddings o : K — C.

Proof. [Cas67], p. 45. O
Remark 1.1. Two conjugate embeddings ¢ and & give the same archimedean norm.

Proposition 1.7. If K is a function field, there exists a unique non-singular complete
curve X with function field K and the places of K are the valuations attached to the
closed points of the curve X.

Proof. See lecture II. O

Remark 1.2. If we consider [F,,(T"), the associated curve is ]P’]}p = Al}p U {oo}. The closed

points of Al are the irreducible monic polynomials P € F,[T] with corresponding norms
|.|p, and oo corresponds to the valuation —deg.

In all cases, we let X (or g X if the context is unclear) be the set of places of K. In
the number field case, we have X = X¢;, U X where Xy;, = Specmax Ok is the set of
finite places and X = {0 : K — C}/{complex conjugation} is the set of infinite places.

1.5. From global to local fields. If v is a place of K, we let K,, be the completion of K
with respect to |.|,. If v is not achimedean, we let O, or Ok, the ring of elements = € K,
with v(z) > 0. If v is archimedean, then K, = R or C.

Let L/K be a finite field extension of K. Let w be a place of L. Then w restricts to
a place v of K and we say w | v. Therefore, we have a map X — gX.

We have the following "localization” formula :

Proposition 1.8. The canonical map L Qi K, — wa Ly, is an isomorphism.

Definition 1.3. We say that the extension L/K is unramified at a finite place v if all the
extensions Ly, /K, are unramified.

Proposition 1.9. A finite extension L/K is ramified at only finitely many places of K.

1.6. Decomposition group. Let L/K be a finite Galois extension. Let f: 1 X — gX.
The group Gal(L/K) acts on X, trivially on gX.

Proposition 1.10. For any v € X, the action of Gal(L/K) is transitive on f~1(v).

Proof. See [Tat67], prop. 1.2. O
Let w € f~!(v) and let D, = {0 € Gal(L/K),ocw = w}.

Proposition 1.11. The map D, — Gal(L,/K,) is an isomorphism.

Proof. See [Tat67], prop. 1.2. O

The group D, is independant of w and called the decomposition group at v. Its
embedding in Gal(L/K) depends on w, but its conjugacy class is independent of w.



1.7. Frobenius substitution. If we assume that L/K is unramified at a finite place v,
then we have a canonical element Frob, € D,, and therefore a conjugacy class Frob, €

Gal(L/K).

1.8. The Artin reciprocity map. We now assume that L/K is abelian. This implies
that the conjugacy action of Gal(L/K) on itself is trivial. Let ¥ be the set of finite places
where L/K is ramified.

Let I be the free abelian group generated by finite places not in X.

We define a map :

recL/K:IZ — Gal(L/K)
v —  Frob,

Theorem 1.6 (crude reciprocity law). The map recr /i 15 onto and there erists € > 0
such that for all a € K* which satisfy :

(1) la—1|, <€ forallv ey,

(2) o(a) >0 for all 0 : K — R in the number field case,

we have recy /i (a) = 1.

Remark 1.3. By recyk(a) we mean recL/K(Zv¢Z v(a).v). This is a very hard result, you
can consult [Tat67].

In this course, we will be interested in everywhere unramified extensions of K. Let
H/K be the maximal abelian everywhere unramified extension of K (also called the Hilbert
class field of K).

In the number field case, we have a map X~ — Gal(H/K). We remark that I is
the group of fractional ideals over Spec O . Let

Cl (Og)=1*/{ac K*, Vo : K =R, g(a) >0}

be the strict class group.

In the function field case we have a map I — Gal(H/K). We remark that I is the
group of divisors on the curve X corresponding to K. Let Pic(X) = Div(X)/div(K™) be
the Picard group.

Theorem 1.7. In the number field case, the map ClT(Ok) — Gal(H/K) is an isomor-
phism. In the function field case, the map Pic(X) — Gal(H/K) is injective with dense
1mage.

One of the main goal of these lectures is to give Deligne’s geometric proof of this

theorem in the function field case. We can further geometrize the statement by interpreting
Gal(H/K) as m1(X)®. Therefore the theorem reads as an injection with dense image :

Pic(X) — m (X)%.
One can actually refine the statement. We have a degree map Pic(X) — Z. We also
have a natural map m;(X) — m1(Spec Fy) = Z. Let us define the Weil group of X, W (X)

as the preimage of Z in 71 (X ). Then the refined statement is that we have a commutative
diagram:

which induces an isomorphism between Pic(X) and W (X)?.



1.9. Adéles and idéles.

1.9.1. Adéles. In this course we will meet at several points the ring Ax of adeles of a
global field K. By definition, Ax is the subring of J], . x Ky of elements (zy)y such
that z, € Ok, for almost all v (all except finitely many ones). We equip Ag with a ring
topology by declaring that a basis of opens of 0 are given by opens HueK x Uy where for all
v, U, is an open neighborhood of 0 in K,, and for almost all v, U, = Ok,. The diagonal
embedding K — [], K, factorizes through Ag.

1.9.2. Idéles. The group of ideles is A and it carries the subset topology given by the
inclusion A% — Ag x Ak, z+— (z,271).

Class field theory is best formulated using ideles (see [Tat67], section 5). Let us simply
remark the following :

Proposition 1.12. In the number field case, there is a natural isomorphism :

E\Ag/CTT or T] &K°) = it (0k).

’UGXfin VEX oo

In the function field case there is a natural isomorphism :

K\AR/ [ 05 — Pie(X).
veX

In the above formula K,° is the component of the identity in K*.

2. LECTURE I : SCHEMES

2.1. Affine schemes. [Reference : [Har77|, I1,2; [Stal3], Chapter 01HS|

Let A be a commutative ring. We define Spec A = {prime ideals of A}. We equip
Spec A with the Zariski topology. A basis of open are the {D(f)}tca where D(f) =
Spec A[l1/f] < Spec A.

We construct a sheaf of rings @gpec 4 on the topological space Spec A by putting
Ospec A(D[f]) = A[1/f]. That this defines a sheaf follows from the following proposition.

Proposition 2.1. Let f1,---, f, € A be such that (f1, -, fn) = A. Then the following
sequence 1s exact :

0= A—[JAln/f]— [T AL/ fifi]
i ij
where the first map is the diagonal map a — (a); and the second map if (f;) — (fi ;) where
fig=fi— [
The pair (Spec A, Ospec 4) is an affine scheme. Any ring morphism f : A — B

induces a map of topological spaces f : Spec B — Spec A and a map of sheaves Ogpec 4 —
f * O Spec B-

2.2. Schemes.

Definition 2.1. A locally ringed space (X, Ox) is a pair consisting of a topological space
X and a sheaf of rings Ox over X with the property that for all x € X, the stalk Ox , is
a local ring. A map f: (X, O0x) — (Y, Oy) of locally ringed spaces is a map f: X —Y
of topological spaces together with a map of sheaves of rings :

f*ﬁy — Ox
such that for all x € X, the map Oy y,y — Ox . is a local ring map.



Definition 2.2. A scheme is a locally ringed space (X, Ox) which is locally isomorphic
to an affine scheme.

Schemes are therefore a full subcategory of the category of locally ringed spaces.
Inside the category of schemes, we have the full subcategory of affine schemes.

Proposition 2.2. The category of affine schemes is equivalent to the opposite category of
rings via the quasi-inverse functors (X, 0x) — H%(X, Ox) and A — (Spec A, Ospec ),
which are respectively left and right adjoints of the other.

Remark 2.1. This proposition explains why we insist on working with locally ringed spaces
and not just ringed spaces. Let k be a field and let Spec k[[T]] be the affine scheme. This
has a special point s and a generic point 7. Consider the map Spec k((T')) — Spec k[[T]]
obtained by sending (0) = Spec k((T")) to s. This induces a map of ringed spaces, but
not of locally ringed spaces. The point is that the map k[[T]] = Ogpec k(ry,s = k(1)) =
OSpec k((T)),0 18 not a local map. The good map Spec k((7')) — Spec k[[T]] is the one
induced by applying Spec to the map k[[T']] — k((T)) and it sends (0) to 7.

One often fixes a base scheme S and consider the category of S-schemes Sch/S.
This is the category whose objects are given by a scheme X together with a ”structural”
morphism X — S. Maps X — Y between two objects of Sch/S is a map of schemes
which respects the structural morphisms.

Remark 2.2. Sch = Sch/Z.

One is often led to impose finiteness conditions. Here is a brutal list of the most
common finiteness conditions:
Finiteness conditions on a scheme :

(1) A scheme is quasi-compact if its underlying topological space is quasi compact.

(2) Quasi separated if the intersection of two quasi-compact subsets is quasi-compact.

(3) Locally noetherian : each point as an open affine neighborhood Spec R with R
noetherian.

(4) Noetherian : quasi compact and locally noetherian.

Fineteness conditions on a morphism f: X — §.

1) quasi-compact : for any quasi compact open U < S, f _1(U) is quasi-compact.
2) quasi-separated : the diagonal X — X x g X is quasi-compact.
) separated : the diagonal is a closed immersion.
) locally of finite type : for every point = € X there are open affine = € Spec R — X
and Spec A < S with f(Spec R) C Spec A and R is a finite type A-algebra.
(5) locally of finite presentation : same as before with R a finite presentation A-algebra.
(6) finite type : locally of finite type + quasi-compact.
(7) finite presentation : locally of finite presentation + quasi-compact + quasi-separated.

(
(
(3
(4

We collect useful facts about some of these finiteness conditions.

Proposition 2.3. All the properties of morphisms above are stable by composition, base
change, product, and are local on the target.
Proposition 2.4. Let f : X — S be a morphism of schemes. The following are equivalent:

(1) The morphism f is locally of finite presentation (resp. locally of finite type)
(2) For any open affines U C X and V C S such that f(U) C V, the induced ring
map Os(V) — Ox (V) is of finite presentation (resp. of finite type).

Proof. See [Stal3], tags 01TQ and 01T2 a

Proposition 2.5. If X is a noetherian scheme, then for any open affine U C X, Ox(U)
1 a noetherian ring.
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2.3. Sheaves. In the case of a ring A, we have the abelian category Mod(A) of A-modules
and its full subcategory Mods(A) of finite type A-modules. The category Mods(A) is
abelian if A is Noetherian. To M € Mod(A), we can associate a sheaf of Ogpec 4-modules
over Spec A, denoted by M and defined by the rule that M(D(f)) = M ®4 A[1/f]. That
this defines a sheaf follows from:

Proposition 2.6. Let f1,---, f, € A be such that (f1, -, fn) = A. Then the following
sequence is exact :
0— M — [[MQ/f] = [ MA/£:£5]
i ij
where the first map is the diagonal map m — (m); and the second map if (m;) — (m; ;)
where m; j = m; —m;.

Definition 2.3. Let X be a scheme and let F be a sheaf of Ox-modules. The sheaf
F is quasi-coherent if there is a covering X = USpec A; and A;-modules M; such that
Flspec A; = M;. The sheaf is called coherent if theres is a covering as before such that the
modules M; are finite A;-modules.

We denote by Qcoh(X) the category of quasi-coherent sheaves on a scheme X and
Coh(X) the category of coherent sheaves on X. This category QCoh(X) is abelian. The
category Coh(X) is also abelian if X is locally Noetherian.

Remark 2.3. One finds in the literature several definitions of coherent sheaves on general
schemes, which all agree in the locally Noetherian case. We have chosen the simplest one.

Proposition 2.7. Let Spec A be an affine scheme. The category QCoh(Spec A) is equiv-
alent to the category Mod(A), and the category Coh(Spec A) is equivalent to the category
Mods(A) of finite A-modules via the quasi-inverse functors : ¥ — H%(Spec A,.F) and

M — M.
2.4. Functor of points. To any scheme X we attach a functor of points :
X(=): Sch?? — SETS
T — X(T)
Lemma 2.1 (Yoneda). The functor Sch — Func(Sch®P, SETS) is fully faithful.

Definition 2.4. A functor F : Sch°P’? — SETS is representable if it is in the essential
image of the Yoneda functor.

Proposition 2.8. The functor Sch — Func(Ring, SETS) — Func(Af f°P,SETS) that
sends a scheme to the restriction of its functor of points to affine schemes is fully faithful.

Remark 2.4. While the Yoneda lemma is purely formal and category-theoretical, the above
result is not.

2.5. Fibre products. [Reference, [Har77|, II, thm. 3.3] Let X,Y,S be schemes and
f: X =S5 ¢g:Y — S be maps. Then there is a scheme X xg Y called the fibre product
of X and Y over S. It fits in a commutative diagram :

X xgY —X

L

Y S
and satisfies the following universal property:
Hom(—, X xgY) = Hom(—, X) Xgom(—,5) Hom(—=,Y).

]
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In the affine case X = Spec A,Y = Spec B, S = Spec R then X xgY = Spec (A®rB)
which is in particular affine. The general case is obtained by gluing.

2.6. Sites. [Reference : [Stal3], Section 00VG]

Definition 2.5. Let C be a category. A family of morphisms with fized target {¢; : U; —
Utier is the data of an object U of C, a set I and for alli € I, a morphism ¢; : Uy — U.

Definition 2.6. A site is a category C and a collection Cov(C) of families of morphisms
with fized target (called coverings) satisfying the following axioms :

(1) An isomorphism ¢ : V — U is a covering,

(2) If {¢i : Uy — U}r is a covering, and {¢;; : U;j — U;}j is a covering then
{pio¢ij:Ui; = U}ij is a covering.

(3) If {Ui — Utier is a covering and V. — U is a morphism in C, then Vi the fiber
product U; xy 'V exists in C, and {U; xy V — V }ier is a covering.

Definition 2.7. A presheaf F' on a site C is a functor C°? — SET. A presheaf F' is a
sheaf if for any covering {¢; : Uy — U }icq, the diagram:

FU) = [[FW) = [ FU <o U;))

i,J

is exact. If the morphism F(U) — [, F(U;) is simply injective, the presheaf is said to
be separated. A morphism of presheaves is simply a natural transformation of functors.
Define Sh(C) to be the full subcategory of Func(C?,SET) whose objects are sheaves.

Before giving some examples of sites in the theory of schemes we mention a few
examples:

Ezxample 6. (1) Let X be a topological space. Let Op(X) be the category of open
subsets of X, ordered by inclusion. Coverings are jointly surjective maps. A
sheaf on Op(X) is a sheaf in the usual sense, ie a topological sheaf.

(2) Let SET'S be the category of sets. We turn it into a site by declaring that the
coverings are the jointly surjective maps.

(3) Let Top be the category of topological spaces. Coverings are open coverings.

(4) Let CompTop be the category of compact Hausdorff topological spaces. Coverings
are finite collections of maps, jointly surjective. A sheaf on CompTop for this
topology is called a “condensed set”

3. LECTURE II : TOPOLOGIES ON SCHEMES
[Reference [Stal3], Tag 020K]

3.1. The Zariski topology.

Definition 3.1. Let X be a scheme. Let X 74, be the Zariski site with underlying category
the open subsets of X, and the coverings are the families {¢; : U; — U}icr such that
U = Ugi(U;).

Definition 3.2. The (big) Zariski site has underlying category the category Sch, and a
covering {¢; : Uy — U}icr is the data of open immersions U; — U such that U = Ug;(U;).
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3.2. The fpgc and fppf topologies. Recall that and R-module M is flat if the functor
on Mod(R) : M ®p — is exact.

Definition 3.3. A morphism f : X — S is flat if for all x € X, Ox ;. is flat over Og p(y)-

Proposition 3.1. A morphism of affine schemes X = Spec A — S = SpecR is flat if
and only if A is R-flat.

Proof. If R — A is flat then for all z € Spec A mapping to y € Spec R and any R,-module
M we have that A, ®r, M = A, @4 A®r M. Thus A, ®g, — is exact. Conversely, assume
that A, is Ry-flat for all z. Let 0 — I — R be an inclusion. Let 0 - K — I ®r A — A.
We see that for all x € Spec A, K, =0 thus K = 0. O

Definition 3.4. A family of morphisms {¢; : U; — X }ier is an fppf covering if each ¢;
is flat and locally of finite presentation and X = U;¢;(U;).

Definition 3.5. A family of morphisms {¢; : Ui — X }ier is an fpqc covering if each ¢;
is flat, X = U;¢;(U;) and for each open affine T C X, there is a finite set K, a map « :
K — 1, and for all k € K and open affines Vi) C Uy such that Ugek dok)y(Var)) =T

Definition 3.6. We can define the big fppf (resp. fpqc) sites. It has Sch as its underlying
category and its coverings are the fppf (resp. fpgc) coverings.

Proposition 3.2. Schyp,r and Schyp,. are sites.

Proof. This follows from the fact that a composition of flat morphisms is flat and that the
base change of a flat morphism is flat. O

Proposition 3.3. An fppf covering is an fpqc covering.

Proof. Let {¢; : Ui — X}icr be an fppf covering. Let U — X be an open affine. Let
U xx U; = U;U; j be an affine covering. We have that U = U; ; f(U; j). By the proposition
below, f is open, therefore since U is quasi-compact, the last covering admits a finite
refinement. ]

Proposition 3.4. Let f : X — Y be a flat morphism, locally of finite presentation. Then
f is open.

Proof. We reduce to the affine case. By Chevalley’s theorem [Stal3], Tag 020K, the image
of a constructible subset of X is constructible in Y. Moreover, the morphism X — Y is

generalizing. Therefore, the image of a quasi-compact open subset of X is constructible
and stable under generization. This is an open subset of X. ([l

3.3. The étale topology.

3.3.1. Smoothness. Let R be a ring and let A be an R-algebra. For any A-module M and

R-derivation from A to M is an R-linear map D : A — M such that D(ab) = aD(b)+bD(a)

for all (a,b) € A%, There is a universal A-module Qh/R equipped with a derivation

d: A— 9,14/1«2 for which Dergr(A, M) = HomA(Q}L‘/R, M) for any A-module M. There is

a construction by generators and relations

Q}4/R = @ueaAda/{d(ra) = rda ¥(r,a) € R x A, d(ab) = adb+ bda, Y(a,b) € A x A).

Here is a second construction. We can also consider the exact sequence 0 — I —

A®r A — A — 0 and we let QL/R:I/IQ, andlet d: A= I/I?bed(f)=1® f—f®1.

To see that d : A — I/I? is universal, let M be an A-module and let D : A — M be
a derivation. Consider 1 ® D : A ®zr A — M be the linearization. One checks that
1® D(I%) = 0 and we can consider the A-linear map 1® D : I/I? — M. We recover D as
the composition A — I/I? — M.
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3.3.2. Two exact sequences.
Lemma 3.1. If A — B is a map of R-algebras, we have an exact sequence :
9114/1% Q4 B — Q}B/R — Q}g/A -0

Proof. Tt suffices to check that for any B-module M, the sequence :

0 — Dery(B, M) — Derg(B, M) — Derr(A, M)
is exact. U
Lemma 3.2. If A B is a surjective map with kernel I, we have :

1)1 5 QY ® B — Qb — 0
Proof. 1t suffices to check that for any B-module M, the sequence :
0 — Derr(B, M) — Derg(A, M) — Homa(I/I?, M)

is exact. O
Ezxample 7. We have that Q}%[Tl TR @ R[Ty,---,T,]dT;. Indeed, one checks that
the map @ | R[Th, - ,T,|dT; — Q}Q[Tl TR is surjective using the presentation. We

have the derivation Or, : R[Th,--- ,T,] — R[T1,---,T,] and they give linear maps : Jr; :
Q}%[T17.._7Tn]/R — R[T1,---,T,] with the property that Or,(dT;) = 6;;. We deduce that
{dTh,--- ,dT,} are indeed a basis of the differentials.

Ezample 8. Let A = R[Ty,--- ,T,]/(Pi,-- ,P). Then QL/R =& AdT;/(dP, - - ,dP,).

3.3.3. The naive cotangent complex. Let B be an R-algebra of finite presentation. This
means that we have an exact sequence 0 — I — A 3 B — 0 where A is a polynomial
algebra over R and [ is a finitely generated ideal. To any such presentation, we can

associate the complex : C(a) : I/I? 4 QL/R ® B.

Lemma 3.3. For any two presentations «, o, the complezes C(«) and C(c') are homo-
topic.

Proof. We first prove that if we have a map of presentations :

0 I A—“. B
l l lA lm
0 I A -, B

we get a map A : C(a) — C().

Second we show that if A and X" are two maps of presentation, A and A" are homotopic
from C(a) to C(a’). The homotopy is provided by the map A — X : A — I'/(I')? which
is a derivation.

Third, we show that given any two presentations, there is a map between them. It
follows that we have maps C(a) — C(o/) and C(a/) — C(a) and both compositions are
homotopic to the identity. O

Definition 3.7. A ring morphism R — B is smooth if it is of finite presentation and
for any presentation a, the compler C(a) : I1/I? A Q}L‘/R ® B is injective with projective
cokernel. A ring morphism R — B is étale if it is smooth and the Naive cotangent complex
s quasi-isomorphic to 0.

Proposition 3.5. (1) Let R — B and B — B’ be smooth (resp. étale) morphisms.
Then R — B’ is smooth (resp. étale).
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(2) Let R — B and R — B’ be smooth (resp. étale) morphisms. Then R — B ®r B’
is smooth (resp. étale).

Proof. Take a presentation « : R[T1,---T,] — B with kernel I, and a presentation 3 :
R[Ty,--- , Ty, X1, , X,] = B’ with kernel J inducing a presentation v : B[X1,--- , X,] —
B’ with kernel K.

We get a commutative diagram :

0—— EBlB,d’TZ —_— EBZB/dT'l ) EBjB/de —_— @jB/de —0
I/1? J/J? K/K? ——0

From which we deduce that the middle map is injective with projective cokernel. The
second point is left to the reader.

O
Proposition 3.6. A smooth morphism R — B is flat.
Proof. See [Stal3] TAG 00TA. Note that syntomic morphisms are flat by definition. [

Proposition 3.7. (1) Let R be a field. A morphism R — B s étale if and ony if B
is a product of finitely many finite separable field extensions of R.
(2) Let R be a ring. A morphism R — B is étale if and only if it is of finite presen-
tation, flat, and for all prime ideal p in R, k(p) — B ®@g k(p) is étale.

Proof. First, assume that R is a field and B = R[z]/P(z) with (P(z), P'(x)) = 1. Then

R — B is étale (the naive cotangent complex is given by B Pg ) B). In the other direction,
we may assume that R is algebraically closed. Then one needs to see that if R — B is
étale, then B is finite over R and reduced. See [Stal3] TAG 00U3. For the second point,
see [Stal3] TAG 00U6. O

3.3.4. Smooth morphism. If X — §S'is a map of schemes, we let Q}( /s be the quasi-coherent

sheaf over X of relative differentials. One possible definition is to consider the locally closed
immersion A : X — X xg X, factor it as the composite of a closed immersion, with ideal
7 and open immersion X — W — X xg X and to let Qﬁ(/s = A*7 /7% We can also

check that for R — A and f € A, Q,lq/R ®AAp = th/R, so that the construction of Qxlcl/R
is compatible with Zariski localization.
Definition 3.8. A morphism f : X — S is smooth at x € X is x has an affine neigh-

boorhood SpecB over an open Spec R of S containing f(x) and R — B is a smooth map
of rings.

Definition 3.9. A morphism is smooth if it is smooth at all points.
The rank of Qﬁf /s is called the relative dimension of f.
Definition 3.10. A morphism is étale if it is smooth of relative dimension zero.

Proposition 3.8. A morphism f: X — S is étale if
(1) it is locally of finite presentation,
(2) it is flat,
(3) foralls € S, the fiber X, is a disjoint union of spectra of finite separable extension
of k(s).
Definition 3.11. Let X be a scheme. We define its étale site Xei. The objects are
U € Ob(Sch/X) which are étale over X. The coverings are the étale coverings.
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Definition 3.12. We can also define the big étale site Schey. It has underlying category
Sch and the coverings are the étale coverings.

We can finally compare the various topologies:

Proposition 3.9. A Zariski covering is an étale covering, an étale covering is an fppf
covering, and fppf covering is an fpqgc covering.

In the next lecture we will prove:

Theorem 3.1. Let X be a scheme. The functor of points X(—) is a sheaf for the fpqc
topology.

4. LECcTURE III : DESCENT

4.1. Descent for sets. In this introductory section, we consider descent problems in the
category SET. Let S be a set. An S-set is a set T equipped with a map 7" — S. A map
of S-sets is a map of sets which respects the structural morphisms. Let S be a set, and
let {T; — S} be a covering. Here are two classical descent problems :

(1) (Descent of maps) Let X, Y be S-sets. Let {f; : X xgT; = Y xgT;}; be maps of
Ti-sets. Is there a map f: X — Y of S-sets such that f; = f x Idp, ?

(2) (Descent of objects) Let {X; — T;}; be Tj-sets. Is there a set X — S such that
X;=XxgT; ?

In order to address these questions, it is harmless to replace T; by [[7; = T and
we reduce to the situation where the covering is given by one single surjective morphism
T — S. Welet p1,p2: T xgT — T be the two projections. Let fr: X xgT — Y xgT
be a morphism of T-sets. We can define maps p;fr : X xgT xgT — X xgT xgT as
follows. The map fpr writes fr(z,t) = (fi(x),t). We let p}fr(z,t,t') = (fi(z),t,t') and
pEfT(SU, t t/) = (ft/ (fL‘), 2 t,)'

Proposition 4.1. Let X, Y be two S-sets, there is a canonical bijection between : Homg(X,Y)
and maps fr € Homp (X7, Yr) such that py fr = p5fr.

Proof. A map from Homg(X,Y) to Homyp(Xp,Yr) is defined by f — fr = f x Idyp.
It lands in the subset of maps for which pjfr = p5fr. Conversely, take fr such that
pifr = p5fr. The equality means that fi(z) = fy(x) for any (¢,¢') € T x T such that ¢
and t’ have the same image as = in S. We can safely define f(z) = fi(z) for any t € T
with the same image as = in S. O

Remark 4.1. Given the map fr € Homp (X7, Yr), the data of the isomorphism pf fr =
p5 fr is called a descent datum. Since f exists, we say that the descent datum is effective.

We now consider the question of descent of objects. Let p : X7 — T be a T-set.
We define the T' xg T-sets : pi X7 = Xr XgT and p5 X7 = T xg X7. Given a map
¢ pi Xy — p5 X7 of T xg T-sets (which we write (x,t) — (p(z), ¢+(x))), we can define
three maps of T' xg T x g T-sets:

(1) piopi=12: X7 x5 T xgT =T x5 X7 x5T, (2,1,t') = (p(x), (), 1),

(2) p33¢:=a3:T xs Xr xsT =T x5T x5 Xr, (t,2,') = (t,p(x), pp(2)),
(3) p’f73¢ = (ﬁl,g : XT XsT XsT — T XST XS XT, (x,t,t’) ( (.’L‘),t, gbt/ x))

Proposition 4.2. There is a bijection between S-sets and T-sets Xp — T equipped with
bijective maps of T' x s T-sets ¢ : py X7 — p3 X1 such that p} 3¢ = p3 36 0 py 2.
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Proof. Given an S-set X, we get a T-set X7 and the map ¢ satisfying the conditions.
Conversely, let Xp — T'. To descend it, we need for any (¢,t') € T xg T an isomorphism
¢rp © Xy — Xy which are compatible in the sense that if (¢,t',t") € T xgT xg T, we have:
Gpr 0 Prp = P 4. We then pick a section ¢ : § — T'. We can then safely define X — S
by setting X = X.(t). We have an isomorphim X xgT — X7 by (2,t) = ¢¢) (7).
The data of the ¢, is equivalent to the data of a map ¢ : X7 xgT — T xg X7 via
(z,t) = (2, Pp(a)¢(2)). The compatibility ¢y o ¢yy = ¢y is the condition pjz¢ =
p§73¢ o PT,2¢- O
Remark 4.2. The data of ¢ satisfying p} 3¢ = p3 3¢ op7 ¢ is a descent datum for Xp. The
existence of X tell us that the descent datum is effective.

We can reformulate both propositions as follows. Let us define the category of T-sets
with descent datum as the category whose objects are (Xp — T,1) where X is a T-set
and ¥ : X7 xgT — T xg Xp is an isomorphism of T' x g T-sets, satisfying the cocycle
condition 33 0 ¢y 9 = 91 3 and maps ¢ : (X7, ¢) — (X7, 1¢’) are maps ¢ : X7 — X/, of
T-sets, such that the following diagram commutes :

Xy xsT —Y>T xg Xp
lqﬁxld i[dxq&
X5 xgT o xg X
Remark that if X is an S-set, then X7 = X X g7 comes with a canonical isomorphism
Y : XpxgT — T xg Xrp, given by (x,t,t') — (¢, z,t).

Theorem 4.1. The category of S-sets is equivalent to the category of T-sets with descent
datum.

4.2. An example of descent in topological space. We give here another example.
Let f: T — S be a continuous map of topological space. We say that f is a quotient map
if f is surjective and a subset U C S is open if and only if f~!(U) is open. We remark
that closed or open surjective morphisms are quotient maps.

Proposition 4.3. Consider the site CompTop. Let X be an object of the site. The functor
Hom(—, X) is a sheaf.

Proof. Let U;T; — S be a covering. Again, it is harmless to consider [[T; = T. We claim
that the diagram :
Hom(S, X) — Hom(T', X) = Hom(T xg T, X)

is exact. Clearly, a map T — X which is constant along the fibers of T'— S comes from
a map S — X. This map is continuous because T" — S is a quotient morphism. ]

4.3. Descent for modules. Let A — B be a map of rings.

Definition 4.1. We say that A — B is faithfully flat if B is a flat A-module and Spec B —
Spec A is surjective.

Lemma 4.1. Let A — B be a faithfully flat map. A complex
0— M — My — M3z —0
of A-modules is exact if and only if
0 >M i ®2B—>My®asB—> Mg®a4B—0

15 exact.
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Proof. Since B is a flat A-module, we know that if the first complex is exact, then so is
the second one. Conversely, let

C:=0-"> M —2> My —2> M, 0

be a complex of A-modules such that the complex C® 4 B is exact. Since B is flat, we have
0 = ker(u ® B) ~ ker(u) ® B and similar equalities for the kernels, images and cokernels
of u,v and w.

Assume that ker(u) # 0, i.e. there is a € Ker(u), a # 0. So [ := {z € A | x.a = 0}
is a proper ideal of A and let m be a maximal ideal containing I. From the injection
AJ/I — ker(u) we get (A/I) ® B — ker(u) ® B = 0 by flatness of B. It follows that
(A/mA) ® B = 0, which is a contradiction because the spectrum of that last ring is in
bijection with the fiber of m under the surjective map Spec B — Spec A. Therefore we
must have ker(u) = 0.

We show in the same manner that ker(v)/Im(u) = coker(w) = 0. So C' is exact.

Let ¢ : A — B be a map of rings. We can form the complex :

C*=03A2BA B BB BoABoADB- -
where di(b1 @ -+ ®@b,) =100 @+ Qb — b1 @1 @by @+ by + .

Proposition 4.4. If ¢ is faithfully flat, the above complex is exact. If M is any A-module,
the complex M @4 C*® is ezact.

Proof. We first assume that the map ¢ has a section s : B — A. Define s,, : B®" — A by
Sp(b1 ®- - ®@by) = s(b1)ba® - - ®@Dby,. One checks that Idce = dse + sed. The same applies
to M ®4 C*®. In general we reduce to the case where there is a section. Indeed we tensor
with B, and the map B - B®4 B b— b® 1 has a section by ® by — b1 bo. [l

Remark 4.3. If A — B isn’t flat, then the complex above need not to be exact. Take
A =CJ[t?,t°) and B = C[t]. In B ®4 B, we have :

@Al =20 41 =2 4t =2 Ut =P @2 = 1@, t7
yet t7 isn’t an element of A.

We now consider the category DDMod(B) of B-modules equipped with a descent
datum. Its objects are pairs (N,1) where N is a B-module and ¢y : N ®4 B - B®4 N
is a B ® 4 B-module isomorphism such that the diagram:

N®saB®sB Y02 B®ysB®sg N

Yo,1 1,2

B4 N®asB

cominutes.

Here we set 1p,1(n ® by ® b3) = ¥(n ® ba) ® b3, ¥12(b1 ®n @ b3) = by ®(n @ bs) and
1#072(77, ® by ® bg) = Zb; ® by ® n; where 1/)(71 & bg) = Z b; & n;

Maps (N,¢) — (N',¢) are given by B-module maps f : N — N’ such that the
following diagram commutes :
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NoB—'~BaN

if@l i1®f
NoB-Y~BoN

We have a natural functor Mod(A) — DDMod(B), obtained by sending M to N =
M ® 4 B together with ¢ : N®4 B — B®4 N given by ¢((m®b1) @bs) = (b1 ® (m®bg)).

We have a natural functor DDMod(B) — Mod(A) obtained by sending N to M =
{neN,Yp(n®l)=1®n}.

Theorem 4.2. Assume that A — B is faithfully flat. The two functors induce equivalences
of categories Mod(A) <> DDMod(B).

Proof. Let us denote by F' : Mod(A)—DDMod(B) and by G : DDMod(B) — Mod(A)
the two functors. We first check that G o F' = Idjoq4) because if M € Mod(A), the
sequence : 0 > M - M ®4 B - B®4 M ®4 B where the second map is m ® b —
1®m®b—b®m® 1 is exact by the previous proposition.

We now prove that there is a map F o G — Idppoqp)- Let N € DDMod(B). Let
M={neNynel) =1xn}.

We define a map 0 : M ®4 B — N by b ® m — bm. We also have the map
Yy M4 B®RaB— B®4M®y B, given bymbb — b®@m®b. We check easily
that the following diagram commutes:

Idp®0
B®AM®ABB—>B®AN
¢MT 14\

001dp

M®sB®aB

N®AB

This proves that there is a map F'o G — Idppasea(p)- We now prove that this is an
isomorphism. Consider the following diagram:

0—>MosB-">No,B—2BgsNosB

C R T

0 N ' BN —%Bo,BosN

The first horizontal line is (0 - M — N — B ® N) ®4 B where the first map is the
inclusion, the second map ism®1 — 1®m®1 -1y (m®1)® 1. The second horizontal line
is the beginning of the exact sequence 0 = N - B® N - B® B ® N from proposition
4.4. We claim that this diagram is commutative, and this allows us to conclude that 6 is
an isomorphism.

Here is the proof that the first square is commutative :

d39(n®1) = 1®n
= Ydi(n®1)

Here is the proof that the second square is commutative :
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d4¢<m & 1) = 1/)172(1 dm 1) — 1/}072(771 ®R1® 1)
do(m®1) = 1eamel-ymel)x1l
Yrado(m®1) = P12(l@m® 1) — 12900 1(1@m® 1)

~— —

= Y121@m®1) —Pa(m1®1)

O

We can consider a slight variant. Let Alg(A) be the category of A-algebras. Let
DD Alg(B) be the category of pairs (C, ) where C'is a B-algebra and ¢ : C® 4B — B 4C
is a B ® 4 B-algebra isomorphism satisfying the same cocycle condition as before.

Theorem 4.3. We have an equivalence of categories Alg(A) — DD Alg(B).
Proof. This follows easily from theorem 4.2. g
4.4. Application 1 : the functor of points of a scheme is an fpqc sheaf.

Lemma 4.2. Let .F be a contravariant functor from the category of schemes to the category
of Sets. Assume that

(1) .Z is a sheaf for the Zariski topology,
(2) For any faithfully flat morphism of affine schemes U — V, the following diagram
18 exact :
FU)—= FV)=Z(V xyV)
Then F is a sheaf for the fpqc topology.

Proof. Let {U; — X}icr be an fpge covering. Let s; € % (U;) be sections, such that
silu;xxU; = 8jlu;xxu; in F (U X x Uj). We need to see that there is a unique s € .7 (X)
such that s|y, = s; . First, assume that X is affine. We can find J finite with a map
¢ :J — I and for each j € J, we can find V; < Uy;) affine such that {V; — X}ic; is a
covering. We get by restriction from s,(;) the sections sy;. Finally, since # is a Zariski
sheaf, we have that [[; 7 (V;) = Z([],;V;). The map [[;V; — X satisfies the second
axiom, so we deduce that there is a unique s € .%(X) which restricts to [| V-
Consider the diagram :

[ Ui=— H” Ui xx Vj

| |

X 1L,V

The section s pulls back to sections sy, € .%(U;) and we need to see that sy, = s;.
This holds true over Hj U; xx Vj by construction. We can check that sy, = s; Zariski
locally on U; (by the first axiom). So we can reduce to the case that U; is affine, but then
the covering ]_[j U; xx V; — Uj is of the type of the second axiom and so we conclude.

This settles the case that X is affine. In the general case, consider an affine Zariski
covering X = U; X, and from the covering {U; — X} we get covering {U; x X; — X;}.
The sections s;; over U; x X; come from a unique section s; over X;. The sections s
and s; coincide on Xy x x X; (cover X xx X; by open affines U, the sections s; and s;
coincide over U since they coincide on U; x x U). Finally the sections s; glue to a unique
section s over X. O

Corollary 4.1. Let X be a scheme. The functor of points X(—) is an fpgc sheaf.
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Proof. We first check that X (—) is a Zariski sheaf. Let T' be a scheme. Let T' = U;T; be
a Zariski cover. Let f; : T; — X be a collection of maps coinciding over the intersections
T; x7 Tj. Then the maps f; glue to a map of topological space ' — X. This is a map of
locally ringed spaces (this last condition being of local nature). Then, let us assume that
X = Spec R is affine. Let 7" = Spec B — T = Spec A be a faithfully flat map of affine
schemes. We want to see that the diagram

Hom(R, A) — Hom(R, B) = Hom(R, B ®4 B)

is exact. For any fp : R — B with equal pull backs to maps R — B®4 B, we deduce from
proposition 4.4 , that fp(r) € A for all r € R. We have therefore completed the proof in
the case that X is an affine scheme.

We now deal with the case where X is not affine. Let 77 = Spec B — T = Spec A be
a faithfully flat map of affine schemes. The map of topological spaces T" — T is a quotient
map by the lemma below. If X is a scheme, let |X| be the underlying topological space.
The map of underlying sets |T" x7 T"'| — |T'| x| |T"| is surjective. Let f':T" — X be a
map whose two pullbacks to 7" x1 T” coincide. Then we get a unique continuous map :
f:T — X. Let X = UXj be an affine Zariski cover. Then {T”" xx X; — T xx X;} is an
fpqc cover, and we get a map of schemes f|rx,x; : T xx X; — X; — X. These glue to
f which is therefore a scheme map. O

Lemma 4.3. Let f : Spec A — Spec B be a faithfully flat morphism. Then f is a quotient
map.

Proof. We first see that f is generalizing because f is flat. This means that if € Spec A
and f(x) € Spec B and if y is a generization of f(x), there exists z € Spec A with f(z) = y.
Let T C Spec B. We assume that f~!(T) = Spec A/.J is closed in Spec A. We have that
ff~YT) = T and we need to prove that this set is closed. First, we observe that T is
closed under specialization. Indeed, since f~!(T) is closed, it is stable under specialization
and thus its complementary is stable under generalization. Furthermore, f is surjective
and generalizing so Spec B\ T = f(Spec A\ f~(T)) is stable under generalization, hence
T is stable under specialization.

Now, let I = BnJ. We claim that T = Spec B/I. Clearly T C Spec B/I.
It suffice to see that T' contains all generic points of Spec B/I. For any generic point
x € Spec B/I corresponding to an ideal p,, the localization (A/J),, # 0, so there is a
point z € Spec A/I = f~YT) with f(z) = . O

4.5. Application : descent for quasi-coherent sheaves. Let X be a scheme. Let
{U; — X}ier be an fpqc cover. Let .%; be a quasi-coherent sheaf over Uj.
A descent datum for {U; — X }icr and .%; is the data of U; x x Uj-isomorphisms
Vi p1Fi = pyF;
(where p1 : U; xx Uj — U; and po : Uy xx U; — Uj are the projections) satisfying the
following cocycle relation. Let (i, 7, k) be a triple of indices. Let

q2:UxxUjxx U, — U xxUj
q273:Ui><XUjXXUk — UjXXUk
@3:UixxUjxx U, — U;xxU
qliUiXXUjXXUk — U;
qz:UiXXUjXXUk- — Uj
q;;:UiXXUjXXUk — U
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The cocycle condition writes :

qg,:&%‘,k o ‘ff,2¢i,j = C]isﬂ%,k-
In other words we have :
a1 o¥ij a3 3Vjk
Gt GF S g F S g7
We denote by DDQCoh({U; — X };) the category whose objects are ((-%;)i, (1i,5)i,;)
consisting of quasi-coherent sheaves .%#; over U; and descent datum ; ;. A morphism
¢ (Fa)i» Wig)ig) — ((F)i, (i ;)ij) is a collection of morphisms of quasi-coherent
sheaves ¢; : .#; — #] such that the following diagrams of morphisms of sheaves over
U; xx U; commute :

piPi
P1=@ ;Ply/

lwi,j iwé,j
P3;
P57 > pj 0\3/

Theorem 4.4. The natural functor from QCoh(X) to the category DDQCoh({U; — X }i)
is an equivalence of category.

Proof. The case of a Zariski cover is essentially a tautology. The case where X is affine
and [ is finite and the U; are affine is a restatement of theorem 4.2. The general case
follows by combining both. See [Stal3], Tag 023T. O

4.6. Application : descent for (quasi-affine) schemes. Let X be a scheme. Let
Aff/X be the category of schemes over X, p: Y — X with p an affine morphism. This
means that for any open affine U C X, p~!(U) is open affine in Y.

Let {U; = X }ier be an fpqc cover. We now define the category of affine schemes with
descent datum for {U; — X} that we call DDAf f({U; — X}). Objects of this category
are ((Vi)i, (¢ 4)i,;) that we describe. We have f; : V; — U; be affine morphisms of scheme.
We have U; x x Uj-isomorphisms of schemes 1; ; : V; xx U; — U; xx V; satisfying the
cocycle relation. Namely the following diagram is commutative :

Qi3'¢'i,k
V;XU]'XUk UiXUjXVk
U; x V; x Uy,

A morphism between {V;,¢; ;} and {V/,; ;} is the data of morphisms in U;-schemes
fi : Vi = V/ compatible with the 1; ; and w . in a natural sense.

The descent datum is called effective if there is f: V — X and isomorphisms V X x
U; = V;, such that 1); ; becomes the canonical isomorphism. V x xU; xU; — U; x x V X x Uj.
The basic result is:

Theorem 4.5. The functor Aff/X — DDAff({U; — X}) is an equivalence of cate-
gories.

A map V — X of schemes is called quasi-affine if locally on X, there is an affine
scheme X’ — X such that V < X’ is a quasi-compact open immersion. We can define
the category quasi — Af f/X and similarly a category DDgquasi — Af f({U; — X})
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Theorem 4.6. The functor quasi — Af f/X — DDquasi — Af f({U; — X}) is an equiv-
alence of categories.

Proof. See [Stal3], Tag 0246. O

5. LECTURE IV : CURVES OVER A FIELD

5.1. Discrete valuations. A (discrete) valuation on K is a non-constant function v :
K* — Z such that:

(1) v(z+y) > inf{o(z),v(y)},

(2) v(zy) = v(z) +v(y).
We often extend a valuation v to K by putting v(0) = +00. Two valuations v and v’
are equivalent if there is a rational number s such that sv = v’. We can normalize the
valuation by asking that v is surjective. We let &0, = {f € K,v(k) > 0}. This is the
valuation ring of the valuation v.

A discrete valuation ring in K is a subring A such that :

(1) for any f € K*, we have f or f~! € A,

(2) K*/A* ~ 7.

Lemma 5.1. The map v — O, induces a bijection between equivalence classes of dicrete
valuations on K and discrete valuation subrings of K.

5.2. Dedekind rings.

Definition 5.1. A domain R is called Dedekind if it satisfies one of the equivalent condi-
tions :

(1) R is noetherian, integrally closed and all non-zero prime ideals are mazimal,

(2) R is noetherian, and for all non zero prime ideal m, Ry is a discrete valuation
Tng,

(3) All fractional ideals of R are invertible.

Proof. [Fr7], 2, p.7. O

Remark 5.1. Let K be the fraction field of R. A fractional ideal of R is a sub-R-module
M of K for which there exists d € R\ {0} such that dM C R. Given a fractional ideal
M, welet M~! = {n € K,nM C R}. This is again a fractional ideal. We say that M is
invertible if M.M~! = R. A fractional ideal is invertible if and only if it is projective.

Proposition 5.1. Let R be a Dedekind ring. Let M be an R-module. Then M is flat if
and only if M is torsion free.

Proof. For a domain, we always have M flat implies M torsion free. For the converse
implication, we use that M is R-flat if and only if all its localizations M, are Ry,-flat. But
Ry, is a discrete valuation ring. It suffices to check that for any ideal I C Ry the map
I ®r M — M ®gr Ry is injective. But I = aR,, for some a € Ry,. O

Proposition 5.2. Let R be a Dedekind ring with fraction field K. Let L be a finite
extension of K. Let R’ be the normalization of R in L. Then R’ is a Dedekind ring.
Moreover, the map R — R’ is finite flat in the following two cases :

(1) L is separable over K,
(2) R is a finite type algebra over a field.

Proof. First assume that the extension is separable. We can find a basis z1,---,x, of
L over R with x; € R'. Let {z}} be the dual basis for the Trace map. We have that
®;Rz; C R C (R')* C @;Rx}, where (R')* is the set of elements x such that Tr(zR’) C R.
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It follows that R’ is of finite type over R, and is therefore Noetherian. Let m’ be a non-zero
ideal of R’. Then m = RNm’ is non-zero and therefore is maximal. Since R — R’ is finite,
we deduce that m’ is maximal. Next assume the extension is totally inseparable. We see
that K C L € K@) where K@ ") is the extension of K obtained by adjoining all g*"-roots
of K for ¢ = p/ (and p the characteristic). (We can also think as K7 ") being the field K
viewed as a K-algebra through the map = — x%.). We deduce that R C R’ C R@™Y). Let
I be an ideal in R. Then IR@ ") is invertible, since R@™) ~ R is Dedekind. It follows
that 1 = 3 azb; with a; € I and b; € (IR D)~ But 1 = Y a%? = Y a;al” "¢, Now
blel ~1 and therefore agflbg € I~'. Therefore I is invertible. In general, L is a totally
inseparable extension of a separable extension. It remains to see that R’ is of finite type
over R if R is of finite type over a field k. This is a classical commutative algebra result
(it is easy to prove if k is perfect). O

5.3. Projective schemes.

Definition 5.2. Let S be a scheme. An S-scheme X is projective if it can be embedded
as a closed subscheme of a projective scheme Pg.

We want to recall a criterium for X to be a projective scheme. Recall that over Pg

. . . . C . X0, Xn
we have the invertible sheaf ﬁPJS\] (1) and it comes with a surjective map @, @PJS\; oy

Opy (1).

Theorem 5.1 ([Har77], II, thm. 7.1). (1) If ¢ : X — PY is a morphism, then ¢*0(1)
s an invertible sheaf, generated by the section ¢*Xg, -+ ,do* Xn.
(2) Conversely, let L be an invertible sheaf over X together with a surjective map
o¥ WIS L. Then there is a canonical morphism ¢ : X — PY such that ¢*O(1) ~
L and ¢* X; = s;.
Theorem 5.2 ([Har77], II, prop. 7.2). An morphism ¢ : X — PY, corresponding to an
invertible sheaf L and sections sg,--- , sy 15 a closed immersion if :
(1) For all i, the open D(s;) defined by s; # 0 in X is affine,
(2) The map Os[X1/Xi, -+, Xn/Xi] — HY(D(s;),Ox) sending X;/X; to sj/s; is
surjective.
Remark 5.2. A map X — S is proper if :
(1) It is of finite type,
(2) It is universally closed,
(3) it is separated.
If the scheme X — S is projective over S, then the map X — S is proper.

5.4. Curves.

Definition 5.3. A curve C over Spec k is a scheme C — Spec k of pure dimension 1
over Spec k.

Here the dimension is defined as the maximal length of a chain of irreducible subsets.
Pure dimension 1 means that all irreducible components have dimension 1.
It is reasonable to add a few more assumptions.

Definition 5.4. A Dedekind scheme is a quasi-compact, separated scheme which is covered
by affines Spec A where A is a Dedekind ring.

Definition 5.5. A non-singular curve C over Spec k is an irreducible, quasi-compact,
separated, Dedekind scheme over Spec k.
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Let K = 0c,, be the fonction field of an irreducible curve.

Definition 5.6. We say that C' is geometrically connected if k is algebraically closed in
K.

5.5. Function fields of dimension 1. Let k£ be a field.

Definition 5.7. A function field of dimension one over k is a field K of finite type,
transcendance degree 1 and such that k is algebraically closed in K.

This means that there exists an element x € K such that K is a finite algebraic
extension of k(x). Actually, this holds true for any z € K \ k (indeed such an element is
not algebraic over k by assumption).

We now attach a set X (or xX) to K: the set of isomorphism classes of valuations
v : K* — 7Z which are trivial on £* (v(k*) = 0). We put a topology on X as follows : the
opens are () and the complements of a finite set of points. We will also add to X a generic
point 1, which belongs to all non-empty open subsets.

We now equip X with a sheaf of rings Ox. If U is some open, we let Ox(U) = {f €
K,v(f) > 0Vv e U} = Nyer Oy, so that (X, Ox) is a locally ringed space.

Theorem 5.3. Let K be a function field over k. The locally ringed space (X, Ox) is a
geometrically connected, non-singular, projective curve over Spec k.

Proposition 5.3. The locally ringed space (X, Ox) is a non singular curve. Let x € K\k.
We consider U = {v € X,v(z) > 0}. ThenU is open in X and Ox (U) is the normalisation
of k[z] in K. Moreover, (U, Ox|v) = (SpecB, Ospec B) for B = Ox(U).

Proof. Let B be the normalization of k[x] in K. This is a Dedekind ring. We first show
that Spec B = U. Let v € U. The map k[z] — 0, factors over B since 0, is integrally
closed. Consider the map B — €,. We claim that B N mg, = m is a maximal ideal in
B. Otherwise, BNmg, = {0} and therefore B\ {0} — & and Frac(B) = K — 0,, a
contradiction. We also claim that By = 0,. Indeed, let y € &, \ Bn. Then y~! € By
(since By, is a valuation ring) so that y=! € 0 N By = BY. So y € By. We have a map
U — Spec B. We can define a map in the other direction : let m be a maximal ideal of B.
Then By, is a valuation ring, so there is an associated valuation vy and vy(xz) > 0. The
bijection Spec B — U is continuous. It remains to prove that the sheaves coincide. Let
V = Spec R — Spec B an open affine subset. It suffices to see that R = Nmespec REm-
This is clear by Zariski descent.

Now let V = {v € X,v(x71) > 0}. Then X = U UV and moreover U \ (VNU) =
{v,v(z) >0} = V((x)) C Spec B is closed. We deduce that U, V are open in X and that
X is a scheme. Let us see that U NV is affine. This is clearly {v,v(z) = 0} = D(z) =
Spec B[1/z]. O

It actually follows from the proof that the curve associated to k(x) is P} and the
choice of z € K \ k provides us with a finite morphism X — IP’,{T. We will now prove that
the curve X is projective.

Proposition 5.4. The curve X is projective.

Proof. Let us pick a finite morphism 7 : X — P!, Let &(1) be the tautological sheaf
on P!. We claim that 7*@x(d’) for d’ large enough is generated by global sections and
provides a closed immersion X — Pév .

First, let us look at m,&. This is a coherent sheaf on PL. Over Spec k[zo/z1] = U,
mOx(U) is a finite type k-alegbra generated by sg,---,sy. Moreover, there exists d
such that the sections sox‘f, S8 N:U‘li extend to global section of Ox(d). Similarly, over
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Spec klz1/xo] = U', mOx(U’) is a finite type k-alegbra generated by to,--- ,tn/ (We can
arrange that N = N’). Moreover, there exists d’ (we can arrange that d = d’) such that
the sections tgxg, i ,tng extend to global section of m, Ox(d).

We have a surjective map ﬁ;fvﬂ — m,.Ox(d) given by x, xg, soxd, -+, syrg, toxg, e tng.

By adjunction, this is a map 6’)2(]\7 4 7%0(d) and we claim that the corresponding
map X — P2V13 is a closed embedding.

Clearly the image is included in the two affine opens D(Xy) and D(X;) of P2N+3,

The map k[Xo/X1, -, Xon+4/X1] = Ox(U) is surjective since Ox (U) is generated
by so = Xo/X1,-- ,sn = Xn41/X1. Therefore X — P2V+3 is a closed embedding.

O

Proposition 5.5. H(X, 0x) = k.

Proof. Let x € K \ k. We need to find v € X such that v(z) < 0. Let V = {v €
X,v(z71) > 0}. Then Ox(V) = B and k[x~!] — B is finite flat. We can find a prime
ideal above (z7!) in B and it corresponds to a valuation v for which v(z~1) > 0. O

5.6. An equivalence of category. We now prove that the last construction exhausts
all projective non-singular curves.

Lemma 5.2. Let C be a projective non-singular curve over Spec k. Then there is an
isomorphism C' — X where K is the function field of C.

Proof. We first define a morphism. To any closed point x of C, we have a local ring
Oc,» — K which is a discrete valuation ring because the curve is non-singular. Therefore
we have a map C — gX. This map is injective (the curve C is separated). The map
extends to a locally ringed space map (C, Oc) — ( kX, 0 . x), since for any open U of C,
Oc(U) = NyeyOc . The map C' — kX is therefore a map of algebraic curve. Its image
is closed since C' is projective, it is all of g X. O

Let X and Y be two schemes. A morphism f : X — Y is finite flat if for any affine
Spec A CY, f~}(Spec A) = Spec B is affine and A — B is a finite flat map.

Lemma 5.3. Let f : X — Y be a non-constant morphism between projective non-singular
algebraic curves. Then f maps the generic point nx of X to the generic point ny of Y.
The morphism f is finite flat and is determined by the morphism Oy, — Ox ;. on
generic points.

Proof. The image of f is a connected closed subset of Y. It is either Y or a closed point of
Y. It is therefore Y and the generic point of X maps to the generic point of Y. Therefore
we have a map K — L where K is the function field of Y and L is the function field of
X. Let x € K be an element which is not algebraic over k. The we have finite flat maps
k[z] - A — B where A is the normalization of k[z] in K and B the normalization of k[z]
in B. And Spec(B) = D(f*(x)) — D(x) is finite flat. O

Combining everything, we arrive at the following theorem (compare with [Har77],
corollary 6.12.):

Theorem 5.4. The functor “generic point” induces an equivalence of categories between:
{Non-singular, geometrically connected projective curves on Spec k, non constant morphisms}

and

{Function fields of one variable over k}.
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5.7. Invertible sheaves and divisors.

Definition 5.8. We let Div(X) be the free abelian group generated by the closed points
e X.

We have a partial order on Div(X). If D = Y ngx and D' = > myx, we say that
D > D’ is n, > m, for all z. We say that a divisor D is effective if D > 0.

If fe K>, welet div(f) =) ,cx ve(f)r. These divisors are called principal. We let
deg : Div(X) — Z which maps Y nzz to > ng[k(x) : k]. We let Div®(X) be the kernel of
deg.

Lemma 5.4. For all f € K*, deg(div(f)) = 0.
Proof. [Ser88], prop. 1, p. 8. O

Let D € Div(X). We let Ox (D) be the invertible sheaf defined by 0x(D)(U) = {x €
K,v(z)+v(D) >0, YvoeU}.

Lemma 5.5. There is a bijection between :
{Locally free sheaves of rank one L + mnon-zero rational section f € Ly, \ {0}}/isom
and Div(X).

Proof. To D € Div(X) we associate Ox (D) equipped with the rational section 1. Con-
versely let (£, f). Then for all x € X, we consider £, C £,. This is an Ox .- rank one
module inside a K-vector space of dimension 1. The module f.0x ; is another rank 1 sub-
module inside £,,. Let ¢, be a uniformizing parameter at . Then we have f.0x , = t}* L,

for a unique integer n,. We let D = Y ngyz. The map Ox (D) “{ £ is an isomorphism
which sends 1 to f. O

Corollary 5.1. There is an isomorphism : Pic(X) = Div(X)/div(K*)

By lemma 5.4, the map deg passes to the quotient and defines a map deg : Pic(X) —
Z. We let Pic"(X) = deg™!(r).

5.8. Cohomology.
5.8.1. Cohomology of line bundles.

Theorem 5.5. (1) The k-vector spaces H (X, L) are finite dimensional. Let g =
dim,H' (X, Ox) be the genus of the curve.
(2) We have dimH(X, £) — dim,H' (X, £) = deg(L) — g + 1.
(3) Assume that X/k is smooth. There is an invertible line bundle Q_lX/k of degree

29 — 2, and a canonical isomorphism H' (X, Qﬁ(/k) — k.

(4) We have a Serre duality perfect pairing :
HY(X, £) x HY(X, Q% ), ® L71) = k.

Proof. See [Ser88], prop. 2 and thm. 1, p. 10 and corollary p. 17, we sketch below the
argument. O

Remark 5.3. We notice that if deg £ < 0, then H°(X, £) = 0. Using the duality theorem,
we deduce that if deg £ > 2g — 2, HY(X, £) = 0 and dim;H®(X, £) = degl — g + 1.

Remark 5.4. A non-singular curve needs not necessarily be smooth in caracteristic p. For
example let k = F,(¢), and consider the curve of equation Y? = XP — ¢. This curve is
regular at Y = 0 but not smooth.
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5.8.2. Explicit definition of the cohomology. For all x € X, we let O, be the completed
local ring at z and K be its fraction field and ¢, be a uniformizing element in O,.
We let Ax be the ring of adeles of K. For a divisor D = Y nyz, we let O(D) =

{(fw) € AKv Ux(fa:) +ng = 0} = Hm t;nTOx
Then we have an exact sequence :
0 — HY(X,0x(D)) - K — Ag/O(D) — HY(X, Ox(D)) = 0

Indeed, we can consider the following resolution of the sheaf &x (D) by skyscraper
sheaves (which are acyclic):

0= Ox(D) = (tn)« K = @rex(ta) Kz /t;""Or — 0

where O, = 0 )},w and t, is a uniformizing element, ¢, : n — X is the inclusion of the
generic point and ¢, : * — X is the inclusion of the closed point x.

Remark 5.5. One can therefore interpret H!(X, @x) as measuring the obstruction to con-
struct a global rational function whose polar part has been given at a finite set of points.

Lemma 5.6. We have H'(P!, Op1) = 0.

Proof. We need to see that the map K — Ax/[[, O» = ®K,/0, is surjective. We may
assume that k = k. Let x € P1. If x € A!, then K,/0, ~ {(T‘%x) + 2+ a; € kY

(T—=)?
If 2 = 00, K;/Op = {a,T + aoT? + --- ,a; € k}. Moreover, we see that (Ta%x) + (71‘1_72@2 +
- € K;/0, C Ag/]], O» is the image of (T“%x) + (T%)g + -+ € K and similarly
(Taflx)‘F(T(iiQx)g—F“'EKx/ﬁngK/Hgﬁﬁx istheimageofa1T+a2T2+~--GK. O

Lemma 5.7. The k-vector spaces H' (X, L) are finite dimensional. Let g = dim;H (X, Ox)
be the genus of the curve. We have dimyH®(X, £) — dim;H} (X, £) = deg(L) — g + 1.

Proof. 1d D > D’ and we set D — D' = > n,x, we have an exact sequence :

0— Ox(D') = Ox(D') = &y(12)x O /2 — 0
It follows that H!(X, Ox (D)) is finite dimensional if and only if H'(X, &'x(D’)) is and in
this case,
dimH°(X, Ox (D)) — dimH (X, Ox (D)) =
dim,H(X, Ox (D")) — dimHY (X, Ox (D)) — deg(D) + deg(D").
This settles the case of PL. In the case of a general X, it suffices to prove that H!(X, £) is

finite dimensional. Take a finite map f : X — P!. We have that H'(X, £) = H (P!, f,£)
and we will see later that f.L is a direct sum of line bundles, so it is finite dimensional. [

5.8.3. Duality. We follow here [Tat68]. We first construct the dualizing sheaf Jx/, as
follows. At the generic point, this is the sheaf of continuous linear forms :

0:K\Ag — k

On some open U, we let Jx,(U) = {£: K\Ag/[[,cpy Oz — k}. We see that by definition,
HO(X, Jx,,(—D)) = H'(X, Ox(D))". We now assume that the curve is smooth over k. In
such a case, the following holds

Theorem 5.6 ([Tat68], [Ser88]). (1) For all x € X, there is a local residue map :
resy : WK, /k — k,
(2) For all x € X(k), we have K, = k((tz)) and resy(>_ antldty) = a_1,
(3) Forallw € Q}(/k, dopresg(w) =0.
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This theorem implies that there is an isomorphism given by the residue :

w Zresx(fxw)

6. LECTURE V : ALGEBRAIC SPACES

References : [Stal3], Tag 025R, [LMBO00], chapitre I. Let Space be the category of
functors Sch®P? — SET, which are sheaves for the fppf topology. The objects of this
category will be called spaces. We also note that these functors are completely determined
by their value on affine schemes.

Remark 6.1. Some authors use instead the étale topology.
As we have seen, there is a fully faithfull functor Sch — Space, X — X (—).

Remark 6.2. There is also a variant where one fixes a base scheme S. We let S-Space be
the category of functors Sch/S°PP — SET which are sheavs for the fppf topology. For
simplicity in this lecture we assume that S = Spec Z.

6.1. Second definition of a Scheme. We can give a more categorical definition of
schemes. The basic objects are affine schemes.

6.1.1. Restricting to affine schemes as test objects. Let Ring®? be the category of affine
schemes. We turn it into a site by using the fppf topology (for affine schemes). We
can consider the category Space’ of sheaves on Ring® for the fppf topology. We have a
functor Space — Space’.

Lemma 6.1. The functor Space — Space’ is an equivalence.

Proof. We produce a quasi-inverse. Let F' € Space’. We need to find the value F(X)
on an arbitrary scheme X. Take an fppf cover {U; — X} by affine schemes. Take an
fppf-cover {U; j — U; xx U;} by affine scheme. Define F'(X) by the exact sequence :

0= F(X) = [[Fw) =[] FWUi )
i W5,k

We need to prove this is independant of choices. We can reduce to the situation where we
have a covering {V; — X}; and a covering {V} ;u,n — Vi Xx Vin} and maps V; — Uy and
Vimm = Ug(1),6(m),6(n) (for a map ¢ on indices).

We may define F'(X) as follows : 0 — F'(X) — [[; F(Vi) = [[; nn F(Vim,n). There
is an injective map F(X) — F'(X). This map is an isomorphism since we have an exact
diagram

0= FU) = [[ FO)=][FWixu, Vin)

Lo(l)=i l,m
as well as maps V| x U;V,, — V; xx Vi, we can prove that any section (s;) € F'(X) C
[, £(V;) will descend to a section (s;) € [[; £'(U;) and then to F(X). O

6.1.2. Open subscheme of an affine scheme. We now define open subschemes of an affine
schemes. Let X = Spec A be an affine scheme. An open subscheme U of X is a subsheaf
U — X, with the property that there is a set I, elements f; € A, and maps Spec A[1/f;] —
U — X (where the composite Spec A[l/f;] — X is the natural map) and the map
[ 1, Spec A[1/f;] = U is an epimorphism.
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6.1.3. Open subspace of a space. We can now define open subspaces of a space. Let X be
a space. Let U — X be a subsheaf. We say that U is an open subspace of X if for any
ring A and map Spec A — X, the fiber product U x x Spec A is an open subscheme of
Spec A.

6.1.4. Schemes. We next define schemes. A scheme X is a space such that there exists a
set I, rings A; for ¢ € I, and maps Spec A; — X such that :

(1) Spec A; is an open subspace of X,

(2) The map [[, Spec A; — X is an epimorphism.

6.2. Algebraic spaces.

6.2.1. Representable maps. Let X — X’ be a map in Space. We say that the map is repre-
sentable if for any scheme Y and map Y — X', the fiber product X x x+ Y is representable
by a scheme.

Let F' be a space. We often ask that the diagonal map F' — F x F is representable
for the following reason :

Lemma 6.2. Let F' be a space with representable diagonal map. Then for any scheme X,
any map X — F is representable.

Proof. Let X — F be a map. Let X’ — F be another map from a scheme X’. Then we
find that there is a Cartesian diagram :

X xp X' F

L

XxX ——=FxF

O

Given a property (P) of a map of schemes that is stable under base change and
fppf-local on the base, we say that a map of spaces f : X — X’ has property (P) if it is
representable and for any ring A and any map Spec A — X', Spec A xx» X — Spec A
has this property.

6.2.2. Algebraic spaces. We say that a space X is an algebraic space if :
(1) The diagonal of X is representable,
(2) there exists a scheme X', and a map :
X' - X
of spaces which is surjective and étale.
The map X’ — X is called a presentation of X.

Remark 6.3. Some authors add the condition that the diagonal morphism is quasi-compact.

6.2.3. Equivalence relations. Here is another way to think about an algebraic space. Let
X be a scheme. Let R C X x X be a monomorphism of schemes (this means that the
map of corresponding spaces is injective). We let s and ¢ be the two projections R — X.
We say that R is an étale equivalence relation on X if :

(1) For all T € Sch, R(T) is an equivalence relation on X (7'),
(2) The maps s and t are étale.

Consider the following data :
(1) A scheme X,
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(2) An étale equivalence relation R — X x X.

Let us consider the space X/R associated to the presheaf S — X(S)/R(S) where
X (S)/R(S) means the quotient of the set X (S) by the equivalence relation R(S).

Theorem 6.1 ([Stal3], Theorem Tag 02WW). The space X/R is an algebraic space and
X — X/R is a presentation of X/R.

Proof. We will give a complete proof in the case that X and R are affine. For the general
case see [Stal3]. The map X — X/R is surjective. Let us prove that it is representable
by an étale map. Let Y = Spec A — X/R. We need to prove that Y X x/r X is a scheme
and that the map Y xx/p X is an étale map. First assume that Y — X/R lifts to a
map Y — X. Then Y Xy/p X =Y Xx X Xx/p X =Y xXx R is a scheme and the map
Y Xxx R — Y is a base change of an étale map, hence is étale. In general, we can find an
fppf covering {¢; : Y; — Y} with the property that Y; — X/R lifts to a map Y; — X. We
see that Y; X x,p X := T; is a scheme and that the map 7; — Y; is an étale map. Moreover,
the maps T; — Y; have a descent datum relatively to {¢; : Y; — Y'}. Namely, we have an
obvious isomorphism ; ; : T; Xy Y; =Y, Xx/r X xyY; = Yixy Tj =Y; xy Y xx/gp X.
By descent (the affine case), the space Y x x/r X is a scheme. Moreover, this is an étale
scheme as the property of being étale is fpqc local on the target ([Stal3], Tag 02YJ). Hence
the space Y X x/p X is a scheme, étale over Y. We finally need to prove that the map
X/R — X/R x X/R is representable. We have a diagram :

R X x X

N

X/R——=X/Rx X/R

Let Y — X/R x X/R be a map. We need to see that Y X x/Rxx/RX 1s representable
by a quasi-compact scheme. We first suppose that we have a lift Y — X x X. We then

reduce to this case by fppf descent.
O

Let F' be an algebraic space and X — F' be a presentation. Let R = X xp X.

Proposition 6.1. The scheme R is an étale equivalence relation on X. Moreover, F' =
X/R.

Proof. We have a cartesian square :

| ]

X—F
which proves that s,¢ are étale. Clearly, R is an equivalence relation, since R(T) =
{(z,y) € X(T) x X(T), v = y € F(T)}. Finally the sheaf F is the quotient of X
by the equivalence relation R. In other words, we claim that F' is the sheafification of
T — X(T)/R(T). The map X — F is an epimorphism. It factors through an epimorphism
X/R — F. We prove that this is a monomorphism. Let s1,s2 € X/R(T). Assume that
they have the same image in F/(T'). There is {T; — T'}; an fppf covering such that we have
lifts $1|7, and Sa|7, € X(T;). They have the same image in F'(T;), so (si|1;, s2|1;) € R(T;).
It follows that si1|7, = sa2|, € X/R(T;). Since X/R is a sheaf s; = sg.
O
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6.2.4. Erample 1. Consider the étale morphism Z, — Z,2, with group Z/2Z. Let X =
Spec Z,, X' = Spec Zy2. Let R = X' xx X' < X' x X'. Then R = X' x Z/2Z. We
now modify the equivalence relation as follows : we consider R C R to be the union of
X' x {1} and Spec Q2 x {o}. This is an equivalence relation. The quotient X'/R' = X" is
an algebraic space and not a scheme. If X” where a scheme, it would be an affine scheme
(it has only two points, a special point and a generic point !). But then R’ should be
closed in X’ x X', which is not the case. Let A be a Z,-algebra. If A is a Q,-algebra, we
have that X”(A) = Hom(Q,, A) = A. If Hom(Q,, A) = 0 (for example if A is a p"-torsion
ring), we have that X" (A) = Hom(Z,2, A).

We have a chain of étale maps X' — X" — X.
6.2.5. Ezample 2. Let X = Spec IFp. We have the Frobenius ¢ : X — X. We consider
X/¢*. Remark that X x X = Spec C*(Z,F,) = limy Z|/NZgpe. 7, is a profinite set.
Thus we consider the equivalence relation which is given by the embedding of Zg,. , <
Zspec F,- We have a chain of maps X — X/¢? — Spec Fp. Thus, the Galois group of
X/¢" is 7.

Similarly, we can consider Spec W (F,)[1/p]/¢%. The Galois group of this algebraic
space is the Weil group Wg, — G,

7. LECTURE VI : GENERALITIES ON VECTOR BUNDLES
7.1. Vector bundles and locally free sheaves.

Definition 7.1. Let X be a scheme. Let r > 0 be an integer. A geometric vector bundle
of rank r over X is a scheme p : V — X such that there is a Zariski covering X = U;U;
and isomorphisms of U;-schemes ¢; : V]p,:=V xx U; = Ay, such that for every affine
open subset U = SpecA C U; NUj, the automorphism c; o cj_1 of Ay, is linear, i.e., there is
a matriz (a; ;) € GL,(A) such that the map between the global sections of c¢; o ijl is given
by

ATy, T — AR, T

Tk — Z alyle.

Remark 7.1. Clearly, A% is a geometric vector bundle (by choosing the Zariski covering
X itself). We call A% the trivial vector bundle of rank r. In this case, for every scheme
T — X, A% (T) = HYT, Or)".

From now, we denote X be a scheme and £ be a locally free sheaf of finite rank r
over X.

Definition 7.2. (1) We define EY = Hom(&, Ox) to be the dual of £.
(2) We define Sym(E) (resp. symmetric powers Sym*E) be the sheafification of the
presheaf U + Sym E(U) (resp. U — Sym*E(U)).

Remark 7.2. (1) These definitions can be defined for every sheaf over X.
(2) If U = SpecA < X an open immersion, then £V (SpecA) ~ Hom(E(SpecA), A).
(3) We have Sym &€ ~ @~ Sym*& and this is a sheaf of &x-algebra.
(4) Clearly, if £ is a finite locally free @x-module, then so is £ and (£V)Y ~ &.
Moreover, if h: T'— X be a morphism of schemes, then h*(EY) = (h*E)V.
(5) For every sheaf of Ox-algebra B, Homg, _as(Sym &, B) ~ Homg, (€, B).

Lemma 7.1 (see [Gro61], Proposition 1.3.1). Let X be a scheme and A be a quasi-coherent
sheaf of Ox-algebra. Then there exists a unique X-scheme up to a unique isomorphism
over X, denoted by p : SpecA — X such that p.(Ospeca) = A.
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Proof. (Sketch) Let X = U;U; be a affine covering. Since A(U;) is an Ox(U;)-algebra,
there is a map SpecA(U;) — U;. By using quasi-coherent property, we can glue these
maps to get a X-scheme p : SpecA — X. O

Lemma 7.2 (see [GW10], Proposition 11.1). Let X be a scheme and A be a quasi-coherent
sheaf of Ox-algebra. Then for every X-scheme f: T — X,

Homx (7', SpecA) ~ Homg, _aiy(A, f+Or).
Definition 7.3. We denote V() := Spec(Sym(EY)).
Remark 7.3. If U = SpecA < X is an open immersion, then V(€);; = Spec(Sym £Y(U)).
Lemma 7.3. V(&) is a geometric vector bundle.

Proof. Since £ is locally free of finite Bnk, we can choose an affine covering X = UU;,
Ui = SpecA; such that €|y, ~ O}, ~ A; . Then £Y(U;) ~ E(U;)Y ~ (A])Y ~ A]. Then

there is a isomorphisms
ci : V(E)|y, = Spec(Sym &Y (U;)) ~ Spec(Sym A}) ~ Spec(A;[T1,...,T,]) = Af,.

For each SpecA — SpecA; X x SpecA;, c; o cl._1 is given by a linear change of coordinate.
Thus, V(&) is a geometric vector bundle. O

Lemma 7.4. Let h: T — X be a morphism. We have:
Homyx (T, V(£)) = H*(T, h*(€)).

Proof. We have

Homx (T,V(€)) = Homgy _a,y(Sym(EY), hOr) (by Lemma 7.2)

= Homg, (£Y,h0r) (by Remark 7.2 (5))

Homg,, (R*(EY), Or)

(R (£Y))Y(T)

= HYT,n*(€)) (by Remark 7.2 (4)).

g

Proposition 7.1. The assignment € — V(&) defines a covariant functor from the category
of finite locally free sheaves of Ox-modules of constant rank to the category of geometric
vector bundles with linear morphisms. This functor is an equivalence of category.

Remark 7.4. The definition of linear morphisms between geometric vector bundles will be
defined in the proof of the proposition.

Proof. We construct a functor in the other direction. Let p : V' — X be a geometric
vector bundle of rank r. Let S(V') be the sheaf on X defined by S(V)(U) = {s : U —
V]r,pos = Idy}. This is a locally free sheaf of &x-module. Indeed, there is a Zariski
cover X = UU; such that Vi, = Ap;.. Then we have S(V)y, ~ ﬁgqUi since for every open
subset U in U;,

S(WV)ip,(U) ={s:U — Ap;,po s =1dy}
~{t:U — A" ~ Spec Z[T1,...,T;|}
~ {t* : Spec Z[T},..., T, = Ox(U)} ~ Ox(U)".

We now check that S(V(&)) = €. By Lemma 7.4, for every open subset U C X,
SVENU)={s:U—=V(E)y,pos=1dy} ={s:U = V(&y)} = EU).
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Conversely, let p : V' — X be a geometric vector bundle. Since the construction of S(V)
is competible with base change, i.e., for a morphism h : V' — X,

R*S(V) ~ S(V xx V'),
we have
Homx (V,V(S(V)) ~ HY(V,p*S(V)) ~ HY(V,S(VxxV)) ~ {s: V = VxxV,pos = Idy}.

Then the diagonal map V — V xx V which amounts to a map H°(V, p*S(V)) or equiv-
alently to a map V' — V(S(V)). And this map is an isomorphism. This also shows that
every geometric vector bundle over X can be of the form V(&) for some finite locally free
sheaf of x-module £. Then we call a morphism between two vector bundles V(&) and
V(&) is linear if it is induced by a morphism & — £’. This defined a category of vector
bundles with linear morphisms.

It is left to check Homg, (£,€") ~ Hom(V(E),V(E')). Surjectivity is clear by the
definition of linear morphisms between vector bundles. Now let ¢, : &€ — £’ such that
V() = V() : V(&) — V(&'). This induces that Sym(p") = Sym(¢)Y) : Sym(E"Y) —
Sym(€Y). We have the following diagram:

g/ VY g\/

| -

Sym(£") ——— Sym(&Y)

Then Sym o ¢¥ = Sym o V. On the other hand, by checking at stalks and property
that stalk of a direct sum is the sum of stalks, Sym : &Y — Sym(&V) is injective. So
eV =V &V — EV. Hence p = ). O

We let Bun(X) be the set of isomorphism classes of vector bundles on X. We let
Bun,,(X) be the set of isomorphism classes of rank n vector bundles on X.

7.2. Operation on vector bundles. We can perform basic algebra operations on vector
bundles. For instance if & and & are vector bundles, so is & ® & and & © &. If £ is a
vector bundle, we can consider its dual £V, its exterior powers A’ and symmetric power
Sym‘E. Very important is det £ = A"E where n is the rank of €.

7.3. Invertible sheaves. Vector bundles of rank 7 = 1 on X are called invertible sheaves.
In this case we have a monoidal structure : if €& and &’, are invertible sheaves, £ ®4, &’
is an invertible sheaf. Moreover, if £ is an invertible sheaf, £V also and £ ® €Y — Ox
is an isomorphism. We let Pic(X) = Buni(X) be the group of isomorphisms classes of
invertible sheaves on X.

7.4. Torsors. Let X be a topological space and G a sheaf of groups over X. Let T be a
sheaf over X. An action of G on T' is a morphism of sheaves G x T' — T such that for any
open U of T, G(U) x T(U) — T'(U) is a group action of G(U) on T(U).

Definition 7.4. A G-torsor on X is a sheaf T with a G-action such that :

(1) for allU such that T(U) # 0, G(U) acts simply transitvely on T(U),
(2) There is a cover X = U;U;, such that T(U;) # 0 for all i.

Remark 7.5. The condition (1) is equivalent to for all U such that T'(U) # (), there exists
t € T(U) such that G(U) — T'(U), g — g¢.t is a bijection. The condition (2) is equivalent
to T, # 0 for all x € X.

Definition 7.5. A morphism of G-torsors is a morphism of sheaves @ : T — T' such that
for all open subgroup U C X, the map p(U) : T(U) — T'(U) is G(U)-equivarent.
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Remark 7.6. (1) Clearly, G is a G-torsor itself by the action G(U) x G(U) — G(U),

(g9,9') — gg’. This torsor is called the trivial G-torsor.

(2) A G-torsor T isomorphic to the trivial torsor if and only if T'(X) # (. Indeed, the
sufficient condition is clear since T'(X) ~ G(X) # (). Conversely, for any t € T'(X),
we have an isomorphism G(U) — T(U), g + gty for every open subset U of X.

(3) Morphisms of G-torsors are isomorphisms. Indeed, let ¢ : T — T be a morphism
of G-torsor. For all open subsets U such that T'(U) # (), we have the following
diagram,

~

GU) —=T(U)
| A
T'(U)
Thus, ¢ : T — T is an isomorphism.
Let X be a scheme and let £ be a vector bundle of rank r on X. Define
T(€) = Isom, (6%. ),
with action of G = GL,= Isom, (0%, 0%) by (g,¢) — ¢pog™t.
Lemma 7.5. T'(€) is a GL,-torsor.

Proof. Let U be an open subset of X such that T(U) # () and ¢1,¢2 € T(U) = Isomﬁx(ﬁ;’(w, &v)
then there exists uniquely g := ¢51 o ¢y in G(U) such that ¢ 0 g~! = ¢3. And since £

is a vector bundle of rank r, there is a covering X = UU; such that &, ~ ﬁ;ﬂU' Then
T(U;) ~ Isomﬁx(ﬁ}}wi, ﬁ;‘Ui) contains the trivial morphism, hence is not empty. O

We can also think of 7" as the space of isomorphisms Isomx (V(0%),V(E)) between
the trivial vector bundles and V(&).
Conversely, let T' be a GL,-torsor. Then T is representable by a scheme. Indeed, let
X = UU; be an open cover such that T'(U;) # 0 for all i. Then using Tjy, — G|y, we can
glue them to get a scheme. We can define a geometric vector bundle V(T') on X via the
following rule :
V(T) = (T xx V(6%))/GLy

for the diagonal action (¢,v)g = (¢ 0 g, g 1v).
Lemma 7.6. The space V(T') is a geometric vector bundle.

Proof. By working locally on X, we may assume that 7" = GL,. In this case, we have a
morphism : T'x V(0% ) = T x V(OY%), (t,v) — (t,tv). This isomorphism intertwins the
diagonal action of GL, and the action of GL, on T. We deduce that V(T') ~ T/GL, X
V(o). O

Proposition 7.2. The above rule defines an equivalence of categories between :

{vector bundles of rank r, maps are isomorphisms} — {GL,-torsors}
E = T(&)
VT) <~ T
Proof. Let T = T(£). To any point ¢t € T, we have a morphism ¢(t) : Viiv — V(E).
Moreover, ¢(t o g) = ¢(t) o g. Thus, there is a map
T xx Virin — T xx V()
(tx) = (L o(t).x)
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This map is equivariant for the diagonal GL,-action on the left hand side and the
GL,-action on T on the right hand side. Passing to the quotient, we deduce that V(T') =
V(E). g

7.5. Cech cohomology. One can describe the set of isomorphism classes of vector bun-
dles using Cech cohomology.

Definition 7.6. Let G be a sheaf of groups over X. Let U = {U;}icr be an open cover of
X. A Cech 1-cocycle on U is a collection 0 = (g; )i jer, where g; ; € G(U; NU;) such that

9,95k = gike on Ui NU; MUy Vi, j, k.
Two cocycles (gi ;) and (g; ;) are cohomologous when there exists (hi)icr with h; € G(U;)
such that g; ; = h;lg; hi on U;NU;. This is an equivalence relation. We define :

j
H' (U, G) = {cocycles} | ~

Remark 7.7. (1) Tf (gi4)ijer is a Cech-cocycle, then g;; = 1 and g; ; = gj_; for all 7, j.
(2) H (U, G) is a pointed set. The point being given by the cocycle gi; = 1d.

Lemma 7.7. There is a bijection:

{Isomorphism classes of G-torsors, trivial with respect to U} — H' (U, G).

Remark 7.8. A G-torsor T is called trivial with respect to U = {U; }ies if Tjy, is isomorphic
the trivial G|y,-torsor for all i. By Remark 7.6 (2), this equivalent to T'(U;) # 0 for all i.

Proof. Let T be the G-torsor is trivial with respect to U. Let t; € T(U;). Since G(U; NUj)
acts simply transitively on T'(U; N Uj), there exists unique g; ; € G(U; N Uj) such that

gi,jtj = ti Vl,j
This shows that g; jg;r = gir on U; N U; N Uy for all 4,5, k. Then the collection (g; ;) is
a cocycle. Different choices of t; give cohomologous cocycles. Indeed, let ¢;,t; € T'(U;) for
i € I then there exists unique h; € G(U;) such that h;t; =t for all i. Moreover, there
exist unique g; j and g; ; in G(U;, NU;) such that g; jt; = t; and g; ;t; = t;. Thus,

9ij = h;'gi jhj in Ui N U; N Uy Vi, j, k.

Conversely, given a cocycle (g;,;), we define a torsor T' by the following,

T(V)={(t;) € HG(V N Ui),tit;1 = gi,;} for V open subset of X.

This definition does not depend on the representation of (g; ;). Indeed, let (g; ;) and (g; ;)
are cohomologous and T',7” be the corresponding torsors. There exists h; € G(U;) such
that g, ; = hi_lggvjhj. Then for evey open subset V in X, T(V) = T'(V), (t;) = (hit;).
The G-action is given by (g, (t;)) = (tig~!). Thus T|y, = G|y, via t; — t;. Hence T is a
torsor trivial on U.

Now we show that each map is the inverse of each other. Let T be a G-torsor trivial
on U. Let t; € T(U;) and (g; ;) be the cocycle given by (¢;). Denote T” be the G-torsor
corresponding to (g; j). In order to prove T is isomorphic to 77, it suffices to construct a
morphism between them. And to define maps TI,Uz- — Tjy,, it is enough to define the maps
on global section T"(U;) — T(U;) because T and T” are trivial on Y. For all i € I, we
define

©; - T/(UZ') C HG(UZ N Uj) — T(Ui), (Uj)j — Ui_lti.
J
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This map is G-equivariant since for any g € G, (v;) € T'(U;),
pi(9(v)) = @il(vig™") = (vig™") "t = gy 't = gei((v5)).
For i,j € I, we have ;y,ny;, = Piu,nu;- Indeed, for every (vg), € T'(U; N Uj),
il(vr)) = v 1t = v gs jty = o Moy Tty = o) = wi((or))

So we can glue these map to get a morphism ¢ : 7" — T and this is an isomorphism.

Conversely, let (g; ;) is a cocycle and define T' be a G-torsor as above. Let v = (v;) €
T(U;) with v; = 1 and vj; = g;j.l for all j # i. Let v = (9;) € T(Uy) with 0 = 1 and
0j = g];; for all j # k. Now let g, € G(U; N Uy) such that g, ,0 = v. Then f}kg’i_’; = v,
then ¢'; ,i = g; . Hence g;; and g, are cohomologous. O

We say that U’ is a refinement of U if U' = {U]};e; and there is a map a: J — [
with U} C Uyj)- This induces a map

Hl (L{, G) — Hl (ulv G)a (gi,j)i,jel = <ga(i),a(j)U(mU{>
vV dged
Two coverings U and U’ are called equivalent if each one is a refinement of the other.

Clearly, if U and U’ are equivalent, then H (U, G) ~ H'(U',G). We get a commutative
diagram :

{Isomorphism classes of G-torsors, trivial with respect to U} — H (U, G)

| |

{Isomorphism classes of G-torsors, trivial with respect to U’} — H(U', G)
Definition 7.7. We call H (X, G) := lim, H' (U, G) be the Cech cohomology of G on X,
where U runs through the set of equivalence classes of open covering of X.

Proposition 7.3. There is a bijection:

{Isomorphism classes of G-torsors} — H'(X, Q).
In particular we deduce that Bun,(X) = H'(X, GL,).
Proof. By above commutative diagram, we have a map

lim {Isomorphism classes of G-torsors, trivial on U} — thI(U, G)=HY(X,q).
u u

Then by Lemma 7.7, this is actually a bijection. And by the fact that

{Isomorphism classes of G-torsors} = hgrl {Isomorphism classes of G-torsors, trivial on U},
u

we have the first statement. The second statement is immediately induced by the first
statement and Proposition 7.2. g

Corollary 7.1. Pic(X) = H(X,G,,).
Remark 7.9. For every abelian sheaf F on X, we have
HY(X,F) ~HY(X,F).
See Lemma 20.4.3 (tag 02FQ), Stack Project to see that
H!(X, F) ~ {Isomorhism classes of F-torsors},
then by Proposition 7.3, we get the result.



37

8. LECTURE VII : VECTOR BUNDLES ON CURVES

8.1. The category Coh(X). We now assume that X is a projective, geometrically con-
nected, non-singular curve over Spec k.

Lemma 8.1. Let X be a Dedekind scheme. The following are equivalent for a coherent
Ox-module € :

(1) & is a vector bundle,
(2) & is a torsion free Ox-module.

Proof. All Ox , are DVR or fields. If £ is a vector bundle, then for all z € X, &, is free
over OUx, which is a DVR thus &, is torsion free, so £ is torsion free. Conversely, if £ is
torsion free, as Ox , is a PID, &, is flat, and of finite presentation (€ is coherent), so it is
projective of finite rank, and Oy , is local so it is free: £ is a vector bundle. O

Let X be a non-singular curve. Let £ be a coherent &'x-module. We have an exact
sequence :

gcotors

0= Eors = & — —0

where &5 is the maximal torsion sub-sheaf of £ and £ is a vector bundle.

We have Sup(Eiors) = {x1,- -+ ,xn} because Sup(Eors) is a closed subset (see Stacks
tag 01BA) of dimension 0 of X as it does not contain 7 (the only torsion &’x ,-module is 0)
and Eiors = B, (La, )« M; where M; is a finite length Ox ,,-module (A = Ox 5, is a DVR
so taking a sequence 0 C My C --- C M,, = M := &,, such that M; /M is isomorphic
to A/p; for p; € SpecA;, as A is a DV R, each p; is either 0 or m := m,,, but a 0 would
give a non torsion element, so we get a composition sequence of M;, which is therefore of
finite lenght)

8.2. Subbundles. We let V B(X) the full subcategory of Coh(X ) whose objects are vector
bundles.

Definition 8.1. Let £ be a vector bundle on X. A subbundle &' C & is a subsheaf such
that £/&' is a vector bundle.

We now explain an important construction. Let £ < £ be a subsheaf. First, £ is a
vector bundle since it is torsion free. We define a subbundle (£)f of £ called the saturation
of £. This is the kernel of the map & — (£/£")¢°*". Observe that we have &’ C (£') C £.

Lemma 8.2. We have a bijection :
{subbundles of £} < {subvector spaces of the k(X )-vector space &}

Proof. Let & C £ be a subbundle. Taking the fiber at the generic point gives a subvector
space 57'7 C &,. Conversely, let V' C &,. We define £ by the short exact sequence :

0—=& = &= (1n)&)V
We see that £ is coherent and saturated in &. O

Corollary 8.1. Any rank r vector bundle £ on X admits a filtration by subbundles
{Fil'€}o<i<, with FiI'E of rank r — i.

Proof. Take a full flag of the vector space &, and apply the lemma. U
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8.3. The category V B(X). The category V B(X) is not abelian.

Theorem 8.1. The category VB(X) is an additive category which admits kernels and
cokernels.

Let f: £ — G be a morphism in the category VB(X). We let ker(f) be the Kernel
of f in the category Coh(X).

Lemma 8.3. The coherent sheaf ker(f) is a subbundle of £ and is the kernel of f in
VB(X).

Proof. Tt is clear that ker(f) is a vector bundle and it is therefore the kernel of f in
VB(X). The map f passes to the quotient to an injective map : €/ker(f) — G. Consider
(€ /ker(f))trs — G. This map is trivial (there are no nonzero maps from a torsion sheaf

to a vector bundle because its image would be a torsion submodule). This proves that
(€ /ker(f))trs = 0. O

We let coim(f) = £ /ker(f).

Lemma 8.4. Letim(f) be the image of f in the category Coh(X). This is a vector bundle.
Let im(f)! be the saturation of the image of f in £. Then im(f)? is the image of f in
VB(X). Let coker(f) be the cokernel of f in the category Coh(X). Then coker(f)®"s is

a vector bundle and is the cokernel in the category VB(X).

Proof. Tt suffices to prove the statement regarding coker(f). We see that we have a map
G — coker(f). For any vector bundle F with a map G — F, such that & — F is zero, we
have a factorization G — coker(f) — coker(f)/coker(f)?s — F:

E *> G —» Coker f — coker feotors

\ i W El'go in Coh(X) ////

{ ;;;; -
T exists because (Img)tors=0

O

Remark 8.1. If f : £ — F is a morphisme in VB(X), we have the commutative diagram
with exact columns :

The blue arrow is an isomorphism if and only Imf = (Imf)f. In this case we say that f is
strict morphism.
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8.4. Elementary modifications. Let £ be a vector bundle of rank r on X. Let x € X

be a closed point and let &, = 5); ~ k(x)[[tz]] (by [Ser68], II, 4, thm 2 in the case that

k is perfect, and the reference given there for the general case). Let also K, = Frac(0)).
A modification of £ at x is a vector bundle £ such that &[x\, = &'|x\4-

For A an integral domain of fraction field K, a A-lattice of a K-vector space V is a free

A-submodule which spans V' as a K-vector space.

Lemma 8.5. There is a canonical bijection:
{modifications of & at x} <> {Oy-lattices in & Rgy , Ku}
Proof. Given a modification &£, we get a lattice & ®Qpy, Oz Conversely, let A, be a

lattice. Replacing & by &(nz) for n large enough. We can assume that A C & ®gy, Ox.
We consider the short exact sequence :

0—E& = &= (ix)la/A\
so that & = & outside of {z}. O
We observe that the set of lattices in K7 is in bijection with GLy,(K,)/GLy(0%).

Corollary 8.2. We have a bijection :

Bunn(P') = GLy(k[2])\GLa(k((z™1)))/GLn(k[lz™"]])-
Proof. Let £ be a rank n vector bundle over P'. We know that £|1 is trivial, since k[X]
is principal. We fix an isomorphism ¢ : £[y1 ~ OF,. Having fixed this isomorphism,
& becomes a modification of the trivial bundle at co. Therefore it is given by an ele-

ment in GL,(k((z™1)))/GL,(k[[x71]]). Forgetting the trivialization amounts to taking
the quotient by G L, (k[z]). O

d
Corollary 8.3. The map Pic(P') ~ 7 is an isomorphism.

8.5. Weil’s formula.
Theorem 8.2. There is a bijection :

Buny(X) = GLy(K)\GLn(Ax)/ [[ GLa(O.).

Proof. Let .# be a locally free sheaf of rank n. Let sq,---,s, be a basis of sections at
7 (this basis is defined modulo GL,,(K)). Then for all closed points = € X, there is a
unique element f; € GL,(K,)/GL,(O;) and an isomorphism f,OF = .7, Ry, Or =
T Ry, Ox = K because Fu ®ey, Ox is a lattice of Ty Roy, Or = K. Conversely,
given a collection (f;) € GL,(Ak) we can define the subsheaf of (¢,)), K" by Z (U) = {s €
K" VxeU, se f,08}. O

Here is a similar, but slightly simpler formula for P!,
Theorem 8.3.
Bung,(P') = GLy(k[z™ ' )\GLn(k[z,2™"])/GLy(k[x])
Proof. Since k[z] and k[z~!] are principal, any locally free sheaf .# is trivial on Spec k[x]
or Spec k[z~1]. Elements in GL,(k[z,z!]) give the gluing data. Namely, we can take a
basis ey, - , e, of F(Spec k[x]) and a basis fi,-- -, f, of Z(Spec k[z!]). Restricting to

Spec k[z,z71], we find a matrix in G L, (k[r,27!]) which passes from the basis (e;) to the
basis (f;). O

We let 0(n) be a sheaf of degree n. We have the following theorem of Grothendieck :
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Theorem 8.4. Any vector bundle on P! is a direct sum of line bundles €'(n).

Proof. By theorem 8.3, we are reduced to certain matrix computations. See [HM82]. [

8.6. Cohomology of coherent sheaves on a curve. Attached to a coherent sheaf &,
we have the cohomology groups H°(X, €) and H' (X, ).

8.6.1. Rank and degree. Let & be a coherent sheaf. We let rk(£) = dimyx)(&,) be the

rank of the vector bundle £¢°ts.

We now define the degree. If £ is a torsion sheaf, we have that H°(X, ) is a finite
k-vector space and we let deg(€) = dim;H%(X, £). If € is a vector bundle, we let deg(&) =
deg(det &).

Lemma 8.6. Assume that £ is a vector bundle which corresponds to an element of
(f2)eex € GLy(K)\GLy(AK)/ 1], GLn(Oz). Then we have

deg(&) = =Y _[k(x) : KJua(det(f,))-

T

Proof. We have amap det : GL,(K)\GL,(Ak)/ ], GLn(Oz) = GL1(K)\GL1(Ak)/ ], GL1(O).
This reduces to the case that n = By construction, we see that L correspond-

Ly,

1.
ing to (f) is isomorphic to the (=), v.(fz)x). We have that deg(— >, va(f2)z) =
- Zm v (fo)[k(2) « K. ]

In general we let deg & = deg E;ops + deg £0L0TS,
Lemma 8.7. The functions rk and deg are additive on short exact sequences.
Proof. For the function rank, this is obvious : any short exact sequence :
0-E—=E & =0
induces a short exact sequence :
0=& =& =& =0

For the function degree, we first observe that additivity is obvious in the following case:
0= & — & — & — 0is a short exact sequence of torsion sheaves and of locally free
sheaves. In this second case, we use that det &’ = det £” @ det £. We deal with the general

case. First, by modding out by &/, we have a diagram :

g/gtors —— gl/géors - g”/Im(‘%ors)

T | |

E g/ g//
gtars gt/ors (géors)

where all raws and columns are exact. We see that deg is additive on all columns and
on the bottom raw. Therefore additivity of deg on the top and middle raw is equivalent.
We therefore can reduce to the case that £ and £’ are vector bundles.

Next by modding out by the inverse image in & of &/, we get a diagram :
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0 g//,ﬂ.—l(g/l ) 5///5//

tors tors

] |

£ 5/ ™ (c/*//

] |

—1¢r
g ™ gtors

- (géors)

with exact raws and columns. We see that deg is additive on all columns and on the
top raw. Therefore the additivity of the middle line is equivalent to that of the bottom
line. We thus reduce to the case that £ and £’ are vector bundles and £” is a torsion
sheaf. Therefore £’ is a modification of £ at a finite set of points 1, -, z, and the map
: &, — €. has elementary divisors 7., -+ ;" so that

lengthy (&}, /€4,) = [k(as) : k(3 niz) = [k(x:) : klog, (det(Ex, — EL,))-
j=1

g

8.6.2. The Riemann-Roch formula. We let x (&) be the Euler characteristic of £, defined
by:
x(&) = dimH°(X, £) — dim, H' (X, £)

Theorem 8.5. For any coherent sheaf £, we have: x(€) = deg& +rk(E)(1 — g)

Proof. Since x, deg and rk are additive on short exact sequences, if we have an exact
sequence :
0-E—=E—-E"—=0

in Coh(X), and the formula holds for two out of three then it holds for all. The formula
holds for torsion sheaves. It also holds for Ox. It remains to prove that it holds for
vector bundles. Since any vector bundle is a successive extension of line bundles, it is
enough to check the formula for line bundles. Let D be an effective divisor. Since 0 —
Ox — Ox(D) — Ox(D)/0Ox — 0 is exact and Ox(D)/Ox is torsion, the formula holds
for any effective divisor. In general, let D = D; — Dy with D, Dy effective. We have
0= Ox(D) — Ox(D1) = Ox(D1)/0Ox(D) — 0 is exact and Ox(D1)/0x (D) is torsion.
We conclude. g

9. LECTURE VIII : STACKS

9.1. Motivation. We are interested in constructing geometric objects using moduli prob-
lems. Here are some examples. Let S be a base scheme.

Ezample 9. Let r > d > 1. We consider the functor (Sch/S)°P? — SET, sending X — S
to pairs (L, ¢) consisting of (isomorphism classes) of a locally free sheaf £ of rank d over
X, and a surjective map ¢ : 0% — L. This functor is a Space and is actually representable
by a projective S-scheme GR(r,d), called a Grassmanian.

Ezample 10. Let Ell be the functor (Sch/S)P? — SET sending X — S to the set of
isomorphism classes of elliptic curves £ — X. An elliptic curve E — T being a proper,
smooth curve of genus 1 such that each fibers are geometrically connected, which admits
a section T' — §.

Ell is not representable for the following reason. Let E : 4> = 23+1 and Fy : 2y® = 23 +1
be two elliptic curves defined over Q. We see that they define elements of Ell(Q). These
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two curves are not isomorphic over Q, but they become isomorphic over @(ﬂ) Indeed,

we can define over Q(v/2) the map A : By — FE5 which sends (z,y) to (z, \/§_1y). This
map is not defined over Q since for o the non-trivial element of Gal(Q(+/2)/Q) we have
A% = —\. This implies that the functor Ell is not separated (hence not representable)
since otherwise the morphism Ell(Spec Q) — Ell(Spec(Q(1/2))) would be injective, since
Spec(Q(v/2)) — Spec Q is an fpqc cover, which is not the case as E, Ey are distinct points
of Ell(SpecQ) with the same image in Ell(SpecQ(v/2)).

Ezample 11. Let X be a projective, non-singular, geometrically connected curve over
Spec k = S. We define Buny ,, the functor sending 7' — S to Bun, (X xgT'). This is not
representable. Indeed, take 7= P! and let p: X xgT — T be the projection. Consider
p*0(1) and p*@. These are non-isomorphic line-bundles, thus define two elements of
Bunx 1(T). They are not isomorphic : indeed, after extending scalars, we may assume
that X has a k-rational point. And taking pull back under the section we recover ¢ and
O(1). Let UJJU" — T be the standard affine covering of P! by two affine lines. We see
that the two points become equal on the pull back to U [[ U’ since & ~ &/(1) over U [[U’.
This implies once again that our functor is not separated, hence not representable.

The common feature of the last two examples, is that the objects we are trying to
classify have automorphisms. Any elliptic curve has the automorphism —1. Similarly,
any vector bundle has scalar automorphisms by G,,. More precisely, if U = {T; — T}
is a fpqc covering of T', then it is easy to see that local isomorphisms (such as the one
over UJJU’, or the one over SpecQ(v/2) will glue to a global isomorphism, ensuring
sepratness on the cover, if and only if the Cech cohomology H}, (T, G) = 1 where G is the
automorphism group of the object over T'.

One first idea is to rigidify the functors to kill automorphisms. For example, we could
consider elliptic curves with an invariant differential (at least in characteristic # 2,3, or
with a basis of the N-torsion for N > 3). Nevertheless this idea does not work all the
time. The other idea is to consider also the possibility of objects having automorphisms.

Namely, one can upgrade Ell has a "functor” whose value on X is the category of
elliptic curves with morphisms being isomorphisms of elliptic curves (rather than the iso-
morphism classes of objects). Similarly, we now redefine Bun,,(T') for any scheme T as the
category whose objects are rank n vector bundles and whose morphisms are isomorphisms
of vector bundles (rather than considering Bun,(T) as the set of isomorphism classes of
vector bundles). We let Buny , be the functor sending 7" to the category Bun, (X xgT).

There is actually a foundational question of what is a functor valued in a category.
We address this below using the formalism of fibered category. We then define Stacks
which are the analogue of Spaces, and then algebraic Stacks which are the analogue of
algebraic spaces.

9.2. Fibered categories. Let S, C be two categories and let F' : & — C be a functor
between them. Informally, we say that S is fibered over C if there is a good notion of base
change. Namely, let x € Ob(S), and let U = F(x) € Ob(C). Let f : V — U be a map in
C, then we would like to have an element f*z € Ob(S), called the base change of x to V,
with F(f*z) =V.

Definition 9.1. A strongly cartesian morphism ¢ : y — x in S is an arrow with the
property that :

Homgs(2,y) = Homs(2, Z) X Home (F(2),F(z)) Home (F(2), F(y))
Where the fibered product is given by :
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Homg(z,y) ——— Homg(z, x)

| Jc

Homs (F(2), F(y)) gom; Home (F(2), F(z))

And the bijection is given by ¢ — n = (¢o1p, F(¢)). This means that for all mapn : z — x
such that F(n) factors through F(y), n factors through an unique ¥ : z =y :

1
PR Y SR R C
L bk
F(9)
F(z) — V=F(y) —> U =F(x) S

By the Yoneda lemma, given f : V. — U and =z € S with F(x) = U, if there is
a strongly cartesian ¢ : y — x with F(¢) = f, then (y,¢) is unique up to a unique
isomorphism.

Lemma 9.1. The composition of two strongly Cartesian morphisms is strongly cartesian.

Proof. Let ¢ : ' — x and ¢’ : 2”7 — x be two strongly cartesian arrows. Let U, V, W be
the images of z, 2/, 2”. We have that

Homg (2, z") = Homs(2,2") Xtome (F(2),F(a')) Home (F(2), F(2"))

Homg(z,z") = Homs (2, &) Xtome (F(2),F(z)) Home(F(2), F(z"))
So that
Homgs(z, z") = Homs (2, ) Xtome (F(2),F(z)) Home (F(2), F(2")).
O

Definition 9.2. Let F': § — C. We say that S is fibered over C if for any x € Ob(S),
and U = F(z) € Ob(C), and any map f :V — U, there is a strongly cartesian morphism
¢: ffx—xinS with F(p) = f.

Ezample 12. Let C be a category, then Arr(C) the category of arrows of C whose morphisms
are the commutative squares is a category over C with the functor "target”. We can see
that cartesian morphism are just cartesian squares, and that Arr(C) is fibered over C if
and only if C has fiber product.

Let FF: § — C be a fibered category. For all U € C we let Sy be the fiber category,
its objects are z € C with F'(z) = U and arrows f : z — y in Sy are arrows in C with the
property that F(f) = idy.

Lemma 9.2. For any arrow f:V — U, we can construct a pull back functor f*: Sy —
Sy.

Proof. By the axiom of choice, we can choose for any x € Ob(Sy) a pull back f*x €
Ob(Sy). Let g : © — 2/ be an arrow in Sy. Then we get an arrow f*g : f*z — f*2’ by
using the universal property of strongly cartesian morphism. O

Lemma 9.3. Let F' : S — C be a fibered category. We choose pull back functors f* :
Sy — Sy for any arrow f: U — V. Then the following properties hold :
(1) For any maps f : U — V and g : V. — W, there is a unique isomorphism of
functors Sy — Sy, aypg: (fog) ~ frog*.
(2) If f =1dy, there is a canonical isomorphism Idy; = Ids,, .
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Proof. For any x € Sy, (f o g)*z and f*¢g*x are two pull backs of x. Therefore there is
a unique isomorphism (f o g)*x — f*¢g*x. This gives the functor. Similarly, there is a
unique isomorphism Idj;x = x giving the functor of point two. O

Remark 9.1. Thus the fibered category gives rise to U — Sy which is a contravariant
pseudo functor from the category C to the category of categories. The category of cat-
egories is a 2-category, with objects being categories, 1-morphisms being functors, and
2-morphisms being natural transformations. The 2-morphisms oy, appear when trying
to compare various pull backs. All the identities satisfied by the 2-morphisms ay  (when
varying f and g) are a little bit long to record. For this reason, one prefers the language
of fibered categories.

9.3. Fibred categories in groupoid.
9.3.1. Groupoid, setoid, discrete categories.
Definition 9.3. A groupoid is a category C such that all morphisms in C' are invertible.

Definition 9.4. A setoid is a groupoid C such that any object x has a unique endomor-
phism : the identity.

Definition 9.5. A discrete category C' is a category whose only morphisms are the identity
morphisms Id, for x € Ob(C).

We can attach to a groupoid C a discrete category C45¢ obtained as follows : its ob-
Jects are equivalence classes of object of C' where z,y € Ob(C) are equivalent if Home (x, y) #
(). There is a functor C' — C%5¢ X — X.

Lemma 9.4. Let C be a setoid. Then C is equivalent to C%s.

Proof. As C'is a setoid, there are at most one morphism between two of its objects. We
define a quasi-inverse : if X € C’ﬁsc, we send it to X a chosen representant of the class,
and we send the only morphism X — X to Idx. O

9.3.2. S-groupoids. Let S be a scheme.

Definition 9.6. An S-groupoid is a fibered category X over Sch/S, p: X — Sch/S such
that, for U € Ob(Sch/S), Xy is a groupoid.

Ezxample 13. Buny, x — (Sch/S) is an S-groupoid, where we have defined the category
Buny x with Ob(Bun,, x) = {T — S € (Sch/S),€ a vector bundle of rank n over X}
and a morphism (77,&') — (T,€) is the data of an S-morphism f : 7" — T, and an
isomophism of vector bundle over X7 : ¢ : & — f*E.

We have a trivial "forgetfull” functor F' : Bun, x — (Sch/S). It is straightforward that
for an S-scheme U, the fiber of F' at U is a groupoid.

Furthermore, if we take (7”,£") and (T,€) two objects in Buny x, T" an S-scheme,
(f,@) - (T",E") — (T,€) a morphism in Bun, x and g : 7" — T such that f factors
through g. If we let £ = g*&, we can see that ¢ factors as well through £ and the mor-
phism inducing the factorization is uniquely determined by (f, ¢). This show that Bun, x
is indeed an S-groupoid.

Remark 9.2. Let © — y be a map in X. Let f : p(z) — p(y). Let f*y — y be a pull back
of y. Then the morphism x — y factors as * — f*y — y where x — f*y is a map in Xy.

Remark 9.3. One proves that equivalently, and S-groupoid X is a category over Sch/S,
p:X — Sch/S such that
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(1) For any arrow ¢ : V — U and any object z € X’ such that p(z) = U, there exists
an object y € X and an arrow ¥ : y — x such that p(¥) = ¢.
(2) For any diagram in X:
e d Y

in X with image in (Sch/S) :

wXUulvy

and any morphism ¢ : W — V| such that x = ¢ o1, there is a unique arrow z — y
in X such that h = f o g and p(g) = .

Proof. First, if we take an S-groupoid X, the first point is true, if we take ¥ the strongly
cartesian morphism coming from ¢. The second point is similarly true, since it is just the
definition rewritten if we take f = W.

Conversly, we see as before that X must be a fiber category over Sch/S. Now, taking U
an S-scheme, z,y € Xy and f : x — y taking U = V = W and the identity morphism for
x and ¢ and for h yields the existence of an unique arrow y — = which is a right inverse
of f. Using the unicity, f is invertible. g

The category of S-groupoids denoted Gr/S is a 2-category. The 1-morphisms are
functors between the objects (the categories). The 2-morphisms are natural transforma-
tions between 1-morphisms (the functors).

Definition 9.7. Let X, Q) be two objects of Gr/S. Let F : X — %) be a 1-morphism. We
say that F' is a monomorphism if F' is fully faithfull. We say that F' is an isomorphism if
F is an equivalence of categories.

Remark 9.4. We see that F' is a monomorphism if for all U € Ob(Sch/S), if Fy = Xy —
Yy is fully faithfull. We see that F' is an isomorphism if Fy; : Xy — 2y is an equivalence.

9.3.3. Fiber products. We want to explain the fiber product construction. Let X TN 2 L3
be a diagram of 1-morphisms. We construct an S-groupoid X X, 9 4 3 as follows:

For any U € Sch/S, the fiber category (X x, 94 3)u has objects the triples (z, 2, g)
where x € Xy, z € 3y and ¢ : p(x) — p(z) is an arrow in Q.

A map (z,z, f) — (2/,2/, f') is the data of arrow g : x — 2’ and h : z — 2’ such that
the following diagram commutes :

p(x) —L> g(2)

J{p(g) lq(h)

p(a') — q(=')

9.4. Presheaves and groupoids. Let X : (Sch/S)°’? — SET be a presheaf. We can
turn it into a groupoid over S by letting Xy = X (U) (this is the discrete category having
objects X (U) and the only arrows being the identity of the objects) and for any maps
¢:U =V, welet ¢*: X(V) — X (U) be the natural restriction map.

Lemma 9.5. Let X be an S-groupoid such that for all U, Xy is a discrete category. Then
X is the groupoid associated to a presheaf.

Proof. The groupoid is entirely described by the pullback maps f* : Xyy — Xy (which are
unambiguously defined) for any f : V' — U. We can therefore consider the presheaf F
defined by F(U) = Xy. O
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Lemma 9.6. Let X be an S-groupoid. The following are equivalent :

(1) X is isomorphic to a S-groupoid associated to a presheaf.

(2) The diagonal morphism A : X — X xg X is a monomorphism.
Proof. Let x € Xy. We have Ay : Homy,, (z,2) — Homxx x, ((z, 2z, Idy), (z,z, Idy)) =
Homy,, (z,z) x Homg, (z,2) given by the diagonal map. This map is an isomorphism if
and only if Homy,, (x,z) is {id,;}. We can define an S-groupoid X%*¢ by letting %‘(i}“ =
(Xp)%sc. The map X — X%*¢ is an equivalence of categories. O

9.4.1. Schemes and groupoids. Any S-scheme T determines a presheaf and therefore an
S-groupoid. Concreteley, one considers the S-groupoid Sch/T — Sch/S.
We have the 2-yoneda lemma :

Lemma 9.7. Let T be an S-scheme. There is an equivalence of categories :
HomGr/s(T, :{) — X7

It sends a 1-morphism F : T — X to F(T — T) € Ob(Xr). It sends a 2 morphism
G:F—=F tothemap F(T - T)— F (T —T).

Proof. Let x € Xp. We define a functor Sch/T — X as follows. We send any f: U — T,

to frx. O
We therefore get a fully faithful functor Sch/S — Gr/S.
9.5. Stacks.

Definition 9.8. A groupoid X over S is an S-stack if :
(1) For all (z,y) € Xy, the presheaf (Sch/U)P? — SET, V — Homy, (zv,yy) is a
sheaf,
(2) For all fppf covering {U; — Uticr, any descent datum (z;, f; ;) is effective.

Let us spell out the two conditions. We can define the category DD ({U; — U}) whose
objects are (x;, f; ;) where z; € Ob(Xy,). For all 4, j, we have maps p; : U; x5 U; = Uj;
and po : U; xg U; — Uj. We have maps f;; : pjz; — psz; in Xy,xu; satisfying the
cocycle condition in Xy, x su;xsv;,- Morphisms (z;, fi ;) — (], Z/]) are collection of maps
x; — x; compatible with the maps f; ; and f; ; We have a functor Xy — DD({U; — U}).
Let z € Ob(Xy), we can define pf; x = w; (for the projection py, : U; — U) and we
have canonical maps f;; : pjz; — p3x;. Then condition 1) is asking that the functor
Xy - DD({U; — U}) is fully faithful, and condition 2) that it is essentially surjective.

Lemma 9.8. Let X be an S-stack. Let T — X xg X (corresponding to (z1,z2) € X%.
Then the fiber product :

T XxXSx X
is the space over T given by V — Hom(z1|y,x2|y). Assume that A : X — X xg X is a
monomorphism. Then X is equivalent to an S-space.

Proof. An object of (T Xxxsx X)v is (z1]v,z2|v,z € Xv, f1 : x1|ly = =, fa : 22|y — ).
A morphism (z1]v,x2|v, z, f1, f2) = (@1|v, z2|v, 2, fi, f5) arises from a map h : © — 2
such that ho f; = f!. This category is a Setoid, equivalent to the discrete category of maps
f:xl‘v—>$2’\/. O

Example 14. Let X be an S-scheme. Let G be an affine S-group scheme which is acting
on X. We consider the quotient stack [X/G]. Its objects are (U, T, ¢) :

(1) An S-scheme U — S.
(2) A U-scheme p: T — U which is a G xg U-torsor for the fppf topology.
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(3) A G-équivariant morphisme ¢ : 7" — X.
The morphisms are (U, T, ¢) — (U, T',¢') are given by maps f : U — U’, maps of torsors
F:T — T, such that p’ o F = fopand ¢ o F = ¢.

We prove that this is indeed a Stack. Indeed, fppf-descent of G-torsors is effective
(because G is affine) and the functor of points of X is an fppf sheaf.

We can justify this construction. Let Spec & — S be a geometric point. We see
that [X/Glspec & is the category with objects X (k) and morphisms Hom(z,2') = {g €
G(k),gx = 2'}.

Ezample 15. We see Bun,, x is a stack. This follows from descent theory for coherent sheaf,
granting the fact that the condition of being a vector bundle of rank n for a coherent sheaf
is local in the fppf-topology.

In order to prove this we first recall the following lemma :

Lemma 9.9 ([Stal3], TAG 00NX). Let M be an A-module. The following conditions are
equivalent :

(1) M is finitely presented and flat,

(2) M is finite and locally free,

(3) M is finite and projective.

Lemma 9.10. Let M be an A-module. Let A — B be a faithfully flat morphism. Then :

(1) M is finitely presented if and only if M ®4 B is finitely presented.
(2) M is flat if and only if M ® 4 B is flat.

9.6. Morphisms of stacks. The category of S-stacks is a 2-category that we denote by
Stack/S.

Definition 9.9. We say that a morphism F : X — X' of S-stacks is an epimorphism
if for any U € Ob(Sch/S) and any x € Xy, there is a covering {U; — U} and objects
yi € Ob(Xy,) such that F(y;) is isomorphic to xy,. We say that F' is a monomorphism, or
an isomorphism, if the morphism of S-groupoids is a monomorphism, or an isomorphism.

We now discuss representability.

Definition 9.10. An S-stack X is representable by algebraic spaces if there is an S-
algebraic space X and an isomorphism X — X.

Definition 9.11. An S-stack X is representable by a scheme if there exists an S-scheme
X and an isomorphism X — X.

Definition 9.12. Let F' : X — %) be a morphism of S-stack. We say that F' is representable
by algebraic spaces if for any S-scheme T and any map T — 2), the fiber product X xo T
s an algebraic space.

Let A : X — X xg X be the diagonal.

Lemma 9.11. The morphism A is representable by algebraic spaces (resp. schemes)if and
only if, for any S-scheme T and any z,y € Ob(Xr), the sheaf V +— Hom(xy,yy) is an
algebraic space (resp. a scheme).

Let f : X — Y be a map of algebraic spaces. Recall that f is called representable
if for any scheme T, the fiber product T" Xy X is a scheme. Let P be a property of a
morphism of schemes which is stable under base change. We declared that f has property
P is for any scheme T, T' Xy X — T has property P.

Definition 9.13. A property P of morphisms of schemes is said to be étale local on source
and target if :



48

(1) If f: X =Y is étale and g : Y — Z has P, then go f has P,

(2) If f: X =Y has P and Y' =Y is étale, then X xy Y’ — Y’ has P,

(3) Given a morphism f : X — Y, then f has P if and only if, for any x € X, there
s a commutative diagram

A, v
p q

x—t.y

with p, q étale, x € p(U) and g has P.

Definition 9.14. Let f : X — Y be a map of algebraic spaces. Let P be a property of
morphism of schemes which is é€tale local on source and target. Then we declare that f
has property P if, for any commutative diagram :

U—2-v
P q
f
X —Y
with U,V schemes, p,q étale morphisme, g has property P.

Lemma 9.12. In the situation as above, f has property P if and only if g has property
P for p,q presentations of X and Y respectively.

Definition 9.15. Let F' : X — %) be a morphism of S-stacks, representable by algebraic
spaces.

(1) Let P be a property of morphisms of schemes which is étale local on source and
target, stable under base change and fppf-local on the base. Then, we say that F
has property P if for any scheme T', Fr : X xo T — T' has property P.

(2) Assume that F is representable by schemes. Let P be a property of morphisms of
schemes stable under base change and fppf-local on the base. Then we sat that F
has property P if for any scheme T', Fr : X Xo T — T' has property P.

9.7. Algebraic stacks.

Definition 9.16. A 1-morphism X — ) in Stack/S is said to be surjective if for all
U € Ob(Sch/S) and all Y € Ob(Yuv), there exists a fppf covering {U; — U | i € I} and
objects X; € Ob(Xy,) such that F(X;) ~ Dy,

Remark 9.5. Compare this to the notion of surjectifity for sheaves.

Definition 9.17. An S-stack X is an algebraic stack if

(1) The morphism A : X — X xg X is representable by algebraic spaces,
(2) There is an S-algebraic space X and a smooth surjective morphism P : X — X.

Ezample 16. Let X be an S-scheme and let G be a smooth affine group scheme acting on
X (a:GxX — X). Then [X/G] is an algebraic stack. A presentation is given by the
morphism X — [X/G], mapping f: U — X to (U,T=GxU,¢p=ax f: GxU — X).
We see that X xx/q X =G xg X.
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10. LECTURE IX : HARDER-INARASHIMAN FILTRATION

10.1. Generalities. All quasi-coherent modules will be on a non singular geometrically
connected projective curve X. Let £ be a vector bundle. The slope of £ is :

=428

Proposition 10.1. Let £ — £ be a map of vector bundles which is a generic isomorphism.
Then deg(E') > deg(€) and equality holds if and only if the map is an isomorphism.

Proof. Consider a map f : &€ — &’. This map induces an isomorphism at the generic
point 7. Therefore ker(f) = 0 and coker(f) is a torsion sheaf. We consider the sequence
0= & — & — &/E— 0. Since deg is additive, we have that deg(E’) = deg(€)+deg(E'/E).
Since £'/€ is a torsion sheaf, we see that deg(€'/E) > 0 and is zero if and only if f is an
isomorphism. ]

Proposition 10.2. Let 0 — & — &' — £” — 0 be a short exact sequence of vector bundles.
We have
(€' € [inf{u(&), n(E")}, max{pu(&), n(€")}.
Moreover, if n(€) # p(E”) then u(&’) lies in the interior of this interval.
Proof. Let u(€) = ¢, u(€) = b” w(&" = % with @’ = a +a” and ' = b+ V”. Without

loss of generality (switching the names of £ and £”), we can assume that u(€) < u(€”) so
that ba” — ab” > 0. We have Z+g,, -¢= % > 0 and %ig,l,, ‘g,,,, = % < 0, with
equality if and only § = %7. O

Definition 10.1. A vector bundle £ is called stable if for all subbundle 0 # &' C &, we
have p(E') < p(€). A wvector bundle & is called semi-stable if for all subbundle 0 # &' C &,
we have p(&) < p(€).

Remark 10.1. One can also phrase the definition using quotients of £ : A vector bundle £
is called stable if for all quotient & — &' # £, we have u(&’') > u(€). A vector bundle € is
called semi-stable if for all quotient &€ — &', we have u(&) > p(€).

Remark 10.2. An invertible sheaf is stable as it is simple.

Proposition 10.3. If £, F are vector bundles over X, then p(€ @ F) = pu(€) + w(F).
Also, u(€") = —(€).

Proof. Tt results from the formula deg(€ ® F) = degrkF + deg FrkE, which results,
denoting n = rkf and m = rkF from det & ® F ~ (det £)®™ @ (det F)®", if (e1,...,en)
and (f1,..., fm) are local basis of £ and F, then the isomorphism is (e; ® f1) A (e2 ®
JON - (en® frn) = [LA--ANeg]®" @ [f1 A+ A fin]®", which is well defined because for
endomorphism of free modules we have det(f ® g) = det f x det g so that the map does
not depends on the local basis chosen.

For the statement on the slope of the dual, it suffices to show it for the degree. If £
correspond to (fz)zex € GLyp(K)\GLy(Ak)/ ], GLn(Oz). Then deg€ = deg L where
L corresponds to (det fy), € GL1(K)\GL1(Ak)/ 1, GL1(Oy), then degEY = deg L7}, si
by using deg(&) = — >, [k(x) : klvg(det(fz)), we get deg€ = —deg &Y. O

Remark 10.3. A vector bundle £ is stable or semi-stable if and only if £V is stable or
semi-stable, if and only if £ ® L is stable or semi-stable. It follows from the previous
proposition
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Lemma 10.1. Let &, &’ be semi-stable vector bundles with u(€) > u(€'). Then Hom(E,&') =
0.

Proof. Let f be a non-zero morphism. Let £” be the strict image of £ in £. Then
w(E") > p(€) and we have a contradiction because u(€) = (). O

Lemma 10.2. Let £,&" be semi-stable vector bundles with w(E) + 29 — 2 < pu(E’"). Then
Ext!(£,&) = 0.

Proof. We use the corrolary for Serre duality for coherent sheaves : HO(X, Qﬁ( /e ® EV) ~
HY(X, &), then Ext!(£,&) = HY(X, &V ® &) ~ HY(X, V), @ (EV®E)Y) =H(X, Q) ®
E®EY) = H°(X,Homg, (&, Qﬁ(/k@)cf)) = 0 because M(Qﬁqk@g) =2g9—2+4u(&) < p(&)
and we use the previous lemma. O

10.2. The category of semi-stable vector bundles.

Theorem 10.1. Let p € Q. The full subcategory of Coh(X) of semi-stable vector bundles
of slope p is an abelian category stable by extension.

Proof. Let £ and &' be two semi-stable vector bundles of slope u. Let f: € — & be a
map. We see that
u(E) < plcoim(f)) < pim(f)) < u(E)
and therefore, coim(f) = im(f) are of slope . The morphism f is therefore strict. We
deduce that im(f) is semi-stable of slope p. It follows that ker(f) and coker(f) are also
semi-stable of slope pu.
The part about extension follow immediately from the convexity property O

10.3. The Harder-Narashiman filtration.

Theorem 10.2. Let £ be a vector bundle. Then £ has a unique increasing filtration (for
some integer n) :
0C&EC---CE=E

where E;/E;_1 is semi-stable of slope p; and py > pg > <+ > Uy,
Proof. For any subbundle & C &, we have deg&’ + rk(£')(1 — g) < dim; H°(&') <

dimy, HY(€). We deduce that deg &’ is bounded by dimy HY(€) — 1k(€)(1 — g) (if g > 1),
and by dimy H(£) otherwise. Thus, the set {u(£'), & C £} is bounded above and the
maximum is reached. Let p; be the maximum. We claim that there is a maximal sub-
bundle with slope p1. Indeed, let £ and & be two subbundles with slope pi. They are
semi-stable. Then the subbundle & + & (defined as the image of & @ & — £ ) has slope
less or equal than p;. Since & @ & is semi-stable of slope p1, it has slope greater or equal
than p1. We deduce that £ @&, has slope p1. Let £1 be the maximal subbundle with slope
u1. Consider the short exact sequence 0 — & — & — £/& — 0. By the maximality of
11, any subbundle of £/&; has slope < p;. By induction, we deduce that £ has a filtration
as in the theorem. It remains to prove uniqueness.

We shall prove that if F is a subbundle of £, then p(F) < up and that equality implies
that F C &;. Indeed, the filtration induces a filtration on

FOCFHC-CF=F

with 7, = &, N F. Moreover, F;/Fi—1 < & /Ei—1. We deduce that u(F;/Fi—1) < p;. It
follows from the convexity property that p(F) < up with strict inequality if F;/F;—1 # 0
for some 7 > 2.



51

Let 0 C & € --- € &, = & be another filtration. We deduce that p) < p1 and that
p1 < py by symmetry. It follows that & = £]. By induction on the rank of & we will
conclude. g

Corollary 10.1. Let & be a vector bundle with HN-filtration
0cé&E C---CE =€

Let & C & be a subbundle which is a step of the HN filtration of £. The HN-filtration of
& is {€'N&;}. The HN-filtration of E/E" is {&€/(E' N E;)}.

We define the HN-polygon of the filtration to be the convex polygon in the plan with
vertices (0,0), (deg(&1),rk(&1)), -+, (deg(&),rk(E)).
Proposition 10.4. The HN-polygon is the convex hull of the set of point (rk(E’), deg(E"))
for & CE.

Proof. Let & C &. Consider the HN-filtration 0 C & € -+ € &, = & of €. Let
ri = rk(&/&—1). We get a filtration {& = & N &'} for which &//E!_| has slope u) < p;
and rank r, < r;. We have deg(£’) = > r}u;. This proves that the point (rk(E’), deg(E"))
is below the HN-polygon. O

Example 17. If one take a vector bundle £ of rank 4 of degree 4, with a filtratrion with
ranks and degrees (1,2),(3,3), (4,4), the polygon is :

5,,

1 2 3 4 5

We can actually read some informations on the polygon. For example, if it has a
"slope jump” greater to 2g — 2 at an edge (r;,d;) (which means that the difference of the
slope after ¢ and before ¢ is greater than 2g — g, then F is not indecomposable. Indeed,
Lemma 1.2 would give Ext!(F;/F;_1, Fj/Fr—1) for all k < i < j so that the HN filtration
splits at @ : F = Fj~; @ Fj<.
Also, as there are only finitely many convex polygones with integer coordinates with slope
jump less than 2g — 2, going from (0,0) to (r,d) we see that there are only finitely many
possible sequences of (r;, d;) that are the ranks and degrees of the HN filtration containing
an indecomposable vector bundle. It can be seen that the only degree of freedom left is
the data of the Ext!'(F;/Fj_1,Fr/Fr—1), which are in finite number, and if k is finite,
are finite, so we get only a finite amount of semi-simple vector bundle of given rank and
degree. Therefore we have only indecomposable ones too.

11. LECTURE X : Bun, x IS AN ALGEBRAIC STACK

In this lecture, all schemes are noetherian unless explicitly specified.
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11.1. Coherent sheaves on projective space.

Lemma 11.1 ([Har77], II, lem. 5.14). Let X be a scheme. Let L be an invertible sheaf.
Let f € HY(X,L). Let Xy = D(f). Let F be a coherent sheaf on X.
(1) If X is quasi-compact, and s € H°(X,.F) is such that s|x;, = 0. Then there is
neN, frs=0in H(X,Z ® L).
(2) If X is quasi-compact and quasi-separated, and if s € HO(Xf, F, there eristsn € N
such that f*s € H'(X, . ® L).
Let A be a noetherian ring, S = Spec A. Let R = A[Xo,--- X,]. Let M = &M, be a
graded R-module. Then we define M a quasi-coherent sheaf on P%. We have M (D(X;)) =

(M[1/X;])o (the subscript 0 means the elements of degree 0). Conversely, let .# be a quasi-
coherent sheaf on P2, we define M(F) = &, H(P%, 7 (n)).

Proposition 11.1 ([Har77], II, prop. 5.15). The canonical map M(F) — Z is an
isomorphism.

Corollary 11.1 ([Har77], II, thm. 5.17, coro. 5.18). Let .# be a coherent sheaf over the
projective space. There exists n such that we have a surjective map ﬁ}% — Z(n).

11.2. Cohomology of coherent sheaves.

11.2.1. Generalities. Let X be a scheme. The functor I'(X, —) : Mod(X) — Ab is left
exact. The category Mod(X) has enough injectives. It follows that the functor I'(X) can
be derived into : RI'(X, —) : DT (Mod(X)) — D+ (Ab).

Let .# € Mod(X). We can compute the cohomology as follows : pick an injective
resolution .# — I®. Then RI'(X,—) is represented by H°(X, I*®). Actually, we can take
any I'(X, —) acyclic resolution. Another way to express the cohomology is using Chech
cohomology.

Let X be a scheme and let Y = {U; — X} be a Zariski cover. Then we let

cu,F HHO Ui, 7) = [0 v, 7) -
7]

We let H (U, F) = H(C*U,.F)). We let H(X,.F) = colimyH(U,.#). This is the
Chech cohomology.
Lemma 11.2 ([Stal3], TAG 01EW, TAG 01ET). Let X be a scheme. Assume that there
s a basis B of open of X stable under intersection such that for each U € B, HZ(U F)=0
for alli > 0. Then H(U,.#) = 0 for alli > 0 and H(X,.7) = H(X, F) = H(U, F)
where U is a coverning of elements of B.

Theorem 11.1 ([Har77], III, thm. 3.7). If X is an affine scheme and F € QCoh(X),
H'(X,.#) =0 for alli > 0.

Proof. We first check that Chech cohomology vanishes on any affine. The theorem follows
by the above lemma. O

Corollary 11.2 ([Har77], III, thm. 4.5). Let X be a separated scheme. Let F be a
quasi-coherent sheaf. Let U;U; be an affine cover. The Cech complex :
[[2w.,#) - [[8°UinU;, Z) -
i i\j
represents the cohomology RI'(X, F).
Proof. The resolution # — [[; Zlu, = [, ; # lv,nu; — -+ 1s T'(X, —) acyclic. O
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11.2.2. Relative cohomology. [[Har77], III, section 8] Let f : X — Y be a morphism
of schemes. We have the functor f, : Mod(X) — Mod(Y) and it can be derived into
Rf,: DT (Mod(X)) — Dt (Ab). Concretely, we can take an injective resolution .# — I®
and Rf,.7 is represented by f.I°. We let R f,. 7% = Hi(f.I*).

Lemma 11.3. R'f,.7 is the sheaf associated to the presheaf U — H (X xy U, .F).

Proof. We have H!(f,I*) is the sheaf associated to U + Hi(F(XU, I*)). We see that I°|x,,
is a complex of flasque sheaves (hence I'( Xy, —)-acyclic). So H'(Xy, I°) = H'(Xy,.#). O

Theorem 11.2. Assume that & is quasi-coherent. Then R'f..Z is a quasi-coherent sheaf
and for any open affine U of Y, R'f,.7 (U) = HY(X xy U, F).

Proof. We only give the proof for a separated, quasi-compact morphism. We can assume
that Y = Spec A is affine. We take a finite affine cover ¢ of X. Then C (U, F) represents
RI(X,.#). For any A — B localization, C(U,.#) ®4 B represents RT'(X xy Spec B,.Z%).
And since A — B is flat, H'(C(U, F) @4 B) = H(C(U, F)) @4 B. O

11.2.3. Fliniteness theorem.

Theorem 11.3 ([Har77], III, thm. 5.2). Let S = Spec A be a noetherian affine scheme.
Let . be a coherent sheaf on X =P%. Then
(1) For alli >0, H(X,.Z) is a finitely generated A-module.
(2) There is an integer ng such that for all n > ng, H'(X,.%(n)) =0 for all i > 0 and
all n > ng.

Remark 11.1. Let X — S be a projective scheme. Let ¢ : X < P§ be the closed immersion.
The functor i, : Mod(X) — Mod(P%) is exact and sends injectives to injectives. It follows
that for any sheaf .7, we have RI'(X,.%) = RI'(Pg, 1,.%).

Theorem 11.4. Let S = Spec A be a noetherian affine scheme. Let % be a coherent
sheaf on P% = X. Then M(F) is finitely generated : there exists ng such that for all
n > ng the map :

HY(X, Ox(n —no)) @ H(X, Z (no)) — H(X, F (n))
18 surjective.

Proof. Pick an exact sequence 0 — ¢ — 0% — % (n1) — 0. By twisiting we may
assume that for all n > ng, the map 0%(n) — % (n1 + n) induces a surjective map
HO(X, 0%(n)) — H(X, Z(n1 +n)). O

Remark 11.2. This implies in particular that H*(X, .7 (r)) ® Ox — Z(r) is surjective for
any r > rg.

Proposition 11.2. Let X be a smooth projective curve over a field k. Let L be an
invertible sheaf. Assume that deg(L) > 2g — 2, then H" (X, L(n))) =0 for alli > 0 and all
n > 0. Moreover, L(n) is generated by global sections for all for allm > 1.

Proof. By the duality theorem, we know that H' (X, £) = HO(X, Q% ® £Y) = 0 if deg £ >
2g — 2. This proves the first point. For the second point, let us assume that k is infinite
(we may extend scalars). We can find an hyperplane H C PV such that X N H = D is an
effective divisor (just take z € X (k) and find an hyperplane H such that = ¢ H).

We thus have an exact sequence 0 — £(n) = L(n+1) — L(n+1)|p — 0. It induces
an exact sequence 0 — HY(X, £(n)) — HY(X, L(n + 1)) — H(X, L(n + 1)|p) — 0.

We consider the map HO(PV, (1)) @, HY(X, L(n)) — HY(X, L(n + 1)).

For alln > 1, the map H(X, £(n)) — H°(D, £L(n)) is surjective, therefore H(PY, (1))@
HO(X, £(n)) — HY(D, L(n+1)) is surjective. We deduce that H*(PY, (1))®,H°(X, L(n)) —
HO(X, L(n + 1)) is surjective for all n > 1. O



54

11.2.4. The semi-continuity theorem.

Theorem 11.5 ([Har77], III, prop. 12.2). Let X — S be a projective scheme of relative
dimension n. Let % be a coherent sheaf on X, flat over A. Then there is a bounded
complex K* of finite flat A-modules, of amplitude [0,n] such that for any A-module M,
RI(X,# ® M) is represented by :

K*®@a M

Proof. We only give a proof in the curve case. Assume X = Uj; U Uy is covered by
two affines. We let L* = [HY(U, %) & HO(Us, #) — H°(U; N Uz, #)]. This represents
RI'(X,.#) and L®* ®4 M represents RI'(X, # @4 M). We let x1,--- ,x, be generators of
HY(L®) in L'. We let K! = A" and we consider the map ¢g' : K! — L! given by these
generators. Let yi,--- ,ys be generators of Ker(K' — H(L®). We choose lifts 3; of g(y;)
in L0, We let K = A% we have maps KY — K! (given by y1,--- ,ys) and K} — LY given
by ;. We let zg,- -, 2 be generators of HY(L"). We K9 = A’ we have a map KJ — L°
given by zg,- - , 2.
We see that there is a commutative diagram.

L

|

KY® K) —— K1

If we let (K')* be the bottom complex, the map H((K’)®) — HO(L®) is surjective,
let K9 be its Kernel.
Finally, we let K = K} @ K9/K) and we get a diagram :

L

.

K9 —— K1
Since the map K® — L*® is a quasi-isomorphism, the cone 0 — K% — K' @ L° —
L' — 0 is exact. It follows that K© is flat.

We see that K®* ®4 M — L® @4 M is a quasi-isomorphism for all A-module M since
thecone: 0 > K094 M - K'@a M & L0 ®4 M — L' ®4 M — 0 is exact. O

Corollary 11.3. (1) The function s — dimy HY(Xs, Fs) is upper semi-continuous.
(2) The function s — 3 5o(—1)" dimys) H(Xs, Fs) is locally constant.

Proof. For a map A™ — A?, the locus where the rank is > i is open. One deduces the first
claim. For the second we have Zizo(—l)idimk(s) H (X, .Z) = > (—1)" dimyq) K" @4
k(s). O
Corollary 11.4. The following conditions are equivalent :

(1) HY(X,.#) =0 for all i > 0,

(2) HY(Xs, Fs) =0 for all i >0,
Moreover, if this is the case, H'(X,.%) is a flat A-module and the map HO(X, F)® ak(x) —
HY(X,, %) is an isomorphism.
Proof. In case of 1, we see that 0 — H°(X,.#) — K — K! — ... is exact. It follows
that HY(X,.%) is flat and tensoring with k(z), the sequence remains exact. In case of 2.
Let i be the smallest degree such that H(X,.%) # 0. We claim that H (X, %) ®4 k(z) —

H!(X,, %) is an isomorphism. Consider the sequence 0 — ker(d;) — K ¢ — Im(d;) — 0.
Since Im(d;) is flat (because 0 — Im(d;) — Kt — ... is exact) we see that ker(d;) ®
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k(r) = ker(K' ® k(z) — K™ ® k(z)). Since Im(d;—1) — ker(d;) — H?(X, F) = 01is
exact, tensoring with k(z) shows the claim. We deduce that if i« > 0, H(X,.#) = 0 by
Nakayama. Therefore i = 0. g

11.2.5. Hilbert Polynomials. Let % be a coherent sheaf on P} where £ is a field. We let
Pz (m) = x(F(m)) =3 2i50(=1)" dimy, H (PR, 7 (m)).

Theorem 11.6. Pz(m) is a polynomial of degree the dimension of the support of 7.

Ezample 18. If .7 is supported on a non-singular curve of genus g, Pz (m) = mdeg0(1)rk(.#)+
deg(.F) + 1k(F)(1 — g).

Corollary 11.5. Let X — S be a projective scheme. Let F be a coherent sheaf on X, flat
over A. Then the function Spec A — Q[X] which sends x to Pz, (m) is locally constant.

11.2.6. Castelnuovo-Mumford regqularity theorem.

Theorem 11.7. Let k be a field and let F — ﬁéz be a coherent sheaf on IP. With Hilbert
polynomial P. Then, there is ro > 0, depending only on P,n,{ such that :

(1) For all r > ro, for all i > 0, H{(P}, Z(r)) =0,

(2) For all v > ro, HO(X, Opr(r —10)) @ HO(P}, Z (ro)) — HO(PY, Z(r)) is surjective.

Proof. See [Nit05], thm. 2.3. O
11.3. Schemes of homomorphisms of coherent sheaves.

Theorem 11.8. Let w: X — S be a projective scheme. Let & be a coherent sheaf which
is flat over S. There exists a coherent sheaf 2 on S and a functorial isomorphism for any
quasi-coherent sheaf ¢ on S :

T (F gy 7°Y) = Hom, (2,9)

Proof. Let ¢ be attached to the A-module G. We have HY(Z @4, 79) = Ker(K°®4G —
K!'®4 G). Take Q = coker(K, — K{). O

Let 2 be a coherent sheaf over S. Let V(Z2) = Specg Sym Q. We have Hom(Q, m.0r) =
V(2)(T).

Theorem 11.9. Let &, % be coherent sheaves over X — S a projective scheme. Assume
that F is flat over S. Consider the functor Hom(&, F) : (Sch/S)PP — SET which sends
T to Homx, (&|x,, F|x,). Then this is representable by a linear scheme V.

Proof. First assume that & is locally free. Then we want to represent the functor 7' +—
HY(X7, &Y ®.7) and by the above theorem this is representable by V(2). In general, pick a
resolution &1 — &y — & — 0 by locally free sheaves. Consider the map V(Zy) — V(2)).
Then V is the kernel of this map. O

11.4. The diagonal of Bun, x is representable by schemes.
Proposition 11.3. The diagonal of Bun, x is representable by schemes.

Proof. Let T be a k-scheme. Let T' — Bun, x Xg Buny x be a morphism. Let &£,&’ be
the vector bundles over X7 corresponding to this morphism.

Consider the functor (Sch/T)P? — SET sending U to Isomx,, (Ex,, Y, ). We want
to prove that it is representable. We know that Hom(&,€&'), Hom(&', &), Hom(¢, €),
Hom(&', £) are representable and we have a map : Hom(&, &) xHom(&', ) — Hom(&, £) x
Hom(&', £’) given by composing.

The preimage of Idg x Idgs is the scheme representing U — Isomx,, (€ XU,&'}(U). O
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11.5. Flatness.
11.5.1. Preliminary results.

Lemma 11.4. Let % be a coherent sheaf on Pg. Then % is flat over S if and only if
there exists ro such that for all r > ro, T F (r) is locally free over S. Moreover ro =
inf{r, R'm.Z (') = 0 Vr' > r} works.

Proof. We see that .7 is flat if and only if .7 (r) is flat for some r. If m..7 (r) if flat for all

r > 19 we deduce that M (.#(rp)) is flat and therefore M (.% (1)) is flat. Conversely, we
can use theorem 11.3. O

Lemma 11.5. Let X — S be a finite type morphism where S is an integral scheme. Let
F be a coherent sheaf over X. There is a non-empty open subset U C S such that F |y
is flat over U.

This is a consequence of the following proposition :

Proposition 11.4. Let A be an integral ring, let B be an A-algebra of finite type. Let M
be a finite B-module. There exists f € A\ {0} such that My is free over Ay.

Proof. Let K = Frac(A). The proof is by induction on the dimension of the support of
M ® K. We also note that if we have an exact sequence 0 — M; — My — M3 — 0
and the lemma holds for M; and Mjs it holds for Ms. Suppose that M ® K is zero.
Let mq,---,m, be generators of M as a B-module. There exists f € A # 0 such that
fmy =---= fm, = 0. Therefore M®4A; = 0. In general, we recall that M is a successive
extension of modules of the form B/p where p is a prime ideal ([Stal3], lem. TAG 00LO).
We reduce to the case that M = B is a domain. By Noether normalization, there exists
f € Aand by, - ,b, € B such that Ay — Ag[b, - ,b,] = By where A¢[by,--- ,by] is

a polynomial algebra and A¢[by,--- ,b,] — B is finite. We let r be the generic rank of
M over Ag[by,--- ,by,]. We have a map 0 — A¢[by,---,b,]" = M — T — 0 and the
dimension of the support of T'® K is less than n. O

Corollary 11.6. Let X — S be a finite type morphism where S is a Noetherian scheme.
Let & be a coherent sheaf over X. There are finitely many locally closed subschemes S;
of S such that |S| = U;|S;| and F|g, is flat.

Proof. We first assume that S is reduced. Then we can find an open subscheme U; C S
such that .# |y, is smooth. We then consider the reduced complement of U; and so on...
The process ends by Noetherianity. O

Corollary 11.7. Let X — S be a finite type morphism where S = Spec A is a Noetherian
scheme. Let F be a coherent sheaf over X. Then there exists ro such that for all v > 1o,
foralls € S, H(Xs,.#(r)) =0 for all i > 0 and the map

H(X, Z(r)) @4 k(s) = H(X,, 7 (r))
s an isomorphism.

Proof. We consider the finitely many S; from the previous corollary. We can assume that
they are closed in affine open of S. The first statement follows by taking rg such that
for all r > rg, H(Xg,, Z(r)) = 0 for all i > 0 and all j. For the second statement
write Sj = Spec Ay, /I;. The map H°(X, .7 (r)) ®a Ay, — H(X x5 Spec Ay, .7 (r)) are
isomorphisms. Consider the maps :

H(X xg Spec Ayg ;7 (r)) — H(X xg Spec Ay, F (1))

— HY(X xg Spec Ap, F(r) /1) — H(X xg Spec Ay I; 7 (1))
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We can take 7 such that for all r > ro, all j, H/(X xg Spec Ay, I;7(r)) = 0 and the
map I; ®4 H(X x g Spec Ay F (1) — HO(X x5 Spec Ay, 137 (1)) is surjective. O

11.5.2. Flattening stratification. We begin by Fitting ideals. Let R be a noetherian ring.
Let M be a finite R-module. We can choose a presentation : R" = R" — M — 0. We
let A be the n’ X n matrix giving the map.

Definition 11.1. We let Fitt;(M) be the ideal generated by the n —i X n — i-minors of A.

Proposition 11.5. The ideals Fitt;(M) are independent of the choice of the presentation.
Moreover, we have 0 C Fittg(M) C --- C Fitt, (M) = R.

Let R™ be the free module. We see that Fitt,_1(R"™) = 0 and Fitt,,(R") = R.
Lemma 11.6. Let R — R’ be a ring map. Then Fitt;(M ®gr R’) = Fitt;(M)R'.

Proposition 11.6. A module M is locally free of rank k if and only if Fitty_1(M) = 0
and Fittp(M) = R.

Proof. If M is locally free of rank k, we reduce to the free case by Zariski localization.
Conversely, assume that Fitty (M) = R. Let m be a maximal ideal. We see that M/mM
is generated by k-elements. Therefore, (after localization) we may assume that we have
a surjection R¥ — M. Take a presentation R¥ — RF — M. We see that the ideal
generated by the coefficients of the matrix is zero. Therefore the map R¥ — R is zero
and M = R*. O

Theorem 11.10. Let S be a Noetherian scheme. Let % be a coherent sheaf on IP’%V. Then
the function S — Q[X]| which maps s € S to Pz, takes finitely many values. Let I be
the set of values. For any f € I, there exists a locally closed subscheme Sy of S with the
following property

(1) The points of Sy are exactly the points of S with Hilbert polynomial equal to f. In
particular, S is the disjoint union of the Sy.

(2) Let 8" =[1Sf. Then the sheaf Fs is flat over S’. Moreover, a morphism T — S
factors through S” if and only if Fr is flat over T.

(3) Define a partial order on I by declaring that f > g if f(n) > g(n) for all n >>.
Then the closure in S of Sy is contained in the union of the Sy with g > f.

Proof. We can construct finitely many locally closed subscheme S’ of S such |S| = U|S’|
and that .Zg is flat. Since the Hilbert Polynomial is locally constant over S’, we conclude
that the set of possible Hilbert Polynomials is finite.

Next, we consider the case that n = 0. Therefore, we have a coherent sheaf over
S. Without loss of generality, we can assume that S = Spec A if affine and we let
HY(S,.#) = M. Let us pick a presentation of M : A" — A5 — M — 0, the map
A" — A% is represented by an r x s matrix N. We now consider the ideals Fitt;(M) =
{determinant of size s —i of N}. We let S>; = V(Fitti_;) and we have S; = S>;\ C
S>i+1. In this case, Pz, = dimy,)(F|s) and the Sk, k € Z are the flattening stratification.
We now deal with the general case. We claim that there exists ro such that for all r > rq,
we have :

(1) For all s € S, the maps HO(PY, Z(r)) — HY(PY, Z,(r)) are surjective,
(2) For all s € S, H/(PY, Z,(r)) = 0 for all i > 0.

We now consider the flattening stratification of % (ro) : S = [{pc; Sp(ry)- Then
we consider the flattening stratification of m,.7 (ro) ® me# (ro + 1)... @ meF (ro+1) : S =
UrerStire), f(ro+1),-- Where on S0y r(ro41),..., ToF (o + ) is flat of rank f(rg + ). These
stratifications refine each other. We observe that by property 1) and 2) a point s € S such
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that .7 has hilbert polynomial f lands into the stratum Sy ¢(rg+1),... Now, for [ >>,
the map I — Z!, f — f(rg),---, f(ro + 1) is injective.

We deduce that the stratification is set theoretically constant for [ >>. By Noethe-
rianity it is constant for [ >>.

We therefore have found S = [[ Sy. We see that the map 7.7 (1)[s, — m(F (1)]s;)
is an isomorphism by property 1). We deduce that 7 |s, is flat.

Let T — S be a map such that .Z#|r is flat. We may assume that the Hilbert
polynomial of .# is constant over T equal to f. We see from 2) that for all » > rg,
(m7)xZ (r) is flat for r > rg of rank f(rg). We deduce that T" factors through S;.

O

11.6. Quot schemes. Let X — S be a projective scheme. Let .# be a coherent sheaf
over X, which is flat over S. We let Quotz,x,s : (Sch/S)® — SET be the functor which
sends T to the set of isomorphism classes of quotients #r — ¢ which are flat over T

Let P € Q[X]. We can consider the locus Quot’, /x/s Where the Hilbert polynomial
of ¢4 is constant equal to P.

Theorem 11.11. The functor Quotf;/x/s 1s representable by a projective scheme.

Remark 11.3. Here we understand projective in the following "weak” sense : there is a
closed embedding of Quot; /X/S inside P(#) where # is a locally free sheaf over S of

constant rank. This means that P(%#) is Zariski locally over S a projective space.

11.6.1. Grassmanians. We consider the case where X = S, therefore .# is a vector bundle
of rank r, and P has to be given by an integer 0 < d < r. In this case Quot;/x/s =

GR(Z,d) is a "twisted” grassmanian. It is the grassmanian when .# is free.
Proposition 11.7. The sheaf GR(%,d) is representable by a projective scheme.

Proof. We reduce to the case that .# is free (work locally on S). In this case, we let
GR(Z,d) = GR(r,d). Let J C {1,---,r} be a set of cardinal d. Let GR(r,d); be the

subfunctor which parametrizes quotients 7 % & such that {#(e;) }ics generate &. We see
that GR(r, d) is representable by Spec Alz;;, i € J¢,j € J| where ¢(e;) = ;¢ ; @i jd(e))
for i € J° We also see that GR(r,d); is an open subsheaf of GR(r,d). Indeed, let
T — GR(r,d) be a map. We see that T' X gr(q) GR(r,d); =T \ sup(4/{¢(e;), j € J°)).
We also see that [[; GR(r,d); — GR(r,d) is a covering. This proves the proposition. [

11.6.2. Reduction.

Lemma 11.7. It suffices to prove the theorem for Quotﬁﬂ})g (r)t/PY /S

Proof. Consider a closed immersion X < PY and a surjective map ﬁpg (r)t — Z. Then
we claim that the map Quot z,x/s < QUOtﬁPg (r)t/BY /5 18 & closed immersion. Indeed let
F — ker(ﬁpzsv(r)t — ). Then Quotz,x/s is the fiber of the map Quot%{gv (r)t/PY /s =
Hom(.Z',¥) at the zero section. O

11.6.3. End of the proof. We fix the Hilbert Polynomial P. We now assume also that
X =PY and 7 = Opy (r)t.
We claim that there exists v such that for any map T — Quot; /X/8 and any asso-

ciated short exact sequence 0 — # — % — ¢ — 0 of X7, we have (for the projection
m:Xp—T:
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(1) We have Rim, 7 (v) = Rim .7 (v) = Rim, 4 (v) = 0 for all i > 0. It follows that
T (V), T F (V), 9 (v) are locally free, and the sequence : 0 — . (v) —
T F (V) = 194 — 0 is exact.

(2) The map 7n*m. 2 (v) — H (v) is surjective.

We deduce that there is a commutative diagram :

0 —— 7' (v) — 7' F (V) — 1m"mY (v) —= 0

| | |

0—= A#) F(v) 9 (v) 0
V)

And the quotient map .#(rv) — ¢ (v) is determined by the map 7, (v) — 7.7 (V).

This gives an embedding Quot;/x/s — GR(m..# (v), P(v)). This identifies Quot;/x/s
with a locally closed subscheme of GR(m,.% (v), P(v)). Indeed, let 0 — A — m. % (v) —
% — 0 be the universal short exact sequence.

Let us consider the quotient 774 — F — % /n*1 — 0. Then Quot; /X/8 is the
locally closed subscheme of GR(m,.% (v), P(v)) where . /7*.7{ — 0 is flat and has Hilbert
polynomial P(v + —).

We have proved that Quot; /X/S is a quasi-projective S-scheme. It suffices to prove it
is proper. We use the valuative criterion. Let R be a discrete valuation ring with quotient
field K. Consider a map Spec K — Quotf;/x/s. And assume that Spec R — S.

Let Zspec Kk — ¢ be the quotient. Let ¢ be the image of Fgpec g inside 4. This
is a flat sheaf over R (because torsion free), and it provides the required unique extension
to a point Spec R — Quot;/x/s.

11.7. Bun, x is an algebraic stack. For any d, IV, we let {{; ;v be the substack of Bun,, x
defined by Ob(lg,n)s is the set of £ € Ob(Bun,, x)g satisfying :

(1) R (ps)«&(d) = 0,

(2) ps(ps)«E(d) — £(d) is surjective,

(3) (ps)«€(d) is of rank N.

The map U4y — Bun, x is a schematic open immersion. Indeed let S — Bun, x.
Let us compute the fiber product S x Buny, x Ud,N- This is the locus in S where conditions
(1), (2) and (3) hold.

Condition (1) holds over the open S’ = S\ Support(R!(ps)+£(d)). Condition (1) and
(2) holds over S” = 5"\ Support(cokerpg(ps)«£E(d) — £(d)). By (1), (ps)«E(d) is locally
free of rank N, thus condition (3) holds over an open and closed subscheme of S”.

Note also that N is related to the degree of £ by the formula N = ddeg0(1)n +
deg(€) +n(1 —g).

By the vanishing theorems we have : Bun,, x = Ug niUq N-

Let Ygn — gy be defined by Ob(Yyn)s = {€,A : 05 ~ (ps)«€(d)}. The map
Yy n — Ug n is representable by schemes and is a GLy-torsor.

We have a map Yy v — Quotﬁ)1¥ /X /k- We claim that this is an open immersion. Let

T — Quotﬁg /X /K- Let us consider a quotient & &VT — & where ¥ is flat over T. We first

claim that the set of t € T such that ¥4 is flat over X; of rank n is open in T'. This follows
from the following lemma :

Lemma 11.8 ([Stal3] TAG 00MP). Let R — S be a map of local rings. Let M be an
S-module of finite type which is flat over R. Assume that M /mrM is flat over S/mpgS.
Then M 1is flat over S.
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Let U be this open of T. Then ¥; is flat over Xy;. Now the condition that U factors
through Yy n are open (¥ is of rank n + (1), (2), (3)).

We also observe that Yy n is quasi-projective, since the Hilbert polynomial of % is
determined by N. We deduce that Hd, N YN — Buny x is a presentation.

12. LECTURE XI : THE HARDER NARASHIMAN FILTRATION AND FAMILIES
12.0.1. Invariance of the HN filtration under base extension.

Theorem 12.1. Let X — Spec k be a complete, non-singular geometrically connected
curve. Let £ be a vector bundle over X. Let k — [ be a field extension. Let X; =
X Xgpec kOpec l. Let p: X; — X. Let & be the HN filtration of £. Then p*E, is the HN
filtration of p*€&.

12.0.2. Partial order. Let Q' be the cone in Q" of vectors (x1,- - ,x,) with 2y > x9--- >

xn. We define a partial order in Q7 : we say that o = (z1,--- ,2,) > 2’ = (2], ,2],) if
-1 -1

T1 > T+ w2 >y a0 > Y g Y = T

Let £ be arank n vector bundle with HN filtration &. Welet HN(E) = (u(E1)™E), p(E)H(E) ...) €
Q") be the HN vector of £.

12.0.3. Behaviour of the HN filtration in families. Let S = SpecA — Spec k. Let £ be a
vector bundle over Xg.

Since the functions rk and deg are locally constant on S we can assume (after replacing
S by a connected component) that they are constant. We let p = pu(&). For any P € Q4
P > (p)", we let SSF be the set of points s € S such that HN (&) < P. We also let S=F
be the set of points s € S such that HN (&) < P.

Theorem 12.2. S<F is open in S.
Lemma 12.1. The set S=W" is open.

Proof. First assume S = Specl is a point. Recall that if £ < £ is a subbundle, then
deg & + tk(£)(1 — g) < dimHY(X,&). We deduce that u(€') < (g — 1) + dim HO(X, €).
Let 7 = sup,eg dim H%(Xj, &). We deduce that & is semi-stable of slope y if and only if
&s has no subbundle &, with slope p < p(€7) < (g9 —1) +r. One similarly deduces that &s
is semi-stable of slope p if and only if £ has no quotient Gy with slope ¢ < u(Gs) < u for
some ¢. It follows that to prove that & is semistable, it suffices to show that & has no
quotient with Hilbert polynomial in a finite list Py, --- , P;.

Consider the schemes Quot?} Xg/8 ™ S. Their image are closed subschemes S; C S.

And over S\ U;S;, we see that £ is indeed semi-stable of slope p. O
Let n be a generic point of S.
Lemma 12.2. The set S=HNEn) contains an non empty open subset.

Proof. We have the HN filtration &, of &,. By general results, after replacing S by its
reduction and then by an open subset containing 1, we can extend this to a filtration £, on
E. We see by the lemma that the locus where all &;/&;_; are semistable is open in S. O

Corollary 12.1. We have a stratification into locally closed subsets S =[] S; where over
each S; the HN filtration is constant.

Lemma 12.3. Assume that S = {n,s} is the spectrum of a DVR. Then HN(E,) <
HN(&s).

Proof. Let &, 4 be the HN filtration of &,. Then we let & = &, ;NE. This is an Og-flat sheaf
and we see that & ; — &. Since u(&;s) = (&) we deduce that HN(E,) < HN(Es). O
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Corollary 12.2. S<F is open in S.

Proof. This is a constructible set which is stable under generization, therefore it is open.
O

12.1. Consequences for Bun, x. For any P € Q' , we define the substack Bun%i on
Buny,, x whose objets are (S — Spec k, &) such that for all points s € S, HN(&;) < P.

Theorem 12.3. The substack Bungi is open in Buny, x and of finite type.

Proof. The fact that this is an open substack follows from theorem 12.2. To see that
Bunfi is quasi-compact it suffices to prove that for any (5, &), there exists d and N such

that Bun%i C Ug n. This follows from the proposition below. O

Proposition 12.1. Let p € Q. Let £ be a vector bundle on a projective curve X — Spec k
which is semi-stable of slope p. For all d > —p 4+ 2g

(1) H'(X,€(d) =0,

(2) HY(X,&(d)) ® Ox — E(d) is surjective.

Proof. By the duality theorem, we have that H'(X,&(d))Y = HY(X,&Y(—d) ® Qﬁ(/k)
Since £Y(—d) ® Qﬁ(/k is semi-stable of slope —u — ddeg0x (1) + 2g — 2, we see that for
d> —p+2g -2, H(X,Y(~d) ® Q) = 0.

For the second point, let us assume that k is infinite (we may extend scalars). We
can find an hyperplane H C PV such that X N H = D is an effective divisor (just take
x € X (k) and find an hyperplane H such that = ¢ H).

We thus have an exact sequence 0 — £(n) = E(n+1) — E(n+1)|p — 0. It induces
an exact sequence 0 — HO(X,E(n)) — HY(X,E(n+ 1)) — HY(X,E(n + 1)|p) — 0 for all
n>-—u+2g—2.

We consider the map HY(PY, 0(1)) @, HY(X,&(n)) — HY(X,E(n + 1)).

For all n > —p + 2g — 1, the map H°(X,E(n)) — H°(D,E(n)) is surjective, there-
fore HO(PY, 0(1)) @ H(X,E(n)) — HO(D,E(n + 1)) is surjective. We deduce that
HOPYN, 0(1)) @ HY(X,E(n)) — HY(X,E(n + 1)) is surjective for all n > —p+2g —1. O

Corollary 12.3. Let P = (p1,--- ,pn) € Q. Let (S,€) € Bunii. Then for all d >
—n + 29, we have that :

(1) RY(7s):&(d) = 0,

(2) (ms)*(ms)«E(d) — E(d) is surjective,

(3) (ms)xE(d) is of rank (> u;) + dndeg Ox (1) +n(1 — g).

13. LETURE XII : TOPOLOGICAL PROPERTIES OF ALGEBRAIC STACKS

13.1. The topological space.

13.1.1. Points of a stack. Let X be an algebraic stack. We define its points |X| as the
set of equivalence classe of [,  Ob(Xspec )/ ~ where (k, f) runs through the maps f :
Spec k — S from the spectrum of field to S. Two points zy ¢, xﬁc,’ f are equivalent if there
is a common field extension k" of k and k' and a map f’ : Spec k" — S over the maps f
and f’ such that xj s and 152,7 - become isomorphic in Xspec -

If X is a scheme then |X| is indeed the underlying set of X.
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13.1.2. Open substacks. Let X be a stack. A substack X’ of X is a strictly full subcategory
X" of X which is a stack. Strictly full means full and that any object of X isomorphic to
an object of X’ is an object of X'.

Definition 13.1. An open substack X' — X is a substack with the property that the map
X' — X is representable by open immersion.

Definition 13.2. An closed substack X' — X is a substack with the property that the map
X' < X is representable by closed immersions.

The opens of the form |[U| for & < X an open substack are the open of a topology
called the Zariski topology.

13.1.3. The Zariski topology on |X|. Let X be an algebraic stack. Let p : X — X be a
presentation.

Proposition 13.1. (1) The map p: |X| — |X]| is surjective.

(2) To any open U — X we can associate an open substack of i of X uniquely deter-
mined by the property that |p(U)| = |4].

(3) The subsets |U| of |X| where & runs through the open substacks of X are the open
of a topology on X called the Zariski topology.

(4) The map p: | X| — |X]| is surjective, continuous and open.

(5) For any morphism of algebraic stacks F' : X — ) the corresponding map F : |X| —
1| is continuous.

Proof. For the first point, consider a map Speck — X. We can find a field extension
k'/k such that the map Spec ¥’ — Spec k — X lifts to Spec ¥’ — X. For the second
point, we define il to be substack of X whose objects are locally isomorphic to objects
in the image of p(U). We claim that this is an algebraic stack and an open substack of
X. This is clearly a substack (for z,y in &, V' — Homy, (xv,yv) is a sheaf because we
took a full subcategory of X and the fact that the descent is effective in X added to the
local isomorphism condition we chose makes the descent effective) . It is algebraic because
U — U is a presentation. Let us check that ${ — X is open. We take a map T' — X and
we need to see that 4 xy T is an open of 7.

First, this is a space. Second, assume that the map T — X lifts to X. Then U xxT =
U xx T is open. In general, we can find 77 — T an fppf covering such that the map
T — X lifts to X. Then we get an open V' of T” which satisfies a descent datum for
T’ — T. Therefore it descends to an open V of T which is Y xx T. We deduce that the
map X — X induces a quotient map.

For points (3) and (4), since p : | X| — |X| is surjective and |X| being a scheme has
a Zariski topology which already coincides with the definition of point (3) by our remark
1.1, we only need to prove that the family of subsets defined by (3) is the final topology
associated to p. Explicitly we need to see a substack 4l of X is open if and only if it satisfies
|U] = |p(U)| with U an open subscheme of X. Since one way was proved in point (2) we
only need the converse, let 41 — X be an open substack then the projection X xx i — X
is an open immersion, and by the same argument we used in Remark 1.1, it is then an
open subscheme of X. But [p(X xx )| = |Y| by point (1) because X xx i — H is a
presentation of .
It remains to prove point (5) : let F': X — 2) be a morphism of algebraic stacks and let
H# — 9 be an open substack of 2. We can find x : X — X ,y : Y — ) surjective smooth
morphisms of stacks and f : X — Y a morphism of schemes such that the following square
commutes in the category of stacks :
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x—1 Ly
x )
F

X——9

Indeed if we have x : X — X and y : Y — 2) smooth presentations we can take the fiber
product X Xpoz9,, Y. Because Q) is algebraic, this is an algebraic space, and because
it’s a base change of such a morphism the projection of this fiber product to X is smooth
surjective. Taking X’ an étale surjective presentation of this algebraic space we end up
with the desired diagram.

Suppose we have such a diagram, by our proof of (3) and (4) |z| and |y| are continuous
surjective open. f being a morphism of schemes, using our remark 1.1 we see that |f|
is the usual continuous map corresponding to a morphism of schemes. Therefore using
continuity : (|y| o |f])~'(|¢]) is an open of [X| . But (|y| o |£])~*(|t]) = [=|~*(|F|~ (|4]))
and |x| is open therefore |F|~1(|4f|) is an open subset of |X|. Therefore we proved |F| is
continuous. O

Remark 13.1. To prove that sets of points of open substacks form a topology we used
the final topology associated to a presentation. Therefore one presentation suffices to
exhaust all the open subsets of the space of points of the stack, but those open subsets
are independent of the choice of the presentation

Lemma 13.1. Let X be an algebraic stack and let S C X be a closed subset. Then there
is a unique reduced closed substack 3 of X with underlying set S.

Proof. Take a presentation p : X — X. Let Z C X be the reduced closed subscheme
corresponding to p~1(S). We define 3 has the substack whose points are locally in the
image of p : Z — X. This is an algebraic stack and one proves that 3 is closed as in
the last proof. We can see that this is independant of the presentation. Let X’ — X be
another presentation. We can assume that X’ — X — X. The map X’ — X induces a
surjective smooth map Z' — Z. O

13.1.4. Spectral spaces.

Definition 13.3. A topological space is called spectral if it is quasi-compact, the quasi-
compact opens are a basis of the topology, stable under intersection, and if any irreducible
subspace has a unique generic point.

Remark 13.2. Some authors add the condition for the space to satisfy the Ty separa-
tion axiom, but this is contained in the uniqueness of the generic point of an irreducible
subspace.

There is a functor Ring®” — {Spectral spaces} defined by sending R to Spec R.

Theorem 13.1. (Hochster) The functor Ring®® — {Spectral spaces} is essentially surjec-
tive.

Definition 13.4. An algebraic stack is called quasi-compact if it admits a presentation
X — X with X quasi-compact.

Remark 13.3. Equivalently, if |X| is quasi-compact. If X is a quasi compact presentation
then [p| : |X| — |X| being continuous surjective |p|(|X]|) = |X| is quasi-compact. If
|X| is quasi-compact, pick a smooth surjective presentation p : X — X, then p being
surjective |p|(U) for U C |X| quasi-compact open cover |X|. By quasi-compacity we can



64

pick Ui, ..., U, quasi-compact opens of X such thatU],|p|(U;) = |X|. Then U} ,U; is
an open subset of X, finite union of quasi-compact topological spaces therefore quasi
compact and an open immersion is smooth, therefore the morphism U}, U; — X obtained
by composition of p and the open immersionU;’_;U; — X is a smooth surjective morphism
: a presentation of X with a quasi-compact scheme.

Definition 13.5. An algebraic stack is quasi-separated if the diagonal A : X — X xg X is
quasi-compact.

We recall that in a topological space, a point x specializes to y if y € @ Equivalently,
this means that x € NyeyopenU .

Theorem 13.2. Let X be a quasi-compact algebraic stack with quasi-compact diagonal.
Then |X| is a spectral space.

Proof. Since X is quasi-compact, we deduce that the quasi-compact open of |X| are a basis
of the topology. Since A : X — X xg X is quasi-compact, we deduce that the intersection
of two quasi-compact opens is quasi-compact. It remains to prove that every irreducible
component has a unique generic point. Consider an irreducible component. By taking the
corresponding stack, we may assume that this irreducible component is X itself. We now
take a generic point € X (which we can suppose quasi-compact). Let p(x) € X. We first
see that p(z) has no non-trivial generization : {z} = N;U; where U; are open neighborhood
of x. Therefore p(z) = Np(U;) which are open neighborhoods of p(z). We now want to see
that p(x) is a generic point (i.e. that p(x) belongs to any open subset of |X|). Let 4 C X
be an open. We can assume that it is quasi-compact. Since |X| is irreducible, || is dense.
Since p : X — X is open, we deduce that

p~H (8] = p= (1)

and therefore, p~1(Ju|) is dense. Moreover, p~1(]4|) is quasi-compact. It follows that its
closure is the set of all its specializations, so that x € p~1(|U|). O

13.1.5. The connected components of Bun, x. We have a well defined map deg : |Bun,, x| —
Z. It maps & to deg(&). Moreover this map is locally constant.

Theorem 13.3. The map deg induces an isomorphism deg : mo(|Bun,, x|) — Z.

14. LECTURE XIII : SMOOTHNESS AND DIMENSION

14.1. Smoothness.

14.1.1. Generalities. Let R be a ring and let A be an R-algebra. For any A-module M and
R-derivation from A to M is an R-linear map D : A — M such that D(ab) = aD(b)+bD(a)
for all (a,b) € A% There is a universal A-module Q}/R equipped with a derivation
d: A— QL/R for which Dergr(A, M) = HomA(Q}L‘/R, M) for any A-module M. There is
a construction by generators and relations

Q}A/R = BacaAda/{d(ra) = rda ¥(r,a) € R x A, d(ab) = adb+ bda, Y(a,b) € A x A).
Here is a second construction. We can also consider the exact sequence 0 — [ —
A®r A — A — 0 and we let QL/R:I/IQ, andletd: A —I/I?bed(f)=1® f—f®1.

To see that d : A — I/I? is universal, let M be an A-module and let D : A — M be
a derivation. Consider 1 ® D : A ®zp A — M be the linearization. One checks that
1® D(I%) = 0 and we can consider the A-linear map 1® D : I/I? — M. We recover D as
the composition A — I/I> — M. The following lemma is easy.
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Lemma 14.1. Let B be an R algebra and J C B be a square zero ideal. Let f1, fo: A — B
be R-algebra maps such that fi = fo mod J. Then fi — fo : A — J is an R-linear
derivation. Conversely, let f: A — B and let D be an R-linear derivation A — J. Then
f+D:A— B isan R-algebra map such that f + D = f mod J.

14.1.2. Two exact sequences.
Lemma 14.2. If A — B is a map of R-algebras, we have an exact sequence :
Vy/p®aB—=Qpp— Q4 =0
Proof. 1t suffices to check that for any B-module M, the sequence :
0 — Dery(B, M) — Derg(B, M) — Derg(A, M)
is exact. 0
Lemma 14.3. If A3 B is a surjective map with kernel I, we have :
1)1 5 QY ® B — Qb — 0

Proof. 1t suffices to check that for any B-module M, the sequence :

0 — Derr(B, M) — Derg(A, M) — Homa(I/I?, M)

is exact. O
Ezample 19. We have that Q}%[Tl TR = & R[T1,---,T,]dT;. Indeed, one checks
that the map @' R[T1,--- ,T,]dT; — Q}B[Tl e THl/R is surjective using the presentation.

We have the derivation dr, : R[Th,--- ,T,] — R[T1,---,T,] and they give linear maps :
or, : Q}%[Tl e T/R R[Ty,--- ,T,] with the property that Or,(dT;) = d; ;. We deduce
that {dTy,--- ,dT,} are indeed a basis of the differentials.

Ezample 20. Let A = R[TY,--- ,T,]/(Py, -+, P;). Then QY » L AdT;/(dPy, - - -, dPy).

/R~
14.1.3. The naive cotangent complex. Let B be an R-algebra of finite presentation. This

means that we have an exact sequence 0 — I — A % B — 0 where A is a polynomial
algebra over R and I is a finitely generated ideal.

To any such presentation, we can associate the complex : C(a) : I/I? LA 9114/1% ® B.

Lemma 14.4. For any two presentations «, o/, the complezes C(a) and C(c') are ho-
motopic.

Proof. We first prove that if we have a map of presentations :

0 I A—2-B
i l lA l
0 I A B

we get a map A : C(a) = C(a).

Second we show that if A and A are two maps of presentation, A and A" are homotopic
from C(a) to C(a’). The homotopy is provided by the map A — X : A — I’/(I')? which
is a derivation.

Third, we show that given any two presentations, there is a map between them. It
follows that we have maps C(a) — C(</) and C(¢/) — C(«) and both compositions are
homotopic to the identity. O

Definition 14.1. A ring morphism R — B is smooth if it is of finite presentation and
for any presentation o, the complexr C(a) : I1/I? A Q,l4/R ® B is injective with projective
cokernel.
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14.1.4. Smooth morphism. If X — S is a map of schemes, we let Q%{/s be the quasi-

coherent sheaf over X of relative differentials. One possible definition is to consider the
locally closed immersion A : X — X xg X, factor it as the composite of a closed immersion,
with ideal Z and open immersion X — W — X xg X and to let QX/S =A*J /72 We

can also check that for R — A and f € A, QA/R ®aAp = QAf/R’ so that the construction

of 9}4 /R is compatible with Zariski localization.

Definition 14.2. A morphism f : X — S is smooth at x € X is x has an affine neigh-
boorhood SpecB over an open Spec R of S containing f(x) and R — B is a smooth map
of rings.

Definition 14.3. A morphism is smooth if it is smooth at all points.

The rank of QE( /s is called the relative dimension of f.
Definition 14.4. A morphism is étale if it is smooth of relative dimension zero.
14.1.5. Infinitesimal criterium.

Proposition 14.1. Let f: X — S be a morphism which is locally of finite presentation.
Then f is smooth if and only if, for any affine S-scheme Y = Spec A and any ideal I C A
such that I* = 0, if we let Yo = SpecA/I, then the morphism :

Homg(Y, X) — Homg(Yp, X)
18 surjective.

Proof. We show that smoothness implies the lifting property. We first prove this locally
on Y and assume all schemes are affine. We have a diagram :

Al <—"RITy,---\T)))J
| |
A R

We can lift ¢ to a map ¢ : R[Ty,--- ,T,] = A. It induces ¢ : J/J% — 1.
We now have a locally split exact sequence

d
0= J/J2 5 Qg pyyr @ RIT - T/ T = Qg g0y — 0

and we can lift J/J? — I to a map Q! Ry, T]/R I and therefore there is a derivation

D: R[T\,---,T,] — I whose restriction to J is Y. We now consider ¢ — D. This is a ring
morphism R[Ty,---,T;]/J — A lifting w. We now consider the global case. On an open
cover Yy = UUp; such that we can find local lifts 1[1@ : U; — X. The differences between
lifts are given by derivation ¢; — 1; € Hom(z/J*QX/S, F)(Up,i NUp,j). This defines a 1-
cocycle. Since the sheaf Hom (y*} X/8" ) is quasi-coherent this cocycle is a coboundary,
and we deduce that there is a global lift. We now prove that the lifting property implies
smoothness. Consider a presentation 0 — [ — R[Ty,---,T,] - B — 0 of B. By the
lifting property, the identity of B lifts to a map s : B — R[T},--- ,T,]/I?. It follows that
the sequence 0 — I/I? — R[T1,~- ,T,]/I? — B — 0 has a splitting. The two maps
Id: R[Ty,---,T,]/I*> = R[Ty,--- ,T,]/I? and s o« are equal modulo I (to the identity of
B) and therefore their difference is a derivation Q! RITy, Tol/R I/I?, giving the splitting.

O
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Remark 14.1. Given a diagram

e

|

Y ——=8
with ¥y — Y a closed immersion with ideal .#. There is an obstruction Ob(y) €
HY (Yo, Hom(w*Qk/S, #)) which vanishes if and only if ¢ lifts to ¢ : ¥ — X.
Remark 14.2. It suffices to check the infinitesimal criterium on schemes Y which are
spectra of local rings. The point is that to check that the sequence
0= I/1? = Qpery 1 = Qpyp — 0

is split we can compute it on stalks. This reduces to the case that B is local. It is
even enough to consider the case that Y is a spectra of a strictly henselian local ring.
Indeed, any local ring A admits a map A — A%" where A" is strictly henselian and is
a filtered colimit of étale R-algebras. The map A — A®" is faithfully flat. We use that
the formation of 9}3 /R commutes with étale localization : if we have B — B’ étale then
1 _ 0l

14.1.6. Jacobian criterium.

Proposition 14.2. Let 1 : X — Z be a closed immersion of S-schemes with ideal & .
Assume that Z is smooth. Then X is smooth at a point x if and only if there are generators

S1,+++ Sy of the ideal . in a neighborhood of x and dsi(x),--- ,ds,(x) are independant
in le/s ®p, k().

Corollary 14.1. Let f : X — S be a smooth map at x. Then there is a neighborhood U =
Spec A of x such that A = R[Ty,--- ,T,]/I where I = (Py,---P,) and I/I? = &_, P A.

Proof. We start by taking a neighborhood U = Spec A of z such that A = R[T},--- ,T,]/I.
In a neighborhood of z, I is generated by si,---,s, and dsi(x),--- ,ds(x) are a basis
of I/I*> ®4 k(z). Thus, there exists f € R[Ty,---,T,] such that € Spec Ay, If is
generated by si,---, s, and I/ I]% is the free module generated by the sis. We now consider
R[Th T aTn7Tn+1] and I’ = (517 e 787"7T7"+1f - 1) 0

14.1.7. Deformation properties.

Proposition 14.3. Given a diagram
Xo
E
So—— 85

with fo : Xog — So smooth and Sy — S a closed immersion with ideal % such that
F? =0, then there is an obstruction Ob(fg) € HQ(XO,Hom(Qﬁ(O/SO, f57) which vanishes

if and only if there is a cartesian diagram :
Xo—=X
lfo lf
So—= S
with f smooth.
Corollary 14.2. If fo : Xg — So is étale, there is a unique étale lift f : X — S.
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14.1.8.
Proposition 14.4 ([Stal3] TAG 02K5). Let X Ly 9 S be morphisms of schemes. Let
h=gof.

(1) If f and g are smooth then h is smooth.
(2) If f is smooth and surjective, h is smooth, then g is smooth.

the exact sequence 0 — — — — 0 s locally split exact an
3) If th 0 f*Q%,/S Qﬁ(/s Qﬁ(/y 0 s locally spl d

h is smooth, then f is smooth.
14.1.9. Smooth algebraic stack.

Definition 14.5. An alegbraic S-stack X is smooth if it admits a presentation X — X
with X smooth over S.

Lemma 14.5. An algebraic S-stack is smooth if for any presentation X — X, the scheme
X is smooth over S.

Proof. Let X — X be a presentation with X smooth over S. Let X’ — X be another
presentation. We let X’ xx X be the fiber product. This is an algebraic space. Let
Z — X’ xx X be an étale surjective morphism. The map Z — X is smooth and therefore
Z is smooth over S. The map Z — X’ is smooth and surjective. We deduce that X’ is
smooth over S. O

Proposition 14.5. An algebraic S-stack X is smooth if it is locally of finite presentation
and if for any S-scheme Y = Spec A with A a strictly henselian ring, and any ideal I C A
such that I* = 0, if we let Yo = SpecA/I, Then any diagram :

Yo —X

|

Y —S§
can be completed into a 2-commutative diagram :

Yo —X

e

Y —§

Proof. Assume that X is smooth. We have a map Yy — X. The map admits a lift Yy — X
because Yj is strictly henselian : the map X xx Yy — Yj is smooth surjective, hence
has a section because Y is strictly henselian. The smoothness of X implies the claim.
Conversely, assume that X satisfies the infinitesimal criterion. Let Yy — X be a map. The
map Yy — X lifts to a map ¥ — X. We now consider X Xy Y — Y which is a smooth
map. We have a map Yy — X x5 Y over Y and it lifts to a map Y — X x5 Y. Projecting
to X gives a lifting of Yy — X. O

14.1.10. Buny, x 1is smooth.
Theorem 14.1. The stack Buny x is smooth.

Proof. The stack is locally of finite presentation. We check the infinitesimal criterion.
Let & be a vector bundle over X Xgpec 1 Yo. We pick a cover Xy, = UUy; trivializing
&. We have Xy = U;U;. We have U; = Spec A; and Up; = Spec A;/I;. Over each
A; we can lift Moy; = £(Up;) (which is free) to the free A; module M;. We have maps
Qi gt MO,i & A(),i,j — MOJ & AOJ',]'. We lift them to maps Oz;j M ® Aijj — Mj & Aw‘.
Now we measure the obstruction to the lifts satisfying the cocycle condition, let d; ;5 =
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Qg R j © al.:kl — Id. This is an element of Hom (M jx, Mo k) ©® I and it defines a
cohomology class in H?(Xy,, End(&)) ® I) which vanishes since X is a curve. O

14.2. Dimension. Let X be a scheme. We define dim(X) € N U {oo} as the Krull
dimension of X : maximal length of a chain of closed irreducible subsets of X. We let
dim,(X) = inf,epdim(U) where U is open in X. If z € X, we let §,(X) = dim(Ox ).
One proves that dimX = sup,d,(X). If X is a locally of finite type scheme over a field k,
we have that dim, (X) = 0,(X) + degtrk(z)/k.

If f: X =Y is a morphism, and let z € X. We let dim,(f) = dimg (X))

Proposition 14.6. Let X — Y be two locally noetherian schemes. The we have that
dimg (X) = dimg(f) + dim ¢, (V).

Let X be an algebraic stack. Let P : X — X be a presentation. Let £ € X be a point
and z € X be a point mapping to £. Let dim, P be the relative dimension of the morphism
X xx X — X at the point (z,x).

We let dim¢X = dim, X — dim, P.

14.3. The dimension of Bun,, x.

Theorem 14.2. Bun,, x has dimension n?(g —1).

Proof. Let £ : Spec | — Bun, x be a point corresponding to a bundle £ over Xj.

We let P : X — Bun, x be a presentation. We let z € X be a point above . We
consider the [-vector spaces T and Ty x, x,(z,z)- We have a functor (Bun,, x)spec i —*
(Bumny, x )spec 1 and we let Tgyy,, ¢ be the subcategory of (Buny, x)spec 1jq Whose objects
map to & and morphisms to the identity of &.

This category is equivalent to the category whose objects are Ty , and morphisms
are given by s,¢: Ty X, (z,0) = IX -

Therefore the isomorphisms classes of deformations are given by

coker(s —t : Ty o x,(2,2) = Tx.2)

We let Ty, x = Ker(s). We consider the complex L® =t : Tox X (zx) — Ixo In degree
—1 and 0. Then HY(L®) is the set of isomorphisms classes of deformations of £ to I[¢] and

H~Y(L®) is the set of automorphisms of the trivial deformation of £ to I[e]. Thus we see
that dim Tx , —dim T,y , ¥ (4,) = dim H' (X, End(£))—dim H*(X, End(€)) = n?(g—1). O

Lemma 14.6. Let £ be a vector bundle over Xy. Consider the set Def(E)(kle]) of iso-
morphism classes of vector bundles £ on Xy together with an isomorphisme Elx, ~ €.
Then Def(E)(k[e]) is a k-vector space isomorphic to HY (X, End(£)).

Proof. Let € beNa dgformation. Take a covering X =UU; = SpecA; such that ¢; : €|y, =
AP, Then fix ¢; : €|y, ~ AP[e] lifting ¢;. Let t;; : ; o ¢;*. This defines an element

of HY(X,End(£)). Alternatively, any deformation £ can be viewed as an extension (using
multiplication by ¢€)

0E-ESE=O
thus giving a class in Ext!(€, ). Conversely, any extension
0=5E—=E=E—=0

can be viewed as a vector bundle over X by letting € act as the composition of ESE
and E—E. O
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15. LECTURE XV : THE JACOBIAN

15.1. The relative Picard functor. In this lecture we study the stack Bun; x. For a
scheme Y we let Pic(Y') be the group of isomorphism classes of line bundles over Y

Let us define Px : (Sch/S)? — SET as the sheafification of T' — Pic(Xr). We see
that Pic(Xr) is Ob(Buni x)r/ ~.

Let us describe this. We see that an element of Px (T') is represented by an invertible
sheaf £ € Pic(Xy) for an fppf covering T — T with the property that there is an fppf
covering 7" — T’ x x T' and an isomorphism « : p{£ ~ p5L on T”. Two invertible sheaves
Ly and Ly in Pic(Xr7,) and Pic(Xy,) represent for T; — T and fppf covering represent
the same object in Px(T) if they become isomorphic over an X7, where T3 — 11 X7 T is
an fppf covering.

Lemma 15.1. The following sequence is exact :

0 — Pic(T) — Pic(X7) = Px(T)
Proof. Let L € Pic(Xr). Assume that we have an fppf covering 7" — T such that
L|x,, ~ Ox,,. Welet mp : X7 — T be the projection. We claim that the map 77}(77)«L —
L is an isomorphism. Using flat base change, it suffices to check it after pull back to T".
But then 7p/ ﬁXT’ = Op. O

Assume that X7 — T has a section s : T' — Xp. Let us define Pic(Xr,s) as the
group of isomorphism classes over £ € Pic(Xr) and u : s*L ~ Or.

Lemma 15.2. We have an isomorphism :
Pic(X7) — Pic(Xrp,s) x Pic(T)
L — (L@ms*L7 s*L)
We see that T" — Pic(Xpr, s7) defines an fppf sheaf.
Corollary 15.1. If X7 — T has a section s : T — X, the sequence :
0 — Pic(T) — Pic(Xt) - Px(T) — 0
1s split exact.

Remark 15.1. Assume that X (k) # 0. Then we see that Bun; x = Px xg BG,, where
BGy, is the classifying stack of G,,. That is (BG,,)r is the category of invertible sheaves
over T'.

15.2. Representability of the relative Picard functor. We have the classical theo-
rem:

Theorem 15.1. The relative Picard functor is representable and P)O( s an abelian scheme,
called the Jacobian of the curve.

We sketch the proof. A good reference is [Mil86].

15.2.1. Relative Cartier divisors.

Definition 15.1. An effective relative Cartier divisor D over Xg is a closed subscheme
D — Xg such that ps : D — S is finite flat.

Attached to D, we have the invertible sheaf 0x (—D) = Zp, to which we can attach
the pair (Ox4(D),1 : Oxy, — Oxy(D)). The set of effective Cartier divisors over S,
Divso(S), is the set of isomorphism classes of pairs (£ € Pic(Xg), f : Oxg — L) such
that £/0x, is finite flat over S. This last condition is also equivalent to asking that f is
nowhere identically zero over S.

Let r > 0. We let Divl(—) be the functor which maps S to the set of isomorphism
classes of effective relative Cartier divisors of degree r over Xg.
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15.2.2. Quotienting schemes by finite groups. Let A be a ring and let G be a finite group
acting on A. Let B = A%, Let p : Spec A = X — Spec B = Y be the corresponding
morphism.

Proposition 15.1 ([Gro03], exp V, prop. 1.1). (1) The ring A is integral over B.
(2) The morphism p is surjective and closed and the map X — Y induces an homeo-
morphism Y ~ X /G (where X/G carries the quotient topology).
(3) For any scheme Z, we have that Hom(Y, Z) = Hom(X, Z)©.

We now let X be a scheme and we assume that G acts on X and that X admits an
affine covering stable by G.

Proposition 15.2 ([Gro03], exp V, prop. 1.8). There is a scheme Y and a surjective
morphism p: X — 'Y such that :
(1) The morphism p is surjective and closed and the map X — 'Y induces an homeo-
morphism Y ~ X /G (where X/G carries the quotient topology).
(2) For any scheme Z, we have that Hom(Y, Z) = Hom(X, Z)©.
(3) We have Oy = p, 0.

The scheme Y of the proposition (which is unique up to a unique isomorphism) is
called a categorial quotient of X by G.

15.2.3. Representing Div%,(—). We will prove that DivL,(—) is representable. Let X" =
X X --- x X be the r-th fold product of the curve. The symmetric group S, acts on X"
by permutation of the factors.

Lemma 15.3. The categorical quotient X" /S, = X ") exists and is smooth.
Proof. See [Mil86], prop. 3.2. O

We have a map X" — Divy, which sends (P1,---,F) to (Oxs(3_ Pi),Oxg —
Ox4(> P;)). This map pass to the quotient to a map X () — Div,.

Proposition 15.3. X() — Divty is an isomorphism.

Proof. We need to show injectivity and surjectivity. For surjectivity, it suffices to prove
the surjectivity of X" — Divl,. We will show that if (£ € Pic(Xg),f: Oxg — L) is a
degree 7 cartier divisor, there is a finite flat map 7' — S and sections P, -- , P, € X(T)
such that (£, f) ~ (Ox,(>_ F;),1). We prove this by induction on r. The case r = 1
is trivial. Let us assume r > 2. Let T = V(£L™!) C Xg. The map T — S is finite

flat. Over X7 we have the degree 1 divisor P : T é T xgT — Xp. We see that
fr : Ox, — Lr(—P) — L and Lrp(—P) is now of degree r — 1. We conclude by
induction.

We need to show injectivity. We do this when r = 2, the general case is left to the
reader. Let P;, P, and Q1, Q2 by Spec R-points of X. We assume that Ox (—P; — P») =
ﬁXs(_Ql - Q2)

After localizing in Spec R, we can find an affine open Spec A of Xg with the property
that Pi, Po, Q1, Q2 factor through Spec A. Therefore, we have morphisms @Q; : A — R
with kernel I; and P, : A — R with kernel J; and by assumption I1lo, = J1Jo. We
want to deduce that the maps PP @ P, : A A - Rand Q1 ® Q2 : AR A —> R
have the same restriction to (A ® A)*2. We claim that for any a € A, Q1(a)Q2(a) =
Pi(a)Py(a) and Q1(a) + Q2(a) = Pi(a) + Pa(a) because they can be interpreted as the
coefficients of the characteristic polyomial of a acting on A/I1Iy = A/J;Jy. We deduce
that Py @ P (a®14+1®a) = Q1 ®Q2(a®1+1®a) and P @ Py(a®a) = Q1 ® Q2(a®a).
The elements ¢ ® 1 + 1 ® a and a ® a generate (A ® A)*? as an algebra. O
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15.2.4. The Abel-Jacobi map. We call the map AJ, : X — P% the Abel-Jacobi map.
We will use this map to prove the representability of Px.

Let us assume that r > 2g —1. Let S — Spec k and let £ € Pic"(Xg) (corresponding
to a point x : S — P%). Then the fiber product X () X AJ,, Py S 18 the set of nowhere
vanishing sections f € R%(pg)«L, up to isomorphism.

But since r > 2g — 1, R%(pg)+L is a locally free sheaf of rank r — g 4 1, and

X0 % g, pra S = (R (ps)« L\ {0})/ 0%
is therefore a fibration in projective spaces of dimension r — g.

If we had a section s : Py — X (") then we would deduce that P% is representable.
Indeed, if we let ¢ : X" — Py 4 X () then the morphism p induces an isomorphism
between X (") X0, X" id X and Py

We will proxyze that there are local sections. At this stage, we assume that the field k
is separably closed. By Galois descent, we can reduce to this case.

For any r — g-uple of points t = (t1,--- ,t,—g) € X (k)" 79, we let

XM = ((p,--- ,PT),dimHO(ﬁX(iPi - ftm =1}
1=1

=1

This is an open of Xt(r) and moreover, X () = UtXt(r).

We similarly defined (P%); has the subfunctor parametrizing £ with the property
that dimHY(L(—>"!_{¢;)) = 1. The map Xt(T) — (P%); is an isomorphism and therefore
(P%): is representable. And we have a covering Py = U(P%);.

We finally deduce that P% is smooth and geometrically connected because X (") s,

Finally for any line bunde £ of degree s over X, the map — ® £ : Py — Py is an
isomorphism. We deduce the representability of Py for all r.

16. LECTURE XVI : GEOMETRIC CLASS FIELD THEORY

16.1. The classical fundamental group. Let S be a connected, locally arcwise con-
nected, locally simply connected topological space. Let s € .S be a point. We can define
m1(S, s), the group of homotopy classes of loops v : S — S with 7(0) = 5. Let Cov be
the category of coverings of S. Recall that S’ — S is a covering if any point z € S has
a neighborhood U, such that pil(Ux) ~ U, x I for a discrete set I. We define a functor
F : Cov — SET by sending p : S’ — S to p~!(s). Let 71(S5,s) — SET be the category of
sets equipped with an action of 71 (S, s). We have the following classical theorem :

Theorem 16.1. The functor F' can be enriched to an equivalence of categories Cov —
m1(S,s) —SET.

Moreover, F is representable functor : let p : S — S be the universal cover of S, and
€€ F(S)=p"1s). Then F(-) = S(-).

Remark 16.1. One can recover m1(S, s) abstractly from the functor F, as the group of
automorphisms of F'.

16.2. The fundamental group of a field k. Let k be a field. A connected covering of k
is by definition of finite separable field extension of k. A covering of k will be by definition
a finite product of finite separable extension of k (we say also a finite étale extension of
k). Let Cov be the category of coverings of k. Let k be an algebraic closure of k and
k5P C k% be the separable closure. We define a functor F' : Cov — FSET by mapping
¢/k to Hom(¢, k) where FSET is the category of finite sets. Let Gal(k*®?/k) = G}, and
G — FSET the category of finite sets equipped with a continuous left action of Gj.
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Theorem 16.2. The functor F' can be upgraded to an equivalence of category Cov —
Gy — FSET.

Proof. This is a reformulation of Galois theory. We exhibit and inverse functor. If I is a
G-set. We consider the algebra of functions f : I — k°P which are G-equivariant. [J

The functor F' is pro-representable. We can write k%P = U;k; has a filtered union of
finite extensions, and F'(—) = colim;Hom(—, k;).

16.3. The étale fundamental group of a scheme. The original reference is [Gro03].
Another good reference is [Mur67].

16.3.1. Etale covers. We let X be a locally noetherian scheme.

Definition 16.1. A morphism p:Y — X of schemes is finite étale if
(1) For all affine open SpecA — X, the fiber Spec A xx Y = Spec B is affine and B
s a finite projective A-module,
(2) For all point x € X, Y, is the spectrum of a finite étale extension of k(x).

A finite étale cover p : Y — X is a finite étale map which is surjective. In general,
the image of p is an open and closed subscheme of X. In particular, if X is connected, an
finite étale morphism is a cover. We assume that X is connected.

We let C'ov be the category whose objects are finite étale schemes ¥ — X and
morphisms are X-morphisms of schemes.

16.3.2. The main theorem. We let x € X be a point and we pick T — x a geometric point
above x. We can define a functor F' : Cov — FSET by mapping Y to the set Y xx Z.

Theorem 16.3 ([Mur67], thm. 4.4.1). (1) There exists a unique profinite group w1 (X, )
such the functor F' can be enriched to an equivalence of categories :

Cov — m(X,z) — FSET.

(2) Let 2’ — X be another point geometric point of X. There exists a topological
isomorphism: m (X, z) — m (X, 2’), which is unique up to an inner automorphism.

If Y — X is a morphism of schemes, the pull-back of étale covers from X to Y induces
a morphism 7 (Y,7) — m (X, 7).

Remark 16.2. We can revisit Frobenius substitution. If X — Spec Z is a finite type scheme.
Then any closed point s € X has residue field a finite field. Let T be a geometric point of
X. For any s € X and any geometric point § — s, we get a morphism (well defined up to
conjugacy) mi(s,5) — m(X,T). If s is a closed point, m1(s,3) is topologically generated
by the Frobenius.

16.4. P! is geometrically simply connected. In this section we prove :
Theorem 16.4. Let k be an algebraically closed field. Then my (P,lg,f) =1.

Proof. Let f: X — }P’}f be a finite étale cover. Let f,Ox. This is a vector bundle over IP’,lg.
Therefore, f,Ox = @®]_,0(n;) for integers n;. We will prove that this is the trivial bundle
(all n; are 0). This will prove that f,0x = HY(X, Ox) ®y ﬁPi . Since k is algebraically
closed, H*(X, Ox) = k" (as algebra) and X is the disjoint union of r copies of P. There
is a bilinear trace map : f,Ox X f,Ox — ﬁ]p]lc and this is a perfect pairing. Therefore we
deduce that it is enough to prove that for all ¢, n; > 0. Let ¢ be the index for which n; is
minimal and assume that n; < 0. The product map m : f,0x ® f.Ox — fOx restricts
to a map O(n;) ® O(n;) — f«Ox. But there are no non-zero maps 0(2n;) — f.Ox.
Therefore m(&'(n;) ® 0'(n;)) = 0. But X is a smooth curve and therefore it is reduced. O



74

16.5. Descent of étale covers. We consider the following situation : X is a scheme and
I' is a finite group acting on X. We assume that X has an affine covering stable under I'.
We can define the categorical quotient X/T" (see [Gro03], exposé V, sect. 1). For a point
x € X, we let I';, be the inertia group at x. This is the subgroup of I' of elements which
stabilize « and act trivially on the residual field at x, k(x).

Let Y — X be an étale cover. We assume that Y carries an action of I' compatible
with the action on X.

We can therefore consider the quotient Y/T" and we have a diagram :

Y — =Y/

|

X —X/T
The following two propositions are [Gro03], exposé IX, rem. 5.8.

Proposition 16.1. The map Y/T' — X/T is finite étale if for all x € X, if we let T, the
inertia subgroup at x, then I'y acts trivially on Y,.

Proposition 16.2. We have an equivalence between the category of finite étale cover of
X/T and the finite étale cover of X which carry an action of I' compatible with the action
on X and such that for all x € X, Iy act trivially on the fiber.

16.6. P" is geometrically simply connected.
Theorem 16.5. Let k be an algebraically closed field. Then (P}, Z) = 1.

Proof. We first need to prove that 71 ((P%)",Z) = 1. We prove this by induction on r. The
case r = 1 is theorem 16.4. We assume 7 > 2 and consider the map p : (P})" — (P})" !
given by the projection on the first » — 1 coordinates. We now let f : X — (IP’,%;)’“ be a
finite étale cover of degree d. We claim that p, f.Ox is a locally free sheaf of algebras over
(Pr)"!. This follows from corollary ??. Indeed, for each point ¢ € (P})" 1, p~1(¢) = ]P’}C(t)
and X; — IP’,lg(t) is isomorphic to Pi(t) X Spec k(t) SPEC k(t) for a finite étale extension of
k(t)" of degree d. We find that dimy, (}P’}C(t), (ft)«Ox,) = d is constant. Let X’ be the
spectrum of this sheaf of algebras. We see that X’ — (P})"~! is finite flat and moreover,
X' X (plyr-1 (P{)" ~ X. In other words, X’ descends X. We see that X’ — (P})"! is
smooth, because X — (P;)" is. Therefore we deduce that X' is a finite étale cover. We also
deduce that the map p : m ((P})",Z) — 71 ((P+)"~, p(Z)) is an isomorphism. By induction
we deduce that m((PL)",Z) = 1. Then we use proposition 16.2. Indeed, P7 = (P:)"/S,.
Let X — P be an étale cover. Its pullback to (P})" is X and it is isomorphic to (Pf)" x I
where [ is a finite set over which I' acts. Take a point in the diagonal . Then the inertia
group is (S;), = S, and we deduce that S, acts trivially on I. Therefore X =P} x I. [

16.7. Descending étale covers under projective fibration.

Theorem 16.6. Let f : X — Y be a projective fibration. Then the map m (X,Z) —
m1(Y, f(T)) is an isomorphism.

Proof. We have seen a proof in theorem 16.5 in the case of a fibration in projective lines.
A similar argument applies. O
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16.8. Geometric class field theory. Let L be a finite abelian group. Let X be a
complete non-singular curve over IF,. We will prove the following theorem :

Theorem 16.7. There is a canonical bijection :
{x m(X)—=L} — {p:Pic(X)— L}
X = p
where p is defined by the rule that for all x € X, p(O(x)) = x(Frob,).

As a corollary, we deduce :

Theorem 16.8. We have a commutative diagram:

Pic(X) — m (X))

]

Z

which induces an isomorphism between Pic(X) and W (X)?.

Proof. The theorem 16.7 implies that the profinite completion of Pic(X) is isomorphic
to m(X)?%. Now we have an exact sequence 1 — Pic’(X) — Pic(X) — Z — 1 (which
splits non-canonically) and Pic%(X) is a finite group. Therefore the profinite completion
of Pic(X) is Pic®(X) x Z. O

16.8.1. Systems of abelian covers over {X(")}Qo, compatible with the monoidal structure.
We recall that we have multiplications m : X x X — X0+ "and projections p; :
X0 5 X0 5 X0 and py : X x X0 — X() Tt will be convenient to consider also
Divso = 1,50 X, So that we have three maps, m,p1,pa Divsg x Divsg — Div>g.
We also let Wz(Divzo)ab = @p>omy (X (1))ab,
Let L be a finite abelian group. Let x : m1(X) — L be a character.
Proposition 16.3. There is a unique way to attach to x1 a character X = [[,~oXr :
71 (Divs)®™ — L such that : -
m*x = pix + pix

as characters of m(Divsg % Divzg)ab.

Remark 16.3. We thus claim that there is a unique system of characters {x, : w1 (X)) —
L};>1 which satisfy that the pull backs of x, + X, and X(,4.,) to characters of m (X (r) %

X () coincide:

Xr+'r’

(X x X)) oy (X(T47)

|

(X)) x (X))
l Xr +Xr/
L

Proof. Let Y — X be the abelian cover with group L corresponding to xi. We construct
an abelian cover over X" corresponding to x{" : 71(X") — L. This is Y"/H — X" where

H = Ker(L" = L). Then we check that the action of S, on X" lifts to Y and passes
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to the quotient Y"/H. Moreover, the action of the inertia group is trivial on the fibers.
Therefore the cover descends to X (7). O

Lemma 16.1. Let g > 0. Assume that we have a system of characters {x, : m1(X")) —
L}r>r, which satisfy that the pull backs pixr + p5X, = M*X(r4yy has characters of
(X ) % X)),

Then, there exists a unique character x1 : m1(X,Z) — L such that this system arises
from x1.

Proof. Let zg be a rational point on X() for r > ro. We get a map X — XD by
sending z to (z,x0). We let x1 : 7 (X) = m(X0+D) = L. O

16.8.2. Systems of abelian covers of Px, compatible with the monoidal structure. Recall
that Px(F,) = Pic(X). We have maps m : Px x Px — Px as well as projections
pi:PX XP)(—>P)(.

A character p : m(Px) — L is compatible with the monoidal structure if we have
pip + p2 * p = m*p as characters of m;(Px X Px).

To such a character we can associated a group morphism : p : Pic(X) — L by
evaluating on Frob, for each x € Pic(X).

Proposition 16.4. The association p — p defines an bijection between characters com-
patible with the monoidal structure on Px and characters of Pic(X).
Proof. Let Px Fmg_l Px be the Lang isogeny which maps £ to Frob;L ® L7 Tts
kernel is precisely Px(Fy) = Pic(X). This provides a map prang : m1(Px) — Pic(X).
Moreover, for any £ € Pic(X), prang(Frobz) = L. It is an easy exercise to check that
m*pLang = p{pLang + pgpLang-

Let p : m(Px) — L be a character compatible with the monoidal structure. We

need to find a factorization p : m1(Px) Plaps Pic(X) — L. We therefore need to prove

Frobg—1
that m1(Px) =  m(Px) % L is the trivial character. But this is nothing else than

Frobyp — p (because p is compatible with the monoidal structure). And we know that
Frobyp = p.
O

16.8.3. Proof of theorem 16.7. We see that the following sets are in natural bijection :

)

)

)
3) Characters {x, : 711 (X)) = L},>,,, compatible with the monoidal structure
4) Characters {p, : m1(P%) — L},>r,, compatible with the monoidal structure,
5) Characters {p, : m1(P%) — L},>0, compatible with the monoidal structure,
6) Characters p: Pic(X) — L.

e (1) & (2) is proposition 16.3,

e (2) & (3) is lemma 16.1,

e (3) & (4) is proposition 16.6,

e (4) & (b) is similar to lemma 16.1,
e (5) < (6) is proposition 16.4

Remark 16.4. We can restate our theorem as follows. Given a character x : m1(X) — L,
there exists a unique character p : w1 (Px) — L such that for m : X x Px — Px the map
which sends (z, £) to L(z), we have m*p = pjx + p5p.
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