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Abstract: We consider the standard first passage percolation model in the rescaled graph Z<¢/n
for d > 2, and a domain Q of boundary I' in R?. Let I'' and I'? be two disjoint open subsets of
I", representing the parts of I' through which some water can enter and escape from 2. A law of
large numbers for the maximal flow from I'! to I'? in € is already known. In this paper we inves-
tigate the asymptotic behaviour of a maximal stream and a minimal cutset. A maximal stream is
a vector measure fi'** that describes how the maximal amount of fluid can circulate through €.
Under conditions on the regularity of the domain and on the law of the capacities of the edges,
we prove that the sequence (f'**),>1 converges a.s. to the set of the solutions of a continuous
deterministic problem of maximal stream in an anisotropic network. A minimal cutset can been
seen as the boundary of a set E™™ that separates I'! from I'? in © and whose random capacity is
minimal. Under the same conditions, we prove that the sequence (E™™"),>1 converges towards the
set of the solutions of a continuous deterministic problem of minimal cutset. We deduce from this
a continuous deterministic max-flow min-cut theorem, and a new proof of the law of large numbers
for the maximal flow. This proof is more natural than the existing one, since it relies on the study
of maximal streams and minimal cutsets, which are the pertinent objects to look at.
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1 FIRST DEFINITIONS AND MAIN RESULT

1 First definitions and main result

We recall first the definitions of the random discrete model and of the discrete objects. The contin-
uous counterparts of the discrete objects are briefly presented in Section 1.2 and the main results
are presented in Section 1.3.

1.1 Discrete streams, cutsets and flows

We use many notations introduced in [12] and [13]. Let d > 2. We consider the graph (Z%, EZ)
having for vertices Z¢ = Z/n and for edges EZ, the set of pairs of nearest neighbours for the
standard L' norm. With each edge e in E¢ we associate a random variable t(e) with values in
R*. We suppose that the family (t(e),e € E?) is independent and identically distributed, with a
common law A: this is the standard model of first passage percolation on the graph (Z%,E?). We
interpret t(e) as the capacity of the edge e; it means that #(e) is the maximal amount of fluid that
can go through the edge e per unit of time.

We consider an open bounded connected subset € of R? such that the boundary I' = 9 of Q is
piecewise of class C'. It means that I is included in the union of a finite number of hypersurfaces
of class C!, i.e., in the union of a finite number of C'' submanifolds of R? of codimension 1. Let T'!,
I'? be two disjoint subsets of I" that are open in I'. We want to study the maximal streams from I'!
to I'2 through § for the capacities (t(e),e € E?). We consider a discrete version (9, T, 'L, T2) of
(Q,T,T1,T?) defined by:

Q, = {z € Z%|doo(2,9) < 1/n},
Ly = {2 €0 |3y ¢ O, [2,y] €ET},
[ = {0 € Dy ldoo(n 1) < 1/, doo(, 1) 2 1/n} for i = 1,2,

where do, is the L*>-distance and the segment [z, y] is the edge of endpoints x and y (see Figure 1).
We denote by II,, the set of the edges with both endpoints in £2,,.

Figure 1: Domain 2.

We shall study streams and flows from I'} to I'2 and cutsets between '} and T'2 in €,,. Let us
define first the admissible streams from F; to Fy in C, for C' a bounded connected subset of R? and
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Fy, Fy disjoint sets of vertices of Z¢ included in C. We will say that an edge e = [z, %] is included
in a subset A of R? which we denote by e C A, if the closed segment joining z to y is included in
A. Let e = [a,b] be an edge of E¢ with endpoints a and b. We denote by (a,b) the oriented edge
starting at a and ending at b. We fix next an orientation for each edge of EZ. Let (fl, ,f ) be the
canonical basis of RY. We denote by E%? the set of the edges parallel to f,. For e = [a,b] € B we
define

(a,b) ifab-f=+1/n

é':t;; and e = K ,
{(b,a> lf%fzz—l/n

where - is the scalar product on R% and % the vector of origin a and endpoint b. We define the set
Sn(F1, Fa, C) of admissible "stream functions" as the set of functions f,, : ]Eg — R such that

i) The stream is inside C': for each edge e ¢ C we have f,(e) =0,

i) Capacity constraint: for each edge e € E¢ we have
[fnle)] < te),

iii) Conservation law: for each vertex v € Z% \ (Fy U Fy) we have

Y@= Y e,

ecEd :e=(v,.) ecEd :e={.,v)

where the notation e = (v,.) (respectively e = (.,v)) means that there exists y € Z¢ such that
e = (v,y) (respectively e = (y,v)). A function f,, € S,(F1, Fa,C) is a description of a possible
stream in C: |f,(e)| is the amount of water that crosses e per second, and this water circulates in
e in the direction of f,(e)e (thus in the direction of e is f,(e) > 0 and in the direction of —e if
fn(e) < 0). Condition i) means that the water does not circulate outside C, condition i) means
that the amount of water that can cross e per second cannot exceed t(e) and condition #ii) means
that there is no loss of fluid in the graph. To each stream function f, from F; to Fy in C, we
associate the corresponding flow

flowd™(f,) = 3 (@) (Le=tat)} = Le=tpa}) -

eCC | e=[a,b],a€F1,b¢ Fy

This is the amount of fluid (positive or negative) that crosses C' from F; to Fy according to f,,. We
define the maximal flow ¢, (F}, F»,C) from Fj to Fy in C by

¢n(F1, Fo,C) = sup{flowi™(f,) | fn € Sp(F1, F2,C)}.

If D is a connected set of vertices of Z< that contains two disjoint subsets I, I of Z%, we define

= 1
D =D+ —[-1,1]% c R?.
2n

We define

Sp(Fi, Fy,D) = Sy(F1,F,D)  and  ¢,(F1, Fy, D) = én(F1, Fa, D).
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The maximal flow ¢, (F1, F2,C') can be expressed differently thanks to the (discrete) max-flow
min-cut Theorem (see [3]). We need some definitions to state this result. A path on the graph
Zﬁ from the vertex vy to the vertex v, is a sequence (vg, €1, V1, ..., €m, V) of vertices vg, ..., vy
alternating with edges ey, ..., e, such that v;_; and v; are neighbours in the graph, joined by the
edge e;, for i in {1,...,m}. A set E of edges of E¢ included in C is said to cut Fy from F; in C' if
there is no path from F} to F> made of edges included in C that do not belong to E. We call E an
(Fy, Fy)-cutset in C' if E cuts F; from F» in C and if no proper subset of E does. With each set of
edges £ C E¢ we associate its capacity which is the random variable

V(E) = t(e).

eckE

The max-flow min-cut theorem states that
dn(F1, F,C) = min{ V(E) | E C B¢ is a (Fy, Fy)-cutset in C'}.

We can achieve a better understanding of what a cutset is thanks to the following correspondence.
We associate to each edge e € Eﬁ’i a plaquette 7(e) defined by

m(e) = cle) + % (=1,1)7 " x {0} x [-1,1]477)
where c¢(e) is the middle of the edge e. To a set of edges E C E¢ we associate the set of the
corresponding plaquettes E* = Uecpm(e). If E is a (F1, Fy)-cutset, then E* looks like a "surface" of
plaquettes that separates F from Fj in C (see Figure 2). We do not try to give a proper definition to
the term "surface" appearing here. In terms of plaquettes, the discrete max-flow min-cut Theorem
states that the maximal flow from Fj to F5 in C, given a local constraint on the maximal amount
of water that can circulate, is equal to the minimal capacity of a "surface" that cuts F} from F5 in

C.
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Figure 2: Set of plaquettes E* corresponding to a (Fy, Fy)-cutset E in C.

We consider now streams, cutsets and flows in £2,. The set of stream functions associated to
our flow problem is S,,(T'L,T2,€,). We will denote by ¢, the maximal flow ¢, (I}, T2,€,). To each
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fn € Sp(TL,T2.0,,), we associate the vector measure ji,,, that we call the stream itself, defined by

fin = fin(fa) = 3 3 Ful€) g
ecEd
where c(e) is the center of e. Notice that since f,, € S,,(T'5,T'2,,,), the condition i) implies that
fn(e) =0 for all e ¢ II,,, thus the sum in the previous definition is finite. A stream fi, is a rescaled
measure version of a stream function f,. The vector measure i, is defined on (R?, B(R%)) where
B(R?) is the collection of the Borel sets of R, and takes values in RY. In fact i, = (ul, ..., u)
where 4!, is a signed measure on (R%, B(R)) for all i € {1,...,d}. We define the flow corresponding
to a stream i, (f,) as flowd™(f,,) properly rescaled:

i = isc/ = 1 isc
fowy ™ (jin) = flowy™ (fin(fn)) = T flowy ™ (f) -

We say that fi,, = fin(fn) is @ mazimal stream from I’}Z to I’% in €, if and only if

m )

and for any e = [a, b] such that @ € T} and b ¢ T'., we have f,(e) ¢ - ab >0, ie.,

fule) { @)

The set of admissible stream functions is random since the capacity constraint on the stream is
random. Thus ¢,, is random and the set of admissible streams (respectively maximal streams) from
I'L to I'2 in €, is random too.

Let &, be a (F}],F%)—cutset in Q,. We say that &, is a minimal cutset if and only if it realizes
the minimum

fowd™* (1) =

>0 if e is oriented from a to b (i.e. e = (a,b)),
<0 if e is oriented from b to a (i.e. € = (b,a)).

Vi(&n) = ¢n (3)
and it has minimal cardinality, i.e.,
card(&,) = min{card(F,) | F, is a (I}, T?)-cutset in Q,, and V(F,) = ¢ (TL. T2,Q,)},  (4)

where card(€) denotes the cardinality of the set £. We want to see a cutset &, as the "boundary"
of a subset of Q. We define the set r(&,) C Z¢ by

(&) = {x € Q, |there exists a path from z to T'} in (24,11, \ &,)} .
Then the edge boundary 0°r(&,) of r(&,), defined by
0r(&y) = {e=x,yl €l |z €r(&,) and y & r(E,)}

is exactly equal to &,. We consider a "non discrete version" R(E,) of r(&,) defined by

R(E) = rlEn) +5-[-1,1]%,
Notice that &, = 0°(R(E,) N1l,,), thus the sets &, and R(E,) completely define one each other (see
Figure 3).
Remark 1. We want to study the asymptotic behaviour of sequences of maximal streams and
minimal cutsets. For a fixed n and given capacities, the existence of at least one minimal cutset is
obvious since there are finitely many cutsets. The existence of at least one maximal stream is not
so obvious because of condition (2). Under the hypothesis that the capacities are bounded, we will
prove in Section 4.1 that a maximal stream exists.
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Figure 3: A (T'L,T2)-cutset &, in Q, and the corresponding sets 7(&,) and R(&,).

1.2 Brief presentation of the limiting objects
We consider a sequence (ji%¥),,>1 of maximal streams and a sequence (£2"),,>1 of minimal cutsets.

For each n, ;" is a solution of a discrete random problem of maximal flow, £&;"" is a solution of

a discrete random problem of minimal cutset, and by the max-flow min-cut Theorem

isc / »max 14 gﬁnin n
d (M ): ( ) L ¢

n n nd—1 T -1

flow

where ¢, stands for ¢, ('}, T2 €,). The goal of this article is to prove that

o (fim®),>1 converges in a way when n goes to infinity to a continuous stream [ which is the
solution of a continuous deterministic max-flow problem to be precised;

e (£Mn), -, converges in a way when n goes to infinity to a continuous cutset & which is the
solution of a continuous deterministic min-cut problem to be precised;

e these continuous deterministic max-flow and min-cut problems are in correspondence, i.e., the
flow of /i is equal to the capacity of £, and ¢, /n?~! converges towards this constant.

We obtain these results, except that the continuous max-flow and min-cut problems we define may
have several solutions, thus we obtain the convergence of the discrete streams fi))'®* (respectively the
discrete cutsets M%) towards the set of the solutions of a continuous deterministic max flow problem
(respectively min-cut problem). In this section, we try to present very briefly these continuous max-
flow and min-cut problems. A complete and rigorous description will be given in Sections 2.2 and
2.3. The aim of the present section is to give an intuitive idea of the objects involved in the main
theorems of Section 1.3.

The first quantity that has been studied is the maximal flow ¢,,, however a law of large numbers
for ¢, is difficult to establish in a general domain. It is considerably simpler in the following
situation. Let # be a unit vector in R?, let Q(%) be a unit cube centered at the origin having two
faces orthogonal to ¥, and let

Fi={cecdQ|0s 7<0}, Fy = {x €dQ|0z-7> 0}
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be respectively the upper half part and the lower half part of the boundary of ) in the direction .
Whenever E(t(e)) < oo, a subadditive argument yields the following convergence:

L On(F1L B, Q)

n—oo nd_l

= v(¥) inL', (5)

where v(¥) is deterministic and depends on the law of the capacities of the edges, the dimension
and . The maximal flow considered here is not well defined, since F; and F5 are not sets of vertices
(a rigorous definition will be given in Section 2.3), but Equation (5) allows us to understand what
the constant v(¥) represents. By the max-flow min-cut Theorem, ¢, (Fi, Fa, Q(¥)) is the minimal
capacity of a "surface" of plaquettes that cuts F from F, in Q(¥), thus a discrete "surface" whose
boundary is spanned by 9Q(?). Thus the constant v(¥) can be seen as the average asymptotic
capacity of a continuous unit surface normal to ¢. By symmetry we have v(¢) = v(—7).

This interpretation of v(7) provides in a natural way the desired continuous deterministic min-
cut problem. Indeed, if S is a "nice" surface ("nice" means C! among other things), it is natural to
define its capacity as

capacity(S) = /SmQ v(Us(z)) dH (),

where H?~1 is the (d— 1)-dimensional Hausdorff measure on RY and #/s(z) is a unit vector normal to
S at x. Exactly as a discrete cutset &, can be seen as the boundary of a set R(E,,), we see S as the
boundary of a set F' C 2, and we define capacity (F') = capacity(OF). The continuous deterministic
min-cut problem we consider is the following;:

¢% = inf{capacity(F)| F C Q, OF is a surface separating I'' from T'? in Q} .

The above variational problem is loosely defined, since we did not give a definition of capacity(F)
for all F', and we did not describe precisely the admissible sets F': we should precise the regularity
required on OF and what "separating" means. This will be done in Section 2.3. We will denote by
% the set of the continuous minimal cutsets, i.e.,

Y% = {F C Q| F is "admissible" and capacity(F) = ¢ } .

The variational problem ¢¢, is a very good candidate to be the continuous min-cut problem we are
looking for, all the more since it has been proved by the authors in the companion papers [7], [5]
and [6] that under suitable hypotheses

This result is presented in Section 2.3. By studying maximal streams and minimal cutsets, we will
give an alternative proof of this law of large numbers for ¢,,.

We define now a continuous max-flow problem. A continuous stream in {2 will be modeled by
a vector field @ : R? — R that must satisfy constraints equivalent to ), 1) and 4ii). For a "nice"
stream & (for example & is C' on the closure  of 2 and on R? \. Q) these constraints would be:

i) The stream is inside Q: & = 0 on R? \ Q,
ii") Capacity constraint: Vi € S¥=1 | & -7 < v(¥) on RY,

iii’) Conservation law: dive =0 on Q and & -0 = 0 on I' ~ (TTUT?).
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Here S?~! is the unit sphere of R% and 7 (z) denotes the exterior unit vector normal to Q at z.
The flow corresponding to a "nice" stream & would be

Alow®™ () — / &G dHA
1"1

Thus we obtain the following continuous max-flow problem:

the capacity constraint and the conservation law

¢ = sup {ﬂowcont(é’)

7 :R? 5 RY is a stream inside Q that satisfies }

The above variational problem is loosely defined too, since we did not give a definition of low®" ()
for all &, and we did not describe precisely the set of admissible streams &: we should precise the
regularity required on & and adapt conditions '), #i") and iii’) to & in this class of regularity. This

will be done in Section 2.2 . We will denote by ° the set of the continuous maximal streams, i.e.,
0 = {7:R? - R?| 7 is "admissible" and flow*"(5) = ¢%} .

We have also good reasons a priori to think that the variational problem gbg is the max-flow
problem we are looking for. Indeed, various continuous versions of the max-flow min-cut Theorem
have been proved (see for instance [1], [20], [15]), and a main result of Nozawa’s work [15] is precisely
to prove that ,

o0 = o
where ¢6 is a variant of ¢¢. Thanks to our study of maximal flows and minimal cutsets, we will
also recover this continuous max-flow min-cut Theorem in our setting.

Remark 2. We gave no argument a priori to justify that the sets 3% and ¥° are not empty. This
will be a consequence of our results of convergence. The fact that 3% is not empty was already
proved by Nozawa in [15].

1.3 Main results

We denote by £¢ the Lebesgue measure in R? and by C,(RY, R) the set of the continuous bounded
functions from R? to R. We define the distance d on the subsets of R? by

VE,F cRY, o(E,F) = LYYEAF),

where EAF = (E \ F)U (F \ E) is the symmetric difference of E and F.

We need some hypotheses on (Q, ', T'?). We say that Q is a Lipschitz domain if its boundary I'
can be locally represented as the graph of a Lipschitz function defined on some open ball of R?~1,
We say that two C! hypersurfaces Sy, Sy intersect transversally if for all € S; N Ss, the normal

unit vector to S; and S» at x are not colinear. We gather here the hypotheses we will make on
(@,1,12)

Hypothesis (H1). We suppose that Q is a bounded open connected subset of R?, that it is a
Lipschitz domain and that I' is included in the union of a finite number of oriented hypersurfaces of
class C' that intersect each other transversally; we also suppose that Tt and T2 are open subsets of
T, that inf{||lz — y|, x € ', y € T?) > 0, and that their relative boundaries OrT'! and OrT'? have
null 1 measure.
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We also make the following hypotheses on the law of the capacities:

Hypothesis (H2). We suppose that the capacities of the edges are bounded by a constant M, i.e.,
M < 400, A(0,M]) =
Hypothesis (H3). We suppose that

A({0}) < 1—pc(d),
where pe(d) is the critical parameter of edge Bernoulli percolation on (74, E%).
We can now state our main results:

Theorem 1 (Law of large numbers for the maximal streams). We suppose that the hypotheses (H1)
and (H2) are fulfilled. For alln > 1, let i be a random mazimal discrete stream from T'L to T2

in Q. Then (Gn*)p>1 converges weakly a.s. towards the set ¥l ie.,

/ fd—»max / f5" d[,d
R4

Theorem 2 (Law of large numbers for the minimal cutsets). We suppose that the hypotheses (H1),
(H2) and (H3) are fulfilled. For alln > 1, let £ be a minimal (UL, T2)-cutset in ,. Then the
sequence (R(EM™M)),>1 converges a.s. for the distance d towards the set ¥, i.e

, Vf € CRYR), lim  inf

n—00 genb

: : min _
a.s., nlggoﬁng;aa(R(‘g" ),F) =0.
Remark 3. As we will see in Section 2.3, the condition (H3) is equivalent to v # 0, where v
is the function defined by Equation (5). Thus if (H3) is not satisfied, then v(¢) = 0 for all ¥,
capacity (F') = 0 for every admissible continuous cutset F' and the variational problem ¢, is trivial.

The two previous theorems lead to the following corollary:

Corollary 1. We suppose that the hypotheses (H1) and (H2) are fulfilled. If ¥° is reduced to a
single stream &, then any sequence of mazimal streams (fn**)p>1 converges a.s. weakly to 7L
If hypothesis (H3) is also fulfilled and if 3% is reduced to a single set F, then for any sequence of
minimal cutsets (EM),>1, the corresponding sequence (R(EM™)),>1 converges a.s. for the distance

0 towards F'.

Remark 4. We believe that the uniqueness of the maximal stream or the uniqueness of the minimal
cutset in the continuous setting may happen or not depending on the domain €, the sets I'?,i = 1,2
and the function v (thus on the law of the capacities A), however we do not handle this question
here.

During the proof of Theorem 1, we prove the key inequalities to obtain the following lemma:

Lemma 1. We suppose that the hypotheses (H1) and (H2) are fulfilled, and we consider the contin-
uous variational problems £ and X° associated to the function v : S¥~1 — R*. For every admissible
continuous stream &, for every admissible set F', we have

flow®"™(5) < capacity(F).
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The proof of Theorems 1 and 2 relies on a compactness argument. Combining this argument,
Theorem 1, Theorem 2 and Corollary 1, we obtain the two following theorems:

Theorem 3 (Max-flow min-cut theorem). We suppose that the hypotheses (H1) and (H2) are
fulfilled, and we consider the continuous variational problems £ and X° associated to the function
v : S¥1 — RY. Then there exists at least an admissible continuous stream & such that ¢ =
flow™ (&), there exists at least an admissible set F such that ¢% = capacity(F), and we have the
following maz-flow min-cut theorem:

o4 = dh = 9q.

Theorem 4 (Law of large numbers for the maximal flows). Suppose that the hypotheses (H1) and
(H2) are fulfilled. Then we have

Remark 5. As it will be explained in the next section, the last two theorems do not state new
results, since the continuous max-flow min-cut theorem we obtain is a particular case of the one
studied by Nozawa in [15] and the law of large numbers for the maximal flows has been proved by
the authors in [7, 5, 6] under a weaker assumption on A. However these results are recovered here
by new methods, which are more natural. Indeed, the law of large numbers for ¢,, was proved in
[7, 5, 6] by a study of its lower and upper large deviations around ¢q. The study of the upper large
deviations [7] is replaced here by the study of a sequence of maximal streams, which is the most
original part of this article and gives a better understanding of the model. The study of the lower
large deviations [6] is replaced by the study of a sequence minimal cutsets. The techniques are the
same in both cases, but we change our point of view. To conclude, we use in both proofs the result
of polyhedral approximation presented in [5].

2 Background

We present now the mathematical background on which our work rely. It is the occasion to give a
proper description of the variational problems involved in our theorems.

2.1 Some geometric tools

We start with simple geometric definitions. For a subset X of R%, we denote by X the closure of X,

by X the interior of X, by X¢ the set RY \ X and by H*(X ) the s-dimensional Hausdorff measure
of X. The r-neighbourhood V;(X,r) of X for the distance d;, that can be the Euclidean distance if
i = 2 or the L*-distance if i = oo, is defined by

Vi(X,r) = {y e R | di(y, X) < r}.

If X is a subset of R? included in an hyperplane of R% and of codimension 1 (for example a non
degenerate hyperrectangle), we denote by hyp(X) the hyperplane spanned by X, and we denote by
cyl(X, h) the cylinder of basis X and of height 2h defined by

cyl(X,h) = {x+td|x e X, t€[—h,h|},

10
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Figure 4: Cylinder cyl(X, h).

where @ is one of the two unit vectors orthogonal to hyp(X) (see Figure 4). For z € R? r > 0 and a
unit vector ¥, we denote by B(x,r) the closed ball centered at x of radius r, by disc(z, r, ¥) the closed
disc centered at x of radius r and normal vector v, and by B (z,r,7) (respectively B~ (z,r,¥)) the
upper (respectively lower) half part of B(x,r) where the direction is determined by v (see Figure
5), i.e.,

B*(a,r,%) = {y € B(z,r)| 772 0},

B~ (x,r,7) = {y € B(z,r) |z} -7 < 0}.

We denote by «,, the volume of the unit ball in R?, p > 1, thus oy is the volume of a unit ball in

disc(z, r, )

Figure 5: Ball B(x,r).

R?, and ag_q the H ' measure of a unit disc in R%. We say that a domain © of R¢ has Lipschitz
boundary if its boundary can be locally represented as the graph of a Lipschitz function defined on
some open ball of R4, We say that a vector ¥ # 0 defines a rational direction if there exists a
positive real number A such that A7 has rational coordinates. It is equivalent to require that there
exists a positive real number ) such that \'# has integer coordinates. We denote by S?~! the unit
sphere in R?, and by S4-1 the set of the unit vectors of R¢ defining a rational direction. Notice that
S41 is dense in S?1.

Two submanifolds E and F' of a given finite dimensional smooth manifold are said to intersect
transversally if at every point of intersection, their tangent spaces at that point span the tangent
space of the ambient manifold at that point (see section 5 in [11]). When a hypersurface S is

11
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piecewise of class C!, we say that S is transversal to I' if for all € SN T, the normal unit vectors
to § and ' at = are not colinear; if the normal vector to S (respectively to I') at z is not well
defined, this property must be satisfied by all the vectors which are limits of normal unit vectors
to S (respectively I') at y € S (respectively y € I') when we send y to x - there is at most a finite
number of such limits. We say that a subset P of R? is polyhedral if its boundary 0P is included
in the union of a finite number of hyperplanes.

Let E be a subset of R%. We say that E is p-rectifiable if and only if there exists a Lipschitz
function mapping some bounded subset of R? onto E (see Definition 3.2.14 in [9]). We define the p
dimensional upper (respectively lower) Minkowski content MPF(E) (respectively MP:~(E)) of E
by

d d
MPH(E) = limsup%Ed’_r)) and MP7(E) = liminf%w.
r—0+ Qg—pre™P r—0t Qg TP
If MPH(E) = MP~(FE), their common value is called the p dimensional Minkowski content of E,
which is denoted by MP(E) (See Definition 3.2.37 in [9]). According to Theorem 3.2.39 in [9], if E
is a closed p-rectifiable subset of R?, then its p dimensional Minkowski content exists and we have

MP(E) = HP(E).

We need some properties of sets of finite perimeter. We denote by C¥(A, B), for A C RP and
B C RY, the set of functions of class C* defined on RP, that takes values in B and whose domain is
included in a compact subset of A. For a subset F' of R?, we define the perimeter of F' in Q by

P(F.Q) = sup {/ div fdL?| f e (Y, () € BO,1) for all z € Q) .
F

where div is the usual divergence operator, and | ﬂ < 1 on 2 means that for all x € €, f (z) €
B(0,1) € R The perimeter P(F) of F is defined as P(F,R%). We denote by OF the boundary of
F'. The reduced boundary of a set of finite perimeter F', denoted by 0*F, consists of the points x
of OF such that

o |V1p|(B(x,1)) > 0 for any r > 0,

o if W.(z) = —V1p(B(z,r))/|V1p|(B(z,r)) then, as r goes to 0, w,(z) converges towards a
unit vector vp(x),

where 1 is the indicator function of F, \val F is the distributional derivative of 1z defined by

vhec®LRY, [ h-Vudct = —/dudivﬁdﬁd,

R4 R

and |V1p| is the total variation measure of V1p defined by
VA€ BRY), |¥1p|(A) = sup {/ Ly diviidE? | € CR(ARY), i(x) € B(O,1) for all 2 € A} .
A

At any point = of 9*F, the vector Up(z) is also the measure theoretic exterior normal to F' at x,
ie.,

lim r =LY B~ (x,r, 0p(z)) N FC) = 0 and lgi(l)r_dﬁd(B+(:E,T,17F(l’)) NF) =0,

r—0

12



2 BACKGROUND 2.2 Continuous max-flow min-cut Theorem

where F¢ = R? \ F. The set of functions of bounded variations in €, denoted by BV (), is the set
of all functions u € L'(£2,R) such that

IVu|(Q) := sup {/ udivhdlC? | h e C°(Q,RY), h(z) € B(0,1) for all z € Q} < 00.
Q
By definition, a set F' has finite perimeter in € if and only if 1 has bounded variations in §2:
P(F,Q) <oo <= 1lpeBV(Q).

More details about functions of bounded variations and sets of finite perimeters can be found in

110].

2.2 Continuous max-flow min-cut Theorem

The (discrete) max-flow min-cut Theorem has been transposed into a continuous setting by various
mathematicians. We present now one of these works on continuous max-flow min-cut Theorem, the
article [15] by Nozawa. Indeed, the framework chosen by Nozawa is particularly well adapted to
our model.

We give here a presentation of the part of Nozawa’s paper that we will use. We adapt some
notations of Nozawa to fit within ours, and we focus on a particular case of one of the theorems
presented in [15]. We try to keep the exposition self-contained, and we refer to [15] for more details.
Nozawa, considers a bounded domain © of R¢ with Lipschitz boundary T', and two disjoint Borel
subsets I'! and I'2 of T'. A stream in ) is a vector field & € L>®(2 — R? £4). The fact that there
is no loss or creation of fluid inside €2 is expressed by the condition

dive=0 onQ, (6)

where the divergence must be understood in the distributional, i.e., div & is defined on 2 by
Vh € C(Q,R), / hdivedct — —/ G- Vhdct.
Rd Rd
Thus Equation (6) means that
Vh € C(Q,R), /daﬁhdzd 0.
R

Remark 6. The divergence div & is defined as a distribution, thus it is an abuse of notation to write
Jra hdiva dL? instead of (div @, h), the action of the distribution divé on the function h. In [15]

Nozawa considers in fact vector fields & such that divé € L4(Q, £4) in the distributional sense, i.e.,
such that there exists a real function G € L4(Q, £) satisfying

Vh € C(Q,R), /a—ﬁhdﬁd . —/ Ghac?.
Q Q

This implies that div & is a distribution of order 0 on €2, thus by the Riesz representation Theorem
(see Theorem 6.19 in [17]) it corresponds to a Radon measure that we denote by div & L%, and
diva Lq = G L%q. Of course, diva = 0 on  (as defined above) implies that such a function G

13



2.2 Continuous max-flow min-cut Theorem 2 BACKGROUND

exists, it is the null function on Q. Thus, with a slight abuse of notation, we say that Equation (6)
is equivalent to

dived = 0 L£%a.e. on Q,

which means that the associated function G in L4(€, £?) is equal to 0 a.e. on €. We will see in
Section 4.4 that for all the vector fields & that we will consider, div & is in fact a distribution of
order 0 on R? itself, thus by the Riesz representation Theorem it is a Radon measure that we denote
by diva £, More details about distributions can be found in [18, 19].

A stream & from I'' to I'? in Q must also satisfy some boundary conditions : the fluid enters
in Q through I'! and no fluid can cross I' \ (I'* UT?). Let us translate this in a mathematical
langage. According to Nozawa in [15], Theorem 2.1, there exists a linear mapping v from BV (Q)
to L'(I' — R, H%1) such that, for any u € BV (),

: 1 di,y —
M @A B ) e, 1) 1 @IAEY) = 0 7

for H% 1-a.e. x € T. The function (u) is called the trace of u on T'. Let @(z) be the exterior unit
vector normal to Q at # € T'. The vector @ is defined H? !-a.e. on I" and the map z € T — vg(x)
is H?~1-measurable. According to Nozawa in [15], Theorem 2.3, for every p'= (p1, ..., pq) : @ — R?
such that p; € L®(Q — R, £%) for all i = 1,...,d and divp € LYQ — R, L?), there exists g €
L®(T — R, H%1) defined by

Vu e WhL(Q) /g’y(u) At — /ﬁ~§ud£d+/ w div pdce .
N Q Q

The function g is denoted by p'- . Any stream & satisfies the conditions required to define 7 - ¥,
and the definition is simpler since divd = 0 L%a.e. on Q :

Vu e WH(Q) /(5-179)7(@ aHe = / & - VudL?,
r Q

We impose the following boundary conditions on any stream & from I'! to I'? in
G-vg < 0HY lae onT! and &-7g = 0 H¥ lae. on T~ (TP UT?). (8)
Finally, Nozawa puts a local capacity constraint on any stream &:
L%ae onQ, VieST, -7 < v(@), (9)

where S?! is the set of all unit vectors in R?, and v : R* — Rt is a continuous convex function
that satisfies v(¥) = v(—%). In our setting this function v is the one we have unformally defined in
Equation (5) and that we will properly define in Section 2.3.

To each admissible stream, i.e., to each vector field & € L>®(Q2 — R?, £?) satisfying (6), (8) and
(9), we associate its flow flow® (&) defined by

Aow®™ () — / G G dHe
1_‘1

14



2 BACKGROUND 2.2 Continuous max-flow min-cut Theorem

which is the amount of water that enters into  along I'! according to the stream &. Nozawa
investigates the behaviour of the maximal flow over all admissible continuous streams, i.e., he
considers the following continuous max-flow problem:

G e L®(Q— RY L) dive =0 L%a.e. on Q,
G- v <v(7) for all 7 € ST L%a.e. on Q,
F-To<0H¥lae onT!,
G-g=0H"ae on T~ (I''UT?)

qbglM) = sup { low™™ (&) (10)

Any vector field & € L®(2 — R?, £?) can be extended to R? by defining & = 0 £%a.e. on Q¢, thus
the previous variational problem can be rewritten as

7 e L®R? = RY L), ¢ =0 L%a.e. on Q°,
divéd =0 L%a.e. on Q,
G- < v(v) for all v € S¥1 L%a.e. on ), . (11)
F-Ug <0 H¥lae onT!,
G- g =0HIlae on T\ (TTUT?)

oh = 6" = sup { flow™™(5)

This variational problem is exactly the one we have informally presented in Section 1.2 as d)lg’) and
that appears in the main results presented in Section 1.3. Thus we have now a precise definition of
the set of admissible streams and of the flow of any admissible stream &. Thus the set =% appearing
in Theorem 1 is defined by
F=0 L%a.e. onQ°, dived =0 L%a.e. on Q,
G- < v(v) for all v € S¥! L%a.e. on 0,
G-7q <0 H¥ae onTt,

G- =0H"1ae on~ (T'UT?),

flow ™t (7) = ¢b

We emphasize the fact that the constant Q% and the set ¥ depend on Q,T'', T2 and v.

Nozawa defines a corresponding min-cut problem. A continuous cutset is an hypersurface in-
cluded in . Such a surface is seen as the boundary of a sufficiently regular set S C €Q, i.e., a set S
of finite perimeter in €. To express the fact that the boundary of S in , QN 9S8, cuts I'! from I'?
in 2, Nozawa imposes some boundary conditions on the indicator function 1g:

v(1g) =1 H%  lae. on ! and ~(1g) =0 H? t-ae on 2.

It means in a weak sense that I'! is "in" S and I'? is not "in" S. In the max-flow problem (10),
v(¥) is the local capacity of the medium in the direction ¥, thus the capacity of the surface 2 N 9S
can be defined as

/  u(@s(w) dH N (a).
QNo*S

In the previous equation, the integral is taken over the reduced boundary 9*S of S, where the
exterior normal to S is defined. Nozawa investigates the behaviour of the minimal capacity of a
continuous cutset, i.e., he considers the following min-cut problem:

ScQ,1lseBV(Q)),
Y(1g) =1 H¥lae. on T, 3 . (12)

o) =it [ v(is(a)) ant @)
QNo* S (1lg) =0 H%¥ l-ae. on I'?

He obtains the following continuous max-flow min-cut Theorem:

15



2.3 Probabilistic background 2 BACKGROUND

Theorem 5 (Nozawa). We suppose that Q is a bounded domain of R? with Lipschitz boundary T,
and that T and T'? are two disjoint Borel subsets of I'. The following equality holds:

05" = 8" < .

Moreover, there exists a mazimal continuous stream, i.e., there exists a vector field & as required in
(10) such that flow™™(5) = gbgzM).

Remark 7. For the interested reader, we explain how to deduce Theorem 5 from [15]. We do not
define all the notations appearing here, they come from [15]. We consider the max-flow problem
(M ®3) and the min-cut problem (MT'2) defined in Section 5 of [15], p. 834 and 839. As suggested
in the last remark of [15], page 841, we fix a; = o}, = 0 H% tae. on T, forallt € T = N, and
I'y(z) = {0} for all z € Q and for all ¢ > 1. For = € 2 we define

To(z) = Ty = {We R Vi e ST -7 <v(@)},

that does not depend on x in our setting. The set I'g is the Wulff crystal associated to v, it is a
compact convex set since v is convex and bounded on S¢~!. Since v is convex and continuous, it is
stated in Proposition 14.1 in [8] that

Vo e ST, u(0) = sup{¥- W |w e To}.
Since v(—v) = v(¥), we obtain
Bro(—Us(x),z) = sup{—tgs(z) - W|w € Iy} = v(—ts(z)) = v(vs(x)).

In this setting (MT3) corresponds exactly to the min-cut problem (12) and (M ®3) corresponds
almost to the max-flow problem (10), except that the goal is to maximize + [ & - U dH* 1 on
streams & satisfying & - vg > 0 H% '-a.e. on I''. Since all the others conditions on & are satisfied
by —&, (M ®3) is completely equivalent to (10). Combining Theorem 5.3 and Theorem 5.6 in [15],
we obtain Theorem 5.

Remark 8. The variational problem qbgn) is not exactly the same as ¢, the continuous min-cut
problem we have informally presented in Section 1.2 and that appears in the main results of Section
1.3. In fact, the variational problem ¢§2m) is not well posed, since the infimum may not be reached
by any admissible set F'. Since we want to prove the convergence of a sequence of discrete minimal
cutsets to the set of minimal continuous cutsets, we have to consider another variational problem.
This is done in the next section.

2.3 Probabilistic background

The study of the maximal flow in first passage percolation started in 1987 with the work of Kesten
[13]. We do not give here a complete state of the art of all the results known in this domain, we
choose to present only the results that we will rely on, and that motivates our work. For a more
complete introduction to this subject we refer to 5] Section 3.

We start with the definitions of flows in cylinders that will be useful during the proof of Theorem
1, and the rigorous definition of the function v that appeared in Equation (5). Let A be a non
degenerate hyperrectangle, i.e., a box of dimension d—1 in R%. All hyperrectangles will be supposed
to be closed in R?. We denote by ¥ one of the two unit vectors orthogonal to hyp(A). For h a
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positive real number, we consider the cylinder cyl(A, h). Let T(A, h) (respectively B(A,h)) be the
top (respectively the bottom) of cyl(A, h) with regard to the direction ¥ (see Figure 6), i.e.,

T(A,h) = {x € cyl(A,h)|Ty ¢ cyl(A,h), [z,y] € EL and [z,y] N (A + hD) # 0}

and
B(A,h) = {z € cyl(A, h)| Ty ¢ cyl(A, h), [z,y] € EL and [z,y] N (A — he) # 0} .

Let T'(A, h) (resp. B'(A,h)) be the upper half part (resp. the lower half part) of the boundary of

ro ro
/ \S,\,}?\\T— T(Al, h) /f: \S,\,}z\/ o TI(AQ, h)
eyl(ds, h) T/ ‘t\",\\ R ‘:&",\\
v S\ / < >3 S\
/ AADH] /% Ty
/ y¢ )
/ / /5 )Y
/ / /‘ . :;/
/ / e )Y
/ / /e IEND
/ ]
/ / /t )
4 4
mh ey / -+ %
/ & Y cyl(Az, h) —
|
B(A1, h) = K*K / B'(Az,h) K*K Y
+ +

Figure 6: The sets T'(A4,h), B(A,h), T"(A,h) and B'(A,h) in cyl(4, h).
cyl(A, h) (see Figure 6), i.e., if we denote by z the center of A,

/ _ Z4-v>0 and
T(4,h) = {xecylA h) ‘ Jy ¢ cyl(A, h), [z,y] € EL and [x,y] N dcyl(A, h) # 0 }

and

' . Z4 -7 <0 and
B{A.h) = {x € oyl(4, h) ‘ Jy ¢ cyl(A, h), [z,y] € EL and [x,y] N dcyl(A, h) # O }

For a given realisation (t(e),e € EZ), we define the variable 7,,(A, h) = 7, (cyl(A, h), 7)) by
Tn(A,h) = Tp(cyl(A, h),T) = ¢n(T'(A, h), B'(A,h),cyl(A,h)).

The asymptotic behaviour for large n of the variable 7,,(A, h) properly rescaled is well known, thanks
to the almost subadditivity of this variable. The following law of large numbers has been proved in
[16]:

17
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Theorem 6 (Rossignol and Théret). We suppose that

/ rdA(z) < oo.
[0,+00]

Then for each unit vector U there exists a constant v(d, A, V) = v(¥) (the dependence on d and A is
implicit) such that for every non degenerate hyperrectangle A orthogonal to U and for every strictly
positive constant h, we have

. Tn(Aa h) —» . 1
nh_}n;l() m = Z/(U) m L.
Moreover, if the origin of the graph belongs to A, or if

/ ptaT dA(z) < o0,
[0,+00]

then y
lim (4, 1)

n%mm = V(ﬁ) a.S.

We emphasize the fact that the limit v(¢') depends on the direction of ¥, but neither on h nor
on the hyperrectangle A itself. When the capacities of the edges are bounded (hypothesis (H2)),
both L' and a.s. convergences hold in Theorem 6. This theorem gives the proper definition of
the function v that appeared in Equation (5). The function v is initially defined on S¢~!, but we
consider its homogeneous extension to R?, that we still denote by v, defined by

v(0) =0 and Vit e R~ {0}, v(@) = ||w|]21/<w) :

(|72

We recall some geometric properties of the map v that are valid whenever E(t(e)) < oco. They
have been stated in the section 4.4 of [16]. If there exists a unit vector ¢ such that v(¥) = 0, then
v = 0 everywhere, and this happens if and only if A({0}) > 1 — p.(d), where p.(d) denotes the
critical parameter for bond percolation on Z¢. This property has been proved by Zhang in [21].
Moreover, the function v : R4 — R is convex. Since v is finite, this implies that v is continuous on
RY. Moreover, v is invariant under any transformation of R¢ that preserves the graph (Z%,E%), in
particular v(7) = v(—7) for all 7 € R?.

The asymptotic behaviour of the maximal flow ¢, (T'L,T2,Q,) was studied in the companion
papers [7], [5] and [6], and the following law of large numbers was proved:

Theorem 7 (Cerf and Théret). We suppose that the hypotheses (H1) and (H2) are fulfilled. Then
there exists a finite constant ¢po > 0 defined in (18) and (14) such that

Moreover, this equivalence holds:

oV >0 = A{0}) <1— pe(d).

18
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In fact the authors prove in [6] that the lower large deviations of ¢, /n~! below a constant gbg )
are of surface order, in [7] that the upper large deviations of ¢, /n"! above a constant qbg ) are of
volume order, and finally in [5] that (bg ) = ¢g ). The definitions of ¢8 ) and (zﬁg ) are the following:

v(Up(x d=1(g 2mae i V(U (2 d=1(g
o) = o { Jorn B o (e | F <9 e e B}

0 =

(13)

o) — int / v(Tp(x)) dHI Y (z) PCRY,TTC P, T?CRINP . (14)
Qnop P is polyhedral, P is transversal to I’

The variational problems ¢8 ) and qﬁg ) are continuous min-cut problems very similar to the problem
qbg)m) defined by Nozawa. The variational problem qf)g ) is in fact exactly the one we were looking
for, i.e., ¢¢ = gbg ), where ¢¢, is the continuous min-cut problem appearing in Sections 1.2 and 1.3.

Notice that a condition of the type "OF separates I'! from I'? in Q" does not appear in qﬁg ), but
the definition of the capacity of F' is adapted: the surface that is considered as "separating" is in
fact the surface (OF N Q) U (OF NT?) U (O(2 . F) NT1) (see Figure 7), thus we define for every
F C Q such that 1p € BV (),

capacity(F) — / V(G () dH () + V(5 () dH (@)
QNo*F I'2no*F

+ / v(Ta(z)) dHI (2),
I'1No*(QNF)
and the variational problem ¢() can be rewritten as

P = ¢§21) = inf{capacity(F)|F C Q, 1p € BV(Q)}.

Thus the set %% appearing in Theorem 2 is defined by

(OFNQ)U@FNTHU BN F)NTY)

Figure 7: The set (OF NQ) U (OF NT?) U (0(Q~\ F)NT1).

Y ={F CQ|1lp € BV(Q), capacity(F) = ¢4} .
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Let us prove that the min-cut problems qbg ), qﬁg ) and qbgn) are equivalent. We claim that

o’ < og” < of). (15)
Since qbg ) = (bg ) by [5] Theorem 11, we conclude that
oy = 03 = o3,

thus the three min-cut problems are equivalent. The arguments to justify Inequality (15) are the
following. On one hand, consider a set P as in the definition (14) of ¢g ) (see Figure 8) , and define

S =PNQ. Since TT C P, then y(1g) = 1 H% '-a.e. on I'! and since I'2 C R~ P, then v(1g) =0

1—\2

Figure 8: A polyhedral set P as in the definition of gbg ),

H4 1 a.e. on I'?, thus S satisfies all the conditions required in the definition (12) of gbgn) and
/ V(Fs(z)) A () = / v(ip(x)) dH\(z),
QNo*S QnopP

thus < . On the other hand consider a set S as in the definition 0 . course
hus 0™ < ¢!, On the other hand consid S as in the definition (12) of ¢0". Of

S satisfies the conditions required in the definition (13) of qbg ), According to the last equality on
page 809 in [15], for every set S C Q of finite perimeter in { we have

Py(]ls) = HFHB*S Hd_l—a.e. on P, (16)

thus y(1g) = 0 H% '-a.e. on I'? implies that H?~1(I'?2 N 9*S) = 0. By definition of the trace,
Y(Llows) = 1 — y(1g) everywhere on T, thus v(1g) = 1 H% !-a.e. on I'' implies (1o s) = 0
H 1a.e. on T'l. Since Q . S has also finite perimeter in 2, by Equation (16) applied to Q ~\. S we
have v(Laws) = Lrna-(ows) H t-a.e. on I, thus HEH (T N 9* (2N S)) = 0, and the integrals

/ v(Tp(2)) dH M (z)  and v(Fa(z)) dH (2)
I2no*F Ting* (Q\F)

vanish. We conclude that qﬁg ) < gzﬁézm), and this finishes the proof of Inequality (15).
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Remark 9. The simplicity of the previous argument should not hide that the real difficulty consists
in proving that gi)g ) = qﬁg ). This is done in [5] by a quite complicated process of polyhedral
approximation.

3 Organization of the proof

In Section 4, we study a sequence of discrete maximal streams (f;'**),>1. We prove that from

each subsequence of (ji'*¥),>1 we can extract a sub-subsequence which is weakly convergent. If we
denote by /i its limit, we prove that a.s. ji = & £¢ with & a continuous stream which is admissible

for the max-flow problem qﬁg. Moreover, we prove that along the converging subsequence,
. disc/ — _
Jim flow S (7R2%) = flow™™ (&) a.s. (17)
Section 5 is devoted to the study of a sequence of minimal cutsets (£2),,>1. We prove that from
each subsequence of (R(EM™)),>; we can extract a sub-subsequence which is convergent for the

distance d. If we denote by F' its limit, we prove that FF C Q and 1p € BV (Q), i.e., F is admissible
for the min-cut problem ¢¢. Moreover, we prove that along the converging subsequence,

\% gmin
linrr_l)gfy(ﬂ’il) > capacity(F) a.s. (18)
In Section 6 we establish that
capacity(F) > flow®™ (7). (19)

Then combining Equations (17), (18) and (19) we derive the results presented in Section 1.3.

The most original part of our work is the study of maximal streams presented in Section 4. The
study of minimal cutsets relies largely on the techniques used in [6] to prove that the lower large
deviations of ¢, are of surface order. To complete the proofs we also use the result of polyhedral
approximation proved in [5]. In the proof of the law of large numbers for ¢,, we present here, we
have replaced the study of the upper large deviations of ¢, performed in [7] by the study of the
maximal streams, which is more natural, and we have adapted the arguments given in the study of
the lower large deviations of ¢, in [6] to obtain informations on the behaviour of minimal cutsets.

Throughout the paper, we assume that the hypotheses (H1) and (H2) are satisfied.

4 Study of maximal streams

4.1 Existence

The existence of at least one maximal stream is not so obvious because of condition (2). We will
assume throughout the paper that the capacities of the edges are bounded by a constant M. Under
this hypothesis, the set S, (I'L,T2,Q,) is compact and since the function f, € S, (T}, T2 Q,) —
flowds¢(fZ,,(f,)) is continuous, a stream fi,, = jin(f,) satisfying (1) exists. Suppose that i, does
not satisfy (2), and let e = [a,b] with a € ., b ¢ T’} and for example e = (a,b) and f,(e) < 0.
Since f, satisfies the node law and since there exists only a finite number of self avoiding paths (i.e.
paths that visit each edge at most once) starting at a in €2, then there exists a self avoiding path
r = (a,[a,b],b,...,c) in Q, from a to a point c that belongs to T’} or I'2 such that for all e € r, if
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4.2 Compactness 4 STUDY OF MAXIMAL STREAMS

r(e) = 1 (respectively —1) when e is crossed by r from the origin to the endpoint of e (respectively
from the endpoint to the origin of e), then f,(e)r(e) < 0. Since r is finite,

m(fn,r) = inf{—fp(e)r(e)|]eer} > 0.
Consider the stream function f; defined by

vy | fale) ifedr,

fale) = { fnle) +r(e)m(fn,r) ifeer.

This is the stream function obtained by removing from f,, a quantity of flow m(f,,r) along r from ¢
to a. The stream function f/, is still admissible, since | f% (e)| < |fn(e)| for all e. If ¢ belongs to I'2 (see
Figure 9), then flowd™(,,(f,)) = flowd¢(ji,(fs)) +m(fn,7), and this is not possible since ji,(fy)
satisfies (1). Thus ¢ belongs to T} (see Figure 9) and flowd¢(jz,,(/)) = flowd*(ji,(f,)). Moreover,
1 ([a,b]) = fa(la,b]) + m(fn,r) > fu(la,b]), and m(f},r) = 0. We can iterate this process finitely
many times with every possible self avoiding path 7/ starting at a until m(f,,r’) = 0 for all »'.
Eventually, the stream function f; we obtain satisfies f}/([a,b]) = 0. We can do the same procedure
with every edge [a,b] with a € TL and b ¢ T’} (there is a finite number of such edges), and the
stream function f, that we obtain at the end satisfies (2) and flowd¢(Z,,(f,,)) = flowd5¢(i, ().
This proves the existence of a maximal stream from T’} to I'2 in Q,, if we suppose that the capacities

of the edges are bounded by a constant M.

Q If such a path exists
STTTTTTTTTT T the flow Aowd™(Z,,(fn))

is not maximal

C1

r flow m(fn,m1)

) path 1 along 1

a2

flow m(fn,r2)
along 72

path 7o

C2

y If such a path exists
7777777777777777777777777777777777777777777777777777777777777 we can remove it
from the sream [in(f»)

Figure 9: Flow that escapes from €2, through T'}.

From now on (fi,,)n>1 denotes a sequence of admissible discrete streams and (fi)'**),>1 a sequence
of admissible maximal discrete streams.

4.2 Compactness

We prove the following property :

Proposition 4.1. Almost surely, for n large enough, the sequence (fin)n>1 takes its values in a
deterministic weakly compact set of measures.
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4 STUDY OF MAXIMAL STREAMS 4.3 Absolute continuity

Remark 10. This property implies that any subsequence of (fi,)n>1 admits a sub-subsequence
(,&'@(n))nzl that is weakly convergent, i.e., such that there exists a random vector measure [ :
B(R?) — R? satisfying

d : L ﬁ
Vi€ GELR) lim [ fdiw = [ fdi.

The choice of the sub-subsequence (fi,(n))n>1 is random, i.e., the function ¢ may depend on the
realization of the capacities.

Proof of Proposition 4.1: For the rest of this section, we consider a fixed realization of the
capacities. Let ji, = (uh,...,ud) be an admissible discrete stream on (ZZ,EZ). For all n > 1, the

support of [i, is included in the compact set Voo(€2,1), hence the admissible discrete streams are
tight. Moreover, for ¢ = 1, ..., d, we have

il (D) < g 3 1fafe) < T,
Since
card(IT,,) < 2d card(f,) < 2dn? L¢ <Q+ %[_1710 < ot £y (1)
< 2dn? LYV (2,1)), o)

we conclude that for all ¢ = 1,...,d, for all n > 1,
i | (Voo (1)) < 2dM L£7(Vo(2,1)).

Thus the admissible discrete streams are uniformly bounded for the total variation distance. The
conclusion follows from Prohorov’s Theorem (see for example Theorem 8.6.2 in volume IT of [2]).

Remark 11. Since all the measures [i, have a support included in the same compact, the weak
convergence (fin)n>1 is characterized by the convergence of ji,,(f) for all f in any of the following
classes of functions: the continuous bounded functions, the continuous functions with compact
support or the continuous functions that goes to zero at infinity.

From now on, we consider a measure i which is the weak limit of a subsequence of (fi,)n>1 and
we study its properties. Notice that [ is a priori random, so some of its properties will be proved
for all events, and others only a.s.

4.3 Absolute continuity with respect to Lebesgue measure

In this section, we prove that [ is absolutely continuous with respect to £%, the Lebesgue measure
on R4,

Proposition 4.2. If ji is the weak limit of a subsequence of (fin)n>1, where [in is an admissible
stream for all n > 1, then there exists a random wvector field & : RY — R? such that i = L7,
&€ L®°R? - RY L4 and 7 =0 L%-a.e. on Q°.
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4.3 Absolute continuity 4 STUDY OF MAXIMAL STREAMS

Proof of Proposition 4.2: For the rest of this section, we consider a fixed realization of the
capacities. Let p!, = p&+t — p%~ be the Hahn-Jordan decomposition of the signed measure p,.
Then pi* and ui~ are positive measures on (RY, B(R?)), respectively the positive and negative
part of u!. By the same arguments as in Proposition 4.1, we see that the sequences (uf{*)nzl
and (u4 " )n>1 take their value in a weakly compact set, thus up to extraction we can suppose that
i, — [0, p&t — pt and phT — pb~ for all i = 1,...,d, where pu»* and %~ are positive measures.
If we write i = (u',...,u?), we have p’ = p»* — p»~, but this may not bee the Hahn-Jordan
decomposition of i since it may not be minimal. Let B(xz,r) be the ball centered at z of radius
r > 0. We have
di

i (Ber) < |t [(Bla.r) < % 5 (0] < M card({e € E} | c(e) € B(x,7)})
ecEL? c(e)eB(x,r)

nd

and we remark as in Section 4.2 that
card({e € E®* | c(e) € B(z,7)}) < card(Z N B(z,r +n"1))
< ndrd (Zg N B(z,r +n 1) + %[—1, 1]d)
< nd LYB(z,r +2n71)),
whence
pot (B(z, 7)) < MLYB(z,r+2n7h)).
With the help of Portmanteau’s theorem (see for example Theorem 8.2.3 in [2]) we obtain that
ot (B(x,r)) < MLYB(x,7r)).

Let next A be a Borel subset of R?. Since the Lebesgue measure £¢ is outer regular, for € > 0
there exists an open set O such taht A C O and £L%(O \ A) < e. By the Vitali covering theorem for
Radon measures (see Theorem 2.8 in [14]), there exists a countable family (Bj,j € J) of disjoint
closed balls such that:

o VjeJ Bj C O,
o 1O\ Ujes Bj) =0.
Thus ‘ ‘
WH0) = YW (By) < MY LUB,) = ML UsesBy) < MLYO),
jeJ jeJ
whence . ‘
pt(A) < g t(0) < MLYO) < M (LY(A) +¢) .
Sending ¢ to 0, we obtain that '
W (A) < MLYA).

We conclude that p® is absolutely continuous with respect to £¢. The same holds for p*~, for all
i =1,...,d, thus ji is absolutely continuous with respect to £%, i.e., there exists @ € L' (R? — R, £9)
such that i = #£%. We use the notation @ = (o, ...,0%). Moreover we have proved that for all

i=1,..d,
VA € B(RY) / ot dLh < pt(A) + pt(A) < 2M L4A)
A
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4 STUDY OF MAXIMAL STREAMS 4.4 Divergence and boundary conditions

which implies that |o?| < 2M L%a.e. and thus that & belongs to L®(R? — R? £%). Finally, we
notice that for n > 1, the support of fi,, is included in Vo (£2,1/n), thus the support of [ is included
in Np>1Veo (2, 1/n) = Q. This implies that & = 0 L%a.e. on R? \ Q, thus on Q¢ since £4(9Q) = 0.

4.4 Divergence and boundary conditions

We study the divergence of &. We recall that divergence must be understood in the distributional
sense. By definition, for every function h € CZ° (R%,R), we have

h divadLt = —/ G- Vhdc. (21)
R4 Rd

We first prove the following result:

Proposition 4.3. If i = L% is the weak limit of a subsequence (Hpm))n>1 of (fin)n>1, then for
every function h € C°(R,R) we have

o~

- 1

hdiv&dﬁd:—/ &-VhdL? = lim ——— h(x) fooim () 22

/Rd Rd n—00 gp(n)d*1 vert XL:JF ( ) o( )( ) ( )
@

2
(n) 7" p(n)

where for all z € (T, UT2), fn(az) is the amount of water that appears at x according to the stream
In:
fn(x) = fn(e) - fn(e) :

e=(-,z) e=(z,")

Proof of Proposition 4.3: The idea of the proof is the following : we interpret div ¢ as the limit of
a discrete divergence, which we can control thanks to the node law satisfied by the stream function
fn. We consider again a fixed realization of the capacities. We consider a subsequence of (fi,)n>1
converging towards /i, but we still denote this subsequence by (fi,)n>1 to simplify the notations.
Since Vh € Cp(R% R?), we see that

. . 1 .
o d 1 T T >
/]Rd G-VhdL® = lim Vh-dji, = lim d E fn(e)€- Vh(c(e)). (23)

n—oo d
R ecEd

We study the sum appearing in the previous equality. Let i € {1,...,d}. By Taylor’s Theorem, we
know that for all = (21, ..., %4),y = (Y1, ..., ya) € R? such that x; = y; for all j # i we have

h(x) — h(y) = 0ih(y) (xi —yi) + g(=,y),

and since h is in C2(R%, R) we know that |g(z,y)| < K(z; — ;)% where K = K(h) = ||h|lpz.e /2.
For e € B let us denote by I;(e) (resp. ri(e)) the endpoint at the origin (resp. the end) of e
according to the orientation chosen on Eﬁ’i (see Figure 10). Conversely, for = € Zz, we denote by

Li(x) (resp R'(x)) the edge of E& which ends at = (resp. starts at 2). We obtain
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4.4 Divergence and boundary conditions 4 STUDY OF MAXIMAL STREAMS

f; e Li(x) Ri(z)
o————© L

li(e) ri(e) T

Figure 10: Correspondence between edges and vertices.

> fale)é- Vi( Z > fule) Gih(cle))

e€Ed i=1 ¢cgd?

d
=Y > fale)n([h(ri(e)) — h(li(e))] = [g(ri(e), c(e)) + glcle), li(e))])

=1 ocpdt
d
:nZh Z n( z( ))]+an(h7f79)7
z€Z8% =1
where by Inequality (20) we have
lon (b, £, Q)| < nélichard(Hn) < dKM LYVoo(,1)) n% L. (24)
n

Since the stream satisfies the node law, we have for all z ¢ (T UT2) that

d
Z — fo(Ri(x ))]:O'

=1

For all z € (I} UT2), let us denote by f,(z) the amount of water that appears at z according to
the stream f,, i.e.,

d

]?n($) = Z[fn( Ri(z)) — fn(Li( Z fnle) — Z fnle). (25)

i=1 €= <7$> €:<$,'>
Then we have proved that

= N nha aQ
Vh-dji, = —% > h(a;)fn(x)+o‘(nf).

Rd z€lLUr2
According to Equations (23) and (24), this implies Equation (22), thus Proposition 4.3 is proved.
|

We now deduce from Proposition 4.3 that div & and & - ¥ satisfy the conditions required in [15].
Remember that divergence is understood in the distributional sense. The meaning of & - Uq is the
one given by Nozawa in [15] that we have recalled in Section 2.2.

Corollary 2. If ji = GL£% is the limit of a subsequence of (fin)n>1, then it satisfies d1 g=0
Ll%a.e. on Q and & -vg = 0 H¥ l-a.e. on T~ (TTUT?2). Moreover, if for all n > 1, fu(z) :=
ey fn(€) = Seeiz,) ful€) >0 for all z € T}, then & - T <0 H* ' -a.e. on T
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4 STUDY OF MAXIMAL STREAMS 4.4 Divergence and boundary conditions

Remark 12. By definition, the last condition is satisfied by a sequence of maximal flows (72**),>1.

Proof of Corollary 2: We consider a fixed realization of the capacities. We prove first that
dive = 0 on € in terms of distributions. Indeed, for every function h € C°(£2,R), h is null on
'L uT?, for all n, thus by Proposition 4.3,

h divéadLd = —/ G-Vhdl® = 0.
R4 R4

As explained in Remark 6, we rewrite this equality as divéd = 0 L£%a.e. on . We now study the
boundary conditions satisfied by &. As explained in Section 2.2, &- ¥, is an element of L>(I', H%™1)
characterized by

Vu e WH(Q) /(5 ) Y () dHAY = / G- VudLl?. (26)
r Q
In fact & - U is characterized by
Vu € CP(R%,R) | /(E-EQ)ude_l - /daﬁudcd. (27)
I R

Let us prove that the conditions (26) and (27) are equivalent. We recall that W1(€) is the set of
functions u : Q — R satisfying u € L*(Q2) and for all i € {1,...,d}, there exists g; € L'(2) such that

Vh € C(Q,R), /u@ihdﬁd _ —/ gihdC?.
Q Q

By definition ||d;ull11(q) = [|gll1(n). The norm on the Sobolev space W1(€2) is given by

d
Vue WHHQ),  lullwriig) = lullpe) + D 10l gy -
=1

The set of functions { f|q, f € C*(R% R)} is dense into W11 (Q) with respect to the norm |- w1
(see for instance [15], p. 809). Let u € W1(Q) and (uy)n>1 be a sequence of functions in C°(R%, R)
such that @, = uy,|qo converges towards u in WH1(Q2). Then u and 4, belong to BV (Q) for all n > 1
and @, converges towards u in BV (2) in the sense given by Nozawa in [15], p. 808, i.e., @, converges
towards u in L1(Q) and ||Vii,||(€2) converges towards |[Vu|/(Q2). Then by [15], Theorem 2.1 (that
comes from [10]), we know that v(@,) = u,|r converges towards y(u) in L}(T). Since & - 7 is in
L*>(T"), this implies that

lim [ (3-o)un dH = /F (& - Go)y(u) dHO L. (28)

n—o0 T

Moreover, since & € L>(Q, R?), the convergence of @, towards u in W1(Q) implies

lim [ & Viy,dC? = / &-Vudl?. (29)
Finally, @ = 0 £%a.e. on Q¢ implies that
/6-6and5d=/5-%nd5d:/ & - Vun L. (30)
Q Q Rd
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4 STUDY OF MAXIMAL STREAMS

4.5 Capacity constraint

), we conclude that the properties (26) and (27) are equiv-

Combining Equations (28), (29) and (30
alent. According to (22), we obtain that for all u € C* (R, R),

LY u@)fu).

[t uant = Jim
T n—oo ne—
zelLulrz

On one hand, let u be a function of € C°((I't UT?)¢, R), i.e., u is defined on RY, takes values in
R, is of class C°°, and its domain is contained in a compact subset of (I't UT2)¢. Then for n large

enough, u is null on '} UT2, thus
/(5-5Q)ud”+zd—1 —0,
r

and we conclude that & - 7g = 0, H% '-a.e. on T'~. (I'' UT?2). On the other hand, if u € C°((

I'')¢ R), then for n large enough,

zel'}

o -1 _
/F(a.vg)udH nh—>ngo_nd : Z
and if for all n > 1 we have fn(x) > 0 for all € T}, then we conclude that & - 7o < 0 H% -a.e. on

rt
]

Remark 13. Notice that combining Equations (21) and (27), we obtain that

Vh € C(RLR) /dhdiva—dzd - /h ) dHIT (31)
R

This implies that div & is a distribution of order 0 on R¢
/ hdlvadﬁd‘ < Ckllhlloo

VK compact of R, 3Ck , Vh € C°(K,R),

since we can choose Cx = C' = ||G - Uiq||oH? 1 (T") for any compact K, thus by the Riesz represen-
tation theorem (see Theorem 6.19 in [17]) we know that it is a Radon measure that we denote by

div # £¢, and this measure is completely caracterized by Equation (31)

dive £ = —(6 - Ta) H r . (32)
4.5 Capacity constraint
In this section, we prove the following proposition:

Proposition 4.4. If ji = L% is the limit of a subsequence of (fin Jn>1, then almost surely we have
L%a.e. on R Vie ST 7 < v(v). (33)

Proof of Proposition 4.4:
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4 STUDY OF MAXIMAL STREAMS 4.5 Capacity constraint

We explain first the idea of the proof. The convergence ji,, — ¢£% implies that
/ G-5det = lim [ dji, -7,
D —

for every Borel set D such that £4(9D) = 0. On one hand, using Lebesgue differentiation theorem,

we know that for £%a.e. z,
1

= o oand
S0 o™

converges towards ¢ (z)- ¥ when € goes to zero, where D(x,¢) is a "nice" sequence of neighbourhoods
of  of diameter €. To conclude that & - ¥ is bounded by v(7), it remains to compare [}, dfi, - ¥ with
v(¥). Proposition 4.5 states that when D is a cylinder of height h in the direction ¥, [, dji, - U is
close to h¥(ji,, D,¥)/n%1, where ¥(ji,, D, ) is the amount of fluid that crosses D from the lower
half part to the upper half part of its boundary in the direction ¢ according to the stream fi,,. Since
Tn(D, V) is the maximal value of such a flow, ¥ (i, D, ¥) < 7,(D, ¥), and we can conclude the proof
by using the convergence of the rescaled flow 7,(D, %) towards v(¢)). The key argument - and the
less intuitive - is Proposition 4.5. In fact, if ['is a C! vector field on D with null divergence and such
that [-7p = 0 H% '-a.e. on the vertical faces of D (the ones who are not normal to ¥), if we denote
by B the basis of D, then by Fubini theorem we have

— h —
/z-mzd:/ (/ I 7 dH ) du
D 0 B4uv

/ fﬁd%d*:/ I gdnit
B+4uv B

since by the Gauss-Green Theorem we get

/ T opdHe—t = / dividcd = 0.
oD D

/f-UdEd:h/ I 5 dHi
D B

and [5 - 5dH% is indeed the flow that goes from the bottom to the top of D according to [ In
the proof of Proposition 4.5, we adapt this argument to a discrete stream fi,,, and we consider a
cylinder flat enough (i.e., h small enough) to control the amount of fluid that enters in D or escapes
from D through its vertical faces.

and we have for all u

We obtain that

Step 1: From &(x) - ¥ to fcyl(mp+p*1A,p*1h) G- vdct
Since the functions o € S4~! + #(x) - ¥ (for a fixed realization and a fixed z) and ¥ € SY~! — v/(¥)

are continuous, property (33) is equivalent to
L%ae on R, Vie ST, F.7< (D), (34)

where S denotes the set of all the unit vectors of R? that define a rational direction. Theorem
6 states that for every cylinder cyl(A, h) with A a non degenerate hyperrectangle normal to ¢ and

h > 0, we have
Tn(cyl(Aa h)7 17)
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4.5 Capacity constraint 4 STUDY OF MAXIMAL STREAMS

Thus these convergences hold a.s. simultaneously for all cylinders cyl(A, h) whose vertices have
rational coordinates. For the rest of this section, we consider a fixed realization of the capacities on
which these convergences happen.

According to Definition 7.9 in [17], we say that a sequence (V}),>1 of Borel sets in R? shrinks
to a point x € RY nicely if there exists a number o > 0 and a sequence of positive real numbers
(rp)p>1 satisfying limy_, 7, = 0, and for all p > 1,

V, C B(x,7p) and L£%(V,) > aLl(B(z,r,)).
We need the Lebesgue differentiation theorem on R? (see Theorem 7.10 in [17]) :

Theorem 8. Let g be a Borel function in L'(R? L?). To each x € RY, associate a sequence
(Vy(2))p>1 of Borel sets in R that shrinks to x nicely. Then for L%-a.e. x € RY,

1
limif gdL? = g(z).
P LV (@) Do )

To each point 2 € R?, we associate a deterministic sequence (x,(z))p>1 of points of R? that have
rational coordinates and satisfying ||z,(z) — z|| < 1/p. Then for every non-degenerate cylinder D
of center 0, the sequence of Borel sets (z,(x) + p~1D),>1 shrinks to x nicely. We apply Theorem
8 to the function & (coordinate by coordinate) to obtain that for £%-a.e. z, for every cylinder
D = cyl(A, h) of center 0 and whose vertices have rational coordinates (we say that D is a rational
cylinder), we have

1
lim ————— 7dld = &(z).
P p~?L4(D) /zp(a:)er—lD 7 7(=)

From now on, we consider a fixed z (thus a fixed sequence (z,(x))p>1 that we denote by (xp)p>1)
such that the previous convergence holds for every rational cylinder D.

Let @ be a vector in S ! and 1 a positive real number. There exists a positive real number A
such that AU has integer coordinates. If (Fl, e Fd) is the canonical basis on R, suppose for instance
No-f; # 0, then (N7, £, ..., £y) is a basis of R%. Adapting slightly the Gram-Schmidt process, we can
obtain an orthogonal basis (¥, s, ...ilq) of R? such that all the vectors ;, i = 2,...,d have integer
coordinates. Thus there exists a non degenerate hyperrectangle A of center 0, normal to ¥ and
whose vertices have rational coordinates. Then for every positive rational number h (thus cyl(A4, h)
is a rational cylinder), there exists po(z, A, h,n) < oo such that for all p > py we get

1

G-vdLt —&(z) 7| <. 36
L (cyl(zy +p~tA,p~th)) /Cyl(xp e Ap1h) (z) 7| <n (36)

The value of h will be fixed later (see Step 3 below).

. 2 = nd =
Step 2: From fcyl(wp+p_1A,p_1h) g-vdL? to fcyl(prrp_lA,p_lh) dpiy, - T
Let h be a fixed positive number and p be a fixed integer, p > 1. Up to extraction of a subsequence
fin — GL% and since L4 cyl(x + A, eh)) = 0, by Portmanteau Theorem we have

/ G 5de? = lim djiy - 7,
cyl(zp+p~1A,p~1h) =00 Jeyl(zp+p~1A,p=1h)
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thus we obtain that for all n large enough (how large depending on z, A, h,n, p)

/ G- L —/ diin- 7| < n Lcyl(z, +p A, p7R)).  (37)
¥l(ey+p=1Ap1h) Vi(wptp-1 A 1h)

Step 3: From fcyl(zp-s-p*lA,p*lh) ditn, - T to U(jin,cyl(zp, +p~tA,p~th), V)

For any h > 0, any non degenerate hyperrectangle A, we denote by W(/i,, cyl(A, h), ¥) the flow that
crosses cyl(A, h) from the lower half part of its boundary to the upper half part of its boundary in
the direction @ according to the stream fi,, on (Z% E%):

U(fin, cyl(A, h), ¥) = > fn(€) (Liem(anyy — Lie=(ba)}) »
eccyl(A,h) ,e=[a,b] ,a€B’'(A,h) ,b¢B’(A,h)

where, if z is the center of cyl(A, h) and ¥ is normal to A, the set B'(A,h) is defined by

Z4 -7 < 0 and }

/ _ d
B(A,h) = {x € cyl(4, h) N Zy, Jy ¢ cyl(A,h), [z,y] € E¢ and [z,y] N O cyl(A, h) # 0

We state the following property :

Proposition 4.5. Let A be a non degenerate hyperrectangle mormal to a unit vector v and let
n > 0. There exists ho(A,n) such that for 0 < h < hg, for n large enough (how large depending on
everything else), we have

L 2hU(f, eyl (AR,
[ g P AT paeia, ),
cyl(A,h) n

and for all e > 0 and y € R? we have
ho(y +eA,m) = eoho(A,n).

Before proving Proposition 4.5, we end the proof of Proposition 4.4. We apply Proposition 4.5
to the hyperrectangle A to obtain an ho(A4,n) and then we use the rescaling property in Proposition
4.5 to obtain that for all h < hg(A,n), for all p > 1 and for all n large enough (how large depending
on everything else) we have

L 2p 'R (fin, cyl(zp +p ' A, p 7 h), D)

T v < nLeyl(zy, +p A, p'R).

(38)

/Cyl(zpﬂ?lA,plh)

Step 4: Conclusion
Let us combine the previous steps. Theorem 6 states that for every cylinder cyl(A, h) with A a non
degenerate hyperrectangle normal to ¢ and h > 0, we have

Tn(Cyl(A, h)7 17)

gy v A
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4.5 Capacity constraint 4 STUDY OF MAXIMAL STREAMS

Thus these convergences hold a.s. simultaneously for all the rational cylinders, i.e., cylinders with
rational vertices (like the cylinders (cyl(a;,h),i € Z)). We consider a fixed realizations of the
capacities on which these convergences occur. We consider a point € ) as explained in Step 1, a
vector 7 € S and a non degenerate hyperrectangle A normal to ¥, of center 0 and whose vertices
have rational coordinates. We fix n > 0. We choose a positive rational ho < ho(A,n) as given in
Proposition 4.5 in Step 3, then po(x, A, ho,n) as defined in Step 1, and combining Inequalities (36),
(37) and (38) applied with p = pg, we get that for n large enough (as large as required in Step 2
and Step 3) we have

~2p5 " hoW (i, cylxp, + pg A, pg tho), )
nd=1 L4(cyl(xp, + py t A, py o))

d(x) - v < 3n.

Since by maximality of 7 we know that W(i,, cyl(zp, —I—pglA,palﬁo),ﬁ) < T(mp, + palA,paliALo)
we obtain, for all n large enough,

~1h 1A p1p 1, 17
F(z) -7 < 2py hOTn<IL‘p0 + Do lAypo lthO) I Tn(mpo + Do A,ﬁo ho)
nd=1 LAcyl(wp, +po~ A,y ho)) nd=19{4=1(p; T A)

+3n.

Since the cylinder cyl(z,, + py 14, Do I?LO) is rational, we get, when n go to infinity,
G(x)-v < v(v)+3n,
thus &'(x) - ¥ < v(¥), and (34) and Proposition 4.4 are proved.
[

Proof of Proposition 4.5: We give first the idea of the proof. We recall what it would be if
we would consider a continous regular stream [, i.e., a C! vector field on D = cyl(A, h), with null
divergence and such that [ - 7p = 0 H% '-a.e. on the vertical faces of D (the ones who are not

—

normal to ¥). If we denote by B the basis of D, then by Fubini theorem we would get
/ [ wdct — / (/ I 5dH ) du
D 0 B+uv
= 2h x "flow from the top to the bottom of D according to I

We have to adapt this argument to fi,. The set B + ut is a continuous cutset that separates the
top from the bottom of D. The equivalent discrete cutset is roughly speaking the set of edges

Ew={eCDlenB+uv#0}.

The flow that crosses B + u¥ according to fin is Y ccge, fn(e€), it is almost equal to ¥(fiy, D, v) up
to an error which is due to the flow that can cross the vertical faces of D, thus we can control it if
the height of D is small enough. Then we get almost

/% S fule)du = 210 (fin, D, 7).

0 e€e&y
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4 STUDY OF MAXIMAL STREAMS 4.5 Capacity constraint

As in the continuous case, the left hand side of the previous equality is almost the integral of the
stream over D :

1

2h
/ an du—an / 665 dU—an - U:/dﬂn'ﬁa
ecéy eCD eCD n D
up to a small error that appears for edges located near the boundary of D.
We start now the proof. We will use an other property, Proposition 4.6, that will be proved
after the end of the proof of Proposition 4.5. We give first the expression of W(ji,,cyl(A, h),7) in
terms of f,. Let E be a (B'(A,h),T'(A, h))-cutset in cyl(A, h). We define s(E) C Z2 by

_ d there exists a path from y to B'(A, h)
s(E) = {y € Zn Neyl(4,h) made of edges in (E4 Ncyl(A,h)) N E

The set s(F) is the connected component of B'(A,h) in (Z¢, Ed \ E) Ncyl(A,h). We consider a
"non discrete version" S(E) of s(E), defined by

s(g) = (ste) + %[—1,1]61) A eyl(A, h)

(this is a subset of R? included in cyl(A4, k), see Figure 11). For each edge e € E, c(e) belongs to

Figure 11: A (B'(A,h),T'(A, h))-cutset E in cyl(A, h) and the corresponding set S(E).

0S(E) and the exterior unit vector normal to S(E) at c(e), which we denote by ¥g(g)(c(e)), is equal
to € or —¢, thus €- vgg)(c(e)) equals +1 or —1. If € vigpy(c(e)) = +1 (respectively —1), then
e = (a,b) with a € s(FE) (respectively b € s(E)) and b in the connected component of 7"(A, h) in
(4, B < E)Neyl(A, h) (respectively a in this component). Indeed, E is minimal thus if we remove
e from E we create a path from B’(A,h) to T'(A, h) that contains e. By the node law, we know
that W(iiy,cyl(A, h), ) is equal to the flow that crosses E according to fiy, i.e.,

U(fin, cyl(A,h),0) = Y fale) € Tsmy(cle)) . (39)
ecl
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4.5 Capacity constraint 4 STUDY OF MAXIMAL STREAMS

We construct now several such cutsets inside cyl(A, h). By symmetry, we can suppose that all the
coordinates of ¥ are non negative. Let x be the center of A. Let u € R. We define the hypersurface
P(u) by

Pu) = {y e Rz -7 =u—h}.

For each edge e such that e = (a,b), we define é =]a, b], the segment that includes b, the endpoint
of e, but excludes a, its origin. We define the set of edges F),(u) by

En(u) = {e € E4 |e C cyl(A, h) and éNP(u) # 0}
(see Figure 12). We define also the set of edges F), by
E, = {e € EZ|e C cyl(A, h) N Va(cyl(9A, h),2d/n)},

it is the set of the edges in cyl(A, h) that are near the faces of the cylinder that are normal to A,
and the set E,(u) by

E,(u) = {e€ E,(u)|e & Va(cyl(OA, h),4d/n)},

it is the set of the edges of E,(u) that are not too close from the faces of the cylinder that are
normal to A. We need the following property:

Figure 12: The set E,(u).

Proposition 4.6. For all u € [1/n,2h —1/n], En(u) U F, _contains a (B'(A,h),T'(A, h))-cutset in
cyl(A, h). We denote such a cutset by E,(u). Necessarily Ey,(u) is included in E,(u) (whatever the
way we construct it), and

Ve € Ep(u) &- ﬁs(ﬁn(u))(c(e)) = +1.
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4 STUDY OF MAXIMAL STREAMS 4.5 Capacity constraint

We consider such a cutset E,(u) for a given u in [1/n, 2h —1/n]. Using Equation (39) we obtain
as in Section 4.2 that

e€En(u)
S DN ACLE NN DT
eEEn( ) e€En (u)

DRI N N (5) S SR A

€€ By (u)~En (1) € Ep (u)~ By (1)
M [card(E, (u) N En(w)) + card (B, (u) \ Ey(u))]
4dM card (ZflZ N Va(cyl(0A, h), 4dn_1))

4dMn? L (Va(cyl(0A, h), 5dn™"))
32dMn* ' 12D A) (h + 5dn~t)

CMHI2(DA)(h + 5dn~1)nd~1, (40)

INIA

IN

IN A

for a constant C'. Let us consider the quantity

2h
Y= /0 <€€Ezn(u) fn(e)> du

On one hand, Inequality (40) states that

|28 (fi, cyl(A, h), 7) — 7
< 2hCMH2(DA) (h + 5dn~H)nd~!

S fale) = (i, cyl(A, h), 5)| du.

v
[0,1/n]U[2h—1/n,2h] € En (u)

Moreover, there exists a constant C’(d, A) such that
Vu e R card(E,(u)) < C'(d, An®™' and |¢(fin, cyl(A, h),7)| < C'(d, A)Mn®!

We obtain the second inequality by noticing that the set of edges E,, (h) separates B'(A,h) from
T'(A,h) in cyl(A, h) and the first inequality bounds its cardinal. We conclude that

‘2h\11(ﬁn, cyl(4, h), T) — 7] < 20Mh(h + 5dn~HYHI2(0 ANt 4+ 4C"(d, A)Mni—2
2C MM H2(0A)N™ + Ky (d, A, h, M)n®2. (41)

N

On the other hand, we have

v= ). fale ) IL{eeEn(u)} du.
eccyl(A,h)
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4.5 Capacity constraint 4 STUDY OF MAXIMAL STREAMS

For all e € cyl(A4,h), e ¢ E,(u) if u ¢ [0,2h], and we have

2h 1
LieeRn () du = /R Lieem, )y du = ncY
Indeed for all e € cyl(A, h), if e = (a,b) then zd - 7 < zh- 5 (remember that we supposed that the

coordinates of ¥ are non negative) and
¢ € Ep(u) < Fh-T<u—h<zh-7 < uclh+74-,h+zb- 0,

and the measure of the above interval is

1
zh- 7T T = -& 7.
n
Thus
)'yfnd 1/ dfiy, 17'
cyl(A,h)
1 L oo 1 oL
= |- Z fale)e-v—— Z fale)é v
" cecyl(Ah) o R

c(e) € cyﬁ;&, h)
M d
< o card ({e cEf|endcyl(A,h) # @})
< Ko(d, A, h, M)n®=2. (42)
Combining Inequalities (41) and (42) we obtain

2hW ([ 1(A, h), v
/ dﬁn 17— (:u’ﬂncdy_g bl )7U>
cyl(A,h) n

< 2CMK*HI72(0A) + (K1(d, A, h, M) + Ko(d, A, h, M))n™t.  (43)

We define
 gHTHA)
- ACMHI=2(0A) "

We deduce from Inequality (43) that all h < hg, for all n we have

h0<Av 77)

— —» d
cyl(A,h

thus for n large enough (how large depending on A, h, M) we obtain the desired inequality. Moreover
for all € > 0, y € R?, we immediatly obtain that

ATy red) e HEN(A)
 ACMHE2(O(y +cA))  4CMed—2HI-2(9A)

ho(y + €A, n) = eho(A,n).
This ends the proof of Proposition 4.5.
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4 STUDY OF MAXIMAL STREAMS 4.5 Capacity constraint

Proof of Proposition 4.6: First of all, we prove that for all u € [1/n,2h — 1/n], E,(u) separates
the bottom from the top of cyl(A, h). Let us consider a self-avoiding path r from B(A, h) to T'(A, h)
in cyl(A,h). The path 7 admits a continuous parametrization r = (r¢).g[o,1]- Let @ be the center of
A. The two sets

Vitu) = {y e R Z - T < u — h} Neyl(A, h)
Va(u) = {y e R Z) - ¥ > u — h} Neyl(A, h)

form a partition of cyl(A,h). The path r starts in Vj(u) and ends in Va(u). Indeed, B(A,h) C
Vo(A — ht,n~Y) C Vi(u) because v > n~! and T(A,h) C Vao(A + ht,n™!) C Va(u) because
[

u < 2h —n~' . Since r is continuous, there exists to € [0,1] such that
to = sup{t € [0,1] |r, € Vi(u)}.

We define the point z = ry,. It is obvious that z € P(u) (see Figure 13). If z ¢ Z<, then z belongs
only to one edge e C r C cyl(A4, h), and z is not an extreme point of e so z € P(u) implies that
e€ Ey(u). If z € Zfl, then z belongs to exactly two edges e; and ey that are included in r. By the
definition of ¢y, we know that one of these edges, say e; for example, is included in the adherence
of V1(u) and the other one, es, is included in Va(u). Since all the coordinates of ¥ are non negative,
we conclude that es € E,,(u). This proves that E,(u) separates T(A, h) from B(A,h) in cyl(A4, h).

Figure 13: The set E,(u) separates B(A, h) from T'(A,h) in cyl(A, h).

We deduce easily that E,(u)UF, separates T"(A, h) from B'(A, h) in cyl(A, h). Indeed, consider
a path 7 from T"(A, h) to B'(A, h) in cyl(A, h). If the starting point (resp. the endpoint) of 7 belongs
to T'(A,h) N~ T(A,h) (resp. B'(A,h) ~ B(A,h)), then the first (resp. last) edge of r belongs to
F,,. Otherwise, 7 is a path from T'(A, h) to B(A,h) in cyl(A, h), and we have proved that it must
contain at least one edge of E,(u).
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4.6 Maximality 4 STUDY OF MAXIMAL STREAMS

We consider an edge e of E,(u), e = (a,b). Then a € Vi(u) and b € Va(u). Moreover e ¢
Va(cyl(0A, h),4d/n) implies that da(a,cyl(0A, h)) > 3d/n. The set

D = Vi(u) N\ Va(cyl(0A, h),3d/n)

is a parallelepiped, thus the graph D N (Z%,E%) is connected. Let r be a path from a to B(A,h)
included in D (see Figure 14). In the same way, there exists a path r/ from b to T'(A, h) that is

Va(u) N Va(cyl(0A, h), 3d/n)

Vi(u) N\ Va(cyl(0A, h),3d/n)

B'(A,h)

Figure 14: Construction of a path from B(A,h) to T(A,h).

included in Va(u) \ Vo(cyl(0A, h),3d/n). Thus r Ue U’ is a path from B(A,h) to T(A,h) that
does not contain edges of F,, U (E,(u) \ {e}), and we conclude that F,, U (E,(u) \ {e}) does not
separate B(A, h) from T(A, h) in cyl(A,h). This implies that e must belong to any cutset E,,(u)
with the properties given in Proposition 4.6. Moreover, we have proved that a € S (En(u)) and
b ¢ S(En(u)), and this implies that HS(E”(U))(C(e)) = ¢, so Proposition 4.6 is proved.

4.6 Maximality

We recall that
Aow™™ (5) — / _ GG dH
1"1

and

fowy™ (fn) = —— > fn(€) (Le=tat)y = We=tpa}) -
e€ll, |e=[ab] ,a€TL , b¢TL

To complete the proof of Theorem 1, we must prove that the limit i = & £¢ of a subsequence of the

sequence of maximal discrete flows (f72*),>1 satisfies
flow™ (&) = ¢, a.s. . (44)
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4 STUDY OF MAXIMAL STREAMS 4.6 Maximality

In this section, we prove the following result:

Proposition 4.7. Let (fin)n>1 be a sequence of admissible discrete streams. If a subsequence
(fp(n))n>1 converges weakly towards a measure ji = G L% with ¢ € L®(R? — R?, £4), then

lim ﬂowf(sc) (flpmy) = flow

cont( =
n—oo

J).
Remark 14. We will deduce Equation (44) from Proposition 4.7 in Section 6, using our study of
minimal cutsets and Lemma 1.

Proof of Proposition 4.7: The idea of the proof is very similar to the one of Proposition 4.4.
Suppose & is very regular - C' for example. By the Gauss Green theorem, we know that for all set

F with finite perimeter,
/ G GpdHit = / divadct = o
OE E

If 0E =T'USUS, where S C T~ (I'' UT?) and S = E N, then we obtain
/5-17]; dH = —/ & - dHT 0 = Aow™ (7).
S rt

We can choose E such that S is polyhedral: it allows us to cover (up to a small volume) a neigh-
bourhood of & by a union of cylinders D; of height h and oriented in the direction ;, where
U; = ¥ on the face of S that D; crosses. As explained in the sketch of the proof of Proposition 4.4,
fD - ¥ dHY 1 is very close to hfSnD - Uy dH4L. Since i, — 7L, fD - U; dL% is the limit of
Ip, diin - Ui By proposition 4.5, we know that [, dfiy, - ¥ is very Close to (i, D;, ;). Finally,
we notice that the flow that crosses €2, from '} to I'2 is the flow that crosses the D; up to a small
error, thus flowd™(ji,) is close to 33; ¥(ji,, D;, ¥;) properly rescaled. This is exactly the idea we
follow to compare flowds¢(7,,) with flow®"(&). However, & is not regular enough to allow a direct
application of the Gauss-Green theorem. The easiest way to get round this problem is to come back
to the definition of the divergence div & to compare flow*™ (&) to a sum of the type Y, [, & dce.

From now on we consider a fixed realization of the capacities. We consider a subsequence of
(fin)n>1 converging towards ji, but we still denote this subsequence by (fin)n>1 to simplify the
notations.

Step 1: From flow®™(5) to SV 1 Jeyi(asn O Ui dce

For A a subset of R%, we denote by A its closure and by A its interior. Let P be a closed polyhedral
set of R? such that

o

ITcP, T2ZCRINP and OP is transversal to I'.

The construction of such a set P is made in Section 5 of [7]. The idea of the construction is the
following. For each z € T'!, let C, be a closed cube of center z and of positive size but small
enough so that da(Cy,T?) > da(I'', T2)/2. The cubes (C)._= can be chosen carefully so that their
boundaries are transversal to I'. Of course

zel’

Tl ¢ U&w

zel'l
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4.6 Maximality 4 STUDY OF MAXIMAL STREAMS

and by compactness of I'l we know that there exists a finite subcovering of T'T, say
R p (¢]
It c |JCq,.
i=1

We can take P = UY_,C,,. By construction 9P is a polyhedral hypersurface that is transversal to T’
and that does not intersect I'! nor I'2, thus ds (OP,T'UT?) > 0. In the same way, for any ¢ > 0, we
can construct a set ' satisfying Q C ' C V»(£, () and such that 9 is polyhedral and transversal
to OP. We fix a positive real number 7 > 0. Since 0P is transversal to I', there exists £(77) > 0
such that H4=1(OP N (V2(,e) N Q)) < 7). We consider a set €' corresponding to (7)) as described
previously, thus € depends on €2, P and 7 and we have

HITLOP N (Q' Q) < 7. (45)
We need the following property (see Figure 15):

Proposition 4.8. Let n > 0. There exist a finite family of hyperrectangles Ay, ..., Ay (depending
on Q, P,1,n) of disjoint interiors included in OP N Y, a positive real number hi(Q, P,n,7n) and a
constant C(Q2, P,7) such that for all h < h; we have

o HITL((OPNQ) N (UM, 4i)) <,

o L4((V2(0P,h) N Q) UYL, eyl(4;, b)) < 2Cnh

o Vie{l,..,N}, cyl(4i,h) C &Y

o Vie {l,..N}, Ve e cyl(Ay, h), do(x,0P ~ A;) > da(z, A;).

Figure 15: The cylinders (cyl(A;, h),i = 1,...,N).

We admit this proposition for the time being. We fix a positive 5. For each i € {1,..., N}, let
¥; be the exterior normal unit vector to P along the face of P on which A; is, thus v; is normal
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4 STUDY OF MAXIMAL STREAMS 4.6 Maximality

to A;. We have explained in Remark 13 that diva £? = —(& - 9i) H!|r, thus for any function
o € WHY(R?) we have

/a%dﬁd - /dawcwd = / pdivadL? = +/ Yplo)dH™H, (46)
Q R

(this corresponds exactly to the definition of & - ¥ig given in [15], cf Equation (26)). For a positive
h < hy, we define the function ¢j, by

e = (B (A= tn

where (1) = 1o [ + 11 4oo[- Then ¢ = 2 on PN Vo(9P,h)¢ and ¢ = 0 on P° N Va(9P, h)S,
@p, is Lipschitz and has compact support included in P U Va(9P, h), in particular o5, € WHH(R?).
On one hand, we know that & - g = 0 H% '-a.e. on I' . (I'' UT?), and there exists ho(Q, P) =
do(OP,TT UT?)/2 > 0 such that for h < hy we have y(onla) = ¢n = 2 H% l-a.e. on I'! and
Y(pnla) = pn = 0 H¥1-a.e. on I'?, thus

/F (@ - Ta)y(enle) dHT = 2 / VAR = 2 flow ™ ().

On the other hand, we know that

, do(-, PO\ |y = ) h—do(- P)\
Fon() = 1oat (26T ) 10t 29 - o (D) o G ),

thus Vo, = 0 L%a.e. on Vo(dP, h)¢, |[Vonlleo < h™' and for all i € {1, ..., N'} we have on cyl(A;, h)
Vo = —h7'5

For all h < min(hq, ha), Equation (46) applied to ¢y, gives:

- L[ . .
flow ™™ (") = —5 F(U'UQ)V(S@hIQ)de !
1 o
= —7/5-whdad
2 Ja
S &V dL?
2 Jvy0P,n)n0
N
1 1 1 -
-3 5 (—w) act G- VndL?.
2 = Jeyl(As,h) h 2 Jon@P RNV, cyl(Ash)

Thus

IN

N
S17oclFipnllooL? <<v2<aP ORIV yl(A@-,m)

Aow®mt (7) 4+ —— / G- 7, dre
@) th; cyl(Ai,h)

IN

N
1. =
illvllwllvwhllooﬁd <(V2(5P, h) N Q) ~ ([ exl(4;, h))

IN

Cn|[6|oc - (47)
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Step 2: From [y a, )@ - Ui dL? to Jeyrca, ny din - Ui

As in Section 4.5 if ji,, — L% (up to extraction), since £4(d cyl(4;, h)) = 0, we know by Portman-

teau Theorem that for all i € {1,...,N'}, for all n large enough (how large depending on P, A;, h,n)
nh

we have
&-Uidﬁd—/ diin - ,
/cyl<Ai,h> cyl(As,h) H /\/

and we conclude that for all n large enough (how large depending on P, h,n) we have

N
G 7 drd — / dii, - 7
yl(Ah) ; el Y

< nh. (48)

Step 3: From [y a, py @fin - U; to W(fin, cyl(Ai, h), 0)

As in section 4.5 we use Proposition 4.5 to obtain that for all i € {1, ..., N}, there exists ?Li(P, n) >0
such that for all h < h;, for all n large enough (how large depending on P, h,n) we have

Lo L 2hV(fin, cyl(A;, h), T
/ din - Vi = ( d—(l L%
cyl(Aq,h) n

thus there exists hs(P,n) = minlgig/\/(ﬁi) > 0 such that for all A < hg, for all n large enough (how
large depending on P,7) we have

Ui
B Z{\il HAL(A;)

L (cyl(A, h))

N oh N
d_’n'ﬁi_i v _’nac lAZah aﬁi
S /Cymi,h) p S > W eyl(4i, 1), )

i=1 =1

< nh. (49)

Step 4: From SN, W (jin, cyl(As, h), T;) to flowdsc(ji,)
By construction of P we know that ', ¢ P and I'2 c (RY . P) at least for n large enough. Since

the stream f,, satisfies the node law, we know that ﬂowdlsc(un) is equal to the flow that goes out of
P ie.,
o 1 .
fowd™ () = —5 Y fale) & (nab).

e=[a,b] ,a€P ,b¢P
Notice that €' (n %) equals +1 or —1, and f,(e) =0 if e ¢ II,,. We define
E(P) = {e=a,b]|ecIl,,ac P,b¢ P}.

Thus

flow 8 7,

=Y fule)@ (nab).

eGE(P)
For all i € {1,..., '}, for all h > 0, the set of edges

E; = {e Ccyl(A;,h)|e € E(P)}
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is a cutset in cyl(A;, h) from the lower half part of its boundary to the upper half part of its boundary
in the direction ¥; - this can be proved exactly as in Proposition 4.6. Thus

U(fin, cyl(As, h), T;) = > fule)é- (nab).

e=[a,b|€E; ,aEP b¢ P

Since the sets F; are disjoint, this implies that

N
isc/ — 1 — —
flow§™ (jin) — oy > W (jin, cyl(As, h), T)
i=1

M N

It remains to control card(F(P) ~ UY,E;). The edges that belong to this set are included in
Voo (OP N QY) UM A, 2/n), thus

IN

N
card (E(P) ~ U E1> 2d card (VOO(((9P N~ UM, 4:,2/n) N Zg)
=1

IN

2dn? L (Voo (0P N ) N U, A7, 3/n) ) -

The set (AP N Q') ~ UV, A; is a closed (d — 1)-rectifiable set, thus its (d — 1) dimensional Minkowski
content defined by

lim 2i£d (v (0P @) U, Ay 7))

r—0 2r

exists and is equal to HY1((OP N Q) ~ UY, A;) that is smaller than 7 by construction, thus there
exists a constant x(d) such that, for n large enough,

N
card (E(P) ~ U Ez> < kqndt.
=1
For all n large enough we get
di 1 X
flow( (i) — v ; U (fin, cyl(A4;, h), ;)| < knM . (50)

Step 5: Conclusion
Combining Inequalities (47), (48), (49) and (50) for a A < min(hy, he, h3) we obtain that for all n
large enough (how large depending on everything else)

[flow""(&) — flowi ™ (jin)| < 1 (C|F|oo + 1+ £M),

and this ends the proof of Proposition 4.7.
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Proof of Proposition 4.8:

Let n > 0. The sets P and ' are polyhedral, i.e., their boundaries are included in a finite
number of hyperplanes. For any z € 9P N9, let us denote by (z) € [0, 7] the angle between the
exterior unit normal to P at z and the exterior unit normal to 99" at x. Thus

6, = inf{0(z)|x € OP NI} > 0,

since there are only finitely many different values of 6(z) which are all positive because 0P is
transversal to 9Y'. We denote by (F},l = 1, ..., M) the faces of 9P that intersects Q', thus 9PNQ =
U{gl Fy, and by v the exterior unit vector normal to P along F;. We define

0 = min{arccos(v; - Upy) [Il,m=1,... M, l#£m, FNF, # 0},

the minimum of the angles between two adjacent faces of 9P N €Y, i.e., between faces that intersect.
Thus 6, > 0 since again there are finitely many such angles. Let 6y = min(6;,602) > 0 (see Figure
16). Let E be the set of the edges of 9P N/, i.e.,

Q L/
/
K 7
,,,,,,,,,,,,,,,,,,,,,,,,, A ’
R /
-7/ ] ’
rtan(0/2) | 1A e tan(0/2) | = ¢ oP
S Xe>0 P
AN =T - /K,’e’zeo
P Fl '//‘// //
1A !
v RS (@) oa’ /f

oP

Figure 16: Construction of the cylinders (cyl(A;, h),i =1,...,N).

E= |J FNFE,.
l#FmeM

There exists xk > 0 small enough (how small depending on 7,€’, P) so that we have

HEL (P N QY N V(B k) < g
Let F} = F) ~ Vo(E, k) for | € {1,..., M}. We define L1 = 2~ 'k tan(p/2). By definition of 6y and
F/, for alll € {1,..., M}, for all z in F], the set

SFi(z) = {&+b0| — L1 <b< Ly}

is included in €’ and does not intersect SZ1(y) for any y € F!, and any m such that Fj and F}, are
adjacent (see Figure 16). Let Lo be the infimum of the distances between two non adjacent faces
of P (thus Ly > 0). Let Ly = min(Ly, Ly/2) > 0. Then for any [ € {1,..., M}, for any = € F],
for any z in S/°(z) = {z + by | — Lo < b < Lo}, we have 2 € @', do(2,0P ~ Fy) > Lo > do(z, F})
and z ¢ SLo(y) for any y € F, distinct from 2 and any m € {1,..., M}. We can now cover U4, F}
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by a finite set of hyperrectangles (A;,7 = 1,...,N') depending on €', P, of disjoint interiors up to
a surface of H? '-measure less than /2, i..,

N3

M N
I=1 i=1
This implies that

N
HE < (OPNCY) U >
Let us consider the cylinders cyl(A;, h) for b < Lo(Y, P,n), i = 1,...,N. By construction, for all
i €{1,.... N}, cyl(4;,h) C @ and for all z € cyl(A;, h), dg(a: OP ~ A;) > da(z, A;). To conclude
the proof, it remains to control £¢ ((Vz(aP, h) N Q) ~ UM, eyl(As, h)) We remark that

N M
(Va(0P,h) N Q) U 1(Ai, h) <(V2<8P, nna)~ U cyl(ﬂﬁh))
izl =1
M N
U (U eyl(F/,h) ~ cyl(Ai,h)> . (51)
=1 i=1
On one hand,
M N
£d<Ucy1Fl, U Al,h> < 22n (52)
I=1 i=1

On the other hand,

M M
((vg(aph YN~ U 1(F},h ) (Ucyl(Fl\Fl’,h)>

=1
UV (E, h) UV, (OP NOY, hsin(6y/2)) ,

(see Figure 17). Thus

or Ui, eyl(Fi, h)
V2(OP NI, hsin(6/2))
% o
aP N oY
= 0p/2
:’ Bl | 2n
/ E e hsin(\é(;\/\ﬁ)*\
Va(E, h)

Figure 17: Near 9P N 0.
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5 STUDY OF MINIMAL CUTSETS

M
ce ((vz(ap, h)NQ) | eyl(F, h)) < 2gh + LYVo(E, ) + LY (Vo (9P N O, hsin(fy/2))) -
=1
(53)
The sets E and 0P N 9 are finite unions of (d — 2)-closed rectifiable subsets, whose (d — 2)
dimensional Minkowski contents are equal to their H* 2-measure, thus

and we conclude that there exists Ly(Y', P) such that if h < L, we have
LYV(E,R)) < 200h*HI2(E). (54)
In the same way, we obtain that there exists L{(Y, P) such that for all h < L,
LYVo(0P N O, hsin(6y/2))) < 2azh?sin®(6y/2)H2(0P N Q). (55)

Combining Inequalities (53), (54) and (55), we obtain that for A < min(Lg, L{),

M
£l ((Vg(ap, h) N~ eyl(F, h)) < 2 (% + Zag(Hd_2(E) +sin(0p /2)H2(OP N aQ’))) nh.
=1

If h <7, we obtain
M

c <<v2<aP, mne)~ U cyw,h)) < 20mh, (56)
=1

where C = C(, P) is a constant depending on ', P. Combining Inequalities (51), (52) and (56),

we obtain that for h < (L, Lg, n)

cl ((VQ(aP, h) Q) N G cyl(Ai,h)> < 2(1+ C(<Y, P))nh.

Finally, we fix h1 (', P,n) = h1(Q, P,n',n) = min(Lo, L§, L{, ), and Proposition 4.8 is proved.
|

Remark 15. In the proof of Proposition 4.7, we could use a weaker version of Proposition 4.8 without
defining the set €', and with cylinders cyl(A;, h) that almost cover Vo(OP, h) even outside Q. This
weaker version of Proposition 4.8 would be easier to prove, we would not need to construct a set P
whose boundary is transversal to I', and then a set €2'. However, we will use again Proposition 4.8
and its consequences in Section 6.1, and at that point we will need Proposition 4.8 as it is stated.

5 Study of minimal cutsets

The study of the asymptotic behaviour of minimal cutsets was almost done in [6]. However, it was
not the goal of that article to get informations on minimal cutsets, thus the pieces of the puzzle
were not put together. This is what we do in this section. We do not write again all the proofs, but
we explain how to adapt them.
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5 STUDY OF MINIMAL CUTSETS 5.1 Restriction to €2

From now on, (£,),>1 denotes a sequence of ('}, I'2)-cutsets in €2,, and (£"),>1 a sequence
of minimal (T'},T2)-cutsets in 2,. We define as in Section 1.1 the sets

(&) = {x € Q, |there exists a path from z to T’} in (Z¢, Iy \ &)}

and 1
_ . d
R(&En) = (&) + Qn[ L,1]%,

and we introduce the notation
E, = R(&,)NQ

(the same definitions hold for R(E™M), E™). We recall that throughout the proofs, we suppose
that the hypotheses (H1) and (H2) are fulfilled.
5.1 Restriction to (2

We prove that it is completely equivalent to study the convergence of (R(&,,))n>1 or the convergence
Of (En)nZI:

Proposition 5.1. Let (£,)n>1 be a sequence of admissible discrete (UL, T2)-cutsets in Q,,. We have

Tim 3(Eq, R(E,)) = 0.

Remark 16. This proposition implies that a subsequence of (R(€,))n>1 is convergent if and only if
the corresponding subsequence of (E,),>1 is convergent, in which case they have the same limit.
Thus we can study the sequence (Ej,)p>1 instead of (R(Ey,))n>1-

Proof of Proposition 5.1: For every n > 1,
WR(EL), En) < LYVoo(,1/0) N Q) < LYVao(T, 1/n)).
Since I' is piecewise of class C!, T' is a closed (d — 1)-rectifiable subset of R? thus its (d — 1)

dimensional Minkowski content defined by

lim 2i,cd(v2(r,r))

r—0 2r

exists and is equal to H4~1(I") (see for example Appendix A in [4]). This implies that

lim 3(R(&En), Ep) < r}gngoﬁd(vw(r, 1/n)) = 0.

n—oo

5.2 Compactness
We prove the following result:

Proposition 5.2. We suppose that the hypothesis (H3) is also fulfilled. Let (E™"),>1 be a se-
quence of minimal discrete (TS, T2)-cutsets in Q,. Almost surely, for n large enough, the sequence
(Em™iny < takes its values in a deterministic 0 compact set that is included in {F C Q|1p €

BV(Q)}.

47



5.2 Compactness 5 STUDY OF MINIMAL CUTSETS

Remark 17. The previous proposition implies that a.s., any subsequence of (EM™™"),>; (thus of
(R(EmMinY), ~1) admits a sub-subsequence which is convergent for the distance 0, and its limit F is
a subset of ) that satisfies 1p € BV (Q).

Remark 18. In the previous proposition, the hypothesis (H2) could be replaced by the hypothesis
that A admits an exponential moment:

360 > 0 e dA(z) < +oo.
R+
Proof of Proposition 5.2: We study the sequence (E™),,~1 exactly as in [6], Section 4. According
to Theorem 1 in 22|, adapted to our case as said in Remark 2 in [22], we know that:

Theorem 9 (Zhang). If the law of the capacity of the edges admits an exponential moment and if
hypothesis (H3)) is fulfilled, then there exist constants By = Po(A,d), C; = Ci(A,d) for i = 1,2
and N = N(A,d,Q,T, T, T2) such that for all B > Bo, for all n > N, we have

Plcard(EM™) > An?™1] < Oy exp(—Cypnd™t).

Remark 19. The adaptation of Zhang’s result in our setting involves one difficulty: the cutsets we
have to consider may not be connected. However, we can get round this problem by considering
the union of a set £M" with the edges that lie along I': it is always connected, and the number of
edges we have added is bounded by en?~! for a constant ¢ depending only on the domain €2, since
I is piecewise of class C!. Then the adaptation of Zhang’s proof is straightforward.

If the capacities are bounded, their law admits an exponential moment, thus we can use Theorem
9. We obtain

Z P(card(EMM) > Bon®™!) < N + Oy exp(—CaBon®™t) < +oo,

n>1

thus by the Borel-Cantelli lemma,

P (lim sup{card(E™") > Bondfl}) =0,

n—oo

i.e., a.s. there exists ng such that for all n > ng, card(EMin) < Bon?~t. For F C R%, we recall that
the perimeter of F' in € is defined by

P(F,Q) = sup {/F div f(z)dLz) | f € C(Q,RY), f(z) € B(0,1) for all z € Q} .

If card(EMiM) < Bon?~1, then P(E™" Q) < By. We define
Coy, = {F CQ[P(F,Q) < Bo}.

Thus we have proved that
a.s. dng Yn>ng E'eCg,.

We endow Cg, with the pseudo-metric associated to the distance d. Remember that d(F, F') =
LUFNF ), where A is the symmetric difference. For this metric the set Cg, is compact. Moreover
Cs, C{F C Q|1p € BV(R2)}. This ends the proof of Proposition 5.2.
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5 STUDY OF MINIMAL CUTSETS 5.3 Minimality

5.3 Minimality

We recall that for a set of edges &, C E¢,

V(&) = Z t(e),

ecén
and that for F' C Q of finite perimeter,
capacity (F) = / v(Op(z)) dH () + v(Op(z)) dH (2)
QNO*F I2no*F
4 / V(o)) dH ().
TiNo* (Q\F)

To complete the proof of Theorem 2, we must prove that the random limit F of a subsequence of
minimal discrete cutsets (£,""),>1 satisfies

capacity (F) = ¢¢ a.s. . (57)
In this section, we prove the following result:

Proposition 5.3. Let (£,)n>1 be a sequence of admissible discrete (UL, T2)-cutsets in Q. If a
subsequence (R(Ey(n)))n>1 converges for the distance 0 towards a set F' C Q of finite perimeter in
Q, then almost surely
V(&
lim inf M

mint 1 > capacity(F).

Remark 20. As for the maximal streams, we will deduce Equation (57) from Proposition 5.3 in
Section 6, using our study of maximal streams and Lemma 1.

Proof of Proposition 5.3: The idea of the proof if the following. We almost cover OF by a finite
set of disjoint balls (B; = B(x;,7;)) small enough so that OF is almost flat in each ball. "Almost
flat" means that

(a) the surface OF N B; is very close to the flat disc disc(x;, r;, ¥;) where U; = Up(z;),
(b) F'nN B is very close for the distance 0 to B~ (x4, i, ;).

From (a) we deduce that capacity(F) is very close to 3 ag_17% 1w(%;), the sum of the capacities
of the discs disc(x;, 7, ;). Since the balls are disjoint we get V/(E,) > >, V(E, N B;), where
E.NB;={e€&,|eC B;}. It remains to compare in any ball B = B(z,rv) € (B;) the quantities
V (£, N B) and ayg_ 17 'w(¥). Since d(E,, F) goes to zero, by (b) we can suppose that for large n,
E, N B is very close to B~ (z,r,7). We can construct a cutset in B from the upper half part of
its boundary to its lower half part by adding not too much edges to &, N B - this is the difficult
part. Thus V(€, N B) > 75 up to en error term, where 75 is roughly speaking the maximal flow
in B from the upper half part of its boundary to its lower half part. Using the known law of large
numbers for the maximal flows 7, we can prove that 75 is equivalent to ag_ 7% 1w (7)n?~! for large

n, and this concludes the proof.

We consider a subsequence of (R(&,)),> that converges towards F', but we still denote it by
(R(&n))n>1) for simplicity. If capacity(F') = 0, there is nothing to prove, thus we can suppose that
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5.3 Minimality 5 STUDY OF MINIMAL CUTSETS

capacity(F) > 0. In fact it has been proved in [5] that under hypotheses (H1) and (H2), ¢% =0
if and only if hypothesis (H3) is fulfilled. Thus it is indeed the case that capacity(F) > 0.

Step 1: From V(&) to 3 V(En N B;) and from capacity(F) to S ag_1rd  v(a;)
We consider a fixed realization of the capacities. We use the Lemma 1 in [6] to cover OF by a set
of balls well chosen (see Flgure 18):

Lemma 2 (Lemma 1 in [6]). Let F' be a subset of Q of finite perimeter. For every positive constants
d and n, there exists a finite family of closed disjoint balls (B;)icrujox = (B(xi, r3),Ui)iciuiuk such
that (the vector U; defines B;" )

Viel, v, €0*FNQ, @ =up(x;), r; €0,1], Bi CQ, d3(FNB;,B;) < dagrd,
Vi€ J,x; € TLNO*(Q N F), 0 = va(z;),r €]0,1[,00N0 B; C THLo((QN F)N B;, B) < Sagrd,
Vie K, x; €F2ﬂ8*F, U :UF(xi), T 6}0,1[, o N B; CFQ, D(FﬂBi,Bi_) < 50éd7“f~l,

and finally
capacity (F') — Z ag 1T w(@)| < .
e lUJUK
Balls . Q r?
indexed -
by J Balls /
indexed
by I Q\F

= L

\
/\ ONF Se A
:}rl - .
8 ‘~‘{al{ls ‘
r s
*.indexed by
K

Figure 18: Covering of (OF N Q) U (OF NT?) U (9(2 \ F) NT?!) by balls.

We do not give the proof of Lemma 2 here, it relies on the Vitali covering theorem for H% ! and
the Besicovitch differentiation theorem in R

Remark 21. In fact, Lemma 1 in [6] states the condition d(B; N2, B;) < ¢ instead of 9(B; N (2 \
F),B;) < ¢ for i € J. Both statements are true, since we can apply the same techniques to
or Q \ F. However, Lemma 1 in [6] should have been written as Lemma 2 here since the property
actually used in Section 5.2 of [6] is in fact 9(B; N (2 N\ F'),B; ) < 0, there is a small mistake in
this section on p. 653.

We need to move a little bit these balls to obtain balls whose center have rational coordinates,
and with 9; a rational direction. Let 0 < 7,0 < 1, and let (B;)ierusux be the family of balls
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5 STUDY OF MINIMAL CUTSETS 5.3 Minimality

associated to (/2,6/2). The function v is continuous on S~ thus there exists 6y > 0 such that
for all vectors o, € S%1,

o . - TVmin
T > cosfy — - S Tcapacity (F)
v-w > cosby v(0) —v(w)] < 4 capacity(F)’

where vy = infge 1 v > 0. If forall i € TUJ U K, 9; - ¥, > cos b, we get

d—1 /= d—1_ (=~ "V min d—1
Z ag_1ri v (U;) — Z agri ()| £ ——————— Z G177}
ielUJUK ielUJUK 4 capacity (F) ;55 1

NVmin 2 capacity (F')

~ 4 capacity(F) Vinin
<1

Moreover, for all x,2’,r, 0,7 with ¥- ' = cos 8 (see Figure 19), we have

Figure 19: Comparison between B~ (x,r,¥) and B~ (2/,rt").

LYB™ (z,r,0)AB~ (a/,r, 7)) < LYYB (x,7,7)AB~ («',7,7)) + LYB™ (', r, ) AB~ (a/,r, 7))
< LYV (9B (2,7, 9), ||z — ')
+ L%cyl(disc(a!,r, (0 + 07)/2), 7 tan(0/2)))

< LIWVy(dB~(0,7,7), |z — 2'|])) + cg_17?7 x 2r tan(6/2)

< gacﬂ‘d,
where the last inequality is valid as soon as

dayg
<
tan(0/2) < Sy
and 5
LYVe (0B~ (0,7, 9), [|lz = 2'[])) < Jaar?. (58)

4
We know that 0B~ (0,7,7) is (d — 1)-rectifiable, thus its (d — 1) dimensional Minkowski content

exists and 4 . .
lim L (V2 (aB (07 T, U)7 R))
R—0 2R

= HN (OB (0,7, 7)) = Kr®!
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5.3 Minimality 5 STUDY OF MINIMAL CUTSETS

for a constant K depending only on the dimension. Thus for 2’ close enough to x,
LYV (0B~ (0,7, 9), |z — 2|))) < 4llw —a'|[ Kr

and we obtain (58) for ||z’ — z|| small enough (how small depending on d, r and ). Thus there
exists 1 > 0 such that if ;- ¢, > cos6; for alli € TUJUK, and if 2 is close enough to z;, we have
dinp— = — (! —f 0 d
LYB™ (xj, 1, 0;)) AB™ (25,13, 7;)) < QQry -
Since € is open and I'! and I'? are open in I', we can choose for all i € I UJ U K a unit vector
U, that defines a rational direction, i.e., such that \;¥} has rational coordinates for a positive real
number \;, and a point 2 that has rational coordinates, such that

Viel, r €)0,1], B(zi,r) CQ, o(F N B(k,r), B~ (2}, ri, 7)) < Sagrd,
VieJ, r €0,1[,000 Bzl ri, vh) C THLo((Q N F) N B(a!, vy, @), B~ (x}, 7, 1)) < dagré,
Vie K, r; €0,1[, 00N B(z},r;, o) C T2, o(F N B(x}, 7, 0), B~ (2}, 7, v) < dagré.

For simplicity of notations, we skip the prime and still denote this new family of balls associated to
(77,5) by (Bj,i € IUJUK) = (B(.’L‘Z',Ti),ﬁi,i elUJUK).

Remark 22. If 9(F N B(x,r), B~ (x,r,v)) is small, F "looks like" B~ (z,r, ¥) inside the ball B(x,r).
This means that the volume of (F N B(z,r))AB™(x,r, ) is small, however F' (respectively F¢)
might have some thin strands (of small volume, but that can be long) that go deeply into B (z, 7, )
(respectively B~ (z,7,7)), see Figure 20. If d > 3, this is not in contradiction with the hypothesis
that the capacity of OF inside B(x,r,v) is close to ag_ 179 v (7).

Figure 20: The sets F'N B(x,r) and B~ (z,r,7).

Let 0 < s < 1, we will prove that

lim inf Vién) > capacity(F)(1 — 2s).

n—oco pd—1

We choose
n = scapacity(F).

We do not fix 0 for the moment, and we consider the family of balls (B;);crujuk associated to F'
by Lemma 2 (it depends on ¢) via the transformation we did (thus z; and ¥; are rational for all 7).
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5 STUDY OF MINIMAL CUTSETS 5.3 Minimality

By construction, we get

capacity (F') — Z g 177 w(T)| < s capacity(F). (59)
ielUJUK

Since the capacities are non negative we have

V(E) = S te)> S V(EnNBY, (60)

ecén 1€IUJUK

where £, N B; ={e € &, |e C B;}.

Step 2: From V (&, N B;) to ozd_lrld_ly(ﬁi)
We define

. d
e=¢€(0) =6 min agrs.
(9) ieluguk @

Since (R(&,))n>1 converges towards F, this implies that
dng Yn>ng O(R(E,),F) < e. (61)

Let (B(x,r),v) = (Bi(x;,1i),7;) for any i € I U J U K. Roughly speaking, we control the distance
between R(E,) and F by (61), and the distance between F' N B and B~ by construction of the
balls, thus we obtain a control on d(R(E,) N B, B~), and since R(E,) = r(&,) + [~1,1]%/(2n) (thus
r(E,) = R(£,) NZY), this gives us a control on the card(r(E, N B)A(B~ NZY)). More precisely, it
is proved in Section 5 of [6] that there exists a set of vertices U C Z¢ that satisfies

card((U N B(z,r))A(B™ (z,7,7) N Z2)) < 46agrin? (62)

and
(0°U)nB = &,NB, (63)

where we generalize the notation we have adopted for &, N B; (see Figure 21). This statement is
a bit more elaborated than expected because of the slight difference between balls indexed in I, J
and K: we can choose U =r(&,) if B=B;fori € ITUK and U = Q,, ~\r(&,) if B= B, fori € J.
We define the cylinder C C B(z,r) by

C = cyl(disc(z, ', ), pr),

where p is a positive constant we have to choose and 1’ = 7 cos(arcsin p). It is proved in Section 6
of [6] that there exists a set of edges U (denoted by X+ U X~ in that paper) included in B such
that (BNo°U)U U contains a cutset from the top to the bottom of C in the direction @ (see Figure
21) and

card(U) < Cri=1§p~tn®!

where C' = 10day is a constant that depends only on the dimension. We denote by ¢¢ the maximal
flow from the top to the bottom of C, i.e. ¢p¢ = ¢(T(disc(z, ', ), pr), B(disc(x,r’,7), pr),C). Thus,
by the maximality of ¢¢ and thanks to Equation (63),

pe < V(0°UNB) + MCr*t5p~n?t = V(E, N B) + MCré-15p~1nd=1, (64)
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B(z,r) (UN B(z,r))AB (z,r,7) N Z2)

plaquettes corresponding to
o°U =6,

006000000900 9

Figure 21: The sets U and U.

To conclude the proof, it remains to compare ¢¢ with ag_ 174~ 1v(#)n?=1. This is done in Section 6
of [6] by almost covering disc(x, ', ¥) with a finite family of disjoint closed hyperrectangles (a;);cr
satisfying, for a constant ¢ = ¢(d) and chosen k > 0 as small as we want,

Z”Hd_l(ai) > ag_1”" -k and ZHd_Q(ﬁai) < er'd2,
i€ i€

Thus the cylinders (cyl(a;, pr))iez almost fill C. Since x has rational coordinates and ¥ is a rational
unit vector (i.e. A¥ has rational coordinates for a positive real number \), we can choose the
hyperrectangles (a;,7 € Z) with rational vertices. Indeed, we explained in Section 4.5 that there
exist vectors ;, i = 2, ..., d that have integer coordinates and such that (¥, @y, ..., @) is an orthogonal
basis of R?. Then any hyperrectangle of the form z + Z?:g Aitl; + Hﬁlzz[O, witi;] with rational A;, p;
has rational vertices. We can choose the hyperrectangles (a;,i € Z) of this type (see Figure 22).

Figure 22: The sets disc(x,r’, ) and (a;,i € Z).
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5 STUDY OF MINIMAL CUTSETS 5.3 Minimality

Let h € [pr,2pr|NQ. The cylinders cyl(a;, h), i € Z, have rational vertices. If F,, is a cutset from
the top to the bottom of C, then F,, Ncyl(a;, pr) is a cutset from the top to the bottom of cyl(a;, h),
and if we add to F,, Ncyl(a;, pr) some edges along the vertical sides of cyl(a;, h), we obtain a cutset
in cyl(a;, h) between the lower half part and the upper half part of its boundary. More formally, if
we define

Pi(n) = cyl(V2(da;, 2d/n) Nhyp(a;), h),

and if we denote by P;(n) the set of the edges included in P;(n), we get

> 7(eyl(ag, pr), 8) < ¢e + V (Uiez Pi(n))
i€1

(for a complete proof, we refer to Section 6 of [6]). Moreover,
card (Usez Pi(n)) < ¢ pri-tnd=t,
where ¢ is a constant depending on the dimension, thus

dc = Y r(eylai, pr), 7) — Mc'prttn®t, (65)
1€T
Combining Inequalities (64) and (65), we get
V(E,NB) > Z r(eyl(as, h), 0) — Mri=1e" (p+ 6p~Hnd—1, (66)
i€

for a constant ¢’ depending on the dimension. Theorem 6 states that for every cylinder cyl(A, h)
with A a non degenerate hyperrectangle normal to ¥ and h > 0, we have

Lo Taleyl(A, ), 9)

y U _ —»
n—)mm = V(U) a.s.

Thus these convergences hold a.s. simultaneously for all the rational cylinders, i.e., cylinders with
rational vertices (like the cylinders (cyl(a;, h),i € Z)). We consider only realizations of the capacities
on which these convergences occur. Combined with Inequality (66), this implies that

.. V(& NB) -1/, - d—1 p -1
I%L%fwz (;’H (a;) | v(¥) = Mr*c"(p+dp™ )

(g1 — K (0) — Mrd= L (p+ 6p7Y)

> g1 (0) — ag1 (rt = Y (F) — ke (T) — MrdTE (p+ 0p7Y).

v

We choose p = v/§ and k = ag_1(r?1 — /1), We define

Vmin = géns}illl I/(U) and  Vmax = 1716118%}_(1 V(U) :

Under hypothesis (H3), we have 0 < vmin < Vmax < +00. Since 7’ = r cos(arcsin p), we get

nNB - - _ _
1%2@‘/(;2) > g 1 w(T) — 24— 17 YWwimax[1 — (cos(arcsin vV6)) T —2M 'Vord L. (67)
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Equations (59), (60) and (67), and the fact that S7; ag_170 " < capacity (F)(1 4 s)vi | give

lim inf ndgq) > capacity(F) (1 —s —w) , (68)
where
max . _ 4M 4
w = 47 [1 — (cos(arcsin V/8))41] + V5. (69)
Vmin Qd—1
For 0 small enough, w < s and we get
V(&n)

lim inf
n—oo nd_l

> capacity(F) (1 — 2s) .

This ends the proof of Proposition 5.3.

6 Continuous max-flow min-cut Theorem

6.1 Comparison between continuous streams and cutsets

Proof of Lemma 1: Let ¢ be an admissible continuous stream, i.e.,

¢ € L®(R? — R? £4) and & = 0 L%a.e. on Q°,

divéd =0 L%a.e. on Q,

¢ -7 < v(v) for all ¥ € SY~! L%a.e. on Q,

G- <0 H¥lae onT!and & -9 =0 H?¥ l-ae on T~ (TTUT?).

As in Remark 13 in Section 4.4, we obtain

Vu € C (R, R) / Cudivadet = - / & Vudc! by definition of div &
R R

__ / (& - G) udH! by definition of & - 7
T

where for the last equality we have used the characterization of & - g given in Equation (27). Thus
div & dL% is not only a distribution but also a measure, and this measure is equal to (G- 7 ) dH%!|r.
Therefore we can apply to & the techniques used in Section 4.6. We consider a polyhedral set P ¢ R?
such that

o

ITcP, T2c REP and OP is transversal to .

For any positive 7, there exists hg > 0 such that for all 0 < h < hy we obtain Inequality (47):

< Ol ]loe -

flow ™™ (&) + — / G- v dL?
@) 2’%; cyl(A;,h)

o6



6 CONTINUOUS MAX-FLOW MIN-CUT THEOREM 6.1 Continuous streams and cutsets

We have & - ¥ < v(¥) and —& - ¥ < v(—7) = v(¥) L%a.e. thus |7 - 7] < v(¥) L%a.e. We obtain

N
1
Aow™nt (7)) < - / G-, dL + Cn| 7|l
CEE S el
N

v () L (cyl(Ai, b)) + Cnl|&]| oo

I
= -
=1

s
Il
—

IN

AN
M= 8~
s

v(T)2hH (A) + Cnl| 3| oo

=

N
Il
i

(THH(A) + Cnl|F o
i=1

/ v (Tp) dHYY + On)||oc
oPNQY

capacity(P N Q) 4 vmax T HOP N (2 Q) + C1|F]|oo
capacity (P N Q) + Vmax + C1||7|| o 5

IN

IN A

where we have used Inequality (45) to control HY=H(OP N (2 \ Q)), and where vy = maxga—1 V.

Since n and 7j are arbitrarily small, for all P € R? such that TT c P, T2 C R~ P and 9P is
transversal to I', we obtain

flow® (&) < capacity(P N Q). (70)
The following result has been proved in [5]:

Theorem 10 (Theorem 11 in [5]). We suppose that hypotheses (H1) are fulfilled, and that the law
of the capacities is integrable:

/ rdA(z) < 4o0.
R+

Let F be a subset of Q having finite perimeter in Q). For any € > 0, there exists a polyhedral set P
whose boundary OP is transversal to T' and such that

o

TIcP, T2cRI~P, LUYFA(PNQ)) <&,
/ v(Up(x)) dH  (z) = capacity(P N Q) < capacity(F) +¢.
0* PNQ
Combining Inequality (70) and Theorem 10, we obtain that for all F' C  such that 1 € BV (Q),
flow™™ (&) < capacity(F),

thus Lemma 1 is proved.
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6.2 End of the proofs 6 CONTINUOUS MAX-FLOW MIN-CUT THEOREM

6.2 End of the proofs of Theorems 1, 2, 3 and 4

We suppose first that hypothesis (H3) is fulfilled. Let (j7}}**),>1 be a sequence of discrete maximal
streams and ("), >1 be a sequence of discrete minimal cutsets. From a subsequence of ({*),>1

that converges weakly towards a measure ji = & £¢, we can a.s. extract a sub-subsequence (ﬁgl&x))nzl
such that (R( g‘(i:)))nzl converges also for the distance d towards a set F' C Q of finite perimeter.
Conversely, from a subsequence of (R(E™™)),~; that converges for the distance d to a set F C

of finite perimeter, we can extract a sub-subsequence (R(Egl(ﬁ)))nzl such that (ﬁgl("z‘))nzl converges

weakly towards a measure ji = & £?. Combining Propositions 4.7 and 5.3, we obtain that a.s.,

min ) ¢ .
ity(F) < limi f& = | _Pe(n) lim fowdise (7mex) — fownt(F) . 71
capacl Y( ) = lnﬂiloré go(n)d_l nl_{& SO(n)d_l nl—golo OWLp(n)(Mgo(n)) ow (U) ( )

Since Lemma 1 implies that
capacity(F) > ¢ > ¢f > flow™ (),
combining Inequality (71) and Lemma 1, we obtain that a.s.
capacity(F) = ¢& = ¢ = fow™™ (7).

If hypothesis (H3) is not fulfilled, then v = 0, ¢% = 0, and Lemma 1 implies that ¢¥ = ¢& = 0,
thus all the admissible continuous streams in X2 are null and all the admissible continuous cutsets
have null capacity and are in X®. This ends the proofs of Theorems 1, 2 and 3.

Let us prove Theorem 4. We notice that if a subsequence of (¢,/n?1),>1 converges towards a
real variable ¢, then we can extract a sub-subsequence (¢ )/ ¢(n)?1),>1 along which the maximal
max),>1 converge towards a continuous stream

flows converge towards ¢ and the maximal streams (ﬁ(p(n
&. Then by Proposition 4.7 and Theorem 1 we know that a.s.

: ¢ n cont [ =
¢ = lim W = flow*™ (&) = . (72)

We claim that (¢, /n%!),>1 takes its values in a deterministic compact of R? - this, together with
Equation (72), ends the proof of Corollary 4. Indeed, let P be a polyhedral set of R? such that
TTCP and T2CRI-P.
We define
Fn ={e€ll,|endP #0}.
At least for n large enough, F,, separates '} from I'2 in €2, thus

On card(Fy)
nd—1 nd—1

< V(F,) <M

and since the (d— 1) dimensional Minkowski content of 9P N exists and is equal to HH(OPNQ),
for n large enough we get

card(F,) < 2dcard(Vao (PN, 2/n)NZL) < 2dn?Li (Vo (0P NQ,3/n)) < nt K HITL(OPNQ)

o8
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for a constant K that depends on d.

Acknowledgments: The second author would like to warmly thank Antoine Lemenant and Vincent
Millot for helpful discussions.

References

1]

2]
3]

4]

[5]

[6]

7]

8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

Wolfgang Blum. A measure-theorical max-flow-min-cut problem. In Mathematische Zeitschrift,
pages 451-470. Springer-Verlag, 1990.

V. I. Bogachev. Measure theory. Vol. I, II. Springer-Verlag, Berlin, 2007.

Béla Bollobas. Graph theory, volume 63 of Graduate Texts in Mathematics. Springer-Verlag,
New York, 1979. An introductory course.

Raphaél Cerf and Agoston Pisztora. Phase coexistence in Ising, Potts and percolation models.
Ann. Inst. H. Poincaré Probab. Statist., 37(6):643-724, 2001.

Raphaél Cerf and Marie Théret. Law of large numbers for the maximal flow through a domain
of R? in first passage percolation. Trans. Amer. Math. Soc., 363(7):3665-3702, 2011.

Raphagl Cerf and Marie Théret. Lower large deviations for the maximal flow through a domain
of R? in first passage percolation. Probability Theory and Related Fields, 150:635-661, 2011.

Raphaél Cerf and Marie Théret. Upper large deviations for the maximal flow through a domain
of R in first passage percolation. Annals of Applied Probability, 21(6):2075-2108, 2011.

Raphaél Cerf. The Wulff crystal in Ising and percolation models. In Ecole d’Eté de Probabilités
de Saint Flour, number 1878 in Lecture Notes in Mathematics. Springer-Verlag, 2006.

Herbert Federer. Geometric measure theory. Die Grundlehren der mathematischen Wis-
senschaften, Band 153. Springer-Verlag New York Inc., New York, 1969.

Enrico Giusti. Minimal surfaces and functions of bounded variation, volume 80 of Monographs
i Mathematics. Birkhduser Verlag, Basel, 1984.

Victor Guillemin and Alan Pollack. Differential topology. Prentice-Hall Inc., Englewood Cliffs,
N.J., 1974.

Harry Kesten. Aspects of first passage percolation. In Ecole d’été de probabilités de Saint-Flour,
XIV—1984, volume 1180 of Lecture Notes in Math., pages 125-264. Springer, Berlin, 1986.

Harry Kesten. Surfaces with minimal random weights and maximal flows: a higher dimensional
version of first-passage percolation. Illinois Journal of Mathematics, 31(1):99-166, 1987.

Pertti Mattila. Geometry of sets and measures in Fuclidean spaces, volume 44 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1995. Fractals and
rectifiability.

Ryohei Nozawa. Max-flow min-cut theorem in an anisotropic network. Osaka J. Math.,
27(4):805-842, 1990.

99



REFERENCES REFERENCES

[16]

[17]

[18]

[19]

[20]

Raphaél Rossignol and Marie Théret. Lower large deviations and laws of large numbers for
maximal flows through a box in first passage percolation. Ann. Inst. Henri Poincaré Probab.
Stat., 46(4):1093-1131, 2010.

Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third edition,
1987.

L. Schwartz. Théorie des distributions. Tome I. Actualités Sci. Ind., no. 1091 = Publ. Inst.
Math. Univ. Strasbourg 9. Hermann & Cie., Paris, 1950.

Laurent Schwartz. Théorie des distributions. Tome II. Actualités Sci. Ind., no. 1122 = Publ.
Inst. Math. Univ. Strasbourg 10. Hermann & Cie., Paris, 1951.

Gilbert Strang. Maximal flow through a domain. Mathematical Programming, 26(2):123-143,
1983.

[21] Yu Zhang. Critical behavior for maximal flows on the cubic lattice. Journal of Statistical

Physics, 98(3-4):799-811, 2000.

[22] Yu Zhang. Limit theorems for maximum flows on a lattice. Available from

arxiv.org/abs/0710.4589, 2007.

60



