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Abstract

We investigate the problem of constructing a dynamics on edge—spin configurations
which realizes a coupling between a Glauber dynamics of the Ising model and a dynamical
evolution of the percolation configurations. We dream of constructing a Markov process
on edge—spin configurations which is reversible with respect to the Ising—FK coupling
measure, and such that the marginal on the spins is a Glauber dynamics, while the
marginal on the edges is a Markovian evolution. We present two local dynamics, one
which fulfills only the first condition and one which fulfills the first two conditions. We
show next that our dream process is not feasible in general. We present a third dynamics,
which is non local and fulfills the first and the third conditions. We finally present a
localized version of this third dynamics, which can be seen as a contraction of the first

dynamics.

1 Introduction

The Ising model, invented almost a century ago, is one of the most studied model of
statistical mechanics. A fundamental tool to analyze the Ising model is the random
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cluster model, or FK model, invented by Fortuin and Kasteleyn around 1969 (see the
reference book [4]). Results on this dependent percolation model can be transferred
towards the Ising model via a coupling construction due to Edwards and Sokal [2]. This
machinery works extremely well, but so far, it has essentially been employed to study the
systems at equilibrium. Yet another rich facet of the Ising model is the dynamics. There
exist several microscopic dynamics on spin configurations, which give rise to the so—called
stochastic Ising model, and whose equilibrium are described by the Ising Gibbs measure:
the Metropolis dynamics, the heat—bath dynamics, the Kawasaki dynamics, to name a
few of them. On one hand, these dynamics provide a basic model to study fundamental
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questions on dynamics, for instance to model the metastability phenomenon [7]. On the
other hand, there is a hope that the understanding of the dynamics will shed light on the
equilibrium measure.

Percolation models possess also a natural dynamics. For the Bernoulli percolation
model, it consists in updating independently the edges, and it leads to beautiful difficult
problems [5] @]. For the FK model, the construction of a dynamics is more subtle and
it involves typically non-local computations [3]. One naturally wonders whether the
stochastic Ising model and dynamical percolation could help to understand each other.
Our note is a little investigation into the possibility of building a coupling for the dynamics
on Ising and percolation models, which could help to understand the dynamics of the Ising
model. We focus here on the case of a Glauber type dynamics, that is a local dynamics
which modifies at most one spin at a time. The precise definition of such dynamics,
together with several examples, are given in section Bl We dream of building a coupling
dynamics on edge—spins configurations such that:

e The marginal on the spins is a Glauber dynamics.

e The marginal on the edges is a simple Markovian evolution.

e The coupling dynamics on edge—spins configurations is reversible with respect to the
coupling measure between the Ising and the FK models.

Notice that if we drop the first constraint, then we could simply consider a time continuous
Markov process on the edge—spins configurations which, after an exponential time of
parameter one, jumps on a new independent edge—spins configuration, drawn according
to the Ising—FK coupling measure. However the first constraint is essential for us, indeed
our hope is to build a dynamical coupling which would help to study a Glauber dynamics
of the Ising model.

The definition of the Ising-FK coupling measure is recalled in section2l The stochastic
Ising model is defined in section Bl The FK dynamics is defined in section [ The above
conditions are precisely stated in section Bl Unfortunately, we did not succeed in building
a dynamics which fulfill these three conditions, even if we weaken partially the last one.
However, we manage to build couplings which satisfy the third condition. The most basic
coupling is a dynamics which changes at most one object at each step, i.e., either one
spin or one edge is modified at a time. We prove that, for this type of coupling, the first
condition can never be satisfied. We build such a coupling dynamics in section[6l Another
natural dynamics consists in changing simultaneously the spin at one vertex, together with
the edges incident to this vertex. Such a dynamics is presented in section [l The good
news is that the marginal of this dynamics on the spins is a Glauber dynamics. However
the marginal of this type of dynamics on the edges is not Markovian. In section B we
show that our dream process is not feasible in general. We present a third dynamics in
section [@ which is non local and fulfills the first and the third conditions. We finally
present in section a localized version of this third dynamics, which can be seen as a
contraction of the first dynamics.



2 Ising—FK coupling measure

In this section, we recall some classical notation and we define the Ising—-FK coupling
measure [ P. We consider a finite graph (V, E), where V is the set of the vertices and F
the set of the edges. The edges are unoriented, and FE is a subset of the set of pairs of
points of V. Throughout the paper, we suppose that the set of edges F is not empty. An
edge configuration 7 is an element of {0,1}¥ (where 0 stands for closed and 1 for open).
A spin configuration ¢ is an element of {—1,1}". An edge e with endvertices = and y is
written as e = (x,y) or e = (y,z). We define

Vo € {—1, 1}V Ve = (z,y) € E 0o (€) = To(z)=o(y) -
An edge configuration 1 and a spin configuration ¢ are said to be compatible if we have
Vee E n(e) < d,(e),

i.e., if the endvertices of any open edge in 7 have the same spins in . We denote by C
the set of the pairs of compatible configurations:

C={(n.o)e {0,1}F x {=1,1}V : n(e) < d4(e) for any e € E}.

Let p be a fixed number in [0,1]. The Ising-Percolation measure I P is the probability
measure on the product space {0,1}¥ x {—1,+1}V defined as follows. For any (n,0) in
{0,1}F x {—1,+1}V, we set

1
IP(”?? 0) = E H (p][n(e):lécr(e) + (1 - p)][n(e):o) ’
ecl
where Z is the partition function, i.e., the normalising constant that makes I P a proba-
bility measure on {0,1}¥ x {—1,4+1}", given by

7 = Z H (PLye)=105(e) + (1 = p)Lye)=0) -

(n,0)€{0,1}E x{—1,+1}V e€E

The Ising-Percolation measure can also be written as

1 :n(e)= ecE:n(e)=
IP(n,0) = Ep\{eEEn( )=1H(1 — p)lteeBin(e) O}I][(mU)Ec, (1)

where the absolute value of a set denotes its cardinality. In fact, the measure I P is the
Bernoulli product measure on edge-spin configurations with parameters (p,1/2) condi-
tioned to the set C of the compatible configurations. It is well-known that the probability
measure /P is a coupling of the Ising measure pz defined on {—1, +1}V, together with
the random-cluster measure ¢, o defined on {0,1}¥, with the relation p = 1 —e™#. In
fact, the first marginal measure ¢, 2 on {0,1}F is given by

Vel 1} gpam= > IP(n0) b <Hpn(e)(1 _p)l—n(e>> k().

oe{—1,4+1}V ZRC \ .cp
(2)



Here k(n) denotes the number of connected components (or open clusters) of the graph
having for vertices V' and for edges the open edges in the configuration n (recall that an
edge e is said to be open in 71 if n(e) = 1 and closed if n(e) = 0). Naturally, Zrc is the
partition function that makes ¢, 2 a probability measure on {0, 1}¥. The second marginal
measure is given by

1
N \% _ S 1 o \{e€eFE:Ws(e)=0}|
Voe{-1,+1} Y. 1P(o)=_(1-p) : (3)
ne{0,1}7
Notice that
{e€ E:ds(e) =0} =D (1-6,(e)) = [E] =D dole).
eckE eckE

Let 3 > 0 be such that p = 1 — e~?. Rewriting the formula (@) with these notations, we
see that the second marginal is the measure pg on {—1, +1}" given by

Voe L+ (o) = e (BZcSU(e)), 4)

ecl

where the partition function Z is
71 = 7 exp(BIE)).

Let us rewrite the Hamiltonian in a more classical way. For an edge e with endpoints x, ¥,

we have 1
ole) = 5 (1+ (@) (y). (5)
Summing over e € E, we get
1 1 1
Sdne) = Y S(to@oy) =SB+ 3 o)l
eeE z,yeVv z,yeV
{z,y}eFE {z,y}eF

The standard Hamiltonian of the Ising model is defined as

Voe{—1,+1}V  H(o) = —% S o@oly). (6)
z,yeVvV
{z,y}€FE
In the end, we have
Voe{-1L+1}" o) = ZiBeXp(—BH(U)), (7)

where the partition function Z3 is given by

Zy= Y e (-fH(0) = 21 exp (- 50IE]).
oce{-1,+1}V
We refer to the book of Grimmett [4] and the references therein for more details about
the coupling measure I P between random-cluster and Ising measures, its history and
usefulness. We refer to the paper of Schonmann [8] for a nice presentation of the Gibbs
measure of the Ising model and the associated dynamics.
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3 The stochastic Ising model

In this section, we define Glauber type dynamics for the Ising model. Each of these
dynamics defines a Markov process (o¢)i>0 on the spin configurations which is called a
stochastic Ising model. A Markov process (o4);>0 on the spin configurations is classically
defined through its infinitesimal generator L (see [6]). This generator L acts on functions f
of the spin configuration and it is of the following form. For any function f : {—1, +1}V —
IR, we have

Voe{-1,+1}V  Lfle)= Y co,0)(f(o)) ~ f(0)).

o'e{-1,+1}V

The quantity ¢(o,c’) is the rate at which the configuration o is transformed into ¢’ when
the system is in the state 0. We are usually interested in local dynamics which modify
at most one spin at a time. We call this type of dynamics Glauber type dynamics. For
a configuration o and a vertex x, we denote by ¢% the configuration obtained from o by
flipping the spin at the site . So we require that ¢(o, ¢’) vanishes when o and ¢’ differ in
more than one spin and the quantity ¢(o,0”), sometimes denoted by ¢(x, o), is the rate at
which the spin at the site x flips when the system is in the state o. The transition rates
c(-,-) are defined on {—1,1}V x {—1,1}V and have thus the following properties: for any
cc{-1,+1}V andz €V,

c(o,0") =0 if {z €V, o(x) #d'(x)}] > 2,

c(o,0%) >0 for any x € V, (8)
clo,0) = — Z c(o,0Y).
yeV

We say that the transition rates c(-,-) satisfy the detailed balance condition with respect
to the Ising measure pg if

Voe{-1,1}V VzeV pg(o)c(o, o) = pg(o®)c(o”, o). 9)

When this detailed balance condition holds, the associated dynamics is reversible with
respect to the Ising measure pg. Several rates satisfy the conditions (§) and the detailed
balance condition ([@). These dynamics and their fundamental properties are presented
in the paper of Schonmann [§]. In the same paper appears the graphical construction of
these dynamics, which provides a natural and intuitive picture of the associated Markov
processes. Let us present some classical choices. Recalling the definition of the Ising
Hamiltonian (@), we define further, for o € {—1,+1}V and z € V,

AyH(o) = H(0") — H(o). (10)
For dynamics which modify at most one spin at a time, we set

c(x,0) =c(o,0%).



Here are some possible choices for the rates:
The Metropolis dynamics:

c(x,0) = exp ( — [ max (AwH(J),0)> .

The Heat bath dynamics:
1

1+exp (5 max (A, H (o), 0))> |

c(z,o) =

Unnamed dynamics:
c(x,0) = exp ( - gAwH(a)> .

These three choices satisfy the detailed balance condition (@) and correspond to one spin
flip dynamics. We call them Glauber type dynamics. Let us try to express the rates with
the help of the functions ¢, on the edges. Using the identity (&), we have, for any x € V|

AH(o) = Y o(@)oly) = > (20,(e) — 1)
yeVi{z,y}eFr ecFE,

where the set F, is the set of the edges e € F having = as endvertex, i.e.,
E, ={e=(zy) €eE:yeV}.

For the unnamed dynamics, we obtain

c(xz,0) = exp <—ﬁ Z d,(e) + g]Eﬂ) )

eeEz

On the lattice Z¢, we have |E;| = 2d for any x € Z4. Up to a constant multiplicative
factor, the previous rates are equal to

c(x,0) = exp (—5 Z 50(6)) . (11)

e€FEy

We will mostly use this choice when trying to build a dynamical coupling between the
Ising model and the FK model.

4 FK dynamics

In this section, we define the counterpart of a Glauber type dynamics for the FK model.
We are interested in dynamics which modify at most one edge at a time. We build a
Markov process on percolation configurations, which is defined through its infinitesimal
generator L (see [6]). This generator L acts on functions g of the percolation configuration
and it is of the following form. For any function g : {0,1}* — IR, we have

vne{0,13%  Lg(n) =D cln,n)gn) —g(n)),
ecE
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where 7n¢ is the configuration obtained from 7 by changing the state of the edge e and
the quantity c(n,n¢) is the rate at which the edge e changes its state when the system is
in the state 1. The transition rates c(-,-) are defined on {0,1}* x {0,1}¥ and have the
following properties: for any n € {0,1}¥ and e € E,

c(n,n') =0 if [{e € E, n(x) #1'(e)}| > 2,

c(n,n®) >0 for any e € E, (12)
ctnm) ==Y c(n,n°).
ecl

We say that the transition rates c(-,-) satisfy the detailed balance condition with respect
to the FK measure ¢, if

e {0,1}¥  VeeE  ¢gpam)en.n®) = dpa(n®)e(n®,mn). (13)

When this detailed balance condition holds, the associated dynamics is reversible with
respect to the FK measure ¢, 2. Several rates satisfy the conditions (I2]) and the detailed
balance condition (I3]). A natural choice is the following. For an edge e = (x,y) € F
and a configuration n € {0,1}¥ we set vy(e) = 1 if the endpoints x,y of e are connected
by a path of open edges in 7 which does not use the edge e itself, and we set ~,(e) = 0
otherwise. We define then

cle,n) =c(n,n) = {p if n(e) =0 and y,(e) =1,
p/2 if n(e) =0 and v,(e) =0

One can check that these rates satisfy (I2)) and

=

5 Our dream process

The main purpose of this paper is to construct a Markov process on the space {0, 1}E X
{—1,+1}V whose marginal on the spins is a Glauber dynamics and which is reversible with
respect to the coupling measure IP. Suppose that (1, 0¢)i>0 is such a Markov process
and let q((n,0), (', 0’)) be its transition rates. These transition rates satisfy the following
usual conditions:

(o) # (',0") = al(n,0),(n',0")) >0, (14)
and for any (n,0) € {0,1}F x {-1,+1}V,
Z Q((U’J)’(T//val)) =0. (15)
(n',0")€{0,1}F x{-1,+1}V
The reversibility property with respect to the coupling measure I P is equivalent to the
following detailed balance equation:

V(n,0),(n',0") € {0,1}7 x {-1,1}"
IP(n,0)q((n,0), (' ,0")) = 1P ,0")q((',0"), (n,0)). (16)



In general, the marginals of a Markov process are not themselves Markov processes. Now,
we know from Ball and Yeo [I] (see theorem [[0.4]of the appendix) that the second marginal
(01)1>0 of the dynamics is a Markov jump process with rates ¢(o, o) if and only if for any
n € {0,1}F, 0,0/ € {~1,1}V, the sum >wefonye a((n,0), (1, 0")) does not depend on 7).
We have then

vy € {0,1}* Vo,0' € {-1,1}V > almo).(n,0") =clo.0)).  (17)
7 €{0,1}7

Suppose that this is the case. The second marginal (o¢):>0 will then be the Glauber
dynamics with the transition rates (Il as soon as the sum in (I7) is equal, up to some
positive constant, to the transitions rates given in ([I). More precisely, we should have,
up to some positive multiplicative constant,

(1 — p)l{e€Ba, do(e)=1} if o/ = 0%,
(0,0) = § = Fpe (L= p) B @11 it o/ = g, (15)
0 otherwise,

where F, denotes the set of the edges e in E having x as endvertex. Ideally, we would
also wish that the first marginal (1;);>0 is a Markov jump process with rates é(n,n’). This
will be the case if and only if, for any 7 € {0,1}*, o/ € {0,1}F, 0 € {~1,1}V, the sum
> oref—113v a((n,0), (1", 0")) does not depend on 0. We would have then

v € {0,1}% Vo e {-1,1}" Y. almo), (o)) =ema).  (19)
o'e{-1,1}V

So, to sum up, we dream of constructing a Markov process on {0,1}* x {—1,1}V with
transition rates satisfying (I4)), (I3), ([Iq), (I7), ([I8) and ([I9), that is a Markov jump
process (1, 0¢)i>0 which is reversible with respect to the I P measure, whose marginal on
the spins is a Glauber dynamics, and whose marginal on the edges is Markovian.

6 One change at a time

We present here our first try. We build a simple dynamics which updates at most one
site or one edge at each time, which is reversible with respect to the coupling measure I P
and whose marginal on the spins has the same rates as a Glauber dynamics, although it
is not Markovian. Recall that, for z € V', E, is the set of the edges e in F having x as
endvertex, i.e.,

E, = {ez(w,y) S yEV}.

For o € {~1,1}V and z € V, 0% is the element of {—1,1}" obtained from & by reversing
the spin at z, i.e.,

of(z) = —o(x), VyeV\{z} o"(y)=0(y).



For n € {0,1}¥ and e € E, we denote by n° the element of {0,1}¥ obtained from 71 by
changing the value of n(e), i.e.,

n°(e) =1-mnle), YfeE\{e} 7'(f)=mn(f).

Before introducing the transition rates of the one change dynamics, we give a condition
that the transition rates have to fulfill in order to have the properties announced at the
beginning of the section.

Lemma 6.1. Let (n,0¢)i>0 be a Markov jump process, which updates at most one site
or one edge at each time and which is reversible with respect to the coupling measure IP.
Let us denote by q((n,0), (', 0")) the transition rates of (n,o1)i>0. Let (n,0) be a pair of
compatible configurations. If there exists x € V' such that q((n,o0),(n,0%)) # 0, then all
the edges of E, are closed in 1.

Proof. The detailed balance equation (I6) yields that, for any n € {0,1}, o € {-1,1}V
and any z € V,

IP(n,0)q((n,0),(n,0")) = 1P(n,07)q((n, "), (n,0)),

which gives, thanks to (),

][(n,U)EC q((n,0),(n,0%)) = ]I(nw‘)ec q((n,0%),(n,0)).

Since (n,0) are supposed to be compatible, the last equality implies that

Q((U, O-)’ (777 UI)) = Q((T/v Ux)v (77’ J)) H ][n(e)gl—ég(e) .
ecl,

Consequently, if ¢((n,0), (n,0%)) # 0 then necessarily n(e) < 1 — d,(e) for any e € E,.
Since the configurations 1 and o are compatible, necessarily n(e) = 0 for any e € E,. O

We define next the transition rates of our dynamics.

Definition 6.2. Let (n,0), (/,0") be two elements of {0,1}F x {~1,1}V'. We consider
several cases:
o If ' =n and there exists x € V such that ' = o*, n(e) = 0 for any e € E,, then we

define c((n,0), (n',0")) = 1.
o I[f o/ = o and there exists e € E such that ' = n°, then we set

C((nv 0)7 (77/7 0/)) = pln(e)zoécr(e) + (1 - p)][n(e):l .

e Otherwise, if (n,0) # (n',0’), then we set ¢((n,0),(n,0")) = 0.
e Finally, if (n,0) = (1, 0"), then we set

C((Tla 0)7(7770)) - - Z C((T],O’),(T]/,O'/)).
(n',0’), (' ,0")#(n,0)



Proposition 6.3. The transition rates introduced in definition satisfy the detailed
balance equation (I14)).

Proof. We check first that, for any (n,0) in {0,1}* x {~1,1}" and e € E,
IP(n,0)c((n,0), (1%, 0)) = IP(n° 0)e((n®, o), (n,0)) (20)
Let (n,0) in {0,1}F x {~1,1}V and e € F be fixed. We have, since n(e) = 1 —n°(e),

(p][n(e):léa(e) + (1 - p) ][n(e):O) X (p][n(e):oéa(e) + (1 - p) ][n(e):l)
= (p][ne(e)zléa(e) + (1 — p)][ne(e):(]) X (p][ne(e):()(so-(e) + (1 — p)][ne(e)zl) . (21)

We also have, since n° =n on E'\ {e},
H (PLy(5)=100(f) + (1 = p) Ly )=o)
feE\{e}

= H (pLe(y=106(f) + (1 = p)Le(py=0) - (22)
fer\{e}

Noting that
1
[P(T], U) = E (pﬂn(e):léa(e) + (1 - p)]In(e)ZO) H (p]In(f):léa(f) + (1 - p)]In(f)ZO) s
feE\{e}
we get (20) by multiplying each side of ([22]) by (2I)). We now prove that, for any (1, o)
in {0,1}¥ x {~1,1}V and any z € V,
LP(n,0)c((n, 0), (n,0%)) = LP(n,0%)c((n, %), (1, 0)). (23)

Noting that
c((n,0),(n,0%)) = H ][1’](6):07

eGEz
and that 0,(e) = = (e) for any e € E '\ E,, we deduce that

C((nv 0)7 (77’ O’x))fp(% J) =

- % <H ][77(6)=0> (H (PILy(e)=100(e) + (1 —p)ﬂn@zo))

ecFEy ecE
-7 (H (@ —p>ﬂn<e>=o>> ( II (pIn(e)l5a(e)+(1P)In(e)o))
eck, eC€E\E,

- % < ITw- p)ﬂn(e):0)> ( I oLye=iee(e) + (1 - p)][n(e)o))

- % < H ][77(6)=0> <H (PLy(e)=100=(e) + (1 — p)%(@:g))

e€ly eckE
= C((nv Ux)v (77’ O-))IP(U’ O-m)'

10



This finishes the proof of condition (23]). Since the transition rates ¢((n, o), (', 0”)) given
in definition allow to perform at most one change at a time, the reversibility condition
reduces to the two conditions (20) and (23]), so the proof of Proposition[6.3]is complete. [

The following proposition shows that, if the initial condition (79, 0¢) is distributed as I P,
then the infinitesimal behavior of the marginal on the spins of the process (1, 0¢)t>0,
whose rates are introduced in definition [6.2] is the same as the transition rates given in

(@8).
Proposition 6.4. Let (n:,0¢)i>0 be a Markov jump process with the transition rates in-

troduced in definition [6.3. Suppose that the pair (no, o) is distributed according to IP.
Then, for any x € V, for any o € {—1,1}V and any s > 0,

1
T~ — 0%lo. = o) = (1 — p)[{e€Ez, 05 (e)=1}]
%1_13% 7511?’(0,%8 =o"los=0)=(1-p) . (24)

Proof. We have, for any o € {—1,1}V, 2 € V and s > 0,
P(otys = 0"|os =0) = Z Z P(ot1s = 0", Mets = 77/,773 =nlos =0)
n€{0,1}F n'e{0,1}F

= Y Y Porrs =0 s =1 |os = ons = )P(ns = nlos =) (25)
n€{0,1}# n'€{0,1}F

Since (1, 0¢)i>0 is a Markov jump process with the transition rates ¢((n, o), (7',0)) in-
troduced in definition [6.2] then

lim Z]P(Ut—i-s = 0% s = 1|os = o,ms =) = c((n,0), (1, 0%)) = Ty—y g L (e)=0- (26)

Hence we get, combining (25]) and (20)), for any s > 0,

o1
%I_I}é z]P(O't—i-s = O'x‘o's =0)= Z ( H ][n(e):0> ]P(ns = 77‘0'5 =0).
ne{0,1}£ \e€Ey
The measure [P is, by proposition [6.3] a reversible and a stationary measure for the
process (1, 0¢)¢>0. Hence, if (1o, 00) is distributed as IP, then, for any s > 0, (ns,05) is
also distributed as IP. Consequently, under the hypothesis of proposition [6.4] we have

IP(TISZTIJSZU) IP(TLU)
IP(ns = nlos = 0) = = :
IF)(US = U) En’E{O,I}E IP(W/7 U)
We conclude that
1 —oong, 1PN, 0
lim —1P(oys = 0%|os = 0) = 2ne (0.7 n=0on - 7,0) (27)
t—0 t ZUIE{OJ}E [P(T],O’)

We compute these sums, starting with the very definition of the coupling measure IP.
We have

1 e€EFR:0,(e)= e s (e)=
Z IP(n,0) = 2(1 —p)‘{ €165 (e) O}I(l —p)‘{ EEz:05(e)=1}] (28)
ne{0,1}£, n=00on E,
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The sum in the denominator has already been computed in equation ([B). Equations (@),
27) and (28)]) together yield the desired result (24]). O

We consider next the marginal on the edges and we obtain a similar result.

Proposition 6.5. Let (n:,0¢)i>0 be a Markov jump process with the transition rates in-
troduced in definition [624  Suppose that the pair (no,o0) is distributed according to IP.
Then, for any e € E, for any n € {0,1}F and any s > 0,

1 . p
lim S (s = 1[5 = 1) = (1 = D) Ly(e)=1 + PLye)=0, 7 ()=1 + 5Ln(e)=0,3m(e)=0 - (29)

Proof. We have, for any n € {0,1}¥, ¢ € E and s > 0,

P(es =1lns=n)= Y > P(o14s =0 s = 0%, 05 = 0lns = 1)
oe{-1,1}V o’e{-1,1}V
= Z Z P(ot1s = 0 vs = 0°los = 0,15 = )P (05 = alns = 7). (30)

oce{-1,1}V o’e{-1,1}V

Since (1, 0¢)e>0 is a Markov jump process with the transition rates ¢((n, o), (7',0’)) in-
troduced in definition [6.2] then

. 1 e (&
lim P (045 = 0" s = 1|05 = 0,15 = 1) = e((n,0), (1%, 0"))

=ly—0 (P][n(e):05a(€) + (1 - p)][n(e):l) : (31)
Combining [B0) and (3I), we get, for any s > 0,

1 e
lim S 1P (s = 1105 = 1) =
Z (pﬂn(e)zoéa(e) + (1 - p)]In(e)zl)IP(Us = U’ns = 77)’
oce{-1,1}V
The measure IP is, by proposition [6.3] a reversible and a stationary measure for the
process (1, 0¢)¢>0. Hence, if (1o, 00) is distributed as I P, then, for any s > 0, (ns,05) is
also distributed as IP. Consequently, under the hypothesis of proposition [6.5] we have
]P(T/s :T,?USZU) _ IP(TLU)
IP(ns =n) Zg'e{—m}‘f IP(n,0")

IP(O'S = 0"775 = 77) =

We conclude that
Zae{—l,l}v (p][n(e)zoéa(e) + (1 - p)]In(e):1)IP(7]7 U)
ZU’E{—Ll}V IP(n,0")

1 .
lim ;IP(??HS =nlns =n) =

(32)
We compute these sums, starting with the very definition of the coupling measure IP.
We have

Z (p][n(e)zoécr(e) + (1 _p)ﬂn(e)zl)lp(n70-) =
oe{-1,1}V

p
(pﬂn(a:o, mm(e)=1 + 5Ie)=0, 35 (e=0 + (1 = P Tyer=1) @pa(n) . (33)
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The sum in the denominator has already been computed in equation (2), it is equal to
®,,2(n). Equations ([2)), (32) and ([B3]) together yield the desired result (29). O

Although the infinitesimal behavior of the marginal on the spins of (1, 0¢);>0 is the same
as for the Glauber dynamics with the transition rates given in (I8]), the process (o¢)i>0
does not evolve according to a Glauber dynamics, because it is not a Markovian process.
Similarly, the marginal on the edges is not a Markovian process. We summarize these
results in the following theorem.

Theorem 6.6. We suppose that the set of edges E is not empty. Let (n,o1)i>0 be a
Markov jump process with the transition rates introduced in definition[G.2 Then (n:, 0¢)i>0
18 reversible with respect to the coupling measure IP. However its two marginal processes
(Me)t>0 and (or)i>0 are not Markovian jump processes.

Proof. The reversibility property has been proved in proposition Yet the sum

Y. m0).(0%)

7' €{0,1}F

depends on 7 for some o € {—1,1}V and x € V. In fact, we have, for any o € {—1,1}V
and z € V,

Z C((Tlv U)? (77,7096)) = C((n70)7 (777 Ux)) = H ]In(e)ZO'

U’E{Ovl}E EEE;C

Similarly, the sum
> o), (0, 0)
o'e{-1,1}V
depends on o for some 1 € {0,1}¥ and e € E. In fact, we have, for any n € {0,1}¥ and
ec k.,

Z C((Tla U)a (7767 U/)) = c((n7 0)7 (7767 U)) - p]In(e)ZO(SO'(e) + (1 - p)]In(e)ZI'
o'e{-1,1}V
The proof of Theorem is complete thanks to Theorem 3.1 in Ball and Yeo [I] (see
theorem [I0.4] in the appendix). O

Theorem shows that the Markov jump process with the transition rates given in
definition does not fulfill our dream, which was to build a Markov jump process on
{0,1}F x {~1,1}V, reversible with respect to the I P measure, with a Glauber dynamics
as the marginal on the spins and such that the marginal on the edges is Markovian. The
following theorem shows that there is no hope to realize this dream with a Markov jump
process (1, 0¢)i>0 which updates at most one site or one edge at each time.

Theorem 6.7. Let (n:,04)i>0 be a Markov jump process which updates at most one site
or one edge at each time and whose marginal on the spins is a Markov jump process with
transition rates satisfying (8). Then (n:, 0r)i>0 cannot be reversible with respect to the
coupling measure IP.
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Proof. Let (n:,04)t>0 be a Markov jump process satisfying the hypothesis of theorem
and let ¢((n, o), (7', 0')) be its transition rates. Since this Markov process updates at most

one site or one edge at each time, then
S al(,0),(f.0) = a((n,0), (1,07)). (34)
n'€{0,1}F

Since the marginal on the spins of (1, 0¢)i>0 is a Markov process with transition rates
¢(o,0") satisfying (8), Theorem 3.1 in Ball and Yeo [I] gives that

v € {0,1}7 Y. alm,0),(n,0%))) = clo,0").

n'e{0,1}7

Hence, for any 1 € {0,1}¥, any o € {—1,1}" and any z € V

q((n, ), (n,0%)) = c(0,0%).

Suppose now that the detailed balance equation (I6) is satisfied. We deduce then from
@) and lemma that necessarily n(e) = 0 for e € E,. We conclude that the detailed
balance equation (8] is not satisfied for every n € {0,1}¥ and every o € {—1,1}V. The
proof of Theorem is complete. O

Theorem 3.2 in [I] (see theorem in the appendix) implies that, for a process like the
above one, in which at most one marginal process moves at each time step, the marginal
processes are Markovian if and only if they are independent. If that were the case, then
the equilibrium measure would be a product measure. Therefore it is impossible to realize
our dream with a process which changes only one edge or one spin at a time. In the next
section, we construct a process which can change simultaneously one spin and its incident
edges.

7 One site and the incident edges

We build here a dynamics which updates at most one site and its incident edges at each
time, which is reversible with respect to the coupling measure I P and whose marginal on
the spins is a Glauber dynamics. For z € V| recall that F, is the set of the edges e in £

having x as endvertex, i.e.,
E,={ecE e=(x,y),ycV},
and define
C = {(n,0) € {0, 1V x {=1,1}V i n(e) < 0, (e) for any e € E,}.

The following definition gives the transition rates of the dynamics.

14



Definition 7.1. Let (n,0), (/,0") be two elements of {0,1}F x {—1,1}V. We consider
several cases:
o If there exists © € V such that o/ = o and 1/'(e) = n(e) for any e € E\ E,, then we
define

o((n,0), (1 ,0)) = (1 = p) [P =N pl{eelo, wO=UIy, oo

o Otherwise, if (n,0) # (n',0’), then we set ¢((n,o),(1,c")) = 0.
e Finally, if (n,0) = (1, 0"), then we set

C((nv 0-)7(7770-)) - Z C((U,U),(ﬁ/,ff/))-
(n",0"), (n',0")#(n,0)
Proposition 7.2. The transition rates introduced in definition [7.1] satisfy the detailed
balance equation (I0).

Proof. Let (n,0) and (1',0") be fixed in {0,1}¥ x {—1,1}¥. We have to prove (8] only
in the case where there exists « € V for which

o =o", Vee E\E, 1'(e)=n(e), (35)

because in all the other cases, the detailed balance equation (I8 is trivially satisfied. Let
us fix z € V. Suppose first that (n,0) and (7, 0’) are two elements of C, satisfying (35)).
We get then, for e € E,,

]In(e)zlécf(e) = ][7](6):1 ) ][n’(e)zléoz (e) = ][7]’(6):1 )

therefore

< H (p]In(e)zléU(e) + (1 - p)ﬂn(e)=0)> C((nv 0)7 (77/7 O-w))
eGEz
= ple€ba, W(6)=1H(1 _ p)\{GGEz, n(e)=0}| (1— p)\{GGEz, ' (€)=0} pH{e€Ea, ' (e)=1}

= ( H (p][U/(e)zl(SUz (6) + (1 - p)ﬂn’(e):0)> C((U/Jx% (777 U))

ecFy
Now we multiply each member of the last equality by
H (p][n(e):léo(e) + (1 - p)][n(e):O) = H (p]In’(e):léUx (6) + (1 - p)][n’(e):O)
GEE\Ex EEE\E:C

and we obtain the detailed balance equation ([I@). Suppose now that (n,0) € C, and
(n',0%) ¢ C,. We have then, by the definition of the transition rates,

IP(U’O-)C(("% 0)7 (77/7 Ux)) =0.

Moreover IP(n',0") = 0 because (n',0%) ¢ C, therefore IP(n/,0%)c((n/,0%),(n,0)) = 0.
So here again equation (I6) is satisfied. Finally suppose that (n,0) ¢ C;. Then IP(n,0) =
0 and so IP(n,o)c((n,0),(n,0%)) = 0 which is equal to IP(1/,0%)c((n,0%), (n,0)), since
the transition rates ¢((n/, %), (n,0)) vanish as soon as (n,0) ¢ C,. We conclude that the
detailed balance equation (I6) is always satisfied. O
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We compute next the marginal dynamics on the spins.

Proposition 7.3. For any n in {0,1}¥ and any 0,0’ in {—1,1}V, the sum

Y o), 0")

7' €{0,1}F

does not depend on n and it is equal to

(1 _ p)|{6€Ez, b0 (e)=1}| Zf o = O’w,
(0,0") = { = Yoy (1 —p)EBa@O=T  f o — g,
0 otherwise .

Proof. Let n € {0,1}¥ be fixed. If |{y € V,0(y) # o’(y)}| > 2 then, by definition [}

> ellno), (.0 =0. (36)

n'e{0,1}7

Suppose now that there exists x € V such that ¢/ = ¢*. Then, by definition [Z.],

Z C((nv 0)7 (77/70/)) =

n'€{0,1}F

 VHe€ B, 7 (€)=0} [{e€ s, 7/(e)=1}T, |
n'€{0,1}E, n’=non E\Ey

Our next task is to calculate the last sum. To this end, we use the same proof as for (B])
(recall that IP(n, o) is also given by (). We get

Y o), (f;0%)) = (1 —p)ltesFe o O=1, (37)

n'€{0,1}F

Finally, we have to calculate } ¢ 112 ¢((n,0), (1, 0)). We have, from definition [ZT]

Z C((nv 0)7(77/’0-)) = C((%O’), (777 0))

7' €{0,1}F

= - Z C((nv 0)7 (77,7 0,))
(n's0"), (' 0" )#(n,0)

> > o), 0")

' €{0,1}E z€V

== > dmo) (")

eV n'e{0,1}F

= Z p)[{e€E, do(e)=1}] (38)

zeV

Equalities ([30)), (37) and (38]) yield the statement of proposition O
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We compute next the marginal dynamics on the edges.

Proposition 7.4. Let n and i be two different elements of {0,1}F.
o [f there exists e = (x,y) € E such that n/(e) # n(e) and ' =n on E \ {e}, then

Z c((n, o), (n',0")) = Z (1 _p)l{eeEm ' (€)=0} p{e€ L, "l(e):m][(n',w)ecz )
o'e{-1,1}V ze{z,y}

o If there exists x € V such that W' = n on E\ E, and the configurations n,n' differ in
more than one edge, then

ST el(no), (o, 0") = (1 — p)HeBn T O=0pleebe ' O=1g o\ o .
o'e{-1,1}V

o If for anyx €V, 0 #n on E\ E,, then

Y dmo)(0") =0.

o'e{-1,1}V

Proof. Let n and 1’ be two fixed different elements of {0,1}¥. If for any 2 € V, 5 and »/
are different on F \ E, then we get, by definition [7.1]

Vo' e{-1,1}"  e((n,0),(,0") =0.

Consequently,

> o), (n,0)) =0. (39)

o'e{-1,1}V

Suppose now that there exists € V such that n =7 on E '\ E,. Let us define the set
V={yeV,n=ng'on E\E,}.

We have
> o), (r,0) =" cl(n,0), (0, 0Y)). (40)

o’e{-1,1}V yey
Let us set

E={freE nf)#7()}.

By hypothesis, this set is not empty and it is a subset of E, because n # i’ while n =7/
on E\ E;. Suppose first that £ contains only one element, say £ = {e}. Necessarily one
endvertex of e is x. Let y be the other endvertex of e, so that e = (z,y). We have then
V = {z,y}. Indeed, if there exists a vertex z in V such that

z#zandn=non B\ E,,

then, since e € E, and n(e) # 1/ (e), we have also e € E,, whence e = (x,z) and z = y.
Equation (A0) can now be rewritten as

Yo dm0)(s0") = el(n,0). (0, 0%)) + el(n,0), (0, ")) (41)

o'e{-1,1}V
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Suppose that £ contains more than one element. We claim that, in this case, the set V is
reduced to {x}. Indeed, let e; and es be two different elements of £. Let y € V. Since
n=n"on E\ E,, necessarily both e; and ey belong to E,. We know also that both e;
and ey belong to I,. Consequently e; € E, N E, and ez € £, N E,. It follows that y = x
since e; and ey are different. From (40), we deduce that, whenever £ contains more than
one element,

> dmo),(f,0") =cl(n0),(0,0%)). (42)

o'e{-1,1}V

Definition [[I] and the three cases of equations ([39)), (@Il and ([@2) complete the proof of
Proposition [T.4] O

From propositions [7.2] [[.3] and [7.4] we deduce the following theorem.

Theorem 7.5. Let (1, 0¢)1>0 be a Markov jump process with the transition rates intro-
duced in definition[71} Then (n:, 0¢)e>0 is reversible with respect to the coupling measure
IP. Its second marginal process (o¢)i>0 is a Markov process evolving according to a Glauber
dynamics while its first marginal (n4)¢>0 is a non-Markovian jump process.

Proof. The reversibility property is deduced from Proposition Proposition [7.3] shows
that the sum
> o), (0,0
n'€{0,1}F

does not depend on 7 for any 0,0’ € {—1, 1}V, moreover this sum is equal to the transition
rates given in (I8). The presence of the indicator function 1,y 5e)ec, in the formula of
proposition [Z.4] shows that the sum 3¢y 1yv c((n,0), (n',0")) depends on o for some
n,n € {0,1}¥. The proof of Theorem is complete thanks to Ball and Yeo [I]. O

So this second dynamics does not fulfill our dream.

8 The dream is not feasible

A Markov process on {0,1}¥ x {—1,1}" is said to be a Markovian coupling if both its
marginals are Markov processes. In this section, we will work with the following additional
hypothesis on the graph (V, E).

Hypothesis 8.1. We suppose that there exists a vertex T € V which belongs to at least
four edges. We suppose that there exists a spin configuration & such that éz(e) = 0 for
any e € F.

For instance, when the graph is bipartite, the spin configuration @ can be obtained by
setting minuses on one part of the graph and pluses on the other part. Theorem
below shows that, under hypothesis Bl we cannot build a Markovian coupling which is
reversible with respect to the I P measure and whose marginal on the spins is a one spin
flip Markov jump process, i.e., with transition rates satisfying (8.
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Theorem 8.2. Suppose that hypothesis [81 holds. Let (n:,o1)i>0 be a Markovian jump
process with rates q((n,0),(n',0")) satisfying (I4), (I3) and the detailed balance equa-
tion (16). If the second marginal (o¢)>0 is a Markov jump process with transition rates
satisfying (8), then the first marginal (n)i>0 is a continuous-time non-Markovian jump

process.

Proof. Let (n:,0¢)i>0 be a Markovian jump process with transition rates q((n, o), (',0"))
satisfying (I4]), (I3]) and the detailed balance equation (I€). Suppose also that the first
marginal (n;)¢>0 is a Markov jump process with transition rates é(n,n’). Suppose also
that the second marginal (o¢)¢>¢ is a Markov jump process with transition rates c¢(o,0”)
satisfying (). From Ball and Yeo [I] (see theorem [I0.4] of the appendix), we have

vn,n' € {0,1}7  Voe{-1,1}" > dlmo), (0" =émn),  (43)
o'e{-1,1}V

Voo e (11} wel0 ) Y qlmo).0f.o) = clo.o).  (44)
n’€{0,1}F

Let @ be a configuration as in hypothesis and let T be a vertex of E belonging to at
least four distinct edges. Let 77 be the configuration where all the edges are closed and
let 7% be the configuration where the edges exiting from Z are opened, while all the other
edges are closed. From formula ([#4]) applied to 77,7 and o, we have

S o759, 0.9) = o(5",3).

n'€{0,1}F

The only configuration 1’ compatible with 7 is 77, thus the above identity reduces to

Q((ﬁ? 65)7 (ﬁv 5)) = C(Efv 5) :

The conditions () implies that ¢(¢%, &) is positive, therefore ¢((7%,5%), (7],7)) is positive.
Since we assumed that the dynamics is reversible, then the rate q((77,7), (7%,5%)) is also

positive. From formula @3] applied to 7,7* and &, we have

> a(@e), (@, 0") =&

o’e{-1,1}V

")

3|

therefore the rate ¢(7,7%) is positive. Let now & be a spin configuration in which the spins
of the vertices connected to T contain at least two negative spins and at least two positive
spins. This is possible because we assumed that T is connected to at least four distinct
vertices. Applying again formula (@3]), this time to 77,77° and &, we have

> a(@8),(@" ") =&

o’e{-1,1}V

7).

3|

Since the rate ¢(77,7%) is positive, then there exists a spin configuration o’ such that
q((7,5), (7", 0")) > 0.
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In the configuration 7%, all the edges emanating from T are opened, hence the neighbours
of T are connected. Since the configuration ¢’ has to be compatible with 7%, then all the
neighbours of T have the same spin in ¢’, hence the configuration ¢’ has to differ from & in
at least two vertices. From the conditions (8], we should therefore have that ¢(a,c") = 0.
Yet formula ([@4) applied to 7,7 and 5 yields

c@,.0) = Y al@0),(.0") = q((7.5), (7", 0") > 0,
n'€{0,1}7

which is contradictory. O

Notice that hypothesis holds for a cubic box on the d—dimensional lattice when d > 2.
Thus our dream process is not realizable in the lattice Z% for d > 2.

9 One edge and one incident cluster

We drop here the requirement that the dynamics is local. We build a dynamics which
updates at each time at most one edge and the vertices belonging to the open cluster
of one of the endpoints of the edge. This dynamics will be reversible with respect to
the coupling measure I P and its marginal on the edges is the FK dynamics described in
section [l For x € V, recall that E, is the set of the edges e in F having x as endvertex,
ie.,

E,={e€E e=(xy),ycV}.

The following definition gives the transition rates of the dynamics.

Definition 9.1. Let (n,0), (1/,0") be two elements of {0,1}F x {—1,1}V. We consider
several cases:
o If o' = o and there exists e € E such that 1 = n° and v,(e) = 1, then we set

C((T], O’), (77,7 U/)) = ((1 - p) ][n(e):l + p][n(e)zo) ][(77,0)60 .

e If o’ = o and there exists e € E such that /' =n°, ~,(e) =0 and é5(e) = 1, then we set

(1 =p)Tye)=1 + PLye)=0) T.o)ec -

DO =

C((nv 0)7 (77/7 0/)) =

o If there exists v € V and e € E, such that n = n°, v,(e) = 0, n(e) = d5(e) and o’ is
given by

Vg eV o (y) = o(y) if y is not connected to x inn\ {e},
—o(y) if y is connected to x inn\ {e},

then we set
1
C((% 0)7 (77/7 J/)) = Z ((1 - p)][n(e)zll(n,cr)ec + pln(e):OI(n’,U’)EC) .
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e Otherwise, if (n,0) # (n',0’), then we set ¢((n,o),(n',0")) = 0.
e Finally, if (n,0) = (1, 0"), then we set

c((n,0),(n,0)) =— > c((n,0), (', 0")).
(n',0"), (' ,0")#(n,0)

We first check that the dynamics associated to these rates is reversible with respect to
the measure IP.

Proposition 9.2. The transition rates introduced in definition [91 satisfy the detailed
balance equation (I14)).

Proof. Let (n,0) and (1/,0") be fixed in {0,1}¥ x {—1,1}V. We have to prove (I8). We
consider several cases, as in definition Suppose first that ¢/ = o and there exists
e € E such that ¥ = n° and ~;,(e) = 1. We have then

IP(n,0)c((n,0), (1, 0)) =

1
2 | I (0Ty)=100 () + (1= ) Typ1—0) | (1= 2) o)1 + Pye1=0) Tignyec
fer

=~ II @Lp=1+0=D)Typ=0) | A =p)pTeec-
FEE\{e}

Since i’ = n° and v,(e) = 1, then (n,0) € C if and only if (7/,0) € C. Also, the product
in the last formula is the same for  and 7/, thus we obtain the detailed balance equation
(@G). Suppose next that o’ = o and there exists e € E such that n" = 7°, v,(e) = 0 and
d,(e) = 1. We have then

IP(n,0)c((n,0), (1 ,0)) =

1 1
7 | L1 (=105 + (1= p)Typ10) | 5((1 = D)Ly + PHye)—0) Linoyec
fer

=~ | I (L=t + 0 -p)Ip—0) %(1 —p)p Ly oyec -
feE\{e}

Since ' = n° and d,(e) = 1, then (n,0) € C if and only if (1/,0) € C. Also, the product

in the last formula is the same for  and 7/, thus we obtain the detailed balance equation

(@6). Suppose finally that there exists € V and e € E, such that ' = 7, y,(e) = 0,

n(e) = d5(e) and o’ is obtained from o by reversing all the spins of the sites which are
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connected to x by an open path in 7\ {e}. We have then
(o)) =

77
p]In(f 16 (f) (1 - p)]In(f)ZO) ((1 - p) ][n(e):I]I(n,o)GC +p][77(e)=0]I(17’,cr’)€C)
fEE
1

]

1
= [T @l + 0= P)Typ-0) | 302 (Tye)=1 Tgryee+ Tge=0Ty.or)ec) -
JeB\(e)

NI

To remove the symbol d,(f) in the last line, we have used the fact that, if n(e) = 0 and
(n',0") € C, then (n,0) € C. Since we have
Lye=1Tmoec + Iyey=oloy.onec = Ly @)=y onec + Ty @=olmeec s

then we can conclude that

IP(n,0)c((n,0),(1',0")) = IP(n',0")e((n, o), (n,0))

and the detailed balance equation holds also in this case. We conclude that the detailed
balance equation (I6) is always satisfied. O

We compute next the marginal dynamics on the edges.

Proposition 9.3. Let n be an element of {0,1}F and let e € E. Let also o be an element
of {=1,1}V such that (n,0) € C.
o Ifyy(e) =1, then

Z C((Tla U)a (7767 U,)) - P][n(e):o + (1 - p)]In(e)zl
o'e{-1,1}V

o If yy(e) =0 and n(e) =0, then

o'e{-1,1}V

o Ifyy(e) =0 and n(e) = 1, then

Z C((’r/va)v(ne’OJ)) =1-p.

o’e{-1,1}V

Proof. Let n,e,0 be as in the statement of the proposition. We use the expression for
the rates given in the definition If v,(e) = 1, then ¢((n,0), (n° ¢)) is null unless
o' = 0. Thus the sum reduces to ¢((n,0),(n°, o)), which is equal to p if n(e) = 0 and
to 1 —p if n(e) = 1. Suppose next that v,(e) = 0 and n(e) = 0. We consider two
further cases. If d,(e) = 1, then the sum reduces again to ¢((n,o),(n°, o)), which in
this case is equal to p/2. If §,(e) = 0, then the sum contains two terms, corresponding
to the two spin configurations ¢’ obtained from o by reversing all the spins of the sites
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which are connected to one extremity of e by an open path in 1\ {e}. These two rates
c((n,0),(n%,c')) are both equal to p/4, and their sum is again equal to p/2. Suppose
finally that ~,(e) = 0 and n(e) = 1. The sum contains three terms, one corresponding
to 0/ = o and two corresponding to the two spin configurations ¢’ obtained from o by
reversing all the spins of the sites which are connected to one extremity of e by an open
path in 7\ {e}. The rate ¢((n,0),(n° o)) is equal to (1 — p)/2. The two other rates
c((n,0), (%, 0")) are equal to (1 — p)/4. In total, the sum is equal to 1 — p. O

The marginal dynamics on the spins is quite complicated, but it is not a Markov process.
Let us consider an edge configuration 7 and a spin configuration o such that there exist
z € V and e € E, such that v,(e) = n(e) = d,(e) = 0. Let ¢’ be the spin configuration
defined by

o if y is not connected to = in e},
—o(y) if y is connected to = in n \ {e} .

We have then
> o), (,0") = eltn.), (o) = L.
n'€{0,1}F
However the configuration ¢’ depends on 7. Indeed, if we change the status of some edges
fin E, \ {e}, we will change the set of the vertices which are connected to z in n \ {e},
and we will obtain an edge configuration 77 for which

Z C((ﬁv 0)7(77,70,)) = C((ﬁv 0)7(ﬁ670,)) = 0.

7' €{0,1}F

Thus the above sum depends on the configuration n and the marginal process on the
spin configurations is not a Markov process. This remark, together with propositions
and [0.3], yield the following theorem.

Theorem 9.4. Let (n:,0¢)i>0 be a Markov jump process on C with the transition rates
introduced in definition [71 Then (n:,0¢)i>0 is reversible with respect to the coupling
measure IP. Its first marginal (n:)i>0 15 a Markov process evolving according to the FK
dynamics while its second marginal process (o¢)i>0 is a non-Markovian jump process.

Proof. The reversibility property is deduced from Proposition Proposition shows
that the sum »° o4 1yv c((n,0), (', 0")) does not depend on o for any 7,7 € {0, 1}E,
moreover this sum is equal to the transition rates given in (I8). The proof of Theorem
is complete thanks to the remark before the theorem and the result of Ball and Yeo

. O

So this third dynamics does not fulfill our dream, although it is not even local.

23



10 One edge and one spin

A notable inconvenient of the previous dynamics is that it might reverse simultaneously
all the spins associated to an open cluster of the edge configuration. We introduce here a
slight modification of this dynamics to ensure that at most one spin is changed at a time.
For x € V, recall that E, is the set of the edges e in F having x as endvertex, i.e.,

E,={ec€E e=(xy),ycV}.
The following definition gives the transition rates of the dynamics.

Definition 10.1. Let (n,0), (1,0") be two elements of {0,1}F x {—1,1}V. We consider
several cases:
o If o' = o and there exists e € E such that 1 = n° and v,(e) = 1, then we set

C((T], O’), (77/7 U/)) = ((1 - p) ][n(e):l + P][n(e):o) ][(n,U)EC :

e If o’ = o and there exists e € E such that /' =n°, ~y,(e) =0 and é5(e) = 1, then we set

(1 =P Lye)=1 + PLye)=0) Lpopec -

DN =

C((nv 0)7 (77,7 0,)) =

o If there exists x € V and e € E, such that o' = 0%, ' = n°, y,(e) = 0, n(e) = d,(e€)
and n(f) =0 for f € E, \ {e}, then we set

1
C((% 0-)7 (77/7 OJ)) = Z ((1 - p) ]In(e)zl ]I(n,J)EC + p]In(e)ZO ]I(n’,a’)EC) .

e Otherwise, if (n,0) # (n',0’), then we set ¢((n,o),(1,0")) = 0.
e Finally, if (n,0) = (1, 0"), then we set

C((Tla 0)7(7770)) - - Z c((m(j)?(n/?(j/))’
(n',0’), (' ,0")#(n,0)

The difference compared to the rates of definition is that, in definition [[0.1] we allow
to reverse the spins of a cluster only when it is reduced to a single vertex. This dynamics
possesses the same properties as the dynamics of the previous section, namely, it is re-
versible with respect to the coupling measure IP, its first marginal process on the edges
is a Markov process while its second marginal process on the spins is a non-Markovian
jump process. The marginal dynamics on the edges differs from the FK dynamics in the
following way. An edge can be opened between two different clusters only if one the two
clusters is reduced to a single vertex. More precisely, the corresponding rates are the
following. For x € V' and e € E,, for any configuration 7,

c(n,n®) = qp if n(e) =0 and y,(e) =1,
p/2 if n(f)=0for f € E,.
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Funnily enough, this fourth dynamics can be seen as a contraction of the first dynamics,
which could make only one change at a time. The following proposition shows that, if
the initial condition (ng,0¢) is distributed as I P, then the infinitesimal behavior of the
marginal on the spins of the process (7, 0¢)i>0, whose rates are introduced in definition
0.1l is quite similar to the transition rates of the Glauber dynamics as given in ([I8]). The
difference lies in the factor |E,|. On the cubic lattice Z?, the factor |E,| is equal to 2d
and it is independent of x.

Proposition 10.2. Let (1,04)t>0 be a Markov jump process with the transition rates
introduced in definition[I01]l. Suppose that the pair (ng,00) is distributed according to I P.
Then, for any x € V, for any o € {—1,1}V and any s > 0,

1 1 5 (o)
lim —IP(0y4s = 0%|os = 0) = ~|E,|p(1 — p)lte€Faidale)=1}] (45)
t—0 ¢ 4

Proof. We have, for any o € {—1,1}V, 2 € V and s > 0,
P(oy4s = 0"|os =0) = Z Z P05 = 0", Mits = 77/,773 =nlos =0)
n€{0,1}F n'e{0,1}F

= Y Y Porrs =0 s =1 |os = o,ns = n)P(ns = nlos =) (46)
ne{0,1}7 1/ €{0,1}P

Recall that (n;,04)i>0 is a Markov jump process with transition rates c((n,0), (1,0")),

thus

1
lim ;IP(UHS = 0" s =1'os = 0o,ms =) = c((n,0),(n',07)). (47)

Using the expression of the rates ¢((n, o), (n',0’)) given in definition IOl together with
formulas (@) and ([{AT), we obtain that, for any s > 0,

lim 1P =o'l =) = 3 S (T Type

ne{0,1}F e€B, \ feE,\{e}

((1 - p)]In(e)ZI]I(n,U)EC + p]In(e)ZO][(ne,cr””)GC)IP(ns = 7]’08 = U) . (48)

e

X

The measure IP is, by proposition [6.3] a reversible and a stationary measure for the
process (1, 0¢)¢>0. Hence, if (19, 00) is distributed as IP, then, for any s > 0, (s, 05) is
also distributed as I P. Consequently, under the hypothesis of proposition [[0.2] we have

IP(TISZTIJSZU) IP(777U)
IP(ns =nlos = 0) = = : (49)
I].:)(O'S = O') Zn’E{O,l}E IP(’T]/, O')
Equation (3]) yields that
1 . -
Y IPUf0) = (1 - pleeE =0, (50

7 €{0,1}F
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Reporting (49]) and (B0) in (Z8), we conclude that

1
im — — 4 — _ _ \—{e€FE:5,(e)=0}|
%1_>m0 t]P(at+8 =o"los=0) = Z(1—p) X

> z( I IW)

ne{0,1}F e€le \ feEL\{e}

((1 - p) ][77(6):1 ][(n,o)GC +p][17(e)=0 ]I(ne,ox)EC)IPOL U) :

e~ =

(51)

We compute these sums as follows. We have, for e € F,,

Z ( H Ly ) n(e)=11(n.c)ecIP(n,0) =
ne{0,1}E \ fEE.\{e}

1 C1ilfe 5 (o)
E(1_10)|E1-\ 1+|{e€E\Ey:6,(e) 0}|p50(e),

Z ( H ]In(f)O) In(e)zol(ne,ox)ecfp(ﬁaff) =

ne{0,1}F \feEz\{e}

1 . 5. (6)=
2(1 — p)lBel+l{e€B\Ez:d0 () 0}\(1 —dy(e)).
Reporting the values of these sums in formula (GII), we obtain

1 1
O — ST _ — (1 _ —|{e€FE:é5(e)=01}|
P—I}é 75]P(at+8 o®|los = o) 4(1 P) X

Z <(1 — p)lEe L€ BB (=0} 5 () 4 p(1 — p)lEelH{eEB\Eaibo ()=0 (1 _ 50(6))>

e€ly
= i(l — p)—l{eeE:cSa(e):O}\ Z p(1— p)\Ez\+|{e€E\Ez;5a(e):0}|

GEEIIJ
_ = Z \{eEEx o(e)=1} _ \Ex]p(l _p)\{eEEx:(Sg(e):l}\ ) (52)
eeEac
This yields the desired result (43]). O

Appendix

Let (V,E) be a finite graph and let (X¢)i>0 = ((,0¢))e>0 be a time-homogeneous
continuous-time Markov process with state space Q = {0,1}¥ x {-1,1}V and with in-
finitesimal generator ) defined as follows. For any function f defined on {2 with values in
R, we have

Qfm,o)= > qlln.o),(.0) (fi'.0') = f(n,0)),

(n',0")e

where ¢((n,0),(n',0")) are the transition rates defined by, for (n,0) # (1, 0'),

q((n,0),(n',0')) = lim IP(Xt (', 0")[Xo = (n,0))),

t—0t
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and for (n,0) = (/,0'),

a((n,0),(n,0)) = — > a((n,0),(n',0)). (53)
(n'0"): (m,0)# (0 07)
Our goal is to present some conditions on the transition rates ¢((n, o), (', 0’)) under which
(0)¢>0 or (m4)i>0 are Markov processes. This is a lumpability problem discussed in Ball
and Yao (1993). We first recall the following definition of lumpability.

Definition 10.3. Let Q be a countable set, {Qq, -+ ,Q.} be a partition of Q0 and h the
function from Q to {1,--- ,r} defined by h(x) = j if v € Q;. An homogeneous Markov
chain (Xi)i>0 with state space ) is lumpable with respect to the partition Qq,--- , Q. if
(h(X4))t>0 is an homogeneous Markov chain for every initial distribution yo on {1,--- ,r}
and its transition rates do not depend on the choice of the initial distribution yq.

Let us take the following partition of €:

0= |J %, QB ={Mmo)e:ine{0,1}"}.
oce{-1,1}V
In this case, the function A is the projection from Q to {—1,1}" defined by h((n,0)) = o.

Our purpose is to obtain necessary and sufficient conditions under which the Markov pro-
cess ((m, 0¢))e>0 is lumpable with respect to the partition (Qq),eq—1,13v-

It is well known (see for instance Theorem 3.1 in Ball and Yao (1993) that a Markov pro-
cess is lumpable with respect to the partition (£2;)1<;<, if and only if there exist positive
real numbers A; j, 1 <4,j < r, such that

Vitj, VeeQ, Y dey =i
yEQj
In order to simplify the reading of this paper, we adapt this criterion of lumpability to the
case of the partition (25),c(—1,13v and the Markov process ((n, 0¢))i>0. We summarize
it in the following theorem.

Theorem 10.4. Let ((n,0¢))t>0 be a continuous-time Markov process with finite state
space {0,1}F x {=1,1YV and transition rates q((n, o), (n',0")). Then the following state-
ments are equivalent:

(i) For any o # o', there exist positive numbers c(o,c’) such that

Vn € {0’ 1}E ) Z Q((U, O-)’ (77/7 0,)) = C(O-’ OJ) :

7' €{0,1}F

(11) The spin marginal (o4)i>0 of the Markov process ((n:,o¢))i>0 is a Markov process
for every initial distribution oo on {—1,1}V and its transition rates c(o,0’) do not
depend on the choice of the initial distribution of og.

IBall and Yao’s result is stated under their condition 2.2 which is satisfied in the actual context.
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The analog of Theorem [[0.4] holds for the edge marginal process of ((n:,0¢))t>0. For a
proof, we refer to Theorem 3.1 in Ball and Yeo [I]. We also recall Theorem 3.2 of Ball
and Yeo [I], that we adapt to our context.

Theorem 10.5. Suppose that the transition rates q((n,o),(n',0’)) of the Markov process
(e, ot)e=0 satisfy

q((n,0),(n',0") #0 = (n,0)=(0',0") or (=1 and o # 0") or (n#n and o = o’).

Then (nt)e>0 and (0t)¢>0 are both Markov processes if and only if they are mutually inde-

pendent.
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