ASYMPTOTIC CONVERGENCE
OF GENETIC ALGORITHMS

RaPHAEL CERF

CNRS, Université d’Orsay, Paris

January 1997
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interaction between the perturbations and the selection pressure may force the convergence
toward the global maxima of the fitness function. We put forward the existence of a critical
population size, above which this kind of convergence can be achieved. We compute upper
bounds of this critical population size for several examples. We derive several conditions to
ensure convergence in the homogeneous case: these provide the first mathematically well-
founded convergence results for genetic algorithms.
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I. Introduction

Stochastic optimization has been a field of intense research during the last decade:
computers become more and more powerful and there is an increasing need for robust
and efficient search techniques. In the jungle of optimization procedures, there exists a
particular class of algorithms called genetic algorithms. Introduced by J.H. Holland in the
seventies [6], these algorithms are based on the genetic mechanisms which guide natural
evolution: mutation, crossover and selection. Today, they are widely used to handle a large
spectrum of optimization problems ranging from the classical traveling salesman problem
to the design of network architecture [5].

However the behavior of genetic algorithms relies heavily on several control parameters
(for instance the population size, the probabilities of mutation and crossover). Until now,
no firm result concerning the choice of these parameters and the dynamics of the genetic
algorithm has been available: practical know—how and experimental simulations were the
only guides for handling concrete problems.

In this paper, we study a slightly more general evolutionary scheme. We consider first
a very simple selection algorithm which is extremely rapidly trapped in bad points of the
search space and we perturb randomly the whole mechanism. We focus on the asymptotic
dynamics of the process as the random perturbations vanish. We show how a delicate
interaction between mutations, crossovers and selection pressure ensures the convergence
of the algorithm toward the set of the global maxima of the fitness function. We put
forward the existence of a critical population size, above which this kind of convergence
can be achieved. Our results seem to be the first well-founded convergence theorems of
this kind concerning genetic algorithms.

To fulfill this program, we use the powerful tools developed by Freidlin and Wentzell
in a much more general framework for the study of random perturbations of dynamical
systems [4].

Classical genetic algorithms are not usually described as the random perturbation of
a simple process. For a fixed level of intensity of the random perturbations, our model
evolves exactly as a classical genetic algorithm. We are only able to analyze rigorously the
asymptotic regime when the perturbations vanish. On one hand, the asymptotic picture
sheds some light on the true dynamics of classical genetic algorithms. On the other hand,
this approach suggests new ways of implementing genetic algorithms, using the theory of
generalized annealing processes [3,12].

To avoid lengthy and technical computations we focus here mainly on the study of the
invariant measure of the process and we just quote without proof a result of convergence
for the inhomogeneous case. In another work, we apply to our model the very technical
tools developed by Catoni and Trouvé to control the speed of convergence of generalized
annealing processes to equilibrium (see [2] and the references therein). A major difficulty
with such dynamics is the lack of reversibility [3].
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This paper has the following structure.

We first describe our model. Then, we study the convergence of the algorithm in the
homogeneous case and derive sufficient conditions to ensure that the population settles in
a global maximum of the fitness function. We show that these conditions are fulfilled when
the population size is large enough. We apply our results to the classical simple genetic
algorithm. In the inhomogeneous case, we give several conditions on the rate of decrease of
the perturbations to ensure the convergence of the population to the set of global maxima
in finite time. We finally examine the value of the critical population size for a specific
problem coming from statistical mechanics, namely the search of the ground state of the
Ising model in a finite box.

II. General notations and conventions

The cardinality of a set X will be noted indifferently | X | or card X and its characteristic
function 1x. We adopt usual conventions concerning empty sets:

min () = 400, max ) = —oo, Hzl, Z:O.
1] 1]

If s is a real number, |s]| denotes the unique integer such that |s| < s < [s] + 1.

We say that a real number s is positive if s > 0 and that it is non-—negative if s > 0.

We consider a finite space of states E and a real-valued positive non-constant function f
(which will be called the fitness function) defined on E. The letters 7, j will denote elements
of E. The set of global maxima of f is

fr=AieE: f(i) =max f(j) }.

JjEE

By f(f*) we mean the maximum of f over F i.e. maxjcg f(j).
The Kronecker symbol 6(i, j) will be used to denote the identity matrix indexed by E:

VijeE  8(i,j)=0 if i#j 8(j)=1 if i=j

Let m be a positive integer. The state space of most of Markov chains under consideration
will be E™, the set of m—uples of elements of E: these m—uples are called populations and
their components individuals. They will be denoted by the letters x, v, z.

If 2 = (1, - ,x,,) belongs to E™, [x] is the set of individuals contained in z i.e.

[z] ={zr:1<k<m}
and for i in F, x(i) is the number of occurrences of i in the population x:

z(i) =card{k:1<k<m, zp =1}
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The group of permutations &,, of the set {1,--- ,m} operates on E™ in the following way:
Vo € G,, c-x=0-(T1, " ,Tm) = (To1), " To(m))-

The set E™/&,, is the set of equivalence classes associated with this group operation.
We associate with f two functions defined on E™.
The first one is still noted f and takes its values in (R*)™:

f(.fl?) :f(a:la"' ,il:‘m) :(f(.fl?1),"' ,f(il?m>)

The second one is noted fand is real-valued:

~

f@) = flz1, - am) = max f(z).

1<k<m

For x in E™, & denotes the set of those elements of [z] which realize the value f(x):
T={x,:1<k<m, flzy) = f(z)}.

For a point i of E, (i) is the m—uple whose m components are equal to i and A is the set
of all such m—uples (which are called the uniform populations). By S we denote the set of
equi—fitness populations, that is, populations whose individuals have the same fitness:

S={zeE™: f(z1)="=flzm)}.
We sometimes identify f* with { (i) : ¢ € f*} so that f* may be seen as a subset of A.

II1. Description of the model

1. THE UNPERTURBED MARKOV CHAIN (X2°)

In the absence of perturbations, the process under study is a Markov chain (X2°),>0
with state space E™. The superscript oo reflects the fact that this process describes the
limit behavior of our model, when all perturbations have disappeared. The transition

probabilities of this chain are

P(Xp5 =2/X° =y) = Tadg)m [T to(zn)y(zr) = (eardg)m [T 150w (i)™
k=1 1€[2]

that is, the individuals of the population X9, are chosen randomly (under the uniform
distribution) and independently among the elements of X>° which are the best individuals
of X according to the fitness function f.

Suppose the chain starts up with the initial population Xy = x¢. Then

and with probability one, after a finite number of steps N, the chain is absorbed in a
state (7) where ¢ belongs to Zp. In particular, if Zy is reduced to one point ¢, the chain is
instantaneously absorbed in (7).
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2. THE PERTURBED MARKOV CHAIN (X!)

The previous Markov chain (X°) is randomly perturbed by three distinct mechanisms.
The first two act directly upon the population and mimic the phenomena of mutation and
crossover. The third one consists in loosening the selection of the individuals.

The intensity of the perturbations is governed by an integer parameter [. As [ grows toward
infinity, the perturbations progressively disappear.

The perturbed Markov chain (X!) is obtained through overlapping of several other chains
(UL), (V1) which represent the successive populations obtained by applying the perturbing
operators. More precisely, we decompose the transition from X! to X! 41 in three stages:

l mutation l crossover l selection l
X _ _— 5 X
n Un Vn n+1-*

We now proceed to a more detailed description of these three operations.

X! — Ul: mutation. The mutation operator is modeled by random independent per-
turbations of the individuals of the population X!. Such a perturbation is described by
a markovian kernel p; on the space E, that is a function defined on F x E with values in
0, 1] verifying

VieE ) plij) =1

jEE
The transition probabilities from X! to U! are then given by
(1) P(U,{L:u/X,lz:x) =pi(z1,ur) - pr(Tm, Um)-

This perturbation is small whenever the matrix (pi(2,7))(; jyepx g 18 close to the identity
matrix. To ensure the vanishing of mutations when [ grows toward infinity, we will impose

2) Yij€E  lim p(i.f) = 0(i.j).

Ul — V!: crossover. The crossover operator is modeled by random independent per-
turbations of the couples formed by consecutive individuals of the population (X!). As in
the mutation case, such a perturbation is described by a markovian kernel ¢; on the space
E x E, that is a function defined on (E x F) x (E x E) with values in [0, 1] verifying:

V(i,j1) € EXE Yo allinqr), (ia, j2) = 1.

(i2,J2)EEXE

The transition probabilities from U/, to V! are

(3) P (Vi=0v/UL = u) = 6 (tm, Vi) H @ ((uak—1,u2k), (Vak—1, vak))
1<k<m/2
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where 6,,(7,7) = 6(7, ) if m is odd (the last individual of the population remains unchanged
after crossover) and 6,,(i,j) = 1 if m is even.
To ensure the vanishing of crossovers when [ grows toward infinity, we will impose

(4) V(i1,j1) € EXE V(ig, j2) EEXE llgglo q ((i1, J1), (72, 32)) = 0(i1,72)6(j1, j2)-

Vil — X! ,: selection. In order to build our selection operator, we will use a selection
function.

Definition. A selection function of order m is a function F' defined on {1,--- ,m} x (R%)™
with values in [0, 1] satisfying for each (f1,---, fm) in (R%)™:

a) Y F(k fr,- o fm) =1,

k=1
b) Vo €6, Vke {17 7m} F(O-(k)afa(l)f" 7fa(m)>:F(k7f1,"' 7fm)7
C) fl ZfQZme:F(lafla 7fm)ZF(27f17 7f’m)ZZF(m7f17 7fm)

The value F'(k, f1,-- -, fm) is the probability of choosing fi among the values fi,-- -, f:
this probability does not depend on the indices and increases with the relative value of f
among f1, -+, fm. Now let F} be a selection function. The m individuals Xiil, e ,X,ll’fl
who make up the population X/ 41 are chosen randomly and independently in the popu-

lation V! from the law defined by Fj:

vre{l-,mp VieE  P(X[=i)= Y R(hf(V).
h:Vi =i

(recall that f(V!) is the m—uple (f(V;:1), -+, f(V,-™))) so that the transition probabilities
from V! to X!, are

m

® P —ei=0 =T X Aese)) -1 ¥ A

i€lz] kivgp=t r=1kwg=x,

The selection pressure is maximal if the individuals of X! 41 are chosen randomly and
uniformly from the fittest individuals of V;!. The unique selection function F,, which
implements such a selection scheme is defined by

Fucll, (@) = 2
6




i.e. we have then the uniform distribution over .
To ensure the disappearance of the selection of individuals below peak fitness, we will
impose the convergence of F} toward F, on the set f(E)™:

(6) Vee E™ Vke{l,---,m} lli>r£lo Fi(k, f(x)) = Fxo(k, f(z)).

The basic example of such a sequence of selection functions is given by

exp(fr Inwy)
ot exp(fr Inwy)

where (w;);>0 is an increasing sequence of positive real numbers which tends to infinity.
We will only be concerned with such sequences of selection functions in the sequel.
We can now evaluate the

Transition probabilities of the chain (X!).
The transition probability P (X ! 41 =2/ X! = y) is given by the sum

n

(7) Fi(k, fi,---, fm) =

S P (Kb =2/Vi=0) P(Vi=o/UL =u) P (UL = u/X = ).
(u,v)E(E™)?

Conditions (2), (4) and (6) imply

Y(y,z) € E™ x E™ mewxglzﬁxg:w:JWXgJ:yX$:y)
so that the transition probabilities of (X!) converge toward those of (X2°) as [ tends to
infinity. Thus the Markov chain (X/) appears as a perturbation of the Markov chain (X2°).
In order to deal with the asymptotic dynamics of the chain (X! ) we need more information

about the way its transition probabilities converge to those of (X:°). We will make the
following assumptions on the sequences of kernels p; and ¢;.

Hypothesis H,. There exist a sequence (u;);>¢ of positive real numbers and a function o
defined on F x E with values in RT satisfying

a) lim u; = +o0
l—o0
b) «a is an irreducible kernel, that is
Vi,j € B Jigyin,-ce i do=14, dp=j, ] elirire)>0
0<k<r—1
¢) p; admits the development

Vi,jeE Vs>0 m@ﬁ:{



Hypothesis H,. There exist a sequence (v;);>¢ of positive real numbers and a function (3
defined on (FE x E) x (E x E) with values in RT satisfying

a) llirn v = 400
b) ¢; admits the development
V(il,jl) eFExFE V(ig,jg) cExFE Vs>0

0 (ir01). iz ja)) = { B ((i1,41), (i, 32)) (1) =" + 0 ((v1)~*) if (i1, 1) # (i2,72)
R 1= B ((i1,51), (G2, 42)) (v)) " + o ((v) %) if (i1, 1) = (i2, j2)

In fact, the asymptotic dynamics of the chain will be governed by the kernels o and (:
the irreducibility condition on the kernel v (which implies the irreducibility of the kernel
pi for [ large enough) is essential in order to allow the population to visit all the space E
even when the perturbations are small.

IV. Convergence of the homogeneous algorithm

This section is devoted to the study of the behavior of the chain (X! ) when n first goes
to infinity and then [ does. We will be interested in the quantities

lim lim P (X =2/X)=vy).

| NG n—oo

The kernel « is irreducible so that for I large enough, the chain (X!) is irreducible. Fur-
thermore, for [ sufficiently large, the diagonal coefficients P (X!, = 2/X] = ) are pos-
itive so that the chain (X!) is aperiodic. In addition, the state space of (X!) is finite.
The chain (X!) admits thus a unique invariant probability measure p‘[11, Theorems 4.1
and 4.2]. This measure charges all points of the space E™ and we have

Vy,ze E™ lim P(Xflzz/Xé:y) = ul(2).

n—oo

We are thus interested in the convergence of the stationary measures (') 1>0-
We will note P, for the probability measure associated with the chain (X!) starting at
X(l) =z and F, will be the expectation with respect to P,.

1. THE TIME OF ENTRANCE IN THE SET S OF X},

Let 7' =min{n > 0: X! € S} be the first entrance time of the chain (X!) into S and



For each n in N and z in E™ we have

P(xt,,es/X=2)> min P (XL 4] co/vil=v) > (s)™.

From this we deduce that
(8) VgeN VzeE™ P (th>q) < (1—(s))™)".
Summing up this inequality from ¢ = 0 to oo we get

Ve e E™ E, (Tl) < (s) ™.

We proceed now to a more careful study of the sequence (s;);>o. With our choice for
the sequence Fj, it is clear that s; is strictly positive for every [. In addition, for a
fixed population =, Fi(k, f(z)) increases with [ (recall that w; is an increasing sequence)
whenever x; belongs to Z. The sequence s;, being the minimum over E™ of sums of such
increasing sequences, is also increasing. Define

(9) 6 =min{|f(i) = f(j)| : 4,5 € E, f(i) # f(§) }-
For x in E™, we have

> s XP((f () = F() Inwy)

— 1w
cardZ + Y., oz exp((f(zr) — f(z)) Inw, < (m—1)(w)

1= Y Rk f(2) =

k:xkef

whence finally
(10) 1—s < (m—1)(w)"°.
2. CONCENTRATION OF pu! ON S

We denote by (Z!) the Markov chain induced by (X!) on S and by ¢! its invariant
probability measure pk. More precisely, (Z1) is the Markov chain with state space S and
with transition probabilities

Vo,yeS  P(Zh=y/Z, =) = Pu(Xn =y)

(we recall that 7! is the hitting time of S). We first use the standard formula for repre-
senting the invariant measure of (X!) with the help of the induced Markov chain (Z!) [7,
Proposition 5.3]. We obtain

|
(11) Ve e E™ pt(z) = pu(9) Z v (y)E, Z Lixt—q)
yes k=0
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The study of the asymptotic behavior of ;! will entirely rely on this representation formula.
If x does not belong to S then for y in .S

| -1
Ey | lxicey| =By | D xicoy | S B -1<(s1)™ ™ — L.
k=0 k=1

Reporting this inequality in the representation formula (11) yields

il (@) < () ((s1)™™ 1),

The convergence of the selection functions (F});>o toward F,, implies that s; converges to
one whence

lim p'(E™\ S) = 0.

l—00
If x belongs to S then for y in S
|
E?J Z 1{X,l€:x} = 6(377 y)
k=0

Reporting this equality in the representation formula (11) yields u!(z) = p!(S)v!(z). We

have just shown that u!(S) converges to one as [ goes to infinity. Therefore it remains to

study the convergence of the sequence of probability measures »/*.

3. ASYMPTOTICS OF THE TRANSITION MATRIX OF Z!

To study the convergence of the measure v we will use the powerful machinery developed

by Freidlin and Wentzell. The first step consists in evaluating the asymptotics of the
transition probabilities of the induced Markov chain (Z!). Thus our next task will be to
obtain estimates of the quantities P (Zl 1= y/Z! = m) for z and y in S.

n
We will successively study the asymptotics of the transition probabilities

PU,=vw/Xl=2), PVI=v/U,=u), P(Xl,=2/Vi=v).
Asymptotics of P (U, = u/X] = z). Define for z and u in E™
d(z,u) =card{k:1 <k <m,z, # ux }
and extend o to £ x E™ by putting
alz,u) = H Ty, ug).
kay, Aur,
Define for x in E™ the set U(x) as the set of populations reachable from z in one transition

step through the kernel « that is U(z) = {u € E™ : a(z,u) > 0}. Using the development
of p; given by hypothesis H,, in (1), we see that, as | — oo,

If weli(x) P(Ufl = u/X! =z)=o0((w)™°) Vs>0
If wel(r) P (U, =u/X] =z) ~ oz, w) (uy) =W
10



Asymptotics of P (V! =v/U} = u). Define for u and v in E™

d(u,v) =card{k:1 <k <m/2, (ugg—1,u2r) # (Vok—1,v2k) }

and extend (3 to E™ x E™ by putting

B, v) = Om(um,vm) [ B(uak—1, u2k), (var—1,var))-

k:(uok—1,u2k)#(Vak—1,v2k)

For v in E™, let V(u) be the set of populations reachable from u in one transition step
through the kernel § that is V(u) = {v € E™ : f(u,v) > 0}. Using the development of ¢
given by hypothesis H, in (3), we obtain, as [ — oo,

If vgViu) P(Vé:v/U,lL:u) =o((v)™®) Vs>0
If veViu) P (V,i = /U = u) ~ B(u, v)(vl)_‘i(“’”).

Asymptotics of P (X!, =z/V,l =y). Formulas (5) and (7) yield

P(xty = 2Vi=y) =[]

1€z

< y(i) exp(f (i) Inwy) )z(i)
] > rer exp(f (ye) Inwy)

whence

P (X7l1+1 = Z/Vé = y) ~ ! H y(i)z(i) exp ( Z z(4) f(i) — mf(y)) In w

—00 dy)™
: (car y) 1€][2] 1€[2]

The important quantity in this formula is the exponent of w; which gives the rate of
decreasing of the transition probabilities: it may be written

m (% > ) - f<y>)
k=1

i.e. m multiplied by the difference between the mean of f over the population z and the
maximum of f over the population y.

Choice of the sequences u;,v; and w;. We are interested in the dynamics of the chain

(X!) when the perturbations become smaller and smaller that is when [ grows to infinity.

In this situation, with overwhelming probability, the chain (X' ) behaves as the chain (X2°)

would do. However the occurrence of rare events (which have very low probability) allows
11



the chain (X') to escape from the absorbing states of the chain (X2°) and to visit all the
space. These rare events are caused by the three distinct mechanisms of perturbations
described earlier. To ensure that these three mechanisms actually play their own role in
the asymptotic dynamics of the chain, we must give the same order of intensity to the
three kinds of perturbations. If one perturbation is negligible compared to another one, its
asymptotic influence will be null. We will therefore focus on the situation where the three
sequences u;, v; and w; which express the intensity of each perturbation have asymptotics
logarithmically of the same order.
In the sequel we make the choice u; = 1%, v; =1
real numbers.

Let z; and 2z be two arbitrary populations. As high as [ might be, the probability for
the chain (X!) to travel from z; to 2y is non-zero. Let 7 be a positive integer. We will
now study the

b w; = I where a,b, c are three positive

Asymptotics of P (Xl gy = 20/ XL = zl) . This transition probability may be written as

n

l _ l _.r—1 ! _ r—1 l _r—1
E :P(XnJrT - Z27Vn+r71 =v ’UnJrrfl =u 7Xn+r71 =T » T

l 1 171 0 77l 0 il
Xn+1:x,Vn:U,Un:u,Xn:z1)

the sum being taken over all possible values of sequences of populations in E™

ul - w0 o™ and &t 2L

Anyway the sum is finite and to estimate it we need only to take into account the terms
which prevail at infinity. Since the kernel « is irreducible, for r large enough, there is
always a path leading from z; to zo which involves only transition probabilities of order
[~# for some positive s. Therefore at least one term in the above sum is asymptotically of
order [~ for some positive t.

If the path P: 2y =20 - w® - 00 s 2! 0! — ... = 2" 1 — 4" — 2" = 29
contains a transition of very low probability, the corresponding term in the sum will be
negligible compared to any power of 1/I. More precisely:

If there exists k in {0,--- ,r — 1} such that either u* & U(z*) or v* & V(u*), the product

1 1

RN /UT_

r—1
H P (X} ="V =0") P (V=" /U = ") P (U], = u*/X], = 2")
k=0

is negligible with respect to [~* for any positive s.
If there exists an index k in {0,--- ,r—1} such that [z*T!] ¢ [v¥], the above term vanishes.
Let D,(z1,22) be the set of paths

:UO N UO N ’UO N 1,1 N ’lLl NN CL‘T_l N ur—l N ,Ur—l N CL’T

12



satisfying
=z, 2" =2 and Vke{0,---,r—1} WuFel(), vF e V(P), "] C [v¥]

(This set may be empty for small values of r).
It follows from the preceding discussion that

P(XLy, =2/X=2)=
Y PXl =2V, =0 PU =u/X],=2)+0()
Dy (21,22)
for any positive s. In the above sum, the term associated with the path P of D, (21, 22)

21:$0—>u0—>’00—>.’£1—>u1ﬁ"'—>$T_1—>ur_1—>’l)r_1—>£l?r:,22

is asymptotically of order =% where t is equal to

V(P) = aid@:’au% + biﬂuk,v’f) + ci (mﬂvk) - Zf(‘”ffl)) '
k=0 k=0 k=0 h=1

This quantity, which will be called the cost of the path, reflects the difficulty for the process
to move along the path under consideration. We need only to consider the terms with the
lowest exponents. Define the function V,. on E™ x E™ by

Pz = g VP

and let D}(z1,22) be the set of those elements in D,.(z1, 2z2) which realize the minimum
Vi (21, 2z2). We define the length [(P) of a path P as the number of transitions of the chain
(X!) it involves. With each path P we associate a constant C(P) defined by

(12) C('P) = H a(xk’ uk)ﬂ(uk,vk)(cardﬁk)_m H (Uk<z))xk+1(z)

0<k<I(P) 1€[zkt+1]

and we put

Cr(21,22) = Z c(P).

pED: (Zl ,ZQ)

In particular, D, (21, z2) is exactly the set of paths P of length r such that C'(P) > 0.
With these notations we see that:
If D, (21, 22) is empty,

Vs >0 P (XL, =2/XL=2)=001%).
13



If D, (21, 22) is not empty,
P (X}, =2/X), =2) = C(21,2) [TVrE) 4 <l_VT(zl’22)) .

Remark that this formula is valid even if z; and 2o differ only by a permutation (in this
case V,.(z1, z2) may vanish).

Our next objective is to study the way the chain (X!) behaves when it escapes from the
set S. We first examine how the chain may travel from z; to 2o staying outside S.

Asymptotics of P (X], =z, Vke{l,--- ,r—1}, X!, €5/X] ==z).
Let 15,,(21, z9) be the set of elements belonging to D,.(z1, z2) such that
Vke{l,---,r—1} at & S.

Analogously define the function V, on E™ x E™ by

r—1

‘77«(21,2’2) = _min aZd(a:k,uk) + bi&(uk,vk) + Ci (m]?(vk) . Z f(xf#l))
k=0 k=0

Dr(z1,22) 2 h=1

and let D (21, 22) be the set of those elements in D, (21, z2) which realize the minimum.

Put _
Co(z1,22)= Y C(P).

PeD(z1,22)

Using exactly the same technique as in the preceding case we get

P(Xil-l-T:ZQ?\v/kE {17"' ’T_l}a X7l1+k gS/Xrlz:Zﬁ) =

(13) Cr<21, z2) l—vr(zhzz) +o (l—vr(zl,zg))

whenever ﬁT(zl, z9) is not empty.

The minimal costs V and V. The most probable path followed by the chain (X!)
between two populations z; and zo will be a path of minimal cost. We consider two
minimal costs, depending on whether the path is constrained outside S or not:

V(z1,22) = ilellfw Vi (21, 22), ‘7(21722) = ;Iellfw ‘77‘(251722)

(We make the convention that Vy(z1, 22) = 170(21, z9) = 00 if 21 # 29 and 0 if 27 = 23).
Since D,.(z1, 22) C D,(21,22), then V,.(21, 22) < V,.(21, 22) and taking the minimum over r
we obtain

V(Zl, ZQ) S ‘7(21, 22).

We first state some elementary properties of the functions V,. and 17,~
14



Lemma 3.1. Let r be a positive integer.
For every integers k1 and ko such that 1 < k1 < ko <1 —1,

VT(217Z2) - mln m {Vkl—l(zlazkl) + Vk‘g—kl (ZIC17ZI€2) + Vr—k2+1(zk‘2722)}
Zkl’ZKQG E

Vi(z1,22) =  min {Vkl—l(zla Zky) + Vig—ky (Zhy 5 2ky) + Vi kp 1 (2 22)}
zkl,szGEm\S

Corollary 3.2. Vr e N* Vzy,20 € E™
Vi(z1,22) = min {Vl(zl,:cl)+V1(x1,x2)+...+V1(xT—1’22)}

zl...xgr—le E™

Vi(21,22) = Lo min Vi) + Tt a®) + -+ i 2) |

Lemma 3.3. Let r be a positive integer. We have

Vz1 € E™ V2o EEm\S Vr(zl,z2) 2%(21,2’2) >0
Vzy € E™ Vzo € E™ Vi(z1,22) =0 = [22|CZ1 and 2z €S
Vz1 € A Vzo € BE™ 21 75 29 — ‘/;ﬂ(Z1722) >0

The above results are immediate consequences of the definition of the functions V,. and
V,. The next lemma is of direct interest for V and V:

Lemma 3.4. Let r* = card (E™/S,,). For every r strictly greater than r* we have

dof Vi(er,22) < Vilz1,22),  dof Vii(21, 22) < Vi(21, 22)

Proof. Let r be an integer strictly greater than r* and consider an element of D,.(z1, z2):

0 r—1 0 r—1 .0 r
u,...,u 7’1},...,’1} ,.T,"',.'L’.

Since r > card (E™/&,,) then necessarily the sequence z!,--- ,2" contains two popula-

tions which are equivalent modulo &,,:

Jkre{l,---,r} Tkoec{l,---,1} ki<ky Fo€6, o-zf =2k

In each of the three sequences u*. v* z* we remove the elements whose index lies in
) b

{k1,--- k2 — 1}. We obtain an element of D, _(j,_x,)(21,22) whose cost is less than
the original one, whence V,._ (4, _1,)(21, 22) < V;.(21, 22).

Suppose now that the original sequence was in fact in the set l~)r(z1, 23): necessarily z*
and therefore 2¥2 were in E™ \ S; by lemma 3.3, the cost of the path between z*! and
x*2 is strictly positive and the cost of the new path between z; and zy (i.e. the element
of 5r—(k2—k1)(217 2z7) obtained by removing the cycle z¥* — ... — 2¥2) is strictly smaller
than the original one, whence XN/T_(k2_k1)(zl,zQ) < ‘N/r(zl,zg). An immediate descending
induction on r gives the desired inequalities. [

As a consequence, we have the following
15



Corollary 3.5. Let r* = card (E™/G,,). Then

V(z1,22) = klgf Vie(21, 22), V(z1,22) = klgf Vie(21, 22).-

Let I(z1,22) (respectively I(zl, z9)) be the set of integers k such that V(z1, z2) = Vi (21, 22)
(respectively V(z1,22) = Vi(21,22)). Let D(z1,22) and D(z1,2) be the set of all paths
realizing the minimum in the functions V and V:

D(zi,z)= |J Dierz).  Denzm)= |J  Dilar,z).
kel(z1,22) kef(z1,z2)

Lemma 3.4 and corollary 3.2 show that these sets are non—empty, furthermore the set
D(zl, z9) contains at least a path whose length is less than 7* and the length of each path

in D(z1, 22) is less than r* (so that D(z1,z») is finite). Finally, we put
Clz1,20)= Y, C(P), Cla,)= Y, C(P).
PED(z1,22) 77615(21,22)

We are now in position to estimate the transition probabilities of the chain (Z}).

Let y be in E™ and z in S. A straightforward application of the Markov property to the
chain (Z}) shows that P (Z},,, = z/Zl =y) = P, (X!, = z). We decompose this quantity
according to the possible values of 7':

(14) Py (XL =2)= ZP Xh=z2,7=k)+P, (XL =27 >q).

However we have already Shown in (8) and (10) that
Py(rh>q) <(1—(s)™? <mi(1—s)? <mi(m— 1) ]—e%,
We choose the integer ¢ large enough to ensure that ¢ > r* and cdq > f/(y, z). Since
Py(XL =z 1=k =P, (Xf=2Vhe{l, - k—1}, X}, ¢5)
_ 5«k(y, z) l*%(y,Z) +o <l*‘~/k(yaz)>
then for each fixed integer ¢ greater than r*,
q _
ZPy (Xil =z 7 = k‘) e Cy, z) 1~V W2),
k=1

In addition, the second term in the right-hand side of (14) is dominated by =94 which is
negligible compared to I~V #*) whence finally

15 P(Z. .  =2/7Z, =y) =P, (XL =2) ~ CN'(y,z)l*v(y’z).
+ Y T l— 00

Now, to evaluate the stationary measure of the chain (Z!)) we need
16



4. SOME RESULTS FROM THE FREIDLIN-WENTZELL THEORY

In this section we restate word for word some key results from the Freidlin—Wentzell
theory. This material is extracted from [4], chapter 6, Lemmas on Markov Chains.

Let H be a finite set and let a subset W be selected in H. A graph consisting of arrows
i—j(ie H\W,j€ H,i+# j) is called a W—graph if it satisfies the following conditions:

(1) every point i € H \ W is the initial point of exactly one arrows;

(2) there are no closed cycles in the graph.
We note that condition (2) can be replaced by the following condition:

(2") for any point ¢ € H \ W there exists a sequence of arrows leading from i to some
point 5 € W.

We denote by G(W) the set of W—graphs; we shall use the letter g to denote graphs. If
pij (i,7 € H,j # i) are numbers, then H(iﬂj)eg pi; will be denoted by 7(g).

Lemma 4.1. Let us consider a Markov chain with set of states H and transition probabil-
ities p;; and assume that every state can be reached from any other state in a finite number
of steps. Then the stationary distribution of the chain is {(3_;cy Qi)' Qi, @ € H}, where

(16) Q= =l

geG{i}

Lemma 4.2. Let us be given a Markov chain on a phase space X divided into disjoint
sets X;, where i runs over a finite set H. Suppose that there exist non—negative numbers
pij (J #1,1,5 € H) and a number a > 1 such that

(17) a 'pi; < Pz, X;) < ap;j (v € X4,i #7)

for the transition probabilities of our chain. Furthermore, suppose that every set X; can
be reached from any state x sooner or later (for this it is necessary and sufficient that for
any j there exist a {j}—graph g such that w(g) > 0). Then

(18) a®= (ZQZ) Qi < v(X;) < o™ <2Q1> Qi

i€eH ieH

for any normalized invariant measure v of our chain, where h is the number of elements
in H and the Q; are defined by formula (16).

5. CONVERGENCE OF THE MEASURE v/}

Put for y and z in S

p. =C(y,2)
17
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Since S is finite, from the estimation (15) we deduce that for any positive e there exists
an integer L such that

VI>L Vy,zeS (1+e¢ 'p.<P(Z1=2/Z,=y) <(1+e€)0p..
Put for x in S

g€G{z}

where G{x} denotes the set of x—graphs over S and for g in G{x},

Il 7.

(y—z)eg

Application of lemma 4.2 to the chain (Z)) yields for I > L

Qs
ZyES le .

Ql

)2-218]
(19) (1+e€) @ S

<vz) <A+ 6)2|S|_2

We study now the asymptotic behavior of Q.. For g in G{z},
= ( H 5’(y,z)) exp( Z V (y, 2 lnl)
(y—z)€g (y—z)€g

so that the crucial quantity for computing the asymptotics of Q' is

W(x) min g V ,
(@) gGG{ } (9,2
(y—z)eg

Let G*(x) be the set of x—graphs which realize the above minimum.
If g belongs to G*(x), 7'(g) is asymptotically of order 1= (®),

If g does not belong to G*(z), 7' (g) is negligible compared to 1="(®),
Finally
S (X I dwa)rve
9€G*(z) (y—z)€y
Put

> Il Cw.=»

geG*(z) (y—z)€g
18



and let

W*={zeS:W() zggng(y)}

By W(W*) we mean the value minyeg W(y). With these notations, we see that there
exists an integer L’ such that for [ > L/,

D l
G+t PE  wowy-we o Qe (4 PE)woww-we

ZyEW* ﬁ(y) B ZyES Qé ZyGW* ﬁ(y)
whence for [ > max(L, L"), by (19),
(14 €)1-218] D(x)N WV W) < ) < (14 21911 D(m)N W (W) =W (x)
ZyEW* D(y) ZyEW* D(y)

We conclude that:
If = does not belong to W* then lim;_,, v!(z) = 0.
If  belongs to W* then

ﬁ(:x) ZgGG*(m) H(y—>z)€g C(y,Z)

lim v'(z) = — = —
e ZZJGW* D(y) ZyGW* ZgEG* (y) H(z1—>z2)€g C(Z].) 22)
We denote by v°° this limit measure. The complete formula for > is
2gec @) Hy—zeg 2pepiy,2) €(P)
ZyeW* ZgEG* (y) H(zl—>z2)€g Zpeﬁ(zl,Z2) C(P)

where C(P) is defined by (12). The measure v*° is concentrated on the set W* and charges
all points of W*. The crucial question now is: what is the set W*?

v (x) =

6. THE FUNCTION W AND THE UNIFORM POPULATIONS

We derive some properties of the functional W. First, W may equivalently be defined
through V instead of V:

Lemma 6.1. The following equality holds for all x in E™:

20 W(z) = min 1% ,2) = min Viy, z).
(20) @=mn > V@o=mn 3 Vo)
(y—z)€g (y—z)€yg

Proof. The proof of this lemma can be found in [4, chapter 6, lemma 4.1]. [

The perturbed chain (X!) is attracted by the populations of the set S: these popu-
lations play a role analogous to the compacta K;’s (the w-limit sets of the trajectories
of the solutions of the deterministic system) in the work of Freidlin and Wentzell. They
distinguish two kinds of compacta according to their stability properties. In our situation,
the populations in A will play the role of the stable compacta whereas the populations in
S\ A will behave as the unstable compacta.
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Lemma 6.2. If x belongs to S\ A then for each i in [z],
V(@ (i) = V(x, (i) = 0.

Proof. This result is straightforward and similar to lemma 4.2 of [4]. O
We restate now textually lemma 4.3 of [4].

Lemma 6.3. a) Among the x—graphs for which the minimum in W (z) is attained there
is one in which from the index y, y # = of each population in S\ A an arrow y — z is
issued with V(y,z) =0 and z in A.

b) For a population x in A, the value W (z) can be calculated according to (20), considering
graphs on the set of populations in A.

c¢) If x is a population in S\ A then

W () = min (W(y) + V(5,2))

ye
Proof. The proof of this lemma is only a rewriting of the proof of lemma 4.3 of [4]. O

As a consequence, the set W* is included in the set of uniform populations A (lemmas 3.3
and 3.4 imply that for y in A and = # y, V(y,x) > 0).

7. SOME MORE NOTATIONS
For )\ in RT we define

=N =0l = FH0,A])
Since the study of W* requires only consideration of uniform populations, we will often
write i instead of (i). For instance, V (i, j) stands for V((4), (4)).
For any graph g over A we define

Vig)= Y. V(i)
(i—j)eg
If X and Y are two subsets of S, we denote by Gx(Y) the set of Y—graphs over X UY.
For instance, we have G(X) = Gs(X) = G\ x(X). We put

Wx(Y) = i Vi(iy,i2) = in V(g).

x(V) = min Z (ii2) = min V(g)
(21—>12)€g

We note G% (Y') the set of graphs in Gx(Y) which realize this minimum.

We define G x () as the union of all z—graphs over X for all z in X:

Gx(0) = U Gx{z}.

zeX
If g is a graph over FE, its restriction g|\ to the level A is the graph

gia =1 (i1,i2) € g i1 € fia}.
20



8. SUFFICIENT CONDITIONS TO ENSURE W* C f*

Theorem 8.1. If the inequality

(21) Yo W) < Y WRUNUS) - max min V(i j)
Aef(E) Aef(E) i€E\f* j:f(5)#f(4)

is satisfied, then the set W* of all points which may be settled ultimately by the homogeneous
algorithm with positive probability is included in the set f* of the global maxima of the
fitness function i.e.

Ve e E™ lim lim  P(X}]cf/X{=2)=1

l— oo n— oo

Proof. Let g be a graph over E. We may decompose the sum V' (g) in the following way:

Vig= Y > Vi)=Y > V(i)

AEF(E)  €fa AEf(E) (i1—i2)Ega
(i1 —ig)€Eg

i.e.

Vig)= > Vg

Aef(E)

Suppose now that g is in G{i} for some i in E. Put 6 = f(i).
Then g5 belongs to G, (f¥ U fy) whenever A # 6 whence

(22) Vigin) = Wi (f3 U £y)-
Let j be any point outside fp; then gjg U {(i — j)} is a graph of Gy, (f,; U f,) whence
V(gio) > Wy, (f7 U fy) =V, 7)

and the inequality being valid for all j outside fy, we have

23 1% > Wy, (ff Uf,)— min V(i j).
( ) (9\9)— f(fa f@) PR (J)

Summing up inequalities (22) and (23) yields

Vig)> > fo(fiufi)—..fgi;f(.)v(i,j)
Xef(E) JI)EI
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for any graph ¢ in G{i}. Taking the minimum over all g in G{i} we obtain

W)= > fo(f;rufx_)—.‘f(]f%glf(‘)v(i,j)
AEF(E) FIFEI

so that finally

24 min W (i) > w FUf7)— max min V' (4,7).
(24 i€\ f* ()_A;f(:E) AU i€E\f* jif (NAF(0) (.9)

We build now a near-optimal graph g.
For each A in f(E), select a graph gy in G7%, (f;L) If A= f(f*), g is an i*—graph over f*
for some i* in f* (in this case, f, is empty).
We define the graph g as the union of the graphs gy:
(i1—>i2)€g < HAEf(E) (i1—>i2)€g>\.
It is easy to see that g is in G{i*}. Furthermore we have by construction

VA€ f(E)  gx=gx

whence
Vig)= > Viga) = > Wi
NEF(E) AEf(E)
from which we deduce, for the point ¢* of f*,
(25) W) < Y W)
Aef(E)

Putting together the inequalities (21), (24) and (25), we obtain
W(i*) < min W(i
(i) < min W
where i* is a point of f*, which clearly implies W* C f*. 0O

The condition (21) depends strongly on the structure of the optimization problem: the
essential ingredients which are hidden behind the functionals W and V are the function f
and the kernels o and 8 which determine the asymptotic dynamics of the chain (X}).
We derive now some stronger but more explicit conditions for the inequality (21) to hold.
Clearly it is sufficient to have both

(26) VAEFIE)NF(f) W) S W (UL
and
(27) Wee(0) < We(E\ f*) — max  min V(1 7).

i€EE\f* j:f(§)#f(0)
We next prove two fundamental lemmas describing the behavior of the function V' with

respect to the size of the population m.
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9. INCREASING OF FITNESS

Lemma 9.1. Let R be the smallest integer such that

Vi,je B dr < R dig,---,1 € E  such that
io =1, =J, Vke{0,---,r—1} «(ig,ixs1) >0

1.e. R is the minimal number of transitions necessary to join two arbitrary points of E
through the kernel o (since « is irreducible and E is finite, R is finite). Put

A° = max min{ max (f(i)— f(ix)) : 10 =1, 7 < R, f(ir) > f(i), H i, ig41) > 0}

i€EE\f* 0<k<r

0<k<r

. _ . N ) s i — i < o . .

A zr?ea;“( min { Orélgi(r(f(z) flix)) i =i, 7 < R, i, = j, H alig, k1) > O}
0<k<r
Let i be any point in E \ f*. With these notations we have
(28) Vm € N* min V(i,j) <aR+c(R—1)A°.
JEE.f(5)>f(3)
Let v,7 be two points in f*. We have also
(29) Vm € N* V(i,j) <aR+c(R—1)A™.
Corollary 9.2. Let A® = max (A°, A*). Then,
30 su max min V(i,7), max V(i,j)p < aR+c(R—1)A®,
(30) mell\l)* { i€E\f*  JEE,f(3)>f(i) (0,9) h,jef* ( J)} ( )
(31) sup max min V(y,z) < aR+c(R—1)A°.
meN* yeS\(f*)™  2€8,f(2)>Ff(y)

Remark. Putting
A =max{|f(i) - f(j)] :i,j € E},

we have clearly A® = max (A°, A*) < A. All the right-hand side members of the preceding
inequalities are thus smaller than (a 4+ cA)|E|.
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Proof of lemma. Let i be a point of E'\ f*. By the very definition of A°, there exists a
sequence 1ig, - - - , 4, of points of E/ such that:

io=1,r <R, f(iy) > f(i), Oﬁkra(ik,ikﬂ) >0 and Orélkafr(f(i) — flix)) < A°.

Among these sequences, we choose a sequence of minimal length, so that necessarily

Vke {0, r =1} flix) < f(0):
We put j =i, and we define

20 = (io), &' = (4, ,i,i1), -, 2" = (i, 4 d0o1), 27 = (),
WO =0 =gl 22 gL
u =0 = (6, Ly 0,).
The path
O 0 ol ol e ™2 L ol Ll L T

clearly belongs to D,.((i), (j)) and its cost is ar + CZZ;?) (f(@) = f(iks1)). It follows that

r—2
V(i,7) < Vi(i,5) <ar+ed (f(i) = flinr))-

k=0

from which we obtain immediately
V(i,j) <aR+c(R—1)A°

and since f(j) > f(i), inequality (28) is proved.
Let 7, j be two points in f*. By the very definition of A*, there exists a sequence ig, - - - , i,
leading from ¢ to j through the kernel a such that » < R and
) — fig)) < A*.
qmax (f() = flin)) <

We build the sequences u*, v*, 2* as above and thus obtain a similar inequality for V (i, j)

(with A* instead of A°), which proves inequality (29). O

Proof of corollary. Inequality (30) is a direct consequence of lemma 9.1. To prove inequality
(31), consider an element y of S\ (f*)™. Pick up a point i in y. Using inequality (28), we
see that there exists a point j in E such that f(j) > f(i) and V(i,7) < aR+c(R—1)A°. We
build as above a path of length smaller than R which transforms by successive mutations
the individual 7 in j and leaves unchanged all others individuals of y and obtain

V(y,(4)) < aR +¢(R - 1)A°

whence
min __ V(y,(j)) <aR+c¢(R—-1)A°.
JEEF(5)>f(y) @, (7)) ( )
Taking the maximum over y in S\ (f*)™ and then over m in N* yields inequality (31). O
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10. DECREASING OF FITNESS
Lemma 10.1. Let p = min(a,b/2,cd) where § is defined by (9). Then
(32) Vz'e€E™ V22ecE™ V(z'22) > peard{k:1<k<m f(z})> f(z*)}.
Remark. The above inequality, being true for the function V, is a fortiori true for the
function V.

Proof. We show by induction on r that V,. satisfies this inequality.

Consider first the case 7 = 0. Either z! = 22 and the right-hand member vanishes or
2t # 2% and V(21 2?) is infinite.

Suppose the result is true at rank r.

Let u* v ,zk be an element of D,11(21, 2?). We consider two situations:

o Iff ( ) f ( %) then all elements of the set

{z:1<k<m, f(z}) > f(z*)}
have been destroyed during the transition between z' and v” whence
d(zh,u®) + 2d(u®,v°) > card {k: 1 < k < m, f(z}) > Fz3) )
o If f(vo) > f(zz) then putting
h=card{k:1<k<m, f0°) > f(z})}

we have

card{k:1<k<m, f(.ri)>f(z2)}2m—h

and .
c(mfA(vo) - Zf(x}c)) > chd > ph.
k=1

The induction hypothesis at rank r implies

Vi (zt, 2%) > p(m — h).

Now
aZd(mk,uk)-l—bZJ(uk,vk)-l—cZ(m Z k“)
k=0 k=0 h—1
>c(mf fok)~l—V(a: 2?) > ph+ p(m — h) = pm

=1

and the desired inequality is true in both cases for the path under consideration. Taking
the minimum over all elements of D, (z!,22) yields the result at rank r + 1 and the
induction is completed. [J
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11. OUR LAST CONDITION

Theorem 11.1. Let m be an integer such that

33 m > = max min ~ V(i,j) ,

(33) P BV, SAACE)

(34) pm > max  V(i,j).
LJES*

For this integer m we have
lim p!(f*) = lim J(f*) = 1.

l—o0 l—o0
Remark. Inequality (30) shows that such an integer m always exists: the quantities on the
right—hand side are bounded by (a 4+ cA)|E| which is a constant independent of m. In
particular, the conditions are fulfilled as soon as m > (aR + ¢(R — 1)A®)/min(a, b/2, cd).

Proof. We prove that for such an m the preceding sufficient conditions (26) and (27) are
satisfied. Let A be in f(E)\ f(f*) and let g be a graph in Gy, (fy U fy ). This graph
may contain a finite number of transitions from f to fy : i1 — 4}, , 4, — 4,.. The first
inequality (33) implies that for each iy, 1 < k < r, there exists a state ji in fj such that
V (ix, jr) < pm and inequality (32) of lemma 10.1 implies V (ix, ji) < V (ig,}). Let ¢’ be
the graph obtained by replacing the r arrows iy — i}, i, — i, by i1 — J1, - ,ir — Jp.
The graph ¢’ is in G, (fY) and V(g’) < V(g). This construction being valid for any graph
in Gy, (fy U fy), we have

Wi (f5) < Wi (fX U fY)
for all A in f(E)\ f(f*) and the first inequality (26) is proved.
Now let g be a graph in G¢-(E \ f*). This graph contains a finite number of transitions
from f* to E'\ f*: iy — j1,--+ ,ir — Jjr. Let ¢’ be the graph obtained from g by replacing
the arrows 7o — jo, -+ ,i, — J, by the (r — 1) arrows is — i1, ,4, — 41. Inequality
(34) implies that V(¢’) < V(g). In addition the graph ¢ is still in Gy« (E \ f*) and may
be decomposed as the union of a graph of G+ (0)) and the arrow i; — j; whence

Vig) 2 V(g') =2 W= (0) + V(ir, j1) = W= (0) + pm.
Taking the minimum over all graphs in G« (E \ f*) yields
Wi (EN\ f7) 2 W= (0) + pm.
Since by (33)

pm >  max min V(i,7) > max min V(i 7)
i€B\f*  JEE,f(5)>f(i) i€B\f*  JEE,f(5)#S(1)
then
We(E\ f*) > Wg(0) +  max min  V(4,j)

i€BE\f*  JEE,f(5)#f(i)
and the second inequality (27) is proved. O
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12. EXISTENCE OF A CRITICAL POPULATION SIZE m*
Our fundamental result may be stated as follows.

Theorem 12.1. Fix the space E, the fitness function f, the mutation and crossover
kernels o and (8 and the positive constants a,b, c.

There exists a critical population size m* depending upon all these objects such that,
when m is greater than m™*, the set W* of the minima of the virtual energy W is included
i the set f* of the global maxima of the fitness function f. Moreover we have

aR+c(R—1)A®
min (a,b/2,c§)

*

(We recall that 6 = min{|f(i) — f(4)| : 4,5 € E, f(i) # f(4)} and A® is defined in
Lemma 9.1 and Corollary 9.2. Moreover A® < A =max{|f(i) — f(j)|:i,j € E}.)

Of course, we expect that in most practical situations, the critical size m* is much
smaller than the cardinality of the search space FE, which is a basic requirement for a
reasonable algorithm. In fact, considering the upper bound given in theorem 12.1 with
b = oo, we obtain that m* is less than R (a + ¢A®)/min(a,cd). The quantities A® and §
depend only on the values of the fitness function. In a concrete situation, 6 can be chosen
as the level of precision that we require from the genetic algorithm to feel. The coefficient
R can be thought of as the diameter of the search space, which is of course much less than
its cardinality. In addition, the general upper bound given above is very rough and might
be considerably enhanced (for instance by analyzing carefully the lefthand side of (28) and
using the condition (33)). In fact, the critical size is related to the difficulty of escaping
from a local maximum to go to a better local maximum, rather than to the cardinality of
the search space. We will illustrate this on a concrete example on the space {0,1}V “in
the last section of the paper. Let us first examine more simple examples.

Consider the space E ={0,1,--- , N } and let @ be a markovian mutation kernel on F
such that

Vie{l,---,N -1} a(i,i—1)+a(i,i+1)+a(i,i) =1, ai,i—1) >0, «afi,i+1) >0,
(the possible mutations from i are i — ¢ — 1 and ¢ — i + 1), and for the points 0 and N,
a(0,1) 4+ a(0,0) =1, «(0,1) >0, a(N,N—-1)4+a(N,N)=1, «oN,N—-1)>0.

For the crossover kernel 3, we choose the identity matrix over £ x FE.
We consider the fitness function f defined by

T
ke E  f(k) 2=7 2 cos <k§> Yk



This function has local maxima at the points 4k. If we apply directly the rough upper
bound given above, we obtain m* < (aN + 2¢(N — 1))/ min(a, b/2,¢). This bound is very
bad, because here the diameter of the space is of the same order as the cardinality of the
space itself. However, if we compute the lefthand side of (28) and use the condition (33),
we get m* < 3(a+c¢)/ min(a,b/2, c) which does not even depend on N. Taking b large and
a = ¢, we see that m* < 6.

Clearly, the algorithm can’t possibly work with one single individual: when m = 1, the
selection operator does nothing at all and the fitness function f does not intervene in the
transition mechanism.

Perhaps two individuals is enough to solve all the optimization problems, i.e., m* = 27
The answer is no. We give now examples where the critical size m* is arbitrarily large.
We consider the space E defined in the previous example, with the same crossover and
mutation kernels. Let f be a function defined on E, with values in R* such that

fO)=fQ)=--=fIN=-1), fO)=f1)+y, [I(N)=Ff(N-1)+T,
where 0 < v < I'. We have
Vie{l,---,N—1} V(i,i—1)=V(i,i+1) =a,

(these transitions need only the mutation of one individual: the remainder of the popula-
tion, driven by the process (X2°), then comes on the new point)

V(0,1) = min (am, a+ cmv), V(N,N — 1) = min (am, a+ cmF).

The transition from 0 to 1, for instance, takes place either trough a general mutation, of
cost am, or by a general anti-selection after an individual has mutated to 1, of cost a+4cmy.
Finally

V(0,N) =min (am + a(N —1),a + cmy + a(N — 1),aN + ¢(N — 1)7).

There are two possible trajectories to go from 0 to N; either the whole population go
from 0 to 1 (cost V(0,1)) and then from 1 to N (cost a(N — 1)), or an explorer starts
alone from 0 and mutates until the point N, while the remainder of the population waits
in 0 (cost aN + ¢(IN — 1)7): when the explorer reaches the point N, the whole population
throw themselves on N, since v < I'.

Similarly

V(N,0) = min (am + a(N —1),a+ cmI' + a(N — 1),aN + ¢(N — 1)T + em(T — 7)).
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Notice yet a crucial difference for the passage from N to 0: for the second kind of trajec-
tories, whenever the explorer reaches 0, it is necessary to perform a general anti—selection
of cost em(I" — ) to bring everyone in 0. In particular, we check that

lim V(0O,N) = aN+c¢(N—-1)y <

and V(N,0
lim (V,0) = min (a,¢(I' = 7)) > 0.
m— oo m

We evaluate now the virtual energy W.
For ¢ in {1,---, N — 1}, the i—graph of minimal cost is

0—1-—i-1—i—i+1l—--—N-1-N
so that
W(i) = a(N—-2) + V(0,1) + V(N,N —1).
For the point 0, there are two possible O—graphs:

N—-N-1—---—1—-0 e N-1—---—1—=-0«N
whence

W(0) = a(N

a ) + min (V(N,N —1),V(N,0))
= a(N

-1
—1) 4+ min (am,a + cmI',aN + ¢(N — 1)L’ + em(T — v)).
Similarly, we have

W(N) = a(N —1) 4+ min (am,a + cmy,aN + ¢(N — 1)y).

Since N > 1 and V(0,1) > a, V(N,N — 1) > a, for all i in {1,--- N — 1}, we have
W(0) < W(i), W(N) < W(i), so that W* C {0, N}. Suppose

am <a+cmy et am <alN +c(N —1)y.

For these inequalities to hold, it is enough that a < ¢y and m < N.
In this situation
W(0)=W(N)=a(N —-1)+am

and the set W* = {0, N} is not included in f* = {N}.

Thus, whenever a < ¢y, we have m* > N.

Let us try to explain this phenomenon: the exits from the attraction basins of 0 and N
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take place with a general mutation, of cost am, which brings the whole population in 1
and N — 1. The heights v and I' do not intervene and the dynamics can’t discriminate
between the points 0 and N. The limiting law is then concentrated on both points {0, N'}.

Whenever the mutation kernel « is not symmetric, we may in addition build examples
where f* N W* = () whenever m < m*.
Consider the space £ = {0,1,--- ,N,N+1,--- ,N+M —1} and let f: E — R% be such
that

fH=f2)=-=fN-1)=f(N+1)=-=f(N+M-1),
fO)=fQ)+~ [fIN)=f(N-1)+T,

where 0 < v < T'. Let a be a markovian mutation kernel satisfying
Vie{0,--- ,N+ M —2} a(i,i+1) =1
and a(N + M —1,0) = 1. We have

V(N,0) = min (am +a(M —1),a+ cmI' + a(M — 1),aM + c¢(M — 1) + em(T — 7)),
V(0,N) = min (am + a(N —1),a + cmy + a(N — 1),aN + ¢(N — 1)7),

and

W (0)
W (N)

a(N 4+ M — 2) + min (am,a + emI',aM + ¢(M — 1)I' + em(T — 7)),
a(N 4+ M — 2) + min (am,a + cmy,aN + ¢(N — 1)7).

To have W (0) < W(N) (and W* = {0}), it is enough that
aM + c(M — 1)T + em(T —v) < min (am,a + cmy, aN + ¢(N — 1)7).
Equivalently

aM +c¢(M —1I' < m(a —c(I' = 7)),
aM +c¢(M - 1T < a+cm(2y—T),
aM +c¢(M —1)I'+em(T —7) < aN 4+ ¢(N — 1)y.

We choose v, T" such that 0 < I'/2 <y < I" and a, ¢ such that a > ¢(I' — ).
Fix an integer M. The first two inequalities are fulfilled for m sufficiently large. Fix such
a value of m. The parameter N appears only in the third inequality. All other parameters
being fixed, this inequality is satisfied for N sufficiently large.
We have thus built a space E, a mutation kernel «, a function f : E — R} and a
set of parameters (a,c,m) (where the population size m may be arbitrarily large) such
that W* N f* = 0.
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V. Application to the classical simple genetic algorithm

We specialize our general model in order to apply our results to

1. THE SIMPLE GENETIC ALGORITHM

We take E = {0,1}" for some integer N. A point i of E is a word of length N over
the alphabet {0,1} and is noted i = 4y ---iy where i, € {0,1}. The Hamming distance
H(i,j) between two points i, j of E is the number of letters where ¢ and j differ:

H(i,j)=card{k:1<k<m,ir# jr}
The mutation kernel p; is defined by

0 if H(i, j) > 1,
pl(luj): = lfH(Zaj):lv
1— NI if H(i,j) =

The associated kernel « is

0 if H(,j) > 1,
a(i,j)=<4 1 ifH@,j) =1,
N if H(i,j) = 0.

It is irreducible: the minimal number of transitions necessary to join two arbitrary points
of E through the kernel o is R = N.

In order to build the crossover operator, we define now a cutting operator T} for k in
{1, ,N —1}; T, maps E x E onto E x E and for i,j in E, we put Tx(i,7) = (¢, 5')

where
./

i =1 ikl N, G =1 Jripar - iN.
The kernel 3 is then defined to be
B((E,9), (', j") = card{k: 1 <k < N — 1, Ty (i, 5) = (¢, 5') }

and the kernel ¢; is

a((i,5), (@, 5") = B((0,5), (@, N1 if (i,5) # (i, 5)

and
%((%])a(%])) =1- Z ﬁ((’L,j),(ll,]/))l_b
(i’,j?”)l;é(i,j)



Both hypothesis H, and H, are clearly fulfilled. We put as before

A° = max min{ max (f(i)—f(i*) i =i, r <R, f(") > f(i), [[ HG* "> 0}

EE\ f* 0<k<r
Y = 0<k<r

A* = max min{ max (f(i) — f(i*)) i =i, r <R, i" = j, H(i* ik >O}
e i { e (1)~ /(04) <= TT G

and let A® = max (A°, A*).
Within this framework, all convergence results proved in part IV do apply. We restate and
comment only the rough results, which take a more precise form in this context.

2. THE HOMOGENEOUS CASE

Theorem 2.1. (Convergence of the homogeneous simple genetic algorithm)

If

aN + ¢(N —1)A®
(35) " min (a,b/2, ¢d)
then

Ve e E™ lim lim  P([Xl]cC f/Xl=2) =1

l—oo n—

Our condition shows that the optimization problem may be solved with a sufficiently
large population size. In addition, we are completely free for the choice of the parameters
a,b and ¢: if we take a very large ¢, so that min (a,b/2) < ¢d, we see that § does not
intervene any more in the above condition. The parameter A® describes the difficulty for
an individual to travel from one point to a better point. If A® is fixed and N becomes
large, a population size of order C'N for some constant C' will always suffice to handle
the problem. Finally, let us remark that our condition on the population size m is very
rough: neither the fine structure of the optimization problem nor the possibility of using
crossovers to travel between two populations have been taken into account to obtain it.
The crucial point is that the perturbation mechanism allows the process to visit all the
space, even when the random perturbations are very small. The role of the crossover is
thus not fundamental (the algorithm without crossover corresponds to the case b = oo):
however this operator creates a lot of new possible transitions for the chain (X,,) and thus
certainly decreases the values of the functions V' and V as well as the optimal population

size.
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3. THE INHOMOGENEOUS CASE

In practice, one will not wait for the Markov chain to reach equilibrium before decreasing

the perturbations. The idea is then to decrease the intensity of the perturbations as time
goes, and one wishes do to this in the most efficient way to obtain the same limiting law.
From now onwards we assume that [ and n increase simultaneously. More precisely, we
take [ as an increasing function of n with lim,, . I(n) = co.
The Markov chains of our model become thus time inhomogeneous and the transition
probabilities depend on the time via the function I(n). We suppress the index [ in our
notations; for instance X, stands for X’ . Recall that the convergence exponent [10, chapter
3] of the increasing sequence I(n) is defined as the unique non—negative real number A
having the following property: the series

) +12) 0+ 1)+

converges for 6§ > A and diverges for § < A.

We denote by Ty, -, Ty, - the instants of the successive visits of the chain (X,,) in the
set S of equi-fitness populations i.e. T,, = inf{k : k > T;,_1, X € S}. We are mostly
interested in the behavior of the chain (X7 ).

Theorem 3.1. (Convergence of the inhomogeneous simple genetic algorithm)
1) For the chain (X1,) to be trapped in f* after a finite number of transitions, i.e., to have

Vee E™ P@3AN VYn>N [Xp]Cf/Xo=x)=1

the convergence exponent of the sequence l(n) must be a positive real number; that is, there
must exist two positive real numbers 61 and 0 such that

Z I(n) ™% = o0 and Z I(n)~% < 0.

n>0 n>0

2) If the convergence exponent A of the sequence l(n) and the population size m satisfy the
mequalities
aN +¢(N —1)A® < X\ < min (a,b/2,cd) m

then, with probability one, the chain (Xr,) is trapped in f* after a finite number of tran-
sitions, 1.e.,

Vee E™ P3N Ya>N [Xp]|C f*/Xo=2)=L1.

3) Suppose there exists a real number t strictly greater than one such that for all T in N, the
sequences l(|tn|+7r) and l(n) are logarithmically equivalent. If the convergence exponent A
of the sequence l(n) and the population size m both satisfy the inequalities

aN + ¢(N — 1)A® < min (a,b/2,¢d)m < A
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then
Ve e E™ lim P([X,]C f/Xo=2) =1

n—oo

The proofs of these results involve technical large deviations estimates. To avoid lengthy
developments, we do not reproduce them here. To ensure the convergence toward f* in
the inhomogeneous case, we must first ensure that the homogeneous algorithm converges
(condition (35)) and that the rate of increasing of the sequence I(n) is carefully adapted
to avoid the process to be trapped in any sub—optimal population.

The next very important issue is the speed of convergence of the algorithm. This
question is addressed in [2] using the very technical tools developed by Catoni and Trouvé
for analyzing generalized simulated annealing processes.

4. THE GROUND STATE OF THE ISING MODEL

We consider a finite box A = {1--- N}? of side length N in the d-dimensional integer
lattice Z¢. A point of this box is called a site. Sites will be denoted by the letters x, y. We
wrap this box into a torus and we define a neighbourhood relation on A by: x ~ y if all
the coordinates of z and y are equal except one which differs by 1 or N — 1. At each site x
of A there is a spin taking the values —1 or 4+1. The set of all possible spins configurations
is X = {—1,4+1}*. Configurations of spins will be denoted by the letters ,o. The value
of the spin at site x for a configuration o is denoted by o(z).

The energy of a configuration o is

(36) Bo) = — Y o)) ~ 53 o)

{zy}z~y reA

where h > 0 is the external magnetic field. We consider the situation where N is large and
h is small, with Nh > 2d. A ground state of the Ising model is a configuration realizing
the global minimum of the energy. Because h is small, in order to minimize the energy, we
should first try to minimize the first term appearing in the energy. The effect of this term
is to make neighbouring sites have the same sign (this is the ferromagnetic interaction).
The effect of the second term is to make the spins choose the sign of the magnetic field.
Hence the unique ground state is the configuration with all spins up. There is another
very stable configuration, the one with all spins down. We use the mutation kernel of the
simple genetic algorithm defined in paragraph V.1. For any configurations o, 7, we set

= if n = o” for some site x
(37) pi(o,n) =4 1=-NU= ifn=0
0 otherwise
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where o7 is the configuration o flipped at x i.e.

. +o(y) ify#a

() = { |
—oly) ify==s

Hence the mutation consists in making one spin-flip at any site of the configuration. The
energy landscape associated with this energy and this mutation kernel is very complicated
and full of local minima. For instance any configuration which is the union of parallelepi-
pedic droplets of + in a sea of — such that any two droplets are at a distance larger than
two is a local minimum. Some features of this energy landscape have been analyzed in
dimension two and three in order to deal with metastability questions associated to the
Metropolis dynamics [1,9]. Partial results are also available in arbitrary dimension [8]. We
will rely on these results to give upper bounds on the critical population size m* associated
to the problem of minimizing the energy E. The critical population size of the simple ge-
netic algorithm running on the space X = {—1,+1}" d, with the mutation kernel defined
in (37), with no crossover, and with the fitness function —F defined in (36) satisfies

we < N0 (e ) (minda,o)

where C(d) is a constant depending only on the dimension. Thus the critical size is less

than a polynomial in N, while the size of the state space is 2V *. In fact we have used here
the rough upper bound given in (28). A more careful analysis would yield

m*g(%ﬂd(a+cﬂ@>omMmm»1

which is even independent of N! Notice however that the length NV has to satisfy Nh > 2d.
This phenomenon illustrates the fact that the critical size is related to a fitness barrier the
population has to overcome to find the true global minimum, rather than to the cardinality
of the search space. Here the fitness barrier corresponds to the energy necessary to escape
from the metastable state (all spins down) to reach the ground state (all spins up). This
energy barrier is the energy of a critical droplet (see [1,8,9]).
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