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Abstract

We introduce a cohomology theory of tame modular forms on the modular curves in pos-
itive characteristics and use it to give a uniform proof of the existence of companion forms,
including the remaining open case p = 2 and Frobenius has repeated eigenvalues. We also
construct certain companion forms on the Siegel threefold. This relies on the description of
the obstruction to lift Frobenius modulo p2 on Siegel Shimura varieties and recent advances
in integral p-adic Hodge theory.
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1 Introduction

The first aim of this paper is to revisit the theory of companion forms for the modular curves,
due to Gross [Gro90], Coleman-Voloch [CV92] and Faltings-Jordan [FJ95]. We let p be a prime
number, N be an integer (p,N) = 1, and ϵp : GQ → F×

p be the mod p cyclotomic character. The
main theorem is the following.

Theorem 1.1. Let X → Spec Fp be the compactified modular curve of level Γ1(N). Let 2 ≤
k ≤ p. Let f ∈ H0(X,ωk) be an eigenform, and let ρf : GQ → GL2(F̄p) be the attached Galois
representation. Then ρf |IQp

= 1⊕ ϵ1−kp if and only if there exists an eigenform g ∈ H0(X,ωp+1−k)

such that ρg ⊗ ϵ1−kp .

Gross proved the theorem under the hypothesis that the eigenvalues of a Frobenius at p are
distinct when k = p. Coleman and Voloch proved the theorem under the assumption that k > 2.
Faltings and Jordan proved the theorem when k < p. In this paper we give a uniform proof and
settle the remaining case when p = 2 and the Frobenius has repeated eigenvalues (see Corollary
4.7).

The methods of Gross and Coleman-Voloch are specific to curves and rely on the p-adic Hodge
theory of ordinary p-divisible groups and on Dwork’s conjecture proved by Katz. Faltings-Jordan
apply more general étale and crystalline integral comparison theorem but they exclude the limit
case k = p which is very interesting : it gives a criterium for the existence of a mod p weight one
form.

There has been few generalizations of the geometric construction of companion forms to other
Shimura varieties. We are aware of the case of Shimura curves [Gee08], as well as the partial results
on the Siegel threefold [Til12].

On the other hand, modular lifting technics have been extremely powerful in proving the
existence of companion forms for other Shimura varieties [Gee07], [GG12]. However these results
only apply in regular weight at the moment, as they rely on the possibility to lift the Galois
representations to characteristic zero in that prescribed weight.

In this paper we use a geometric method to study companion forms. As in Faltings-Jordan,
we use étale and crystalline integral comparison theorem. Using the theory of prismatization, we
are able to treat the case k = p as well. In fact, by studying F -gauges arising from the cohomology
of modular curves, we are led to introduce (see Definition 4.1) new sheaves ωk,tm on modular
curves, of tame weight k-modular forms for 2 ≤ k ≤ p. We prove the following theorem regarding
the cohomology of these sheaves (which easily implies Theorem 1.1):
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Theorem 1.2 (Coro 4.4, Thm 4.4). Let 2 ≤ k ≤ p. There is a vector bundle ωk,tm on X, whose
cohomology is equipped with an action of the Hecke algebra. Moreover, the following holds:

1. (modular description) There is a natural injective map

H0(X,ωk,tm)→ H0(X,ωk)×H0(X,ωk+1−p).

Eigenforms in H0(X,ωk,tm) are pairs of companion forms (f, g) of weight k and p + 1 − k,
(0,Ha) when k = 2, (Ha, 0) when k = p − 1, (Hah, 0) when k = p, where Ha is the Hasse
invariant and h is a weight one eigenform.

2. (Galois description) Let f ∈ H0(X,ωk) be an eigenform, and assume that ρf is irreducible.
Let m be the maximal ideal of the Hecke algebra corresponding to f . Let Tm be the Hecke alge-
bra acting faithfully on H0(X,ωk)m and Ttmm be its quotient acting faithfully on H0(X,ωk,tm)m.
Let ρTm

: GQ → GL2(Tm) be the universal modular Galois representation. The induced Ga-
lois representation ρTtm

m
: GQ → GL2(Ttmm ) is tamely ramified on inertia at p. If k ̸= p or

k = p but ρ̄f |GQp
is not a scalar representation, Ttmm is the initial quotient of Tm with this

property. In the remaining case k = p and ρ̄f |GQp
is a scalar representation, Ttmm ̸= 0.

Remark 1.1. When k = p, tamely ramified means unramified. We prove that RΓ(X,ωp,tm) =
RΓ(X,ω1)⊕2 (Prop 4.3). Thus, Theorem 1.2 2. implies that the Galois representation supported
by RΓ(X,ω1) is unramified (this is known by [Wie14], [CG18], [CS19], but our proof is completely
geometric).

Remark 1.2. We construct in Corollary 4.2 a Serre duality pairing H0(X,ωk,tm)×H1(X,ωk,tm)→
Fp which induces a perfect pairing on the non-Eisenstein localization of cohomology. The property
that ωk,tm has cohomology in two degrees is consistent with the fact that tamely ramified local
deformation rings have codimension one inside ordinary deformation rings.

Remark 1.3. We are informed that Yicheng Yang has independently found a definition of the
sheaves ωk,tm in his PhD thesis and has lifted them to the modular curves over Zp. One could
further ask for a p-adic variation in the weight k. The corresponding cohomology should then
recover the bi-ordinary complex of [CWE25].

To further illustrate our method, we construct some companion forms for the group GSp4.

Theorem 1.3 (Thm 4.7). Let X → Spec Fp be a toroidal compactification of the Siegel threefold of
prime-to-p level. Let f ∈ H0(X,ω3) be an eigenform. Assume that:

1. p ≥ 5,

2. The Galois representation rf : GQ → GSp4(F̄p) is irreducible.

3. There is an unramified prime ℓ such that rf (Frobℓ) is decomposed generic.

4. The form f is ordinary at p and Klingen generic.

5. We have

rf |IQp
≃


1 0 ⋆ ⋆
0 ϵ−1

p ⋆ ⋆
0 0 ϵ−2

p 0
0 0 0 ϵ−3

p


Then there exists a companion form g ∈ H0(X,Ω2

X(log D)⊗ω(p−1)) which satisfies rg ⊗ ϵ−1
p = rf .

Let us briefly sketch the argument for modular curves and k = 2. Let X be the modular curve
over Zp. There is a mod p prismatic F -gauge H1

syn(X) ⊗ Fp (this is equivalent to the p-torsion
of the Jacobian of X, the theory of F -gauges is necessary to treat general weights). The étale
realization functor recovers H1

et(XQ̄p
,Fp) which contains the representation ρf |GQp

. The idea is
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to find a simple invariant of the F -gauge which controls the wild ramification of H1
et(XQ̄p

,Fp).
By [TVX25], we can attach to this F -gauge a Fontaine-Laffaille module H1

dR(X) with Frobenius
ϕ, filtration H0(X,Ω1

X), and divided Frobenius ϕ1. There is a subtlety when p = 2 (the most
interesting case) as there are two Fontaine-Laffaille modules naturally attached to the F -gauge,
but only one of them will carry enough information. The invariant we look for is simply the map

ϕ̄1 : H0(X,Ω1
X)

ϕ1→ H1
dR(X)→ H1(X,OX) obtained by applying ϕ1 and reducing modulo the Hodge

filtration. The map ϕ̄1 originates from the map of sheaves Ω1
X → F⋆OX [1] which is the obstruction

to lift Frobenius modulo p2. We thus define ω2,tm = Fib(Ω1
X → F⋆OX [1]) (up to some cuspidality

conditions). By construction, the cohomology of ω2,tm will lead to tame Galois representations.
It remains to describe the cohomology groups and make the connection with companion forms.
In order to achieve this, we give a description of the obstruction to lift Frobenius modulo p2. In
fact we prove the following general result on Siegel modular varieties. Note the appearance of the
companion weight p− 1 of 2 in this theorem.

Theorem 1.4 (Thm 3.3, Thm 3.4). Let X → Spec Fp be a toroidal compactification of the Siegel
modular variety of level prime-to-p. Let Z ↪→ X be the non-ordinary locus. There is a factorization
of the obstruction to lift Frobenius F ⋆Ω1

X → OX [1] on the Siegel modular variety modulo p2 as

F ⋆Ω1
X → F ⋆Ω1

X |Z → ω(p−1)|Z → OX [1]

where F ⋆Ω1
X → F ⋆Ω1

X |Z is the restriction map, ω(p−1)|Z → OX [1] is the co-restriction map.

Moreover, the composition F ⋆ω−(p−1)|Z
F⋆d→ F ⋆Ω1

X |Z → ω(p−1)|Z (where the first map is the
differential) is the weight p2 − 1 Hasse invariant of Z.

This is our main tool for understanding the cohomology of the sheaves ωk,tm in the case of
the modular curve, and also for the generalization to GSp4.

Aknowlegdements I would like to thank Jacques Tilouine for introducing me to this topic several
years ago. I also thank George Boxer, Frank Calegari and Toby Gee for many inspiring conver-
sations on the subject over the years. I finally thank heartily Vadim Vologodsky for teaching
me about [TVX25], the prismatization, and the automorphisms of the de Rham stack (notably
Sections 2.2.1, 2.2.2 are based on his explanations).

This project is funded by the European Union (ERC AdG MOMO 101264359). Views and
opinions expressed are however those of the author(s) only and do not necessarily reflect those
of the European Union or the European Research Council. Neither the European Union nor the
granting authority can be held responsible for them.

2 Comparison theorems

Let k be a perfect field of characteristic p. We have a category Vect[0,a](W (k)syn ⊗ Fp) of mod
p prismatic F -gauges over W (k), with Hodge-Tate weights in the interval [0, a] and there is an
étale realization functor Tet : Vect[0,a](W (k)syn⊗Fp)→ RepGK

(Fp) where GK is the Galois group
of K = W (k)[1/p] ([BL22], [Dri24], [Bha22]). By [TVX25], there is an equivalence of categories
ΦMaz : Vect[0,p−2](W (k)syn ⊗ Fp) → MF [0,p−2](k) to the category of Fontaine-Laffaille modules
with weights in the range [0, p−2]. The functor Tet ◦ (ΦMaz)−1 is already considered in [FL82] and
is fully faithfull. Let X→ Spec W (k) be a proper and smooth scheme of dimension d ≤ p−2, with
special fiber X. The syntomic cohomology Hisyn(X)⊗Fp belong to Vect[0,p−2](W (k)syn⊗Fp). We

have ΦMaz(Hisyn(X) ⊗ Fp) = HidR(X) equipped with its Hodge filtration and divided crystalline
Frobenius (or equivalently Deligne-Illusie’s divided Frobenius, see section 2.5.4). The isomorphism
Tet ◦ (ΦMaz)−1(HidR(X)) = Hiet(XK̄ ,Fp) is proven already in [Fal89].

The main purpose of this section is to investigate the case of Hodge-Tate weights in the
range [0, p − 1]. We recall that [TVX25] have constructed a functor ΦDI : Vect[0,p−1](W (k)syn ⊗
Fp) → MF [0,p−1](k) which is not too far from being an equivalence, and is equal to ΦMaz on
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Vect[0,p−2](W (k)syn ⊗ Fp). In geometric context, this functor uses the Deligne-Illusie divided
Frobenius on HidR(Xk), which may differ from the divided crystalline Frobenius if dim(X) = p− 1.

Our main result is the following. Let ϵp : GK → F×
p be the mod p cyclotomic character.

We let V1, V2 be unramified GK-representations on finite dimensional Fp-vector spaces. Let 1 ≤
a ≤ p− 1. We consider the group Ext1f,GK

(V1 ⊗ ϵ−ap , V2) of ordinary Galois representation (which
are also finite flat when a = 1). This group is isomorphic to the group of ordinary F -gauges
Ext1W (k)syn⊗Fp

(V1 ⊗ O{−a},V2). Using the functor ΦDI we construct a map (abusively denoted

again ΦDI):

ΦDI : Ext1W (k)syn⊗Fp
(V1 ⊗ O{−a},V2)→ Homk(M(V1)

(p),M(V2))

with M(Vi) = (Vi ⊗Fp
k̄)GK the unramified Fontaine-Laffaille module of Vi. We prove in Theorem

2.4 that the above map is:

1. an isomorphism if 1 ≤ a ≤ p− 2,

2. surjective with kernel the unramified extensions when a = p− 1 and ϵp−1
p = 1.

In other words, we attach a simple invariant to an ordinary F -gauge of weight 0 and a,
which detects wether the corresponding Galois representation is split on inertia. Besides proving
Theorem 2.4, we also explain how to compute, in geometric context, the functor ΦDI of [TVX25] by
considering crystalline cohomology over Wp(k) where p is equipped with the trivial divided power
(given by γp(p) = 0) (Section 2.3) and how this relates to the Deligne-Illusie theory (Proposition
2.3).

2.1 Fontaine-Laffaille modules

We let F denote the Frobenius of the ring of Witt vectorsW (k) of the perfect field k of characteristic
p. We let A1

− = Spf W (k)[v−]. We let Gm act in such a way that v− has weight −1. We have a
map A1

−/Gm → BGm, classifying a line bundle O(1). We have a universal map v− : O(1) → O
over A1

−/Gm. The category Dqc(A1
−/Gm) identifies with the derived category of p-complete garded

modules over W (k)[v−] via
M 7→ (⊕iM i, v− :M i →M i−1)

with M i = RΓ(A1
−/Gm,M⊗ O(i)).

For any a ≤ b ∈ Z, we let Dqc,[a,b](A1
−/Gm) for the sub-category of thoseM for which M i is

acyclic for i ≥ b and M i →M i−1 is a quasi-isomorphism for i ≤ a.

Definition 2.1 ([TVX25], Def 2.4). A small Fontaine-Laffaille module is an objectM∈ Coh(A1
−/Gm),

together with an isomorphism ϕ : F ⋆i⋆pM→ i⋆1M, where ip, i1 : Spf W (k)→ A1
− are the two points

given by v− = p and v− = 1. We denote this category byMF(W (k)).

One can attach to (M, ϕ) more familiar objects as in [FL82]. We letM i = H0(A1
−/Gm,M(i)).

We have maps v− : M i → M i−1, and we let M = colimi→−∞M
i. Then M is a finitely generated

W (k)-module, with a finite, exhaustive filtration M i. We have i⋆1M = M , while i⋆pM identifies
with the colimit of the diagram

· · · M i M i+1 · · ·

M i−1

bb
v−

;;

M i

p

aa
v−

;;

M i+1

p

dd <<

Thus, we can attach to ϕ the F -linear maps ϕi : M
i → M satisfying ϕi|Mi+1 = pϕi+1. One sees

that the following extra properties hold:

1. v− :M i →M i−1 is a split injection,

2. M = ⊕iϕi(M i).
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The association (M, ϕ) → (M,M i, ϕi) induces an equivalent description of MF(W (k))
([TVX25, Rem 2.5]). We let MF(k) be the subcategory of MF(W (k)) consisting of p-torsion
objects. In that case, we denote by M̄ i = M i/M i+1. Note that ⊕iϕi : ⊕iM̄ i → M is an isomor-
phism.

Following [TVX25, Def 2.6], we let DMFbig(W (k)) = Eq(Dqc(A1
−/Gm) ⇒ Dqc(Spec W (k)))

where the first pullback is the fiber at 1 and the second pullback is given by the fiber at p
composed with Frobenius. By [TVX25, Prop 2.7], the category MF(W (k)) is abelian, there
is a natural functor MF(W (k)) → DMFbig(W (k)) which extends to a fully faithfull func-
tor Db(MF(W (k))) → DMFbig(W (k)) with essential image those pairs (M, ϕ) with M ∈
Db(Coh(A1

−/Gm)). ByMF [a,b](W (k)), DMFbig[a,b](W (k)) ... we mean the subcategories consisting

of pairs (M, ϕ) withM∈ Dqc,[a,b](A1
−/Gm).

2.2 Syntomification

We will very briefly summarize some constructions of [BL22], [Dri24], [Bha22]. We work in the
category of W (k)-algebras over which p is nilpotent. We let W denote the ring scheme of p-
typical Witt vectors. We let Ga be the additive group scheme. There is a ring scheme map
W → Ga (called the 0-th ghost component). We let G♯a → Ga be the PD-envelop of the 0-section
in Ga. Concretely, if Ga = Spf W (k)[x], then G♯a = Spf W (k)[x

n

n! , n ≥ 0]. Note that Ga acts
on G♯a and the map G♯a → Ga is a quasi-ideal. Moreover, we have an isomorphism of quasi-
ideals W [F ] → Ga ≃ G♯a → Ga ([Bha22, Lem 2.6.1]). For any p-nilpotent ring R, A1

−/Gm(R)
parametrizes an invertible R-module L = O(1)|R and an R-module map v− : L → R. We let
V (L) = Spec(⊕i≥0L

−i) be the geometric realization of L. We let V (L)♯ be the PD-envelop of
V (L) along the zero section.

2.2.1 De Rham stack

The ring stack GdRa is the sheafification of R 7→ cone(G♯a(R) → R). Let X be a p-adic formal
scheme. We let XdR(R) = X(GdRa (R)). There is another model for GdRa (see [Bha22, Coro
2.6.8]). Namely, we have the following commutative diagram where all vertical complexes are
quasi-isomorphic:

G♯a

��

G♯a ⊕ F⋆W

can,V

��

//oo F⋆W

p

��
Ga Woo F // F⋆W

We refer to cone(F⋆W
p→ F⋆W ) as the Witt vector model for GdRa . This second model exhibits

more automorphisms of the de Rham stack. We consider the subgroup W×{p} of W× of elements
y satisfying py = p. This group acts on GdRa . Indeed, for any y ∈W×{p}, the diagram:

F⋆W
y //

p

��

F⋆W

p

��
F⋆W

Id // F⋆W

is commutative. We therefore get an action of W×{p} on XdR.

Remark 2.1. The group W×{p} restricted to k-algebras is the group W×[F ] = {x ∈ W,F (x) =
1} = G♯m. Indeed, if F (x) = 1 then px = V F (x) = V (1) = p. Conversely, if px = p then
V (F (x)) = V (1). Since V is injective, F (x) = 1. The action of W×[F ] on XdR (viewed as a stack
on k-algebras) is considered by Drinfeld ([Bha22, Rem 2.7.13]).

There is a filtered version of the de Rham stack over A1
−/Gm ([Bha22, Def 2.5.3]). We

let GdR,+a = cone(V (L)♯ ⊕ F⋆W
v♯−,V→ W ). We let XdR,+ = X(GdR,+a ). We have a canonical

isomorphism XdR,+ ×A1
−/Gm

Gm/Gm = XdR.
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2.2.2 Crystalline stack

We consider G♯a ×Ga,x=p Spf W (k) = Spf W (k)[x
i

i! , i ≥ 0]/(x − p). An R-point of this space
is equivalent to the data of divided powers γ(p) = {γi(p), i ≥ 0} on p, or to an R-linear map
γ : pR→ G♯a(R), lifting the map pR→ R.

Lemma 2.1. There is a natural bijection ψ : G♯a ×Ga,x=p Spf W (k) ≃ W×{p} given by p− γ(p) =
V (ψ(γ)).

Proof. Let γ be divided powers on pR for a p-nilpotent ring R. We have γ(p) ∈ G♯a(R) ≃W [F ](R).
Since p − γ(p) ∈ W (R) has trivial 0-th ghost component, we deduce that V (y) = p − γ(p) for a
unique y ∈ W (R). Applying Frobenius, we deduce that py = p. We now check that y is a unit.
It suffices to see that the 0-th ghost component y0 of y is a unit. Let m be a maximal ideal of
R. We can reduce the identity py = p in W (R/m) from which we deduce that y = 1 in W (R/m).
Therefore, y0 is a unit modulo m for all maximal ideal m, hence y is a unit. We therefore get a map
γ 7→ y. Conversely, for any y ∈ W×{p}, we let γ(p) = p − V (y). It is clear that γ(p) ∈ W [F ](R)
and this defines divided powers on p.

The standard divided powers are given by γstdi (p) = pi

i! ∈ W (k) for all i ≥ 0. These are the
only divided powers on pW (k) → W (k). We can also define trivial divided powers on pWp(k) →
Wp(k), by γ

tri
i (p) = pi

i! if i ≤ p− 1 and γtrii (p) = 0 if i ≥ p. Moreover, γtri = γstd on pWp−1(k).

Lemma 2.2. We have γstd(p) = p−V (1) ∈W [F ](W (k)) and ψ(γstd) = 1. We have γtri(p) = [p] ∈
W [F ](Wp(k)) and ψ(γtri) = 1 − [pp]

p where [pp]
p is the image in W (Wp(k)) of the unique element

in W (W (k)) defined by the equation p. [p
p]
p = [pp].

Proof. We first observe that p − V (1) ∈ W [F ](W (k)) (since FV (1) = p), and has image p via
the 0-th ghost component. Since the map G♯a(W (k)) → Ga(W (k)) is injective, we deduce that
γstd(p) = p − V (1). We turn to the second case. We recall from [Bha22, Lem 2.6.1] how the
isomorphism G♯a ≃ W [F ] is defined. First, W = Spec W (k)[xi, i ∈ Z≥0], where x0 is the 0-th
ghost component, F (xi) = xpi + pxi+1, and the n-th ghost component is given Fn(x0). In these
coordinates, the Teichmuller lift of x ∈ Ga is given x0 = x, xi = 0 for all i ≥ 1. In W [F ], we
have xpi + pxi+1 = 0. As a result x0 has divided powers, γpn(x0) = ϵnxn for a unit ϵn. We
see that [p] ∈ W [F ](Wp(k)), and since [p] = (p, 0, 0, · · · ) in the xi-coordinates, it follows that this
corresponds to the trivial divided powers. It is clear that ψ(γstd) = 1. We have [p]−γstd(p) = V (y)

for a unique y ∈W (W (k)). Applying Frobenius, we get [pp] = py, hence y = [pp]
p . We deduce that

p− V (1) = [p]− V ( [p
p]
p ). As a result, p− γtri(p) = V (1− [pp]

p ).

Let X → Spec k be scheme. Consider the thickening Wn(k) → k with kernel (p). Let
γ = {γi : (p) → Wn(k), i ≥ 0} be divided powers. Using divided powers, we can equip GdRa with
a structure of k-algebra stack as follows. For any Wn(k)-algebra R, we consider the following
commutative diagram:

G♯a(R) // R

W (k)
p //

OO

W (k)

OO

where the map W (k)
γ→ G♯a(Wn(k)) → G♯a(R) sends 1 to the divided powers γ on p. We let

(X/(Wn(k), γ))
crys = X(GdRa (R)). In case γ = γstd, we can pass to the limit over n and define

(X/W (k))crys = limn(X/(Wn(k), γ
std))crys.

Proposition 2.1. Let X̃ be a flat lift of X to Wn(k), we have a canonical isomorphism of stacks
(X/(Wn(k), γ))

crys = X̃dR.

7



Proof. We reduce to the affine case,X = SpecA, X̃ = Spec Ã. We find that HomWn(k)(Ã,GdRa (R)) =

Homk(A,GdRa (R)) by adjunction.

Proposition 2.2. For any two choices of divided powers γ and γ′, there is a canonical isomorphism
(X/(Wn(k), γ))

crys → (X/(Wn(k), γ
′))crys.

Proof. We let γ(p) ∈ G♯a(Wn(k)) = W [F ](Wn(k)) be the image of p. By Lemma 2.1, p − γ(p) =
V (ψ(γ)). The k-algebra structure on GdRa is given in the Witt vector model by the map

F⋆W
p // F⋆W

W (k)
p //

ψ(γ)

OO

W (k)

OO

This follows by considering the map W (k) → G♯a ⊕ F⋆W , 1 7→ (γ(p), ψ(γ)), which gives the k-
algebra structure in the model cone(G♯a ⊕ F⋆W → W ). Similarly the k-algebra structure for the
choice of γ′ is given by an element ψ(γ′). Multiplication by ψ(γ′)ψ(γ)−1 on GdRa induces an
isomorphism (X/(Wn(k), γ))

crys → (X/(Wn(k), γ
′))crys.

Remark 2.2. Let X̃ be a flat lift of X to Wn(k) and let γ, γ′ be divided powers on pWn(k). Then
we get a commutative square (where the vertical maps are those of Proposition 2.1 and the top
horizontal one is from Proposition 2.2):

(X/Wn(k), γ)
crys //

��

(X/Wn(k), γ
′)crys

��
X̃dR

ψ(γ′)ψ(γ)−1

//// X̃dR

2.2.3 Syntomification

We refer to [Bha22, Chap 5] for details and more references. There is a stack W (k)△ which
parametrizes Cartier-Witt divisors I → W (R) for a p-nilpotent W (k)-algebra R. We have a ring
stack G△

a → W (k)△ given by taking I → W (R) to cone(I → W (R)). For any p-adic formal
scheme, we let X△(R) = X(G△

a (R)). There is a map k△ → W (k)△ induced by functoriality
from Spec k → Spf W (k). Moreover k△ = Spf W (k) corresponds to the Cartier-Witt divisor

W (k)
p→W (k).

There is a stackW (k)N , equipped with a Rees map t :W (k)N → A1
−/Gm. For any p-nilpotent

algebra R, we recall that W (k)N (R) parametrizes an admissible WR-module:

0→ V (L)♯ →M → F⋆M
′ → 0

and a map ξ : M → WR such that the induced map ξ̄ : M ′ → WR is a Cartier-Witt divisor. The
map ξ|V (L)♯ : V (L)♯ → G♯a arises from a map L → R (giving the Rees map). The map ξ̄ gives a

structural map π : W (k)N → W (k)△. There are two open immersions j+/− : W (k)△ → W (k)N .
The open immersion j+ is given by sending I →W (R) to I⊗W (R)WR →WR. The open immersion
j− is given by sending I →W (R) to N →WR defined by the pull-back diagram:

N //

��

F⋆(I ⊗W (R) WR)

��
WR

// F⋆WR
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We define a ring stack GN
a (R) = RΓ(R, cone(M →WR)) over W (k)N . For X a p-adic formal

scheme, we define XN = X(GN
a ), over W (k)N . We define Xsyn by the pushout:

X△ ∐
X△ j+,j− //

��

XN

��
X△ // Xsyn

2.2.4 The crystalline point

There is a map pcris : kN → W (k)N induced by functoriality from Spec k → Spf W (k). In
fact kN = Spf W (k)[v+, v−]/(v+v− − p)/Gm. The identification is as follows. Let Spf R →

Spf W (k)[v+, v−]/(v+v− − p)/Gm. We have Mcris,R = coker(G♯a
v♯+,−can−→ V (L)♯ ⊕ WR), and

ξ :Mcris,R →WR is induced by V (L)♯ ⊕WR

can◦v♯−,p−→ WR. There is a structural map:

W (k)

��

p // W (k)

��
Mcris,R

ξ // WR

where the vertical map are given by W (k)
0,can→ V (L)♯ ⊕WR/G♯a and W (k)

can→ WR.

Lemma 2.3. Let X be a k-scheme. We have XN ×A1
−/Gm

Gm/Gm = (X/W (k))crys.

Proof. The fiber of GN
a over kN ×A1

−/Gm
Gm/Gm = Spf W (k) (given by v− = 1) is GdRa , with

k-algebra structure given by the standard divided powers.

For a k-scheme X, the stack XN (and Xsyn) geometrizes crystalline cohomology equipped
with the Nygaard filtration. For an object M ∈ Dqc(kN ), we let M i = H0(kN ,M(i)). We have
maps v+ : M i → M i+1, v− : M i → M i−1. We let Dqc,[a,b](kN ) for the category of thoseM with
v+ : M i → M i+1 a quasi-isomorphism for i ≥ b and v− : M i → M i−1 a quasi-isomorphism for
i ≤ a. We let Dqc,[a,b](W (k)syn) for the category of objects which pull back to Dqc,[a,b](kN ).

2.2.5 The de Rham point

There is a map pdR : A1
−/Gm → W (k)N . This map can be described as follows. Let Spf R →

A1
−/Gm. We have MdR,R = V (L)♯ ⊕ F⋆WR, and ξ : MdR,R → WR is given by V (L)♯ ⊕

F⋆WR

can◦v♯−,V−→ WR. The map pdR is a section of the Rees map t :W (k)N → A1
−/Gm.

Lemma 2.4. Let X → Spf W (k), inducing XN → W (k)N . We have XN ×W (k)N ,pdR A1
−/Gm =

XdR,+.

Proof. The fiber of GN
a over A1

−/Gm →W (k)N is GdR,+a .

2.3 From prismatic F -gauges to Fontaine-Laffaille modules

The main theorems of [TVX25] are the following:

Theorem 2.1 ([TVX25], Thm 3). 1. There is a functor

ΦMaz : Dqc,[0,p−1](W (k)syn)→ DMFbig[0,p−1](W (k))

which restricts to an equivalence of categories Dqc,[0,p−2](W (k)syn)→ DMFbig[0,p−2](W (k)).
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2. This functor restricts to an equivalence Coh[0,p−2](W (k)syn)→MF [0,p−2](W (k)).

They also prove a second result which gives some information when the weights are in [0, p−1].
There are line bundles O{i} over W (k)syn and there is a section v1 ∈ H0(W (k)syn⊗Fp,O{p−1}).
We let W (k)synred be the vanishing locus of this section.

Theorem 2.2 ([TVX25], Prop 5.13). There is a functor ΦDI : Dqc,[0,p−1](W (k)syn⊗Fp)→ DMFbig[0,p−1](k)

which factors as Dqc,[0,p−1](W (k)syn⊗Fp)
red→ Dqc,[0,p−1](W (k)synred )

ΦDI
red→ DMFbig[0,p−1](k) where ΦDIred

is an equivalence. Moreover, the restriction of ΦDI and of ΦMaz ⊗Fp to Dqc,[0,p−2](W (k)syn⊗Fp)
coincide.

We will briefly recall how these functors are constructed and how to compute them in practice.

2.3.1 Preliminaries

We consider the fiber product :
D = A1

−/Gm ×W (k)N kN

By [TVX25, Prop 3.11], this fiber product can be described as D̃/Gm, where D̃ = Spf Bb, for Bb =

W (k)[
vn+
n! , n ≥ 0, v−]/(v+v− − p). By construction v+ ∈ Ga(Bb) lifts to an element w ∈ G♯a(Bb).

We also have an element ν = Ψ([v−]w) ∈W×{p}(Bb) solving the equation p−V (ν) = [v−]w (since
[v−]w corresponds to divided powers on p, see Lemma 2.1).

Over D̃(R) we have an isomorphism Mcris,R → MdR,R. This map is induced by the map

G♯a ⊕WR → G♯a ⊕ F⋆WR with matrix

(
1 w
0 νF

)
.

Let X be a flat formal scheme over W (k). Over D we have a tautological isomorphism

Θcrys,dR : (Xk)
N ×kN D ≃ XdR,+ ×A1

−/Gm
D.

We can pass to the generic fiber of the Rees map Gm/Gm → A1
−/Gm. The map ν : D ×A1

−/Gm

Gm/Gm = D̃ ×A1
−,v−=1 Spf W (k) → W×{p} is an isomorphism and the fiber of the isomorphism

Θcrys,dR is the universal isomorphism (Xk/W (k))crys ×W×{p} = XdR ×W×{p} given by com-
posing the canonical isomorphism (Xk/W (k))crys → XdR of Proposition 2.1, with the action of
W×{p} on XdR.

Let B be the Rees algebra of W (k) for the filtration FiliW (k) = ⟨γstds (p), s ≥ i⟩ = p⟨i⟩W (k)

where ⟨i⟩ = infs≥i{v(p
s

s! )}. In other words, Fil•W (k) = (pW (k))[•] is the filtration induced by the
PD-ideal pW (k) equipped with the (standard) divided power. There is a map of filtered algebras
p•W (k)→ Fil•W (k) inducing a Gm-equivariant map A→ B. In fact B is the subalgebra of A[1/p]

generated by vi+
p⟨i⟩

pi . In particular, v+ has divided powers
vi+
i! = vi+

p⟨i⟩

pi
i!pi

i! in B. We denote by

w ∈ W [F ](B) the corresponding element lifting v+. This defines a map ΨMaz : Spf B → D. We
also observe that ν = 1 as w[v−] corresponds to the trivial divided powers.

In B/vp+, we can take the trivial divided powers w′ = [v+] ∈W [F ](B/vp+) on v+. This defines

a second map ΨDI : Spec B/v
p
+ → D. We have ν′ = 1− [pp]

p since [v+][v−] = [p].

2.3.2 Description of the two functors

We would like to explain concretely how to compute the functor ΦMaz : V ect[0,p−1](W (k)syn) →
MFf[0,p−1](W (k)). LetM∈ V ect[0,p−1](W (k)syn). By pull-back to ksyn we obtain an F -isocrystal

(Mcrys, ϕ). We attach to this F -isocrystal an F -gauge by taking the Nygaard filtration : for
n ≥ 0, we let Mn

crys = {m ∈ Mcrys, ϕ(m) ∈ pnMcrys}. For n ≤ 0 we let Mn
crys = Mcrys.

We let v− : Mn
crys → Mn−1

crys be the canonical inclusion and v+ : Mn
crys → Mn+1

crys is induced by
multiplication by p. For n ≥ 0, v− is an isomorphism and for n ≤ p−1, v+ is an isomorphism. That
wayM•

crys is a graded module over W (k)[v+, v−]/(v+v−−p). By pullback ofM to A1
−/Gm we get

a filtered vector space M i
dR. Using the point ΨMaz, we get an isomorphism ΘMaz :MdR ≃Mcrys.
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Moreover, we have a filtered isomorphism : M•
crys⊗W (k),p• (W (k),Fil•) =M•

dR⊗W (k) (W (k),Fil•).

This informs us that M i
dR ⊆ M i

crys for 0 ≤ i ≤ p − 1. We can thus define a Fontaine-Laffaille

module ΦMaz(M) = MdR = Mcrys, with filtration ΦMaz(M)i = M i
dR and divided Frobenius

ϕi = p−iϕ : ΦMaz(M)i → ΦMaz(M). In other words, ΦMaz(M) is constructed by using the
Hodge filtration M i

dR, the Frobenius on Mcrys and the isomorphism Mcrys ≃ MdR (using some
divisibility of the Frobenius on the Hodge filtration).

We now turn to the functor ΦDI : V ect[0,p−1](W (k)syn) → MF [0,p−1](k). The point ΨDI
induces an isomorphism ΘDI :Mcrys/p

p →MdR/p
p.

Remark 2.3. This isomorphism is not the reduction modulo pp of ΘMaz since ν
′ = 1− [pp]

p . However,

ΘMaz = ΘDI modulo pp−1.

Moreover, Frobenius on M i
dR/p

p restricts to map ϕ : M i
dR/p

p → piMcrys/p
p which factors

through a map ϕi : M
i
dR/p → piMcrys/p

i−1 = Mcrys/p. Thus, ΦDI(M) = Mcrys/p ≃ MdR/p,
with ΦDI(M)i =M i

dR/p and divided Frobenius ϕi.

Remark 2.4. Let X → Spf W (k) be a proper smooth formal scheme with special fiber X, as-
sume that Hisyn(X) ∈ V ect[0,p−1](W (k)syn). The isomorphism ΘMaz : (Hisyn(X))dR = HidR(X) ≃
(Hisyn(X))crys = Hicrys(X/W (k)) is the one provided by Proposition 2.1. The isomorphism ΘDI :

(Hisyn(X) ⊗Wp(k))dR = HidR(X ⊗Wp(k)) ≃ (Hisyn(X) ⊗Wp(k))crys = Hicrys(X/Wp(k)) is the one

obtained by considering crystalline cohomology Hicrys(X/Wp(k)) with trivial divided powers, and
the isomorphism of Proposition 2.1 (see Remark 2.2).

2.4 Etale realization

2.4.1 The étale realization functor

Let K = W (k)[1/p] and GK be the absolute Galois group. Let RepGK
(Zp) be the category of

continuous representations of GK on finite type Zp-modules. We let Repcrys,fGK
(Zp) be the category

of lattices in crystalline representations and Cohrefl(W (k)syn) be the category of reflexive coherent
sheaves. There is a functor Tet : Perf(W (k)syn)→ Db(RepGK

(Zp)) ([Bha22, Constr. 6.3.2]) which
induces a functor Coh(W (k)syn)→ RepGK

(Zp).

Theorem 2.3 ([Bha22], Thm. 6.6.13; [FL82], Chap 6; [TVX25], Rem. 5.25). 1. The functor Tet
induces an equivalence

Cohrefl(W (k)syn)→ Repcrys,fGK
(Zp).

2. The functor Coh[0,p−2](W (k)syn)→ RepGK
(Zp) is fully faithful.

2.4.2 Ordinarity

The relevant categories of unramified objects are respectively unramified Galois representations
RepurGK

(Zp), Coh[0,0](W (k)syn) andMF [0,0](W (k)). Moreover, we have equivalences

RepurGK
(Zp)

Tet← Coh[0,0](W (k)syn)
ΦMaz

→ MF [0,0](W (k)).

The equivalence M : RepurGK
(Zp) → MF [0,0](W (k)) is given by (V 7→ M(V ) = (V ⊗Zp W (k̄))Gk

and a quasi-inverse is given by M 7→ (M ⊗W (k) W (k̄))ϕ⊗F .
Let χp : GK → Z×

p be the cyclotomic character. We have a line bundle O{1} on W (k)syn.

We let W (k)(1) be the rank one Fontaine-Laffaille module with Fil0W (k)(1) = 0, Fil−1W (k)(1) =
W (k)(1) and W (k)(1) is the rank one W (k)-module (we fix an isomorphism W (k)(1) ≃ W (k))
with Frobenius ϕ−1 given by the Frobenius F of W (k). We have Tet(O{1}) = χp, O{1} ∈
Coh[−1,−1](W (k)syn), and ΦMaz(O{−1}) =W (k)(−1).

For an object V of RepGK
(Zp), we let V (i) = V ⊗ χip be the Tate twist. For an object

M of W (k)syn, we let M{i} = M ⊗ O{i} be the Breuil-Kisin twist. Let M be an object of
MF(W (k)). We let M(i) = M ⊗ W (k)(i). This object is obtained by shifting the filtration:
FilkM(i) = Filk+iM .
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Definition 2.2. 1. An object V of RepGK
(Zp) is ordinary if it admits an increasing filtration

Filordi V with the property that Grordi V (i) is an unramified representation.

2. An objectM of Coh(W (k)syn) is ordinary if it admits an increasing filtration Filordi M with
the property that Grordi M{i} is an unramified F -gauge.

3. An object M ofMF(W (k)) is ordinary if it admits an increasing filtration Filordi M with the
property that Grordi M(i) is an unramified Fontaine-Laffaille module.

In the range [0, p − 2], ΦMaz is an equivalence between ordinary F -gauges and ordinary
Fontaine-Laffaille modules, the ordinary filtration is unique with Filord−1M = 0 and Filordp−2M =M .
The functor Tet is fully faithfull (but not essentially surjective) towards the category of ordinary
Galois representations whose (unique) filtration satisfies Filord−1 V = 0 and Filordp−2V = V .

2.4.3 Ordinarity in weight 0, a

We now let 1 ≤ a ≤ p − 1 and let Cohorda,0 (W (k)syn) be the category of ordinary F -gauges, with

Filord−1M = 0 ⊆ Filord0 M = · · · = Filorda−1M ⊆ Filorda M =M. We define similary MForda,0 (W (k))

and RepordGK ,a,0(Zp). For example 1⊕ χ−a
p is an object of RepordGK ,a,0(Zp).

The categoryMForda,0 (k) can be described very explicitely as follows. Consider the category
C consisting of triples ((V, ϕV ), (W,ϕW ), ψ : V → W ) where V , W are finite dimensional k-vector
spaces, equipped with F -linear automorphisms ϕV and ϕW , and ψ : V → W is an F -linear
endomorphism.

Let M be an object of MForda,0 (k). The jumps of the Hodge filtration occur at 0 and a.

Moreover, we have an isomorphismMa⊕Filord0 M →M . As a resultMa ≃ Grorda M and Filord0 M ≃
M̄0. We define a functor MForda,0 (k) → C, by sending M to (V = Filord0 = M̄0,W = Ma =

Grorda M,ψ :Ma ϕa→M → M̄0).

Lemma 2.5. The functorMForda,0 (k)→ C is an equivalence.

Proof. We provide a quasi-inverse C →MForda,0 (k), by definingM = V ⊕W ,Ma =W , ϕ0 = ϕV ⊕0,
ϕa = ψ ⊕ ϕW . Moreover V = Filord0 M provides the ordinary filtration.

We let ϵp : GK → F×
p be the mod-p cyclotomic character. Let V1, V2 ∈ RepunGK

(Fp). Let
V1,V2 ∈ Coh[0,0](W (k)syn ⊗ Fp) be the corresponding F -gauges. We can consider the group of

extensions Ext1GK
(V1 ⊗ ϵ−ap , V2).

Lemma 2.6. If 2 ≤ a ≤ p − 1, the functor Tet induces an isomorphism: Ext1W (k)syn⊗Fp
(V1 ⊗

O{−a},V2)→ Ext1GK
(V1 ⊗ ϵ−ap , V2).

Proof. Let E = V∨
1 ⊗ V2 ⊗ O{a}. By [Bha22, Coro 6.4.6] we have an exact triangle:

RΓ(W (k)syn, E)→ RΓ(GK , Tet(E))→ RHomFp
(RΓ(W (k)syn, E∨{1}[2]),Fp)→

It suffices to see that RΓ(W (k)syn, E∨{1}[2]) = 0. But E∨{1} has weight a−1 > 0. So its syntomic
cohomology vanishes by [Bha22, Ex 6.5.13].

When a = 1, we consider the subgroup Ext1f,GK
(V1 ⊗ ϵ−1

p , V2) ↪→ Ext1GK
(V1 ⊗ ϵ−1

p , V2) of

finite flat cohomology ([Mil06, Chap 3]). If k = k̄, by Kummer theory Ext1GK
(V1 ⊗ ϵ−1

p , V2) =

V ∨
1 ⊗Fp

V2 ⊗Fp
K×/(K×)p and Ext1f,GK

(V1 ⊗ ϵ−1
p , V2) consists of the classes in V ∨

1 ⊗Fp
V2 ⊗Fp

W (k)×/(W (k)×)p. For general k, Ext1f,GK
(V1⊗ ϵ−1

p , V2) is the subgroup of Ext1GK
(V1⊗ ϵ−1

p , V2) of

classes which restrict to Ext1f,GKnr (V1 ⊗ ϵ−1
p , V2).

Lemma 2.7. The functor Tet induces an isomorphism : Ext1W (k)syn⊗Fp
(V1⊗O{−1},V2)→ Ext1f,GK

(V1⊗
ϵ−1
p , V2).
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Proof. We set E = V∨
1 ⊗ V2 ⊗ O{1}. This is an F -gauge with weight −1 corresponding to

a truncated Barsotti-Tate group scheme G which is an unramified twist of copies of µp. We
have RΓ(W (k)syn, E) = RΓfppf (W (k), G) by [MM25, Thm B] and Ext1f,GK

(V1 ⊗ ϵ−1
p , V2) =

H1
fppf (W (k), G) by definition.

To have uniform notations, let us denote Ext1f,GK
(V1 ⊗ ϵ−ap , V2) = Ext1GK

(V1 ⊗ ϵ−ap , V2) when
2 ≤ a ≤ p − 2. When a = p − 1, ϵp−1

p = 1. We have a (possibly non-trivial) Hoschild-Serre exact
sequence:

0→ Ext1Gk
(V1, V2)→ Ext1f,GK

(V1 ⊗ ϵ1−pp , V2)→ H0(Gk,Ext
1
f,GKnr(V1 ⊗ ϵ

1−p
p , V2))→ 0.

Let V1, V2 ∈ RepunGK
(Fp). We define a map

ΦDI : Ext1f,GK
(V1 ⊗ ϵ−ap , V2)→ Homk(M(V1)

(p),M(V2))

(by abuse of notation) which is the composition of ΦDI ◦ T −1
et and the functor of Lemma 2.5.

Theorem 2.4. Let V1, V2 ∈ RepunGK
(Fp).

1. If a ̸= p− 1. We have an isomorphism:

ΦDI : Ext1f,GK
(V1 ⊗ ϵ−ap , V2)→ Homk(M(V1)

(p),M(V2)).

2. If a = p− 1, we have a map :

ΦDI : Ext1f,GK
(V1 ⊗ ϵ1−pp , V2)→ Homk(M(V1)

(p),M(V2))

which factors through an isomorphism :

H0(Gk,Ext
1
f,GKnr(V1 ⊗ ϵ

1−p
p , V2))→ Homk(M(V1)

(p),M(V2)).

Proof. When 1 ≤ a ≤ p − 2, this is a direct consequence of Theorem 2.1 (but of course, this
is already known by [FL82]). We turn to the case a = p − 1. By Theorem 2.2 we have an
isomorphism ΦDIred : Ext

1
W (k)syn

red
(V1⊗O{1−p},V2)→ Homk(M(V1)

(p),M(V2)). Moreover, we have

an exact triangle:

ExtW (k)syn⊗Fp
(V1 ⊗ O{1− p},V2 ⊗ O{1− p})→ ExtW (k)syn⊗Fp

(V1 ⊗ O{1− p},V2)

→ ExtW (k)syn
red

(V1 ⊗ O{1− p},V2)→

which on degree 1 cohomology indentifies with the Hoschild-Serre exact sequence:

0→ Ext1Gk
(V1, V2)→ Ext1f,GK

(V1 ⊗ ϵ1−pp , V2)→ H0(Gk,Ext
1
f,GKnr(V1 ⊗ ϵ

1−p
p , V2))→ 0

Remark 2.5. (see also [TVX25, Rem 5.23]) The above theorem is well known in the range 1 ≤
a ≤ p − 2, but seems to be new when a = p − 1. We would like to sktech a more elementary
proof of this result when p = 2 and we are dealing (after twisting by ϵp) with ordinary (truncated)
Barsotti-Tate groups. For simplicity let us assume that k = k̄ and consider the p-divisible group
Gq which is an extension of Qp/Zp by µp∞ with Serre-Tate parameter q ∈ 1 + pW (k). The class
of the extension Gq[p](K̄) ∈ Ext1f,GK

(1, ϵp) is given by the image q̄ ∈ W (k)×/(W (k)×)p of q.

Moreover, the map W (k)×/(W (k)×)p → k, q̄ 7→ 1−q̄
p is a group isomorphism. We can compute

the functor ΦMaz applied to Gq ⊗ O{−1} (viewed as a mod p prismatic F -gauge with weights 0
and 1). We first have LieE(GDq )(W (k) → k) ≃ W (k)e1 ⊕W (k)e2 with Frobenius diag(1, p) (here
E(−) is the universal vector extension of [Mes72], we could also take the crystalline cohomology
of an elliptic curve with p-divisible group Gq). Moreover, by Katz’s theorem, the Hodge filtration
is given by W (k)(e2 + log(q)e1). Since log(q) ∈ p2W (k), we deduce that the functor ΦMaz applied
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to Gq[p]⊗O{−1} yields the trivial Fontaine-Laffaille module k⊕ k(1). We now turn to ΦDI . This
time we compute LieE(GDq )(W2(k) → k, γtriv) ≃ W2(k)e1 ⊕W2(k)e2 with Frobenius diag(1, p).
Moreover, the Hodge filtration is now given by W2(k)(e2 + (q − 1)e1). Indeed, we are using trivial
divided powers so all higher terms in the logarithm disappear. As a result, ΦDI(Gq[p]⊗O{−1}) is
the Fontaine-Laffaille module ke1⊕ke2, with ΦDI(Gq[p]⊗O{−1})1 = ke2, ϕ0(e1) = e1, ϕ0(e2) = 0,
ϕ1(e2) = e2 + q̄−1

p e1. So we can recover q̄−1
p which is the class of the extension Gq[p](K̄) from

ΦDI(Gq[p]⊗ O{−1}).

2.5 Deligne-Illusie theory

2.5.1 Cartier isomorphism

Let X → Spec k be a smooth scheme. We let FX : X → X(p) be the relative Frobenius. When the
context is clear, we simply denote FX by F . The complex F⋆Ω

•
X is a complex of coherent sheaves

over X(p). Moreover, we have the following theorem:

Theorem 2.5 ([Ill96], Thm 3.5). There is a graded isomorphism:

⊕iΩiX(p) → ⊕iHi(Ω•
X).

The map OX(p) → H0(Ω•
X) is induced by the map OX(p) → F⋆OX . The map Ω1

X(p) →
H1(Ω•

X) is induced by the inverse Cartier map C−1 : Ω1
X(p) → Ω1

X/d(OX) which sends dx to the
class of xp−1dx.

2.5.2 The obstruction to lift Frobenius and the Deligne-Illusie map

We assume that X has a flat lift X̃ to Spec W2(k). The following theorem is a consequence of
general deformation theory. See for example [Ill96, Prop. 2.11].

Theorem 2.6. There is a canonical map F ⋆Ω1
X(p) → OX [1] which vanishes if and only if F : X →

X(p) admits a lift F̃ : X̃ → X̃(p).

Since we will need an explicit description of this obstruction, we include the short proof.

Proof. We pick a finite cover of X by affines X = ∪iUi with Ui = Spec Ri. Let Ui,j = Ui ∩ Uj .
Let Spec R̃i be the open in X̃ corresponding to Ui. We can pick local lifts F̃i : R̃

(p)
i → R̃i. Then

F̃i − F̃j corresponds to a map Homk(Ω
1

U
(p)
i,j

,OUi,j ). The data (F̃i − F̃j)i,j defines a 1-cocycle and

its class is the desired obstruction.

In the course of the proof we have used the following classical result in commutative algebra.

Lemma 2.8. Let A be a ring. Let R be a smooth A-algebra. Let S be an A-algebra and let I be an
ideal in S with I2 = 0. Let ϕ : R→ S/I be an A-algebra map. There exists a lift ϕ′ : R→ S of ϕ.
Moreover, the set of all lifts is a principal homogeneous set under HomA(Ω

1
R/A, I).

Remark 2.6. Having a lift of Frobenius is very rare when X is proper. If there is a lift of Frobenius,
we have a morphism F ⋆Ωd

X(p) → ΩdX lifting the Cartier map. Applying Serre duality, this shows

that X is Frobenius split. This also proves that (ΩdX)(1−p) as a non-zero section, hence that the
Kodaira dimension of X is ≤ 0.

We let τ≤1F⋆Ω
•
X be the canonical troncation of the de Rham complex. Observe that there

are two canonical maps (induced by the conjugate filtration and the Hodge filtration) τ≤1F⋆Ω
•
X →

H1(F⋆Ω
•
X)[−1] and τ≤1F⋆Ω

•
X → OX .

Theorem 2.7 ([DI87], Thm 2.1 and Rem 2.2, (iii)). There is a map ϕ1 : Ω1
X(p) [−1] → τ≤1F⋆Ω

•
X

with the following property :

1. The induced map Ω1
X(p) → H1(F⋆Ω

•
X) is the inverse Cartier isomorphism of Theorem 2.5.
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2. The map O : Ω1
X(p) [−1] → F⋆OX is the inverse to the obstruction to lift Frobenius on X̃ of

Theorem 2.6.

If n < p, Deligne and Illusie construct a map ϕn : Ωn
X(p) [−n] → τ≤nF⋆Ω

•
X using ϕ1 and the

algebra structure on Ω•
X as follows (see [DI87], p. 251):

Ωn
X(p) [−n] // Ω1

X(p) [−1]⊗ · · · ⊗ Ω1
X(p) [−1]

��
F⋆τ≤1Ω

•
X ⊗ · · · ⊗ F⋆τ≤1Ω

•
X

// F⋆τ≤nΩ•
X

Corollary 2.1 ([DI87], Thm 2.1). Assume that n < p. We have a quasi-isomorphism ⊕iϕi :
⊕i≤nΩiX(p) [−i]→ F⋆τ≤nΩ

•
X .

2.5.3 A variant with logarithmic poles

LetD ↪→ X be a normal crossing divisor. This means thatD is a Cartier divisor inX, andX admits
a Zariski cover X = ∪Ui, and for each i, there is an étale map pi : Ui → Ad = Spec k[T1, · · · , Td]
and 0 ≤ r ≤ d such that D|Ui

= p−1
i V (T1 · · ·Tr). One can define a de Rham complex with

logarithmic poles along D (see [Ill96, Section 7.A]): Ω•
X(log D). Over Ui as above, this is the free

OUi-module with basis dT1

T1
, · · · , dTr

Tr
,dTr+1, · · · ,dTd. There is a logarithmic variant of the Cartier

isomorphism ([Kat70, 15 7.2]): ⊕iΩiX(p)(log D
(p)) → ⊕iHi(Ω•

X(log D)). Suppose we have a lift

(X̃, D̃) to W2(k) of (X,D) where D̃ is still a normal crossing divisor. We now construct, similar
to Theorem 2.6, the following obstruction:

Theorem 2.8. There is an obstruction F ⋆Ω1
X(p)(log D

(p)) → OX [1], which vanishes if and only if

we can find a lift of Frobenius F̃ on X̃ with F̃−1(D̃) = pD̃(p).

Proof. We first assume that X = Spec R is affine, that X̃ = Spec R̃ and that we have an étale map
W2(k)[T1, · · · , Td]→ R̃, with D̃ = V (T1 · · ·Tr). We now show that there is a Frobenius lift with the
expected properties. Consider the Frobenius lift F̃ ′ on the affine space given by Ti 7→ T pi . It extends
by deformation theory to a Frobenius lift F̃ : R̃→ R̃. We now check that lifts with the property that
F̃−1(D̃) = pD̃(p) are a homogeneous set under Hom(Ω1

R(p)(log D
(p)), F⋆R). We consider two lifts

F̃1 and F̃2 of Frobenius with this property. Observe that F̃i(Tj) = T pj (1 + pui,j) for all 1 ≤ j ≤ r.
The difference F̃1 − F̃2 is thus a derivation Θ : R → R which verifies Θ(Tj) = T pj (u1,j − u2,j).
Therefore, it induces a map Ω1

R(log D)→ R, sending
dTj

Tj
to u1,j − u2,j . Conversely, one sees that

one can modify a lift by adding an element of Hom(Ω1
R(p)(log D

(p)), F⋆R). It is now clear that one

can construct the obstruction F ⋆Ω1
X(p)(log D

(p))→ OX [1] as in the proof of Theorem 2.6.

Remark 2.7. The restriction of the map F ⋆Ω1
X(p)(log D

(p)) → OX [1] of Theorem 2.8 along the

natural map F ⋆Ω1
X(p) → F ⋆Ω1

X(p)(log D
(p)) is the map F ⋆Ω1

X(p) → OX [1] of Theorem 2.6.

By [DI87, 4.2.3] there is a map ϕ1 : Ω1
X(p)(log D

(p))[−1]→ τ≤1F⋆Ω
•
X(log D) with the following

properties :

1. The induced map Ω1
X(p)(log D

(p)) → H1(F⋆Ω
•
X(log D)) is the inverse logarithmic Cartier

isomorphism.

2. The map O : Ω1
X(p)(log D

(p))[−1]→ F⋆OX is the inverse to the obstruction of Theorem 2.8.

One defines maps ϕn for n < p and we have that for n < p, ⊕iϕi : ⊕i≤nΩiX(p)(log D
(p))[−i]→

F⋆τ≤nΩ
•
X(log D) is a quasi-isomorphism.
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2.5.4 Relation with crystalline Frobenius

LetX be a quasi-projective scheme over Spec k. We equip pWp(k)→Wp(k) with the trivial divided
powers. We consider the crystalline topos (X/Wp(k))crys and its map u : (X/Wp(k))crys → Xzar

to the Zariski topos ([BO78, Prop 5.18]). We let OX/Wp(k) be the structural sheaf, mapping to

OX , with kernel JX/Wp(k). We have a filtration {J [m]
X/Wp(k)

}m≥0 on OX/Wp(k).

Let X ↪→ Y be an embedding of X into a smooth Wp(k)-scheme Y . Let D = DX,γ(Y ) be
the relative spectrum of DOY ,γ(IX) (the PD-envelop of the ideal IX of X in Y ).

We denote by Ω•
D := OD ⊗OY

Ω•
Y (where Ω•

Y is the de Rham complex of Y relative to

Wp(k)). For any m ≥ 0, we let FmΩ•
D be the sub-complex of Ω•

D with FmΩnD = J
[m−n]
X ΩnD

for JX the ideal of X in D. In particular, if X has a smooth lift X̃ to Wp(k), we have that
FmΩ•

X̃
= [p[m]OX̃ → p[m−1]Ω1

X̃
→ · · · ] (moreover (p)[k] = (pmax{k,0}), since we use trivial divided

powers). By [BO78, Thm. 7.2], we have Ru⋆J
[m]
X/Wp(k)

= FmΩ•
D/Wp(k)

.

We let ϕcrys : Ru⋆OX(p)/Wp(k) → F⋆Ru⋆OX/Wp(k) be the Frobenius morphism. By [BO78,

Thm. 8.20], we get a filtered map ϕcrys : Ru⋆J
[•]
X/Wp(k)

→ p•F⋆Ru⋆OX/Wp(k). Let us briefly sketch

the argument as we are not in the exact setting of [BO78, Thm. 8.20] which works over W (k)
with the standard divided powers. Since X is quasi-projective, we can find an embedding X ↪→ Y
with Y smooth and admitting a lift F̃ of Frobenius (we can take Y to be a projective space). Let
D = DX,γ(Y ). One checks that F̃ (ΩnD) ⊆ pnΩnD and F̃ (J [m]) ⊆ (p)[m]OD. Since (p)[m] = pm if
m ≥ 0 we conclude.

We now assume that X has dimension d at most p − 1 and has a flat lift X̃. For every

0 ≤ m ≤ d, we have that Ru⋆GrmJ
[•]
X/Wp(k)

= [OX
0→ · · · 0→ ΩmX ]. And we get an induced map:

ϕcrys : Ru⋆GrmJ
[•]
X/Wp(k)

→ Grmp•F⋆Ru⋆OX/Wp(k) = F⋆Ω
•
X

This map is a sum of maps (ϕcrys)i = ΩiX [−i]→ F⋆Ω
•
X for 0 ≤ i ≤ m (so eventually, taking m = d

we can define maps (ϕcrys)i for 0 ≤ i ≤ d).

Proposition 2.3. We have (ϕcrys)i = ϕi.

Proof. Using the multiplicative structure, it suffices to prove that (ϕcrys)0 = ϕ0 and (ϕcrys)1 = ϕ1.
But (ϕcrys)0 = ϕ0 is simply the Frobenius of OX . We now turn to (ϕcrys)1. It suffices to work on

W2(k). We first consider the case that X is affine. We take a lift X̃. Let F̃1 and F̃2 be lifts of
Frobenius. We get two maps ϕcrys,i : Ω

•
X̃
→ Ω•

X̃
representing the crystalline Frobenius and they are

homotopic by the general formalism. We actually claim that there is a canonical homotopy. First,
these maps actually factor through maps : [OX̃ → Ω1

X̃
]→ Ω•

X̃
. Second, we have that F̃1 = F̃2+pΘ

for a derivation Θ : Ω1
X → OX . We claim that a canonical homotopy between ϕcrys,1 and ϕcrys,2

is given by pΘ : Ω1
X̃
→ OX̃ . Once this is proved we deduce that (ϕcrys)1 = ϕ1 by the construction

of ϕ1 and (ϕcrys)1. See [DI87], page 251 and 252.
We now explain how to get the homotopy. First we need a version of the Poincaré Lemma. Let

D = Spec W2(k)[T
[i], i ≥ 0] be the PD-envelop of 0 in Spec W2(k)[T ], where T

[i] = γi(T )(=
T i

i! ).

We consider the map
∫ T
0

: Ω1
D → OD given by integration between 0 and T . Explicitely, this is the

map ω 7→
∑
n≥0 ∂

n
T ⟨∂T , ω⟩|T=0T

[n+1]. Then
∫ T
0

induces an homotopy between Id⋆D and ev⋆0 where

IdD is the identity in D, and ev0 is the evaluation at 0. Specializing at T [i] = p[i] = pi, we get
a homotopy between evaluation at 0 and p, simply given by ω 7→ ⟨∂T , ω⟩|T=0p. At this place the
choice of trivial divided powers when p = 2 is important, since for the standard divided powers,
there would be higher order terms.

Let X̃ = Spec Ã. Consider the map F̃ (T ) : Ã → Ã[T ]/T 2, f 7→ F1(f) + TΘ(f). We have
F̃ (0) = F̃1 and F̃ (p) = F̃2. By smoothness of Ã we can lift it to a map F̃ (T ) : Ã→ Ã[[T ]]→ Ã⊗OD.

We therefore have a map F̃ (T ) : X̃×D → X̃ with F̃ (0) = F̃1 and F̃ (p) = F̃2. By the Poincaré
Lemma, the two maps evp, ev0 : Ω•

X̃×D → Ω•
X are homotopic.

The homotopy is given by the map Ωk
X̃×D = Ωk

X̃
⊗OD⊕Ωk−1

X̃
⊗Ω1

D → Ωk−1

X̃
which is (a, b) 7→

⟨∂T , b⟩|T=0p. We deduce that the homotopy between ϕcrys,1 and ϕcrys,2 is given by pΘ. Indeed we
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compute the composition Ω1
X̃

F̃ (T )⋆→ Ω1
X̃
⊕ OX̃ ⊗ Ω1

D

(0,
∫ p
0
)

→ OX̃ . Since F̃ (T ) mod T 2 = F1 + TΘ,

we deduce that the second component of the first map is ΘdT mod TdT . But
∫ p
0

kills all higher

order terms and
∫ p
0
ΘdT = pΘ. All other homotopies Ωk

X̃
→ Ωk−1

X̃
for k ≥ 2 are 0.

Remark 2.8. This proposition was stated in [DI87, Rem 2.2, (iv)] without proof for the standard
divided powers, in which case there is a restriction on the dimension d ≤ p− 2.

3 The obstruction to lift Frobenius on Siegel varieties

In this section, we develop a method to characterize the obstruction to lift Frobenius on a scheme,
assuming a suitable lift exists on a dense open. We then apply this material to Siegel Shimura
varieties.

3.1 Overconvergent localization

We introduce a certain form of intermediate localization. Let R̃ be a flat W2(k) algebra and let
f ∈ R̃ be a non-zero divisor. We define the subring R̃[ pf ] of R̃[

1
f ] generated by R̃ and p

f . We let

R = R̃/p. It is clear that the ring R̃[ pf ] only depends on the image of f in R.

Lemma 3.1. We have:

1. R̃[ pf ] = R̃[X]/(X2, fX − p, pX).

2. We have a pushout diagram:

0 // R
p //

f

��

R̃ //

��

R //

Id

��

0

0 // R
p
f // R̃[ pf ]

// R // 0

3. R̃[ pf ]/f = R/(f)[X]/(X2).

Proof. Consider the map R̃[X]→ R̃[1/f ], X → p
f , whose image is R̃[ pf ]. It factors through a map

R̃[X]/X2 → R̃[1/f ]. If an element a0 + Xa1 ∈ R̃[X]/X2 is in the kernel, then a0 + p
f a1 = 0,

equivalently (since f is not a zero divisor) fa0 + pa1 = 0 and it follows that there exists a′0 ∈ R̃
such that a0 = pa′0 and that there exists a′1 ∈ R̃ such that a1 = fa′0+pa

′
1. As a result, a0+Xa1 =

a′0(pX − f) + a′1pX. This proves the first point. We have a commutative diagram:

0 // R
p //

fX

��

R̃ //

��

R //

Id

��

0

0 // XR

��

// R̃[X]/(X2, fX − p, pX) //

��

R

��

// 0

0 // R[1/f ]
p // R̃[1/f ] // R[1/f ] // 0

which proves the second point. The last point is obvious from the presentation in (1).

This construction globalizes. Let X̃ be a flat scheme over SpecW2(k) and letX = X̃×Spec W2(k)

Spec k. Let I → OX be an invertible ideal defining a Cartier divisor Z = V (I). We let X̃ord = X̃\Z
and we let Xord = X \ Z.
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Remark 3.1. In our applications, X will be a Siegel Shimura variety and Xord will be the ordinary
locus.

We have an affine morphism j : X̃ord → X̃. We define a scheme X̃† with affine maps:

X̃ord j1→ X̃† j2→ X̃. The algebra (j2)⋆OX̃† is defined via the pushout diagram:

0 // OX //

��

OX̃
//

��

OX //

Id

��

0

0 // I−1 // (j2)⋆OX̃†
// OX // 0

By construction, we have an ideal pI−1 in OX̃† , whose associated closed subscheme is X. It follows

from Lemma 3.1 (3), that X̃†×X̃Z is an affine scheme relatively to Z equal to Spec
Z
(OZ⊕I−1/OX).

Lemma 3.2. There is a natural surjective map Ω1
X̃† → I−1/OX .

Proof. There is an augmentation map e : Z → X̃† ×X̃ Z and e⋆Ω1
X̃†×X̃Z/Z

= I−1/OX . Therefore

we have a chain of surjective maps : Ω1
X̃† → Ω1

X̃†/X̃
→ Ω1

X̃†×X̃Z/Z
→ I−1/OX .

We now assume that X is smooth. There is a natural map j1 : X̃ord → X̃†. We have an
induced map dj1 : Ω1

X̃† → (j1)⋆Ω
1
X̃ord . Observe that Ω1

X̃ord = Ω1
X̃
⊗OX̃

OX̃ord . Moreover, the image

of dj1 is contained inside Ω1
X̃
+Ω1

X̃
pI−1 +Ω1

X̃
pI−2. Since

(Ω1
X̃
+Ω1

X̃
pI−1 +Ω1

X̃
pI−2)/(Ω1

X̃
+Ω1

X̃
pI−1) ≃ Ω1

XI−2/I−1

we can therefore construct from the map dj1 a map dj′1 : Ω1
X̃† → Ω1

X ⊗OX
I−2/I−1. This map can

be related to the map of Lemma 3.2 as follows.

Lemma 3.3. 1. The differential induces a map d : I−1/OX → Ω1
X ⊗OX

I−2/I−1.

2. The map d is injective if Z is smooth.

3. The map dj′1 can be factored through the map of Lemma 3.2 as follows:

Ω1
X̃† → I−1/OX

d→ Ω1
X ⊗OX

I−2/I−1

Proof. For the first point, we have the usual sequence I/I2 → Ω1
X ⊗ OX/I → Ω1

Z → 0 (see
[Sta13, Tag 06BB]). Tensoring the first map with I−2/I−1 gives the map of (1). Moreover, the
first map is injective if Z is also smooth. We are left to prove the last point. We can reduce
to the affine case, and we use the same notations as in Lemma 3.1. We have a map Ω1

R̃[p/f ]
→

Ω1
R̃[p/f ]/R̃

→ Ω1
(R/f [X]/X2)/R/f → R/fdX which is the map of Lemma 3.2. We have a map

Ω1
R̃[p/f ]

→ Ω1
R̃[1/f ]

→ Ω1
R̃[1/f ]

/(Ω1
R̃
+ pf−1Ω1

R̃
). Note that Ω1

R̃[p/f ]
is mapped to R̃[p/f ]Ω1

R̃
+

pf−2dfR̃ inside Ω1
R̃[1/f ]

. The image of the map Ω1
R̃[p/f ]

→ Ω1
R̃[1/f ]

/(Ω1
R̃
+ pf−1Ω1

R̃
) lands inside

pf−2Ω1
R/pf

−1Ω1
R, and this is how we get the map dj′1 : Ω1

R̃[p/f ]
→ pf−2Ω1

R/pf
−1Ω1

R. We finally

have a map R/fdX → pf−2Ω1
R/pf

−1Ω1
R, mapping X to −pf−2df . We claim that there is a

factorization dj′1 : Ω1
R̃[p/f ]

→ R/fdX → pf−2Ω1
R/pf

−1Ω1
R. It suffices to see that the kernel of

A : Ω1
R̃[p/f ]

→ R/fdX is also in the kernel of the map Ω1
R̃[p/f ]

→ Ω1
R̃[1/f ]

/(Ω1
R̃
+ pf−1Ω1

R̃
). The

kernel of A is generated by Ω1
R̃
, fΩ1

R̃[p/f ]
and pf−1Ω1

R̃[p/f ]
. It is clear that these go to zero.

3.2 Overconvergent localization and lift of Frobenius

We use the notations X, X̃, X̃†, Xord... as in the previous section, and X is assumed to be smooth.
The best situation is to have a lift of Frobenius F̃ : X̃ → X̃(p). We work under the weaker
assumption that there exists a lift of Frobenius F̃ † : X̃† → X̃(p). This means that the map F̃ †

reduces modulo p to the map X̃† ×Spec W2(k) Spec k → X
F→ X(p).
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Remark 3.2. Of course, if there is a lift F̃ : X̃ → X̃(p), then there is a lift F̃ † : X̃† → X̃
F̃→ X̃(p).

Moreover, the lift F̃ † : X̃† → X̃(p) induces a lift F̃ ord : X̃ord → X̃† F̃
†

→ X̃(p).

We also let D̃ be a divisor with normal crossing in X̃. We let D be the reduction of D̃ modulo
p. We assume that D has a transversal intersection with Z. The divisor D̃ pulls back to divisors
D̃ord and D̃† on X̃ord and X̃† respectively. We assume that the lift of Frobenius F̃ † : X̃† → X̃(p)

has the property that (F̃ †)−1D̃(p) = pD̃†.

3.2.1 Definition of a map O′

There is a map
O′

0 : Ω1
X(p) → F⋆I−1/OX

which is obtained as follows. The differential of F̃ † is a map dF̃ † : Ω1
X̃(p) → F̃ †

⋆Ω
1
X̃† . Composing

with the map of Lemma 3.2 gives a map Ω1
X̃(p) → F̃ †

⋆I−1/OX factorizing through the map O′
0 :

Ω1
X(p) → F⋆I−1/OX .

Lemma 3.4. The map O′
0 extends canonically to a map O′ : Ω1

X(p)(log D
(p))→ F⋆I−1/OX .

Proof. We have an exact sequence OX̃†⊗OX
Ω1
X̃
→ Ω1

X̃† → Ω1
X̃†/X

→ 0. We take the pushout along

the map OX̃† ⊗OX
Ω1
X̃
→ OX̃† ⊗OX

Ω1
X̃
(log D̃) to get a new exact sequence: OX̃† ⊗Ω1

X̃
(log D̃)→

Ω1
X̃†(log D̃) → Ω1

X̃†/X
→ 0. We claim that the differential dF̃ † naturally extends to a map

Ω1
X̃
(log D̃) → F̃ †

⋆Ω
1
X̃†(log D̃). The source is a locally free module. Let T1 · · ·Tr = 0 be a local

equation for D̃. By assumption, F̃ †(Ti) = T pi ui for a unit ui. It follows that we can define
dF̃ †(dTi

Ti
) = pdTi

Ti
ui + dui. Composing with Ω1

X̃†(log D̃) → Ω1
X̃†/X

→ I−1/OX gives the map of

the lemma.

Proposition 3.1. The map Ω1
X(p)(log D

(p))→ F⋆I−1/OX vanishes if and only if the lift of Frobenius

F̃ † : X̃† → X̃(p) comes from a lift F̃ : X̃ → X̃(p).

Proof. We may reduce to the affine situation and we use the notations of Lemma 3.1. We have a
map R̃(p) → R̃[p/f ]. We reduce this map modulo f , and this yields a map : R̃(p) → R/f [X]/X2,
factorizing through a map R(p) → R/f [X]/X2. The projection to the X component is a derivation
R(p) → XR/f , thus a linear map Ω1

R(p) → XR/f . Moreover, this map is zero if and only if the

map R̃(p) → R̃[p/f ] factors through a map R̃(p) → R̃ as we have an exact sequence of R̃-modules
0→ R̃→ R̃[p/f ]→ XR/f → 0 by Lemma 3.1 (2).

3.2.2 Definition of the maps O′′ and O′′′

Using natural adjunctions, the map O′ : Ω1
X(p)(log D

(p))→ F⋆I−1/OX can be further factored as
follows. Let us denote by i : Z → X the canonical inclusion. Observe that I−1/OX = i⋆i

⋆I−1.
Let us also denote by FZ : Z → Z(p) the relative Frobenius of Z. We have a commutative diagram:

Z
i //

FZ

��

X

F
��

Z(p) i(p) // X(p)

There is a unique map O′′ : (i(p))⋆Ω1
X(p)(log D

(p))→ (FZ)⋆i
⋆I−1 such that we have

O′ : Ω1
X(p)(log D

(p))→ i
(p)
⋆ (i(p))⋆Ω1

X(p)(log D
(p))

i(p)⋆ O′′

→ i
(p)
⋆ (FZ)⋆i

⋆I−1 = F⋆I−1/OX .

By adjunction, O′′ is equivalently a map F ⋆Z(i
(p))⋆Ω1

X(p)(log D
(p)) → i⋆I−1 of locally free

sheaves on Z. The source has rank the dimension of X, the target has dimension 1. We can in
fact extract from O′′ a simpler map.
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We have a natural map (i(p))⋆I(p) d→ (i(p))⋆Ω1
X(p) . We deduce a map O′′ ◦ d : (i(p))⋆I(p) →

(FZ)⋆i
⋆I−1. By adjunction, this map is equivalently a map F ⋆Z(i

(p))⋆I(p) → i⋆I−1 or a section
O′′′ ∈ H0(Z, I−p−1).

3.2.3 The map O′ and the differential of Frobenius

We now explain that the map O′ : Ω1
X(p)(log D

(p)) → F⋆I−1/OX can often be read directly from

the map F̃ ord : X̃ord → X̃(p). The differential of the map F̃ ord fits into the following diagram:

(F ord)⋆Ω1
X(p)

0 //

��

Ω1
Xord

(F̃ ord)⋆Ω1
X̃(p)

//

OO

Ω1
X̃ord

OO

(F ord)⋆Ω1
X(p)

0 //

p

OO

Ω1
Xord

p

OO

which therefore factors as a map (F ord)⋆Ω1
X(p) → Ω1

Xord , and induces, by adjunction, a map

Ω1
X(p) → F ord⋆ Ω1

Xord . Adding logarithmic poles, we also have a map Ω1
X(p)(logD

(p))→ F ord⋆ Ω1
Xord(logD).

Lemma 3.5. We have a factorization of the differential of Frobenius :

Ω1
X(p)(log D

(p))
O′

→ F⋆I−1/OX
d→ F ord⋆ Ω1

Xord(log D)/F⋆Ω
1
X(log D)⊗ I−1.

Proof. This follows from Lemma 3.3 (3).

3.2.4 The map O′ and the obstruction to lift Frobenius

We can make the connection between the map O′ and the obstruction to find a global lift of

Frobenius. We have an exact triangle, OX → I−1 → I−1/OX
+1→ which yields a map I−1/OX →

OX [1].

Proposition 3.2. The composite map Ω1
X(p)(log D(p)) → F⋆(I−1/OX) → F⋆OX [1] is the map O

opposite to the obstruction to lift Frobenius of Theorem 2.8.

Proof. We consider an open covering ∪iSpec R̃i = Ui of X̃. Let Ui,j = Ui ∩Uj be the intersection.

We can assume that there are local lifts F̃i : R̃
(p)
i → R̃i with the property that F̃−1

i (D̃) = pD̃. We

also have the global lift F̃ † : R̃
(p)
i → R̃i[p/fi] (for fi a generator of I). The difference F̃ − F̃i yields

a map Ω1

R
(p)
i

(log D(p)) → XRi (where X = p/fi following the notations of Lemma 3.1) and is a

lift of the map Ω1

R
(p)
i

(log D(p)) → X(Ri/fi) (which is the restriction to Spec Ri of the map O′ of

Lemma 3.4). The differences (F̃ † − F̃i − F̃ † + F̃j = F̃j − F̃i)i,j is a cocycle which represents the
map Ω1

X(p)(log D
(p))→ I−1/OX → OX [1] and is opposite to the obstruction to lift Frobenius.

3.2.5 Duality

The duality functor on X(p) is given by D(−) = RHom(−,Ωd
X(p)).

Lemma 3.6. The dual of the map O : Ω1
X(p)(log D

(p))→ F⋆OX [1] gives a map

O∨ : F⋆Ω
d
X(log D)[−1]→ Ωd−1

X(p)(log D
(p)).

Proof. We have a perfect pairing Ω1
X(p)(logD

(p))⊗Ωd−1
X(p)(logD

(p))→ Ωd
X(p)(logD

(p)) = Ωd
X(p)(D

(p)).

We deduce that D(Ω1
X(p)(log D

(p))) = Ωd−1
X(p)(log D

(p))(−D(p)). Moreover, we have that

RHomX(p)(F⋆OX ,Ω
d
X(p)) = F⋆RHomX(OX , F

!ΩdX(p)) = F⋆RHomX(OX ,Ω
d
X) = F⋆Ω

d
X .

So the dual of O is the map F⋆Ω
d
X [−1]→ Ωd−1

X(p)(log D
(p))(−D(p)) which induces the map O∨.
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By Proposition 3.2, the map O : Ω1
X(p)(log D

(p))→ F⋆OX [1] admits a factorization:

Ω1
X(p)(log D

(p))→ i
(p)
⋆ (i(p))⋆Ω1

X(p)(log D
(p))

i(p)⋆ O′′

→ i
(p)
⋆ (FZ)⋆i

⋆I−1 = F⋆I−1/OX → F⋆OX [1].

Lemma 3.7. The map O∨[1] admits a factorization

O∨[1] : F⋆Ω
d
X(log D)→ ip⋆(FZ)⋆i

⋆ΩdX(log D)
i(p)⋆ (O′′)∨[1]−→

i
(p)
⋆ (i(p))⋆(Ωd−1

X(p)(log D
(p))⊗OX

I−1)→ Ωd−1
X(p)(log D

(p))[1]

where (O′′)∨[1] : (FZ)⋆i
⋆ΩdX(log D)→ (i(p))⋆(Ωd−1

X(p)(log D
(p))⊗ I−1).

Proof. Easy and left to the reader

Let KZ be the canonical sheaf of Z ([Har66, p 144], where KZ is denoted by ωZ/Spec k).

Recall that KZ = i⋆(ΩdX ⊗ I−1). In case Z is smooth, we simply have that KZ = Ωd−1
Z . The dual

of the map i⋆I d→ i⋆Ω1
X is a map i⋆Ωd−1

X ⊗ I−1 → KZ ⊗ I−1.
We therefore have a commutative diagram :

(FZ)⋆i
⋆ΩdX(log D) = (FZ)⋆KZ(log D)⊗OZ

i⋆I
(O′′)∨[1] //

γ

,,

(i(p))⋆Ωd−1
X(p)(log D

(p))⊗ I−1

��
KZ(p)(log(D(p))⊗ i⋆I−1

The map γ is a twist of the Cartier map (FZ)⋆KZ → KZ(p) . Namely, this is the map (FZ)⋆KZ(logD)⊗OZ

i⋆I O′′′

→ (FZ)⋆KZ(log D) ⊗OZ
i⋆I−p → KZ(p)(log D(p)) ⊗OZ

i⋆I−1 where O′′′ ∈ H0(Z, I−p−1) is
defined in Section 3.2.2.

3.3 The obstruction to lift Frobenius on Siegel Shimura variety

Let g ∈ Z≥1. We will investigate the obstruction to lift Frobenius on the moduli spaces of polarized
abelian varieties of dimension g, equipped with a level structure (known as Siegel Shimura varieties).
We let G = GSp2g,

∏
ℓKℓ = KpKp ⊆ G(Af ) be a neat compact open subgroup with Kp =

GSp2g(Zp). We let ShtorKpKp
→ Spec Z(p) be a smooth toroidal compactification of the integral

model of the Siegel Shimura variety of level KpKp, with normal crossing boundary divisor DKpKp

(see [FC90]). We let G → ShtorKpKp
be the semi-abelian scheme and we let ΩG be its conormal sheaf.

We let ω = det(ΩG) be the Hodge bundle. We denote by X the reduction modulo p of ShtorKpKp
.

We let Ha ∈ H0(X,ω(p−1)) be the Hasse invariant. The vanishing locus of Ha is the non-ordinary

locus Z. Its complement is the ordinary locus Xord. The map ω(1−p) Ha→ OX identifies ω(1−p) with
the ideal sheaf I of Z. We let X̃ be the natural lift to Z/p2Z of X, obtained by reduction of
StorKpKp

modulo p2. We let D (resp. D̃) be the boundary divisor in X (resp. X̃). We let X̃† be the

overconvergent localization of X̃ with respect to I as in Section 3.1.
We have a Frobenius map F : X → X. We abuse notation and still denote by G the restriction

of the semi-abelian scheme over X. Let G(p) = X ×X,F G. The Frobenius isogeny is FG : G → G(p).
Remark 3.3. The map F : X \ D → X \ D is induced by the Frobenius FG , given the modular
interpretation of X \D.

By [Str10, Sect 4] (for the treatment of the compactification), the Frobenius isogeny and the
Frobenius of X lift modulo p2 (and even modulo all powers of p) over the ordinary locus. There
is a map F̃ ord : X̃ord → X̃ and an isogeny F̃ ordG : G|X̃ord → (F̃ ord)⋆G, whose kernel is a finite flat
group scheme Hcan called the canonical subgroup, and equal to the connected part of G[p]|X̃ord .

Moreover, (F̃ ord)−1D̃ord = pD̃ord. We observe that (up to subtleties regarding the boundary) a
lift for the Frobenius isogeny of G induces a lift of the Frobenius map.
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Theorem 3.1. There exists a lift of Frobenius F̃ † : X̃† → X̃ such that F̃ ord : X̃ord → X̃† F̃ †

→ X̃.
Moreover, there is an isogeny F̃G|

X̃† : G|X̃† → (F̃ †)⋆G which lifts the Frobenius isogeny modulo the

ideal pI−1 (defining X ↪→ X̃†). Its kernel is a finite flat group scheme.

Remark 3.4. We should regard this theorem as an overconvergence of the canonical subgroup
modulo p2. We observe that the canonical subgroup overconverges a lot more modulo p2. Namely,
let O be a complete valued ring for a rank one valuation v extending the p-adic valuation (and
normalized by v(p) = 1). Let s : Spec O → StorKpKp

be a map. Classical results on the canonical

subgroup ([Sch15, Coro III.2.2], [Far11]) imply that if v(Ha(s⋆G)) < 1
2 , then there is a canonical

subgroup inside s⋆G[p]. Our result shows that if v(Ha(s⋆G)) < 1, then there is a canonical subgroup
inside s⋆G[p]|Spec O/p2 , which lifts the kernel of Frobenius modulo p1−v(Ha(s⋆G)).

Our proof of Theorem 3.1 is directly inspired by [Sch15, Coro III.2.2]. We use the following
theorem of Illusie regarding deformations of finite flat group schemes:

Theorem 3.2 ([Ill72], Thm VII.4.2.5). Let R be a commutative ring, and G,H be flat and finitely
presented commutative group schemes over A, with a group morphism u : H → G. Let B1, B2 → R
be two square-zero thickenings with a morphism B1 → B2 over R. Let Ji ⊂ Bi be the augmentation
ideal. Let G̃1 be a lift of G to B1, and G̃2 the induced lift to B2. Let K be the cone of the map
ℓ∨H → ℓ∨G of Lie complexes.

1. For i = 1, 2, there is an obstruction class oi ∈ Ext1(H,K ⊗L Ji) which vanishes precisely
when there exists a lifting (H̃i, ũi) of (H,u) to a flat commutative group scheme H̃i over Bi,
with a morphism ui : Hi → Gi lifting u : H → G.

2. The obstruction o2 ∈ Ext1(H,K ⊗L J2) is the image of o2 ∈ Ext1(H,K ⊗L J1) under the
map J1 → J2.

Proof of Theorem 3.1. We first deal with the good reduction locus. Let Spec R̃ be an open affine
in X̃ which sits in the good reduction locus. We also assume that the sheaf ω(p−1) is trivial over
R̃ and identify Ha with an element of R̃. We let B1 = R̃ and B2 = R̃[p/Ha]. Let G̃ = G[p] be the
p-torsion of the universal abelian variety over Spec R̃. Let u : H = G(p) → G be the Vershiebung.
We claim that the obstruction class o2 is zero since it is the image over o1 under the map J1 → J2
which identifies with R → R given by multiplication by Ha. To justify the claim, note that Ha is
the determinant of the map ℓ∨

G(p) → ℓ∨G, so that multiplication by Ha is homotopic to zero on the

complex : ℓ∨
G(p) → ℓ∨G. By Theorem 3.2, we get a lift H̃ → G̃ over Spec R̃[p/Ha]. The dual map

gives the lift G̃ → H̃D of Frobenius whose kernel we denote by H†
can. We observe that H†

can is
uniquely caracterized by the property that H†

can|Spec R[1/Ha] = Hcan. Indeed, if another finite flat
subgroup H has the same property, we can consider the two surjective maps A : OG[p] → OH and
B : OG[p] → OH†

can
of locally free modules over R[p/Ha]. Consider the map A|Ker(B) : Ker(B) →

OH . This map is zero on R[1/Ha], and thus already zero. Reversing the roles of A and B, we
deduce that Ker(A) = Ker(B) so that H = H†

can. This local construction glues to give a subgroup
H†
can on X̃† \ D̃†. We now deal with the boundary with an extension trick (certainly a full analysis

would also be possible). We use the notations as before but we don’t assume anymore that R̃ sits
in the good reduction locus. We assume that the boundary divisor is generated by an element
z. The sequence (Ha, z) is regular. In particular R[1/z] ×R[1/Haz] R[1/Ha] = R by [Sta13, Tag

031T] (R is regular hence normal). This implies that R̃[p/Ha][1/z]×R̃[1/Haz] R̃[1/Ha] = R̃[p/Ha].

Indeed, by Lemma 3.1 we have exact sequence 0 → R
p/Ha→ R̃[p/Ha] → R → 0, and by dévissage

we conclude easily.
We have a lift of Frobenius F̃ ord : R̃ → R̃[1/Ha] and another lift just constructed F̃ ′ : R̃ →

R̃[p/Ha][1/z] which both agree inside R̃[1/Haz]. We deduce that they arise from a map F̃ † : R̃→
R̃[p/Ha]. We now claim that the finite flat subgroupH†

can is defined over R̃[p/Ha]. We already have
its existence over R̃[p/Ha][1/z] and R̃[1/Ha]. Consider the semi-abelian schemes G|Spec R̃[p/Ha] and

(F̃ †)⋆G. We want to construct an isogeny F̃G : G|Spec R̃[p/Ha] → (F̃ †)⋆G with kernel H†
can. As a map

of topological spaces, this is just the identity. In order to define a scheme map, we are left to define
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the map on each open affine U = Spec A of G (over Spec R̃). In other words, we want to define the
map A⊗R,F̃ †R[p/Ha]→ A⊗RR[p/Ha]. The map exists over R[p/Ha][1/z] and R[1/Ha] and we are
done by descent (since A is flat) as follows. We claim that the functor sending flat modulesM over
R̃[p/Ha] to the category of glueing data (M1,M2, α) where M1 is a module over R̃[p/Ha][1/z],
M2 is a module over R̃[1/Ha] and α : M1 ⊗ R̃[1/Haz]

∼→ M2 ⊗ R̃[1/Haz] is fully faithful. This
follows easily from the property that if M is flat, then the sequence 0→M →M1 ⊕M2 →M3 is
exact. This map is now clearly a group scheme map (again by a descent argument). The kernel of
F̃G is a subgroup H†

can. Since it lifts the kernel of Frobenius modulo p/Ha, it is finite flat (as an
application of the flatness by fiber criterium [Sta13, Tag 00MP]).

Theorem 3.3. The map O opposite to the obstruction to lift Frobenius of Theorem 2.8 factors
through a map:

Ω1
X(log D)→ F⋆ω

(p−1)/OX → F⋆OX [−1].

Proof. This is a consequence of Section 3.2, notably of Proposition 3.2.

3.4 Computing the map O′′′

At the end of Section 3.2.2, we have attached to the obstruction O a section O′′′ ∈ H0(Z, I−1−p =

ω(p2−1)). We will see that this section is the Hasse invariant of the non-ordinary locus.

3.4.1 The second Hasse invariant

We denote by Zord the p-rank g − 1 locus of Z (this is the most ordinary locus of Z). Over Zord,
the group scheme G[p∞] sits in an exact sequence: 0→ G[p∞]m → G[p∞]o → G[p∞]→ 0. Passing
to conormal sheaves, we deduce that ΩG sits in an exact sequence 0→ ΩooG → ΩG → ΩmG → 0.

The Frobenius map on the relative log de Rham cohomology over Zord yields maps Fm :
(ΩmG )∨)(p) → Ω∨

Gm and Foo : (ΩmG )∨)−(p) → ΩGm (see below for more details). Let us denote by
Ham = detFm ∈ H0(Zord, (detΩmG )p−1) and by Haoo = Foo ∈ H0(Zord, (ΩooG )p−1).

It follows that (Ham)p+1 ⊗ (Haoo)
p−1 ∈ H0(Zord, ω(p2−1)). One proves that this section

extends to a section Ha′ ∈ H0(Z, ω(p2−1)) whose non-vanishing locus is exactly Zord. See [Pil20,
Prop 6.3.3.1] (the argument is given for g = 2, but it works for all g). We note that this is a
particular case of generalized Hasse invariants constructed in [GK19] and [Box15].

Theorem 3.4. We have O′′′ = Ha′.

3.4.2 Proof of Theorem 3.4

It suffices to prove the equality of both sections over the good reduction locus of Zord (using
logarithmic structure we could also discuss the boundary). We fix an open affine U = Spec B of
Xord ∪ Zord in the good reduction locus, and we let B̂ be its formal completion along the ideal
I = I(U) of Z ∩U . The relative de Rham cohomology of G over SpfB̂ is denoted by H. Shrinking
B if necessary, we can assume that this is a free module of rank 2g. The p-divisible group G[p∞]
over Spf B̂ sits in the multiplicative-connected filtration (since it has constant multiplicative and
étale rank) : 0 ⊆ G[p∞]m ⊆ G[p∞]o ⊆ G[p∞] by [HT01, Coro II.1.2]. By taking the Lie algebra of
the universal extension, we have a filtration

0 ⊆ Het ⊆ Ho ⊆ H

and the graded pieces are called Het, Hoo, Hm. We can also assume that they are free. We have
a Frobenius F : H(p) → H respecting the filtration, a connection ∇ : H → H⊗Ω1

B̂
and the Hodge

filtration ΩG → H. We also assume that ΩG is free. There is a polarization ⟨, ⟩ : H × H → B̂
and the filtration Het ⊆ Ho ⊆ H is preserved under this pairing. We take a symplectic basis
e1, · · · , e2g of H (such that ⟨ei, ej⟩ = 0 if i+ j ̸= 2g + 1, ⟨ei, e2g−i+1⟩ = 1 if 1 ≤ i ≤ g), such that
Het = ⟨e1, · · · , eg−1⟩ ⊂ Ho = ⟨e1, · · · , eg+1⟩. The Hodge filtration is ⟨eg+1, · · · , e2g⟩ where eg+1

generates Ω0
G .
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The connection induces a Kodaira-Spencer map KS : ΩG → Ω∨
G ⊗ Ω1

B̂
and an isomorphism

(that we still sometimes denote by KS) Sym2ΩG → Ω1
B̂
. We let di,j be the image of eg+i.eg+j for

1 ≤ i, j ≤ g. It follows that we have the formula KS(eg+i) =
∑g
j=1 ejdi,g+1−j .

The Frobenius matrix has the shape :
A1 c 0 0
0 a2 0 0
0 b 0 0
0 0 0 0


where A1 is an invertible g − 1× g − 1 matrix, and represents the map Fm over B/I, a2 is a

scalar which generates I, and b is a scalar and represents the map Foo over B/I.

We see that F (eg) = a2eg + beg+1 +
∑g−1
i=1 ciei. By differentiating, we get that

∇(F (eg)) = 0 = d(a2)eg + a2∇(eg) + d(b)eg+1 + b∇(eg+1) +∇(
g−1∑
i=1

ciei).

We observe that ∇(
∑g−1
i=1 ciei) ∈ Het ⊗Ω1

B̂
. We project modulo the Hodge filtration and evaluate

at Zord to get that

d(a2)|Zordeg + b|Zord

g∑
j=1

ejd1,g+1−j +∇(
g−1∑
i=1

ciei)|Zord = 0

This implies that d(a2)|Zord + b|Zordd1,1 = 0.

Lemma 3.8. The following diagram is commutative:

(ΩooG )2
KS // Ω1

X(log D)|Zord

(ΩooG )1−p
Ham //

−Haoo

OO

ω(1−p)|Zord

d

OO

Proof. This follows from the formula d(a2)|Zord + b|Zordd1,1 = 0. Namely, in our trivializations,
KS ◦ Haoo = b|Zordd1,1. The composite d ◦ Ham is d(a2)|Zord . Note that Ham is an isomorphism
and the ideal ω(1−p) of OX is generated by a2.

We now use the construction of Section 3.2.3. We have a map F ⋆Ω1
X → Ω1

Xord that we need
to analyze.

Lemma 3.9. The map F ⋆Ω1
X → Ω1

Xord factors through a map F ⋆Ω1
X → Ω1

X ⊗ ω2(p−1). Moreover,
if we restrict this map to Zord we have a commutative diagram:

F ⋆Ω1
X(log D)|Zord

// Ω1
X(log D)⊗ ω2(p−1)|Zord

F ⋆(ΩooG )2

KS

OO

//

**

(ΩooG )2 ⊗ ω2(p−1)|Zord

KS

OO

(ΩooG )2 ⊗ (ΩooG )2(p−1)

(Ham)2

OO

where all the maps in the bottom triangle are isomorphisms, in particular, the map F ⋆(ΩooG )2 =

(ΩooG )2p → (ΩooG )2 ⊗ (ΩooG )2(p−1) is the identity.
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Proof. Let H be the relative log de Rham cohomology of G over X̃ord. It carries a Frobenius and
we have a commutative diagram:

(F̃ ord)⋆Ω∨
G

( ˜HW )∨ // Ω∨
G

(F̃ ord)⋆H

OO

// H

OO

(F̃ ord)⋆Ω∨
G

OO

p( ˜HW )−1

// ΩG

OO

where ˜HW is a lift of the classical Hasse-Witt matrix HW . We deduce that there is a commutative
diagram:

(F̃ ord)⋆Ω1
X̃ord(log D̃) // Ω1

X̃ord(log D̃)

(F̃ ord)⋆Sym2ΩG
pSym2 ˜HW

−1

//

KS

OO

Sym2ΩG

KS

OO

It follows that F ⋆Ω1
Xord → Ω1

Xord is given by Sym2HW−1. Since the determinant of HW is

Ha, we deduce that Sym2HW−1 has poles of order at most 2 along Z and we thus have a map
F ⋆ΩG → ΩG ⊗ ω2(p−1). We similarly have an induced map (F )⋆ΩG → ΩG ⊗ ω(p−1). Restricting
this map to Zord, we deduce that it fits in the following diagram :

(F )⋆ΩmG
F−1

m // ΩmG
Ha|

Zord=0
// ΩmG ⊗ ωp−1

(F )⋆(ΩG |Zord)

OO

// ΩG |Zord ⊗ ωp−1

OO

(F )⋆ΩooG

OO

// ΩooG ⊗ (ΩooG )p−1

Ham

OO

where the bottom map is the identity. This finishes the proof.

We can now consider the following big diagram that assembles the diagrams coming from
Lemmas 3.8 and 3.9.

F ⋆Ω1
X(log D)|Zord

// Ω1
X(log D)⊗ ω2(p−1)|Zord

F ⋆(ΩooG )2
KS

hh

//

))

(ΩooG )2 ⊗ ω2(p−1)|Zord

KS

OO

F ⋆ω(1−p)|Zord

d

OO

(Ham)p // F ⋆(ΩooG )(1−p)

−(Haoo)
p

OO

(ΩooG )2 ⊗ (ΩooG )2(p−1)

(Ham)2

OO

ω(p−1)|Zord

−Haoo⊗(Ham)−1

OO

By Lemma 3.5, we find that O′′′ = HapmHapooHa−1
oo Ham = Ha′.
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4 Companion forms

4.1 Companion forms for modular curves

LetK =
∏
ℓKℓ ⊆ G(Af ) be a compact open subgroup, withKp = GL2(Zp). Let ShtorK → Spec Z(p)

be the compactified modular curve and let X = ShtorK × Spec Zp and X = X × Spec Fp. We now
set up some notations regarding Hecke correspondences. Let ℓ be a prime with Kℓ = GL2(Zℓ).
Let X0(ℓ) be the compactified modular curve of level Γ0(ℓ) at ℓ and level Ks at s ̸= ℓ. Away
from the boundary, it parametrizes a finite flat group scheme H of order ℓ in G[ℓ]. We have two
maps p1, p2 : X0(ℓ) → X, informally given by p1(G, H) = G and p2(G, H) = G/H. By convention,
we attach to the double class G(Zℓ)diag(ℓ, 1)G(Zℓ) the Hecke correspondence X0(ℓ). Its reduction
modulo p is denoted X0(ℓ). We also attach to the double class G(Zℓ)diag(ℓ, ℓ)G(Zℓ) the map
Sℓ = ⟨ℓ⟩ : X → X which is induced by mutliplication by ℓ on the universal G. These are the
traditional conventions (see [Gro90, Sect 3]), which however differ with modern conventions in the
theory of Shimura varieties (where everything is transposed, see [FP21, Rem 5.6]).

4.1.1 Preliminaries on the supersingular locus

We let Z be the supersingular locus. We have defined in Section 3.4.1 Haoo ∈ H0(Z, ω(p+1)) and
Ha′ = Hap−1

oo . We denote by FZ the Frobenius map of Z.

Lemma 4.1. We have F 2
Z = ⟨p⟩ as automorphisms of Z.

Proof. For any supersingular elliptic curve E, there is an isomorphism E(p2) ≃ E, identifying
F 2 : E → E(p2) with multiplication by p. This follows from the observation that KerF 2 = E[p].
See [KM85, Thm 2.9.4]

Lemma 4.2. For any k ∈ Z, the following diagram is commutative:

H0(Z, ωk)
F 2

Z //

⟨p⟩

&&

H0(Z, ωp
2k)

(−Ha′)−k

��
H0(Z, ωk)

Proof. Let E be a supersingular elliptic curve. We can find a basis e1, e2 for the Dieudonné module

of E where e1 lifts the Hodge filtration, such that the matrix of F has the shape

(
0 b

−pb−1 0

)
for b

a lift of Haoo. As a result F 2 =

(
−pb1−p 0

0 −pbp−1

)
. We deduce that ωE(p2) = ωp

2

E ≃ ωE induced

by p−1F 2 is given by −Ha1−poo .

4.1.2 The sheaf ωk,tm and its cohomology

We can explicit the maps O′ and O in the case of modular curves.

Theorem 4.1. The map O′ : F ⋆Ω1
X(log D)→ ω(p−1)|Z is given by the composition:

F ⋆Ω1
X(log D) ≃ ω2p // ω2p|Z

−Haoo
−1

//// ω(p−1)|Z

The map O is given by the composition:

F ⋆Ω1
X(log D) ≃ ω2p // ω2p|Z

−Haoo
−1

//// ω(p−1)|Z // OX [1]
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Proof. By Theorem 3.4 and Lemma 3.8, we have a commutative diagram:

F ⋆Ω1
X(log D)|Z ≃ ω2p|Z

O′
// ω(p−1)|Z

F ⋆ω(1−p)

−Hapoo

OO

Hap−1
oo

55

Let 2 ≤ k ≤ p. We can define a map Ok : F ⋆ωk → ω2−k[1] as follows:

F ⋆ωk → F ⋆ωk|Z
(−Haoo)

1−k

−→ ω2−k ⊗ ωp−1|Z → ω2−k[1]

Definition 4.1. We let ωk,tm = Fib(Ok : ωk → F⋆ω
2−k[1]).

By definition, ωk,tm sits in an extension:

0→ F⋆ω
2−k → ωk,tm → ωk → 0 (4.1.A)

which is the pull back of the extension 0 → F⋆ω
2−k Ha→ F⋆ω

p+1−k → F⋆ω
p+1−k|Z → 0 along the

map ωk → F⋆ω
2−k ⊗ ωp−1|Z . As a result,

ωk,tm = Ker(ωk ⊕ F⋆ωp+1−k → F⋆ω
p+1−k|Z)

where the map is (f, g) 7→ f |pZ(−Haoo)
k−1 − g|Z . We deduce that ωk,tm can also be written as an

extension in a different way:

0→ ωk+1−p → ωk,tm → F⋆ω
p+1−k → 0. (4.1.B)

Proposition 4.1. We have H0(X,ωk,tm) = {(f, g) ∈ H0(X,ωk)×H0(X,ωp+1−k), f |pZ(−Haoo)
1−k =

g|Z}.

Proof. This follows from the description of ωk,tm.

Remark 4.1. The formula f |pZ(−Haoo)
1−k = g|Z is equivalent to ⟨p⟩f = g|pZ(−Haoo)

k−p by Lemma
4.2.

Proposition 4.2. 1. We have an exact sequence 0→ FpHa→ H0(X,ω2,tm)→ H0(X,ω2).

2. If 3 ≤ k ≤ p, we have an inclusion H0(X,ωk,tm)→ H0(X,ωk).

3. If 2 ≤ k ≤ p− 2, we have an inclusion H0(X,ωk,tm)→ H0(X,ωp+1−k).

4. We have an exact sequence 0→ FpHa→ H0(X,ωp−1,tm)→ H0(X,ω2).

Proof. This follows from Proposition 4.1, and from the vanishing of H0(X,ω−k) for k < 0.

Proposition 4.3. When k = p, the extension 4.1.B splits: ωp,tm = F⋆ω ⊕ ω, and therefore
H0(X,ωp,tm) = H0(X,ω)⊕H0(X,ω).

Proof. We have a twisted Cartier map C : F⋆ω
p → ωp. We claim that the map F⋆ω → ωp ⊕ F⋆ω,

f 7→ (C(Haf), f) factors through ωp,tm. This gives the desired splitting. We therefore need to see
that (C(Haf)|Z)pHa1−poo = f |Z . We claim that there is a commutative diagram:

F⋆ω
C(Ha−) //

��

ωp

��
F⋆ω|Z // ωp|Z
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where the bottom map is simply the Cartier map on Z, that is the inverse of the Frobenius map
(as Z is zero dimensional) ωp → F⋆ω

p2 ≃ F⋆ω, from which the identity (C(Haf)|Z)pHa1−poo = f |Z
follows. We recall the definition of the map C. We have a usual Cartier map C : F⋆KX → KX

for the canonical sheaf KX on X. This map can be twisted to a map F⋆(KX(D) ⊗ ωp(p−2)) →
KX(D)⊗ ωp−2 and we get a Cartier map in weight p, C : F⋆ω

p Ha(p−2)

→ KX ⊗ ωp(p−2) → ωp (using

Kodaira-Spencer). From weight 1, we define C(Ha−) : F⋆ω
Ha(p−1)

→ F⋆KX(D) ⊗ ωp(p−2)(−(p −
1)Z) → KX ⊗ ωp(p−2) → ωp. By [BCGP21, Prop 3.8.17], this map restricts to a map F⋆ω|Z ≃
F⋆KZ ⊗ ωp(p−2)(−pZ)|Z → KZ ⊗ ω(p−2)(−Z) which is simply the Cartier map for Z, twisted by
the sheaf ω(p−2)(−Z).

Remark 4.2. In the exact sequence 4.1.A 0 → F⋆ω
2−p → ω ⊕ F⋆ω → ωp → 0, the first map is

f 7→ (C(Ha2f)
Ha ,−Haf) and the second map is (f, g) 7→ (Haf + C(Hag)).

4.1.3 Conditions at the cusps

It is possible to impose vanishing conditions at the boundary on the sheaves ωk,tm. Namely, there
is a commutative square:

ωk // F⋆ω2−k[1]

ωk(−D) //

OO

F⋆ω
2−k(−D)[1]

OO

We deduce from this square the existence of four extensions which only differ by boundary con-
ditions. We therefore define the subsheaves ωk,tm(−Dk), ω

k,tm(−D2−k) and ω
k,tm(−Dk −D2−k)

where the subscript on D is specifying on which sheaf of 4.1.A there is a cuspidal condition. For
example ωk,tm(−Dk) is an extension 0 → F⋆ω

2−k → ωk,tm(−Dk) → ωk(−D) → 0. Observe that
the second exact sequence 4.1.B becomes 0→ ωk−p+1(−D)→ ωk,tm(−Dk)→ F⋆ω

p+1−k → 0.

4.1.4 The sheaf Lk,tm on X0(p)

Recall that X0(p) is the compactified modular curve of level Γ0(p) at p and level Kℓ at ℓ ̸= p.
Away from the boundary, it parametrizes a finite flat group scheme H of order p in G[p]. We have
two maps p1, p2 : X0(p)→ X, informally given by p1(G, H) = G and p2(G, H) = G/H.

Proposition 4.4. There is a line bundle Lk,tm over X0(p) such that (p1)⋆Lk,tm = ωk,tm.

Proof. By [DR73, Thm 1.16 on p 243] we have X0(p) = Xet ∪ Xm where Xet is the union of
irreducible components where the group H is generically étale and Xm the union of irreducible
components where the group H is generically multiplicative. We fix isomorphisms X ≃ Xm, by
G 7→ (G,KerF ) and X ≃ Xet by G 7→ (G/KerF,G[p]/KerF ). We deduce that p1|Xm

: Xm → X is
the identity, while p1|Xet : Xet → X identifies with the Frobenius of X. As a result X0(p) is the
pushout (where i : Z → X is the obvious closed immersion):

Z
∐
Z

i,i◦FZ //

Id,Id

��

X
∐
X

F,Id

��
Z // X0(p)

We deduce that (p1)⋆OX0(p) = OX ×OZ
F⋆OX = {(a, b), ap|Z = b|Z}. By pushforward, coherent

sheaves on X0(p) identify with coherent sheaves of (p1)⋆OX0(p)-modules over X. We see from the

discussion after Definition 4.1 that ωk,tm can be endowed with an action of (p1)⋆OX0(p), induced

by the action of OX ⊕F⋆OX on ωk⊕F⋆ωp+1−k. Therefore ωk,tm = (p1)⋆Lk,tm for a coherent sheaf
Lk,tm on X0(p) which is clearly locally isomorphic to OX0(p).
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Remark 4.3. The sheaf Lk,tm restricts to ωp+1−k on Xet = X and to ωk on X = Xm. The exact
sequences 4.1.A and 4.1.B are obtained by restricting the sheaf Lk,tm to Xm or Xet. The various
cuspidality conditions on the sheaf ωk,tm (Section 4.1.3) correspond to being non-cuspidal, cuspidal
only on Xm, cuspidal only on Xet, or cuspidal on Xm and Xet for Lk,tm.

4.1.5 Duality

We define a dual map F⋆ω
k → ω2−k[1] as the composition

F⋆ω
k → (FZ)⋆ω

k|Z
(−Haoo)

p−k

−→ ω2−k ⊗ ωp−1|Z → ω2−k[1]

where the middle map is the twisted Cartier map (FZ)⋆ω
k|Z → (FZ)⋆ω

p(p+1−k)|Z → ωp+1−k|Z .
We let ωk,tm,∨ = Fib(F⋆ω

k → ω2−k[1]).

Lemma 4.3. The twisted Cartier map (FZ)⋆ω
k|Z → ωp+1−k|Z is given by the map H0(Z, ωk) →

H0(Z, ωp+1−k), f 7→ ⟨p⟩−1fp(−Haoo)
1−k.

Proof. The map (FZ)⋆ω
k|Z → ωp+1−k is a twisted Cartier map on Z, inverse to the Frobenius

map. We can thus apply Lemma 4.2.

We deduce that ωk,tm,∨ is an extension 0 → ω2−k → ωk,tm,∨ → F⋆ω
k → 0. It can be

described by:
ωk,tm,∨ = Ker(F⋆ω

k ⊕ ωp+1−k → i⋆ω
p+1−k|Z)

where the map is (f, g) 7→ ⟨p⟩−1f |pZ(−Haoo)
1−k − g|Z . We have H0(X,ωk,tm,∨) = {(f, g) ∈

H0(X,ωk)×H0(X,ωp+1−k), ⟨p⟩−1f |pZ(−Haoo)
1−k = g|Z}.

Remark 4.4. The identity ⟨p⟩−1f |pZ(−Haoo)
1−k = g|Z is equivalent to f |Z(−Haoo)

p−k = g|pZ .

Proposition 4.5. If 2 ≤ k ≤ p−1, we have a canonical isomorphism ωk,tm = ωp+1−k,tm,∨. We also
have an isomorphism ωp,tm,∨ = ωp,tm = F⋆ω ⊕ ω.

Proof. The first point is clear from the definition and Remark 4.4. For p = k, we have ωp,tm,∨ =
F⋆ω ⊕ ω, provided by the map F⋆ω ⊕ ω → F⋆ω

p ⊕ ω, (f, g) 7→ (Haf + gp, g) (factorizing through
ωp,tm,∨). The map ω2−p → F⋆ω ⊕ ω is given by f 7→ (fpHap−1,−fHa).

Let us denote by D(−) = RHom(−,Ω1
X) the Serre duality functor on X. We can define

cuspidal conditions on ωk,tm,∨ as in Section 4.1.3.

Lemma 4.4. We have an isomorphism D(ωk,tm)→ ωk,tm,∨(−Dk −D2−k).

Proof. Dualizing the map Ok and applying the shift [1] gives :

F⋆ω
k(−D)→ F⋆ω

k|Z
−Haoo→ F⋆ω

p+1+k|Z
(−Haoo)

1−k

→

F⋆ω
−pk|Z → ω−k|Z

−Haoo→ ωp+1−k|Z → ω2−k(−D)[1]

and the fiber of this map is ωk,tm,∨(−Dk −D2−k).

Proposition 4.6. Let Lk,tm be the sheaf on X0(p) from Proposition 4.4. Let w be the Weil involution
on X0(p).

1. If 2 ≤ k ≤ p− 1, we have w⋆Lk,tm = Lp+1−k,tm.

2. If 2 ≤ k ≤ p, (p2)⋆Lk,tm = ωk,tm,∨.

Proof. We remark that p2 : Xm → X identifies with Frobenius and p2 : Xet → X identifies with ⟨p⟩.
The Weil involution is the automorphism (which is not OX -linear) of (p1)⋆OX0(p), (a, b) 7→ (b, ⟨p⟩a).
Moreover, p2 = p1 ◦ w. The sheaf Lk,tm is the subsheaf of ωk|Xm=X ⊕ ωp+1−k|Xet=X of sections
(f, g) which satisfy the condition fp|Z(−Haoo)

1−k = g|Z . The w-linear map (f, g) 7→ (g, ⟨p⟩f)
induces an isomorphism between w⋆Lk,tm and the subsheaf of ωp+1−k ⊕ ωk of sections (f ′, g′)
satisfying (f ′)p|Z(−Haoo)

p−k = g′|Z by Remark 4.1. It follows that when 2 ≤ k ≤ p− 1, this sheaf
is Lp+1−k,tm and that for 2 ≤ k ≤ p, (p1)⋆w⋆Lk,tm = (p2)⋆Lk,tm = ωk,tm,∨.
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Remark 4.5. The isomorphism of Proposition 4.5 for 2 ≤ k ≤ p − 1 is induced by combining 1.
and 2. in Proposition 4.6. Lemma 4.4 and Proposition 4.6 imply that the Serre dual of the line
bundle Lk,tm over X0(p) is isomorphic to its pullback via the Weil involution on X0(p) (up to the
conditions at cusps).

Corollary 4.1. There is a canonical isomorphism of exact triangles:

RΓ(X,ω2−k)

��

// RΓ(X,ωk,tm)

��

// RΓ(X,ωk)

��

//

RΓ(X,ω2−k) // RΓ(X,ωk,tm,∨) // RΓ(X,ωk) //

Proof. The sheaf Lk,tm sits in an exact sequence 0→ Lk,tm⊗IXm
→ Lk,tm → Lk,tm|Xm

→ 0. Both
triangle identify with RΓ(X0(p),Lk,tm ⊗ IXm

) → RΓ(X0(p),Lk,tm) → RΓ(X0(p),Lk,tm|Xm
) →

according to Proposition 4.6, 2.

Corollary 4.2. We have a canonical perfect pairing H0(X,ωk,tm)×H1(X,ωk,tm(−Dk −D2−k))→
Fp.

Proof. We apply Serre duality on X, and use D(ωk,tm(−Dk − D2−k)) = ωk,tm,∨ by Proposition
4.5, together with the isomorphism H0(X,ωk,tm) = H0(X,ωk,tm,∨) from Corollary 4.1.

4.1.6 Hecke action away from p

We let Hp be the abstract prime-to-p Hecke algebra of level Kp. The Hecke algebra Hp acts
naturally on the cohomology RΓ(X,ωk). For example, we attach to Tℓ the correspondence p1, p2 :
X0(ℓ) → X, and we have natural cohomological correspondences p⋆2ω

k → p!1ω
k. We review the

construction (see [BP22, Sect 3.1]). We have a fundamental class B : p⋆1OX → p!1OX given by the
trace of p1. We have a map A : p⋆2ω → p⋆1ω induced by the differential of the universal isogeny. We

construct a map Tnaiveℓ : p⋆2ω
k A

⊗k

→ p⋆1ω
k B→ p!1ω

−k and set Tℓ,k = p− inf{1,k}Tnaiveℓ . We sometimes
only write Tℓ for Tℓ,k if the context is clear.

Lemma 4.5. Let E, E′ be two supersingular elliptic curves and let f : E → E′ be an étale isogeny.
We have f⋆Haoo(E

′) = deg(f)Haoo(E).

Proof. We consider the following commutative diagram:

H1
dR(E

′)(p)
(f(p))⋆ //

F⋆

��

H1
dR(E)(p)

F⋆

��
H1
dR(E

′)
f⋆ // H1

dR(E)

Considering the Hodge filtration, we extract the following diagram:

ω−p
E′

(f∨(p))⋆//

Ha00(E
′)

��

ω−p
E

Ha00(E)

��
ωE′

f⋆

// ωE

Tensoring with (f⋆)⊗p : ωpE′ → ωpE and using ff∨ = deg(f), we get f⋆Haoo(E
′) = deg(f)Haoo(E).

Proposition 4.7. There is an action of Tℓ on RΓ(X,ωk,tm). This action respects the triangle
RΓ(X,ω2−k)→ RΓ(X,ωk,tm)→ RΓ(X,ωk)→ and induces the actions Tℓ,2−k and Tℓ,k on the left
and right terms respectively. This action respects the triangle RΓ(X,ωk+1−p) → RΓ(X,ωk,tm) →
RΓ(X,ωp+1−k) → and induces the actions ℓk−1Tℓ,k+1−p and ℓk−1Tℓ,p+1−k on the left and right
terms respectively.
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Proof. We claim that the following diagram commutes:

p⋆2ω
k //

Tnaive
ℓ

��

p⋆2F⋆ω
p+1−k[1]

ℓk−1Tnaive
ℓ

��
p!1ω

k // p!1F⋆ω
p+1−k[1]

inducing a cohomological correspondence Tnaiveℓ on ωk,tm. This boils down to the property that
the following diagram commutes :

p⋆2(FZ)⋆ω
pk|Z

p⋆2Haoo
1−k

//

��

p⋆2(FZ)⋆ω
p+1−k|Z

ℓk−1

��
p⋆1(FZ)⋆ω

pk|Z
p⋆2Haoo

1−k

// p⋆1(FZ)⋆ω
p+1−k|Z

which follows from the property that p⋆2Haoo
1−k = ℓ1−kp⋆1Haoo

1−k by Lemma 4.5. If we normalize
this action by ℓ−1 we get the expected Tℓ-action. Here is another way to think about this action.
Consider the action of Tℓ,k⊕ℓk−1Tℓ,p+1−k on ω

k⊕F⋆ωp+1−k. This induce the action of Tℓ on ω
k,tm.

If (f, g) are sections of ωk,tm satisfying fp|Z(−Ha)1−koo = g, we find Tnaiveℓ (fp|Z(−Haoo)
1−k) =

ℓ1−kTnaiveℓ (fp|Z)(−Haoo)
1−k = Tnaiveℓ (g).

Corollary 4.3. The Hecke algebra Hp acts on RΓ(X,ωk,tm), with Tℓ acting as in Proposition 4.7.

Proof. We briefly reintroduce the level K = KpKp in the notations. We consider the modu-
lar curves XK modulo p and the sheaf of modular forms ωkK . We can consider the complex
colimKpωkKpKp

→ F⋆ω
2−k
KpKp

over limKp XKpKp and equip it with a G(Apf )-equivariant action, suit-
ably normalized as explained before. We thus get a G(Apf )-action on RΓ(Fib(colimKpωkKpKp

→
F⋆ω

2−k
KpKp

) and after taking Kp invariants we obtain an action of the Hecke algebra.

Corollary 4.4. Eigenforms in H0(X,ωk,tm) are pairs of companion forms (f, g) of weight k and
(p+1−k), (Ha, 0) if k = p−1, (0,Ha) if k = 2, and (Hah, 0) with h a weight 1 eigenform if k = p.

Proof. Clear from Proposition 4.2 and Proposition 4.3.

4.1.7 Relation to crystalline cohomology

Let η̄ : Ḡ → X be the universal generalized elliptic curve ([DR73]). We have a filtered log-
F -crystal H = R1η̄⋆,log−crysOḠ . For 2 ≤ k ≤ p − 1, we consider the filtered log-F -crystal

Symk−2H. We now construct an object of Db(MF [0,k−1](Fp)). The underlying filtered object

is RΓlog−dR(X,Sym
k−2H) with filtration given by the map coming from the Hodge filtration:

RΓ(X,ωk)[−1] → RΓlog−dR(X,Sym
k−2H) with cofiber RΓ(X,ω2−k). We next construct the

Frobenius. We consider RΓlog−crys(X/(Wk(Fp), γtriv),Symk−2H) which comes equipped with a

Frobenius ϕcrys. Let X̃ be the modular curve over Wk(Fp). We have an isomorphism:

RΓlog−crys(X/(Wk(Fp), γtriv),Symk−2H) ≃ RΓlog−dR(X̃, Sym
k−2H).

Reducing modulo p this isomorphism, ϕcrys induces an endomorphism ϕ0 of RΓlog−dR(X,Sym
k−2H),

which factors through a map RΓ(X,ω2−k)→ RΓlog−dR(X,Sym
k−2H) (see the proof of Proposition

4.8 below). On the other hand, the restriction of ϕcrys to RΓ(X̃, ωk)[−1] factors through a map
(see also the proof of Proposition 4.8 below):

RΓ(X̃, ωk)[−1]→ pk−1RΓlog−crys(X/(Wk(Fp), γtriv),Symk−2H) ≃ RΓlog−dR(X,Sym
k−2H)
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which induces a map ϕk−1 : RΓ(X,ωk)[−1] → RΓlog−dR(X,Sym
k−2H). We can now consider the

composition

ϕ̄k−1 : RΓ(X,ωk)
ϕk−1→ RΓlog−dR(X,Sym

k−2H)[1]→ RΓ(X,ω2−k)[1]

where the second map is projection along the Hodge filtration. The following proposition is inspired
by [FJ95, p 62-64]. When k = 2, this is also a particular case of Proposition 2.3.

Proposition 4.8. We have a quasi-isomorphism Fib(ϕ̄k−1 : RΓ(X,ωk) → RΓ(X,ω2−k)[1]) ≃
RΓ(X,ωk,tm).

Proof. We need to compute the crystalline Frobenius

ϕcrys : [Sym
k−2H → Symk−2H⊗ Ω1

X̃
(log D)]→ F⋆[Sym

k−2H → Symk−2H⊗ Ω1
X̃
(log D)]

We consider the fppf covering X̃ = X̃ord∪Ẑ where X̃ord is the ordinary locus, and Ẑ is the comple-
tion of X̃ at supersingular points. Note that Ẑ is a disjoint union of formal discs SpecWk(k(x))[[z]]

parametrized by supersingular points x ∈ Z. Let us denote by Ẑord the intersection of X̂ord and
Ẑ, equal to a disjoint union of punctured discs Spec Wk(k(x))((z)). We have a canonical lift of

Frobenius F ord on X̃ord. It induces a lift F ord : Symk−2H|X̃ord → F ord⋆ Symk−2H|X̃ord . This

lift respects the Hodge filtration (because F ord arises from an isogeny of the universal elliptic
curve), and induces on each graded pieces the usual Frobenius map on spaces of p-adic modular
forms. Observe that F ord : ω2−k+2r|X̃ord → ω2−k+2r|X̃ord is divisible by pr. We also fix the lift

FZ , z → zp over Ẑ. We get another lift: FZ : Symk−2H|Ẑ → (FZ)⋆Sym
k−2H|Ẑ The complex

[Symk−2H → Symk−2H⊗ Ω1
X̃
(log D)] is quasi-isomorphic to the complex C•:

[Symk−2H|X̃ord ⊕ Symk−2H|Ẑ →

Symk−2H⊗Ω1
X̃(log D)|X̃ord ⊕ Symk−2H⊗Ω1

X̃(log D)|Ẑ ⊕ Symk−2H|Ẑord → Symk−2H⊗Ω1
X̃(log D)|Ẑord ]

where the first map is (f, g) 7→ (df, dg, g − f) and the second map is (a, b, c) 7→ (a− b+ dc). We
can now represent the Frobenius map

ϕcrys : [Sym
k−2H → Symk−2H⊗ Ω1

X̃
(log D)]→ C•

by sending f ∈ Symk−2H to (F ord(f), FZ(f)) ∈ C0 and sending g ∈ Symk−2H ⊗ Ω1
X̃
(log D) to

(F ord(g), FZ(g), η(g)) ∈ C1. Here η : Symk−2H ⊗ Ω1
X̃
(log D) → Symk−2H|Ẑord is the homotopy

between the two Frobenius FZ and F ord, it sends a section g to (ηx(g))x∈Z where

ηx(g) =

∞∑
n=1

F ord(∇n−1
∂z

(⟨g, ∂z⟩))(FZ(z)− F ord(z))[n].

We now take g ∈ ωk⊗Ω1
X̃
(logD). We study the p-divisiblity of ηx(g). We see that F ord(∇n−1

∂z
(⟨g, ∂z⟩))

is divisible by pmax{k−1−n,0} by Griffith transversality and the divisiblity of F ord on each graded
piece of the Hodge filtration. We also see that (FZ(z) − F ord(z))[n] ∈ p[n]Wk(k(z))((z)) =
pnWk(k(z))((z)). We deduce that ηx(g) is divisible by pk−1, confirming that ϕcrys induces a
map ωk ⊗ Ω1

X̃
(log D)[−1] → pk−1C•. We now identify pk−1C• ≃ C•/p and project along the

Hodge filtration. Only the term n = k − 1 survives (by Griffith transversality), and we get an
induced map

Bx : ωk ⊗ Ω1
X(Spec k(x)[[z]]) → ω2−k(Spec k(x)((z)))

g(z) 7→ F ord(⟨g(z), ∂z⟩(KS−1(dz))−(k−2)(k − 2)!)
(FZ(z)− F ord(z))k−1

k − 1!pk−1

The composition

ωk ⊗ Ω1
X → ⊕xωk ⊗ Ω1

X(Spec k(x)[[z]])
∑
Bx→ ⊕xω2−k(Spec k(x)((z)))
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represents the map ϕ̄k−1 : ωk ⊗ Ω1
X → ω2−k[1]. We now explain how this map relates with Ok.

We have the Frobenius map F ord : F ⋆ω2−k → ω2−k ⊗ (ω(1−p))k−2, f 7→ fpHak−2. Identifying Ha
with the coordinate z, we deduce that

F ord(⟨g(z), ∂z⟩(KS−1(dz))−(k−2)) = (⟨g(z), ∂z⟩(KS−1(dz))−(k−2))pzk−2.

On the other hand, by Theorem 3.4,

F ord(z) = zp − p

z
Haoo(z) mod p2Wk(k(z))((z)) + pWk(k(z))[[z]].

We deduce that (FZ(z)−F ord(z))k−1

pk−1 = z1−kHaoo(z)
k−1 up to terms of degree ≥ 2− k. As a result

Bx(g(z)) =
1

(k − 1)z
(⟨g(z), ∂z⟩(KS−1(dz))−(k−2))pHaoo(z)

k−1

up to regular terms. This proves that ϕ̄k−1 = Ok

k−1 .

We now turn to Hecke operators at p. We recall that there is an operator Tp,k on acting on
the cohomology of ωk and that we have congruence relations that Tp,k acts like Up if k ≥ 2 and
like Frobenius if k ≤ 2 ([BP21, Lem 4.1]). We will denote by Up,k the operator Tp,k acting on
RΓ(X,ωk) if k ≥ 2 and by Up,k the operator Tp,2−k acting on RΓ(X,ω2−k). We think this is a
suggestive notation in our context.

Corollary 4.5. We have an action of Up,k on RΓ(X,ωk,tm), commuting with the action of Hp and
the triangle RΓ(X,ω2−k)→ RΓ(X,ωk,tm)→ RΓ(X,ωk)→ is Up,k equivariant.

Proof. We have commuting actions of Tp and Hp on the log-crystalline cohomology

RΓlog−crys(X/(Wp(k), γ
tri),Symk−2H)

respecting the Hodge filtration and commuting with Frobenius. We can use Proposition 4.8 and
we denote by Up,k the corresponding action of Tp and RΓ(X,ωk,tm).

Corollary 4.6. If 2 ≤ k ≤ p − 1 we have an action of Up,p+1−k on RΓ(X,ωk,tm) and the triangle
RΓ(X,ωk−p+1)→ RΓ(X,ωk,tm)→ RΓ(X,ωp+1−k)→ is Up,p+1−k-equivariant.

Proof. By Proposition 4.6, we have RΓ(X,ωk,tm) ≃ RΓ(X,ωp+1−k,tm).

Remark 4.6. We will see below (using Galois representations) that Up,kUp,p+1−k = ⟨p⟩ (at least
after a non-Eisenstein localization).

Since RΓ(X,ωp,tm) = RΓ(X,ω) ⊕ RΓ(X,ω), we also have an action of Tp = Tp,1. The
following is another approach to the construction of a Up-operator.

Proposition 4.9. There is an operator Up acting on RΓ(X,ωp,tm) which satisfies the relation :
U2
p − UpTp + ⟨p⟩ = 0. Moreover, the triangle RΓ(X,ω2−p) → RΓ(X,ωp,tm) → RΓ(X,ωp) → is

Up-equivariant and we have Up,p = Up on the left and top term.

Proof. It is actually easier to work with ωp,tm,∨ (using Corollary 4.1). We consider the exact
sequence : 0→ ω2−p → ω⊕ F⋆ω → F⋆ω

p → 0. The maps are given by f 7→ (Haf,−Hap−1fp) and
(f, g) 7→ fp +Hag. We can now define an endomorphism Up which is f 7→ Hap−2fp = Up,p(f) on
ω2−p, given by (f, g) 7→ (−g, Tp(g) + ⟨p⟩f) on RΓ(X,ω ⊕ F⋆ω) and f 7→ Up,p(f) on F⋆ω

p. The
identity U2

p − UpTp + ⟨p⟩ = 0 is clear.

Remark 4.7. If p ̸= 2, we deduce easily from the property that H0(X,ω2−p) = H1(X,ωp) = 0
that Up = Up,p on RΓ(X,ωp,tm). When p = 2 we can obtain this result after a non-Eisenstein
localization.
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4.1.8 Galois representations and companion forms

Let k ≥ 2. Let f ∈ H0(X, ωk(−D)) be a weight k cuspidal eigenform. Let Θf : H → Z̄p be the
associated system of eigenvalues. By [Del71], there is an associated Galois representation ρf : GQ →
GL2(Z̄p). It is irreducible, unramified away from S∪{p} and we have that det(ρf (Frobℓ)−XId) =
X2−Θf (Tℓ)X +Θf (Sℓ)ℓ

k−1 for a geometric Frobenius Frobℓ at ℓ /∈ S ∪ {p}. Moreover by [Sai97],
ρf is crystalline at p, with Hodge-Tate weights 0, k − 1. It is ordinary if and only if Θf (Tp) is a

p-adic unit. In this case, ρf |GQp
=

(
ur(α) ⋆

0 ur( β
pk−1 )χ

1−k
p

)
where α and β are the roots of the

polynomial X2 −Θf (Tp)X +Θf (Sp)p
k−1 with valuation 1 and pk−1 respectively.

We let η : G → ShK,Q be the universal elliptic curve over the open modular curve over Spec Q.

We define a local system Symk−2Z2
p = Symk−2R1η⋆Zp with mod p reduction Symk−2F2

p. We also

let j : ShK,Q → ShtorK,Q be the inclusion of the open modular curve inside its compactification. We

also remind the reader that X = ShtorK,Zp
.

Theorem 4.2 ([Lan73]). Let us fix an isomorphim Q̄p ≃ C. We have a GQ × H-equivariant iso-
morphism :

H1
et(Sh

tor
K,Q̄, j⋆Sym

k−2Zp)⊗ Q̄p =
⊕
π

ρπ ⊗ (πf )
K

where the sum runs over all cuspidal automorphic forms π of weight k.

We assume from now on that X has level Γ1(N) for some N ≥ 3, (N, p) = 1. This gives
cleaner results as we can use multiplicity one. Let T be the image of the Hecke algebra gen-
erated by {Tℓ}ℓ∤Np, {Uℓ}ℓ|N , {Sℓ} and Up,k in End(H0(X,ωk(−D))). Let Ttm be its image in

End(H0(X,ωk,tm(−Dk))).

Proposition 4.10. The operator Up,k is invertible in Ttm.

Proof. Let m be a maximal ideal of Ttm . We consider the Fontaine-Laffaille module

M = Im
(
H1

log−dR(X,Sym
k−2H(−D))→ H1

log−dR(X,Sym
k−2H)

)
(the category of Fontaine-Laffaille modules is abelian), with its Hodge filtration Mk−1, Frobe-
nius ϕ0 and divided Frobenius ϕk−1. This is interior cohomology. We see that Mk−1[m] =
H0(X,ωk(−D))[m] is one dimensional (since H0(X,ωk(−D)) = T∨), and that M [m]/Mk−1[m] =
H1(X,ω2−k)[m] (this uses that Ext1T(T/m,H0(X,ωk(−D))) = 0) is non-zero by Serre duality. The
map ϕ̄k−1 :Mk−1[m]→ M̄0[m] is zero by Proposition 4.8. Therefore, ϕk−1(M

k−1[m]) =Mk−1[m].
By the condition of being a Fontaine-Laffaille module ϕk−1(M

k−1[m])⊕ϕ0(M̄0[m]) =M [m], so ϕ0
induces an injective (and hence bijective map) of ϕ0(M̄

0[m]). We deduce that ϕ0 is not nilpotent.
By the Eichler-Shimura relation ϕ20 − Up,kϕ0 = 0, we deduce that Up,k is invertible.

Theorem 4.3. Let m be an ordinary maximal ideal of T.

1. There is an exact sequence of Tm ×GQp-modules

0→ H1(X,ω2−k)m → H1
et(XQ̄p

, j⋆Sym
k−2(F2

p))m → H0(X,ωk(−D))m ⊗ ϵ1−kp → 0

where H1(X,ω2−k)m is an unramified representation with Frobp acting like Up,k, and H0(X,ωk(−D))m
is an unramified representation with Frobp acting like U−1

p,kSp. Moreover, H1(X,ωk)m ≃ Tm,

H0(X,ωk(−D))m ≃ (Tm)
∨.

2. The extension in 1. is classified by a map H0(X,ωk(−D))m → H1(X,ω2−k)m and this map
viewed as a complex in degree 0 and 1 represents RΓ(X,ωk,tm(−Dk))m.
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3. We have a short exact sequence of GQp
×H-modules,

0→ H1(X,ωk,tm(−Dk))m → H1
et(XQ̄p

, j⋆Sym
k−2(F2

p))
tm
m → H0(X,ωk,tm(−Dk))m ⊗ ϵ1−kp → 0

deduced from the exact sequence in 1. by pull-back along H0(X,ωk,tm(−Dk))m → H0(X,ωk(−D))m
and push-out along H1(X,ω2−k)m → H1(X,ω2−k,tm(−Dk))m. This short exact sequence
is split as IQp

-module. Moreover, H1(X,ωk,tm(−Dk))m ≃ Ttmm , H0(X,ωk,tm(−Dk))m ≃
(Ttmm )∨.

Proof. The representation H1
et(XQ̄p

, j⋆Sym
k−2(Z2

p))m is a lattice in an ordinary crystalline repre-

sentation and corresponds to an ordinary F -gauge M ∈ V ect[0,k−1](Zsynp ) by Theorem 2.3. Here
is a geometric construction of this F -gauge If k = 2, we let M = H1

syn(X)m ∈ Vect[0,1](Zsynp ).

There are canonical isomorphisms Tet(M) = H1
et(XQ̄p

,Zp)m, while ΦDI(M) = H1
dR(X)m with

its Fontaine-Laffaille module structure coming from the Deligne-Illusie map. If 3 ≤ k ≤ p, we
follow ideas of [Sch90], [Sch96] (we could certainly have used log prismatic cohomology with co-

efficients instead). We let ˜̄Gk−2 → X be the Deligne desingularization of the k − 2-fold product
of the generalized elliptic curve Ḡ → X (see [Del71, Lem 5.5]). There is an action of the group

(Z/NZ⋊ µ2)
k−2 ⋊ Sk−2 on ˜̄Gk−2. We let ϵ : (Z/NZ⋊ µ2)

k−2 ⋊ Sk−2 → µ2 be the character which
is trivial on (Z/NZ)k−2, the tautological character on each µ2 and the sign on Sk−2. We consider

the syntomic cohomology RΓsyn(
˜̄Gk−2)[ϵ]. This is an object of Perf [0,p−1](Zsynp ). Indeed, the group

(Z/NZ ⋊ µ2)
k−2 ⋊ Sk−2 is of order prime to p, so this is a direct factor of the total cohomology.

We claim that this cohomology is concentrated in degree k − 1. It suffices to prove this for the de
Rham realization (for example by Theorem 2.2). As in [Sai97, Lem 3], we find that there is a long

exact sequence 0 → Hk−1
dR (˜̄Gk−2)[ϵ] → H1

log−dR(X,Sym
k−2H) → H0(D,OD) → HkdR(

˜̄Gk−2)[ϵ] →
H2

log−dR(X,Sym
k−2H)→ 0, as well as isomorphisms Hk−2+i

dR (˜̄Gk−2)[ϵ]→ Hilog−dR(X,Sym
k−2H) for

i ̸= 1, 2. By the integral BGG decomposition (which holds in our range of weights),

[Symk−2H → Symk−2H⊗ Ω1
X(log D)] ≃ [ω2−k Θk−1

→ ωk].

Therefore, Hilog−dR(X,Sym
k−2H) is concentrated in degree 1. The BGG complex has a sub-complex

[ω2−k Θk−1

→ ωk(−D)] with quotient [0 → ωk|D]. This gives the map H1
log−dR(X,Sym

k−2H) →
H0(D,OD) since ω is trivial on the cusps.

We therefore define M = Hk−1
syn (

˜̄Gk−2)[ϵ]m. Moreover we have a canonical isomorphisms

Tet(M) = H1
et(XQ̄p

, j⋆Sym
k−2(Z2

p))m, while

ΦDI(M) = Im(H1
log−dR(X,Sym

k−2H(−D))m → H1
log−dR(X,Sym

k−2H)m)

with Frobenius coming from the crystalline Frobenius of Im(H1
log−crys(X/Wp(k),Sym

k−2H(−D))m →
H1

log−crys(X/Wp(k),Sym
k−2H)m) for the trivial divided power on pWp(k) (see Section 2.3.2). Since

Tet(M) is ordinary (because only ordinary modular forms contribute), we deduce that M is an
ordinary F -gauge. Then 1. follows from the general comparison theorem for unramified F -gauge
(up to cyclotomic twist), which is a simple instance of Theorem 2.3. Point 2. follows from Theorem
2.4 and Proposition 4.8, and 3. is obvious from 2.

Remark 4.8. TheGQp -representations H
1
et(XQ̄p

, j⋆Sym
k−2(F2

p))m gives a class in Ext1GQp
(T∨

mϵ
1−k
p ,Tm).

Theorem 4.3 2. shows that Ttmm is the initial quotient of Tm splitting this class.

Corollary 4.7 (Existence of companion forms). Let f ∈ H0(X,ωk) be an eigenform. Assume that
ρf : GQ → GL2(F̄p) is irreducible and split on inertia. Then f ∈ H0(X,ωk,tm) admits a companion
form g ∈ H0(X,ωp+1−k).

Proof. Let f̃ be a lift of f to an eigenform. We have an exact sequence of GQp
-modules : 0→ T̃m →

H1
et(Sh

tor
K,Q̄, j⋆Sym

k−2Z2
p)m → T̃∨

m ⊗ χ1−k
p → 0 lifting the exact sequence of Theorem 4.3, 2. We
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can find a surjective map of Galois representations H1
et(Sh

tor
K,Q̄, j⋆Sym

k−2Z2
p)m → ρf̃ by Theorem

4.2. Moreover, the image of T̃m will be a line in ρf̃ (by considering the action of IQp
) providing an

ordinary filtration on ρf̃ an ρf . Reducing modulo p, we obtain a map H1
et(Sh

tor
K,Q̄, j⋆Sym

k−2F2
p)m →

ρf of ordinary representations. This proves that the map T∨
m → Tm classifying the extension from

Theorem 4.3 is not an isomorphism (since ρf is split). Hence Ttmm ̸= 0 and f ∈ H0(X,ωk,tm).

We assume that ρ̄m : GQ → GL2(T/m) is irreducible. We have a universal modular Galois
representation ρTm

: GQ → GL2(Tm). Passing to the quotient along Tm → Ttmm , we get a Galois
representation ρTtm

m
: GQ → GL2(Ttmm ).

Theorem 4.4. The Galois representation ρTtm
m
|GQp

is tamely ramified. More precisely :

1. If 2 ≤ k ≤ p− 1, ρTtm
m
|GQp

= ur(Up,k)⊕ ur(Up,p+1−k)ϵ
1−k
p and Up,kUp,p+1−k = Sp.

2. If k = p, ρTtm
m
|GQp

is unramified.

Moreover, unless possibly if k = p and ρ̄m is unramified with scalar Frobenius, Ttmm is the initial
ring among all quotients Tm → R with the property that ρR is tamely ramified.

Proof. By [Sch18, Prop 5.4], we have

H1
et(Sh

tor
K,Q̄, j⋆Sym

k−2F2
p)m ≃M ⊗ ρTm

for a Tm-module M . Moreover, by Theorem 4.3 1, we have an exact sequence (ES1) : 0→ Tm →
M2 → T∨

m → 0. Unless k = p and ρ̄m is unramified at p with scalar Frobenius, we claim that the
representation ρTm

sits in an exact sequence (ES2) : 0 → Tm → ρTm
→ Tm → 0 where Tm is the

unique unramifiedGQp
-stable line where Frobenius acts as Up,k. Indeed, let T̃m be the Hecke algebra

acting on H0(X, ωk)m, so that Tm = T̃m/p. We have a Galois representation ρT̃m
: GQ → GL2(T̃m)

and T̃m[1/p] =
∏
gK(g) is the product of the Hecke fields over all eigenforms g in H0(X, ωk)m.

These are ordinary eigenforms, and we deduce that there is a p-torsion free quotient ρT̃m
→ L

where inertia acts on L via χ1−k
p and Frobenius via SpU

−1
p,k . Reducing modulo m, we find that L/m

is one dimensional. This implies that L is generated by one element, and finally that L ≃ Tm.
We now claim that M ⊗ (ES2) = (ES1). It is clear that the map Tm ↪→ M2 in (ES1)

factors through M ↪→ M2 in M ⊗ (ES2). By comparing length, we find that Tm ≃ M . It
follows that H1

et(Sh
tor
K,Q̄, j⋆Sym

k−2(F2
p))

tm
m ≃ ρTtm

m
. The theorem is clear in that case. It remains

to consider the case k = p and ρ̄m is unramified at p with scalar Frobenius. The exact sequence
0→ Tm →M2 → T∨

m → 0 arises by reduction modulo p of an exact sequence :

0→ T̃m

m̃1

m̃2


→ M̃2

(
l̃1 l̃2

)
→ T̃∨

m → 0

obtained by studying H1
et(Sh

tor
K,Q̄, j⋆Sym

p−2Z2
p)m. We fix an element σ of IQp

. Write the matrix

of ρT̃m
(σ) − diag(1, χ1−p

p (σ)) =

(
ãσ b̃σ
c̃σ d̃σ

)
. Letting ρT̃m

(σ) − diag(1, χ1−p
p (σ)) act on M̃2 we find

that there is a morphism α̃σ : T̃∨
m → T̃m such that (as endomorphisms of M̃2)(
ãσ b̃σ
c̃σ d̃σ

)
=

(
m̃1α̃σ l̃1 m̃1α̃σ l̃2
m̃2α̃σ l̃1 m̃1α̃σ l̃2

)
.

Let ασ, aσ... denote the reduction modulo p of α̃σ, ãσ... We deduce from Remark 4.8 that

Ttmm = Tm/(ασ(T∨
m), σ ∈ IQp

).

We want to compare it to the ring Tm/(aσ, bσ, cσ, dσ, σ ∈ IQp) which is the initial quotient where
ρTm

becomes unramified. We claim that aσ = ασ(l1(m1)), cσ = ασ(l1(m2)), bσ = ασ(l2(m1)) and
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dσ = ασ(l2(m2)). This implies that (aσ, bσ, cσ, dσ, σ ∈ IQp
) ⊆ (ασ(T∨

m), σ ∈ IQp
) and therefore

that ρTtm
m

is unramified. Let us prove for example that ãσ = α̃σ(l̃1(m̃1)). We apply the identity

ãσ = m̃1α̃σ l̃1 to T̃m ↪→ M̃2. We find that (m̃1ãσ, m̃2ãσ) = (m̃1α̃σ l̃1(m̃1), m̃1α̃σ l̃1(m̃2)). We can
identify M̃ [1/p] ≃ T̃m[1/p] =

∏
gK(g) is a finite product of fields. On each component K(g) where

m̃1 is invertible, we find that ãσ = α̃σ l̃1(m̃1). On each component K(g) where m̃1 is zero and m̃2

must be non-zero, we find that ãσ = 0 = α̃σ l̃1(m̃1). Thus, the desired identity is proven.

4.2 Companion forms for GSp4

We now let g = 2. We let ShtorKpKp → Spec Z(p) be a toroidal compactification of the Siegel threefold

with spherical level at p ([FC90]), we let X be its base change to Spec Zp, and X be its special fiber.

We have automorphic vector bundles ω(k1,k2) = Symk1−k2ΩG ⊗detk2 ΩG for (k1, k2) ∈ Z2, k1 ≥ k2.
If k = k1 = k2 we simply let ω(k,k) = ωk. We also recall the Kodaira-Spencer isomorphism
ω(2,0) = Ω1

X(log D), implying ω(3,1) = Ω2
X(log D) and ω3 = Ω3

X(log D). In Section 3.2.5 we
introduced the map dual to the obstruction to lift Frobenius O∨ : F⋆Ω

3
X(log D)→ Ω2

X(log D)[1]

Definition 4.2. We let ω3,tm = Fib(O∨ : F⋆Ω
3
X(log D)→ Ω2

X(log D)[1]).

Remark 4.9. Following the modular curve case, it would make sense to call this coherent sheaf
ω3,tm,∨. But to simplify the notations, we keep the notation ω3,tm as there will not be any ω3,tm,∨

in the GSp4 context.

This sheaf sits in an exact sequence:

0→ Ω2
X(log D)→ ω3,tm → F⋆Ω

3
X(log D)→ 0

and admits the description:

ω3,tm = Ker(Ω2
X(log D)⊗ ω(p−1) ⊕ F⋆Ω3

X(log D)→ i⋆(Ω
2
X(log D)⊗ ω(p−1)|Z)

for the map given by (f, g) 7→ (C(f |Z) − g|Z) where in Section 3.2.5, we introduced a map
(O′′)∨[−1] := C : (FZ)⋆Ω3

X(log D)|Z → Ω2
X(log D)⊗ ω(p−1)|Z . We deduce that

H0(X,ω3,tm) = {(f, g) ∈ H0(X,Ω3
X(log D))×H0(X,Ω2

X(log D)⊗ ω(p−1)), C(f |Z) = g|Z}.

It seems difficult to detect whether C(f |Z) is zero or not (unlike in the modular curve case), but this
is of crucial importance in order to understand the cohomology of ω3,tm. Our strategy in Section
4.2.1 is to relate C(f |Z) with an Hecke operator that detects Siegel ordinarity (which means that
the restriction to GQp of the GSp4-valued Galois representation attached to eigenforms can be
conjugated to the Siegel parabolic). We will anyway need this ordinarity condition in our study of
companion forms, so this is not a surprise. This strategy is inspired by [BCGP21, Sect 5].

4.2.1 Hecke operators and the map C

We briefly recall constructions from [Pil20, Sect 7], of an operator T which acts on RΓ(X,ω3). We
let XKli(p) be the Klingen moduli space and Xpar be the paramodular level moduli space. We
have two correspondences:

XKli(p)

q2

{{

q1

$$

XKli(p)

p2

zz

p1

##
X Xpar X

Let us informally explain what are the maps (ignoring subtilities from the boundary). Let
us denote by G the principally polarized semi-abelian scheme over X, and by G′ the semi-abelian
scheme with a degree p2 polarization λ over Xpar. Let H ⊂ G[p] be a rank p subgroup and
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H ′ ⊂ ker(λ) be a rank p subgroup. We can think of XKli(p) as the moduli space of pairs (G, H).
We can also think of it as the moduli of pairs (G′, H ′ ⊆ ker(λ)), via the involution (G, H) 7→
(G/H⊥,G[p]/H⊥). The maps in the correspondence are given by p1(G, H) = G, p2(G, H) = G/H⊥,
q1(G′, H ′) = G′, q2(G′, H ′) = G′/H ′.

We have cohomological correspondences ([Pil20, Lem 7.1.1, Lem 7.1.2]) T1 : p⋆2ω
3 → p!1ω

3

and T2 : q⋆2ω
3 → q!1ω

3. They induce maps T1 : RΓ(Xpar, ω
3) → RΓ(X,ω3) and T2 : RΓ(X,ω3) →

RΓ(Xpar, ω
3). We let T = T1 ◦ T2.

We let X≥1 be the p-rank at least one locus, Xord the ordinary locus and X=1 = X≥1 \Xord

the complement (it was denoted by Zord in Section 3.4.1). We let XKli(p)
≥1 → X≥1 be the space

parametrizing a subgroup H of rank p and multiplicative type. This map is étale, and restricts to
an isomorphism XKli(p)

=1 → X=1.

We now consider a Hecke correspondence C(p) (see [Pil20], Sect 10.1 and 10.2). On the
complement of the boundary, this is the moduli space of L ⊆ G[p2] which are totally isotropic and
satisfy L ∩H = {1}.

C(p)

s1

##

s2

{{
X≥1
Kli(p) X≥1

Kli(p)

Proposition 4.11. 1. On the complement of the boundary, the group L sits in an exact sequence
0→ L∩H⊥ → L→ L/(L∩H⊥)→ 0, where L∩H⊥ is a BT1 of height 2 and dimension 1,
and L/(L ∩H⊥) is an étale group, locally isomorphic to Z/p2Z.

2. We have an natural isomorphism s⋆2ω → s⋆1ω.

3. Under the isomorphism s⋆2ω
p−1 → s⋆1ω

p−1 deduced from 2., we have s⋆1Ha = s⋆2Ha.

4. There is a normalized fundamental class OC(p) → s!1OX≥1
Kli(p)

.

5. Combining maps in 2. and 4., for any sheaf ωk, we have a cohomological correspondence
U : s⋆2ω

k → s⋆1ω
k → s!1ω

k. These commute with multiplication by the Hasse invariant.

Proof. For the first point, see [Pil20, Lem 10.1.1]. For the remaining points, see [Pil20, Sect 10.4]
and [Pil20, Lem 10.5.2.1].

We now would like to study the reduction of the cohomological correspondence U along the
rank 1 locus X=1.

Proposition 4.12. 1. Via the map s2, the space C(p) ×
s1,X

≥1
Kli(p)

X=1 indentifies with X=1 and

the map s1 : C(p)×
s1,X

≥1
Kli(p)

X=1 → X=1 indentifies with the square of the Frobenius of X=1.

2. The cohomological correspondence U : s⋆2ω
3 → s!1ω

3 restricts to a cohomological correspon-
dence on X=1 and admits the following description : KX=1(D) ⊗ ω−(p−1) → KX=1(p2D) ⊗
ω−p2(p−1), given by multiplication by (Ha′)−(p−1) and the canonical map KX=1(D)→ KX=1(p2D).

Proof. For the first point, see [BCGP21, Prop 5.7.3]. We have an exact sequence 0→ ω3−(p−1) →
ω3 → ω3|X=1 → 0. Using Proposition 4.11, 5. as well as the first point, we get a cohomological
correspondence ω3|X=1 → (F 2)!ω3|X=1 . If we let KX=1 be the canonical sheaf, we observe that
ω3|X=1 = KX=1(D) ⊗ ω−(p−1) (by the Kodaira-Spencer isomorphism). We therefore see that U

restricts on X=1 to a morphism: KX=1(D)⊗ω−(p−1) → KX=1(p2D)⊗ω−p2(p−1). We identify this
map as in [BCGP21, Prop 5.7.6].
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We now return to the map C (or its restriction to X=1). It writes : (FZ)⋆KX=1(log D) ⊗
ω−(p−1) → Ω2

X(logD)⊗ω(p−1)|X=1 . We can compose with the projection Ω2
X(logD)⊗ω(p−1)|X=1 →

KX=1(D)⊗ ω(p−1) and we get a diagram :

(FZ)⋆KX=1(D)⊗ ω−(p−1) C //

γ

**

Ω2
X(log D)⊗ ω(p−1)|X=1

��
KX=1(D)⊗ ω(p−1)

where γ is the composition of (FX=1)⋆KX=1(D) ⊗ ω−(p−1) Ha′→ (FX=1)⋆KX=1(pD) ⊗ ωp(p−1) →
KX=1(D) ⊗ ω(p−1). By adjunction, this is just the map γ : KX=1(D) ⊗ ω−(p−1) Ha′→ KX=1(pD) ⊗
ωp(p−1) = F !

X=1(KX=1(D)⊗ω(p−1)). Since Ha′ is invertible we can further compose this map with

γ′ : KX=1(pD) ⊗ ωp(p−1) (Ha′)−p

→ KX=1(p2D) ⊗ ω−p2(p−1) = (F 2
X=1)!(KX=1(D) ⊗ ω−(p−1)). We

finally find:

Lemma 4.6. We have that γ′ ◦ γ = U . Consequently we have a commutative diagram where the
vertical maps are restriction to X=1:

H0(X≥1
Kli(p), ω

3)
U //

��

H0(X≥1
Kli(p), ω

3)

��
H0(X=1, ω3)

C

))

U // H0(X=1, ω3)

H0(X,Ω2
X ⊗ ω(p−1)|X=1)

55

Corollary 4.8. If f ∈ H0(X,ω3) satisfies that Cf = 0, then Uf vanishes over X=1.

4.2.2 Recollections on spherical representations of GSp4(Qp)

We recall that Kp = GSp4(Zp). We let Tp,2 = Kpdiag(p, p, 1, 1)Kp, Tp,1 = Kpdiag(p
2, p, p, 1)Kp

and Tp,0 = Kpdiag(p, p, p, p)Kp. We let T ′
p,1 = Tp,1 + (p3 + p2 + p + 1)Tp,0. The spherical Hecke

algebra at p is Hp = Z[Tp,0, T−1
p,0 , Tp,1, Tp,2].

Let πp be an irreducible smooth admissible representation of GSp4(Qp) defined over Q̄p, such
that π

Kp
p ̸= 0. Via the Satake isomorphism, we can attach to πp ⊗ |ν|−

3
2 a semi-simple conjugacy

class diag(α, β, γ, δ) ∈ GSp4(Q̄p).

Proposition 4.13. The eigenvalues of Tp,0, Tp,1, Tp,2 on π
Kp
p are respectively p−3αδ, p−1(αβ +αγ +

βδ + γδ)− p−3αδ, α+ β + γ + δ.

Proof. See [Pil20, Sect 5.1.5].

Definition 4.3. We say that the parameter diag(α, β, γ, δ) is ordinary of weight 0, if after a permu-
tation, vp(α) = 0, vp(β) = 1, vp(γ) = 2, vp(δ) = 3.

Remark 4.10. In the ordinary case, the eigenvalues of Tp,0, T
′
p,1 and Tp,2 are in Z̄p and congruent

respectively to p−3αδ, p−1(αβ), α.

Proposition 4.14. There is an action of Hp on H0(X, ω3) and H0(X,ω3). The operator T corre-
sponds to T−2

p,0T
′
p,1.
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Proof. The construction of the action is done in two steps. We first construct an action of the
generators of the Hecke algebra. We already have recalled the definition of the action of T . In
[FP21, Thm 5.6], we also defined an action of Tp,2. The action of Tp,0 is straightforward to define.
The commutativity of the operators is checked on q-expansions. The operator T corresponds to
T−2
p,0T

′
p,1 as we are now using the standard normalization when attaching correspondences to a

double class.

Let diag(α, β, γ, δ) be an ordinary parameter in GSp4(O) for O the ring of integers of a finite
extension of Qp. We consider the maximal ideal mp of O⊗ZHp, given by (mO, T

′
p,1−p−1αβ, Tp,2−

ᾱ, Tp,0 − p−3αδ). We now base change all spaces and cohomologies to O.

4.2.3 An injectivity theorem

In this section we prove that the map C is injective under certain conditions. We begin by collecting
a few results needed for the proof of the injectivity theorem.

Proposition 4.15. We have H0(X≥1
Kli(p), ω

k) = 0 for all k < 0.

Proof. This is [LPSZ21, Prop 3.10].

Definition 4.4. We say that an ordinary parameter diag(α, β, γ, δ) is mod p Klingen generic if
p−1β ̸= p−2γ mod mO. In that case, we also say that mp is Klingen generic.

Remark 4.11. We are not assuming that α ̸= p−1β mod mO. This is some form of genericity, but
not the strongest form.

Lemma 4.7. Assume that diag(α, β, γ, δ) is mod p Klingen generic. The map f 7→ Uf , H0(X,ω3)mp
→

H0(X≥1
Kli(p), ω

3) is injective.

Proof. We will introduce some Hecke operators and relations between these Hecke operators in
H0(Xord, ω3) and H0(Xord

Kli(p), ω
3). It is sometimes convenient to give the formula for these opera-

tors in H0(Xord, ω3) and H0(XordKli(p), ω
3), where Xord and XordKli(p) are the p-adic formal scheme, as

one wants to divide by powers of p. We observe that T in H0(Xord, ω3)[1/p] given by the formula
f(G, w) 7→ 1

p6

∑
L f(G/L,w′) where L runs through all subgroups of L ⊆ G[p2] which are totally

isotropic and have multiplicative rank exactly 1 and w′ is a basis of ωG/L which pulls back to w

under the isogeny G → G/L. This formula preserves the lattice H0(Xord, ω3). We also have that
U is given by the formula f(G, H,w) 7→ 1

p6

∑
L f(G/L,G[p]/L,w′) where L runs through all sub-

groups of L ⊆ G[p2] which are totally isotropic and have multiplicative rank exactly 1 and verify
L ∩ H = {0}. We can define F by the formula f(G, H,w) 7→ 1

p6

∑
L f(G/L,G[p]/L,w′) where L

runs through all subgroups of L ⊆ G[p2] which are totally isotropic and have multiplicative rank
exactly 1 and verify L ∩H ̸= {0}. It follows that for f ∈ H0(Xord, ω3), Tf = Uf + Ff . We now
check that for f ∈ H0(Xord, ω3), UFf = 0. Actually, we can define an Hecke operator T−1

p,0Up,2 on

H0(Xord, ω3) (and H0(Xord, ω3) by reduction) via the formula f(G, ω) 7→ 1
p3

∑
C f(G/C, ω′) where

C runs through all subgroups of C ⊆ G[p] which are totally isotropic and have multiplicative rank
0. We remark that Up,2 is congruent modulo p to Tp,2. We claim that UFf = pT−3

p,0Up,2f for

f ∈ H0(Xord, ω3) or H0(Xord, ω3). This follows from an identification of the correspondences: Any
isogeny G → G/L → G/L + L′ where L is totally isotropic and has multiplicative rank 1, and
verifies L ∩H = {0} and where L′ is totally isotropic and has multiplicative rank 1, and verifies

L ∩ G[p]/L ̸= {0} is uniquely of the shape G p→ G → G/C ′ where C ′ ⊆ G[p2] is totally isotropic

and has multiplicative rank 0. Conversely, any such isogeny G p→ G → G/C ′ can be factored in the
shape G → G/L→ G/L+L′. However, there are p choices L, which explains the multiple p in the
formula UFf = pT−3

p,0Up,2f (one computes easily that the degree of U is p4, the degree of F is p3

and the degree of Up,2 is p3). We deduce that the equation U2 + UT (f) = 0 holds for any form in
H0(X,ω3). We also claim that F 2(f) = T−1

p,0Up,2f (this can be checked as before).
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We deduce that the kernel of the map f 7→ Uf is stable under T . Indeed, UTf = U2f . It
is also stable under the Hecke operators Tp,0, Tp,2. We can therefore suppose that f is a non-zero
eigenform in the kernel. Let us define diag(ᾱ, β̄, γ̄, δ̄) = diag(α, p−1β, p−2γ, p−3δ) mod mO. Thus,
if Uf = 0, we deduce that Tf = Ff = (ᾱδ̄)−2ᾱβ̄f . On the other hand, F 2f = ᾱ2(ᾱδ̄)−3f . We
thus get that (ᾱδ̄)−4ᾱβ̄2 = ᾱ2(ᾱδ̄)−3 which implies that β̄ = γ̄. This is a contradiction.

Remark 4.12. We can give some intuition for our genericity condition. Let πp be a spherical

irreducible representation, and assume πp ⊗ |ν|−
3
2 has ordinary parameter diag(α, β, γ, δ). If πp is

generic, then πKlip is 4 dimensional and has an eigenvector for the operator Up,1 with eigenvalue

p−1αβ. However, if pβ = γ, then πKlip has no such eigenvector. See [Sch05, Table 2 and 3].

Theorem 4.5. Assume that p ≥ 5 and mp is Klingen generic. The map C : H0(X,ω3)mp
→

H0(Z,Ω2
X ⊗ ω(p−1)) is injective.

Proof. Let f be in the kernel. We have Uf = 0 on X=1 by Corollary 4.8. Thus UfHa−1 defines a
section of H0(X≥1

Kli(p), ω
4−p), which vanishes by Proposition 4.15. Thus, Uf = 0. By Lemma 4.7,

U is injective, so f = 0.

Remark 4.13. We feel that Theorem 4.5 should hold for p = 3 as well (but we are unable to control

the space H0(X≥1
Kli(p), ω

1)).

Let us define H0(X,ω3,tm)mp
⊆ H0(X,ω3,tm) by the formula

H0(X,ω3,tm)mp = H0(X,ω3,tm)×H0(X,ω3) H
0(X,ω3)mp .

Corollary 4.9. Assume that p ≥ 5 and mp is Klingen generic. The map H0(X,ω3,tm)mp →
H0(X,Ω2

X ⊗ ω(p−1)) is injective.

Remark 4.14. When p = 2, we see that H0(X,ω2) ↪→ Ker(C) (via the map H0(X,ω2)→ H0(X,ω3)
which is multiplication by Ha). Moreover, if mp is Klingen generic, there is an injective map

U : Ker(C)mp
→ H0(X≥1

Kli(p), ω
2). This target cohomology group (or more precisely its ordinary

part) is the degree 0, weight 2 cohomology of the Higher Hida theory considered in [Pil20]. This
shows that Ker(C) is intimately related with the space of (singular) weight 2 modular forms. There
is an exact sequence 0→ Ker(C)→ H0(X,ω3,tm)→ H0(X,Ω2

X ⊗ ω1). Here H0(X,Ω2
X ⊗ ω1) is the

space of Siegel modular forms of weight (3, 2) also of singular weight.

4.2.4 Companion forms

Let f ∈ H0(X,ω3) be an eigenform. There is (see for example [BCGP21, Thm 2.7.1, 2.7.2])
an associated Galois representation rf : GQ → GSp4(F̄p). We say that f is ordinary at p if
the eigenvalues of T0,p, T

′
1,p and T2,p are units. In that case, there is a semi-simple element

diag(ᾱ, β̄, γ̄, δ̄) ∈ GSp4(F̄p) such that T0,pf = ᾱδ̄f , T ′
1,pf = ᾱβ̄f and T2,pf = ᾱf . Moreover,

rf |GQp
≃


ur(ᾱ) ⋆ ⋆ ⋆
0 ur(β̄)ϵ−1

p ⋆ ⋆
0 0 ur(δ̄)ϵ−2

p ⋆
0 0 0 ur(γ̄)ϵ−3

p

 .

Definition 4.5. We say that a prime ℓ ̸= 2 is decomposed generic for rf if rf is unramified at ℓ,
rf (Frobℓ) = diag(λ1, λ2, λ3, λ4) with λiλ

−1
j /∈ {1, ℓ} for all i ̸= j.

Let mpf be the maximal ideal corresponding to f in the prime-to-p Hecke algebra. We have
the following vanishing theorem.

Theorem 4.6. If there exists an ℓ which is decomposed generic for rf , and rf is irreducible, then
the étale cohomology RΓ(SKpKp,Q̄,Zp)mp

f
is concentrated in degree 3.
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Proof. This is [HL25], together with the property that the boundary cohomology is Eisenstein
[BCGP25, Thm 4.9.4].

Corollary 4.10. Assume that p ≥ 5. The coherent cohomology RΓ(X,ω3)mp
f
is concentrated in

degree 0 and the coherent cohomology RΓ(X,Ω2
X(log D))mp

f
is concentrated in degree 1.

Proof. This follows from Theorem 4.6 and Theorem 2.3 that the de Rham cohomology is concen-
trated in the middle degree. By Corollary 2.1, this implies the concentration of Hodge cohomol-
ogy.

The prime-to-p Hecke algebra Hp acts on H0(X,Ω2
X(log D) ⊗ ω(p−1)). There is the usual

normalized action. We will also use the un-normalized action, so that the normalized action of
an operator gets multiplied by the similitude factor ν. For example Tℓ,0 acts like ℓ2 multiplied
by the normalized action. For any eigenform g in H0(X,Ω2

X(log D) ⊗ ω(p−1)), we have a Galois
representation (for the normalized action) rg : GQ → GSp4(F̄p) which satisfies that Tr(Frobℓ) =
Tℓ,2 for all ℓ not dividing p and the level. For the un-normalized action, the attached Galois
representation is ϵ−1

p ⊗ rg. If g is ordinary, then

rg|IQp
≃


1 ⋆ ⋆ ⋆
0 ϵp ⋆ ⋆
0 0 ϵ−2

p ⋆
0 0 0 ϵ−1

p

 .

The Hecke algebra Hp acts naturally on H0(X,ω3,tm). This action is compatible with the
maps H0(X,ω3,tm) → H0(X,Ω3

X(log D)) and H0(X,ω3,tm) → H0(X,Ω2
X(log D) ⊗ ω(p−1)) where

the action is the un-normalized one on H0(X,Ω2
X(log D)⊗ ω(p−1)).

Corollary 4.11. Assume p ≥ 5, rf is irreducible, there exists an ℓ which is decomposed generic for
rf , and f is Klingen generic at p. Then:

1. H0(X,ω3,tm)mp
f
↪→ H0(X,Ω3

X(log D))mp
f

2. H0(X,ω3,tm)mp
f
↪→ H0(X,Ω2

X(log D)⊗ ω(p−1))mp
f
.

Moreover, if H0(X,ω3,tm)mp
f
̸= 0, then rf |IQp

≃


1 0 ⋆ ⋆
0 ϵ−1

p ⋆ ⋆
0 0 ϵ−2

p 0
0 0 0 ϵ−3

p

.

Proof. The kernel of H0(X,ω3,tm)mp
f
→ H0(X,Ω3

X(log D))mp
f
sits inside H0(X,Ω2

X(log D))mp
f
= 0

by Corollary 4.10. We now consider the kernel of H0(X,ω3,tm)mp
f
↪→ H0(X,Ω2

X(log D)⊗ω(p−1))mp
f
.

This is the kernel of C on H0(X,Ω3
X(log D))mp

f
. It follows from the existence and properties of the

Galois representation rf that H0(X,Ω3
X(log D))mp

f
= H0(X,Ω3

X(log D))mp
fmp

. Thus we see that C
is injective by Theorem 4.5. Finally, if H0(X,ω3,tm)mp

f
̸= 0, we deduce that there exist (f, g) such

that rf = ϵ−1
p rg. The partial splitting follows as rf has an unramified stable line under IQp

, while
ϵ−1
p rg has a stable line acted on by ϵ−1

p .

We can now state our theorem about companion forms. Some version of it has been established
(under slightly different assumptions) in [GG12, Thm 7.6.9] by a completely different (and much
more general!) method.

Theorem 4.7. Let f ∈ H0(X,ω3) be an eigenform. Assume that

1. p ≥ 5,

2. The Galois representation rf : GQ → GSp4(F̄p) is irreducible.
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3. There is an unramified prime ℓ such that rf (Frobℓ) is decomposed generic.

4. The form f is ordinary at p and Klingen generic.

5. We have

rf |IQp
≃


1 0 ⋆ ⋆
0 ϵ−1

p ⋆ ⋆
0 0 ϵ−2

p 0
0 0 0 ϵ−3

p


Then there exists a companion form g ∈ H0(X,Ω2

X(log D)⊗ω(p−1)) which satisfies rg ⊗ ϵ−1
p = rf .

Proof. Let M = H3
syn(X)mp

f
∈ Vect[0,3](Zsynp ). We use that the syntomic cohomology is concen-

trated in degree 3 as a consequence of Theorem 4.6 and Theorem 2.3. This is an ordinary F -gauge.
The étale realization ofM⊗Fp is H3

et(XQ̄p
,Fp)mp

f
. It has an ordinary filtration Fil•H

3
et(XQ̄p

,Fp)mp
f

with Gr3 = H0(X,Ω3
X(log D))mp

f
⊗ ϵ−3

p , Gr2 = H1(X,Ω2
X(log D))mp

f
⊗ ϵ−2

p . The extension

H3
et(XQ̄p

,Fp)mp
f
/Fil1 is classified by a map H0(X,Ω3

X(log D))mp
f
→ H1(X,Ω2

X(log D))mp
f
by Theo-

rem 2.4. We can view this map as a complex in degree 0 and 1, and it computes RΓ(X,ω3,tm)mp
f

by Proposition 2.3. We let ρf = r∨f ⊗ ϵ−3
p . By [BCGP25, Thm 1.8.3.1] we have a map of

Galois representations ρf → H3
et(XQ̄p

,Fp)mp
f
with the property that the ordinary filtration on

H3
et(XQ̄p

,Fp)mp
f
induces a full flag on ρf (this is clear by considering the IQp

-action). The par-

tial splitting of ρf implies that H0(X,Ω3
X(log D))mf

→ H1(X,Ω2
X(log D))mf

is not injective, and
therefore H0(X,ω3,tm)mf

̸= 0. Corollary 4.11 implies the existence of a companion.

Remark 4.15. It would be desirable to prove a similar result when p = 2 as we would construct forms
of singular weight (see Rem 4.14). The major obstruction is to show RΓsyn(X)mp

f
is concentrated

in the middle degree. This is does not follow from the vanishing of étale cohomology (as the
Hodge-Tate weights are too big compared to p = 2).
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de de Rham. (Lifting modulo p2 and decomposition of the de Rham complex), Invent.
Math. 89 (1987), 247–270 (French).

[DR73] Pierre Deligne and Michael Rapoport, Les schémas de modules de courbes elliptiques,
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