GEOMETRIC REPRESENTATION THEORY

1. INTRODUCTION

In this course we will use techniques from algebraic geometry in order to understand represen-
tations of algebraic groups.
a b
c d
upper triangular Borel. This group naturally acts on the right on the projective line P! by the
formula

Let us consider in this introduction the group SLy = {( ) yad —bc = 1}. We let B be the

[X,Y]. <‘c‘ Z) = [aX + ¢Y,bX + dY].

In fact, P! = B\SLy. The Picard group of P! is Z and for every n € Z, we can construct a
line bundle @pi(n). For example, using the Proj construction, we have that P! = Proj k[X,Y]
and Opi(n) is associated to the graded module @®y>0M) where My = k[X,Y],4 is the set of
homogeneous polynomials of degree n+ k. The group SLo also acts on these modules and therefore
acts equivariantly on the sheaf. When n > 0, H*(P!, Opi(n)) = @pirq=nkXPY 9. This is the
irreducible n + 1-dimensional representation of SLs. In fact, we have :

Theorem 1.0.1. For any n > —1, HY(P!, Opi(n)) = 0. For any n < —1, and H°(P!, Op1(n)) =
0. Moreover, we have a (non-canonical) isomorphism of SLa-representations : HY(PL, Opi(n)) =
HY(PL, Op1(2 — n)).

There is a connection between the sheaves @p1(n), Op1(2 — n) and the representation Sym"k?.
As we have seen, we can obtain the representation by taking cohomology. In fact it is also possible
to recover the sheaves from the representation by applying a certain localization functor.

Theorem 1.0.2. There are two sheaves of twisted” differential operators D_, and D,_s on P!
(locally, they look like the Weyl algebra k[ X, x| but the gluing data is non trivial) such that
D_p, Qp(sty) Sym"k? = Op1 (n)
and
D2 ®f (o1 Sym"k? = Op1 (2 — n)]1]

sl2)

We next want to illustrate that having a sheaf on a space, rather than just a representation
allows for many interesting constructions. We consider the stratification by B-orbits where wg =

0 1)
-1 0)°
P' = B\BuwoB[[ B\B = A' [ [{c}.
Let 7 : SLy — P! be the projection. Here A! = w(woU) (where U is the unipotent radical in B),
and {oo} = m(1). In terms of coordinates, A' = Spec k[Y/X], and oo = [0,1]. We have an exact
triangle :
(ioo)wibe Op1 (n) — Opi(n) = juj* Opa (n) =
for is : {00} — P!+~ Al : 5. We deduce that the following complex computes the cohomology:
Cous(n) : 0 — HY(A!, Opi(n)) — HL (P!, Op1(n)) — 0

If n > 0, we have a short exact sequence 0 — Sym"™k? — HO(A!, Op1(n)) — HL (P!, Op1(n)) — 0.
If n < —2, we have a short exact sequence 0 — HO(A!, Op1(n)) — HL (P!, Op1(n)) — Sym™k? — 0.
1
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We claim that there is an action of sly on Cous(n) and the two above exact sequence are the
"famous” dual BGG and BGG resolution of Sym"k?.

Let us in fact compute everything. We have an isomorphism HY(A!, p1(n)) = X"k[Y/X]. One
easily computes the action of T. For t = diag(t,t~ ') € T, we have t. X"(X/Y)* =" 25X*(X/Y)*.
Therefore the weights of T on HY(Al, Op1(n)) are n,n —2,n —4,---.

We can also compute HL (P!, &p1(n))). Let U be the opposite unipotent radical. We find that U
maps isomorphically via 7 to a neighborhood (A!) of {co} € P!. We have a short exact sequence:

0 — HO((AY)', Gp1(n)) — HO((AN)"\ {0}, Opi (n)) — Heo (P, Gp1(n))) — 0
Moreover, HY((A), &p1(n)) = Y"k[X/Y] and HO((A')" \ {oco}, Op1(n)) = Y"K[X/Y,Y/X] so
that H. (P!, Op1(n)) = Y"k[X/Y,Y/X]|/k[X/Y]. The weights of T are —n —2,—n —4,- -
We deduce that Cous(n) is given by the following complex:
0— X"k[Y/X] - Y"K[X/Y,Y/X]/k[X/Y] =0
Let us finally examine all the actions we have on this complex. We have an action of B, where

(3 D Y/X = Y/X +t.

There is no action of U since (1 ?) Y/X = % We can however differentiate this action
to get an action of u where (} (1]> = —(Y/X)Qﬁy/x.

The goal of this course will be to generalize these constructions from SLs to an arbitrary reductive
group G and prove versions of theorems and in this setting.

2. RECOLLECTIONS ON SCHEMES

2.1. Affine Schemes. Let A be a commutative ring. We define Spec A = {prime ideals of A}.
We equip Spec A with the Zariski topology. A basis of open are the {D(f)}sca where D(f) =
Spec A[l/f] < Spec A.

We construct a sheaf of rings Ogpec 4 on the topological space Spec A by putting Ospec 4(D[f]) =
A[1/f]. That this defines a sheaf follows from the following proposition.

Proposition 2.1.1. Let f1,---, f, € A be such that (f1,--- , fn) = A. Then the following sequence

18 exact :
0= A—[JAn/f] = [] AL/ fifi]
i ij
where the first map is the diagonal map a — (a); and the second map if (f;) — (fi;) where

fijg=rfi—[;

The pair (Spec A, Ospec 4) is an affine scheme. Any ring morphism f : A — B induces a map
of topological spaces f : Spec B — Spec A and a map of sheaves Ospec 4 — fxOSpec B-
2.2. Schemes.

Definition 2.2.1. A locally ringed space (X, Ox) is a pair consisting of a topological space X and
a sheaf of rings Ox over X with the property that for all x € X, the stalk 0x; is a local ring.
A map f: (X,0x) — (Y, Oy) of locally ringed spaces is a map f : X — Y of topological spaces
together with a map of sheaves of rings :

f*ﬁy — ﬁX
such that for all z € X, the map Oy f(,) = Ox . is a local ring map.

Definition 2.2.2. A scheme is a locally ringed space (X, 0x) which is locally isomorphic to an
affine scheme.
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Schemes are therefore a full subcategory of the category of locally ringed spaces. Inside the
category of schemes, we have the full subcategory of affine schemes.

Proposition 2.2.3. The category of affine schemes is equivalent to the opposite category of rings
via the quasi-inverse functors (X,0x) — HY(X,0x) and A — (Spec A, Ospec 4), which are
respectively left and right adjoints of the other.

Remark 2.2.4. This proposition explains why we insist on working with locally ringed spaces and
not just ringed spaces. Let k be a field and let Spec k[[T]] be the affine scheme. This has a special
point s and a generic point 1. Consider the map Spec k((T')) — Spec k[[T]] obtained by sending
(0) = Spec k((T)) to s. This induces a map of ringed spaces, but not of locally ringed spaces. The
point is that the map K[[T]] = Ogpec wr),s — F((T)) = Ospec k((1)),0 8 not a local map. The good
map Spec k((T)) — Spec k[[T]] is the one induced by applying Spec to the map k[[T]] — k((T))
and it sends (0) to 7.

One often fixes a base scheme S and consider the category of S-schemes Sch/S. This is the
category whose objects are given by a scheme X together with a ”structural” morphism X — S.
Maps X — Y between two objects of Sch/S is a map of schemes which respects the structural
morphisms.

Remark 2.2.5. Sch = Sch/Z.

One is often led to impose finiteness conditions. Here is a brutal list of the most common
finiteness conditions:
Finiteness conditions on a scheme :

(1) A scheme is quasi-compact if its underlying topological space is quasi compact.

(2) Quasi separated if the intersection of two quasi-compact subsets is quasi-compact.

(3) Locally noetherian : each point as an open affine neighborhood Spec R with R noetherian.
(4) Noetherian : quasi compact and locally noetherian.

Fineteness conditions on a morphism f: X — S.

(1) quasi-compact : for any quasi compact open U — S, f~1(U) is quasi-compact.

(2) quasi-separated : the diagonal X — X xg X is quasi-compact.

(3) separated : the diagonal is a closed immersion.

(4) locally of finite type : for every point z € X there are open affine x € Spec R — X and
Spec A — S with f(Spec R) C Spec A and R is a finite type A-algebra.

(5) locally of finite presentation : same as before with R a finite presentation A-algebra.

(6) finite type : locally of finite type + quasi-compact.

(7) finite presentation : locally of finite presentation + quasi-compact + quasi-separated.

2.3. Sheaves. In the case of a ring A, we have the abelian category Mod(A) of A-modules and
its full subcategory Mods(A) of finite type A-modules. The category Mod(A) is abelian if A is
Noetherian. To M € Mod(A), we can associate a sheaf of Ogpec 4-modules over Spec A, denoted

by M and defined by the rule that M(D(f)) = M @4 A[l/f]. That this defines a sheaf follows

from:

Proposition 2.3.1. Let fi,---, fn, € A be such that (f1,---, fn) = A. Then the following sequence
18 exact :
0— M = [[M1/fi] = [ M/ i)
i irj
where the first map is the diagonal map m — (m); and the second map if (m;) — (m; ;) where
mm =m; — ’ITL]'.
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Definition 2.3.2. Let X be a scheme and let .# be a sheaf of x-modules. The sheaf .7 is
quasi-coherent if there is a covering X = USpec A; and A;-modules M; such that .#|spec 4, = M;.
The sheaf is called coherent if theres is a covering as before such that the modules M; are finite
A;-modules.

We denote by QCoh(X) the category of quasi-coherent sheaves on a scheme X and Coh(X) the
category of coherent sheaves on X. This category QCoh(X) is abelian. The category Coh(X) is
also abelian if X is locally Noetherian.

Remark 2.3.3. One finds in the literature several definitions of coherent sheaves on general
schemes, which all agree in the locally Noetherian case. We have chosen the simplest one.

Proposition 2.3.4. Let Spec A be an affine scheme. The category QCoh(Spec A) is equivalent

to the category Mod(A), and the category Coh(Spec A) is equivalent to the category Modys(A) of
finite A-modules via the quasi-inverse functors : % — H%(Spec A,.%) and M — M.

2.4. Functor of points. To any scheme X we attach a functor of points :
X(=):Sch?? — SETS
T — X(T)

Lemma 2.4.1 (Yoneda). The functor Sch — Func(SchP? SETS) is fully faithful.

Definition 2.4.2. A functor F : Sch®’? — SETS is representable if it is in the essential image of
the Yoneda functor.

2.5. Fibre products. [Reference, [Har77], II, thm. 3.3] Let X,Y,S be schemes and f : X — S,
g:Y — S be maps. Then there is a scheme X xg Y called the fibre product of X and Y over S.
It fits in a commutative diagram :

X xgV —5 X

|

Y — S
and satisfies the following universal property:

Hom(—, X x5 Y) = Hom(—, X) Xgom(—,5) Hom(—,Y).

In the affine case X = Spec A,Y = Spec B,S = Spec R then X xgY = Spec (A ®pr B) which
is in particular affine. The general case is obtained by gluing.

2.6. Sites.

Definition 2.6.1. A site is a category C and a collection Cov(C) of families of morphisms with
fixed target (called coverings) satisfying the following axioms :
(1) An isomorphism ¢ : V — U is a covering,
(2) If {¢ : Uy = U}y is a covering, and {¢; ; : U; ; — U;}; is a covering then {¢; o ¢; ; : U; ; —
U} j is a covering.
(3) If {Ui — U}ier is a covering and V' — U is a morphism in C, then Vi the fiber product
U; xu V exists in C, and {U; xy V' — V}ier is a covering.

Definition 2.6.2. A presheaf F' on a site C is a functor C? — SET. A presheaf F is a sheaf if for
any covering {¢; : U; — U }er, the diagram:

FU) = [[Fw) =] FWi xv U))

1]
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is exact. If the morphism F'(U) — [[; F/(U;) is simply injective, the presheaf is said to be separated.
A morphism of presheaves is simply a natural transformation of functors. Define Sh(C) to be the
full subcategory of Func(C?,SET) whose objects are sheaves.

Before giving an example of site in the theory of schemes we mention a few examples:

Ezxample 2.6.3. (1) Let X be a topological space. Let Op(X) be the category of open subsets
of X, ordered by inclusion. Coverings are jointly surjective maps. A sheaf on Op(X) is a
sheaf in the usual sense, 7e a topological sheaf.

(2) Let SETS be the category of sets. We turn it into a site by declaring that the coverings
are the jointly surjective maps.

(3) Let Top be the category of topological spaces. Coverings are open coverings.

(4) Let CompTop be the category of compact Hausdorff topological spaces. Coverings are finite
collections of maps, jointly surjective. A sheaf on CompTop for this topology is called a
“condensed set”.

2.7. The fppf topology. Recall that and R-module M is flat if the functor on Mod(R) : M ®r —
is exact.

Definition 2.7.1. A morphism f: X — S is flat if for all z € X, Ox , is flat over Og ().

Proposition 2.7.2. A morphism of affine schemes X = Spec A — S = Spec R is flat if and only
if A is R-flat.

Proof. If R — A is flat then for all € Spec A mapping to y € Spec R and any R,-module M we
have that A, ®g, M = Ay ®4 A®r M. Thus A; ®g, — is exact. Conversely, assume that A, is
R,-flat for all . Let 0 — I — R be an inclusion. Let 0 = K — I ®g A — A. We see that for all
x € Spec A, K, =0 thus K = 0. O

Definition 2.7.3. A family of morphisms {¢; : U; — X };cr is an fppf covering if each ¢; is flat
and locally of finite presentation and X = U;¢;(U;).

Proposition 2.7.4. Schyy,r is a site.

Proof. This follows from the fact that a composition of flat morphisms is flat and that the base
change of a flat morphism is flat. O

Theorem 2.7.5. Let X be a scheme. The functor of points X (—) is an fppf sheaf.

2.8. Differentials and smoothness.

2.8.1. The module of differentials. Let R be a ring and let A be an R-algebra. For any A-module M

an R-derivation from A to M is an R-linear map D : A — M such that D(ab) = aD(b) +bD(a) for

all (a,b) € A%. There is a universal A-module QY /R equipped with a derivation d : A — QY /R for

which Derg(A, M) = Hom A(Qi‘ IR M) for any A-module M. There is a construction by generators
an relations

9,14/1% = @gecaAda/{d(ra) = rda ¥(r,a) € R x A, d(ab) = adb+ bda, ¥(a,b) € A x A).

Here is a second construction. We can also consider the exact sequence 0 — I — AQrA — A — 0
and we let Q}L‘/R:I/IQ, andlet d: A — I/I?bed(f) =1® f — f®1. Tosee that d: A — I/I? is
universal, let M be an A-module and let D : A — M be a derivation. Consider 1Q D : AQrA — M
be the linearization. One checks that 1 ® D(I?) = 0 and we can consider the A-linear map
1® D :I/I?> = M. We recover D as the composition A — I/I? — M.
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2.8.2. Two exact sequences.
Lemma 2.8.1. If A — B is a map of R-algebras, we have an exact sequence :
Vy/p®aB = Qpp—Qp g =0
Proof. 1t suffices to check that for any B-module M, the sequence :
0 — Dery(B, M) — Derg(B, M) — Derr(A, M)
is exact. U
Lemma 2.8.2. If A B is a surjective map with kernel I, we have :
)50l ® B — Qb p =0

If A — B has a splitting B — A as algebras, then

0= 1/1* % QY n@B -0k, — 0.
Proof. 1t suffices to check that for any B-module M, the sequence :

0 — Derg(B, M) — Derg(A, M) — Homu(I/I?, M)

is exact. In case we have a splitting, we check that the map is onto. Indeed, we have A/I? =
B@®I/I% Given D € Homu(I/I?, M), we can extend it to a derivation on B@ I/I? by D(b+1i) =

D(i). O
Ezample 2.8.3. We have that Q}%[Tl e TWJR = @ R[Ty,---,T,]dT;. Indeed, one checks that the
map @& R[Th,--- ,T,]dT; — Q}Z[Tl - TWl/R is surjective using the presentation. We have the
derivation O, : R[Ty,---,T,] — R[T1,---,T,] and they give linear maps : Jr, : Q}{[Tl TR

R[Ty,--- ,T,) with the property that dr,(dTj) = d; ;. We deduce that {dTy,--- ,dT,} are indeed a
basis of the differentials.

Ezample 2.8.4. Let A= R[Ty,---,T,]/(P1, -+, P;). Then QZ/R =@ AdT;/(dPy,--- ,dP,).

2.8.3. The naive cotangent complex. Let B be an R-algebra of finite presentation. This means
that we have an exact sequence 0 — I — A = B — 0 where A is a polynomial algebra over
R and [ is a finitely generated ideal. To any such presentation, we can associate the complex :

Cla): I/1* 5 QY ® B.
Lemma 2.8.5. For any two presentations a, o/, the complezes C(«) and C(a') are homotopic.

Proof. We first prove that if we have a map of presentations :

0 I A—2+B
R
0 I A, B

we get a map A : C(a) — C(a).
Second we show that if A and ) are two maps of presentation, A and )\ are homotopic from
C(a) to C(a’). The homotopy is provided by the map A — X : A — I'/(I’)? which is a derivation.
Third, we show that given any two presentations, there is a map between them. It follows that
we have maps C'(a) — C(a’) and C(a’/) — C(«) and both compositions are homotopic to the
identity. O
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Definition 2.8.6. A ring morphism R — B is smooth if it is of finite presentation and for any
presentation o, the complex C(a) : I/I? A Qix /R ® B is injective with projective cokernel. A ring

morphism R — B is étale if it is smooth and the Naive cotangent complex is quasi-isomorphic to
0.

Proposition 2.8.7. (1) Let R — B and B — B’ be smooth (resp. étale) morphisms. Then
R — B’ is smooth (resp. étale).
(2) Let R — B and R — B’ be smooth (resp. étale) morphisms. Then R — B ®g B’ is smooth
(resp. étale).

Proof. Take a presentation a : R[Th,---T,] — B with kernel I, and a presentation 8 : R[Ty, -+ , T, X1, , X;] —
B’ with kernel J inducing a presentation v : B[X1,- -, X,] = B’ with kernel K.
We get a commutative diagram :

0—— @ZB/dﬂ e QBlB/dTZ D @jBlde — @jB/de —0

T T T

I)PP@pB ————— J) )2 S K/K2———0

From which we deduce that the middle map is injective with projective cokernel. The second point
is left to the reader.
O

2.8.4. Standard smooth morphisms.

Definition 2.8.8. An R algebra A is called standard smooth if it has a presentation R[Ty,--- , T,/ (f1,- -, fe)
where the Jacobian matrix (07, fj)1<s,j<c is invertible in A.

Lemma 2.8.9. A standard smooth R-algebra A is smooth.

Proof. Indeed, we observe that dfy,--- ,df.,dTcy1, -+ ,dT, is a basis of Q}%[Tl ) ©R A. O

Lemma 2.8.10. Let A be a standard smooth algebra. There is an étale map R[ X1, -+, X;] — A.

Proof. We consider a standard presentation : R[Ty,---,T,]/(f1, -, fc). We just take X; =
Tc+17"'7Xt:Tn- ]

Lemma 2.8.11. A smooth R-algebra A admits a Zariski cover Spec A = U; Spec A[1/f;] where
A[l/fi] is a standard smooth R-algebra.

Proof. Let A be a smooth R-algebra. We take a presentation 0 — [ — R[Ty,--- ,T,,] - A — 0. For
any f € A, with lift f, 0 = (I, Tpi1f — 1) = R[T1,- -+ , T, Tns1] — A[1/f] = 0 is a presentation.
We also observe that (I, T 1f —1)/(I, Tni1f — 1) =I/1? @4 A[1/f] @ A[L)fl(fdTps1 — df Tns1)-
Let 2 € Spec —1A. Since I/I? is projective, there exists f € A such that I/I? ®4 A[1/f] is free
and f(z) # 0. We can replace A by A[1/f] and assume I/I? is free. It has a basis (f1, -, fe).
Pick a lift (hi,---,h¢) in I. By Nakayama, h € I such that (1 + h)(h1,---,h.) € I. We see
that 0 — (h1, -+ ,he, Tny1(1+h) — 1) — R[Ty1,-+- ,Thy1] =& A — 0 is a presentation. Thus we
can assume that I is generated by (fi,---, f.) which map to a basis of I/I?. We see that one of
the minors of size ¢ of (01, fj)1<j<c,1<i<n is non-zero. Making one more localization, and possibly
reordering, we can assume that (07, fj)1<i j<c is invertible in A. O

2.9. Smoothness and flatness.
Proposition 2.9.1. A smooth morphism R — B is flat.
Proof. See [Stal3] TAG 00TA. Note that syntomic morphisms are flat by definition. O
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Proposition 2.9.2. (1) Let R be a field. A morphism R — B is étale if and ony if B is a
product of finitely many finite separable field extensions of R.
(2) Let R be a ring. A morphism R — B is étale if and only if it is of finite presentation, flat,
and for all prime ideal p in R, k(p) — B ®pr k(p) is étale.
Proof. First, assume that R is a field and B = R[z]/P(z) with (P(z), P'(z)) = 1. Then R — B is

. . P’ . .
étale (the naive cotangent complex is given by B —(f ) ). In the other direction, we may assume

that R is algebraically closed. Then one needs to see that if R — B is étale, then B is finite over
R and reduced. See [Stal3] TAG 00U3. For the second point, see [Stal3] TAG 00UG6. O

2.9.1. Smooth morphism. If X — S is a map of schemes, we let Qﬁ( /s be the quasi-coherent

sheaf over X of relative differentials. If X /S is locally of finite type, this sheaf is coherent. One
possible definition is to consider the locally closed immersion A : X — X xg X, factor it as the
composite of a closed immersion, with ideal .# and open immersion X <— W — X xg X and to let

Q%(/S = A*.#/.#2. We can also check that for R — A and f € A, 9114/3 QaAp = Q,l4f/Rv so that

the construction of Q}L‘ /R is compatible with Zariski localization.

Definition 2.9.3. A morphism f : X — S is smooth at x € X is x has an affine neighboorhood
Spec B over an open Spec R of S containing f(x) and R — B is a smooth map of rings.

Definition 2.9.4. A morphism is smooth if it is smooth at all points.

The rank of Qﬁ( /8 is called the relative dimension of f.
Definition 2.9.5. A morphism is étale if it is smooth of relative dimension zero.

Proposition 2.9.6. A morphism f: X — S is étale if

(1) it is locally of finite presentation,

(2) it is flat,
(3) for all s € S, the fiber X is a disjoint union of spectra of finite separable extension of k(s).

2.10. The Tangent sheaf and the Zariski tangent space. Assume that X — S is locally of
finite type.

Definition 2.10.1. The tangent sheaf is Ty ;g = Hom(Qﬁ(/S, Ox/s)-

Proposition 2.10.2. Assume that S = Spec R. Then HO(X,TX/S) identifies with the group of
automorphisms of X Xgpec r Spec R[e| which induce the identity on X.

Proof. Let ¢ be such automorphism. Since X Xgpec r Spec Rle] and X have the same open
subsets, ¢ will preserve any affine cover. We can assume that X is affine, say X = Spec A. We
therefore have ¢ : Ale] — Ale]. We have ¢(a) = a +cD(a). We check that D is in Derp(A4,A) =
HomA(Qh/R,A). O

Assume that S = Spec R. Let X — S be a scheme and let z : S — X be an S-point. Let I,
be the ideal sheaf of the immersion. We let V (I2) be the first neighborhood of x. We remark that
I./I2 is supported on S and corresponds to an R-module still denoted by I,/I2. It follows that
V(I2) = Spec(R @ I,/12).

Proposition 2.10.3. Consider the map r : X(R[e]) — X(R) induced by the map Rle] — R,
a+¢eb a. Then r~1(x) = Homg(I,/I2, R).

Proof. An element of 7~!(z) corresponds to a morphism R @ I,/I? — R[e]. O

We call Hom(I,/ Ig, R) the Zariski tangent space at x. We can spell out the connection with
Tx/s-
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Lemma 2.10.4. There is a canonical map 1*Tx;g — Hompg(I,/I2,R). If X/S is smooth, this
map is an isomorphism.

Proof. Let us assume X = Spec A is affine. We have 2*T'x/g = HomA(Qi‘/R, A)®aR — HomA(Q}MR, R) =
Hompg(R®4 Q}4/R7 R) = Hompg(I,/I2, R). In the smooth case, the first map is an isomorphism. [J
2.11. Differential operators. [Reference : [BOT§|, section 2]

Let X — S be a map of schemes. Let Px/g = Ox ®;-14, Ox and PYis = 77X/S/I"Jrl where
I is the kernel of the map Ox ®¢-14, Ox — Ox. This quasi-coherent sheaf has two structures of
O'x-modules given by left and right multiplication.

Lemma 2.11.1. The map X xg X xg X = X x5 X, (z,y,2) — (z,y) induces a map 0 : P;L(J/ré" —
PX/s @ox Piyg, given by a®@b—a®@1®1®b.

Proof. We have a map 0 : Px/s — Px/s ®ox Px/s, given by a®b— a®1®@1®@b. This map sends
the ideal I to I®Px/s+Px/s®1. 1t sends Imntl o Za+b:m+n+l(I®PX/S)G(PX/S®I>I) =1°®I°.
We see that 1 ® I* C I @ Py g + Px/s @ I™T. O

Remark 2.11.2. Geometrically, the lemma says that if (x,y) are closed to order m and (y,z) are
closed to order m, the (x,z) are closed to order m + n.

We want to understand the structure of 73;?/ g

Definition 2.11.3. (1) Let A be a ring. Let fi,---, fc be elements of A. We say that the
elements f1,--- , f. define a regular sequence if f; is not a zero divisor in A/(f1, -, fi—1)
forall 0 <i<e.

(2) Let X be a scheme. An ideal I C Ox is called regular, if for any = € X, there is an
open affine U and elements fi,- -, f. which generate I(U) and form a regular sequence in
Ox(U).

(3) An immersion of schemes Z — X is called regular if there exists an open U C X such that
Z can be defined by a regular ideal I in U.

Lemma 2.11.4 ([Stal3], Tag OOLN). Let A be a ring and f1,--- , fe be a reqular sequence defining
an ideal I. The map A/I[X1, -+, X — @n>ol"/I", sending T[] X{" to [[ f7* mod I is an
isomorphism.

Proposition 2.11.5. Assume that X is smooth and that X admits an étale map X — A%Y. Let x;
be the coordinates on Ay and § =1Qz; —2; ® 1 € Px/s- Then P?/S 1s the free Ox-module with

basis the [ [, & with Y o < m.

Proof. (1) The map X — X xg X is a regular immersion (see [Stal3], Tag 067U). This implies
that @ I* /1% = Sym(I/I?).
(2) The elements &; € I map to a basis of I/I? by our assumption.
(3) We prove by induction on m that the map ©&,0x* — 73}?/ g is an isomorphism.

Here is a more direct argument. We can assume X = Spec A and R[X1, -, X,| — A is étale.
Let J = Ker(R[X1, -+, Xy ®r R[ X1, -, Xy] = R[X1,---,Xp] and [ = Ker(A®r A — A). We
have that J ®pg(x,,.. x,JorR[X1, X, A ®r A injects into I and J]J? @R[y, Xn] A = I/I?. This
implies easily (Nakayama) that J/J" ®p(x, ... X,]@rR[X1,~,Xn] A ®r A = I/I" for all n. O

Let £ and F be quasi-coherent sheaves over X. Let D : £ — F be an f~!(0g)-linear operator.
One can linearize it by considering 1® D : Ox ®@-145,E — F. Alternatively, we see that Ox ®¢-14,
&= PX/S ®ey €.
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Definition 2.11.6. We say that D is a differential operator of order < n is we have a factorization:

£E—F

|~

P;l(/s ®E
Remark 2.11.7. D is of order 0 if and only if it is a linear map.

Lemma 2.11.8. Let D : £ = & and D' : &' — E” be differential operators of order < n and < m.
Then D' o D is of order < m + n.

Proof. We have maps 6 : Px/g = Px/s ®ox Px/s, given by a @ b — a ® 1 ® b. It induces maps
73;?/“;," — PY)s ®ox Py)g- We now consider the diagram :
g 6/ 1!
Pr®E P&

|

Prm@E —PPRPPRE

The top maps are e — D(e) — D'D(e). The map P"®E — £ is a®b® e — aD(be). The map
PrR& PP 'fisa®b®e—~ 1Q@a®b®e. The map P @E — PR P"®E is
dRbRe—d®10b®e. Themap P"RQP"RE - P"RE isa®@b®@c®e—a®b® D(ce). O

Definition 2.11.9. We let Dy/,5 be the ring of differential operators on Ox.

This is a graded ring with (Dx/g)n = Homg, (P /5 Ox) are the differential operators of order
< n. This is a subsheaf of End-1(44)(0x).

Lemma 2.11.10. (1) (Dx/s)o = Ox
(2) (Dx/sh = Ox & Tx.

Proof. The first point is clear. For the second point, we observe that 77;( /5= Q_lx /s ® Ox. O

Remark 2.11.11. We see that a section D of Endf_1(ﬁs)(6"x) is a differential operator of order
m if and only if D((/1®1—1® f1)...(fm ®1—=1® fp,)) = 0 for any local sections (fi)i<i<m n Ox.
Observe that D((f1®1—=1@ f1)ee..(fm®@1—=1® fin)) = [D, fi](f2®1 =1 f2)....(frn @1 —=1® fin)).
We deduce that D is of order < m if and only if [D, f] is of order < m —1 for all f € Ox.

Lemma 2.11.12. If D is of order < n and D' is of order < m, then [D, D'] is of order < m+n—1.

Proof. We prove the lemma by induction on the order of D’ and D, using the above remark. We
have [[D, D], f] = [[D, f], D'] + [D, [D', f]}. O

We define gr(Dy/s) = ®(Dx/s)n/(Dx/s)n—1-
Corollary 2.11.13. We have that gr(Dx/g) is a commutative algebra.

We now put ourselves in the setting of proposition We assume that X is smooth, and that
X admits an étale map X — A%. Let x; be the coordinates on A% and §; = 1®x; —2; ®1 € PX/S.
In the above situation, for any ¢ = (qi, -+ ,¢,) we let €2 = [[,&F. If 3" q; < m, let D, be the
differential operator of order < m which satisfies Dy(£9) = 1 and Dq(gq’) =0 for ¢’ # q. The D,
form a basis of Dy/g.
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Remark 2.11.14. In particular, for m = 1, we see that Dy corresponding to ¢ = (0,---,0,1,0,---,0)
with 1 in i-th position is Oy,. Indeed, 0y, (1 @ x; — x; ® 1) = Oy, (zi) — 204, (1) = 1.

We now need to understand the composition.

Lemma 2.11.15. We have Djo Dy = %Dqﬂ/.

Proof. We have (&) =191 1-1010x = 01+ 18E. We deduce that §(§P) =
EH]_p Fgren l),(gp ‘®1)(1® &Y. Applying Id ® D, first, we find 0, unless i = ¢’. Then apply D,
we see that we must have p — ¢’ = ¢ otherwise we get 0. U

Proposition 2.11.16. Assume that X is smooth over S and that S is a Q-scheme. Then Dy g is
the sheaf of algebras generated by Ox and Tx/g, subject to the following relations :

(1) fi-fo = fif2, fi € Ox,

(2) fD=fD, fe Ox, D € Tx,

(3) D1.Dy — Dy.Dy = [D1, Do,

(4) f.D~ D.f = D(f).
In particular, gr(Dx/g) = Sym(Tx).

Proof. This is a local statement so we can assume that X has an étale map to A%. The above
description shows that Dx, g = @, ... i,,)Ox I, (’9” and

11,
(Px/$)k = iy i), X 1<k OX H(‘?“

This implies that the map T/ — gr((Dx/g)) induces an 1s0morphism gr((Dx/s)) = Sym(Tx).
Let A be the algebra generated by Ox and Tx,g as above. We have a map A — Dx/g. We can
turn A into a graded algebra by declaring that elements of T'y,5 have degree < 1 and elements
of Ox have degree < 0. Now we have Sym(Tx) — gr(A) — gr((Dx/s)) and the composite is an
isomorphism, while the first map is onto. We deduce that gr(A) — gr((Dx/s)) is an isomorphism,
hence that A — Dx/g is an isomorphism. O

We also need to understand the (left) stalks of Dy/g.

Lemma 2.11.17. Assume that S = Spec k where k is a field. Let x : S — X be a section. We
have a map : x*Dx/g — colim,Homy(Ox /my, k). This map is an isomorphism if X — S is
smooth.

Proof. We claim that =* ;?/S = Ox/m7 1. We reduce to the affine case, X = Spec A. We have
R®4s (A®gr A) = A. The ideal R ®4 I maps to the maximal ideal m;. Now we have v*Dy/s =
colimnHom(P;(”/S, Ox)®¢y k — colim,Homy(Ox ,/m?, k) where the map is an isomorphism in the
smooth case. O

Corollary 2.11.18. Assume that k is of characteristic 0 and X/S is smooth. We have that
2*Dx/s = D(iy o sin) k:H;L 1 03t where Oz, are a basis of the Tangent space at x. The isomorphism

takes [, 0% to the map f (Hl 9 f)(x) where f € Ox 4.

2.12. Dimension. Let X be a scheme. A closed subset Z is called irreducible if it is non-empty
and whenever Z = Z1 U Zy where Z1 and Zs are closed, then Z; = Z or Zy = Z. Equivalently, this
means that any non-empty open subset of Z is dense.

Lemma 2.12.1. Let U be an open affine subset of X. We have a bijection between irreducible
closed subsets Z of X such that ZNU # 0 and irreducible closed subsets Z of U. The maps are
given by Z — ZNU and Z — Z.
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Proof. Let Z be closed in U. We claim that ZNU = Z. Indeed, let z € U\ Z. Then we can find a
function f in the ideal defining U such that € D(f). Thus, D(f) is open in X. And Z C D(f)¢,
which proves that z ¢ Z NU. If Z is irreducible, then we claim that Z is irreducible. Otherwise,
Z =271UZy. Then ZNU =Z = Z;NUUZy;NU. So, we can assume that Z = Z;NU and Z = Z;.
Let Z be a irreducible subset of X be such that ZNU # (). We claim that Z = ZNU. Indeed,
Z =7ZNUUU®N Z and Z is irreducible. We also deduce that Z N U is irreducible. Indeed, if
Z1UZy=7ZNU,then Z1 UZy = Z so that Z1 C Z5 (or conversely) and therefore Z; C Zs.

O
Lemma 2.12.2. Any irreducible closed subset of X has a unique generic point.

Proof. Let Z be an irreducible closed subset. Take U affine open such that Z NU # (. Let & be
the generic point of Z N U. Then the closure of £ in X is Z.Let £ and £ be two points in X with
the same closure. Let U be an affine open containing £. If ¢ ¢ U, we get that ¢ € X \ U, a
contradiction. So &, & € U. But then £ = £’ correspond to the same prime ideal. O

We say that X is noetherian if every open subset is quasi-compact.

Lemma 2.12.3. If X is noetherian, then any closed subset is a finite union of irreducible closed
subsets.

Proof. Let Z be a smallest closed subset which is not a finite union of irreducible closed subset
(exists by noetherian assumption). Then Z is not irreducible, hence Z = Z; U Zs where Z; are
strictly included in Z. Then Z; are finite union of irreducible components. Thus Z is a finite union
of irreducible closed subsets. ]

We let dim(X) be the maximal length of chain of irreducible closed subsets Zyp C 21 C --- C Z,
(this chain has length n) in X. When A is a ring we let dim(A) = dim(Spec A).

Lemma 2.12.4. Let X be a scheme. Then dim(X) = sup,cx dim(Ox ).

Proof. Let § — & — &2+ — &, be a chain of specializations in 0x ;. They define a chain of
prime ideals in any affine open containing x and thus a chain of irreducible closed subsets in X.
Therefore dim(0x ;) < dim(X). Conversely let {&; — &2 -+ — &, be a chain of specializations in
X. These define a chain of specializations in Ox , with x = &,. O

We let codimx (z) = dim(Ox ).

We now assume that (A, m) be a noetherian local ring. A system of parameters of A is a sequence
of elements (aj,- - ,a,) such that \/(a, - ,a,) =m.

Theorem 2.12.5 ([Stal3], Tag 00KQ). The minimal number of elements defining a system of
parameters is the dimension of A.

Corollary 2.12.6. Let A be a noetherian scheme, then dimA[X]| = dim A + 1.

Proof. Let p; C --- C p, be a sequence of prime ideals in A. Then p; C --- C p, C (py, X) is a
sequence of lenght n + 1. Thus, dimA[X] > dim A 4+ 1. Conversely, let x € Spec A[X] mapping
to y. Let (f1,---, fn) be a sequence of parameters of y. Observe that A[X],/m, is a localization
of k(y)[X] at a prime ideal. Thus, it is either a field, if which case (f1,---, fn) is a sequence of
parameters of x as well, or x defines a closed point corresponding to some irreducible polynomial
P(X) € k(y)[X]. In that case, (f1, -, fn, P) is a sequence of parameters at . O

Corollary 2.12.7. Let k be a field, then dim k[Xy,---, X,] = n. More precisely, for any closed
point x, dim k[ X1, -+, X,]. = n.
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2.12.1. Dimensions of k-schemes. Let A = k[Xy,---,X,]/(P1,---,P.). Let = be a closed point of
Spec A.

Lemma 2.12.8. We have dimA, > n —r.

Proof. If f1,---, fx is a system of parameters of x in Spec A, then (ﬂ, e ,fk,Pl, -, P) is a
system of parameters of x in Spec k[X1, -+, X,]. Thus k+ 7 > n. O

Theorem 2.12.9 ([Stal3], Tag 02JN). If Pi,---,P. are a reqular sequence in k[X1,- -, Xp]a,
then dim(k[X1, -+, Xp]/(P1, - ,B))z =n—r1.

Theorem 2.12.10. Assume that X — Spec k is a smooth scheme, then dim(X) = dim(Ox ) for
any closed point x is the rank of Qﬁ(/k.

Proof. Locally, X is standard smooth, of the form Spec k[Xy, -, X,]/(P1, -+, P;). Then Py,--- , P,
is a regular sequence by [Stal3] Tag 067U. O

2.12.2. Constructibility theorem. Let X be a qcqs scheme. A subset of X is called constructible if
it is a finite union of sets of the form U N Z where U is a quasi-compact open and Z is a closed
subset with quasi-compact complement.

Theorem 2.12.11. Let f : X — Y be a morphisms where f is locally of finite presentation, and
X, Y are quasi-compact, quasi-separated. Then the tmage of any constructible set is constructible.

Corollary 2.12.12. Assume that X is noetherian. The image f(X) contains an open subset of its
closure.

Proof. This means that f(X) = U;e;U; N Z; where I is finite, U; and Z; are quasi-compact opens
and complement of quasi-compact opens respectively. We can also suppose that Z; is irreducible
and U; dense in Z;. We claim that f(X) contains an open subset of its closure. Let I’ be a minimal
set such that Ujcp Z; = UjerZ;. Let U] = U; \ {Ujzier Z;}. Then Uj is still dense in Z; and open
in U;Z;. Thus, U;epU] =V is dense open in the closure of f(X) O

2.12.3. Generic flatness theorem. Let us first recall Noether’s normalization lemma.

Lemma 2.12.13 ([Stal3], Tag 07NA). Let R — R’ be an injective map of algebras with R a domain.
There exists f € R # 0 and an integer d such that we have a factorization Ry — Ry[Ty,--- ,Tq] —
R} with R’f finite over Ry[T,--- ,Ty].

Theorem 2.12.14. Let S be a noetherian scheme. Let X — S be a morphism of finite type, with
S reduced. There is an open dense U C S such that X|y — U is flat.

This is a consequence of the following.

Proposition 2.12.15. Let A be a noetherian integral ring, let B be an A-algebra of finite type.
Let M be a finite B-module. There exists f € A\ {0} such that My is free over Ay.

Proof. Let K = Frac(A). The proof is by induction on the dimension of the support of M ® K.
We also note that if we have an exact sequence 0 — M7 — My — M3 — 0 and the lemma holds for
My and Ms it holds for Ms. Suppose that M ® K is zero. Let my,--- ,m, be generators of M as
a B-module. There exists f € A # 0 such that fm; =--- = fm, = 0. Therefore M ®4 Ay = 0. In
general, we recall that M is a successive extension of modules of the form B/p where p is a prime
ideal. We reduce to the case that M = B is a domain. By Noether normalization, there exists
feAandby,--- ,b, € Bsuchthat Ay — A¢[br,--- ,b,] = By where Af[by,--- ,by,] is a polynomial
algebra and A¢[by,--- ,b,] — B is finite. We let r be the generic rank of M over A¢[b,--- ,by].
We have a map 0 — Af[bi,--- ,b,]" = M — T — 0 and the dimension of the support of T ® K is
less than n. O
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Lemma 2.12.16. Let A be a Noetherian ring. Let M be a finite type A-module. Then M is a
finite successive extension of modules of the shape A/p where p is a prime ideal.

Proof. First, we see that M is a finite successive extension of modules of the shape A/I by induction
on the number of generators of M. So we reduce to M = A/I. Now we consider an ideal I which is
maximal among ideals with the property that A/I is not a successive extension of modules of the
shape A/p. By contradiction, assume I # A. Clearly, I is not prime, so there is a,b with ab € I
but a,b ¢ I. Replace A/I by A. We have 0 — A/ann(a) - A — A/a — 0. But both A/ann(a)
and A/a have the property. So does A. O

2.12.4. Generically smooth.

Proposition 2.12.17. Let X — Spec k be a finite type morphism. Assume that X is geometrically
reduced. Then X is generically smooth.

Proof. We can suppose X = Spec A with A a domain. By Noether normalization, we have k —
klxy,--- ,x,] = A where k[x1, -+ ,x,] — A is injective and finite. Passing to the generic point, we
have A®g(p, ... 2, k(T1, -+, 2n) is an étale k(z1, - -+, 2y )-algebra. Indeed, A®p(y, ... o, k(T1,  Tn)
is reduced, so it must be a product of finite field extensions of k(x1,--- , x,). Being geometricall re-

duced implies these are étale extension. We deduce that there is a map k[x1, -+, xn,y1,- - ,yr|/[P1, - -

A which induces an isomorphism over k(x1,--- ,2,). This implies that there is f € k[x1, -+, 2]
such that k[z1, - ,zn,y1,- - 0] /[P1, -, Br)[1/f] = A[1/f]. We look at the determinant d of the
Jacobian (dy; Pi)i<ij<r- We have d € k[zy, -, Zn,y1,-- ,y]/[P1,- -+, Pr] and V(d) is nowhere

dense (indeed, d is invertible over k(z1,--- ,x,)). We deduce that
k[l’l, T 7xn][1/f][y17 T 7y7"7y7‘+1]/(P17 T 7P7"7y7“+1d - ]') = A[l/fd]
is standard étale over k[z1,- - ,zy][1/f]. O

3. GROUP SCHEMES

3.1. Group Schemes. [Reference : [Jan03], part I, section 2] We now work in Sch/S. A group
scheme G — S is a scheme equipped with the following additional structure : m : G xg G — G,
e: S — G, : G — G, satisfying associativity, neutral element and inverse axioms. Alternatively, a
group scheme is a group functor Fun(Sch®”, Gr) that is representable by a scheme G. A morphism
of Group schemes is a morphism of schemes, compatible with the group structure. When G is affine
we can completely describe this extra structure in ring theoretic terms.

Definition 3.1.1. Let R be a base ring. An Hopf algebra A over R is a commutative ring equipped
with a comultiplication m* : A - A®pg A, counit e* : A — R and coinverse /* : A — A and satisfy
the following axioms :

(1) Co-associative

A—"™ A0 A

lm* l]-@m*

A9A-" S0 A0 A

(2) Inverse A™ A A A A5 Aand A™ A A Y A® A — A are the identity

map.

(3) Neutral element A™ A® A 198" A and A™ A® A Y A are the identity map.
Proposition 3.1.2. Hopf algebras over R are anti-equivalent to afffine group schemes over Spec R
Ezample 3.1.3. (1) We have G, = Spec R[X], with m*(X)=1® X + X ® 1.

(2) We have G, = Spec R[X, X 1], with m*(X) = X ® X.

(3) We have GL,, = Spec R[X;;,1 <1,j < n]{l/det] with m*(X; ;) = >, Xi; ® X ;.
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3.2. Action. Let G be a group scheme and let X be a scheme. A left action of G on X is a
morphism : G x X — X such that the action is associative and the unit acts trivially. Equivalently,
for any S-scheme T, we have an action G(T') x X (T) — X (T), functorially in 7.

3.3. Representations. Let us assume S = Spec R. Let M be an R-module. We can associate to
M the functor M on R-algebras such that M(A) = A®r M. A representation of G on M is a map
of functors G x M — M such that for all A € Alg/R, G(A) x M(A) — M(A) defines an A-linear
action of G(A) on M(A). Let us denote by GL(M) the group functor which sends an R-algebra
B to the group GL(M ®p B) of B-linear automorphisms of M ®pr B. A representation on M is
therefore a group functor map G — GL(M). If M = A" is a finite free module, a representation
on M is the same as a group scheme homomorphism G — GL,,. We let Modg(R) be the category
of representations of G on R-modules. Assume that G = Spec A is affine, with A an Hopf algebra.

Definition 3.3.1. A co-module is an R-module M equipped with an A-linearmap A: M — M®A
which satisfies the axioms :

(1)

M—2  MoA

o e

MeRA L oA A

Id®e

2) M >M®A M is the identity map.

Proposition 3.3.2. The category Modg(R) is equivalent to the category of co-modules.

Proof. Given a co-module A : M — M ® A, and a B and A-algebra, we produce a map G(B) —
GL(M ®4 B) as follows. Let g € G(B), corresponding to g : A — B. We have an A-linear map

M — M®@rA — 149 M ®pr B which extends to a B-linear map ©4 : M ®4 B — M ®4 B. The
associativity axiom implies that ©,00;, = Og4,. Let us spell out the details. The following diagram
is commutative. The bottom horizontal arrow computes ©4 o ©;. The composition of the right
vertical map and upper horizontal map is M — M ®pr B whose linearization is ©4,:

M—2 s MeA " oAs A

J/Id]\/j lld]w@A@A

M—2 oA 9Aaw A

J Jld@g JId@(g@h)

By On
M®RB*>M®RB*>M®RB

In particular, ©,-1 00, = O, = Id so O, is an automorphism. Thus, the co-module gives a group
action on M. Conversely, assume we have a group action. Let un € G(A) be the universal element
(corresponding to the identity morphism A — A). Then we set A : M — M ®p A be the action
of the universal element. This is the co-module structure. The coassociativity follows as in the
diagram above by taking B = A ® A, g and h the two universal point given by A — A ® A,

a—a®1l,and a — 1 ® a. O

Ezxample 3.3.3. (1) If G = Spec A is affine, we can consider the regular representation : we
take M = A itself. We claim that the map G — GL(A) is injective (as a map of group
functors).

(2) The category Modg,, (R) is equivalent to the category of Z-graded modules.
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(3) The category Modg,(R) is more complicated. When R is a Q-algebra, a representation of
G, on a module M is equivalent to the data of an endomorphism £ of M which is locally
nilpotent.

3.4. The Lie algebra of a group scheme. [Reference [DG70], II, section 4] Let G — S be a
group scheme. For any R-algebra B, we let

1 — Lie(G)(B) — G(B[e]) - G(B) — 1
We see that this defines a group functor Lie(G)(—) on R algebras. Let us put Lie(G) := Lie(G)(R).
Let us also put wg = e*QE/S. We get a functor Gr/S — Modpg, G — Lie(G) := Lie(G)(R).

Remark 3.4.1. This definition of Lie algebra applies more generally to any group functor (not
necessarily representable).

Theorem 3.4.2. We have an isomorphism of groups Lie(G)(B) = Hompg(wg, B).

Proof. By proposition Lie(G)(B) = Hompg(wg, B). The RHS carries a natural group law
(call it *). The multiplication m : G x G on the group induces a map Lie(G)(B) @ Lie(G)(B) —
Lie(G)(B) which gives a second group law o compatible with x. To show that these two group law
agree, we use the lemma below. O

Lemma 3.4.3. Let X be a set. We assume that X has two group structures, x and o and that
(axb)o(axV)=(aod)*(bob'). Then x = o are commutative group laws.

Proof. We first check that the units 1, and 1, agree :
I, = (lool)*(l,01,)
= (lo*x1,)0(1o%15)
= 1,
We deduce that:
axb = (aol)*(lob)
= aob
Finally, we have:
axb = (loa)x(bol)

= boa

If x € Lie(G)(B), we let e** be its image in G(Be]).

Remark 3.4.4. When wg is finite projective, then Lie(G)(B) = Lie(G) ® g B. This is true if R is
a field, and G is of finite type. We often simply restrict to this case.

Ezample 3.4.5. (1) If we take M an R module, then Lie(M) = M.
(2) If M is an R-module, then End(M) = Lie(GL(M)) via the map sending N to Id + eN.
Remark that Id + N has inverse Id —eN.

3.5. Lie bracket. Consider a linear representation p of a group G on a module M. This induces
a group morphism dp : Lie(G) — End(M), with the property that p(e®*) = 1 + edp(x).

We now assume that Lie(G)(B) = Lie(G) ®r B as in remark We have a linear adjoint
representation of G on Lie(G) denoted by Ad : G — GL(Lie(G)). Indeed we look at the exact
sequence :

1 — Lie(G)(B) — G(Ble]) —» G(B) — 1
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and the group G(B) acts by conjugation on Lie(G)(B). We justify that the elements of G(B) act
B-linearly. For g € G(B), we get an map g : Gg — Gp, h — ghg~!. By functoriality, this induces
a B-linear map on the tangent space (which is the map we are considering). By derivation, we get
ad : Lie(G) — End(Lie(G)). We define a Lie bracket by ad(z)(y) = [z, y].

Consider the ring R[e, ¢'] = R[X, X']/(X?, (X")?). It contains the subrings R[e], R[¢'] and R[e'].
We also have an exact sequence 0 — ¢'R[e] — R/, ] — R[e] — 0.
Lemma 3.5.1. Let x,y € Lie(G). We have

ee:cea’ye—axe—e’y _ 666’ [z,y]_
Proof. Consider the long exact sequence :
s’ (5)
1 — Lie(G)(R[¢']) — G(R]e,€']) = G(R[e]) — 1, so that e** € G(R[e]). We have
eaxea’ye—e:c _ Ad( )( e y)
(Id + cad(z))(e=Y)
e ytee’[z,y]
O

Corollary 3.5.2. Let M be a finite projective R-module. The Lie bracket on End(M) is given by
[z,y] = zy — ya.

Proposition 3.5.3. For any representation p of G on M, the map dp : Lie(G) — End(M) is
compatible with the Lie bracket.

Proof. We work in R[e,&']. We have ef%eS'Ve %'V = ¢=¢'l#4] Applying p we get Id+ec’ad([z, y]) =
(Id + ead(z))(Id + €'ad(y))(Id — ead(x))(Id — €'ad(y)). 0

3.6. Lie algebra and derivations. If X is a scheme, we can define a group functor Aut(X) by
Aut(X)(B) = Aut(X x Spec B/Spec B). We can in particular consider Lie(Aut)(X).

Proposition 3.6.1. Lie(Aut)(X) = Der(X).
Proof. See proposition [2.10.2 O

Let G be a group scheme acting on the right on X. Then we get a map G — Aut(X) and a
corresponding map Lie(G) — Der(X). We can make this more explicit. Let = € Lie(G). Then we
have a map e** : X xp Rle] = X xpr R[g].

If f is a local function on X, and m € X, then f(me®*) = f(m) +eD,(f)(m).

Proposition 3.6.2. The map Lie(G) — Der(X) is compatible with Lie bracket.

Proof. We compute :
f(me™¥) = f

/

(f)(
f(me™*%e™Y) = f(m)—¢&'Dy(f)(m) —eDyf(m) + e’ DyDy(f)(m)
fimeT Ve ==Yy = f(m)— €' Dy(f)(m) —eDyf(m) + e’ Dy Dy(f)(m) + &' Dy f(m) — €'eDyD, f(m)
= f(m)—eDyf(m)+ee'DyDy(f)(m) — e'eDyD, f(m

/

f
f )

f(me®e Ve e =Yy = f —&'eDyDy f(m) 4+ D, f(m)
f
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We can consider the action of G on itself by right translation, %, and by left translation x;.
We have a map G? — Aut(G), g — g *r (—).

Lemma 3.6.3. The map G? — Aut(G) induces an isomorphism of G°P on the subspace of
Aut*G (@), of automorphisms which commute with left translation.

Proof. We define a map Aut*'(G) — G, by ¢ — ¢(e). Observe that ¢(g) = gé(e) and ¢ o ¢
p(e)d'(e). O
Corollary 3.6.4. The map Lie(G) — Der(G) identifies Lie(G) with the space of left invariant
derivations.

Assume G is Spec A. Then we can make explicit what are the left invariant derivation. Let
D : A — A be a derivation. For any element g € G(T'). We have amap g: A®T — A® T given
by left translation. Then we ask that g lo D®log=D® 1.

3.7. Lie algebras : general. A Lie algebra g over a ring R is an R-module g endowed with a
braket [,]: g X g — g. Such that :

(1) [,] is bilinear over R,

(2) [X,X]=0for all X €g.

(3) (Jacobi identity) For all X,Y,Z € g, [X,[Y,Z]| + [V, [Z, X]]| + [Z, [ X, Y]].
Ezample 3.7.1. (1) If M is an R-module, then Endgr (M), endowed with the braket [X,Y] =

XY — Y X is a Lie algebra.
(2) If Ais an R-algebra, then Derg(A) is a sub-Lie algebra of Endr(A).
(3) If X is a Spec R-scheme, then Der(X) =H"(X,T/s) is a Lie algebra.

Corollary 3.7.2. Let G be a group scheme. Then Lie(G) with its bracket |,] is a Lie algebra.
Proof. Indeed, Lie(G) is a sub-Lie algebra of Der(G). O

3.8. Affine algebraic groups over a field. We fix a field k. All schemes are over Spec k.

Definition 3.8.1. An algebraic group is a group scheme G which is of finite type over Spec k. An
affine algebraic group G is an affine group scheme over Spec k which is of finite type.

Concretely, G is an affine algebraic group if G = Spec A, where A is a k-algebra of finite type
and an Hopf algebra.

3.8.1. Smoothness. The following result is known as Cartier’s theorem. See [Mum08], III, sect. 11,
thm. on page 101.

Theorem 3.8.2. Assume that k is of characteristic 0. Let G — Spec k be a group scheme, locally
of finite type. Then G is smooth over Spec k.

3.8.2. Subgroups.
Lemma 3.8.3. Let U C G be a dense open subscheme. Then U x U maps surjectively onto G.

Proof. We can suppose k = k. It suffices to see that U.U(k) — G which is open in G, contains
all k-points. Let g € G(k). Then U NgU~" is again dense open (indeed, U and gU ™! contain all

generic points). Thus, there are points v,w € U(k) such that v = gw ™. [l
Let G be an algebraic group and let ¢ : H — G be an algebraic subgroup.
Lemma 3.8.4. The image of H is a closed subset of G.

Proof. We claim that the image i(H) of H in G is a closed subspace. In order to prove this, we
can assume that k = k. The image i(H) in G is constructible. This implies that i(H) contains a

subset V which is dense and open in i(H). Then H(k).i"'(V) = H. We deduce that i(H) is open
in i(H). Note that ¢(H) is a closed subgroup of G. The above lemma shows that i(H) = i(H). O
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We assume that the map H — G is a monomorphism of sheaves.
Lemma 3.8.5. The group H is a closed subgroup of G.

Proof. We first claim that ¢ : H — G is injective and induces isomorphisms on residue fields.
Consider a point g € G and look at the fiber H; — g. Then H, is a subfunctor of g. In particular
H, x4 Hy — H is an isomorphism. This means that H, has a unique point. So H, = Spec A for
some artinian alegbra and A ®j,) A = A which implies that A has dimension 1 (as a k(g)-vector
space). So A = k(g).

We next claim that there exists a dense open V of G such that i 71 (V) — V is a closed immersion.
Let h be a generic point of H mapping to h € . Consider the map Ogp — Ogy. Since Opp,
is Artinian, and they have the same residue field, we deduce that Og; — O is surjective.
Let Spec A be an irreducible open subset of H mapping to Spec B open in G. We have a map
B — B/I — A. Moreover B/I and A have the same generic point { and (B/I)¢ = A¢. Let
Z1,--+ , &, be generators of A as a B-algebra. There exists f € B with f(£) # 0 such that fx; € B.
We deduce that B[1/f]/I — A[1/f]/I is an isomorphism. By translation, this finally implies that
H is a closed subgroup of G. u

3.8.3. Euistence of representations. Let G be an affine algebraic group and H a subgroup of G
(necessarily closed in G and affine).

Lemma 3.8.6. There exists a finite dimensional representation p : G — GL(V') with the property
that H is the stabilizer of a line L.

Proof. We let A be the algebra of G and I the ideal of H. We consider the representation of G
on A. We first claim that H is exactly the stabilizor of I. If h € H(R), and f € I ® R, we have
h.f = f(=h). It is clear that if f vanishes on H, then so does h.f. Conversely, if g € G(R) is such
that g.f = f(—g) € [ ® R for all f, then f(g) =0 for all f. Thus g € H(R).

We now let W C A be finite dimesional k-vector space, with the property that V generates A as
an algebra and W N I generates I as an ideal.

We claim that there exists W C X such that X is a finite dimensional representation of G.
Let (a;) be a k-basis of A. We have A(z) = >, x; ® a; and Y, A(zr;) @ a; = Y, 2 ® Aa;) =
> i ®bij ®aj. We deduce that A(z;) =3 z; ® bj;. Thus, we let X be the space generated by
z;’s. Let n be the dimension of X NI. Then H is stabilizer of X N 1. We finally consider A" X and
A"X NI

O

Lemma 3.8.7. If H is normal, there ezists a finite dimensional representation p : G — GL(V)
with the property that H is the kernel.

Proof. Let us take the representation given by the last lemma. Let us consider @geG(E) g.L.
Picking representatives, we can write this space @©4,¢g;L. This is a representation of G. Moreover,
H preserves each of these lines. We can replace V' by @©4,¢9;L. We now consider the composition
Adop: G — GL(End(V)). Clearly, H is in the kernel. Any element in the kernel of Ad is a scalar
in GL(V). A scalar in GL(V') preserves L and therefore the kernel of Ado p consists of elements of
G which stabilize L. This is inside H. g

3.9. Quotient. Our goal is to prove the following theorems.

Theorem 3.9.1. Let G be an algebraic group acting on a scheme of finite type X. For any
x € X(k), the orbit map G — X, g — gz factors through an immersion G/H — X where H is the
stabilizor of x. Moreover, if G is smooth, the orbit is smooth.

We only give the proof in characteristic 0. Therefore we know that G is smooth (hence reduced).
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Proof. We let H be the pre-image of x under the orbit map. This is obviously a closed subgroup
H of G. The map orb: G — X has constructible image. Thus there exists V' C orb(G) dense open
such that V C orb(G). We deduce that orb=1(V) C G is open. Assuming k = k we deduce that
G(k)orb=1(V) = G so that orb(G) is open in its closure. We now equip orb(G) with the reduced
scheme structure and this induces a scheme structure on orb(G). Since G is smooth, the map

G — X factors through a map G — orb(G) — X. By generic flatness, there is a dense open W of
orb(G) such that orb=1(W) — W is flat. Using group translation, we deduce that G — orb(G) is
flat. This is thus an fppf cover. Moreover, G X o4y G = G x H. Thus, orb(G) = G/H. Note that

orb(@) is geometrically reduded, hence generically smooth. By homogenity it is smooth. O

Theorem 3.9.2. Let G be an affine algebraic group. Let H be a closed subgroup. The fppf quotient
G/H is representable.

Proof. We pick a representation p : G — GL(V') with V finite dimensional k-vector space. We let
n be the dimension of V' and we let Gr(n, 1) be the Grassmanian of lines in V. This is the functor
which sends a k-scheme T to isomorphism classes of exact sequence 0 = L = Or @V — 9 — 0
where £ is an invertible sheaf and ¥ is locally free of rank n—1. The group GL(V') acts on Gr(n, 1)
and so does G. The line L in V defines a k-point. And G/H is represented by the orbit of L in
Gr(n,1). O

Theorem 3.9.3. Let G be an affine algebraic group. Let H be a normal subgroup, then G/H is
an affine subgroup.

Proof. We consider a representation p : G — GL(V') with kernel H. The image of p is closed, so
that G/H — p(G) identifies with a closed subgroup of GL(V'). Hence it is affine. O

4. EQUIVARIANT SHEAVES

4.1. Equivariant sheaves. Let X be an S-scheme. We have a category QCoh(X) of quasi-
coherent sheaves. If X = Spec A is affine, this is simply the category of A-modules. Let G be a
group schemes acting on X on the right.

We consider the following diagram

GxGxX3GxX5X

where the maps G x X — X are act((g,x)) = gx and p(g,z) = . Themap s : X — X xG is s(z) =
(xae)' The maps G x G x X — G x X are mO((.glvg%x)) = (919271;)7 ml((917927x)) = (927‘7:91)
and ma2((g1,92,2)) = (g91,2). We have act o mg = act omy, pomy = pomsg, pomi = act o ma.
Moreover act o s = p o s.

Remark 4.1.1. We give some intuition about this diagram. If f : X — Y is a map of schemes,
we can consider the Chech nerve of this map. This is a simplicial scheme. The first few maps are
given by :
X xy X xy X3X xy XX

with q1,2(x0, ¥1, 22) = (21, 22), qo,2(T0, 21, T2) = (T, T2) and go1 (2o, 1, 22) = (o, 21), po(To, T1) =
xo and pi(zo,x1) = x1. Gwen X and G, we can form the quotient stack [X/G]|. There is a
map f : X — [X/G]. We can still consider the Chech nerve of this map. Moreover, we have
GxX =X xx/q X (via (g,7) = (z,79)) and G x G x X = X xXx/q X X[x/q1 X via (91, g2, 7)
(z,291,29192)-

Definition 4.1.2. We let QCohg(X) be the category whose objects consist of a quasi-coherent
sheaf .# on X together with an isomorphism © : act*.%# — p*.# which satisfies :

(1) (identity acts trivially) s*© = Id 4.

(2) (associativity) miO = m50 o mjO.
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A map (F,0) — (F',0') is a map of quasi-coherent sheaves 1) : # — %’ such that the following
diagram commutes :

t*
act* F M act*F'

b e

[ P p* T

Remark 4.1.3. One can see that (2) implies (1). Indeed, pulling back the identity mi5O = m30 o

mi0 on {e} x {e} x X, we get s*O = s*O 0 s*O. Since s*O is an isomorphism, it must be the
identity.

This notion may be hard to understand. Let us provide some intuition.

Lemma 4.1.4. Let x : Spec k — X. Let g € G(k). The map © induces a map Oy : Fpg ~ Fy
identifying the stalks at xg and x.

Proposition 4.1.5. If G is flat, the category QCohg(X) is abelian.

Proof. Let % — %' be a map in QCohg(X). We can form the kernel K and cokernel C' in
QCoh(X). Then we observe that K and (@ inherit a canonical G-equivariant action. Indeed, we
have long exact sequences 0 — act*K — act*.% — act*#' — act*C — 0 and 0 — p*K — p*F —
p*F' — p*C — 0 as act and p are flat maps. O

Proposition 4.1.6. If 7,9 € QCohg(X) then F ®p, 9 € QCohq(X). If #,9 € Cohg(X) and
G is flat then Hom(#,¥9) € Cohg(X).

Proposition 4.1.7. The sheaves O, Q§/57TX/57DX/S are G-equivariant sheaves.

Proof. If Z is a scheme and ¢ : Z — Z is a scheme map, then we have a map ¢v*0z — Oyz. If ¢ is
an isomorphism, this map is an isomorphism. Similarly, if Z +— S and % is a S-morphism, we have
a map w*QIZ /s ™ QIZ /5" If v is an isomorphism, this map is an isomorphism. Consider the map

AGx X —>GxX, (g9,2) — (g,zg). This map is an automorphism. Moreover, po A = act. O
4.2. Special cases.

Proposition 4.2.1. If X = Spec R has trivial action, then the category QCohg(X) is simply the
category Modg(R) of representations of G on R-modules.

Proof. Note that act = p. For any R-algebra B, and any g € G(B), we have a map O, : M ®g B —
M ®pr B which is B-linear. ]

Let f : X — Y be a morphism. The category of quasi-coherent sheaves on X with descent
datum has objects quasi-coherent sheaves .# on X, an isomorphism v : p§.# — p].% such that the
diagram commutes:

qo,lw Q1,27/)
QW1P0F ———— Q@AP1F = G oo F —————— 1 2D1F

Jf q672w l

902067 Q@201 F

*

Theorem 4.2.2 ([Stal3], Tag 023T). Let f : X — Y is an fppf epimorphism. The functor
F — f*F identifies QCoh(Y) with the category of quasi-coherent sheaves on X with a descent
datum.

Proposition 4.2.3. Assume that there is a scheme X/G, such that X — X/G is an fppf epimor-
phism with X X x;q X = X x G. Then QCohg(X) = QCoh(X/G).
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We now investigate the case where X = H\G for some subgroup H of G and for simplicity
S = Spec k with k a field.

Proposition 4.2.4. The H-equivariant map e : Spec k — X induces an equivalence of category
Modp (k) = QCohg(X).

Proof. We have QCohg(X) = QCohpxa(G) = QCohy(S) = Mody (k). We can also be more
explicit about the construction. The functor QCohg(X) — Modg (k) is given by taking the stalk
at e. We define a functor Mody (k) — QCohg(X) as follows. To M we associate first the sheaf
M = 7,0g ®;, M. This sheaf carries an action %13 of H, and a % action of G. We take the
H-invariants for x13. There remains a x3 action. Very concretely, the section of M over some
U — X which lifts to G can be described as function f : HU — M such that h=!f(hz) = f(z).
It is easy to see that Modg (k) — QCohg(X) — Modg (k) is the identity. We need to see that
any object of QCohg(X) arises from an object of Modg (k). Let .# in QCohg(X). Consider the
map 7 : G — X. Then 7*.% is a G-equivariant sheaf on G. We have maps act,p : G x X — X
and O : act*# — p*Z. Restricting to G x {e}, this gives 7*F = Og ® F.. Concretely, this map
is given s(g) — Oy4s(g). The G-equivariant structure is given by [g¢’ — s(gg’)] — [g = Oy s(g99")]
and it transforms into [gg’ — Oggs(gg’)] = [g9 = ©4Oys(99') = O4gs(g9g’)]. This is the trivial
G-equivariant structure. ]

4.3. Adjunction. Let C, D be two categories. We consider functors F': C - Dand G: D — C. We
say that G is a left adjoint to F' (or that F' is a right adjoint to G) if Hom (X, F(Y')) = Hom(G(X),Y')
for all X,Y € 0b(C) x ob(D). We say that (G, F) are adjoint functors.

Ezample 4.3.1. Let f: X — Y be a map of schemes. Then (f*, f,) are adjoint.

Ezample 4.3.2. Let H, G be abstract groups. Let Mody (k) and Modg(k) be the categories of
representations of H and G on k-vector spaces. Let f: H — G be a map. We have a natural map
f*:Modg(k) = Modp (k) sometimes called inflation. We can also define a map fix : Mody (k) —
Modg(k) sometimes called induction, such that (f*, f.) are adjoint. We let f,V = {f : G —

Vihf(gh) = f(9)}

4.4. Pull back and pushforward of equivariant sheaves. Consider a group H acting on a
scheme Y and a group G acting on a scheme X. We assume that we have maps ¢ : H — G and
f:Y — X such that the diagram commutes :

acty

HxY —Y

actx

GxX—X
We want to construct adjoint functors (f*, fi) between QCohg(X) and QCohy(Y).
Proposition 4.4.1. We have a functor f*: QCohg(X) — QCohy(Y).
Proof. Let (#,0) € QCohg(X). We consider (f*%,i x f*©). O
In order to consider the functoriality for direct images, we need the following base change result.

Proposition 4.4.2 ([Stal3], Tag 02KH). Let g : X — S be a map of schemes which is quasi-
compact and quasi-separated. Let T — S be a flat morphism. Consider the following diagram:

XxsTH 4 x

c T

T—" 5
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Let F be a quasi-coherent sheaf on X. Then we have h*Rig,.# = Rig,(W)*Z.

Proof. We only give the argument when X is quasi-compact and separated. We also assume
S = Spec A and T' = Spec B are affine. Let U = {U;}icr be a finite affinoid cover. Let C(U, .F)
be the Chech complex which computes the cohomology of F. Then C(U,.#) ®4 B is the Chech
complex which computes the cohomology of .%’. We see that since B is A-flat, H(C(U, F)) @4 B =
HY(C(U,F) 24 B). O

Proposition 4.4.3. Assume that H = G. We have functors R'f, : QCohg(Y) — QCohg(X).
Moreover, (f*, fx) are adjoint functors.

Proof. We have (actx)*R!f, = Ri(Id x f).act}-. O

Corollary 4.4.4. Let G be a group acting on the right on X, let f : X — Spec k. Then we have
functors H'(X, —) : QCohg(X) — Modg(k).

Let H C G be a subgroup.
Corollary 4.4.5. We have functors H(H\G, —) : Modg (k) — Modg (k).

Unravelling the definitions, the functor H(H\G, —) is the induction functor which sends M to
the space of functions f : G — M with the property that hf(h=1g) = f(g).

For the sake of completeness we construct the functor fi : QCohy(Y) — QCoha(X) in general.

We can first construct a functor QCohg (Y) — QCohy(X) (by using the preceeding arguments),
reducing to the case that X =Y. Let K = Ker(H — G). Necessarily, K acts trivially on X. We
construct a functor QCohy (X) — QCohy k(X), as F FK_ This reduces to the case that H
is a (closed) subgroup of G.

Then we have the equivalences QCohy(X) = QCohgx (G x X) = QCohg(G x X/H) where H
acts by h(g,z) = h~'g,zh. We use that G x X/H — G/H is representable, hence G x X/H exists.
Finally, we have a G-equivariant map G x X/H — X and we have a functor QCohg(G x X/H) —

QCohg(X).

5. THE BOREL-WEIL-BOTT THEOREM AND THE WEYL CHARACTER FORMULA
5.1. The abelian category Modg(k).

Definition 5.1.1. Let C be an abelian category. An object A of C is simple if it is non-zero and
the only sub objects are 0 and A. An object is semi-simple if it is a direct sum of simple objects

Definition 5.1.2. An abelian category is semi-simple if any object is semi-simple.

Let G be an affine algebraic group. The category Modg (k) is the category of representations of
G on k-vector spaces. An object of this category is called finite dimensional if its underlying vector
space is finite dimensional.

Proposition 5.1.3. The category Modg(k) is abelian. Moreover, any object of Modg(k) is a
union of finite dimensional sub-objects.

Proof. We have already seen that Modg (k) is abelian. Let V be a representation. Let X C V be
a finite subvector space. We want to prove that there exists X C X’ with X’ a finite dimensional
representation. Let (a;) be a k-basis of A. We have A(z) = Y, 2; ® a; and ), A(z;) ® a; =
2T @ Ala;) = 37, ;7 ® by ® aj. We deduce that A(x;) = > x; ® bj;. Thus, we let X' be the
space generated by x;’s with = € X. O

Lemma 5.1.4. Any non-zero finite dimensional representation V admits a filtration 0 = Vy C
Vi€ CV, =V with V;/V;—1 simple fori > 1.
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Proof. We do induction on the dimension of V. The theorem holds if V' has dimension 1 since any
1-dimensional representation is simple. Assume V is of dimension n. Then either V' is simple or it
admits a non-trivial sub-representation V. We apply the induction hypothesis to V/V" and V'. O

Definition 5.1.5. Let V' be a finite dimensional representation. The socle of V', soc(V) is the
greatest semi-simple sub-representation of V.

Proposition 5.1.6. The category Modg(k) admits a tensor product, and if V1, Vs are finite dimen-
sional representations, then Homy (V1, V2) is also a finite dimensional representation. Moreover, we
have Homg (Vs ® Vi, Vo) = Homeg (Va, Homy (V1, V3)).

Proof. If V1, V; are finite dimensional, then for every k-algebra B, we have Homy(V1,V2) ® B =
Homy (V1, Vo ®k B) = Homp(V) ®f B, Vo @k B). If g € G(B), we let g act on Homg(V1, V) ® B
via ¥ = p2(9)9(p1 " (9)-)- O

Let f : G — G’ be a morphism of groups. We have a pair of adjoint functors (f*, fi) between
Modg(k) and Modg: (k). We have

Hom pzoq,, (k) (f*V, V') = Homypseq,, o) (Vs £ V).

It is particularly interesting to study the special case where G is a subgroup of G’. In this case, f*
is the restriction which we shall denote by Resg and f, is the induction which we shall denote by
Indg/.

5.2. Representations of a Torus. We let T' = GJ, be a split torus.
We let X*(T') = Hom(T', G,,,) be the character group of T'.

Lemma 5.2.1. We have X*(T) ~ 72", k = (k1,--- ,kyn) corresponding to the map (t1,--- ,t,) —
k;

[Tt

Proof. We reduce to check that Hom(G,,,G,,) = Z. Any scheme map G,, — G,, will send T to

aI™ for some a € k and n € Z. A group scheme map will send 1 to 1, so we deduce that a = 1. [

For any k = (k1,--- ,kn) € Z", we let k(k) be the one dimensional representation of T' where T
acts by k.

Proposition 5.2.2. The category Mody (k) is semi-simple with simple objects k(k).

Proof. Let V' € Modr(k). Welet A :V = V @ Op. We write A(v) = > ezn Vi) L TF. For

k = (k;), we let p,, : V' — V be the map given by v — v,.. We see that A(v.) = v, []; lez It follows
that p2 = p, and pupe = 0 if k # £’. We also have v = 3", v,. Hence, V = &,p.(V)(k). O

5.3. Representations of the additive group. Let G, be the additive group. Let (p,V) be a
representation of G,. We attach to p the endomorphism N = dp(1) of V.

Theorem 5.3.1. Assume that k is a field of characteristic 0. The above functor induces an
equivalence of categories between Modg, (k) and the category of pairs (N, V) where V is a k-vector
space and N is a locally nilpotent endomorphism of V' (i.e. for allv € V., In, N"v =0).

Proof. Let (p, V') be a representation of G,. We have A : V' — V@i k[T]. Welet A(v) = > pn(v)T™.
Note that pp(v) = v and p;(v) = N(v). We now use associativity of co-multiplication to get that

a+b)!
> i) = Y e
m,n>0 a+b=n,a,b>0 o

We deduce that pa—l—b% = pq © pp. This implies that p,(v) = %(pl)". We deduce that pq is

locally nilpotent. A quasi-inverse is given by taking (N, V) to V equipped with A : V' — V ®y k[T
defined by A(v) = exp(T'Nv) = 3, - N"(©) O

n!
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5.4. Representations of Unipotent radical and Borel. We let G = GL,, we let B be the
upper triangular Borel, T' be the maximal diagonal torus and U be the unipotent radical. We also
let U be the opposite unipotent radical and B be the opposite Borel.

Let V € Mody(k). We let VU be the sub-vector space of fixed point for the action of U.
Concretely, VU = {v € V,A(v) = v®1}. We let V* be the subspace over vectors anihilated by the
Lie algebra. Clearly, VU C V*.

Proposition 5.4.1. Let V € Mody (k) be non-zero. Then VU # 0. Moreover, if k is of character-
istic 0, VU = Vv,

Proof. Let V be a non-zero object of Mody (k). We wish to prove that VU # 0. We can assume
that V is finite dimensional. We consider the projective space P which parametrizes lines in V'
(where n + 1 is the dimension of V). The group U acts on P". We take a filtration of U by normal
subgroups with graded pieces being isomorphic to G,. By induction, it will suffice to show that
VGa £ 0.

Let Z be an orbit of minimal dimension for the action of G,. We claim that Z = Z. Indeed, Z is
stable under U and so is Z \ Z which is of dimension less than the dimension of Z. It follows that
Z is a closed, connected, reduced, projective scheme. We claim that it must be a point. The orbit
map is a surjective map from G, to a connected, reduced, projective scheme. It must be constant.
We deduce that Z is a point. It follows that V' admits a stable line. O

Corollary 5.4.2. The only simple objects of Mody (k) if k. The simple objects of Modg(k) are
the k(k).

5.5. Weights of representations of G. Let V € Modg(k) be a finite dimensional representation,
it admits a weight decomposition V' = &, V.
We let W = Ng(T)(k)/T (k).

Lemma 5.5.1. We have an ezxact sequence 0 — T(k) — NgT'(k) — S, — 0, identifying S,, with
w.

Proof. Let eq,--- ,e, be the canonical basis of k™. The lines ke; are the only fixed lines by the
action of 7. An element of Ng(T')(k) induces a permetutation of these lines. O

This map has a section. Indeed, we define a map W — G(k), by sending w to the automorphism
€i 7 Eqp(s)-

Corollary 5.5.2. If k is a weight of V and w € W, then wk is also a weight of V.

The group G has an adjoint action on Lie(G) = g. As a T representation we have g = h© b @ b.
The characters of T appearing on b are called the positive roots. We denote by ®* that set. They
are the «; j with i > j, given by o ;((tx)) = titjfl. The simple roots A C & are the a;it1. Given
any root «, we let T}, : ker(ca). We consider the centralizor of T, G=. This is a group isomorphic
to GLa. Welet U, = UTe and U_,, = U”>. We pick a generator z,, of Lie(U,) = U, so that Id+xz,
generates U,. We also define a cocharacter & : Gy, — GTo. We let p = $(3 cp+ @). We have
p= (”T_l, e ,I_T") We let W be the Weyl group of G. Here, W identifies with the symmetric
group via w(ty, -+ ,tn) = (ty-1(1), s tw-1(n)). We let s, be the transposition corresponding to
a € ®T. The simple transposition generated W. We let £ : W — N be the length function. We
let X*(T)" be the dominant cone (given by the condition (k,& > 0 for all « € ®T). A weight is
regular if (k, &) # 0 for all & € ®*. We also let X*(T')™* be the cone of regular dominant weights.

Lemma 5.5.3. Let V € Modg (k). Let K € X*(T) and o € ®. Then uy, : Vi = Vita.
Proof. For v € Vi, t.xa0 = txgt Litv = k(t)a(t)zav. O

Definition 5.5.4. Let V € Modg (k) be non-zero. A non-zero vector in VU is called a highest
weight vector. A weight of V'V is called a highest weight.
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5.6. The geometry of B\G.
Lemma 5.6.1. The Flag variety is proper.

Proof. 1t suffices to check the valuation criterium for properness with discrete valuation rings by
[Stal3],tag 0CM2. Now, let A be a discrete valuation ring and K be its field of fraction. Let
FhyCFy C--- CF,beafull lagin K™ We see that FyNAC FiNAC---CF,NAisa full flag
in A™. O
Lemma 5.6.2. The scheme B\G has dimension "(”2_1). Its tangent sheaf at Be is b\g.

Proof. Since the scheme B\G is smooth, its dimension is the rank of its sheaf of differentials. We

have maps G i> B\G — Spec k. We deduce an exact sequence : 0 — f*Q}B\G/k — Qé/k —
QIG/B\G — 0. We take stalks at e. We have e*Qé/k = gV. We have a cartesian diagram

B——G

| ]

Spec(k) —— B\G
from which we deduce that e*QlG/B\G = bY. We deduce that e*Qg\G/k = (b\g)". O

Theorem 5.6.3. The scheme B\G admits a finite stratification into B-orbits : [[,, cyy Xw — B\G
where X, = B\BwB. Each X, is a locally closed subscheme. The map [],cn Xw — B\G is
surjective.

Proof. Using the proposition below we see that the various X, are distinct as w is the only T-fixed
point of X, so if X, = X,s, then Bw = Buw', which implies w = w’. We next show at the
level of k-points that G(k) = Uyew B(k)wB(k). This is an easy matrix computation. Let E; ; be
the matrix with 1 on the i-th line and j-th column. If M is a matrix then MFE; ; is the matrix
whose j-th column is the i-th column of M (which has zeroes everywhere else). Similarly, E; jM
is the matrix whose j-th line is the ¢-th line of M and with zeroes everywhere else. We explain an
algorithm to turn M € G(k) into an element of W by left and right multiplication by elements of
B.

(1) M has a non-zero coefficient on the first colum. Let my, ; be the first non-zero coefficient.

(2) Using torus element and left multiplication by Id+Ejy, ; with j > k we may kill all coefficients
of M on the first column except for the k-th coefficient. We can now assume that M has
zeroes on the first column, except for a my = 1.

(3) Using multiplication by torus element and right multiplciation by Id + E4 ; with j > 1, we
can kill all coefficients on the k-th line, except for the first one. We can now assume that
M has zeroes on the first column and the k-th line, except for a my; = 1.

(4) We now restart the algorithm by looking for the first non-zero coefficient on the second
column.

We deduce a map [[,, Xu — B\_G This map is surjective. Indeed, let £ € B\G be a point. Let £
be its closure. We look at Xy, N¢&. If none of these contain &, we deduce that UX,, N¢§ is contained
in closed subset of £, thus there must be a k point in the complement. O

Lemma 5.6.4. The map [[ cq+ Ua — U is an isomorphism (for any order of positive roots).

Proof. We order the roots g, aq, - - - with the property that U,, embedds in the center of U/(U,, %
-+ Us,_,). Let ®%; = {aj,j > i}. We see that there is a map Haeq); Uy = U/(Upy X -+ Usn;_,)

and this map is equivariant for the action of U,, on both factors (which act without fixed point).
We deduce that the map [, cq+ Ua — U/(Uay X - Uq,_,) is a bijection if and only if the map
>1

Ha@;“ Us — U/ (Uay X -+ U,,) is a bijection. U
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Proposition 5.6.5. The orbit X,, is isomorphic (as a T-space) to [[,cp-10-no+ Ua-

We can also consider the stratification into B-orbits, with X,, = Xywy = B\BwwywyBuwy.
ThuS, X'l/U — HaEw*1¢*ﬂ¢* UOé'

Lemma 5.6.6. There is a unique open orbit X7,. The map B x U — G is a dense open immersion.

Proof. We consider the orbit map Xy = U — B\G. Since the stabilizor is trivial, this map
identifies U with a locally closed subscheme of B\G. We see that U and B\G have the same
dimension. Hence, this map must be an open immersion. By pull back to G we get the desired
map. ]

We next look at codimension one orbits.

Lemma 5.6.7. The codimension 1 orbits are the X;_ for o a simple root (sq is a transposition
(4,1 +1)).

Proof. The codimension 1 orbits correspond to permutations w with the property that w=1®+N&+

has cardinality % — 1. This means that there are indexes i < j such that w(i) > w(j), while

otherwise k < [ implies w(k) < w(l). We see easily that w must be the identity on {1,---,i—1} and
{j+1, -+ ,n}. Next we consider fo: w(k+1)—w(k) = w(j)—w(i). If j # i+1 this quantity would
be both negative and positive, a contradiction. Therefore w must be a transposition (i,7 +1). O

5.7. Induction of a character. [Reference : [Jan03|, part II, section 2]
Let & € X*(T). We let H(x) = Ind%(k).

Proposition 5.7.1. We have that H'(k) is finite dimensional.
Proof. This follows from properness of B\G. |

Lemma 5.7.2. Let V € Modg(k) be non-zero and finite dimensional. Then there exists k and a
non-zero homomorphism V — HY(k).

Proof. We have seen that (VY)V # 0. Thus there is ), such that Homp()\,VV) # 0. Thus
Homp(V,—\) # 0. We take A = —k. O

Lemma 5.7.3. We have that dim(H°(k)Y) < 1 and H°(k)Y C HO(K)wqx-

Proof. We prove that dim(H°(x)V) < 1. There is an injective map 0g — 05 ® O and it induces
an injective map HO(k)V — kf. where f is the function on U x T' x U defined by f(btui) = x(t).
Conjugating by wy we deduce that H (k)Y C HO(k)uwgs- O
Corollary 5.7.4. Assume that HO(k) # 0. Let X be a weight of HO(k). Then k < A < wok.

Proof. Let X be a weight and v a vector of weight A\. We see that there is an element of u, [ ], uka

such that ufev # 0 but u.(ufev) = 0. Thus, ufev has weight wor. If X is a weight, wo) is also a
weight. O

Lemma 5.7.5. Assume that H(k) # 0. Let L(k) = soc(H°(k)). Then L(k) is a simple G-module
and all simple G-modules are of this form. Moreover, L(k) has highest weight wok and lowest
weight K.

Proof. We see that dim(H%(x)V) < 1. We deduce that L(k) is simple. O
We say that a weight k = (k1,--- , kp) € X*(T) is antidominant if k; < kg -+ < kj,.
Theorem 5.7.6. We have that H(B\G, O(k)) is non-zero if and only if k is anti-dominant.
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Proof. We consider the function f, : BU — Al, given by f(bi) = k(b). We will prove that it
extends. It suffices to show that it extends in codimension 1. Let a be a simple root. Then fy
defines an element in the fraction field of the space of functions on BUsy = BsaSaUSq-

Let us write U = U_q x U’ with U’ = [[gcq- g20 U-p-

We recall the following identity in GLo.

b )06 )00 %) ()

There is a corresponding identity in GLZ‘*.
We denote by u, : Spec k[X]| — U, the natural map. We similarly have a natural map u_g :
Spec k[X]| — Us,.
We deduce an identity of the form uy (X 1) squa(X) = @( X Hu_o(X 1) in GL,(k[X, XY). Tt
follows that
fﬁ(bsaua(X)u/) = fﬁ(d(Xil)ua(Xil)) = H(6‘(‘)(71)) = X~ {ma),

We see that the function f, is well defined on BUs,, if & is anti-dominant. O

5.8. Borel-Weil-Bott theorem and Weyl character formula. We say that a weight k =
(k1,--+ ,kn) € X*(T)q is antidominant if k1 < kp--- < k,. We let X*(T)@ be the cone of
antidominant weights. We also let X*(T )6 be the cone of dominant weights. We have p =
(i 52 = 13 cor oo A weight k € X*(T)g is regular if (&, k) # 0 for all @ € ®. This
means that k = (ki,--- , ky) with k; # k; for all ¢ # j. We let X*(T')~~ be the subcone of regular
and antidominant weights.
Here are some useful facts.
(1) X*(T)q = UpwX*(T)q-
(2) X*(T)g? = I, wX*(T)g "
(3) X*(T)q —p C X*(T)5"
We also have a length function ¢ : W — N. It is defined as follows. Any element w € W has a
minimal expression w = sq, - - - So, Where «; are simple roots and (w) = k.
The following theorem completely describes induction and derived induction.

Theorem 5.8.1. (Borel-Weil-Bott) Let k be a field of characteristic 0. Let k € X*(T). Then :
(1) If k — p is not reqular, then H'(B\G, O(k)) = 0 for all k.
(2) If k—p is reqular, there is a unique w such that w(k—p) is antidominant and RT'(B\G, O(k)) =
HW)(B\G, O(k))[—£(w)] and H™)(B\G, 0(r)) ~ H(B\G, 0(w(k — p) + p)) is the repre-
sentation with lowest weight w(k — p) + p.

The following theorem describes completely the character of each induction :

Theorem 5.8.2. (Weyl character formula) The character of H(k) is

3 (-1 (w - (wok))

weWw Ha@b* (1 - Oé)

5.9. Proof of the theorem for GLs. Here the group is GLs.
Let us denote by St the standard 2-dimensional representation, and by det the one dimensional
representation. If eq, ey is the basis of St, then Sym*St has basis e?eg, a+b=k.

Here is another way to think of Sym*St. Consider the space P} of homologenous polynomials
of degree k in X,Y. We consider the action gP((X,Y)) = P((X,Y)g).

Proposition 5.9.1. The representations Sym*St @ det™ for k > 0 and n € 7 are irreducible. They
have weights (n,n+k),(n+1,n+k—1),--- ,(n+ k,n).
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Proof. We first check that Sym”St @ det™ is irreducible. We compute the action of z on Sym”. It

send egeb to ae§ 1eltL. Similarly, T sends efel to ae? 'eb™. Now if V is a subrepresentation of

Sym”St, it contains a certain weight. Thus it contains a vector e%elf. Using « and  we can span

the entire Sym”St. O
We now make the connection with induction. We recall the definition of Op:1(n).

Definition 5.9.2. The line bundle Op1(n) is the sheaf of sections on P! with a pole of order n at
00.

In other words, Opi(n) = Op1(noo). If n > 0, we have an exact sequence :
0— Opr — Op1(n) = (ico)«t "k[t]/K[t] = 0
If n <0, we have an exact sequence:
0 — Op1(n) = Opr — (ioo)«k[t]/JtT"k[t] = 0.
Corollary 5.9.3. We have dimH°(P!, G}(n)) = n+1 ifn > 0, and 0 if n # —1. We have
dim HY(PY, Gf(n)) =0 if n > —1, and —n — 1 if n < —2.
We have a covering P! by Spec k[X] = A! and Spec k[X 1] = Al glued along Spec k[ X, X 1] =
G,,. We define
Opi(n) — On® 0y — 0g,,
(P(X),Q(X ™)) = P(X) = X"Q(X)
We see that if n > 1, then (1, X ") defines a global section of &p1(n) which vanishes at order n.
Lemma 5.9.4. Let k = (k1, k2). We have an isomorphism of line bundles Op1((k)) = Op1(ka—k1).
Proof. We have a map 7 : GLy — P!. For any open U, we have O(k)(U) = {f : n=1(U) —

AL f(bu) = k(b)f(u)}. On m(wol) we get O(k)(m(wol)) =~ k[X], via f — f(wo <(1) )1(>) On

m(woUwy), we get O(k)(U) ~ k[X'], via f — f((;,, (1)>)
We have the following identity :

6506 7) = 36 )

We can let X’ = X!, and the gluing data is given by P(X) = X*~kQ(X~1).
]

Lemma 5.9.5. Assume that ko > k1. We have that HO(P, Op1 ((k1, k2))) is the irreducible repre-
sentation Sym* % @ det?.

Proof. If k1 = ko, we have HY(P', Op1 ((k1, k2))) = k. And clearly, detkt € HO(P', Op1((k1, k2))). By
twisting we reduce to the case where k; = 0. We construct a map Sym*2St — HO(P!, Gp1((0, k2)))

by sending P(X,Y) to the function (CCL b> +— P(c,d). This map is injective, and the spaces have

d

the same dimension. O
Corollary 5.9.6. The category Modg (k) is semi-simple.

Proof. We consider an extension 0 — H%(k) — E — H°(\) — 0. We claim that EY is two
dimensional. We see that H()\) has highest weight woA. We look at Eyox- If this space is one
dimensional, this means that wo\ is not a weight of H%(k). We deduce that wo\ + a is not a
weight of E. Therefore wg) is also a highest weight vector. If wg) is a weight of H(k) but A # &,
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we see that either E,.+q is one dimensional and therefore the map u : Eyyx — Euwgrta has a
one dimensional kernel. Finally, if A\ = x, then E, . is a two dimensional space of highest weight
vectors. ]

In order to study H' we will use Serre duality.

Lemma 5.9.7. We have Q%Dl/k = 0p((1,-1)).
Proof. We have that the stalk at identity of the tangent sheaf is g/b. O

The Serre dual sheaf to Opi (k) is Op1(—k + (1, —1)).
Moreover, Serre duality says :

Theorem 5.9.8. We have a perfect pairing
HY(PY, Op1 (k) x HY (P, Op1 (—k + (1, -1)) = k

Corollary 5.9.9. Assume that —1 — ks > 1 — k1. We have that H (P!, Op1((k1,k2))) = HO((1 —
ki,—1— kg))v ~ HO((kQ + 1,k — 1))

5.10. Digression : relative cohomology and semi-continuity theorem.

Theorem 5.10.1 ([Har77], III, thm. 5.2). Let S = Spec A be a noetherian affine scheme. Let F
be a coherent sheaf on X =Y. Then

(1) For alli >0, H{(X,.F) is a finitely generated A-module.
(2) There is an integer ng such that for all n > ng, H(X,.#(n)) = 0 for all i > 0 and all
n > ng.

Remark 5.10.2. Let X — S be a projective scheme. Let v : X — P¢ be the closed immersion.
The functor iy : Mod(X) — Mod(PY) is exact and sends injectives to injectives. It follows that for
any sheaf F, we have RI'(X,.#) = RI'(IPE, 1,.%).

Theorem 5.10.3 ([Har77], ITI, prop. 12.2). Let X — S be a projective scheme of relative dimension
n. Let F be a coherent sheaf on X, flat over A. Then there is a bounded complex K* of finite flat
A-modules, of amplitude [0,n] such that for any A-module M, RT'(X, # @ M) is represented by :

K'@AM

Proof. We only give a proof in the curve case. Assume X = U; U Us is covered by two affines. We
let L* = [HY(Uy,.%) @ HY(Uy,.#) — HO(Uy N Uy, .#)]. This represents RI'(X,.%) and L®* ®4 M
represents RI'(X,.# ®4 M). We let x1,--- ,z, be generators of H'(L®) in L'. We let K! = A"
and we consider the map ¢' : K' — L! given by these generators. Let y1,--- ,ys be generators of
Ker(K' — H'(L®). We choose lifts §; of g(y;) in L°. We let K = A* we have maps K{ — K!
(given by y1,---,ys) and K — L given by ¢;. We let zp,---, 2 be generators of HY(L%). We
K9 = A! we have a map Ky — LY given by 2g, - , 2.
We see that there is a commutative diagram.

L

I

K9 K) —— K!

If we let (K')® be the bottom complex, the map H((K’)®) — H°(L®) is surjective, let K3 be its
Kernel.
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Finally, we let K* = K{ & KY/KY and we get a diagram :

Y—— !t

[

K — 5 K1

Since the map K*® — L® is a quasi-isomorphism, the cone 0 — K° - K' @ L% = L' — 0 is
exact. It follows that K is flat.

We see that K®* ®4 M — L®* ® 4 M is a quasi-isomorphism for all A-module M since the cone :
0> K'®@sM—>K'oaMe®L'®a M — L'®4 M — 0 is exact. O

Corollary 5.10.4. (1) The function s — dimy HY (X, . Zs) is upper semi-continuous.
(2) The function s — 3 5o(—1)" dimyq) H (X, F5) is locally constant.

Proof. For a map A™ — A®, the locus where the rank is > 7 is open. One deduces the first claim.
For the second we have Zizo(_l)i dimy,o) H (X, ) = > (—1)" dimy,) K* @4 k(s). O
Corollary 5.10.5. The following conditions are equivalent :

(1) HY(X, F) =0 for all i >0,

(2) H{(Xs, #5) = 0 for alli > 0,
Moreover, if this is the case, H(X,.#) is a flat A-module and the map HY(X,.F) ®4 k(z) —
HY(X,, %) is an isomorphism.
Proof. In case of 1, we see that 0 — H°(X,.#) — K° — K' — ... is exact. It follows that
HO(X,.7) is flat and tensoring with k(z), the sequence remains exact. In case of 2. Let i be the
smallest degree such that H!(X,.#) # 0. We claim that H(X,.%) ®4 k(z) — H (X,, %) is an
isomorphism. Consider the sequence 0 — ker(d;) — K* — Im(d;) — 0. Since Im(d;) is flat (because
0 — Im(d;) — K1 — ... is exact) we see that ker(d;) ® k(z) = ker(K* ® k(z) — K ® k(x)).
Since Im(d;—1) — ker(d;) — H!(X,.#) — 0 is exact, tensoring with k(z) shows the claim. We
deduce that if i > 0, H(X,.#) = 0 by Nakayama. Therefore i = 0. O

5.11. The general case.
Proposition 5.11.1. For any simple root o and weight k. Assume that (&, k) < 1 we have
H'(B\G, 0(k)) = H(B\G, 0(a(k — p) + p))

Proof. We let P, be the minimal parabolic corresponding to a.. Let M, be its Levi quotient (note
that M, ~ GLy x G 2. We consider the map 7 : B\G — P,\G. This is a P!-bundle. We
see that m,0(k) and Rlm,(O(k)) are two G-equivariant vector bundle. We claim that m,0(k) =
Ri7,.O(so(k — p) + p). We consider the following cartesian diagram :

B\P, —1— B\G
PP —L PG
We note that B\P, = (B N M,)\M,. It suffices to show that (j')*m.0(k) = (j')*RimO(s0(k —

p) + p) as P,-representations (the action factors through M,). Using the base change formula of
corollary [5.10.5 we are left to prove that

HY((B N Ma)\Ma, 0(k)) = H'((B N Ma)\Ma, O(sa(r — p) + p)).

We see that when (&, x) < 0, H'((B N M,)\M,, O(k)) is the representations with highest weight
sqk and HY((B N M,)\M,, O(r)) is the zero representation. We see that when (&, x) > 2 they
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are respectively 0 and the representation with highest weight s,(k — p) + p. When (&, k) = 1,
they are all zero. If we assume that (&, x) < 0, then we deduce that there is an isomorphism
71,0(k) = R'm O (s4(k—p)+p). We deduce that H (B\G, O(k)) = HY(B\G, O(sa(k—p)+p)). O

Corollary 5.11.2. (1) If k — p is not reqular, then H'(B\G, O(k)) = 0 for all k.
(2) If k—p is reqular, there is a unique w such that w(k—p) is antidominant and RT'(B\G, O(k)) =
HU) (B\G, 6(x))[—(w)] and H)(B\G, 6(x)) ~ HO(B\G, 6(w(ss — p) + p)).

Proof. By general vanishing theorems, we know that H (B\G, 0'(k)) is concentrated in the range
[0,d]. Our last result shows that given x antidominant, we have H'(B\G, €(r)) = H{")(B\G, 0(w(k—
p) + p)). Applying this to w = wy, we deduce that x antidominant has only cohomology in degree
0. For a general x, write let w be such that w(k — p) is antidominant. Then H(B\G, O(k)) =
H~{)(B\G, O(w(k — p) + p)). If & — p is regular, then w(x — p) + p is antidominant and we
conclude. If k — p is not regular, then there let w(x — p) + p = ’. We deduce that there exists 4
such that k; = k11 + 1. We see that s, (k' — p) + p = £’ where s, = (i,4 + 1). We deduce that
HY(B\G, 0(x')) = HTY(B\G, 0(x')). Thus the cohomology of ’, and then x must vanish.

([l

5.12. Semi-simplicity.

Theorem 5.12.1. Assume that char(k) = 0. Then the category Modg(k) is semi-simple. The
simple objects are HO(k) for k anti-dominant. They have highest weight wok.

6. LECTURE IV : SHEAVES OF DIFFERENTIAL OPERATORS ON THE FLAG VARIETY

6.1. The enveloping algebra. Let k be a field of characteristic zero. Let V' be a k-vector space.
We let T(V) = @,>0V®". We have natural maps V" @ V& — V&t+m Thus, T(V) is naturally
a graded algebra.

We let

Sym"V = V®n/<111 @ QUn = Vp(1) @+ D VUy(n), 0 € Sn).

We let S(V) = ®pn>0Sym”™ (V). This is the symmetric algebra. This is also a graded algebra.

We have a natural map T'(V') — S(V') with kernel the two-sided ideal generated by v@w —w®wv.

Let g be a finite dimensional Lie algebra. We define U(g) =T(g)/(z ®@y—yQz —[z,y], 2,y € g).

Remark 6.1.1. If g is abelian, then U(g) = S(g).

We see that U(g) is a filtered algebra, with U(g)<; = Im(&,<;g%?).
We let Gr(U(g)) be the associated graded algebra.

Theorem 6.1.2. There is a natural isomorphism S(g) — Gr(U(g)).

Proof. (Sketch) We first observe that Gr(U(g)) is commutative, as for v € U(g)<; and w € U(g)<;,
vaw —w.v € U(g)<ityj—1. We also have a map g — Gr(U(g)) and it extends to an algebra map
S(g) — Gr(U(g)) which is easily seen to be surjective. O

Corollary 6.1.3. Let (g;)jes be a k-basis of g. Then as k-vector space, U(g) = Gé(nj)eziog?jk‘.
Proof. By induction, we check that U(g)<; = @(nj)ezio,znjgig?jk" O

6.2. Examples of g-modules. We now let g = gl,, of sl,.

Any representation of GL,, or SL,, gives an element of Mod(U(g)). One can also consider infinite
dimensional examples.

The most important example is Verma modules.

Let b = Lie(B) and b = Lie(T). Let A € Hom(bh, k). We let M(X) = U(g) ®ub) k() be the
Verma module of weight .
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Proposition 6.2.1. As a b-module, M()\) = U (&) ®4 k()).

Proof. We have U(g) =U (1) @ U(h) @ U(u). O
Proposition 6.2.2. We have Homy ) (M (A), N) = Homg(A, N).

Proof. Use adjunction. O

Ezxample 6.2.3. Let us do the sly example. We take x = <O 1>, y = <0 O) and h = [z,y] =

0 0 1 0
1 0
G 5)
We see that M (\) = @,y"®1. We have y.4"®1 = y" 1 ®1. We have h.(y"®1) = (A(h)—2n)y"®1.
Finally, we have z.(y" ® 1) = n(A(h) — (n — 1))y" 1 ® 1.

If A(h) =n € Z>o we have an exact sequence :
0— M(—n—2) = M(n) = Sym™k?* — 0

6.3. Harish-Chandra isomorphism. We let W be the weyl group. It acts on cocharacters on
the left and also on characters on the left. In particular we have (k,t) = (wk,wt) for any w € W.

The dotted Weyl group action on X*(7T') is given by x — w.k = w(k+p) —p. We let U(h) be the
envelopping algebra of . We have Spec U (h)(k) = X*(T);. There is also a dotted action on U(h)
which is given by w.h = w™h + (h,wp) — (h, p). We see that Spec(U(h)")(k) = X*(T)r/(W,.).
We let Z(g) be the center of U(g). Here is a description.

Proposition 6.3.1. We have a map HC" : Z(g) — U(h) given by z@1 = 10 HC'(2) in U(g) @y (v
U(h).

Proof. We have My, = U(u) @1 U(h). We claim that Endyg)(Mus) = U(h). We see that 1® U(h)
as weight xuniv : h — U(h) while vectors in uU(u) ® ®xU(h) have weights of the shape xun —
> (positive roots). It follows that any endomorphism will map 1 ® 1 to £k ® U(h). One map is
fr— f(1®1). The other is left multiplication. It follows that we get a map Z(g) — U(h).

O

Theorem 6.3.2. The above map identifies Z(g) with U(h)"V>.

Proof. We only sketch a proof for SLy. We have U(h) = k[h]. We define a map k[h] = [],cz k.
by P(h) — P(n). The composition Z(g) — k given by HC(z)(n) gives the action of z on M (n).
Since M (—n — 2) < M(n) for n > 0, we deduce that Z(g) lands in U(h)". To prove surjectivity,
we can simply exhibit the Casimir element h? 4 yx + zy which maps to h(h + 2) O

Thus, we see that the map HC' is designed in such a way that Z(g) acts on a module with
highest weight p via the character . We will actually consider a variant of this map. We consider
the map HC' : Z(g) — U(h) given by HC(2) ® 1 = 1 ® z in U(h) @y sy U(g). With this notation,
we see that via this map Z(g) acts via the character wou on the representation of highest weight .

6.4. Sheaves of differential operators on the flag variety. We let X = B\G. We recall that
we have a functor Modg (k) — QCohg(X).

We let g° = Ox ®p g, b°, u® be the images of g, b, u via this functor. We see that g° is the
constant locally free sheaf, with fiber g. For any x € X, b2 = z=!bz. This is the moving Borel Lie
algebra.

Remark 6.4.1. The G-action on each of these sheaves can be differentiating to a g-action. On
g ® Ox, the action of g € g on g @ f is g'.(9® f) =g", 9] © f & g' @ g(f).

For any character A € X*(T'), we let Ox () be the image of the one dimensional representation
A by this functor.
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Lemma 6.4.2. The map g — Tx induces an isomorphism g°/b% — Tx.
Proof. Indeed, we have seen that the fiber of T'x at B\B is g/b. O

We have an action of U(g) on 0x. We can construct a sheaf of rings Ox ®;, U(g) where the
product is defined by the rule :

fegfogd=Fff®g9 + fof)od.
Remark 6.4.3. For any g € g and f ® y € Ox ® U(g), we have that g.(f @ y) — (f ®y).g =
9(f)@y+y®g,yl
We deduce that there is a map of sheaf of rings 0x ® U(g) — Dx.

Lemma 6.4.4. We have that 8°0x @ U(g) = Ox ®; U(g)b°.

Proof. For any s € g°, we have s(f ® 1) = (f ® 1)s = s(f) for any f € Oy, as by acts trivially on
Ox on derivation, we deduce that if s € b°, s(f ® 1) = (f ® 1)s. Next, we have xby — boz C by for
any x € g, since bg is g-equivariant.

O

The map Oy ®; U(g) — Dx passes to the quotient to a map Ox @, U(g)/b° — Dx.
Proposition 6.4.5. We have an isomorphism Ox ®; U(g)/b° — Dx.
Proof. These are G-equivariant sheaves. It suffices to compare stalks at e. We have e*Ox ®p
U(g)/b® = k ®@uqy U(g) ~ U() = e*Dx = colim,Hom(Ox ,/mf, k). More precisely, the big
cell is B\BU = Speck[X,,a € ®7!] and Dx|p\po = k{Xa,0x,}. Taking stalks we get that
e*Dx = k[0x,,a € 7] ~ U(u). O

We let 5){ =0x Qp U(g)/uo.

There is a map h — b/u of B-modules, where in fact, b has the trivial B-action. It follows that

we have a map h — b%/u®. We can think of this map as follows. For any h € b, we can consider
the map x — xha~! which defines a global section of b° /u°.

Remark 6.4.6. For any z € X, k() @y, Dx = ks OU(uy) U(8) = U(bz) ®uu,) U(9)-
This induces a map Op, : U(h) — Dy.

Proposition 6.4.7. The map U(h) — Dy is injective. For any x € X, the composite U(h) —
Dx — U(bz) @y, Ul(g) is given by h — v~ hx ® 1. Moreover, U(h) lies in the center of Dx.

Proof. Since h — b°, any element of h acts trivially on f € Ox. Also, h = H°(X, 6% /u’) carries the
trivial G-action. We deduce that gO(h) — O(h)g = 0 for all g € g. O

Proposition 6.4.8. We have that U(h) = HO(X, Dx)C.

For any character A € X*(T);, we let Dx )\ = 15)( ®@u(p),x k. This is an algebra of twisted
differential operators.

Proposition 6.4.9. (1) We have Dx o = Dx.
(2) D is a locally free U(h) ®p Ox-module.

Proof. The first point follows from the definition. Next, we claim that D is locally free as a
U(h)®y Ox-module. For example, consider the big cell V. = B\BU. We have g°|y = u’|y @by, Oy .
We deduce that
Ulg) @1 Oy = u’(U(g) @1, Oy) @ U(b) @4, Oy .
As a result, B
D)y ~U(b) ® Oy =U(h) @k U(u) ®f Oy .
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Lemma 6.4.10. Let A € X*(T'). Then O(X) is naturally a Dy-module.

Proof. The G-equivariant action on ¢ (\) differentiates to a g-action. This induces a linear action
of b, This is a map of G-equivariant sheaves : b @4, @(\) — @()\). We study this map at the

stalk at B\B. This is a map b ® k(\) — k() which is induced by b — b A k. We deduce that
the b? action factors through an action of h via the character A. This implies that the ¢/°-action
on O(A) factors through an action of D). O

Remark 6.4.11. One can prove that for A € X*(T'), we have Dy = Ox(\) @ Dx @ Ox(—\) is the
ring of differential operators on Ox(\).

We also have a natural map Z(g) — U(g) — Dx.
Proposition 6.4.12. We have the following factorization :

U®h) ——D
k T
Z(g)
Proof. As Disa locally free O'x-module, it suffices to check the desired factorization at stalks. For

any z € X, we have z*D = U(b,) v (s,) U(g). Moreover, we have 1 ® z = 7' HC(z)z ® 1 by
definition of the map HC. O

As a corollary, we have a map U := Uh) @z Ulg) — HO(X, 75) Similarly, for any A € X*(T'),
we have a map Uy := k ®) ;) U(h) ®z(5) U(g) — HO(X, D)).

7. LOCALIZATION

7.1. Statement of the localization theorem. Let A € X*(T');. We consider the category
Mod(Uy) of Uy-modules, as well as the category Mod(D)) whose objects are quasi-coherent sheaves
of 0x-modules, equipped with an action of D). We define a localization functor :

Loc: Mod(Uy) — Mod(Dy)
M — Dy®y, M
We also have a global section functor :
I': Mod(Dy) — Mod(Uy)
M — T(X, )
Lemma 7.1.1. The functors (Loc,T") form a pair of adjoint functors.
Proof. Concretely, this means that for M € Mod(Uy) and A4~ € Mod(D)), we have :
Homy, (M,I'(.4")) = Homp, (D) @y, M, .AN)

This is clear ! O
We say that a weight v € X*(T'); is antidominant if for all w € W, w # Id, we don’t have
w(v) <wv. Ifv= (v, --,v,) € X*(T), then this coincides with the condition that v < wvy--- < .

Theorem 7.1.2. Let A € X*(T)y. Assume that A — p is antidominant.
(1) The functor T' is exact and the adjonction M +— T o Loc(M) is an isomorphism.
(2) If we further assume that A — p is reqular, then Loc and T' are inverse equivalences of each
other.

Remark 7.1.3. We see that if A € X*(T')~, then X\ — p is antidominant and regular. Let Vi, be
the highest weight representation wo\. We have Vi = HY(X, O(N)). Conversely, we have that
LOC(Vw())\) = ﬁ()‘)
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7.2. Global sections and cohomology of D and D,.

Theorem 7.2.1. We have that :
(1) HY(D) = U and H(D) = 0 for all i > 0.
(2) HY(Dy) = Uy and H (D)) = 0 for all i > 0.

For a full proof, see [Mill], sect. II, thm 6.1 and 6.5.

Proof. We only give the proof for SLo. We consider the following resolution of D:
0— U(g) @ u’ — U(g) @ Ox — D — 0
Notice that u® ~ @1 (—2). We deduce that H!(X, D) = 0 and we have an exact sequence :

0 — H(X, U(g) ® Ox) — H(X, D) » H'(X,U(g) @k u’) = 0

Also, notice that the exact sequence 0 — u® — b — 6%/u® — 0 induces an isomorphism

h = H'(X,u%). So we deduce that we have a commutative diagram where all vertical maps are
isomorphisms :

0——U(g) —— HYX,Dy) —— U(g) @ HY(X,u%) —— 0

T T T

0——U(g) —— U(g) @z U(h) ——— U(g) @ h ——— 0

Next, we claim that D is locally free as a U (h)-module. For example, consider the big cell V =
B\BU. We have g°|y = u’|y @ b ®; Oy. We deduce that

U(g) @k Oy =u’(U(g) @k Ov) @ U(b) ®y Oy

As a result,

Dly ~U(b) ®, Oy = U(h) @ U(1i) @, Oy
We deduce that for any A € X*(T'), and for h € b a generator, the sequence :

(h)

0— D" A D —Dy—0

is exact. After taking cohomology, we conclude the proof of the theorem. O

7.3. Translation principle. For any A € X*(T'), we have an invertible sheaf €'y (\), and we have
an equivalence of categories — ® Ox () : Mod(Dy) — Mod(Dy4y)-

Now, let V be a finite dimensional representation of G. We let V? = V ®;, @x. This is a G-
equivariant U° = U(g) ® Ox-module. We see that V, viewed as a B-module, admits a decreasing
filtration Fil'V, with gr'V = k(1;) where v; is a weight of V.

Let 4 be a Dy-module. We see that 4 @ V is a U® = U(g) ®j Ox-module. Moreover, it carries
a filtration with graded pieces the ¥(v;). In particular, we deduce that for any z € Z(g), we have
[L;(z—(A+v)(2)) = 0. In particular we can project 4 ® V onto its (A +v;)-generalized eigenspace,
denoted by (4 ® V)4,

Lemma 7.3.1. Let A € X*(T)g, p € X*(T). Assume that A — p and —p are antidominant. The
functor G — (4 (—p) ® V) is equivalent to the identity functor of Mod(Dy).

Proof. Let v be a weight of V,,. Necessarily, v < p. We see that h acts on ¥(—p+v) via A —p+v.
We assume that &(—p + v) contributes to the A\-generalized eigenspace. That means that there
exists w € W such that A — p+v —p = w(A — p). Since A — p+v —p < A — p, we must have
A—p=w(A—p). Asaresult u=v. O
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Lemma 7.3.2. Let A € X*(T). Assume that X\ — p is antidominant and regular. Let —p € X*(T)
be antidominant. Let Vi, be the highest weight wou representation. Let 4 € Dy. The map
G @ Viop = 9 (—p) induces an isomorphism (4 @ Vipou)r—p — G (—p).

Proof. Let v be a weight of V,,;,,. Then v+ X is a weight of & ® V.. If 4 (v) maps non-trivially to
(4 @ Vo) A—p» this means that A —p—p = w(A+v—p). We deduce that w(A—p) = A—p—p—wv.
By —p>wvsoA—pu—p—wrv <A—p. We deduce that w = Id and that v = —p. D

7.4. Proof of the localization theorem. We recall :

Lemma 7.4.1. A quasi-coherent sheaf on a noetherian scheme is a filtered colimit of coherent
sheaves.

Proof. See [Stal3] tag 01PJ. O
Lemma 7.4.2. The invertible sheaves O (k) for k € X*(T)~ are ample.

Lemma 7.4.3. Let A € X*(T'),. Assume that \— p is antidominant. The functor I' : Mod(Dy) —
Mod(Uy) is ezxact.

Proof. We can write ¢ as a filtered colimit of coherent sheaves ¥ = colim;%;. We will prove that
Im(H*(X,%;), H*(X,¥)) = 0 for all k > 0. Choose —y antidominant such that H*(X,%;(—u)) = 0.
We look at the following diagram (see lemma [7.3.1)) :

G G- RV, —— ¥

I

Y —— Gi(—p) @V,
Taking H*, we deduce that Im(H*(X,%;),H*(X,¥)) = 0. O
Corollary 7.4.4. The functor I' is exact and the adjonction M +— I oLoc(M) is an isomorphism.

Proof. Let Uy ® V — Uy @ W — M — 0 be a resolution of M by free Uy-modules. This induces
a resolution of Loc(M) : D) ®; V — Dy ®; W — Loc(M) — 0. Since I' is exact, we deduce that
the following is exact Uy ®x V — Uy @ W — T' o Loc(M) — 0. d

Lemma 7.4.5. Assume that A\ — p is reqular and anti-dominant. Let 4 € Mod(D,) be non-zero.
Then HY(X,9) # 0.

Proof. Let —u € X*(T) be antidominant and such that H?(X,%(—u)) # 0. Let Vi, be the highest
weight wou representation. By lemma the map ¢ ® Vi — 9(—p) induces an isomorphism
(9 @ Vo) a—p — 9 (—p) and therefore we get a surjection HO(X, %) @ Viyop — HU(X, 9 (—p)). O

Corollary 7.4.6. Assume that A — p is reqular and anti-dominant. Then the adjunction Loc o
I(¥) — ¥ is an isomorphism.

Proof. Consider the long exact sequence : 0 - K — LocoI'(¥4) - ¥4 — C — 0. We deduce that
I'(K)=T(C) =0. It follows that K = C = 0. O
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