Companion forms and ordinary prismatic F-gauges

Vincent Pilloni

Abstract

We introduce a cohomology theory of tame modular forms on the modular curves in pos-
itive characteristics and use it to give a uniform proof of the existence of companion forms,
including the remaining open case p = 2 and Frobenius has repeated eigenvalues. We also
construct certain companion forms on the Siegel threefold. This relies on the description of
the obstruction to lift Frobenius modulo p? on Siegel Shimura varieties and recent advances
in integral p-adic Hodge theory.
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1 Introduction

The first aim of this paper is to revisit the theory of companion forms for the modular curves,
due to Gross [Gro90], Coleman-Voloch [CV92] and Faltings-Jordan [FJ95]. We let p be a prime
number, N be an integer (p, N) =1, and ¢, : Gg — F}* be the mod p cyclotomic character. The
main theorem is the following.

Theorem 1.1. Let X — Spec F, be the compactified modular curve of level T'1(N). Let 2 <
k <p. Let f € H(X,w*) be an eigenform, and let p; : Gg — GLa(F,) be the attached Galois
representation. Then pf|1Qp =16 e;‘k if and only if there exists an eigenform g € HO(X,wPt1=F)
such that pg @ 5.

Gross proved the theorem under the hypothesis that the eigenvalues of a Frobenius at p are
distinct when k = p. Coleman and Voloch proved the theorem under the assumption that k& > 2.
Faltings and Jordan proved the theorem when k < p. In this paper we give a uniform proof and
settle the remaining case when p = 2 and the Frobenius has repeated eigenvalues (see Corollary
4.7).

The methods of Gross and Coleman-Voloch are specific to curves and rely on the p-adic Hodge
theory of ordinary p-divisible groups and on Dwork’s conjecture proved by Katz. Faltings-Jordan
apply more general étale and crystalline integral comparison theorem but they exclude the limit
case k = p which is very interesting : it gives a criterium for the existence of a mod p weight one
form.

There has been few generalizations of the geometric construction of companion forms to other
Shimura varieties. We are aware of the case of Shimura curves [Gee08], as well as the partial results
on the Siegel threefold [Til12].

On the other hand, modular lifting technics have been extremely powerful in proving the
existence of companion forms for other Shimura varieties [Gee07], [GG12]. However these results
only apply in regular weight at the moment, as they rely on the possibility to lift the Galois
representations to characteristic zero in that prescribed weight.

In this paper we use a geometric method to study companion forms. As in Faltings-Jordan,
we use étale and crystalline integral comparison theorem. Using the theory of prismatization, we
are able to treat the case kK = p as well. In fact, by studying F-gauges arising from the cohomology
of modular curves, we are led to introduce (see Definition 4.1) new sheaves w®!™ on modular
curves, of tame weight k-modular forms for 2 < k < p. We prove the following theorem regarding
the cohomology of these sheaves (which easily implies Theorem 1.1):



Theorem 1.2 (Coro 4.4, Thm 4.4). Let 2 < k < p. There is a vector bundle whtm on X, whose
cohomology is equipped with an action of the Hecke algebra. Moreover, the following holds:

1. (modular description) There is a natural injective map
HO (X, wh ™) — HO(X,wh) x HO(X, whT17P),

Eigenforms in H°(X,wk ™) are pairs of companion forms (f,g) of weight k and p+1 — k,
(0,Ha) when k = 2, (Ha,0) when k = p — 1, (Hah,0) when k = p, where Ha is the Hasse
invariant and h is a weight one eigenform.

2. (Galois description) Let f € HY(X,w") be an eigenform, and assume that py is irreducible.
Let m be the maximal ideal of the Hecke algebra corresponding to f. Let Ty, be the Hecke alge-
bra acting faithfully on HO(X,w*)w and TE™ be its quotient acting faithfully on HO(X, w®*tm) .
Let pr,, : Gg — GL2(Tw) be the universal modular Galois representation. The induced Ga-
lois representation prem : Gg — GLo(TE™) is tamely ramified on inertia at p. If k # p or
k =p but ﬁf|GQp is mot a scalar representation, TE™ is the initial quotient of Tw with this
property. In the remaining case k = p and ﬁf|GQp is a scalar representation, TL™ 2 0.

Remark 1.1. When k = p, tamely ramified means unramified. We prove that RI'(X,wPi™) =
RI(X,w!)®2 (Prop 4.3). Thus, Theorem 1.2 2. implies that the Galois representation supported
by RI'(X,w!) is unramified (this is known by [Wiel4], [CG18], [CS19], but our proof is completely
geometric).

Remark 1.2. We construct in Corollary 4.2 a Serre duality pairing H (X, w®'™) x H! (X, wh ™) —
IF, which induces a perfect pairing on the non-Eisenstein localization of cohomology. The property
that w®?™ has cohomology in two degrees is consistent with the fact that tamely ramified local
deformation rings have codimension one inside ordinary deformation rings.

Remark 1.3. We are informed that Yicheng Yang has independently found a definition of the
sheaves w®?™ in his PhD thesis and has lifted them to the modular curves over Zy. One could
further ask for a p-adic variation in the weight k. The corresponding cohomology should then
recover the bi-ordinary complex of [CWE25].

To further illustrate our method, we construct some companion forms for the group GSp,.

Theorem 1.3 (Thm 4.7). Let X — Spec F,, be a toroidal compactification of the Siegel threefold of
prime-to-p level. Let f € HO(X,w?3) be an eigenform. Assume that:

1. p=5,
2. The Galois representation ¢ : Gg — GSpy(F,) is irreducible.
3. There is an unramified prime ¢ such that r¢(Froby) is decomposed generic.

4. The form f is ordinary at p and Klingen generic.

5. We have
1 0 * *
0 ' * *
rilie, = 1o 0 o7 0
0 0 0 e;B

Then there exists a companion form g € HY(X, Q% (log D) ® w®~V)) which satisfies ry @ €,* =ry.

Let us briefly sketch the argument for modular curves and k = 2. Let X be the modular curve
over Z,. There is a mod p prismatic F-gauge H{,, (X) ® F, (this is equivalent to the p-torsion
of the Jacobian of X, the theory of F-gauges is necessary to treat general weights). The étale
realization functor recovers Hét(f{@p,Fp) which contains the representation pf|GQp. The idea is



to find a simple invariant of the F-gauge which controls the wild ramification of Hit(.’f@p,lﬁ‘p).
By [TVX25], we can attach to this F-gauge a Fontaine-Laffaille module H},(X) with Frobenius
¢, filtration HO(X,Q%), and divided Frobenius ¢;. There is a subtlety when p = 2 (the most
interesting case) as there are two Fontaine-Laffaille modules naturally attached to the F-gauge,
but only one of them will carry enough information. The invariant we look for is simply the map
é1 : HO(X, QL) 2\ H!-(X) — H!(X, Ox) obtained by applying ¢; and reducing modulo the Hodge
filtration. The map ¢ originates from the map of sheaves Q% — F, Ox/[1] which is the obstruction
to lift Frobenius modulo p?. We thus define w?!™ = Fib(Q} — F,0x[1]) (up to some cuspidality
conditions). By construction, the cohomology of w*®™ will lead to tame Galois representations.
It remains to describe the cohomology groups and make the connection with companion forms.
In order to achieve this, we give a description of the obstruction to lift Frobenius modulo p?. In
fact we prove the following general result on Siegel modular varieties. Note the appearance of the
companion weight p — 1 of 2 in this theorem.

Theorem 1.4 (Thm 3.3, Thm 3.4). Let X — Spec F, be a toroidal compactification of the Siegel
modular variety of level prime-to-p. Let Z — X be the non-ordinary locus. There is a factorization
of the obstruction to lift Frobenius F*QY — Ox[1] on the Siegel modular variety modulo p* as

F*Q% = F*QY |z — 0P V| = 0x]1]

where F*Q% — F*QL|z is the restriction map, wP=Dl, = oy [1] is the co-restriction map.

Moreover, the composition F*w=(P=1|, i F*QY|z — w® V|5 (where the first map is the
differential) is the weight p* — 1 Hasse invariant of Z.

k,tm

This is our main tool for understanding the cohomology of the sheaves w in the case of

the modular curve, and also for the generalization to GSp,.
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2 Comparison theorems

Let k be a perfect field of characteristic p. We have a category Vect|q (W (k)*¥" @ Fp) of mod
p prismatic F-gauges over W (k), with Hodge-Tate weights in the interval [0,a] and there is an
étale realization functor 7Te; : Vect|y o) (W (k)*" @ Fp) — Repg,. (F,) where Gk is the Galois group
of K = W(k)[1/p] ([BL22], [Dri24], [Bha22]). By [TVX25], there is an equivalence of categories
®Maz : Vectyg o) (W (k)™ @ Fp) — MFg,—2)(k) to the category of Fontaine-Laffaille modules
with weights in the range [0, p —2]. The functor T¢; o (®M%*)~1 is already considered in [FL82] and
is fully faithfull. Let X — Spec W (k) be a proper and smooth scheme of dimension d < p — 2, with
special fiber X. The syntomic cohomology Hgyn(%) ®@ T, belong to Vect|g o) (W (k)" @ F,). We
have ®M “*(H.,,(X) ® F,) = Hjz(X) equipped with its Hodge filtration and divided crystalline
Frobenius (or equivalently Deligne-Illusie’s divided Frobenius, see section 2.5.4). The isomorphism
Ter o (@Me=) "1 (HYz(X)) = HL, (X, F,) is proven already in [Fal89).

The main purpose of this section is to investigate the case of Hodge-Tate weights in the
range [0,p — 1]. We recall that [TVX25] have constructed a functor ®7 : Vectyy ,_1)(W (k)" @

F,) — MFgp—1)(k) which is not too far from being an equivalence, and is equal to oMaz op



Vectg,p—2) (W (k)*™ @ F,). In geometric context, this functor uses the Deligne-Illusie divided
Frobenius on HY,,(X%), which may differ from the divided crystalline Frobenius if dim(X) = p— 1.

Our main result is the following. Let ¢, : Gk — F, be the mod p cyclotomic character.
We let Vi, Vo be unramified G k-representations on finite dimensional Fj,-vector spaces. Let 1 <
a < p—1. We consider the group Ext}yGK(Vl ® €, Vz2) of ordinary Galois representation (which
are also finite flat when @ = 1). This group is isomorphic to the group of ordinary F-gauges
Ext%,v(k)syn@gp (V1 ® 0{—a}, V). Using the functor ®”! we construct a map (abusively denoted
again ®P7):

P Extiy ysuner, Vi @ 0{—a}, Va) — Homy (M (V1) P, M (V2))

with M(V;) = (V; ®g, k)°* the unramified Fontaine-Laffaille module of V;. We prove in Theorem
2.4 that the above map is:

1. an isomorphism if 1 < a <p— 2,
2. surjective with kernel the unramified extensions when a = p — 1 and eg‘l =1.

In other words, we attach a simple invariant to an ordinary F-gauge of weight 0 and a,
which detects wether the corresponding Galois representation is split on inertia. Besides proving
Theorem 2.4, we also explain how to compute, in geometric context, the functor @7 of [TVX25] by
considering crystalline cohomology over W,,(k) where p is equipped with the trivial divided power
(given by 7v,(p) = 0) (Section 2.3) and how this relates to the Deligne-Illusie theory (Proposition
2.3).

2.1 Fontaine-Laffaille modules

We let F' denote the Frobenius of the ring of Witt vectors W (k) of the perfect field k of characteristic
p. We let AL = Spf W (k)[v_]. We let G,, act in such a way that v_ has weight —1. We have a
map Al /G,, = BG,,, classifying a line bundle &(1). We have a universal map v_ : O(1) — &
over A /G,,. The category D,.(AL /G,,) identifies with the derived category of p-complete garded
modules over W (k)[v_] via
M (&M v MY — M)

with M? = R['(AL /G,,, M ® O(3)).

For any a < b € Z, we let Dy, 4 (AL /Gy,) for the sub-category of those M for which M* is
acyclic for i > b and M* — M ~lis a qua51-1somorphism for i < a.

Definition 2.1 ([TVX25], Def 2.4). A small Fontaine-Laffaille module is an object M € Coh(AL /G,,),
together with an isomorphism ¢ : F*iz M — i1 M, where iy, i1 : Spf W (k) — Al are the two points
given by v— = p and v_ = 1. We denote this category by MF (W (k)).

One can attach to (M, ¢) more familiar objects as in [FL82]. We let M* = H°(Al /G,,, M(i)).
We have maps v_ : M* — M*~!, and we let M = colim;_, _,,M*. Then M is a finitely generated
W (k)-module, with a finite, exhaustive filtration M’. We have ifM = M, while i M identifies
with the colimit of the diagram

Mz+1

\/\/\/

Merl

Thus, we can attach to ¢ the F-linear maps ¢; : M — M satisfying ¢;|prit1 = pdir1. One sees
that the following extra properties hold:

1. v_ : M* — M ! is a split injection,

2. M = @2¢1(Ml)



The association (M,¢) — (M, M? ¢;) induces an equivalent description of MF(W (k))
([TVX25, Rem 2.5]). We let MF(k) be the subcategory of MF(W (k)) consisting of p-torsion
objects. In that case, we denote by M? = M?/M*+!1. Note that @®;¢; : ©;M* — M is an isomor-
phism.

Following [TVX25, Def 2.6], we let DMF (W (k)) = Eq(Dye(AL /Gy) = Dye(Spec W (k)))
where the first pullback is the fiber at 1 and the second pullback is given by the fiber at p
composed with Frobenius. By [TVX25, Prop 2.7], the category MF(W(k)) is abelian, there
is a natural functor MF(W(k)) — DMF"9(W(k)) which extends to a fully faithfull func-
tor DY(MF(W(k))) — DMF (W (k)) with essential image those pairs (M,¢) with M €
D(Coh(AL /Gy,)). By MF(q5(W(k)), D./\/l]-'l[)éf’b] (W(k)) ... we mean the subcategories consisting
of pairs (M, ¢) with M € ch,[a,b] (Al_/Gm)

2.2 Syntomification

We will very briefly summarize some constructions of [BL22], [Dri24], [Bha22]. We work in the
category of W (k)-algebras over which p is nilpotent. We let W denote the ring scheme of p-
typical Witt vectors. We let G, be the additive group scheme. There is a ring scheme map
W — G, (called the 0-th ghost component). We let G% — G, be the PD-envelop of the O-section
in G,. Concretely, if G, = Spf W(k)[z], then G = Spf W(k‘)[%,n > 0]. Note that G, acts
on Gf and the map G — G, is a quasi-ideal. Moreover, we have an isomorphism of quasi-
ideals W[F] — G, ~ G! — G, ([Bha22, Lem 2.6.1]). For any p-nilpotent ring R, A! /G,,(R)
parametrizes an invertible R-module L = €(1)|g and an R-module map v_ : L — R. We let
V(L) = Spec(®;>0L~") be the geometric realization of L. We let V(L)* be the PD-envelop of
V(L) along the zero section.

2.2.1 De Rham stack

The ring stack GZF is the sheafification of R + cone(G%(R) — R). Let X be a p-adic formal
scheme. We let X(R) = X(G2F(R)). There is another model for GI% (see [Bha22, Coro
2.6.8]). Namely, we have the following commutative diagram where all vertical complexes are
quasi-isomorphic:

Gg <—Gg o F W ——FW

G, W I W

We refer to cone(F,W 5 F, W) as the Witt vector model for G%®. This second model exhibits
more automorphisms of the de Rham stack. We consider the subgroup W*{p} of W* of elements
y satisfying py = p. This group acts on G4, Indeed, for any y € W*{p}, the diagram:

FW Y~ FW

oo
W1 pw

is commutative. We therefore get an action of W>*{p} on X%,

Remark 2.1. The group W*{p} restricted to k-algebras is the group W*[F| = {z € W, F(z) =
1} = G¥,. Indeed, if F(x) = 1 then pr = VF(x) = V(1) = p. Conversely, if pxr = p then
V(F(z)) = V(1). Since V is injective, F(z) = 1. The action of W*[F] on X% (viewed as a stack
on k-algebras) is considered by Drinfeld ([Bha22, Rem 2.7.13]).

There is a filtered version of the de Rham stack over Al /G, ([Bha22, Def 2.5.3]). We

vf ,V
let GIE+ = cone(V(L)! @ F,W = W). We let X+ = X(GIF*). We have a canonical
isomorphism X 4%+ Xat /G, Gm/Gm = XAR



2.2.2 Crystalline stack

We consider G¥ xg, »—p Spf W (k) = Spf W(k:)[f—:,z > 0]/(x — p). An R-point of this space
is equivalent to the data of divided powers v(p) = {vi(p),i > 0} on p, or to an R-linear map
v : pR — G%(R), lifting the map pR — R.

Lemma 2.1. There is a natural bijection v : G xg, »—, Spf W (k) ~ W>{p} given by p —v(p) =
V()

Proof. Let v be divided powers on pR for a p-nilpotent ring R. We have v(p) € G%(R) ~ W[F](R).
Since p — y(p) € W(R) has trivial 0-th ghost component, we deduce that V(y) = p — v(p) for a
unique y € W(R). Applying Frobenius, we deduce that py = p. We now check that y is a unit.
It suffices to see that the 0-th ghost component yy of y is a unit. Let m be a maximal ideal of
R. We can reduce the identity py = p in W(R/m) from which we deduce that y =1 in W(R/m).
Therefore, yg is a unit modulo m for all maximal ideal m, hence y is a unit. We therefore get a map
v — y. Conversely, for any y € W*{p}, we let v(p) = p — V(y). It is clear that v(p) € W[F](R)
and this defines divided powers on p. O

The standard divided powers are given by v:*¢(p) = Z- € W (k) for all i > 0. These are the
only divided powers on pW (k) — W (k). We can also deﬁne trivial divided powers on pW, (k) —

W,(k), by v (p) = p—! if i <p—1and " (p) =0if i > p. Moreover, v"* = v*¢ on pW,,_; (k).

Lemma 2.2. We have v5'4(p) = p—V(1) e WIF|(W(k)) and () = 1. We have '™ (p) = [p] €
WIEF)(Wy(k)) and (7)) =1 — % where [’;Tp] is the image in W(W,(k)) of the unique element
in W(W(k)) defined by the equation p.% = [pP].

Proof. We first observe that p — V(1) € W[F|(W(k)) (since F'V (1) = p), and has image p via
the 0-th ghost component. Since the map G! (W (k)) — G4(W(k)) is injective, we deduce that
y*td(p) = p — V(1). We turn to the second case. We recall from [Bha22, Lem 2.6.1] how the
isomorphism G¥ ~ W[F] is defined. First, W = Spec W (k)[x;, i € Z>|, where z¢ is the 0-th
ghost component, F(z;) = ¥ + pz;41, and the n-th ghost component is given F"(zo). In these
coordinates, the Teichmuller lift of x € G, is given ¢ = z, z; = 0 for all « > 1. In W[F], we
have xf + prit1 = 0. As a result o has divided powers, y,n(29) = €,2, for a unit €,. We
see that [p] € W[F](W,(k)), and since [p] = (p,0,0,--) in the x;-coordinates, it follows that this
corresponds to the trivial divided powers. It is clear that ¥ (7*!) = 1. We have [p] —**(p) = V (y)
for a unique y € W(W( )). Applying Frobenius, we get [pP] = py, hence y = [’%. We deduce that

p—=V(1) =[pl - V(EZD). Asaresult, p—yi(p) = V(1 - Z1). O

Let X — Spec k be scheme. Consider the thickening W, (k) — k with kernel (p). Let
v = {7 :(p) = Wy(k),i > 0} be divided powers. Using divided powers, we can equip G¢* with
a structure of k-algebra stack as follows. For any W, (k)-algebra R, we consider the following
commutative diagram:

Gi(R) }f
W (k) —2> W (k)

where the map W (k) & G(W,(k)) — G!(R) sends 1 to the divided powers v on p. We let
(X/(Wp(k),7))m* = X(G4E(R)). In case v = 754, we can pass to the limit over n and define
(X)W (k))rv® = lim,, (X/(Wa (), y°0))7v.

Proposition 2.1. Let X: be a flat lift of X to W, (k), we have a canonical isomorphism of stacks
(X/ (Wi k), )75 = X7,



Proof. We reduce to the affine case, X = Spec 4, X = Spec A. We find that HomWn(k)(.Zl7 GIR(R)) =
Homy, (A4, G4(R)) by adjunction. O

Proposition 2.2. For any two choices of divided powers v and 7', there is a canonical isomorphism
(X/ (Wi (k), 7)) = (X/(Wa(k), 7).

Proof. We let v(p) € G%(W,.(k)) = W[F](W,(k)) be the image of p. By Lemma 2.1, p — y(p) =
V(¥(7)). The k-algebra structure on GZF is given in the Witt vector model by the map

FEW 2> R W

o

p

W(k) —— W (k)

This follows by considering the map W (k) — G% @ F,W, 1 + (y(p), (7)), which gives the k-
algebra structure in the model cone(G% @ F,W — W). Similarly the k-algebra structure for the
choice of 7' is given by an element 1 (y’). Multiplication by ¥ (v)¥(7)~! on G4 induces an
isomorphism (X/(W,, (k), 7))V — (X/(Whp(k),~"))e"¥s. O

Remark 2.2. Let X be a flat lift of X to W, (k) and let ~, " be divided powers on pW,, (k). Then
we get a commutative square (where the vertical maps are those of Proposition 2.1 and the top
horizontal one is from Proposition 2.2):

(X/ W (k), 7)Y —— (X/ W (k),~")v"

| i

XdR w(’qu('Y)il XdR

2.2.3 Syntomification

We refer to [Bha22, Chap 5] for details and more references. There is a stack W(k)® which
parametrizes Cartier-Witt divisors I — W (R) for a p-nilpotent W (k)-algebra R. We have a ring
stack G2 — W (k)® given by taking I — W(R) to cone(I — W(R)). For any p-adic formal
scheme, we let X©(R) = X(G2(R)). There is a map k& — W(k)® induced by functoriality
from Spec k — Spf W(k). Moreover k©* = Spf W (k) corresponds to the Cartier-Witt divisor
W (k) 2 W(k).

There is a stack W (k)" , equipped with a Rees map ¢ : W (k)N — Al /G,,. For any p-nilpotent
algebra R, we recall that W (k) (R) parametrizes an admissible Wx-module:

0= V(L M-—FEM -0

and a map & : M — W such that the induced map & : M’ — Wp is a Cartier-Witt divisor. The
map &y gy V(L)* — G arises from a map L — R (giving the Rees map). The map & gives a
structural map 7 : W (k)N — W (k)®. There are two open immersions Ji/— t W(k)S — W (k)N
The open immersion j, is given by sending I — W (R) to I @y gy Wr — Wr. The open immersion
j— is given by sending I — W(R) to N — Wg defined by the pull-back diagram:

N —— F.(I ®w ) Wr)

| |

WR E—— F*WR



We define a ring stack G (R) = RI'(R, cone(M — Wg)) over W (k). For X a p-adic formal
scheme, we define X = X (G%), over W (k). We define X*¥" by the pushout:

XA XA I xN

L

XA X syn

2.2.4 The crystalline point

There is a map peris : KNV — W(k)N induced by functoriality from Spec k¥ — Spf W(k). In
fact kN = Spf W(k)[vy,v_]/(viv_ — p)/G,,. The identification is as follows. Let Spf R —

t_
Spf W(k)[vy,v_]/(vyv— — p)/G,,. We have Mepisp = coker (G, e V(L) @ Wg), and

Ca?’lO’U’i

€ : Meyis,r — Wg is induced by V(L) © Wg i Wg. There is a structural map:

p

W (k) — = W (k)

L

Mcris,R —— Wg

0,can

where the vertical map are given by W (k) =" V(L)! @ Wg/GE and W (k) “X' Wi.

Lemma 2.3. Let X be a k-scheme. We have XN Xal /G G /Gm = (X/W (k))Tve.

Proof. The fiber of G2 over kY x 41 /g, G /Gy = Spf W (k) (given by v_ = 1) is GI%, with

a

k-algebra structure given by the standard divided powers. O

For a k-scheme X, the stack XV (and X®Y™) geometrizes crystalline cohomology equipped
with the Nygaard filtration. For an object M € Dye(kV), we let M? = HO(kN, M(i)). We have
maps vy 1 M? — M+ o_ 0 MP— M1 We let Dy a0 (k) for the category of those M with
vy @ MP — M1 a quasi-isomorphism for 4 > b and v_ : M* — M*"! a quasi-isomorphism for
i < a. We let Dy [q,5(W(k)*¥") for the category of objects which pull back to ch7[a7b](kN).

2.2.5 The de Rham point

There is a map pgg : Al /G,, — W (k). This map can be described as follows. Let Spf R —
Al /G,,. We have Myrp = V(L)* @ F,\Wg, and € : Mypr — Wg is given by V(L) @
canoyi,

1%
FWgr —> Wpg. The map pgg is a section of the Rees map ¢ : W(k;)N — Al /G,,.

Lemma 2.4. Let X — Spf W(k), inducing XN — W(k)N. We have X Xy (N par AL /Gy =
X AR+

Proof. The fiber of GV over Al /G,,, — W (k)" is GIB-+. O

2.3 From prismatic F-gauges to Fontaine-Laffaille modules
The main theorems of [TVX25] are the following:

Theorem 2.1 ([TVX25], Thm 3). 1. There is a functor

M Dy 0,1y (W(R)P") = DMF? _y (W (k)

which restricts to an equivalence of categories Dyc [0,p—2)(W (k)*V™) — DM}—l[’éflp_Q](W(k)).



2. This functor restricts to an equivalence Cohyg o) (W (k)*"™) — MFg ,—2)(W (K)).

They also prove a second result which gives some information when the weights are in [0, p—1].
There are line bundles 0'{i} over W (k)®¥™ and there is a section v; € HY (W (k)*¥" @ F,, 0{p—1}).
We let W (k)Y be the vanishing locus of this section.

red

Theorem 2.2 ([TVX25], Prop 5.13). There is a functor ®°% : Dy o ,,— 1] (W (k)*¥"QF,) — DM]-'bégp 1(k)

which factors as Dyc [0, p—1) (W (k)" @TF,) o Dye,j0.p—1] (W (K)20) 4‘1 D/\/l]—'bégp 1) (k) where oD1
is an equivalence. Moreover, the restriction of ®P1 and of ®M** @ F,, to Dye,j0,p—21 (W (k)" @F,)

coincide.

We will briefly recall how these functors are constructed and how to compute them in practice.

2.3.1 Preliminaries

We consider the fiber product :
D= Ai/Gm XW (k)N k‘N

By [TVX25 Prop 3.11], this fiber product can be described as ©/G,,,, where ® = Spf B, for B® =
W(k)[%r n > 0,v_]/(viv_ — p). By construction v, € G,(B?) lifts to an element w € G¥(B?).

nlo
We also have an element v = U([v_]w) € W*{p}(B®) solving the equation p—V (v) = [v_]w (since
[v_]w corresponds to divided powers on p, see Lemma 2.1).
Over @(R) we have an isomorphism M.,;s, r — Mgg r. This map is induced by the map
1 w
0 vF)’
Let X be a flat formal scheme over W (k). Over © we have a tautological isomorphism

G © Wgr — G, @ F.Wx with matrix

Ocrys,dR (XN X D = X R XAl /G D

We can pass to the generic fiber of the Rees map G,,/G,, — Al /G,,. The map v : D XAL /G,
Gm/Gm =D Xt =1 Spf W(k) — W>*{p} is an isomorphism and the fiber of the isomorphism
Ocrys,ar is the universal isomorphism (X /W (k))<m¥s x W>*{p} = X9& x W>*{p} given by com-
posing the canonical isomorphism (X /W (k))*"¥* — X of Proposition 2.1, with the action of
W>{p} on X9E 4

Let B be the Rees algebra of W (k) for the filtration Fil'W (k) = (y5*4(p),s > i) = pWW (k)
where (i) = inf,>{v(Z; Y. In other words, Fil*W (k) = (pW (k))!*] is the filtration induced by the
PD-ideal pW (k) equlpped with the (standard) divided power. There is a map of filtered algebras
p*W (k) — Fil*W (k) inducing a G,-equivariant map A — B. In fact B is the subalgebra of A[1/p]

generated by vi p;?. In particular, vy has divided powers 1;—3( = vi p;? ’;—’,’1 in B. We denote by
w € W[F](B) the corresponding element lifting v;. This defines a map ¥y, : Spf B - ©. We
also observe that v = 1 as w[v_] corresponds to the trivial divided powers.

In B/v", we can take the trivial divided powers w’ = [v4] € W[F](B/v%) on v4. This defines

@ since [v4][v-] = [p].

a second map Wp; : Spec B/vY — ®. We have v/ =1 —

2.3.2 Description of the two functors

We would like to explain concretely how to compute the functor &= Vectjgp—1](W(E)*¥") —
./\/l]:]; o 1](W(k;)) Let M € Vecty ,—1)(W (k)*¥™). By pull-back to £°Y"™ we obtain an F-isocrystal
(Mcws,qﬁ) We attach to this F-isocrystal an F-gauge by taking the Nygaard filtration : for

n >0, we let M2, . = {m € Myys,o(m) € p"Meryst. For n < 0 we let M2, . = Mepys.

crys Ccrys

We let v_ : M2 M "~1 be the canonical inclusion and vy : M" _ — M2}l is induced by

crys crys crys crys
multiplicatlon by p. For n > 0, v_ is an isomorphism and for n < p—1, vy is an isomorphism. That
way M?2. . is a graded module over W (k)[v4,v_]/(viv— —p). By pullback of M to Al /G,, we get

crys g
a filtered vector space M. Using the point Wys,., we get an isomorphism ©nrqz : Mar ~ Merys.
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Moreover, we have a filtered isomorphism : M., @w (x)pe (W (k), Fil*) = M3 @w i) (W (k), Fil®).
This informs us that M}, C M, for 0 < i < p—1. We can thus define a Fontaine-Laffaille
module ®M9*(M) = Myp = Mepys, with filtration ®92(M)? = M?, and divided Frobenius
i = p g : dMeE(M)E — ®Mez(M). In other words, ®M**(M) is constructed by using the
Hodge filtration M Cil > the Frobenius on Mcys and the isomorphism Me.ys ~ Mgr (using some
divisibility of the Frobenius on the Hodge filtration).
We now turn to the functor ®27 : Vect(g ,_1)(W(k)*¥™) — MFo,—1)(k). The point ¥p;
induces an isomorphism ©py : Merys/pP — Mar/D".

Remark 2.3. This isomorphism is not the reduction modulo p? of © y7,. since v/ = 1— %. However,

Onraz = Opr modulo pP~ 1.

Moreover, Frobenius on M, /pP restricts to map ¢ : Mp/p? — p'Meys/p? which factors
through a map ¢; : Min/p — p'Mepys /PP 1 = Mepys/p. Thus, @PT(M) = Meyys/p ~ Mar/p,
with ®P1(M)? = Mi,/p and divided Frobenius ¢;.

Remark 2.4. Let X — Spf W (k) be a proper smooth formal scheme with special fiber X, as-
sume that H. , (X) € Vectg,—1)(W(k)*¥"). The isomorphism Opraz : (H.,,(X))ar = Hijp(X) ~

(H., o (X)) erys = HL o (X/W(k)) is the one provided by Proposition 2.1. The isomorphism ©py :

syn crys

(Hi,, (X) @ Wp(k))ar = Hle(x @ Wy(k)) = (Hyy, (X) @ Wy(k))erys = Hiyy(X/Wy(k)) is the one

syn syn crys

obtained by considering crystalline cohomology H?,, . (X/W,(k)) with trivial divided powers, and

crys
the isomorphism of Proposition 2.1 (see Remark 2.2).

2.4 Etale realization
2.4.1 The étale realization functor

Let K = W(k)[1/p] and Gk be the absolute Galois group. Let Repg, (Z,) be the category of

continuous representations of Gk on finite type Z,-modules. We let Repgf’f (Zp) be the category

of lattices in crystalline representations and Coh™/! (W (k)*¥™) be the category of reflexive coherent
sheaves. There is a functor Te; : Perf(W (k)*¥™) — D*(Repg, (Z,)) ([Bha22, Constr. 6.3.2]) which
induces a functor Coh(W (k)*¥") — Repg,, (Zp).

Theorem 2.3 ([Bha22], Thm. 6.6.13; [FL82], Chap 6; [TVX25], Rem. 5.25). 1. The functor Te
induces an equivalence

Cohrefl(W(k)syn) N Repgly(s,f(zp)

2. The functor Cohy ,_o) (W (k)*¥") — Repg, (Zp) is fully faithful.

2.4.2 Ordinarity

The relevant categories of unramified objects are respectively unramified Galois representations
Rep¢, (Zy), Cohjg,o) (W (k)*¥™) and MF g0/ (W (k)). Moreover, we have equivalences

ur 7;t syn Maz
Repe, (Zp) % Cohg o) (W (K)*™) *= MF(0.0(W ().

The equivalence M : Repg, (Z,) — MF,0/(W (k)) is given by (V = M(V) = (V @z, W(k))*
and a quasi-inverse is given by M — (M @ ) W (k))?®F.

Let x, : Gk — Z; be the cyclotomic character. We have a line bundle &{1} on W (k)*¥".
We let W (k)(1) be the rank one Fontaine-Laffaille module with Fil°W (k)(1) = 0, Fil'W (k)(1) =
W(k)(1) and W(k)(1) is the rank one W (k)-module (we fix an isomorphism W (k)(1) ~ W (k))
with Frobenius ¢_; given by the Frobenius F of W (k). We have T..(0{1}) = x,, O{1} €
Coh_1,_1)(W(k)®*¥"), and ®M*=(0{-1}) = W (k)(-1).

For an object V' of Repg, (Zy), we let V(i) = V @ x}, be the Tate twist. For an object
M of W (k)™ we let M{i} = M ® O{i} be the Breuil-Kisin twist. Let M be an object of
MF(W (k). We let M(i) = M @ W(k)(¢). This object is obtained by shifting the filtration:
Fil* M (i) = Fil* 7' M.
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Definition 2.2. 1. An object V' of Repg, (Zy) is ordinary if it admits an increasing filtration
FﬂfrdV with the property that Gro™V (i) is an unramified representation.

2. An object M of Coh(W (k)%¥™) is ordinary if it admits an increasing filtration Filfrd/\/l with
the property that Gr{™* M{i} is an unramified F-gauge.

3. An object M of MF(W (k)) is ordinary if it admits an increasing filtration Fil°"* M with, the
property that Gr¢™ M (i) is an unramified Fontaine-Laffaille module.

In the range [0,p — 2], ®M?* is an equivalence between ordinary F-gauges and ordinary
Fontaine-Laffaille modules, the ordinary filtration is unique with Fil°"?M = 0 and Filg’;dQM =M.
The functor T¢; is fully faithfull (but not essentially surjective) towards the category of ordinary
Galois representations whose (unique) filtration satisfies Fil°" 'V = 0 and Fil;’;dQV =V.

2.4.3 Ordinarity in weight 0, a

We now let 1 < a < p—1 and let CthTS(W(k)Sy”) be the category of ordinary F-gauges, with
Fil*'M = 0 C Fil§"'M = -+ = Fily’4 M C Fil7*M = M. We define similary MFJ'§ (W (k))

and Rep&r?

0,0 ~% is an object of Repgﬁ7a,0(2p).

P

The category MF Zf’g (k) can be described very explicitely as follows. Consider the category
C consisting of triples ((V, ¢v), (W, dw), v : V. — W) where V, W are finite dimensional k-vector
spaces, equipped with F-linear automorphisms ¢y and ¢w, and ¢ : V. — W is an F-linear
endomorphism.

Let M be an object of M]-'Z’:g(k). The jumps of the Hodge filtration occur at 0 and a.

Moreover, we have an isomorphism M C@FIlYIM — M. Asaresult M@ ~ GrZTdM and Filg™ M ~
MP. We define a functor M}"Z’Tg(k) — C, by sending M to (V = Filg"™ = MO, W = M* =

Gr M, o+ M® 23 M — MO).

(Z,). For example 1 & x

Lemma 2.5. The functor M]:Z’T{)j(k) — C is an equivalence.

Proof. We provide a quasi-inverse C — M]:gfg(k), by defining M = VoW, M* =W, ¢g = ¢y DO,
b0 = U ® ¢yw. Moreover V = FilgTdM provides the ordinary filtration. O

We let ¢, : Gk — F be the mod-p cyclotomic character. Let Vi,V € Repg). (F,). Let
V1, Vo € Cohygo)(W(k)*¥" @ IF,) be the corresponding F-gauges. We can consider the group of
extensions Extg, (V) ® €% Va).

Lemma 2.6. If 2 < a < p — 1, the functor Te; induces an isomorphism: Ext‘l,v(k)syn(@Fp(Vl ®
O{—a},Vs) = Extg, (Vi ® €, Va).
Proof. Let E =V @ Vo ® 0{a}. By [Bha22, Coro 6.4.6] we have an exact triangle:

RI(W (k)*", E) — RI (G, Tet(E)) — RHomg, (RD(W (k)*¥™, EV{1}[2]),F,) —

It suffices to see that RT'(W (k)*¥™, EV{1}[2]) = 0. But EV{1} has weight a—1 > 0. So its syntomic
cohomology vanishes by [Bha22, Ex 6.5.13]. O

When a = 1, we consider the subgroup Ext}’GK V1 @€, V) — Extg, (Vi ® e, !, Vo) of
finite flat cohomology ([Mil06, Chap 3]). If k = k, by Kummer theory Extng(Vl ® el Vo) =
V)Y ®r, Vo ®@p, K*/(K*)P and Ext}ﬁGK(Vl ® e;l, V) consists of the classes in V)Y ®p, V2 ®F,
W (k)* /(W (k)*)P. For general k, Ext} o, (Vi ®¢, !, V2) is the subgroup of Extg, (Vi ® e, 1, V) of
classes which restrict to Ext}ygkm (Vi @€, 1, Va).

Lemma 2.7. The functor Te: induces an isomorphism : Ext‘l/v(k)syn@Fp WN@0{-1},V1) — Ext}gGK Q%1
et Vo).
p )
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Proof. We set E = V)Y ® Vo ® 0{1}. This is an F-gauge with weight —1 corresponding to
a truncated Barsotti-Tate group scheme G which is an unramified twist of copies of p,. We
have RT'(W(k)*¥", E) = RI'jpps(W(k),G) by [MM25, Thm B] and Ext%GK(Vl ® e;l,VQ) =
H},, s (W(k),G) by definition. O

To have uniform notations, let us denote Ext}c’GK Vi®e, % Vo) = Extg, (Vi ® €, %, V2) when
2<a<p—2 Whena=p-1, 65*1 = 1. We have a (possibly non-trivial) Hoschild-Serre exact
sequence:

0 — Bxtg, (V1,V2) = Ext} o, (Vi ® €77, Va) = HO(Gr, BExt g, (Vi ® €77, V2)) = 0.
Let V1,V5 € Repg). (Fp). We define a map
"1 Exty g, (Vi ®€,”, Vo) — Homy (M(V1)®), M(V3))

(by abuse of notation) which is the composition of ®°7 o T.;* and the functor of Lemma 2.5.
Theorem 2.4. Let V1,V € Repg, (Fp).

1. If a# p—1. We have an isomorphism:

oL . Ext}ch(Vl ®e," Va) = Homy, (M (1)), M(V2)).

2. Ifa=p—1, we have a map :
"1 Ext} o, (Vi ® €, P, Vo) — Homy, (M (1)), M (V3))
which factors through an isomorphism :

HO(Gy, Ext} ¢, e (Vi ® €77, Vo)) — Homy (M (V1) ¥, M(V2)).

Proof. When 1 < a < p — 2, this is a direct consequence of Theorem 2.1 (but of course, this
is already known by [FL82]). We turn to the case a = p — 1. By Theorem 2.2 we have an
isomorphism ®27 : Ext‘l/v(k)§y; (V1 ® 6{1 —p}, V) — Homy (M (V1)®), M(V3)). Moreover, we have
an exact triangle: "

EXtW(k)syn@Fp (V1 ® ﬁ{l — p}, Vo ® ﬁ{l — p}) — EXtW(k)syn(g]Fp(Vl X ﬁ{l 7])}, Vz)

— Eth(k)iz; (Vl ® ﬁ{l _p}vv2) —

which on degree 1 cohomology indentifies with the Hoschild-Serre exact sequence:
0 — Extgy, (V1,Va) = Exty o, (Vi @ €77, Va) = HO(Gy, BExty gy (Vi ® €77, V2)) = 0
O

Remark 2.5. (see also [TVX25, Rem 5.23]) The above theorem is well known in the range 1 <
a < p— 2, but seems to be new when a = p — 1. We would like to sktech a more elementary
proof of this result when p = 2 and we are dealing (after twisting by €,) with ordinary (truncated)
Barsotti-Tate groups. For simplicity let us assume that k = k and consider the p-divisible group
G, which is an extension of Q,/Z, by pp~ with Serre-Tate parameter ¢ € 1 + pW (k). The class
of the extension G,[p](K) € Extyq, (1,¢p) is given by the image ¢ € W(k)* /(W (k)*)P of q.
Moreover, the map W(k)* /(W (k)*)P — k, ¢ — % is a group isomorphism. We can compute
the functor ®M?* applied to G, ® €{—1} (viewed as a mod p prismatic F-gauge with weights 0
and 1). We first have LicE(G2)(W (k) — k) ~ W (k)e1 & W (k)es with Frobenius diag(1,p) (here
E(—) is the universal vector extension of [Mes72], we could also take the crystalline cohomology
of an elliptic curve with p-divisible group G,). Moreover, by Katz’s theorem, the Hodge filtration
is given by W (k) (e + log(q)e1). Since log(q) € p*W (k), we deduce that the functor ®* applied
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to G4[p] ® O{—1} yields the trivial Fontaine-Laffaille module k & k(1). We now turn to ®7. This
time we compute LieE(GP)(Wa(k) — k,7"") ~ Wa(k)er & Wa(k)ez with Frobenius diag(1, p).
Moreover, the Hodge filtration is now given by Wa(k)(e2 + (¢ — 1)e1). Indeed, we are using trivial
divided powers so all higher terms in the logarithm disappear. As a result, ®°!(G,[p] ® 0{—1}) is
the Fontaine-Laffaille module ke; @ ke, with ®P1(G,[p]@ 6{—1}) = kea, ¢o(e1) = €1, ¢o(e2) = 0,
o1(e2) = ea + %el. So we can recover '71_%1 which is the class of the extension G,[p](K) from

BP1(G,lp] © O{-1}).

2.5 Deligne-Illusie theory
2.5.1 Cartier isomorphism

Let X — Spec k be a smooth scheme. We let Fx : X — X be the relative Frobenius. When the
context is clear, we simply denote Fx by F. The complex F,Q% is a complex of coherent sheaves
over X ®). Moreover, we have the following theorem:

Theorem 2.5 ([I1196], Thm 3.5). There is a graded isomorphism:
@iy — SiH(Q%)-

The map Oxm — HO(Q%) is induced by the map Oy — F.Ox. The map Qﬁ((p) —
H!(Q%) is induced by the inverse Cartier map C~': QL — Q% /d(Ox) which sends dz to the
class of zP~tdx.

2.5.2 The obstruction to lift Frobenius and the Deligne-Illusie map

We assume that X has a flat lift X to Spec Wa(k). The following theorem is a consequence of
general deformation theory. See for example [I1196, Prop. 2.11].

Theorem 2.6. There is a canonical map F*Q%.,, — Ox|[1] which vanishes if and only if F : X —
X®) admits a lift F: X — X®).

Since we will need an explicit description of this obstruction, we include the short proof.

Proof. We pick a finite cover of X by affines X = U;U; with U; = Spec R;. Let U; ; = U; N Uj;.

Let Spec R; be the open in X corresponding to U;. We can pick local lifts F; : REP ) R;. Then

F; — F; corresponds to a map Homk(QlU(p), Oy, ;). The data (F; — Fj); ; defines a 1-cocycle and
i

its class is the desired obstruction. O
In the course of the proof we have used the following classical result in commutative algebra.

Lemma 2.8. Let A be a ring. Let R be a smooth A-algebra. Let S be an A-algebra and let I be an
ideal in S with I?> = 0. Let ¢ : R — S/I be an A-algebra map. There exists a lift ¢' : R — S of .
Moreover, the set of all lifts is a principal homogeneous set under HomA(Q}%/A, I).

Remark 2.6. Having a lift of Frobenius is very rare when X is proper. If there is a lift of Frobenius,
we have a morphism F *le((p) — Q% lifting the Cartier map. Applying Serre duality, this shows
that X is Frobenius split. This also proves that (2%)1~P) as a non-zero section, hence that the

Kodaira dimension of X is < 0.

We let 7<1 F.Q% be the canonical troncation of the de Rham complex. Observe that there
are two canonical maps (induced by the conjugate filtration and the Hodge filtration) 7<1 F,Q% —
Hl(F*Q_.X)[—l] and TSIF*QS( — ﬁx.

Theorem 2.7 ([DI87], Thm 2.1 and Rem 2.2, (iii)). There is a map ¢1 : Q) [—1] = 7<1FLQ%
with the following property :

1. The induced map Qﬁ((m — HY(F, Q%) is the inverse Cartier isomorphism of Theorem 2.5.
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2. The map O : Q 1] = F,Ox is the inverse to the obstruction to lift Frobenius on X of

Theorem 2.6.

X(p)[

If n < p, Deligne and Illusie construct a map ¢, : Q
algebra structure on Q% as follows (see [DI87], p. 251):

& [—n] = 1<, F.Q% using ¢1 and the

Ay o[- —= Ay 1] © - @ Q%) [-1]

|

Fira1Q% ® - Q@ Fir<1Q% —— Fiur<, Q%

Corollary 2.1 ([DI87], Thm 2.1). Assume that n < p. We have a quasi-isomorphism &;¢; :
Gi<n ) [—i] = FirenQ%.

2.5.3 A variant with logarithmic poles

Let D — X be a normal crossing divisor. This means that D is a Cartier divisor in X, and X admits
a Zariski cover X = UU;, and for each i, there is an étale map p; : U; — A? = Spec k[T},--- , Ty]
and 0 < r < d such that D|y, = p;'V(Ty---T;). One can define a de Rham complex with
logarithmic poles along D (see [11196 Section 7.A]): Q% (log D). Over U; as above, this is the free
Oy,-module with basis dgl Sy T L AT, ,1,---,dTy. There is a logarithmic variant of the Cartier
isomorphism ([Kat70, 15 7.2]): Q;((,,) (log D®)) — @;H (2% (log D)). Suppose we have a lift
(X, D) to Wy(k) of (X, D) where D is still a normal crossing divisor. We now construct, similar
to Theorem 2.6, the following obstruction:

Theorem 2.8. There is an obstruction F*Qi(( )(log DW)) — Ox 1], which vanishes if and only if

we can find a lift of Frobenius F on X with F~'(D) = pD®)

Proof. We first assume that X = Spec R is affine, that X = Spec R and that we have an étale map
Wo(k)[Ty, -+ ,Tq] = R, with D =V (T} --- T}.). We now show that there is a Frobenius lift with the
expected properties. Consider the Frobenius lift ” on the affine space given by T; — T7. It extends
by deformation theory to a Frobenius lift F : R — R. We now check that lifts with the property that
F~Y(D) = pD®) are a homogeneous set under Hom(Q}%m (log D®)), F,R). We consider two lifts
Fy and F, of Frobenius with this property. Observe that F; (T;) = Tf(l +pu, ;) forall1 < j <r.
The difference Fy — F is thus a derivation © : R — R which verifies o(T;) = ij(ul’j — uy;).
Therefore, it induces a map Q}(log D) — R, sending % to uy,; — ug, ;. Conversely, one sees that
J
one can modify a lift by adding an element, of Hom(Qy,,, (log D®) F,R). It is now clear that one

can construct the obstruction F*QL  (log D®)) — @x[1] as in the proof of Theorem 2.6. O

X (®)

Remark 2.7. The restriction of the map F*Q!
natural map F*QL ) — F*Q;

Y (log DW®) — Ox[1] of Theorem 2.8 along the

S (log D)) is the map F*QL,, = Ox[1] of Theorem 2.6.

By [DI87, 4.2.3] there is a map ¢y : Q% (log D®))[~1] — 7<1 F,Q% (log D) with the following
properties :

1. The induced map QL
isomorphism.

S (log D®)) — HY(F,Q%(log D)) is the inverse logarithmic Cartier

2. The map O : Q% (log D®)[~1] — F,Ox is the inverse to the obstruction of Theorem 2.8.

One defines maps ¢,, for n < p and we have that for n < p, ®;¢; : 691'3”93((?) (log D®))[—i] —
For<n Q% (log D) is a quasi-isomorphism.
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2.5.4 Relation with crystalline Frobenius

Let X be a quasi-projective scheme over Spec k. We equip pW,, (k) — W, (k) with the trivial divided
powers. We consider the crystalline topos (X/Wp(k))crys and its map u : (X/Wy(k))erys = Xzar
to the Zariski topos ([BO78, Prop 5.18]). We let Ox/w, (x) be the structural sheaf, mapping to

Ox, with kernel Jx,w, ). We have a filtration {J)[Z]VVp(k)}mZO on Ox,w,(k)-

Let X — Y be an embedding of X into a smooth W),(k)-scheme Y. Let D = Dx ,(Y) be
the relative spectrum of Dy, (#x) (the PD-envelop of the ideal .#x of X in Y).

We denote by QY := Op ®¢g, Q5 (where Q3 is the de Rham complex of Y relative to
Wpy(k)). For any m > 0, we let F™Q$, be the sub-complex of Q) with F™Q}, = J)[;n*n]Q%
for Jx the ideal of X in D. In particular, if X has a smooth lift X to W,(k), we have that

FmQs = [pmMo gy — p[m_l]Q}( — ---] (moreover (p)Fl = (pm@x{k:0}) "since we use trivial divided
powers). By [BO78, Thm. 7.2], we have Ru*J)[?;]Wp(k) E™O% w k)

We let ¢erys : Ru*ﬁX@)/Wp(k) — F.RusOxw, ) be the Frobenius morphism. By [BOTS,

Thm. 8.20], we get a filtered map ¢erys : Ru*J;]/Wp(k)
the argument as we are not in the exact setting of [BO78, Thm. 8.20] which works over W (k)
with the standard divided powers. Since X is quasi-projective, we can find an embedding X — Y
with ¥ smooth and admitting a lift F of Frobenius (we can take Y to be a projective space). Let
D = Dx,(Y). One checks that F() C p"Q% and F(JI™) C (p)™6p. Since (p)l™ = p™ if
m > 0 we conclude.

We now assume that X has dimension d at most p — 1 and has a flat lift X. For every

— p*FLRu.Ox /w,(r). Let us briefly sketch

0 < m < d, we have that Ru,Gr™ J)[;/W ) = =[0x 5.8 2%]. And we get an induced map:
Gerys :Ru*GrmJ);]/W — Gr'"'p* L, Ru O xpw, (k) = FxQ%

This map is a sum of maps (Perys)i = Qi [—i] = F.Q% for 0 < i < m (so eventually, taking m = d
we can define maps (¢crys); for 0 <4 < d).

Proposition 2.3. We have (¢erys)i = ¢;.

Proof. Using the multiplicative structure, it suffices to prove that (¢crys)o = ¢o and (@erys)1 = @1.
But (¢erys)o = ¢o is simply the Frobenius of x. We now turn to (¢erys)1. It suffices to work on
Wa(k). We first consider the case that X is affine. We take a lift X. Let F} and F be lifts of
Frobenius. We get two maps ¢crys.; Q}{ — Q}( representing the crystalline Frobenius and they are
homotopic by the general formalism. We actually claim that there is a canonical homotopy. First,
these maps actually factor through maps : [0 — Q}(} — Q}( Second, we have that Fy = F+p©
for a derivation © : Qk — Ox. We claim that a canonical homotopy between ¢crys,1 and @erys 2
is given by pO : Q}( — 0. Once this is proved we deduce that (¢crys)1 = ¢1 by the construction
of ¢1 and (Perys)1- See [DIT], page 251 and 252.

We now explain how to get the homotopy. First we need a version of the Poincaré Lemma. Let
D = Spec Wa(k)[T!,i > 0] be the PD-envelop of 0 in Spec Wa(k)[T], where Tl = ~;(T)(= f—,b)
We consider the map fOT : QL — Op given by integration between 0 and T. Explicitely, this is the
map w = >, 07 (0r, w Y7=oT"*1. Then fOT induces an homotopy between Id}, and ev; where
Idp is the identity in D, and ewvq is the evaluation at 0. Specializing at Tt = plil = pi| we get
a homotopy between evaluation at 0 and p, simply given by w — (O, w)|r—op. At this place the
choice of trivial divided powers when p = 2 is important, since for the standard divided powers,
there would be higher order terms.

Let X = Spec A. Consider the map F(T) : A — A[T]/T?, f — Fi(f) + TO(f). We have
F(0) = Fy and F(p) = F,. By smoothness of A we can lift it to a map F( V: A — A[[T)] = A20p.

We therefore have a map F/(T) : X x D — X with F(0) = F| and F(p) = F. By the Poincaré
Lemma, the two maps ev,,, evy : QXxD — 1% are homotopic.

b= @OpeT @0}, — Q% which is (a,b) —
(O7,b)|r=0p. We deduce that the homotopy between Gerys,1 and Perys 2 is given by pO. Indeed we

The homotopy is given by the map Q];”(
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o * 0’ P ~
compute the composition Q}( P Q}( ® Og @0 ( l>°) 0. Since F(T) mod T? = F}, + T8O,

we deduce that the second component of the first map is ©dT mod TdT. But f(f kills all higher

order terms and fop OdT = pO. All other homotopies Q]}( — Q’;{l for k > 2 are 0.
O

Remark 2.8. This proposition was stated in [DI87, Rem 2.2, (iv)] without proof for the standard
divided powers, in which case there is a restriction on the dimension d < p — 2.

3 The obstruction to lift Frobenius on Siegel varieties

In this section, we develop a method to characterize the obstruction to lift Frobenius on a scheme,
assuming a suitable lift exists on a dense open. We then apply this material to Siegel Shimura
varieties.

3.1 Overconvergent localization

We introduce a certain form of intermediate localization. Let R be a flat Wa(k) algebra and let
f € R be a non-zero divisor. We define the subring R[%] of R[%} generated by R and . We let

R = R/p. Tt is clear that the ring R[?] only depends on the image of f in R.
Lemma 3.1. We have:
1. R[E] = R[X]/(X?, X — p,pX).

2. We have a pushout diagram:

0 R R R 0
f l Id
0—=R—"> R[] —=R——>0

3. R[5]/f = R/(f)IX]/(X?).

Proof. Consider the map R[X] — R[1/f], X — %, whose image is R[?] It factors through a map
]-?[X]/X2 — R[l/f] If an element ag + Xa; € R[X]/X2 is in the kernel, then ag + ?al =0,

equivalently (since f is not a zero divisor) fag + pa; = 0 and it follows that there exists a; € R
such that ap = paj, and that there exists a} € R such that a; = fay+pa). As aresult, ag+ Xa; =
a((pX — f) + afpX. This proves the first point. We have a commutative diagram:

0 R P R R 0
lfx l ild
0 Xf RIX]/(X2, fX —p,pX) I? 0

0—=R[1/f] — > Rl1/f] ———— > R[1/f] —=0

which proves the second point. The last point is obvious from the presentation in (1). O

This construction globalizes. Let X be a flat scheme over Spec Wy (k) and let X = X XSpec W (k)

Spec k. Let Z — Ox be an invertible ideal defining a Cartier divisor Z = V(). Welet X°"¢ = X\ Z
and we let X°™4 = X \ Z.
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Remark 3.1. In our applications, X will be a Siegel Shimura variety and X°"¢ will be the ordinary
locus.

We have an affine morphism j : Xord 5 X. We define a scheme Xt with affine maps:
Xord 2 X1 2 X The algebra (j2), O is defined via the pushout diagram:

0 Ox O Ox 0

U

0——=T ' ——(jo) O3 —= Ox —=0

By construction, we have an ideal pZ~! in & '+, whose associated closed subscheme is X. It follows
from Lemma 3.1 (3), that XTx 3 Z is an affine scheme relatively to Z equal to SpecZ(ﬁZ@I’l/ﬁx).

Lemma 3.2. There is a natural surjective map Q1~ —I7'0x.

Proof. There is an augmentation map e : Z — Xt X ¢ Z and e*QXTX 77 = I-1/0x. Therefore

1 1 1
we have a chain of surjective maps : Q P = QXT/X — Qth Z2/7 —ZI1/0x. O

We now assume that X is smooth There is a natural map j; : X°"% — XT. We have an

induced map dji : Q%, — (j1)«Q%,,,. Observe that Q% , = Q% ®6, Ogora. Moreover, the image

of dj; is contained inside Ql + 0L pI + QL pI_2 Since
(Q + QLpI ™! + QLpI2)/(@% + QLpT ) ~ Q4T 2/T!

we can therefore construct from the map dj; a map djj : QXT — Q% ®p, Z72/Z7'. This map can
be related to the map of Lemma 3.2 as follows.

Lemma 3.3. 1. The differential induces a map d : 7' /0x — Q% ®p, T72/771.
2. The map d is injective if Z is smooth.

3. The map djj can be factored through the map of Lemma 3.2 as follows:
_ d EPY
0L, = I710x SOk ®e, IT72/T7!

Proof. For the first point, we have the usual sequence Z/Z% — QL ® Ox/Z — QL — 0 (see
[Stal3, Tag 06BB]). Tensoring the first map with Z=2/Z~! gives the map of (1). Moreover, the
first map is injective if Z is also smooth. We are left to prove the last point. We can reduce
to the affine case, and we use the same notations as in Lemma 3.1. We have a map QL%

Rip/f)
QR[p/f]/é — Q(R/f[ x1/x2)/r/s — R/fdX which is the map of Lemma 3.2. We liave a map
1 1 1 101 1
QR[ 7 Q R/ Q= 1/f]/(Q~ + pf~'Q}). Note that QR[ /fl is mapped to R[p/f]Q; +

2 1 1 101 -
pf2dfR inside QR[l/f] The image of the map QR[ i QR[l/f]/(QR + pf~ Q) lands inside
pf2Q%/pf~10QL, and this is how we get the map djf : }%[p/f] — pf72QL /pf~1Q%. We finally

have a map R/fdX — pf=2QkL/pf~1Q%, mapping X to —pf~2df. We claim that there is a

factorization djf : Q}z[ i R/fdX — pf=2QL/pf~1Qk. It suffices to see that the kernel of

1 1 1 -101
QR[ I — R/fdX is also in the kernel of the map QR[ I — QL 1/f]/(QR +pf Qﬁ’,)' The
kernel of A is generated by Q , fOL i/ fl and pf~1QL i/ 1 It is clear that these go to zero. O

3.2 Overconvergent localization and lift of Frobenius

We use the notations X, X, XT, X°"4__ as in the previous section, and X is assumed to be smooth.
The best situation is to have a lift of Frobenius F' : X — X (P). We work under the weaker
assumption that there exists a lift of Frobenius F'f : Xt — X (). This means that the map F'

reduces modulo p to the map Xt XSpec Wa(k) Spec k — X 5 xm,
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Remark 3.2. Of course, if there is a lift F: X — X®) then there is a lift FT: XT — X £ xw,
~ ~ ~ ~ ~ ~ nt o~
Moreover, the lift £t : XT — X® induces a lift Ford ; Xord 5 Xt B x),

We also let D be a divisor with normal crossing in X. We let D be the reduction of D modulo
p. We assume that D has a transversal intersection with Z. The divisor D pulls back to divisors
Dord and D on X°™® and X' respectively. We assume that the lift of Frobenius Ft. Xt 5 x®
has the property that (FT)~1D® = pDt,

3.2.1 Definition of a map O’

There is a map

06 : Qﬁ(@) — F*I_l/ﬁx
which is obtained as follows. The differential of F'! is a map dF' : Q}((p) — FIQ}(T Composing
with the map of Lemma 3.2 gives a map Q% = — FIT-1/0x factorizing through the map O} :

QAIX(P) — F*I_l/ﬁx.

Lemma 3.4. The map O} extends canonically to a map O : Q% (log DW) 5 F171/0%.
1

= Xt/ .
the map Oz ®ay Uy — Ogi Ry Q% (log D) to get a new exact sequence: gy @ Q% (log D) —

QL. (log D) — %, ;x = 0. We claim that the differential dF' naturally extends to a map
Q% (log D) — Fjﬁﬁh(log D). The source is a locally free module. Let T} ---T, = 0 be a local

equation for D. By assumption, F' W) = TPu; for a unit u;. It follows that we can define

dFT(dT:'}) = pdTTi" u; + du;. Composing with Q}ﬁ(log D) — Q}(T/X — I71/0x gives the map of

the lemma. ]

Proof. We have an exact sequence O @6, Q% — QL — Q — 0. We take the pushout along

Proposition 3.1. The map Q% (log DW)) — F, 771/ 0x vanishes if and only if the lift of Frobenius

Ft: Xt — X® comes from a lift F: X — X®).

Proof. We may reduce to the affine situation and we use the notations of Lemma 3.1. We have a
map R® — R[p/f]. We reduce this map modulo f, and this yields a map : R?) — R/f[X]/X?,
factorizing through a map R — R/f[X]/X?2. The projection to the X component is a derivation
R® — XR/f, thus a linear map Q}%m — XR/f. Moreover, this map is zero if and only if the
map R®) — R[p/f] factors through a map R®) — R as we have an exact sequence of R-modules
0— R — R[p/f] = XR/f — 0 by Lemma 3.1 (2). O

3.2.2 Definition of the maps O” and O"’

Using natural adjunctions, the map O’ : Qﬁ((p) (log DP)) — F,77'/0x can be further factored as
follows. Let us denote by ¢ : Z — X the canonical inclusion. Observe that I‘l/ﬁx = q,*7 1

Let us also denote by Fy : Z — Z®) the relative Frobenius of Z. We have a commutative diagram:

7" X

e s

7() _i x ()

There is a unique map O : (i®)*QL ) (log D®)) — (F),i*I~! such that we have

7;(:0) "
0" : Ok, (log DP)) = i ()L, (log DP)) "5 il (Fy),i* T~ = I/ 0x.
By adjunction, O” is equivalently a map Fj(i®)*QL , (log D®) — i*I~! of locally free

sheaves on Z. The source has rank the dimension of X, the target has dimension 1. We can in
fact extract from O” a simpler map.
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We have a natural map (i(®))*Z®) LN (i(p))*Qﬁg(m. We deduce a map O” od : (i»)*2(P) —

(Fz),*I~'. By adjunction, this map is equivalently a map Fj(i(?)*Z(P) — *Z~1 or a section
0" e HO(Z,7-P1).

3.2.3 The map O’ and the differential of Frobenius

We now explain that the map O’ : Qﬁ((p) (log D)) — F,T-'/0x can often be read directly from
the map Ford: Xord 5 X(®) The differential of the map F°® fits into the following diagram:

0
(Ford)*Qﬁg(m - Qﬁ(erd

]

[ord\x()l h 1
(F ) QX(p) N Q)‘(m«d

(R

d 1 0 1
(FOT )*Qx(m > wad

1

which therefore factors as a map (F‘”d)*Qﬁ((m — Qioras

and induces, by adjunction, a map

Qﬁ((p) — FordQl Adding logarithmic poles, we also have a map Q. (log D®P)) — FordQL . (log D).

Xord:* X (») Xord

Lemma 3.5. We have a factorization of the differential of Frobenius :
0L, (log DP) % FI-1/6x & ForiQl,. . (log D)/F.Q% (log D) ® L.
Proof. This follows from Lemma 3.3 (3). O

3.2.4 The map O’ and the obstruction to lift Frobenius

We can make the connection between the map O’ and the obstruction to find a global lift of
Frobenius. We have an exact triangle, Ox — Z~! = Z~1/0x ! Which yields a map Z7!/0x —
Ox[1].

Proposition 3.2. The composite map QL. (log D)) — F,(I-'/0x) — F.0x[1] is the map O

X (@)
opposite to the obstruction to lift Frobenius of Theorem 2.8.

Proof. We consider an open covering U;Spec R, = U, of X. Let U;; = U;NUj be the intersection.
We can assume that there are local lifts E : Rz(p) — R; with the property that Ffl(D) = pﬁ. We
also have the global lift T : Rgp) — Ry[p/f;] (for f; a generator of Z). The difference F — F; yields
a map Q;(m (log D)) — XR; (where X = p/f; following the notations of Lemma 3.1) and is a
lift of the map Q;w (log D®)) — X (R;/f:) (which is the restriction to Spec R; of the map O’ of

Lemma 3.4). The differences (FT —F—Ft+ Fj = Fj — 13‘2)” is a cocycle which represents the

map Q% ,, (log D®)) — I=!/6x — Ox[1] and is opposite to the obstruction to lift Frobenius. [

3.2.5 Duality

The duality functor on X () is given by D(—) = RHom(—, 0% ))-
Lemma 3.6. The dual of the map O : Q% (log DW)) — F,0x[1] gives a map

0 : F.Q% (log D)[-1] = Q%) (log D@).

Proof. We have a perfect pairing QL ., (log D®)@Q% ! (log D®)) — Q% (log D)) = Q% ) (D),

X () X (P
We deduce that D(Q%,, (log D)) = 041 (log D®)(—D®). Moreover, we have that

X ®)

RHom y () (F,Ox, Q%)) = F\RHom y (Ox, F'Q%,)) = F,RHom v (Ox, Q%) = F,Q%.

So the dual of O is the map F,Q%[—1] — def(:) (log D®))(—D®)) which induces the map OV. [

20



By Proposition 3.2, the map O : QL (log D®)) — F,0x[1] admits a factorization:

o
QL (log DP) = il () QL (log DP) "5 il (Fy)* T~ = F,I7"/0x — F.Ox][1].
Lemma 3.7. The map OV[1] admits a factorization

i(®) (0"
OV[1] : F,Q% (log D) — i(Fy),i*Q% (log D) '+ 41

i (@) Q] (log DV) @6, T1) — Q4L (log DP)[1]

where (0")V[1] : (Fz)4i*Q% (log D) — (i(p))*(ﬂi_(pl) (log D)) @1,

Proof. Easy and left to the reader O

Let Kz be the canonical sheaf of Z ([Har66, p 144], where Kz is denoted by wz/spec &)-
Recall that Kz = i*(Q% ® Z~'). In case Z is smooth, we simply have that Kz = Q% '. The dual
of the map i*Z % QY isamap QL 9T 5 Kz T

We therefore have a commutative diagram :

O// Vv 1
(F2),i*Q% (log D) = (Fz).Kz(log D) ®¢, i*T _ oo (z'(m)*Qﬁ;(;) (log D) @ 71

\ l
K ;) (log(D®P) @ i*T~1

The map 7 is a twist of the Cartier map (Fz),.Kz — K. Namely, this is the map (Fz).Kz(log D)®¢,

#T % (Fy).K5(log D) ®, *TP — K, (log DP) ®¢, i*T~" where 0" € HO(Z,T-P~1) is
defined in Section 3.2.2.

3.3 The obstruction to lift Frobenius on Siegel Shimura variety

Let g € Z>1. We will investigate the obstruction to lift Frobenius on the moduli spaces of polarized
abelian varieties of dimension g, equipped with a level structure (known as Siegel Shimura varieties).
We let G = GSpy,, [[, K¢y = KPK, C G(Ay) be a neat compact open subgroup with K, =
GSpy,(Zp). We let Shtig’,;Kp — Spec Z,) be a smooth toroidal compactification of the integral
model of the Siegel Shimura variety of level K? K, with normal crossing boundary divisor Dgr,
(see [FC90]). We let G — Shi%, K, be the semi-abelian scheme and we let {2g be its conormal sheaf.
We let w = det(€2g) be the Hodge bundle. We denote by X the reduction modulo p of Shl}?ZKP.
We let Ha € HO(X ,w(pfl)) be the Hasse invariant. The vanishing locus of Ha is the non-ordinary

locus Z. Its complement is the ordinary locus X°". The map w}~?) "8 gy identifies w1 ~P) with
the ideal sheaf 7 of Z. We let X be the natural lift to Z7)p*Z of X, obtained by reduction of
S}?;Kp modulo p?. We let D (resp. D) be the boundary divisor in X (resp. X). We let XT be the

overconvergent localization of X with respect to Z as in Section 3.1.
We have a Frobenius map F': X — X. We abuse notation and still denote by G the restriction
of the semi-abelian scheme over X. Let G(?) = X X x,r G. The Frobenius isogeny is Fg : G — G,

Remark 3.3. The map F : X \ D — X \ D is induced by the Frobenius Fg, given the modular
interpretation of X \ D.

By [Str10, Sect 4] (for the treatment of the compactification), the Frobenius isogeny and the
Frobenius of X lift modulo p? (and even modulo all powers of p) over the ordinary locus. There
is a map Fod: X°rd 5 X and an isogeny Fgrd : Gl gora — (Ford)*G. whose kernel is a finite flat
group scheme H,g, called the canonical subgroup, and equal to the connected part of G[p]| gora.
Moreover, (F°r4)~1Derd = pDord. We observe that (up to subtleties regarding the boundary) a
lift for the Frobenius isogeny of G induces a lift of the Frobenius map.
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Theorem 3.1. There exists a lift of Frobenius }E‘T . Xt = X such that Ford . Xord Xt 5 ¥
Moreover, there is an isogeny Fg‘)ﬁ :Glgt — (F1Y*G which lifts the Frobenius isogeny modulo the

ideal pZ= (defining X — XT). Its kernel is a finite flat group scheme.

Remark 3.4. We should regard this theorem as an overconvergence of the canonical subgroup
modulo p?. We observe that the canonical subgroup overconverges a lot more modulo p?. Namely,
let O be a complete valued ring for a rank one valuation v extending the p-adic valuation (and
normalized by v(p) = 1). Let s : Spec O — St K, be a map. Classical results on the canonical

subgroup ([Sch15, Coro I11.2.2], [Farl1]) imply that if v(Ha(s*G)) < 3, then there is a canonical
subgroup inside s*G[p]. Our result shows that if v(Ha(s*G)) < 1, then there is a canonical subgroup
inside s*G[p]|spec ©/p2, Which lifts the kernel of Frobenius modulo pl—v(Ha(s"G))

Our proof of Theorem 3.1 is directly inspired by [Sch15, Coro II1.2.2]. We use the following
theorem of Illusie regarding deformations of finite flat group schemes:

Theorem 3.2 ([I1172], Thm VII.4.2.5). Let R be a commutative ring, and G, H be flat and finitely
presented commutative group schemes over A, with a group morphismu : H — G. Let By, By — R
be two square-zero thickenings with a morphism By — Bs over R. Let J; C B; be the augmentation
ideal. Let Gy be a lift of G to By, and G the induced lift to By. Let K be the cone of the map
0y, — L% of Lie complezes.

1. For i = 1,2, there is an obstruction class o; € Extl(H,K @l J;) which vanishes precisely
when there exists a lifting (H;, ;) of (H,u) to a flat commutative group scheme H; over By,
with a morphism u; : H; — G; lifting u : H - G.

2. The obstruction oy € Extl(H,K ®L J,) is the image of 0o € Extl(H,K @Y J1) under the
map J1 — Js.

Proof of Theorem 5.1. We first deal with the good reduction locus. Let Spec R be an open affine
in X which sits in the good reduction locus. We also assume that the sheaf w®~1 is trivial over
R and identify Ha with an element of R. We let B; = R and By = R[p/Ha]. Let G = G[p] be the
p-torsion of the universal abelian variety over Spec R. Let u: H = G) — G be the Vershiebung.
We claim that the obstruction class o, is zero since it is the image over o; under the map J; — Js
which identifies with R — R given by multiplication by Ha. To justify the claim, note that Ha is

the determinant of the map £}, — £§, so that multiplication by Ha is homotopic to zero on the

complex : EG(p) — .. By Theorem 3.2, we get a lift H — G over Spec R[p/Ha). The dual map
gives the lift G — HP of Frobenius whose kernel we denote by H We observe that H

uniquely caracterized by the property that H, Zan‘SpCC R[1/Ha] = Hean- Indeed7 if another finite ﬂat
subgroup H has the same property, we can consider the two surjective maps A : Ogpp) — Op and
B : Oy — Oy of locally free modules over R[p/H,|. Consider the map Alker(p) : Ker(B) —
Oy . This map is zero on R[1/Ha], and thus already zero. Reversing the roles of A and B, we
deduce that Ker(A) = Ker(B) so that H = H_,. This local construction glues to give a subgroup
Hi, . on X\ Dt. We now deal with the boundary with an extension trick (certainly a full analysis
would also be possible). We use the notations as before but we don’t assume anymore that R sits
in the good reduction locus. We assume that the boundary divisor is generated by an element
z. The sequence (Ha, z) is regular. In particular R[1/z] X g1 /maz R[1/Ha] = R by [Stal3, Tag

031T] (R is regular hence normal). This implies that R[p/H 111/z] X R[1/Haz] R[l/Ha] = R[p/Ha].

Indeed, by Lemma 3.1 we have exact sequence 0 — R p/Ke 5% Rlp/Ha] — R — 0, and by dévissage
we conclude easily.

We have a lift of Frobenius F°'¢ : R — R[1/Ha] and another lift just constructed £’ : R —
R[p/Hal[1/z] which both agree inside R[1/Haz]. We deduce that they arise from a map F!: R —
R[p/Ha]. We now claim that the finite flat subgroup H},,, is defined over R[p/Ha]. We already have
its existence over R[p/Hal[1/2] and R[1/Ha]. Consider the semi-abelian schemes Glspec Rip/ia) a0d
(F1)*G. We want to construct an isogeny Fg : Glspec Rpp/1a) — (F')*G with kernel H}, . Asamap

of topological spaces, this is just the identity. In order to define a scheme map, we are left to define
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the map on each open affine U = Spec A of G (over Spec R) In other words, we want to define the
map A®p & R[p/Ha] - A®pg R[p/Ha]. The map exists over R[p/Hal[1/z] and R[1/Ha] and we are
done by descent (since A is flat) as follows. We claim that the functor sending flat modules M over
R[p/Ha] to the category of glueing data (My, M, a) where M is a module over R[p/Ha][1/z],
M, is a module over R[1/Ha] and a : M; ® R[1/Haz] = M, @ R[1/Haz] is fully faithful. This
follows easily from the property that if M is flat, then the sequence 0 — M — M; @ My — M3 is
exact. This map is now clearly a group scheme map (again by a descent argument). The kernel of
Fg is a subgroup HJ, . Since it lifts the kernel of Frobenius modulo p/Ha, it is finite flat (as an

can’

application of the flatness by fiber criterium [Stal3, Tag 00MP]). O

Theorem 3.3. The map O opposite to the obstruction to lift Frobenius of Theorem 2.8 factors
through a map:
Q% (log D) = F,w®»™V/0x — F,0x]-1].

Proof. This is a consequence of Section 3.2, notably of Proposition 3.2. O

3.4 Computing the map O"”

At the end of Section 3.2.2, we have attached to the obstruction O a section 0" € HY(Z, 7177 =
w(pz’l)). We will see that this section is the Hasse invariant of the non-ordinary locus.

3.4.1 The second Hasse invariant

We denote by Z°" the p-rank g — 1 locus of Z (this is the most ordinary locus of Z). Over Z°7%,
the group scheme G[p>] sits in an exact sequence: 0 — G[p™|"™ — G[p>=]° — G[p*°] — 0. Passing
to conormal sheaves, we deduce that (g sits in an exact sequence 0 — Qg — Qg — Qg — 0.

The Frobenius map on the relative log de Rham cohomology over Z°"¢ yields maps F, :
Q)P — QY. and F, 1 (Q2)Y)~® — Qgm (see below for more details). Let us denote by
Ha,, = det F,, € HY(Z°", (det QF)P~1) and by Ha,, = F, € HO(Z7, (Qg)P71).

It follows that (Ha,,)P*! @ (Hae,)P~! € HO(ZOTd,w(pQ’l)). One proves that this section
extends to a section Ha' € HO(Z,w(Pz_l)) whose non-vanishing locus is exactly Z°"¢. See [Pil20,
Prop 6.3.3.1] (the argument is given for ¢ = 2, but it works for all g). We note that this is a
particular case of generalized Hasse invariants constructed in [GK19] and [Box15].

Theorem 3.4. We have O = Ha/.

3.4.2 Proof of Theorem 3.4

It suffices to prove the equality of both sections over the good reduction locus of Z°"¢ (using
logarithmic structure we could also discuss the boundary). We fix an open affine U = Spec B of
Xord y Zor in the good reduction locus, and we let B be its formal completion along the ideal
I =Z(U) of ZNU. The relative de Rham cohomology of G over SpfB is denoted by H. Shrinking
B if necessary, we can assume that this is a free module of rank 2g. The p-divisible group G[p™]
over Spf B sits in the multiplicative-connected filtration (since it has constant multiplicative and
étale rank) : 0 C G[p*>]™ C G[p>]° C G[p*=] by [HT01, Coro I1.1.2]. By taking the Lie algebra of
the universal extension, we have a filtration

0OCHCHO CH

and the graded pieces are called H¢, H°°, H™. We can also assume that they are free. We have
a Frobenius F : H(®) — H respecting the filtration, a connection V : H — H ® Q}g and the Hodge
filtration Qg — H. We also assume that Qg is free. There is a polarization (,) : # x H — B
and the filtration H¢ C H° C H is preserved under this pairing. We take a symplectic basis
e1, - ,eaq of H (such that (e;,e;) =0if i+ j # 29+ 1, (e;, e29—i+1) = 1 if 1 < i < g), such that
H = (e, ,eg—1) C H° = (e1, -+ ,eg+1). The Hodge filtration is (egi1,- -, e2y) where egiq
generates Qg.
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The connection induces a Kodaira-Spencer map KS : Qg — Q ® Q}; and an isomorphism
(that we still sometimes denote by KS) Sym*Qg — Q};. We let d; ; be the image of eg4.e44; for
1 <i,j <g. It follows that we have the formula KS(ey4;) = 25:1 ejdi gt1—j-

The Frobenius matrix has the shape :

Al C 0 0
0 a 0 O
0 o 00
0 0 00

where A; is an invertible g — 1 X g — 1 matrix, and represents the map F,,, over B/I, as is a
scalar which generates I, and b is a scalar and represents the map F,, over B/I.
We see that F(ey) = azey + begy1 + Zf:_ll c;e;. By differentiating, we get that

V(F(eg)) = 0 =d(az)eg + a2V(eg) + d(b)eg1 + bV(eg11) + V(Z_: Ci€i).

i=1
We observe that V(37" ¢;e;) € H @ Q. We project modulo the Hodge filtration and evaluate
at Z°"% to get that

g g—1
d(a2)|Zm~d€g + b|Zo'rd Zejdl’g+1_j + V(Z Ciei)|Zord =0
j=1 i=1

This implies that d(az2)|zore + b zorad1,1 = 0.

Lemma 3.8. The following diagram is commutative:

00 KS
(92)2 —5+ QL (log D) gors

()17 = w1 o

Proof. This follows from the formula d(az)|zora + b|zoradi,1 = 0. Namely, in our trivializations,
K S oHa,, = b|gorady,1. The composite d o Ha,, is d(ag)|zor«. Note that Ha,, is an isomorphism
and the ideal w(*=P) of Ox is generated by as. O

We now use the construction of Section 3.2.3. We have a map F*QY — Q% that we need
to analyze.

Lemma 3.9. The map F*Qﬁ( — Qﬁ(om factors through a map F*Qﬁf — Qﬁf ® w21, Moreover,
if we restrict this map to Z°"% we have a commutative diagram.:

F*QY (log D)|zora — Q% (log D) @ w?®=Y| 404

ws| ws|

F*(Q%)? ————— (22)? @ WP~ 400

\:Ham)zT

(980)2 ® (ng)Q(pfl)

where all the maps in the bottom triangle are isomorphisms, in particular, the map F*(Qg")2 =
Q) — (QF)? © (QF)*P=Y s the identity.
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Proof. Let H be the relative log de Rham cohomology of G over Xord Tt carries a Frobenius and
we have a commutative diagram:

(Ford)*Qé (HW)Y

|

(Ford)*H

T p(HW) ™!

(Ford)*Qé

ff
1

where HW is a lift of the classical Hasse-Witt matrix HW. We deduce that there is a commutative
diagram:

(Fert)*Qk. . (log D) 0%, (log D)
KST KST
~ m2 ST 7am
(Fm"d)*Symzﬁg pSym” HW Symzﬂg

It follows that F*kad — Qﬁ(ord is given by Sym?HW !, Since the determinant of HW is
Ha, we deduce that Sym®> HW ! has poles of order at most 2 along Z and we thus have a map
F*Qg — Qg ® w?®=1. We similarly have an induced map (F)*Qg — Qg ® w®~1). Restricting
this map to Z°"¢, we deduce that it fits in the following diagram :

Ha‘ond:O

F
(F)0g —— g g @ wr!

| !

(F)*(Q] gora) ——————> Qg ora @

| -]

(F)*ng Q%o ® (ng)p—l

where the bottom map is the identity. This finishes the proof. O

We can now consider the following big diagram that assembles the diagrams coming from
Lemmas 3.8 and 3.9.

F*Q% (log D)|gora Q% (log D) ® w?®=Y| 00
X ks
a FH Q)2 —— (Q2°)2 @ w2~V 400
—(Haoo)pT \Ham,>2
Frwl=n)| 5o (Ham)? Fr(Qg)0-) Q) ® ()21
—Haoo®(Hay) !

w(pfl) ‘Zord
By Lemma 3.5, we find that O”” = Ha? HaP Ha, 'Ha,, = Ha'.
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4 Companion forms

4.1 Companion forms for modular curves

Let K =[], K¢ € G(Ay) be a compact open subgroup, with K, = GL3(Z,). Let Shi?" — Spec Z,)
be the compactified modular curve and let X = Sh%2" x Spec Z, and X = X x Spec F,. We now
set up some notations regarding Hecke correspondences. Let ¢ be a prime with K, = GLy(Z,).
Let Xo(¢) be the compactified modular curve of level T'g(¢) at ¢ and level Ky at s # £. Away
from the boundary, it parametrizes a finite flat group scheme H of order ¢ in G[¢]. We have two
maps p1,p2 : Xo(¢) = X, informally given by p1(G, H) = G and p2(G, H) = G/H. By convention,
we attach to the double class G(Z,)diag(¢,1)G(Z,) the Hecke correspondence ¥, (). Its reduction
modulo p is denoted Xy(¢). We also attach to the double class G(Z,)diag(¢,¢)G(Z) the map
S¢ = (¢) : X — X which is induced by mutliplication by ¢ on the universal G. These are the
traditional conventions (see [Gro90, Sect 3]), which however differ with modern conventions in the
theory of Shimura varieties (where everything is transposed, see [FP21, Rem 5.6]).

4.1.1 Preliminaries on the supersingular locus

We let Z be the supersingular locus. We have defined in Section 3.4.1 Ha,, € HO(Z,w(p+1)) and
Ha' = Ha?,'. We denote by Fy the Frobenius map of Z.

Lemma 4.1. We have F% = (p) as automorphisms of Z.

Proof. For any supersingular elliptic curve E, there is an isomorphism E®) ~ E | identifying
F?: E — E®) with multiplication by p. This follows from the observation that KerF? = E[p)].
See [KM85, Thm 2.9.4] O

Lemma 4.2. For any k € Z, the following diagram is commutative:

2

HO(Z7 wk) i HO(Z, wp2k)
(p) l(Ha,)k
HO(Z,w")
Proof. Let E be a supersingular elliptic curve. We can find a basis e1, es for the Dieudonné module
of E where e, lifts the Hodge filtration, such that the matrix of F' has the shape (p(l)Jl g) for b
lift of As wp2— (P70 h o wp |
a lift of Ha,,. As a result F* = 0 _ppp-1 ) We deduce that wg,2) = wp ~ wg induced
by p~'F? is given by —Hal P. O

4.1.2 The sheaf w* '™ and its cohomology

We can explicit the maps O’ and O in the case of modular curves.

Theorem 4.1. The map O : F*Q% (log D) — w1V is given by the composition:

—Hag, !
F*Q% (log D) ~ w?? —— w?|4 H—>w(p_1)\z

The map O 1is given by the composition:
- 3«1071
F*QL (log D) ~ w?? —— w? |, Haog w1V, —= Ox[1]
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Proof. By Theorem 3.4 and Lemma 3.8, we have a commutative diagram:

F*Q% (log D)|z ~ w?|z o, w1,

—Ha?, T /
Ha?

Frw(-p)
O
Let 2 < k < p. We can define a map Oy, : F*wF — w?7*[1] as follows:
Frok = F*wk|z (_Haﬂglik w2k QWP — wg_k[l]
Definition 4.1. We let w!™ = Fib(Oy, : w* — F,w?7*[1]).
By definition, w®*™ sits in an extension:
0 — Fow?™F o ohtm ok 50 (4.1.A)

which is the pull back of the extension 0 — F,w?~* Ha FwPti=k 5 FwPt1=F|; — 0 along the
map w* = Fw? *F® wP™1|z. As a result,

whotm — Ker(o.)’C ® F.wPti—F F*wp+1_k|z)

where the map is (f, ) — f|(—Haee)* ™1 — g|z. We deduce that w®!™ can also be written as an
extension in a different way:

0 — WPy phtm _y p pHl—k (4.1.B)

Proposition 4.1. We have HO(X,w* ™) = {(f,g) € HO(X,w") x HO(X,wPt1=F) f|L (—Ha,,) % =
glz}-

Proof. This follows from the description of w* ™. O

Remark 4.1. The formula f|%,(—Ha,,)' =% = g|7 is equivalent to (p) f = g|%(—Ha,e)* P by Lemma
4.2.

Proposition 4.2. 1. We have an ezact sequence 0 — F,Ha — HY(X,w?'™) — H(X,w?).
2. If 3 < k < p, we have an inclusion H°(X,w® ™) — HO(X,w").
3. If2 < k <p—2, we have an inclusion H(X,wk ™) — HO(X,wPt1=Fk),
4. We have an ezact sequence 0 — F,Ha — HO(X,wP~1tm) — HO(X, w?).
Proof. This follows from Proposition 4.1, and from the vanishing of H®(X,w™*) for k < 0. O

tm

Proposition 4.3. When k = p, the extension 4.1.B splits: w?
HO(X,wPi™) = HO(X,w) ® HY(X,w).

= F.w @& w, and therefore

Proof. We have a twisted Cartier map C' : FywP — wP. We claim that the map Fiw — wP @& F,w,
f = (C(Haf), f) factors through w?'™. This gives the desired splitting. We therefore need to see
that (C(Haf)|z)PHal,? = f|z. We claim that there is a commutative diagram:

C(Ha—)
Fow—— WP

|

Fw|z —wP|z
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where the bottom map is simply the gartier map on Z, that is the inverse of the Frobenius map
(as Z is zero dimensional) w? — F,w? =~ F,w, from which the identity (C(Haf)|z)?Hal,? = f|
follows. We recall the definition of the map C. We have a usual Cartier map C : F, Kx — Kx
for the canonical sheaf Kx on X. This map can be twisted to a map F,(Kx (D) ® wP(P=2) —
alP—2) .
Kx(D)®wP~? and we get a Cartier map in weight p, C' : F,w?P Ha, Kx ®wPP=2) — P (using
alp—1)
Kodaira-Spencer). From weight 1, we define C(Ha—) : Fiw HaZy F.Kx(D) ® wPP=2)(—(p —
1)Z) - Kx ® wPP=2 — wP. By [BCGP21, Prop 3.8.17], this map restricts to a map F,w|y ~
F.K; @wP?P=2(—pZ)|; — Kz ® w2 (=Z) which is simply the Cartier map for Z, twisted by
the sheaf w®=2)(—2). O

Remark 4.2. In the exact sequence 4.1.A 0 — Fuw?>™? =5 wé Fuw — wP — 0, the first map is
2
= (O(Il{{izf), —Haf) and the second map is (f,g) — (Haf + C(Hag)).

4.1.3 Conditions at the cusps

It is possible to impose vanishing conditions at the boundary on the sheaves w**™

is a commutative square:

. Namely, there

R — et}

| T

wh(=D) — Fuw* *(-D)[1]

We deduce from this square the existence of four extensions which only differ by boundary con-
ditions. We therefore define the subsheaves w**™(—Dy), w**™(—Dy_;) and W™ (=D, — Dy_},)
where the subscript on D is specifying on which sheaf of 4.1.A there is a cuspidal condition. For
example W™ (—Dy,) is an extension 0 — F,w?™% — wF*m(—D;) — w*(=D) — 0. Observe that
the second exact sequence 4.1.B becomes 0 — w* =P+ (—D) — k" (—D;) — FwPTi=k — 0.

4.1.4 The sheaf £¥'™ on X, (p)

Recall that Xo(p) is the compactified modular curve of level T'g(p) at p and level K, at £ # p.
Away from the boundary, it parametrizes a finite flat group scheme H of order p in G[p]. We have
two maps p1,p2 : Xo(p) = X, informally given by p1(G, H) =G and p2(G,H) = G/H.

Proposition 4.4. There is a line bundle LX'™ over Xo(p) such that (py),LFtm = wktm,

Proof. By [DR73, Thm 1.16 on p 243] we have Xo(p) = Xt U X,,, where X,; is the union of
irreducible components where the group H is generically étale and X, the union of irreducible
components where the group H is generically multiplicative. We fix isomorphisms X ~ X,,, by
G+ (G,KerF) and X ~ X, by G — (G/KerF, G[p]/KerF'). We deduce that p1|x,, : X;m — X is
the identity, while p1|x,, : Xt — X identifies with the Frobenius of X. As a result X(p) is the
pushout (where i : Z — X is the obvious closed immersion):

1,50 F 7

711z 22 X[ X

l[d,]d J{F,Id

Z —— Xo(p)

We deduce that (p1)«Ox,p) = Ox X6, FiOx = {(a,b),aP|z = b|z}. By pushforward, coherent
sheaves on Xy (p) identify with coherent sheaves of (p1).Ox,(p)-modules over X. We see from the
discussion after Definition 4.1 that w®'™ can be endowed with an action of (p1).Ox, (), induced
by the action of Ox ® F,Ox on w* @ F,wPt1=k Therefore w* ™ = (p;),L*!™ for a coherent sheaf
LFtm on X (p) which is clearly locally isomorphic to Oxy(p)- O

28



Remark 4.3. The sheaf £54 restricts to wPT1=% on X, = X and to w* on X = X,,,. The exact
sequences 4.1.A and 4.1.B are obtained by restricting the sheaf £*™ to X,, or X.;. The various
cuspidality conditions on the sheaf w**™ (Section 4.1.3) correspond to being non-cuspidal, cuspidal
only on X,,, cuspidal only on X, or cuspidal on X,,, and X, for £F*t™.

4.1.5 Duality

We define a dual map F,w* — w?7*[1] as the composition

—Ha,)? ™" _ _ _
Fuwb — (Fz)*wk|z( H—Z w2 @ wP 1|Z — w2 k[l]

where the middle map is the twisted Cartier map (Fyz),w*|z — (Fyz)wP®T1=F)|, — wpt1=F|
We let wh ™V = Fib(F,wF — w?7k[1]).

Lemma 4.3. The twisted Cartier map (Fz),w*|z — wP1=F%|5 is given by the map H°(Z,w*) —
HO(Z,wP*1=8), f = (p) =17 (—Hago) ' ",

Proof. The map (Fz),w*|z — wPT1~% is a twisted Cartier map on Z, inverse to the Frobenius
map. We can thus apply Lemma 4.2. O

k

We deduce that w®*'™V is an extension 0 — w2~ % — WktmY 5 F.wk — 0. Tt can be

described by:
whtmV — Ker(F,wk @ wPt=F - i*wpﬂfk\z)

where the map is (f,g) — (P)"1f|%(—Haw)' ™% — glz. We have HO(X,wh!™V) = {(f,g) €
HO(X7 wk) X HO(Xa wp+17k)7 <p>71f|pZ(_HaOO)1ik = g|Z}

Remark 4.4. The identity (p) 1 f|%,(—Hao,)' =% = g|z is equivalent to f|z(—Ha,,)P~* = g[.

Proposition 4.5. If2 < k < p—1, we have a canonical isomorphism wtm = wPTI=FtmV e glso
have an isomorphism wP'™Y = wPI™ = F,w & w.

Proof. The first point is clear from the definition and Remark 4.4. For p = k, we have wP*™V =
F.w ® w, provided by the map Fiw ®w — F,w? ®w, (f,g9) — (Haf + g*,g) (factorizing through
wP V) The map w? P — Fyw @ w is given by f — (fPHa?’"!, — fHa). O

Let us denote by D(—) = RHom(—, Q%) the Serre duality functor on X. We can define
cuspidal conditions on w**™V as in Section 4.1.3.

Lemma 4.4. We have an isomorphism D(w®t™) — w* -V (—Dy — Dy_4).

Proof. Dualizing the map Oy, and applying the shift [1] gives :

—Ha,,) 7k
Fou®(—D) — Fuwb|, B ik, (THacg)
Fow k|, — w k|, ~Bee o=k 2k (_D)[1]
and the fiber of this map is w**™V (=D — Dy_4,). O

Proposition 4.6. Let L5 be the sheaf on Xo(p) from Proposition 4.4. Letw be the Weil involution
on Xo(p).

1. If2 <k <p—1, we have w*LFt" = £pt1=kitm,
2. If 2 < k < p, (pa) LM = WhktmV,

Proof. We remark that ps : X,,, — X identifies with Frobenius and ps : Xt — X identifies with (p).
The Weil involution is the automorphism (which is not &x-linear) of (p1).Ox,p), (a,b) — (b, (p)a).
Moreover, py = p; o w. The sheaf £F*™ is the subsheaf of w*|x, —x ® wPT!17*|x ,_x of sections
(f,g) which satisfy the condition f?|z(—Hau,)!™* = g|z. The w-linear map (f,g) — (g, (p)f)
induces an isomorphism between w*L*!™ and the subsheaf of wP™'=% @ w* of sections (f’,g’)
satisfying (f)?|z(—Hauo)?~* = ¢’|z by Remark 4.1. It follows that when 2 < k < p — 1, this sheaf
is LPH1=Ftm and that for 2 < k < p, (p1)w*LF™ = (po), LFtM = Wktm:V, O
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Remark 4.5. The isomorphism of Proposition 4.5 for 2 < k < p — 1 is induced by combining 1.
and 2. in Proposition 4.6. Lemma 4.4 and Proposition 4.6 imply that the Serre dual of the line
bundle £**™ over Xy (p) is isomorphic to its pullback via the Weil involution on Xg(p) (up to the
conditions at cusps).

Corollary 4.1. There is a canonical isomorphism of exact triangles:
RI(X,w? %) —— RI(X,wk!™) — RI(X, wk) ——
RI(X,w? %) —— RI'(X, wk*™V) —— RI(X, wk) ——

Proof. The sheaf £*™ sits in an exact sequence 0 — LKM@ Zy —— LEtm — ghim| 0. Both
triangle identify with RI'(Xo(p), £L¥'™ ® Fx, ) — R (Xo(p), LF'™) — RT(Xo(p), L8| x, ) —

according to Proposition 4.6, 2. O
Corollary 4.2. We have a canonical perfect pairing HO(X,w ™) x HY(X,w* ™ (=Dy — Do_4)) —
F,.

Proof. We apply Serre duality on X, and use D(w**™(—Dy — Dy_})) = w®*™V by Proposition
4.5, together with the isomorphism HO(X,w**™) = HY(X,w* V) from Corollary 4.1. O

4.1.6 Hecke action away from p

We let HP be the abstract prime-to-p Hecke algebra of level KP. The Hecke algebra H? acts
naturally on the cohomology RI'(X,w"). For example, we attach to Ty the correspondence p,ps :
Xo(f) — X, and we have natural cohomological correspondences piw* — plwk We review the
construction (see [BP22, Sect 3.1]). We have a fundamental class B : pf@x — p}Ox given by the

trace of p;. We have a map A : p2w — plw induced by the differential of the universal isogeny. We
. @k . .
construct a map T,%*"¢ : p*wk — plwk = phw™" and set Ty =p~ ‘“f{l*k}TtP‘“”e. We sometimes

only write T, for T}, if the context is clear.

Lemma 4.5. Let E, E' be two supersingular elliptic curves and let f : E — E' be an étale isogeny.
We have f*Ha,o(E') = deg(f)Hao(E).

Proof. We consider the following commutative diagram:

H}lR(E/)(p) Ea Hl (E)(P)

iF* lF*
f*
Hyp(E") ——— Hip(E)
Considering the Hodge filtration, we extract the following diagram:

(fv(p)) —p
wE, — = Wpg

lHaoo(E') lHaog(E)

*

W —> WE

Tensoring with (f*)®? : wh, — wh, and using ff¥ = deg(f), we get f*Haoo(E’) = deg(f)Hayo(E).
O

Proposition 4.7. There is an action of Ty on RIT(X,w**™). This action respects the triangle

RI(X,w?™%) — RT(X,wh!™) — RT(X,w") — and induces the actions Tyo—i and Ty on the left
and right terms respectively. This action respects the triangle RT(X,w**17P) — RI(X,wkim) —
RI(X,wPT1=%) — and induces the actions (¥ 1Ty 1-p and * 1T,k on the left and right
terms respectively.
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Proof. We claim that the following diagram commutes:

piwt ——= psFuwP 1]

naive k—1lmmnaive
iTZ J{z T

p!lwk 4>p!1F*wp+1_k[1]

inducing a cohomological correspondence T7***¢ on w® ™ This boils down to the property that
the following diagram commutes :

p*Haoul—k
P5(Fz)wPk| 7 2= ps(Fz)wP k| 5

T

k
p Qoo _
Pi(Fy)wwPk| 7 2= pi(Fz)wwP k| 5

which follows from the property that ngaoolfk = El’kp{Haoolfk by Lemma 4.5. If we normalize
this action by £~! we get the expected Tj-action. Here is another way to think about this action.
Consider the action of Ty j @Ek_ng,pH,k on w*@® F,wPt1=%_ This induce the action of Ty on wk*™.
If (f,g) are sections of w®'™ satisfying fP|z(—Ha)l ¥ = g, we find TJ*"¢(fP|z(—Hauo)! %) =
élfkTZnaive (fp|Z) (_Haoo)lfk — T[naive (g) O

Corollary 4.3. The Hecke algebra HP acts on RI'(X,w" ™), with T, acting as in Proposition 4.7.

Proof. We briefly reintroduce the level K = KPK, in the notations. We consider the modu-

lar curves X modulo p and the sheaf of modular forms w%. We can consider the complex

colim gerwh., K, F*wf{p]}(p over limg» Xgrx, and equip it with a G (A’;)—equivariant action, suit-
ably normalized as explained before. We thus get a G(Afc)—action on RI(Fib(colim grwk., K,
F*wf(_p]}(p) and after taking K” invariants we obtain an action of the Hecke algebra. O

Corollary 4.4. Eigenforms in H°(X,w"*™) are pairs of companion forms (f,g) of weight k and
(p+1—k), (Ha,0) if k =p—1, (0,Ha) if k = 2, and (Hah,0) with h a weight 1 eigenform if k = p.

Proof. Clear from Proposition 4.2 and Proposition 4.3. O

4.1.7 Relation to crystalline cohomology

Let 7 : G — X be the universal generalized elliptic curve ([DR73]). We have a filtered log-
F-crystal H = Rlﬁ*,log_cwsﬁg—. For 2 < k < p — 1, we consider the filtered log-F-crystal
Sym*~2#. We now construct an object of Db(/\/l]:[o,k,l] (F,)). The underlying filtered object
is RTog—ar(X, Symk_QH) with filtration given by the map coming from the Hodge filtration:
RO(X,w*)[~1] — RTieg_ar(X,Sym* ?H) with cofiber RI(X,w? *). We next construct the
Frobenius. We consider Rl'ogcrys(X/(Wi(F,), 7%, Sym*~*H) which comes equipped with a
Frobenius ¢¢rys. Let X be the modular curve over Wi (Fp,). We have an isomorphism:

RTlog—crys (X/ (Wi (Fp), 7™, Sym*"*H) =~ RT1o5_ar (X, Sym"*H).

Reducing modulo p this isomorphism, ¢,s induces an endomorphism ¢q of RT'og_ar(X, Sym*2H),
which factors through a map RT'(X,w?™*) — RIog_ar (X, Sym*?H) (see the proof of Proposition
4.8 below). On the other hand, the restriction of ¢nys to R['(X,w")[~1] factors through a map
(see also the proof of Proposition 4.8 below):

RO(X,w")[~1] = p" ' RT10g_crys (X/ (Wi (Fp),¥1"), Sym* ~?H) =~ RT}og_ar(X, Sym"2H)
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which induces a map ¢y, : R['(X,w*)[~1] = Rlog_ar(X, Sym* #). We can now consider the
composition

Fr_1 : RD(X, k) “5' RTyop—ar(X, Sym*2H)[1] — RD(X, w?~5)[1]

where the second map is projection along the Hodge filtration. The following proposition is inspired
by [FJ95, p 62-64]. When k = 2, this is also a particular case of Proposition 2.3.

Proposition 4.8. We have a quasi-isomorphism Fib(¢x_1 : RI(X,w¥) — RI(X,w?7%)[1]) ~
RI(X, wktm).

Proof. We need to compute the crystalline Frobenius

Gerys : [Sym" *H — Sym" *H ® Q}( (log D)] — F,[Sym"*H — Sym"*H ® Q}((log D)]

We consider the fppf covering X = X°r1U Z where X°™ is the ordinary locus, and Z is the comple-
tion of X at supersingular points. Note that Z is a disjoint union of formal discs Spec Wi (k(2))][2]]
parametrlzed by supersingular points x € Z. Let us denote by Z°7d the intersection of X°™¢ and
Z, equal to a disjoint union of punctured discs Spec Wi (k(z))((z)). We have a canonical lift of
Frobenius F"¢ on X°™¢. Tt induces a lift F'¢ : Sym* *H|¢.ra — F9Sym*?H|5,ra. This
lift respects the Hodge filtration (because F°"? arises from an isogeny of the universal elliptic

curve), and induces on each graded pieces the usual Frobenius map on spaces of p-adic modular
forms. Observe that Fo¢ : w?=F+2r| o — w27k F27| o, is divisible by p". We also fix the lift

Fyz, z — 2P over Z. We get another lift: Fy : Sym*?#|, — (Fz),Sym" ?H|, The complex
[Symkfg”;’-l — Sym" *H ® Q}( (log D)] is quasi-isomorphic to the complex C*®:

[Sym* 2 H| gora ® Symk_QH\Z —

Sym* *H @ Q% (log D)| gora ® Sym" *H @ Q% (log D)|; @ Sym”* *H| ;004 — Sym* *H @ Q% (log D)| zora]

where the first map is (f, g) — (df,dg,g — f) and the second map is (a,b,c) — (a — b+ dc). We
can now represent the Frobenius map

Derys [SymkiZ’H — Sym" *H ® Q}((log D) —cC*

by sending f € Sym*?H to (Frd(f), Fz(f)) € C° and sending g € Sym*2H ® Qﬁz(log D) to
(Frd(g), Fz(g),m(g)) € C. Here  : Sym"*H ® Q}((log D) — Sym*?#| ,,.4 is the homotopy
between the two Frobenius Fz and F°™¢, it sends a section g to (1,(g))zez Where

= Y FUVET (9. 0))(Fa () — F().

n=1

We now take g € wk®Q}( (log D). We study the p-divisiblity of ,,(¢g). We see that F"Td(Vg;l ({g,0.)))
is divisible by pmax{k=1-n.0} by Griffith transversality and the divisiblity of F°"® on each graded
piece of the Hodge filtration. We also see that (Fyz(z) — Ford(2))"l ¢ pl"lwy, (k(2))((2)) =
p"Wi(k(2))((2)). We deduce that 7,(g) is divisible by p*~!, confirming that ¢..,s induces a
map w* ® Q}((log D)[-1] — pF¥~1C*. We now identify p*~'C® ~ C*®/p and project along the
Hodge filtration. Only the term n = k — 1 survives (by Griffith transversality), and we get an
induced map

B, :w* @ Qk (Spec k(@)[[]]) — w? *(Spec k(2)((2)))

) — ord P k—1
g(x) o F((g(2),0.) (K8 (dz)) "2 (k — 2y 2D = F7(Z)

k— 1lpk—1

The composition

W @ Ok = @0k ® O (Spec k(@)[[2]]) T3 @uw” ¥ (Spec k(x)((2)))
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represents the map ¢p_1 : w* ® QL — w?7*[1]. We now explain how this map relates with Oy.
We have the Frobenius map Fo¢ : F*w?~F — w2~k @ (W-PHk=2_ f fPHa*"2. Identifying Ha
with the coordinate z, we deduce that

Fo({g(2),0:) (KS™1(d2))" %)) = ((g(2), 0:) (K5~ (dz)) K =2)pzh—2,
On the other hand, by Theorem 3.4,

Fori(z) = 2 — gHaoo(Z) mod p*Wi(k(2))((2)) + pWi (k(2))[[2]]-

We deduce that (FZ(Z)fiid(z))k_l = 2'"FHa,,(2)*~! up to terms of degree > 2 — k. As a result

P
1 _ (ke _
Ba(g(2)) = m@a(z)ﬁz)(f{s H(dz)) ") P Hag, (2) !

up to regular terms. This proves that ¢_; = %. O

We now turn to Hecke operators at p. We recall that there is an operator T}, ;, on acting on
the cohomology of w”* and that we have congruence relations that Ty acts like U, if £ > 2 and
like Frobenius if £ < 2 ([BP21, Lem 4.1]). We will denote by U, the operator T}, ; acting on
RI(X,w") if k > 2 and by U, the operator T}, 2 acting on RT'(X,w?™*). We think this is a
suggestive notation in our context.

Corollary 4.5. We have an action of U, on RI'(X,wk ™), commuting with the action of HP and
the triangle RT'(X,w? %) — RI(X,wk ™) — RI(X,wk) — is U, equivariant.

Proof. We have commuting actions of T, and H” on the log-crystalline cohomology
RFlogfcrys (X/(Wp(k)a ’7t7‘i)7 Symk_zH)

respecting the Hodge filtration and commuting with Frobenius. We can use Proposition 4.8 and
we denote by U, x the corresponding action of T}, and RT'(X,w!™). O

Corollary 4.6. If 2 < k < p— 1 we have an action of Up py1—1 on RF(X,wk’“") and the triangle
RI(X,wF=PFl) — RI(X, wh ™) — RI(X, wPt1=k) — is U, 11—k -equivariant.

Proof. By Proposition 4.6, we have RT'(X, w® ™) ~ RI'(X, wPt1-ktm), O

Remark 4.6. We will see below (using Galois representations) that U, xU, p+1—k = (p) (at least
after a non-Eisenstein localization).

Since RI'(X,wP'™) = RI'(X,w) ® RI'(X,w), we also have an action of T, = T, 1. The
following is another approach to the construction of a Up,-operator.

Proposition 4.9. There is an operator U, acting on RI'(X,wP'™) which satisfies the relation :
Uz — UpT, + (p) = 0. Moreover, the triangle RI'(X,w? ?) — RI(X,w?"'™) — RT(X,wP) — is
Up-equivariant and we have Uy, = U, on the left and top term.

Proof. Tt is actually easier to work with wP'™V (using Corollary 4.1). We consider the exact

sequence : 0 = w? P — w® F,w — F,wP — 0. The maps are given by f — (Haf, —Hap_lfp) and
(f,g) — f? + Hag. We can now define an endomorphism U, which is f ~— Ha? "2 f? = U, ,(f) on
w?™P given by (f,g) — (—9,Tp(g9) + (p)f) on RI'(X,w & F,w) and f — U, ,(f) on F,wP. The
identity U2 — U,T), + (p) = 0 is clear. O

Remark 4.7. If p # 2, we deduce easily from the property that H°(X,w? ?) = HY(X,wP) = 0

that U, = Up, on RT(X,wP'™). When p = 2 we can obtain this result after a non-Eisenstein
localization.

33



4.1.8 Galois representations and companion forms

Let k > 2. Let f € HY(X,w"(—D)) be a weight k cuspidal eigenform. Let ©; : H — Z, be the
associated system of eigenvalues. By [Del71], there is an associated Galois representation ps : Gg —
GL2(Zy). It is irreducible, unramified away from SU{p} and we have that det(ps(Frob,) — XId) =
X2 —04(T))X +O(Se)** for a geometric Frobenius Frob, at ¢ ¢ SU{p}. Moreover by [Sai97],
py is crystalline at p, with Hodge-Tate weights 0,k — 1. It is ordinary if and only if ©,(T,) is a
ur(«) *
0 ur(pkﬂ_l
polynomial X% — ©4(T,) X + ©(S,)p"~! with valuation 1 and p*~! respectively.
Welet n: G — Shgk g be the universal elliptic curve over the open modular curve over Spec Q.
We define a local system SymkﬁZZ = Symkszln*Zp with mod p reduction SymkiQFf,. We also

p-adic unit. In this case, pf|G@p = ( )X1k> where o and S are the roots of the
P

let j : Shi g — Shi’y be the inclusion of the open modular curve inside its compactification. We
also remind the reader that X = S h’}?’zp

Theorem 4.2 ([Lan73]). Let us fiz an isomorphim Qp ~ C. We have a Gg x H-equivariant iso-
morphism :

HY, (ShY"s, 5.8ym* *Z,) © Q, = @ pr @ ()"

where the sum runs over all cuspidal automorphic forms m of weight k.

We assume from now on that X has level I';(N) for some N > 3, (N,p) = 1. This gives
cleaner results as we can use multiplicity one. Let T be the image of the Hecke algebra gen-
erated by {Ty}enp, {Ueten. {S¢} and Uy in End(H°(X,w*(—D))). Let T*™ be its image in
End(HO(X, w**™(—Dy))).

Proposition 4.10. The operator Uy, i, is invertible in T'™.

Proof. Let m be a maximal ideal of T*™ . We consider the Fontaine-Laffaille module
M = Im(Hy,gn (X, Sym*H(=D)) = Hi,_gn(X, Sym" )

(the category of Fontaine-Laffaille modules is abelian), with its Hodge filtration M*~!  Frobe-
nius ¢o and divided Frobenius ¢j_;. This is interior cohomology. We see that M*~1[m] =
HO(X,w*(—D))[m] is one dimensional (since H(X,w*(—D)) = TV), and that M[m]/M*~[m] =
H(X,w? %) [m] (this uses that Exty(T/m, H(X,w*(—D))) = 0) is non-zero by Serre duality. The
map ¢p_1 : MF1[m] — MO[m] is zero by Proposition 4.8. Therefore, ¢5,_1(M*~[m]) = M*~1[m].
By the condition of being a Fontaine-Laffaille module ¢y, (M*~[m]) @ ¢o(M°[m]) = M[m], so ¢o
induces an injective (and hence bijective map) of ¢o(AM°[m]). We deduce that ¢g is not nilpotent.
By the Eichler-Shimura relation ¢3 — Up k$o = 0, we deduce that Uy, j, is invertible. O

Theorem 4.3. Let m be an ordinary mazimal ideal of T.

1. There is an exact sequence of Ty x Gg,-modules

0= H'(X,w* ) = H (g, , 5. Sym" *(F2))m — HO(X,w*(=D))m @ 7 F =0

where HY (X, w? ™)y is an unramified representation with Frob,, acting like U, ., and H*(X, w*(—D))m
s an unramified representation with Frob, acting like UP_;SP. Moreover, H* (X, wk)y ~ T,

HY(X,w*(—=D))m =~ (T)V.

2. The extension in 1. is classified by a map HO(X,w*(—=D))m — HY (X, w? %) and this map
viewed as a complex in degree 0 and 1 represents RI'(X, w® ™ (—Dg))m.
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3. We have a short exact sequence of G, x H-modules,
0 — HY(X, "™ (= Dg))m — HY(Xg,, 5. Sym" 2 (F2)) 4" — HO(X, w* "™ (=Di))m ® € F — 0

deduced from the exact sequence in 1. by pull-back along HO(X,w* ™ (= Dy))m — HY(X,wk(—=D))m
and push-out along H'(X,w? %)y — HYX,w? ®"™(—Dy))m. This short evact sequence
is split as Ig,-module. Moreover, H'(X,w* '™ (—Dy))m =~ Ti", HO(X,wh'™(—Dy))m =~
(Ta")Y-
Proof. The representation H{,(Xg, , j*Symk_Q(Zf)))m is a lattice in an ordinary crystalline repre-
sentation and corresponds to an ordinary F-gauge M € Vect(g ;1) (Zzy") by Theorem 2.3. Here
is a geometric construction of this F-gauge If £k = 2, we let M = Hiyn(%)m € Vectyo,1)(Z;").
There are canonical isomorphisms T.;(M) = H},(Xg,,Zp)m, while ®PH(M) = H}p(X)w with
its Fontaine-Laffaille module structure coming from the Deligne-Illusie map. If 3 < k < p, we
follow ideas of [Sch90], [Sch96] (we could certainly have used log prismatic cohomology with co-

——

efficients instead). We let GF—2 — X be the Deligne desingularization of the k& — 2-fold product
of the generalized elliptic curve G — X (see [Del71, Lem 5.5]). There is an action of the group
(ZJNZ x 1i2)* "2 x Sp,_o on GF=2. We let € : (Z/NZ x p12)*=2 x Sp_o — po be the character which
is trivial on (Z/NZ)*~2, the tautological character on each ps and the sign on S_5. We consider
the syntomic cohomology RI's,, (G*~2)[¢]. This is an object of Perf(y ,_1 (Zzr™). Indeed, the group
(ZJNZ % 112)*=2 x Sy, _o is of order prime to p, so this is a direct factor of the total cohomology.

We claim that this cohomology is concentrated in degree k — 1. It suffices to prove this for the de
Rham realization (for example by Theorem 2.2). As in [Sai97, Lem 3], we find that there is a long

exact sequence 0 — H;;;(a;/_g)[ﬁ] — Hi,, ar(%, Sym"?*H) — H°(D, 0p) — H§R(§“v4)[e] —

HY, (%, Sym*~2H) — 0, as well as isomorphisms H§§2+i(§;€\jz)[€] — Hi,, 4r(%, Sym*~?#) for
1 # 1,2. By the integral BGG decomposition (which holds in our range of weights),

[Sym*?H — Sym**H © QL (log D)] ~ [w** oL’ wk].

Therefore, Hfog_ ar(X, Symk_Q’H) is concentrated in degree 1. The BGG complex has a sub-complex

k—1
[w2—* AN wk(=D)] with quotient [0 — w¥|p]. This gives the map H, 4r(X, Sym*?H) —
HY(D, Op) since w is trivial on the cusps.

We therefore define M = HE 1(G*2)[e]m. Moreover we have a canonical isomorphisms

Tor(M) = H (X, jxSym" ?(Z2))m, while
OPI(M) = Im(Hj,y_ (X, Sym" *H(=D))m = Hipy_qr(X, Sym*?H) )

with Frobenius coming from the crystalline Frobenius of Im(H,, ., .(X/W;(k), Sym* 2H(—D))pm —
H} (X/W,(k), Sym" H),) for the trivial divided power on pW,,(k) (see Section 2.3.2). Since

log—crys
Tet(M) is ordinary (because only ordinary modular forms contribute), we deduce that M is an
ordinary F-gauge. Then 1. follows from the general comparison theorem for unramified F-gauge
(up to cyclotomic twist), which is a simple instance of Theorem 2.3. Point 2. follows from Theorem

2.4 and Proposition 4.8, and 3. is obvious from 2. O

Remark 4.8. The Gg,-representations H}, (Xg, 7« Sym"*?(F2)). gives a class in ExtéQp (Tyep %, Tim).
Theorem 4.3 2. shows that T is the initial quotient of Ty, splitting this class.

Corollary 4.7 (Existence of companion forms). Let f € HO(X,wk) be an eigenform. Assume that
ps: Go — GLo(F,) is irreducible and split on inertia. Then f € HO(X,w**™) admits a companion
form g € HO(X,wPH1=F),

Proof. Let f be a lift of f to an eigenform. We have an exact sequence of Gg,-modules : 0 — T —
Hét(ShtI?TQ,j*Symk_QZ%)m - TV ® x;_k’ — 0 lifting the exact sequence of Theorem 4.3, 2. We
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can find a surjective map of Galois representations Hit(Shtfgf@, j*Symk_zlg)m — pj by Theorem
4.2. Moreover, the image of Ty, will be a line in p 7 (by considering the action of Ig,) providing an
ordinary filtration on pjanpy. Reducing modulo p, we obtain a map Hét(ShtI?,’@, j*Symk_2]F12,)m —

py of ordinary representations. This proves that the map T, — Ty, classifying the extension from
Theorem 4.3 is not an isomorphism (since py is split). Hence Ti™ # 0 and f € HO(X,wk™). O

We assume that gy : Gg — GLa(T/m) is irreducible. We have a universal modular Galois
representation pr,, : Gg — GLa(Ty). Passing to the quotient along Ty — T, we get a Galois
representation prim : Gg — GLa(TH").

Theorem 4.4. The Galois representation PTfnm|GQp s tamely ramified. More precisely :
1L If2<k<p-1, pripmlcy, = ur(Upk) ® wr(Upps1-k)€6p " and Up xUp pi1—k = Sp.
2. If k=p, pT?ﬂm|GQp s unramified.

Moreover, unless possibly if k = p and pw is unramified with scalar Frobenius, TE™ is the initial
ring among all quotients Ty, — R with the property that pgr is tamely ramified.

Proof. By [Sch18, Prop 5.4], we have

HY, (ShiY5, j<Sym"?F})m ~ M @ pr,
for a Ty-module M. Moreover, by Theorem 4.3 1, we have an exact sequence (ES1): 0 — Ty —
M? — T, — 0. Unless k = p and py, is unramified at p with scalar Frobenius, we claim that the
representation pr,, sits in an exact sequence (ES2) : 0 — Ty, — pr,, = Tm — 0 where Ty, is the
unique unramified G, -stable line where Frobenius acts as Uy, ;. Indeed, let Ty be the Hecke algebra
acting on HO(%,w*)y, so that Ty = Ty /p. We have a Galois representation pz, + Gog = GLo (Tew)

and Ty [1/p] = [1, K(g) is the product of the Hecke fields over all eigenforms g in HO(X, wh) .

These are ordinary eigenforms, and we deduce that there is a p-torsion free quotient pz — L

where inertia acts on L via le,_k and Frobenius via SpU; ,i Reducing modulo m, we find that L/m

is one dimensional. This implies that L is generated by one element, and finally that L ~ T,.
We now claim that M ® (ES2) = (ES1). It is clear that the map T, < M? in (ES1)

factors through M < M? in M ® (ES2). By comparing length, we find that T, ~ M. It

follows that Hét(Sh‘}?f@,j*Symkfz(FZ))T =~ prem. The theorem is clear in that case. It remains

m

to consider the case k = p and p,, is unramified at p with scalar Frobenius. The exact sequence
0 — Tyw — M? — TY, — 0 arises by reduction modulo p of an exact sequence :

(5

obtained by studying H.,(S hi?r@, J«SymP _QZZQ,)m. We fix an element o of Ig,. Write the matrix

_ ().
0— T M2(1—>2)’JI‘,\(1—>0

of py_(0) — diag(1,x, P(0)) = <ZU 2”) Letting ps (o) — diag(1,x}(0)) act on M? we find

that there is a morphism &, : ']TXI — Ty such that (as endomorphisms of M 2)

e bo) _ (Madoly 1indgl
G dy)  \Uoboli Midgly)”
Let a,, a,... denote the reduction modulo p of &,, a,... We deduce from Remark 4.8 that
T = T /(e (TY), 0 € Io,).

We want to compare it to the ring Tw/(ds,bs,¢o,ds, 0 € Ig,) which is the initial quotient where
pT,, becomes unramified. We claim that a, = o, (l1(m1)), ¢ = as(l1(m2)), be = ax(l2(m1)) and
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dy = ag(lz(m2)). This implies that (as,bs,¢s,de,0 € Iy,) € (as(Ty),0 € Ig,) and therefore
that prem is unramified. Let us prove for example that a, = ag(ll(ml)) We apply the identity
Ay = mlagll to T s M?. We find that (M1ay, Mol,) = (mlagll(ml) mldgl](mz)). We can
identify M[1/p] ~ Tw[1/p] =1 , K (g) is a finite product of fields. On each component K (g) where
my is invertible, we find that a; = Gol1(m1). On each component K (g) where 1 is zero and s

must be non-zero, we find that a, = 0 = &,l1(m1). Thus, the desired identity is proven.
O

4.2 Companion forms for GSp,

We now let g = 2. We let Shi2" Kykr = Spec Z(,) be a toroidal compactification of the Siegel threefold
with spherical level at p ([FCQO]), we let X be 1ts base change to Spec Z,, and X be its special fiber.
We have automorphic vector bundles w(¥1:¥2) = Symkl_kz Qg @ det”? Qg for (k1, k) € Z2, k1 > k.
If k = ki = ky we simply let w®¥) = wk. We also recall the Kodaira-Spencer isomorphism
w9 = 0l (log D), implying w® = Q% (log D) and w® = Q% (log D). In Section 3.2.5 we
introduced the map dual to the obstruction to lift Frobenius OV : F,Q5% (log D) — Q% (log D)][1]

Definition 4.2. We let w®'™ = Fib(O" : F,Q% (log D) — Q% (log D)[1]).

Remark 4.9. Following the modular curve case, it would make sense to call this coherent sheaf
w3tV But to simplify the notations, we keep the notation w??™ as there will not be any w3tV
in the GSp, context.

This sheaf sits in an exact sequence:
0 — Q% (log D) — w*'™ — F,Q%(log D) — 0
and admits the description:
wh'™ = Ker(Q% (log D) @ w*™Y & F,Q% (log D) — i.(Q% (log D) @ w®™V|z)

for the map given by (f,g9) — (C(f|z) — g|lz) where in Section 3.2.5, we introduced a map
(O"V[=1] :=C: (Fz):Q%(log D)|z — Q% (log D) @ w®~Y|;. We deduce that

HO(X, ™) = {(f,9) € H'(X, Q% (log D)) x H'(X, Q% (log D) @ w?~V),C(f|z) = glz}.

Tt seems difficult to detect whether C(f|z) is zero or not (unlike in the modular curve case), but this
is of crucial importance in order to understand the cohomology of w3*™. Our strategy in Section
4.2.1 is to relate C(f|z) with an Hecke operator that detects Siegel ordinarity (which means that
the restriction to Gg, of the GSp,-valued Galois representation attached to eigenforms can be
conjugated to the Siegel parabolic). We will anyway need this ordinarity condition in our study of
companion forms, so this is not a surprise. This strategy is inspired by [BCGP21, Sect 5].

4.2.1 Hecke operators and the map C

We briefly recall constructions from [Pil20, Sect 7], of an operator T' which acts on RI'(X,w?). We
let Xki(p) be the Klingen moduli space and X, be the paramodular level moduli space. We
have two correspondences:

N

Let us informally explain what are the maps (ignoring subtilities from the boundary). Let
us denote by G the principally polarized semi-abelian scheme over X, and by G’ the semi-abelian
scheme with a degree p? polarization A over Xpar- Let H C G[p] be a rank p subgroup and
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H' C ker()) be a rank p subgroup. We can think of Xky;(p) as the moduli space of pairs (G, H).
We can also think of it as the moduli of pairs (G', H' C ker())), via the involution (G, H)
(G/H*,G[p]/H™"). The maps in the correspondence are given by p1(G, H) = G, p2(G, H) = G/H*,
@G H') =G, @G H)=G/H"

We have cohomological correspondences ([Pil20, Lem 7.1.1, Lem 7.1.2]) T} : pjw® — piw?
and Ty : 3w — ¢jw3. They induce maps T; : RT'(Xpar, w?) — RI(X,w?) and Ty : RI(X,w?) —
RI(Xpar, w?). We let T =Ty o Ts.

We let X=! be the p-rank at least one locus, X°"¢ the ordinary locus and X=! = X =1\ x°rd
the complement (it was denoted by Z°"? in Section 3.4.1). We let Xx;(p)=! — X=! be the space
parametrizing a subgroup H of rank p and multiplicative type. This map is étale, and restricts to
an isomorphism Xx;(p)~! — X~

We now consider a Hecke correspondence C(p) (see [Pil20], Sect 10.1 and 10.2). On the
complement of the boundary, this is the moduli space of L C G[p?] which are totally isotropic and
satisfy L N H = {1}.

>1 >1
XKli(p) XKli(p)

Proposition 4.11. 1. On the complement of the boundary, the group L sits in an exract sequence
0—LNH*—L— L/(LNHY) —0, where LN H* is a BTy of height 2 and dimension 1,
and L/(L N H*'Y) is an étale group, locally isomorphic to Z/p*7Z.

2. We have an natural isomorphism s5w — sjw.
3. Under the isomorphism sjwP~! — s7wP~1 deduced from 2., we have sHa = s5Ha.

4. There is a normalized fundamental class Oc(,y — Sllﬁle
Kli(p)

5. Combining maps in 2. and 4., for any sheaf w*, we have a cohomological correspondence
U : siwh — siwh — stwk. These commute with multiplication by the Hasse invariant.

Proof. For the first point, see [Pil20, Lem 10.1.1]. For the remaining points, see [Pil20, Sect 10.4]
and [Pil20, Lem 10.5.2.1]. O

We now would like to study the reduction of the cohomological correspondence U along the
rank 1 locus X~1.

>1 X~ indentifies with X=' and

SLX K li(p)

the map s1 : C(p) X x21 X=! — X~ indentifies with the square of the Frobenius of X~1.

Kli(p)

Proposition 4.12. 1. Via the map sa, the space C(p) X

2. The cohomological correspondence U : skw3 — siw? restricts to a cohomological correspon-
dence on X=' and admits the following description : Kx-1(D) ® w™®~1) = Ky (p>D) ®
w=P* =1 given by multiplication by (Ha')~ =Y and the canonical map K x—1(D) — Kx—1(p2D).

Proof. For the first point, see [BCGP21, Prop 5.7.3]. We have an exact sequence 0 — w31
w? = w3 x=1 — 0. Using Proposition 4.11, 5. as well as the first point, we get a cohomological
correspondence w3|x=1 — (F?)'w?|x=1. If we let Kx=1 be the canonical sheaf, we observe that
w3 x=1 = Kx=1(D) ® w™®=1Y (by the Kodaira-Spencer isomorphism). We therefore see that U
restricts on X=! to a morphism: Kx—1(D)®w~ PV — Ky_1(p>D)®@w =P @~ We identify this
map as in [BCGP21, Prop 5.7.6]. O
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We now return to the map C (or its restriction to X=1). It writes : (Fz),Kx=1(log D) ®
w™ P~ — 02 (log D)®@w®~| x=1. We can compose with the projection Q% (log D)@w®~V|x=1 —
Kx=1(D) ®w®1) and we get a diagram :

(F2) EKx=1(D) @ w=®=) £+ 02 (log D) ® w® V|5
Kx=1(D) ® w®=1
where v is the composition of (Fyx=1),Kx=1(D) ® w= =1 e (Fx=1).Kx=1(pD) @ wPP~1) —
Kx=1(D) ® w® Y. By adjunction, this is just the map v : Kx=1(D) ® w~®~1) s Kx=1(pD) ®
WP~ = Fi_ (Kx=1(D)®@w®~V). Since Ha' is invertible we can further compose this map with
Y Kxea(pD) © wp® D M g (2D) @ w P 07D = (F2_) (K- (D) ® w=PD). We
finally find:

Lemma 4.6. We have that v oy = U. Consequently we have a commutative diagram where the
vertical maps are restriction to X=':

U
H° (Xlzdli(p) ’ w3) HY (Xlzﬂli(p) ’ w3)
HO(X:17LU3) v HO(le,w?’)

\ /

HO(X, 0% @ wP~Y|x2)
Corollary 4.8. If f € HO(X,w?) satisfies that Cf = 0, then U f vanishes over X=!.

4.2.2 Recollections on spherical representations of GSp,(Q,)

We recall that K, = GSp,(Z,). We let T, > = K,diag(p,p,1,1)K,, T,1 = K,diag(p?,p,p, 1)K,
and Ty, 0 = Kpdiag(p,p,p,p)Kp. We let Tj 1 =T, 1 + (p® +p*> + p+ 1)T,o. The spherical Hecke
algebra at p is H, = Z[T} 0, ij&, Tp1,Tp2]

Let 7, be an irreducible smooth admissible representation of GSp,(Q,) defined over Q,, such

that 775” # 0. Via the Satake isomorphism, we can attach to m, ® |1/|’% a semi-simple conjugacy
class diag(a, 8,7,9) € GSp,(Qp).

Proposition 4.13. The eigenvalues of Ty 0,Tp1,Tp2 on wII,{p are respectively p~3ad, p~(af + ay +
BI+~8) —p3ad,a+ B+ +4.

Proof. See [Pil20, Sect 5.1.5]. O

Definition 4.3. We say that the parameter diag(c, 3,7, d) is ordinary of weight 0, if after a permu-
tation, vy,(a) =0, v,(8) =1, vu(y) = 2, v,(d) = 3.

Remark 4.10. In the ordinary case, the eigenvalues of T}, 0, T | and T}, 5 are in Z;, and congruent
respectively to p~3ad, p~1(aB), a.

Proposition 4.14. There is an action of H, on H°(X,w?) and H°(X,w?®). The operator T corre-
sponds to T, 3T7 | .
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Proof. The construction of the action is done in two steps. We first construct an action of the
generators of the Hecke algebra. We already have recalled the definition of the action of 7. In
[FP21, Thm 5.6], we also defined an action of T, ». The action of T}, o is straightforward to define.
The commutativity of the operators is checked on g-expansions. The operator 1" corresponds to
T, 37}’,71 as we are now using the standard normalization when attaching correspondences to a

double class. O

Let diag(a, 8,7, d) be an ordinary parameter in GSp,(O) for O the ring of integers of a finite
extension of Q,. We consider the maximal ideal m,, of O ®zH,, given by (mo, T} , —ptaB, T)o—
o, Tpo— p~3ad). We now base change all spaces and cohomologies to O.

4.2.3 An injectivity theorem

In this section we prove that the map C is injective under certain conditions. We begin by collecting
a few results needed for the proof of the injectivity theorem.

Proposition 4.15. We have HO(XIZ(lli(p),wk) =0 for all k < 0.

Proof. This is [LPSZ21, Prop 3.10]. O

Definition 4.4. We say that an ordinary parameter diag(a, 8,7,0) is mod p Klingen generic if
p~ B # p~2y mod me. In that case, we also say that m, is Klingen generic.

Remark 4.11. We are not assuming that o # p~'3 mod mp. This is some form of genericity, but
not the strongest form.

Lemma 4.7. Assume that diag(a, 3,7, 8) is mod p Klingen generic. The map f — U f, HY(X, wg)mp —
HO(XIZ(}i(p),w‘?) is injective.

Proof. We will introduce some Hecke operators and relations between these Hecke operators in
HO (X4 ?) and HO (X%Tﬁ,(p)’ w?). It is sometimes convenient to give the formula for these opera-

tors in HO(X°™ w?) and HO(X‘I’}’%(I)), w?), where X°"¢ and %%ldi(p) are the p-adic formal scheme, as

one wants to divide by powers of p. We observe that T in H°(X°"¢, w3)[1/p] given by the formula
f(G,w) — p% >, f(G/L,w") where L runs through all subgroups of L C G[p?] which are totally
isotropic and have multiplicative rank exactly 1 and w’ is a basis of wg,;, which pulls back to w
under the isogeny G — G/L. This formula preserves the lattice HO(X°"¢ w?). We also have that
U is given by the formula f(G, H,w) — % > f(G/L,G[p]/L,w") where L runs through all sub-
groups of L C G[p?] which are totally isotropic and have multiplicative rank exactly 1 and verify
LN H = {0}. We can define F' by the formula f(G, H,w) — p%ZL f(G/L,G[p]/L,w") where L
runs through all subgroups of L C G[p?] which are totally isotropic and have multiplicative rank
exactly 1 and verify L N H # {0}. It follows that for f € HY(X°"4 w3), Tf = Uf + Ff. We now
check that for f € HO(X°"¢, w3), UFf = 0. Actually, we can define an Hecke operator ijol Up2 on
HO(x°md w3) (and HY(X°"¢ w?3) by reduction) via the formula f(G,w) p% > f(G/C,w") where
C runs through all subgroups of C' C G[p] which are totally isotropic and have multiplicative rank
0. We remark that U, is congruent modulo p to T, 2. We claim that UFf = prTg’Upﬁgf for
fe o (xerd w?) or HO(X°rd w3). This follows from an identification of the correspondences: Any
isogeny G — G/L — G/L + L' where L is totally isotropic and has multiplicative rank 1, and
verifies L N H = {0} and where L' is totally isotropic and has multiplicative rank 1, and verifies
LNG[p]/L # {0} is uniquely of the shape G > G — G/C’ where C’ C G[p?] is totally isotropic
and has multiplicative rank 0. Conversely, any such isogeny G = G — G /C’ can be factored in the
shape G =+ G/L — G/L + L’'. However, there are p choices L, which explains the multiple p in the
formula UF f = prjg Up2f (one computes easily that the degree of U is p*, the degree of F is p?
and the degree of U, » is p*). We deduce that the equation U? + UT(f) = 0 holds for any form in
HO(X,w?). We also claim that F?(f) = Tpfol Up2f (this can be checked as before).
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We deduce that the kernel of the map f + Uf is stable under 7. Indeed, UTf = U%f. It
is also stable under the Hecke operators T}, g, Tp 2. We can therefore suppose that f is a non-zero
eigenform in the kernel. Let us define diag(a, 3,7, 6) = diag(a, p~' 3, p~27,p~36) mod me. Thus,
if Uf = 0, we deduce that Tf = Ff = (ad)~2aBf. On the other hand, F2f = a?(ad)~2f. We
thus get that (ad) " *af? = a?(ad) 2 which implies that 3 = 5. This is a contradiction. O

Remark 4.12. We can give some intuition for our genericity condition. Let m, be a spherical
irreducible representation, and assume m, ® |1/|_% has ordinary parameter diag(a, 8,7,0). If m, is
generic, then ﬂf I is 4 dimensional and has an eigenvector for the operator U, ; with eigenvalue

Kli

p~taB. However, if pB = «, then 7

» ' has no such eigenvector. See [Sch05, Table 2 and 3].

Theorem 4.5. Assume that p > 5 and m, is Klingen generic. The map C : HO(X,w3)mp —
H(Z, 0% @ w®=D) is injective.

Proof. Let f be in the kernel. We have Uf = 0 on X=' by Corollary 4.8. Thus U fHa ™' defines a
section of H° (Xizali(p), w4=P), which vanishes by Proposition 4.15. Thus, Uf = 0. By Lemma 4.7,
U is injective, so f = 0. O

Remark 4.13. We feel that Theorem 4.5 should hold for p = 3 as well (but we are unable to control

the space H° (XIZ(lli(p) ,wh).

Let us define HO(X, w ™), - C H(X,w?'™) by the formula
I‘IO()(7 wS,tm)mp = HO(X, wS,tm) XHO(X,w3) HO(XV7 w3)mp.

Corollary 4.9. Assume that p > 5 and m, is Klingen generic. The map H°(X, w?”tm)mp —
HO(X, Q% ® wP~Y) is injective.

Remark 4.14. When p = 2, we see that H?(X,w?) < Ker(C) (via the map H(X,w?) — H°(X,w?)
which is multiplication by Ha). Moreover, if m, is Klingen generic, there is an injective map
U : Ker(C)m, — HO(XI%lli(p),wQ). This target cohomology group (or more precisely its ordinary
part) is the degree 0, weight 2 cohomology of the Higher Hida theory considered in [Pil20]. This
shows that Ker(C) is intimately related with the space of (singular) weight 2 modular forms. There
is an exact sequence 0 — Ker(C) — H%(X,w?'™) — HY(X, Q% ®w!). Here HY(X, Q% @ w!) is the
space of Siegel modular forms of weight (3,2) also of singular weight.

4.2.4 Companion forms

Let f € H9(X,w?®) be an eigenform. There is (see for example [BCGP21, Thm 2.7.1, 2.7.2])
an associated Galois representation 7y : Gg — GSp4(Fp). We say that f is ordinary at p if
the eigenvalues of Tj ,, Tl',p and 75, are units. In that case, there is a semi-simple element
diag(a, 8,9, 0) € GSpy(F,) such that Ty, f = ad f, T ,f = aBf and Ty, f = af. Moreover,

ur(@) * * *

N 0 ur(fB)e,* * *

rylag, = 0 0 ur(g)e;2 *
0 0 0 ur(”y)e;?’

Definition 4.5. We say that a prime £ # 2 is decomposed generic for vy if r¢ is unramified at ¢,
r¢(Froby) = diag(A1, Az, Ag, As) with MiA;' ¢ {1,£} for all i # j.

Let m% be the maximal ideal corresponding to f in the prime-to-p Hecke algebra. We have
the following vanishing theorem.

Theorem 4.6. If there exists an £ which is decomposed generic for vy, and ry is irreducible, then
the étale cohomology RF(SKPK,,,QvZP)m’f] 1s concentrated in degree 3.
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Proof. This is [HL25], together with the property that the boundary cohomology is Eisenstein
[BCGP25, Thm 4.9.4]. O

Corollary 4.10. Assume that p > 5. The coherent cohomology RT'(X, w3)mz} is concentrated in
degree 0 and the coherent cohomology RI'(X, Q% (log D))m? is concentrated in degree 1.

Proof. This follows from Theorem 4.6 and Theorem 2.3 that the de Rham cohomology is concen-
trated in the middle degree. By Corollary 2.1, this implies the concentration of Hodge cohomol-
ogy. O

The prime-to-p Hecke algebra HP acts on H°(X,Q% (log D) ® w®~1). There is the usual
normalized action. We will also use the un-normalized action, so that the normalized action of
an operator gets multiplied by the similitude factor v. For example Ty acts like 2 multiplied
by the normalized action. For any eigenform g in H(X, Q% (log D) ® w®~Y), we have a Galois
representation (for the normalized action) ry : Gg — GSp,(F,) which satisfies that Tr(Frob,) =
T;o for all £ not dividing p and the level. For the un-normalized action, the attached Galois

representation is €, Y@ r,. If g is ordinary, then

1 % * *
0 ¢ *
"oll, = [ o 0 6%
0 0 0 et

The Hecke algebra HP acts naturally on H°(X,w%%™). This action is compatible with the
maps H(X,w3*™) — HO(X, Q% (log D)) and HO(X,w?'™) — H(X, 0% (log D) ® w1 where
the action is the un-normalized one on HO(X, Q% (log D) ® w®~1).

Corollary 4.11. Assume p > 5, vy is irreducible, there exists an £ which is decomposed generic for
Ty, and f is Klingen generic at p. Then:

£ HO(X, W) e < HO(X, 0% (log D))

2. HO(X, ") — H(X, Q% (log D) © w@*l))m; .

1 0 * *
0 -1
Moreover, if HO(X,w®'™)» # 0, then |1, ~ o 7
s °p 0 0 ¢ 0
0 0 0 3

Proof. The kernel of H(X, w?”tm)mz} — HO(X, Q3% (log D))m? sits inside HO(X, Q% (log D))mr} =0
by Corollary 4.10. We now consider the kernel of H?(X, w?”tm)m? — HO(X, Q% (log D)®w(p_1))m?;.
This is the kernel of C on H(X, Q% (log D))mz;. It follows from the existence and properties of the
Galois representation r; that HO(X, Q3% (log D))m:; =HO(X, Q3% (log D))m?mp. Thus we see that C
is injective by Theorem 4.5. Finally, if HO(X, w?”tm)m? # 0, we deduce that there exist (f, g) such

that ry =€, r,. The partial splitting follows as r; has an unramified stable line under Ig,, while

€, 'rg has a stable line acted on by €, . O

We can now state our theorem about companion forms. Some version of it has been established
(under slightly different assumptions) in [GG12, Thm 7.6.9] by a completely different (and much
more general!) method.

Theorem 4.7. Let f € HO(X,w?) be an eigenform. Assume that
1. p=>5,

2. The Galois representation vy : Gg — GSpy(F,) is irreducible.
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3. There is an unramified prime ¢ such that r¢(Froby) is decomposed generic.

4. The form f is ordinary at p and Klingen generic.

5. We have
1 0 * *
0 e;l * *
rilie, = 1o 0 o7 0
0 0 0 &°

Then there exists a companion form g € H(X, Q% (log D) ® w?=V) which satisfies ry @ e, * = 1.

Proof. Let M = H? (f{)m§; € Vectg 3(Z5¥™). We use that the syntomic cohomology is concen-

trated in degree 3 asya consequence of Theorem 4.6 and Theorem 2.3. This is an ordinary F-gauge.
The étale realization of M ®F, is Hgt(x@p,Fp)mzfr. It has an ordinary filtration Fil,H},(Xg,, Fp)me
with Grs = H9(X, Q3% (log D))m? ® €%, Gry = H'(X, 0% (log D))mz]: ® €,%. The extension
Hg’t(f@p, IFp)m§ /Fily is classified by a map H°(X, Q% (log D))m? — HY(X, Q% (log D))m‘z; by Theo-
rem 2.4. We can view this map as a complex in degree 0 and 1, and it computes RI'( X, w3’tm)m§
by Proposition 2.3. We let p; = r}/ ® e;S. By [BCGP25, Thm 1.8.3.1] we have a map of
Galois representations py — Hgt(%@p,Fp)m§ with the property that the ordinary filtration on
Hgt(%Qp,IFp)m? induces a full flag on p; (this is clear by considering the Ig,-action). The par-
tial splitting of py implies that H(X, Q% (log D))m, — H'(X, Q% (log D))m, is not injective, and
therefore H° (X, w?”tm)m‘f # 0. Corollary 4.11 implies the existence of a companion. O

Remark 4.15. It would be desirable to prove a similar result when p = 2 as we would construct forms
of singular weight (see Rem 4.14). The major obstruction is to show RIsy, (.’{)m? is concentrated

in the middle degree. This is does not follow from the vanishing of étale cohomology (as the
Hodge-Tate weights are too big compared to p = 2).
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