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Abstract. We build the mutation—selection algorithm by randomly perturbing a very simple
selection scheme. Our process belongs to the class of the generalized simulated annealing
algorithms studied by Trouvé. When the population size m 1s large, the various quantities
associated with the algorithm are affine functions of m and the hierarchy of cycles on the set of
uniform populations stabilizes. If the mutation kernel is symmetric, the limiting distribution
is the uniform distribution over the set of the global maxima of the fitness function. The
optimal convergence exponent defined by Azencott, Catoni and Trouvé is an affine strictly
increasing function of m.

Résumé. Nous construisons ’algorithme de mutation—sélection en perturbant aléatoirement
un mécanisme de sélection trés simple. Le processus obtenu entre dans la classe des algo-
rithmes de recuit simulé généralisés étudiés par Trouvé. Lorsque la taille de la population m
est grande, les différentes quantités associées a 'algorithme sont des fonctions affines de m
et la hiérarchie des cycles sur I’ensemble des populations uniformes se stabilise. Si le noyau
de mutation est symétrique, la distribution limite est la distribution uniforme sur ’ensemble
des maxima globaux de la fonction fitness. L’exposant optimal de convergence défini par
Azencott, Catoni et Trouvé est une fonction affine strictement croissante de m.

1991 Mathematics Subject Classification. 60F10, 60J10, 92D15.

Key words and phrases. Freidlin-Wentzell theory, evolutionary algorithms, stochastic optimization.

Professor Jean—Arcady Meyer first spoke to me of evolutionary algorithms.

I am deeply grateful to Professor Gérard Ben Arous for introducing me to the Freidlin-Wentzell theory.

I thank Professor Alain Berlinet for his useful advice and for having carefully read this paper.

I thank Alain Trouvé for several discussions about the generalized simulated annealing and for com-
ments which improved this work.

I thank an anonymous Referee for his meticulous work and numerous changes which increased signif-
icantly the clarity of this paper. He gave a proof of proposition 10.1 which is considerably simpler than
the original one.

Typeset by ApS-TEX



1. INTRODUCTION

Evolutionary algorithms are optimization techniques based on the mechanics of natural
selection [6]. Experimental simulations have demonstrated their efficiency: they are robust,
flexible and in addition extremely easy to implement on parallel computers [5].

Unfortunately, there is a critical lack of theoretical results for the convergence of this
kind of algorithms. In a previous paper [3], the author constructed a Markovian model
of Holland’s Genetic Algorithm. This model was built by randomly perturbing a very
simple selection scheme. The study of the asymptotic dynamics of the process was carried
out with the powerful tools developed by Freidlin and Wentzell for the study of random
perturbations of dynamical systems, yielding what seemed to be the first mathematically
well-founded convergence results for genetic algorithms.

It was proved that the convergence toward the global maxima of the fitness function
becomes possible when the population size is greater than a critical value (which depends
on all the characteristics of the optimization problem). Surprisingly, the crossover did not
play a fundamental role in this model. The crucial point to ensure the desired convergence
was the delicate asymptotic interaction between the local perturbations of the individuals
(i.e. the mutations) and the selection pressure.

In this paper, we deal with the two—operators mutation—selection algorithm. We intro-
duce a new parameter (analogous to the temperature of the simulated annealing) which
controls the intensity of the random perturbations. We study the asymptotic dynamics
of the process when the perturbations disappear. This new point of view in the field of
genetic algorithms allows to prove several results concerning the convergence of the law of
the process toward the maxima of the fitness function. We focus here on the dynamics of
the algorithm when the population size m becomes very large.

Once more, we follow the road opened by Freidlin and Wentzell [4]. However we will
use the concepts and tools introduced by Catoni in his precise study of the sequential
simulated annealing [1,2]; these were put in a more general framework by Trouvé, who
carried out a systematic study (initiated by Hwang and Sheu [7]) of a class of processes he
baptized “generalized simulated annealing” [9,10,11]. Our algorithm belongs to this class
of processes and our study will thus heavily rely on Catoni and Trouvé’s work.

This paper has the following structure. First we describe our model of the mutation—
selection algorithm. We show how it fits in the framework of the generalized simulated
annealing and give a sufficient condition to ensure the concentration of the law of the
algorithm on the global maxima of the fitness function. The dynamics of the algorithm
is best described through the decomposition of the space into a hierarchy of cycles, which
are the most attractive and stable sets we can build for the perturbed process. We prove a
result valid for the generalized simulated annealing which reduces the study of the dynamics
to the bottom of the cycles (the uniform populations in our situation). The key result for
our study lies in the structure of the most probable trajectories of populations joining



two uniform populations: a small group of individuals sacrifice themselves in order to
create an ideal path which is then followed by all other individuals. As a consequence,
the various quantities associated with the algorithm (such as the communication cost, the
virtual energy, the communication altitude ... ) are affine functions of the population
size. We then prove that the hierarchy of cycles on the set of the uniform populations
stabilizes when the population size is large. The structure of the limiting hierarchy of
cycles depends upon the relative values of the mutation cost and the variations of the
fitness function. However, the fitness function is constant on the “bad” cycles (i.e. those
which do not contain the minima of the virtual energy). Furthermore, if the mutation
kernel is symmetric and if the population size is greater than a critical value, the limiting
distribution is the uniform distribution over the set of the global maxima of the fitness
function. Finally, we investigate the critical constants describing the convergence of the
algorithm. The optimal convergence speed exponent defined by Azencott, Catoni and
Trouvé [1,2,9,10,11] (which gives the optimal convergence rate toward the maxima in finite
time) increases linearly with m. This fact shows that our algorithm is intrinsically parallel:
it involves only local independent computations.

2. DESCRIPTION OF THE MODEL

2.1. The fitness landscape. We consider a finite space of states E and a real-valued
positive non-constant function f (which will be called the fitness function) defined on E.
The set E is endowed with an irreducible Markov kernel «, that is a function defined on
E x E with values in [0, 1] satisfying

Vie E Z]‘eE ai,j)=1,
Vi,j € E Jdey,--- e, €E ey =1,e, =35, Vee{l---r—1} alek,ex41) > 0.

The three objects E, f,« define an abstract fitness landscape. We are searching for the
set f* of the global maxima of f i.e.

fr={ieE: f(i) =max f(j) }.
JjekE
By f(f*) we mean the maximum value of f over E i.e. maxjecp f(y). Symbols with a
star * in superscript will denote sets realizing the minimum or the maximum of a particular

functional. The points of E will be called individuals and will be mostly denoted by the
letters 7, 7, €.

2.2. The population space. We will consider Markov chains with state space E™ where
m is the population size of our algorithm; the m—uples of elements of E, i.e. the points of
the set E™, are called populations and will be mostly denoted by the letters x,y, z. For x
in E™ and 7 in E, 2(¢) is the number of occurrences of ¢ in a:

(i) =card{k:1 <k <m,ap=1}.



With f we associate a function fdeﬁned on E™ by

J?(fl?):]?(e’l/‘l?"' yp) =max{ f(zg): 1 <k<m}.

o~

For x in E™, T denotes the set of those individuals of « which realize the value f(z):

o~

T=Har:1<k<m, flzx)= f(z)}.

If ¢ belongs to E, (i) is the m—uple whose m components are equal to ¢ and U is the set
of all such m-uples (which are called the uniform populations). We sometimes identify an
element ¢ of E with the uniform population (¢). Thus f* may be seen as a subset of U.

2.3. The unperturbed Markov chain (X:°). In the absence of perturbations, the
process under study is a Markov chain (X;°),>o with state space E™. The superscript
oo reflects the fact that this process describes the limit behavior of our model, when all

perturbations have disappeared. The transition probabilities of this chain are

(z1)y(2k)

that is, the individuals of the population X5, are chosen randomly (under the uniform
distribution) and independently among the elements of X° which are the best individuals
of X according to the fitness function f. Notice that after a while, the chain (X2°)
starting from a population z is trapped in a uniform population selected in :

P(Fiex INeN VYn>N X >=(0)/X;7=2)=1.

In fact, the absorbing states of the chain (X:°) are exactly the uniform populations U.

2.4. The perturbed Markov chain (X!). The previous Markov chain (X2°) is ran-
domly perturbed by two distinct mechanisms. The first one acts directly upon the popu-
lation and mimics the phenomenon of mutation. The second one consists in loosening the
selection of the individuals. The intensity of the perturbations is governed by a positive
parameter | so that we obtain a family of Markov chains (X! ),en indexed by 1. As [
grows toward infinity, the perturbations progressively disappear. The transition from X!
to X,{L_F1 includes two stages corresponding to the mutation and the selection operators:

I mutation I selection I
X, — Y, — X ...

We now describe more precisely these two operators.



2.5. X! — Y!: mutation. The mutation operator is modelled by random indepen-
dent perturbations of the individuals of the population X!. With the Markov kernel «
(which is initially given with the set E and the function f), we build a family of Markov
kernels (a;);>1 on the set E. Let a be a positive real number. Define for 7,7 in F and [ > 1

- afi,j) =" if i #j
ai,j) = 1— Ze;ﬁia(i?e) =% ifi=j

The quantity «;(z,7) is the probability that a mutation transforms the individual ¢ into
the individual j at the perturbation level I. The transition probabilities from X! to Y;! are
then given by

P(Y!=y/X]=2)=alzi,1) - c(Tm,ym)-

Note that the mutations vanish when ! goes to infinity i.e.

(1) lim P (Y, =y/X, =) = 6(z1,y1)+ 8(2m, ym)

where 6(7, j) is the Kronecker symbol (the identity matrix indexed by E):
Vi,j € E o(i,7)=0 if v#yj, 6(i,5)=1 if 1=.

2.6. V! — X,IH_1: selection. The selection operator is built with a selection function [3].
We evaluate the fitness of the individuals of the population Y;! and we build a distribution
probability over ;! which is biased toward the best fit 1nd1v1dua1s and which progressively
concentrates on the set Yl as [ goes to infinity. We then select independently m individuals
from Y;! to form the population X! 11 Let ¢ be a positive real number. The transition
probabilities from Y to Xl_i_1 are

Jexp(ef(a,)Inl)
yexp(ef(yx)Inl)’

P( n—l—l_x/Y =Yy :H%m
r=1 k
We have

(2) 11mP<X72+1_;1;/Yl_y> Hl??(xk—)yg\m

—oo

i.e. the selections of individuals below peak fitness tend to disappear when [ goes to
infinity.



2.7. The vanishing perturbations. The two operators play antagonistic roles: whereas
the mutation tends to disperse the population over the space E, the selection tends to con-
centrate the population on the current best individual. Both are built through random
perturbations: random perturbations of the identity for the mutations, random perturba-
tions of the very strong selection mechanism of the chain (X7°) for the selection. With
this scheme of non—overlapping generations, it is essential that the mutations vanish: oth-
erwise, the current population could be destroyed at any time through a massive mutation
event with a null perturbation cost, preventing the concentration of the law of the process
on the set of the global maxima of the fitness function. It is yet questionable whether the
vanishing mutations and the growing selection pressure have a biological meaning. How-
ever, the optimization problem leads to the following question: is it possible to exert a
control over these very rudimentary operators to ensure the convergence toward a state of
maximum fitness?

Formulas (1) and (2) yield
¥y,2 € E™  lim P(X!, , =2/Xl =y) =P (X2, =2/X =v)

so that the process (X)) is a perturbation of the process (X2°). A crucial point is to give
the same intensity to the two kinds of perturbations so that they interact properly when [
goes to infinity. More precisely, the rate of convergence of the transition probabilities in
formulas (1) and (2) should be logarithmically of the same order (this is the reason why
we introduce two more parameters a and ¢). The parameters a and ¢ are not independent:
we will in fact compare a/c to quantities related to the fitness function f. Rescaling the
function f with the parameter ¢ has the same effect as changing the mutation cost a. To
avoid breaking the symmetry, we keep both parameters a and ¢ in the sequel. Finally, we
are entirely free for the choice of the control parameter I: here [ goes to infinity. We could
also take Inl or the temperature T'=1/In/.

3. ASYMPTOTIC EXPANSION OF P (X}, = z/X] =y)

For a fixed value of I, the expression of the transition matrix of the chain (X!) is quite
complicated. We will focus on the asymptotic behavior of the chain, when [ goes to infinity.
The first step consists in estimating the transition matrix of (X! ).

By the very construction of the process (X} ), we have

P<X1lz+1 =2/X, ::1;) - Z P<X1lz+1 =2/Y, :y>P<Yé:y/Xi ::1;).
yepm
For each y in E™,

m

P (Xl = =¥l = 0/ Xh = 2) ~ (et exo— (odia) 4o

(T~ o))

k=1



where we note for z,y,z in E™

y(zr)
card i

az,y) = [[ elwrmm), w2 =]

k:xp#yn

and d(x,y) is the Hamming distance between the vectors = and y i.e.
d(xz,y) =card{k:1 <k <m, 2 # y }.

The above transition probability vanishes whenever a(x,y)~(y,z) = 0. There are two
different terms in the exponent. The quantity d(x,y) is simply the number of mutations
necessary to go from z to y and ad(x,y) represents the perturbation cost necessary to
achieve these mutations. The second term originates from the fact that individuals of y
with a fitness strictly less than f(y) may have been selected to form z: such an event will
be called an anti-selection. The term ¢, (f(y) — f(zr)) represents the perturbation cost
necessary to achieve all the anti—selections.

We define next the communication cost V3 on E™ x E™ by

Vi(x, z) = min { ad(x,y) + cZ(f(y) — flzr)):y € E™ oz, y)v(y,2) >0 }

We put finally ¢1(z,2) =) a(z,y)¥(y, z), the sum being extended over the populations y
realizing the minimum in Vi (z,z). With these notations, we see that

P<X1lz+1 :Z/sz:l') ~ q(x,z)exp (=Vi(z,z)Inl).

—oo

Remark in addition that for each x,z in E™
P (X,lH_l =z/X! = z) =0 < Vi(z,2) =0 <= q(z,2) =0.

We are now in the framework of the generalized simulated annealing studied by Trouvé
[8,9,10,11]. That is, the transition probabilities of the process (X)) form a family of Markov
kernels on the space E™ indexed by [ which is admissible for the communication kernel ¢,
and the cost function Vi [9, Definition 3.1].

4. CONVERGENCE OF THE MUTATION—SELECTION ALGORITHM

We will use graphs over the set E™. By a graph over E™ we mean a set of arrows x — y
with endpoints in E™. Thus our graphs are all oriented.



Notation 4.1. Let g be a graph on E™. The Vi—cost of ¢ is
Vilg)= > Vi(z.y).
(z—y)eg

We recall that an z—graph is a graph with no arrow starting from = and such that for
any y # = there exists a unique path in ¢ leading from y to x. The set of all z—graphs is
denoted by G(«). For more details and notations concerning graphs, see [4, chapter 6].

Definition 4.2. The virtual energy W; associated with the cost function V; is defined by
Ve e E™ Wi(z) =min {Vi(g) : g € G(x) }.
We put also
Wi(E™)=min{ W;(z) :2 € E™ }, Wi ={xzeE™:Wyi(z)=Wi(E™)}.

Proposition 4.3. (Freidlin and Wentzell)
Yz € E™ lim  lim  P(X,eW;/Xl=2) = 1.

l—o0 n—oo
Theorem 4.4. (convergence of the homogeneous algorithm)
Fix the space E, the fitness function f, the kernel o« and the positive constants a, c.
There exists a critical population size m* depending upon all these objects such that

m > m* = W C f*.
This theorem has been proved in [3] and various upper bounds for the value m* were
given there; for instance

aR+c¢(R—-1)A

min (a, ¢d)

*

where

o =min{|f(1) = f)|: 0,5 € E, f(1)) # F() }, A =max{[f(i) = f()] i, € E}.
and R is the minimal number of transitions necessary to join two arbitrary points of E
through the kernel « i.e. R is the smallest integer such that

Vi, je E dr <R dey,---,e,41 € E such that
e1r =14, ery1 =74, Vke{l,---,r} alekr,ert1) > 0.

The preceding bound may be improved in several ways with more complicated constants:
however, since we will deal only with very large population sizes, we do not care about a
precise estimation of m*. Anyway, it is obvious that m*™ depends strongly on the fitness
landscape (E, f, ).

We restate now Trouvé’s result for the convergence in the inhomogeneous case, where
the parameter [ is an increasing function of n. We have then an inhomogeneous Markov

chain (X,z(n))nzo and we suppress the superscript I: X,, stands for X,z(n).

8



Theorem 4.5. (Trouvé, [9, Theorem 3.23])
There exists a constant Hy, called the critical height, such that for all increasing se-
quences I(n), we have the equivalence

Vo e E™ P(X,eW//Xo=2) — 1 — z:l(n)_H1 = 0.
n=0

n—~oo

Note that H; may depend on m.
Corollary 4.6. Suppose m > m* and > o I(n)"H' = co. Then

Ve e E™ P(X,e€f"/Xy=n2x) —_ 1.

All the tools introduced by Trouvé in [9,10,11] for the study of the generalized simulated
annealing may be used for analyzing the mutation—selection algorithm. The particular
interest of our process lies in the presence of several control parameters among which the
population size m is of paramount importance. In the sequel, we will try to understand the
behaviour of the mutation—selection algorithm for very large populations. The next section
contains several results valid for the generalized simulated annealing; they will allow us
to reduce the study of the dynamics of the process to the set U of uniform populations
(whose cardinality is independent of m).

5. (GENERAL RESULTS ABOUT THE VIRTUAL
ENERGY AND THE COMMUNICATION ALTITUDE

Let us introduce some notations and definitions.
If S is an arbitrary set, SI denotes the set of paths in S, that is the finite sequences of
elements of S. A path s in § is noted indifferently

82(817-..78r)7 8:(317...73r) or S =81 — +++ — S

and its length is noted |s| (r in the above example). A path s in S is said to join two
elements #; and 9 if 57 = ¢; and S|s| = ta; the set of all paths in § joining the points #;
and t5 is noted SMY (t1,t2).

Notation 5.1. By D™ we denote the paths in E™ which correspond to possible trajec-
tories of the process (X!) i.e. the paths p in E™ satisfying

Vi 1<k<|[pl  Vi(pr,pr+1) < oo

The Vj—cost of such a path is

[p|—1

Vilp) = > Vilpr, prta)-

k=1



This definition coincides with the cost of a graph (see notation 4.1) if we consider the path
as a graph over E™. Notice that for the empty path (which has a null length), the cost is
zero. If p belongs to E™I) \ D™ we put Vi (p) = co. We put also for y, z in E™

D" (y,z) =D™nN E™® (y,z).

Definition 5.2. We define the minimal communication cost V for y and z in E™ by

V(y,2) =inf{Vi(p):p € D™ (y,2) }

and let D™*(y, z) be the paths of D™ (y, z) realizing the above minimum.

Notice that for all  in E™, we have V(z,2) = 0. With this new communication cost V,
we associate a cost function for the graphs and a virtual energy.

Definition 5.3. For a graph ¢ on E™, we define its V—cost by
Vig)= Y. Vizy)
(z—y)eg

and we define the virtual energy for any element x of E™ by
Wi(z) =min {V(g) : g € G(z) }.
We put also W(E™) =min{W(x) :a € E™}, W*={xz € E™ :W(x)=W(E™)}.

We will now show that the minimal cost V contains all the relevant information to
carry out the study of the dynamics of the generalized simulated annealing: the following
results are not specific to the case of the mutation—selection algorithms and are valid in the
general framework. Propositions 5.4 and 5.6 below are consequences of the more general
lemma 5.6 of [10]. However we give here direct proofs which do not involve the hierarchy
of cycles.

Proposition 5.4. The virtual energy W associated with the communication cost V' co-
incides with the virtual energy Wy associated with the communication cost Vi 1i.e.

Vo€ E™ min{ > V(y,z):gEG(:L')} :min{ > Vl(y,z):gEG(:L‘)}.

(y—=2)€yg (y—=2)€yg
As a consequence, we have W(E™) = Wy (E™) and W* = W}.

Proof. Since V < Vi we have clearly W < W;. The proof of the reverse inequality W > W;
is similar to the proof of lemma 4.1 of [4, chapter 6]. O

The fundamental quantity used to build the hierarchical decomposition of the space into
cycles is the communication altitude.

10



Definition 5.5. (Trouvé, [9, Definition 3.15])
The communication altitude A;(z,y) between two distinct points « and y of E™ is

Ai(z,y) = inf { | ax Wi(pk) + Vi(pk, pk+1) : p € D™ (2, y) }

For any = in E™, we put Ay (z,2) = Wi(x).
The communication altitude may equivalently be defined through the cost function V.

Proposition 5.6. Let for v and y two distinct points of E™

A(z,y) = inf { | Dax W(pk) + V(pr,pr+1) : p € D™ (z,y) }

For x in E™, put A(x,z) = W(x).
Then A = A;.

Proof. We have W =W and V < Vj: clearly A < A;.
Conversely, let p belong to E™M (z,y). For each k, 1 < k < |p|, let p} — --- — pﬁk be a
path in E™ joining pj and pg4+1 such that

Vpr,prt1) = Vi(pl.ph) + -+ Vilpl, _1. %)

Consider the path p obtained by joining end to end all these paths:

1 1 2 2 [p|—1 [p|—1 lp|—1
plﬁ---ﬁpnl_lleﬁ---ﬁpn2_1ﬁ---ﬁp1 H“‘Hpnlpl_l_lﬁpnlpl_l'

Let k and h be two integers such that 1 < k < |p|, 1 < h < nj. We have
Wi(ps )+ Vi(ph>pha) < Wpk) + Vipk, pi) + Vi(phs Phaa) + V(Dh1Pka1)
= Wi(pr) + V(pr,Pk+1)

whence

Wi(pf) + Vi(ph,phoy) < w v :
BT %, VTR < B W)+

However, the left-hand side member of the above inequality coincides with

Wi(p Vilpk,p .
1(Pr) + Vi(Pr, Pra1)

Taking the minimum over all paths of D™ (z,y), we obtain A;(z,y) < A(z,y). O

Suppose we wish only to examine the trace of the dynamics on a subset H of E™.
We build a new communication cost Vi on H by making the set E™ \ H a “taboo” set.
Once more, the following definitions and results are not specific to mutation—selection
algorithms.

11



Definition 5.7. Let H be a subset of E™. We define a communication cost Vi by
Viu(z,y) =inf{Vi(p) :p € D™ (x,y), Vk 1<k <|p|, pr € H }.

(for the definition of Vi(p), see notation 5.1).
We define a virtual energy Wy on H by

Vee H Wra(x) =min{Vu(g): g € Gu(z)}

where G (x) is the set of x—graphs over H and the Vy—cost of a graph g over H is

Vi(g)= Y Val(z,y).

(z—y)€yg

Finally, we define a communication altitude Ap: if x and y are two distinct points of H,

Ap(x,y) =inf { 1?]1623(]9' Wua(pr) + Va(pe,pr+1) i p € H(N)(x7y) }

For any « in H, we put Ag(x,z) = Wg(x).
Theorem 5.8. Let H be a subset of E™ such that

Vee E™ dye H V(x,y)=0.

Then Wy =W and Ay = A on the set H.

Proof. Let g belong to Gy (x), where © € H. By hypothesis, for each y in E™ \ H, there
exists z in H such that V(y,z) = 0. Let g be an x—graph over E™ obtained by adding one
such arrow for each point of E™ \ H. We have V(g) = V(g) < Vu(g) whence, by taking
the minimum over all a—graphs, W(z) < Wg(z).

Conversely, let g belong to G(x), where x is in H, and consider the graph g of Gp(x)
defined by: the arrow (y — z) is in ¢ if and only if y and z are in H and there exists a

patha! =y - 2?2 - .- = 2" ! = 2" = 2z in E™ such that

Vee{l---r =1} (2% = aM) ey, Vke{2---r—1} zFeE™\ H.
We have Vi(g) < Vi(g). It follows that Wy(x) < Wi(x) = W(x) and the first equality
Wy = W is proved.

Let p belong to HM (x,y), where x,y are elements of H. For each k, 1 < k < |p|, let
P == pﬁk be a path in E™ such that p¥ = pg, pﬁk = pi4+1 and

Vir(pr.prs1) = Vi(pt.p5) + -+ + Valpl, 1.0k ).

12



Consider the path p obtained by joining end to end all these paths:

1 1 2 2 [p|—1 [p|—1 pl—1
plﬁ---ﬁpnl_lleﬁ---ﬁpn2_1ﬁ---ﬁp1 H“‘Hpnlpl_l_lﬁpl«lﬂpl_l'

Let k and h be two integers such that 1 < k < |p|, 1 < h < nj. We have

Wi (pk) + Vilpk, vk o) < Walpr) + Vi(pe, ph) + -+ Vilph_1, pf) + Vilpl, pho )
< Wu(pr)+ Vu(pr, Pr+1)

whence

k k k
< .
(ax - max Wipn) + Vi(phs Phar) < | Dax Wa(pk) + Vi (pr, Pr+1)

However, the left-hand side member of the above inequality coincides with

max W, (pr) + Vi(Pk, Drt1)-
1<k<|p|

Taking the minimum over all paths of H (2, y), we obtain A;(z,y) = A(z,y) < Ag(z,y).
The proof of the reverse inequality will use the following little lemma.

Lemma 5.9. Let x belong to E™. There exists a graph ¢ in G(x) such that V(g) = W(x)
and for each arrow (y — z) of ¢ we have either (y € EM\H,z € H V(y,z) = O) or
(y € H, z € HU {z}). In particular, no arrow ends in a population of E™ \ {H U {x}}.

Remark. Thislemma is a slight improvement of the first part of Lemma 4.3 of [4, chapter 6].

Proof. Let g be an element of G(x) such that V(¢g) = W(x). First, we proceed as in the
proof of Lemma 4.3 of [4, chapter 6] to get rid of all the arrows from E™ \ H to E™ \ H.
Let (y — z) be such an arrow. Let z' be in H such that V(y,z') = 0. We replace the
arrow (y — z) by (y — 2'). If a cycle y — 2! — -+ — 2" — y is formed, we replace the
arrow (7 — y) by (27 — z). Since V(2",z) < V(a",y) + V(y, z) the cost of the graph
does not increase. We obtain a graph ¢ in G(«) such that V(g) = W(a) and all arrows
starting from E™ \ H end in H and have a null cost. We now remove the arrows from H
to EM\{H U{a}}. Let (y — z) be such an arrow. Let z' be the unique element of H such
that (z — 2') € g. We replace the arrow (y — z) by (y — z'). This operation does not
increase the cost of the graph since V(y,z') < V(y,z) + V(z,2') = V(y,z). The resulting
graph has the desired properties. [

Now let p belong to E™ (z,y).
Let &k belong to {1---|p|}. If px is in H, we put p¥ = py and rj, = 1.
Suppose py, is not in H and let p¥ be an element of H such that V(py., p¥) = 0 and there exist
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populations pf, -+ ,p} in E™ \ H such that Vi(pe,p7) = Vi(p?,p3) = - = Vi(p7,pf) = 0.
Let g belong to G(py) be as in lemma 5.9. We add the arrow (py — pf) to g.

Let ¢ be the graph on H defined by: the arrow (y — z) is in ¢ if and only if y and z are

in H and there exists a path 2! =y — 22 — .-+ =5 2"7! = 2" = 2 in E™ such that

Vee{l---r =1} (2% = aM) ey, Vke{2---r—1} zFeE™\ H.

(In particular, we suppress from ¢ all the arrows (y — z),y € E™\ {H U {pi}}).

We have Vi (g) < V(g) = W(ps).

Moreover, the graph ¢ contains at most one cycle p¥ — pb — ... — p’jk — pV (where the
populations p¥, 2 < h < r, belong to H). This cycle has been created by the addition of
the arrow (pr — p¥) in ¢ which causes the arrow (p’,fk — pk) to appear in g. Necessarily
this arrow (p’,fk — p¥) comes from the sequence p’,fk — pg — p¥ in ¢ (recall that no arrow
of g ends in E™\{HU{p}}) so that the arrow (p¥ — py) is present in g. If we now remove
this arrow from ¢ we obtain an element of G(p’,fk) whence V(g) — V(p’,fk Dk ) > W(p’,fk) or
Wi(py,) +V(pr,.pe) < V(g) = W(pk) and it follows that W(pe) = W(py, ) + V(pr, . pr).
If there is no cycle, we put r; = 1 and the preceding equality is still valid.

Removing the arrow (pf — pfl_i_l) from g (1 < h < ry) gives an element of Gy (pF) so that
we have the inequalities

(3) Vhe{l-ory =1} Wa(ph) + Va(ph,phyr) < Va(3).

Yet, there exists a sequence of populations p’,fk_i_l, e ,pﬁk in H such that

V(pkprt1) = V(pkoDpy 1) + V(08 41508 )+ + V(s —1:Ph, ) + V(s Prt1)
and each cost appearing in the right-hand side is realized by a path in E™ \ H. That is
Vi rg+1<h<ng—1 V(phPhgr) = Ver(phs Phsr)

and there exist populations pJ,--- ,ps_,pii', oo ,pf of E™\ H such that

Vipk.pk 11) = Vilpr,p7) + Valpl,p3) + -+ + Vilpy . 1)
V(pE . pk) = Valph . p7) + Vil p3) + - + VAPl prgr)

To obtain such a sequence p’,fk_i_l, e ,pﬁk, we just take the successive populations of H
which appear in a path of the set D™*(pg, pr+1) (see definition 5.2). Let p be the path
obtained by joining end to end all these paths in the following way:

1

1 1.2 2 2 lp|—1 p|—1 pl—1 _|pl
plv"'7pr17"'7pn17p17"'7pr27"'7pn27"'7p1 7] 7|

[ 7pr|p|_17"' 7pn|p|_17p1 .
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For each k& in {1---|p| — 1}, we have

Vhoo 1<h<re  Wuaph)+ Va(ph, vhir)
Vho ori<h<ne Wa(ph)+ Va(ph.phy)
W(pr )+ V(e pr) +V ok proa) + V05, 4100

< Wi(pk), (by inequality (3))
<

p2) Fo V(Pﬁk—ppﬁk) + V(pﬁkvpk-l—l)
W(pk) + V(prk, Pe+1)-

Thus

W (pk) + Vi(ph. phir) < W v
(ax - max m(py) + H(ph,phﬂ)_lg;egp' (px) + V(pr, prs1)

k .
(we put pf,, 4, = py " for kin {1---[p| —1}).
However the left-hand side member of the above inequality is exactly

max. W (pr) + Vi (pr, Pk+1)-
1<k<|p|

Taking the minimum over all paths of E™® (2, ) yields Ay (z,y) < A(z,y). O
Coming back to the mutation—selection algorithm, we see that the set U of the uniform
populations verify
Vee E™ dyelU V(z,y) =0
(more precisely: Vo € E™ Vi e V(x,(¢)) = 0) so that the preceding results may be
applied to the set U. Our next task is to study the cost function Vi, or equivalently (by
propositions 5.4 and 5.6 and theorem 5.8), the restriction of V to U, as a function of m.

We will often omit the parenthesis when speaking of uniform populations: for instance
V(i,7) will stand for V((¢),(j)). The crucial result is that, for m sufficiently large,

6. V(z,7) IS AN AFFINE FUNCTION OF m

Before proceeding to the proof of the main theorem 6.12, we give several notations and
definitions. We will consider paths in the sets E, E™ and P(FE). Paths of E™ will mostly
be denoted by the letter p and paths of P(E) by the letter ¢.

Definition 6.1. We define a bracket operator [ ] from E(M = Umen E™, the set of all
finite sequences of elements of E, onto P(E), the set of all subsets of E, by
r= (21, ,xm) EE" — [g]={ar:1<k<m}

i.e. [z] is the set of all individuals present in the population z. The bracket operator | |
provides a natural projection from U,, e E™(M (the set of all finite sequences of elements
of E™) onto P(E)™: with each path p = (p1,---,p,) in E™ we associate the path

] = (Ipa], -+, [pr]) in P(E).

From now on, the population size m will vary and we will sometimes consider simulta-
neously several paths, possibly with different population sizes. Thus, if p is a path in E™,
we put m(p) = m.
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Notation 6.2. By D" we denote the paths in E™ which correspond to possible trajec-
tories for the whole process

X,ll —>er —>X1IH_1 —>er_|_1 — .- —>er_|_t_1 _>X1lz+t
i.e. such a path p includes the intermediate populations Y;!, has an odd length and satisfies

\V/k 1 S 2% < |p| a(ka—17 ka),_ﬂka7 p2k—|—1) > 0.

The corresponding cost function V is defined by

Vip)= Y (ado™ " p*) + e (Fo) - f))

1<2k<|p] h=1

if the path p belongs to D" (here pik"H is the h-th component of the vector p***1) and
V(p) = oo otherwise (we recall that d(z,y) is the Hamming distance between x and y).
We put also for y, z in E™

m

D (y,2) = D" nE™M (y,z).

We denote by ﬁm*(y, z) the elements p of ﬁm(y, z) such that V(p) = V(y, 2).
Definition 6.3. We define two cost functions [V] and [V] on P(E)™; for ¢ € P(E),

VI(g) = inf {v1<p> pe |J B )= q}
mEN*

i) =it { Vi) ipe J £ 1= .
mEN*

(for the definitions of V; and V, see notations 5.1 and 6.2).
Notation 6.4. We put for 7,5 in E

D(i.j)= |J D"().(5), PG.j)={lpl:p€Diij)}

meEN*

D= [J D", DI={lp:peD}.
mEN*
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Definition 6.5. Let ¢ be a path in P(FE). We say that the path ey — -+- — ¢, in F is
admissible for ¢ if r = |¢|, VE € {1---|¢|} er € ¢ and
Yk 1 <2k <|q| either egr—1 = €2 or afegp_1,€e2;) > 0.

The set of all admissible paths for ¢ is denoted by A(g). For instance, if p belongs to D,
for each hin {1---m(p)}, the path p} — -+ — p',f' is admissible for [p] (here p¥ denotes
the h-th component of the vector p*).

Notation 6.6. We define a function Q on the set P(E)™ by: if ¢ € P(E)™ \ [D], then

Q(q) = oo; if ¢ € [D], then we put
Q(¢) = min { Z a(l —o(eap—1,€2)) + C(J?(qwf) — flears1)) s (er)i<k<|ql € A(Q)}
1<2k<|q|
(we recall that ¢ is the Kronecker symbol).
We use the function Q defined on P(E)™ to build a function Q on E x E:
Vi,3 € E Q(i,j):inf{Q(q):qep(i,j)}.

Since the set P(i, ) is never empty and is included in [D] (see notation 6.4), the quantity
(1, 7) is finite. We denote by P*(, j) the elements of P(i, ) realizing the above minimum.

Let p be a path in E™ and p a path in E™.
We say that p is included in p (noted p C p) if |p| = |p| and

Vke{l---pl} YieE (i) <pt()

W 1<2k<lpl L@ e 1S h<mp)} = {1 <k <m(p))
(we recall that p¥(i) is the number of occurrences of i in the population p*).
A path p included in p may be obtained from the path p by destroying some individuals
in each population of the path in such a way that the set of mutations occurring at odd
times is preserved.
Let ¢ be a path in P(E). Among the paths p such that [p] = ¢, we single out the paths
which are minimal with respect to the above inclusion relation:
Definition 6.7. The path p in D' is a minimal path realizing the path ¢ in P(E) if
[p] = ¢ and for each m in N* and each path p in ﬁm, we have the implication

pl=¢q and pCp = m=m

(whence also Yk € {1---[p|} Vi€ E pk(i) = p*(i)).
The path p in D™ is minimal if it is a minimal path realizing the path [p].

This definition has the following interpretation: the path p is minimal if we can’t destroy
a fixed number of individuals in each population of p and still have a path belonging to D

without altering [p] and the set of mutations occurring in p.
We have the following upper bound for the population sizes of minimal paths:
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Lemma 6.8. Let p be a minimal path realizing the path q in P(E). Then

m(p) < 1§I£ll?§|q| (cardqar—1) (card gar) < (cardE)Z.

Proof. Suppose
vk 1<2k<|q| m(p) > (card gar—1)(card ¢ax ).

For each k, 1 < 2k < |q|, consider the pairs (pik_l, p%k)lghgm(p): they belong to the
set gag—1 X q2r whose cardinality is strictly less than m(p); necessarily at least two pairs
are identical. We choose an index h(k) such that the pair (pi’(ck_)l, pi’fk)) is present twice.
Let p be a path obtained in the following way:

o for ejach k, 1 <2k ‘< |p|, we remove the individuals pi’fk_)l and pi’fk) from p?*~! and p?*
to obtain the populations p?*~' and p?*;

e to build p|,, we remove from the population pj, an individual which is present twice
(such an individual necessarily exists since [p|4|] C [p|q/—1] and the individuals of p,—; are
not all distinct).

Finally we have for this path p

peD, m(p)=m(p)—1, [p)=¢ and pCp,

thus contradicting the minimality of p. O

Definition 6.9. We define a function 6 on P(E)(N) which associates with each path ¢ the
value o
6(¢) = min {V(p) —m(p) Q([p]) : p minimal path realizing ¢ }

By the very definition of €, all paths p satisfy the inequality V(p) > m(p) Q([p]) so that
the quantity 6(¢) is non—negative. More precisely, we have the following

Lemma 6.10. For all paths p belonging to D,

Vip) = 6([p]) +m(p)Q[p).

Proof. Let p be a path of D. Necessarily, there exists a minimal path p included in p which
realizes the path [p]. We may rearrange the individuals of the populations p',--- , pl?l so
that p appears as the trajectories of the first m(p) components of the path p, that is
pro= (pF,--- ,pf;l(ﬁ)) for each k in {1---|p|}. The condition that the set of mutations

occurring at odd times is preserved in the minimal path is essential for this operation to
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be possible. Although this reordering might be quite complex, it does not affect the cost
of the path p. Yet

m(p)
Vi) = Y > et ) 4 e - F)

h=1  1<2k<|p|

m(p)
= Vo o+ 3 X al=a ) + el - £6R).

h=m(p)+1  1<2k<|p|

By the very definition of 2, we have for all hin {1---m(p)}

Ulp) < Z a(l — (5(pik_17pik)> + C(]/C\(p%) _ f(pik—l—l))

1<2k<|p|

(remark that since p belongs to D, the path p} — -+ — p',f' is an admissible path for [p]).

It follows that

Vip) = V(D) + (m(p) —m(p) Ulpl) = V(p)—m(p) A[B]) +m(p)QA[p]).

Now j is a minimal path realizing [p], whence V(p) — m(p) Q([p]) > 6([p]) and finally

Vip) = 6([p]) + m(p)Q([p]). O

Definition 6.11. We define for 7,5 in E

6(i.j) = inf {6(q) : q € P*(i,j)}

and
m(i,j) =min{m(p): p € D, [p] € P*(i,7), p minimal, V(p) — m(p)Q([p]) = 6(:,j) }.

(for the definition of P*(z, ), see notation 6.6).
Notice that m(i, j), being the population size of a minimal path, is smaller than |E|?.

We are now in position to state our fundamental

Theorem 6.12. For all pair (i, ) of points of E, there exists an integer M such that
Ym>=M V(i) = 6(i.) + mQij).
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Proof. Let i,j be two points of E. Let m be an integer greater than m(i,j) and let p be
an element of D7 satisfying: [p] € P*(i,J), p is minimal, V(p) — m(p) Q([p]) = 6(z,7)
(see notations 6.2,6.6,6.11). Let ef — --- — e|*p| be an admissible path for [p] such that

o~

Q) = Y all=o(ehpy e5)) + c(Flpr) = flehher)

1<2k<|q|

i.e. this path realizes the minimum defining Q([p]).
Consider the path p in E™ defined by

N’
Em(ii) pm—-m(i,j)

obtained by adding m — m(z, j) copies of the path (e} )i<p<p| to the path p. We have

Vip) = Vip) + (m —mf(i,7)) Q0 j)
() = m(p)QA[p]) + m Qi j)

= 0(2,5) + m Q)

<l <|

whence clearly

VYm >m(i,j)  V(i,j) < 6(i,5) +mQ(, ;).

Conversely, put

9(@,]) — G(Q)

i) = e { e

Lq e Pli.g), Q) # Qi) }

By the very definition of ©, which is a sum of terms of the form a and ¢|f(j1) — f(j2)|, we
have the implication

g € P(i,7), Uq) # Qi 5) = Qg) 2 Qi j) + min(a,cd)

(where 6 = min{|f(:) = f(j)| : 4,5 € E, f(1) # (1) }).

Since in addition 6(¢) is non—negative, we see that

M) < 20D

min (a, ¢d)
so that M(:, ) is finite (and independent of m: neither P(i,7), nor 6, nor © depend on m).
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Let m be an integer such that m > m(¢,j) and m > M(i,5). Let p belong to ﬁm(l,])
Suppose Q([p]) # Q(7, 7). Then, by definition of M(z, j), we have

0(1,5) +mQi,5) < 6([p]) + mQ([p]).

However we know already (by lemma 6.10) that V(p) > 6([p]) +m Q([p]) and (by the first
part of the proof) V(i,5) < 6(4,7)+m Q(s, ), whence V(p) > V (i, ) and p does not belong
to ﬁm*(l,]) (see notation 6.2).

Henceforth each path p of ﬁm*(l,]) satisfies Q([p]) = Q(¢,7), or equivalently [p] € P*(i, 7).
For such a path p, we have also 6([p]) > 6(i,j) (by the very definition of 6(7,j), see
definition 6.11). Application of lemma 6.10 yields the desired inequality V(p) > 6(i,5) +
m §(i,7) from which we deduce

V(i,g) > 6(d,5)+mQ(:,5). O

Remark 1. This theorem may be interpreted in the following way: for m > M, each new
individual added to the population follows the ideal path ef — -+ — e|*p| which realizes
the minimal cost Q(7,j). However, it is necessary to have at least m(¢, ) individuals for
such a path to become possible i.e. the first m(i, j) individuals are used to build the path p
having an admissible path realizing the minimal cost Q(¢, ).

Remark 2. Another way to understand this result is the following: to travel between the
uniform populations (¢) and (j), some events of positive cost must necessarily take place
i.e. specific sequences of mutations and selections of individuals below peak fitness (these
events are called anti—selections). We distinguish informally two kinds of such events:

e the local events which affect only a limited number of individuals,

o the collective events which affect almost all the individuals.

As the reader would have guessed, 6(¢, j) corresponds to the cost of the local events whereas
Q(1,7) corresponds to the cost of the collective events.

Remark 3. We have no useful practical information about the values m(¢, ) and M(¢,5):
they depend strongly on the structure of the fitness landscape (E, f,«). Although they
may be very large in theory, it is likely that in most cases they will be “reasonably” small:
for instance if (¢) and () are very close (i.e. the points 7 and j may be joined through the
kernel o with a short path) or if Q(z, ) is null.

Remark 4. We have also V(i,7) > m Q(i,7) for each m in N. This inequality is an improve-
ment of lemma 12.1 of [3] which was the key to prove the existence of the critical population
size m*. In particular, it could be used to obtain better bounds on m*. However, in this
paper, we deal only with large values of m.

Remark 5. Of course, the coefficients Q(7,j) and 6(¢,7) are of crucial interest. We will
derive numerous properties of these coefficients in the sequel.
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We know that for m sufficiently large, the cost function V(z,7) is affine. All the im-
portant quantities concerning our algorithm are defined through V as the minimum or
the maximum of a set of finite sums involving V. The following elementary result shows
immediately that this procedure yields also functions which become affine when m is large.

Lemma 6.13. Let (y;)ics be a finite family of affine functions. Put
y(t) = max{yi(t) 11 € I} for t in R.
Then for t sufficiently large, y is affine and coincides with one of the functions y; 1i.e.

ITeR el ¥>T  yt) =yt

Corollary 6.14. The virtual energy restricted to U is an affine function of m for m
sufficiently large:

Vie B AMG) Ym>MG) W) = 6(i) + mQ()

where
Qi) = inf{ Y. Q) ig€ GU(i)}

(j1—3j2)€y9

and
G(i):inf{ Z 0(j1,42): 9 € Gu(i), Z 9(317]2)29(1)}

(j1—J2)€y9 (j1—J2)€y9

Corollary 6.15. The communication altitude restricted to U is an affine function of m
for m sufficiently large:

Vi,j€ E Jp(i,j) (i) IM Vm=M  A(,j) = p(i,5) +my(i, ).

7. THE LIMITING DECOMPOSITION IN CYCLES

When the random perturbations are small, the dynamics of the process is well described
by the decomposition of the space into cycles (this notion was originally introduced by
Freidlin and Wentzell). Let us try to give a brief survey of these objects. Suppose the
process starts from the uniform population (e1). It leaves (e ) after a finite amount of time.
Among all the exit trajectories, there exists one trajectory which is the most probable one,
which leads to another uniform population, for instance (es). Again, from (e3), the process
goes to (e3). The set U of uniform populations being finite, the process one day visits a
uniform population twice. For instance, from (e3), it returns to (e1). We obtain then a
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cycle, (e1) — (e2) — (e3) — (e1), and the process “cycles” over it a very long time. Put
now these three populations in a box. Again, the perturbations will force the process to
leave this box, and once more, there exists a canonical path of exit which leads the process
to another uniform population, or more generally, to another cycle. Since there is a finite
number of such cycles, the process visits in the end a cycle twice: we obtain then a “cycle
of cycles” into which the process remains trapped for a very very long time. Going on this
way, it is possible to build a whole hierarchy of cycles which exhausts the set of uniform
populations and yields a very accurate picture of the asymptotic dynamics of the process.

The good tool to perform this hierarchical decomposition of the space E™ into cycles is
the communication altitude. For the construction of cycles and the various related quan-
tities, we refer the reader to [9,10]. Nevertheless, our notion of cycles differs slightly from
Catoni and Trouvé’s one. Whereas they consider as a cycle any set from which the process
can’t escape but without having forgotten its entrance point (when the perturbations are
small), we merely consider the cycles as the most attractive and stable sets we can build
for the perturbed process. We thus eliminate some cycles appearing in Trouvé’s work:
not all singletons are cycles (only those which are local minima of the virtual energy) and
our cycles are all strict in the sense of Trouvé [9, Definition 3.20]. As a consequence, the
unperturbed process will never leave a cycle. We believe that this point of view is closer
to the initial notion introduced by Freidlin and Wentzell.

Definition 7.1. Let A € R. On the set
Wix={2 € E™:W(x)<\}
we define an equivalence relation Ry by

Yy, z € Wy, YyRaz < Aly,z) <A\

Proposition 7.2. (Trouvé, [9, Proposition 3.21])
The set of cycles in E™ associated with the cost function Vi and the kernel ¢q; is

C(E™) = |J Wa/Ra

AERT

where W /RA is the quotient set of the equivalence classes of W) for the relation R .

Unfortunately, the set of cycles C(E™) increases dramatically with m. Since we are
mostly interested in the way the mutation—selection algorithm visits the set U of uniform
populations (which are the attractors of the unperturbed process: the bottom of the cycles
contain only uniform populations), we will study the projection of the cycles on U.
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We define a projection Ty from the set P(E™) onto P(E) (or equivalently P(U), since we
may identify U and E) by

VF e P(E™) Tu(F)={i€E:(1)e F}
and we put
Cu(E™)={Ty(r):m €C(E™)}.

Since the set U of the uniform populations verify
Vee E™ dyelU V(z,y) =0

we are in position to apply theorem 5.8: the communication altitude and the virtual energy
on the set U may be evaluated by considering only paths in U, with either the cost function
Vi or V. As a consequence, we have the following

Theorem 7.3. The set of cycles in U associated with the cost function Vi 1i.e.

cU)= |J "mnU/Rx
AERT

coincides with the set Cy(E™), which is the projection of the cycles in E™ on U.

Notice that the cardinality of the set U is equal to |F| and does not depend on m.
The hierarchy of cycles over U is thus built by taking equivalence classes of comparison
relations on U induced by the communication altitude which is an affine function of m (by
corollary 6.15). Yet, the relative order of a finite family of affine functions does not change
any more when the variable is sufficiently large.

Corollary 7.4. There exists an integer M such that for all 11, j1, 12, j2 in E, we have

either VYm > M A(ir,51) = A(iz, J2)
or Ym > M A(ilajl) <A(i2vj2)
or VYm > M A(ir,51) > A(iz, J2).

Let M* be the smallest integer such that the limit behavior described by the preceding
results is achieved for m > M™*; that is V, W, A are affine functions of m and the relative
positions of these affine functions does not change any more on [M*, oo[. The preceding
results yield the
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Theorem 7.5. (stabilization of the cycles of U)
When m is greater than M*, the set C(U) of cycles in U does not depend any more on m.

Proof. Let A= {A(l,]) 1€E jEER } The cardinality of A is less than |E|%.
Put A= {ay, - as } where s is a function of m and 0 < ay < ay < -+ < as—1 < as.
Let N : E x E+—— N be the function defined by

Vi, € E aN(i,j) = Ar, 7).

Consider the equivalence relation 7; defined on the set {Z € E : N(i,7) < k} by
1Ty j =  A(4,y) < ar < N(i,j) < k. We have

cU)=|J {i: Wi <A} /Ra

AEA

= J {i:W@) <ar} /R
= {i: NGy <k} /T

so that in fact C(U) depends only on the functions N(z, 7 ), the integer s and the equivalence
relations (7 ): corollary 2 shows that these objects do not vary when m > M*. O

To analyze the hierarchy of cycles, we need some information about the communication
altitude, and first about the coeflicients (i, 7),2(¢),%(¢,7). This is the purpose of the
next two lemmas.

Lemma 7.6. Let i,j be two points of E. The coefficient (i, j) vanishes if and only if
there exists a path e; — --- — e, in E joining ¢ and j such that

Vee{l---r—1} aleg,exq1) >0 and fler) < f(J).

Proof. Let ¢ be an element of P(i,7) (see notation 6.4) such that Q(¢) = 0 and let
(e} )i<k<|q| Pe a path of A(q) such that

o~

Z a(l—6(ep_y1.€5)) + ¢ (Flaar) — flespiq)) = 0.

1<2k<|q|

Necessarily

~

Ve 1<2k<lq| e 1 =esr, Fla2e) = fle5ptn),s
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~ o~ o~ o~

whence f(q2x) < f(q2x41). Moreover, since [gax41] C [g24], we have also f(qg2r+1) < f(q2).
It follows that f(g2r) = f(g2r+1), 1 < 2k < |¢| and the individual eypqq Delongs to G2k+1
(also ef € ¢1). Since for each k, 1 <2k < |q|, €3,_, = e5,. we have f(g2r—1) < f(g2x) and
the sequence (f(qk)>1<k<|q| is increasing. In particular

~

Vee{l---lql}  flax) < f(5)

Now, there exists a path ey — -+ — ¢, in E which is admissible for ¢ and such that
Vi 1 <2k < |q| €2k = €2k4+1

(this path is the path which leads to the creation of the individual j).
This path necessarily satisfies

Vee{l---lql}  flex) < ()

We suppress the elements e of this path such that ey = e;_; to obtain a path with the
desired properties.

The reverse implication is easy: we build a path p which contains an individual following
the path e; — --- — e, given by the hypothesis of the lemma and we just let the remaining
individuals evolve “naturally” i.e. there are no mutation and no selection of individuals
below peak fitness apart from those of the path ey — --- — ¢, (this is explicitly done in
the proof of lemma 9.1 below). 0O

The next lemma will be used in the proofs of corollary 7.8 and proposition 8.2.
Lemma 7.7. Vi€ f* VjeE Q)=0 and Qj)= Q7).
Proof. Let i belong to f*. Foreach j; in E\ f*, we choose a point j» such that f(j1) < f(j2)
and there exists a path e; — --- — e, in E joining j; and jo satisfying
Vke{l---r—1} aler,eps1) >0, fler) < f(j2)-

Let ¢ be the i—graph built with all these arrows j; — js and the arrows j — 7, j € f*\ {i}.
Lemma 7.6 shows that
S Qi) =0

(j1—J2)€9
whence () = 0 and the first part of the lemma is proved.
Let j belong to E. Since Q(¢) + Q(i,7) > Q(j), we have Q(5) < Q(1, 7).
To prove the reverse inequality, first notice that €2 satisfies the triangular inequality
\V/jl,jz,GEE Q(jlij)SQ(jlve)—l_Q(e?j?)
(to prove this inequality, we just put end to end paths joining (j1) to (e) and paths
joining (e) to (j2) to obtain paths joining (j1) to (j2) and then take the infimum defining §2).
Yet each j—graph contains a path e; — -+ — ¢, joining ¢ to j whence
Q(]) > Q(elv 62) +oet Q(er—lver) > Q(lvj)
and finally Q(5) = Q(:,5). O
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Corollary 7.8. The rate of increase of the communication altitude is

Vi,jeE (i,j) = n}@@@ = max (2(i), 2(j)).

Proof. We already know that A(¢,7) is affine for m sufficiently large (by lemma 6.15). It
remains only to prove that

n}gnw A(;;]) = max (Q(z), Q(]))
Since A(7,7) > max (W(z), W(])), we have
n}Enw % > max (nggnoo @, n}gnoo @) = max (Q(4), Q(5)).

Now pick a point ¢* in f* and consider the path : — ¢* — j. Lemma 7.7 yields

im A09) < o (96), 00)

m—oo m
and the result of the corollary is proved. 0O

We focus on the limiting decomposition. From now onwards, the population size m is
assumed to be greater than M™*.

Theorem 7.9. (structure of the cycles)
Let m be a cycle of C(U). Suppose 7 is not included in W*.
Then either €} is constant on w or the set

{71:Q0i) <maxQ(j)}

JET
WhiCh COl’.ltail’.lS * iS inc]uded il’.l the CVC]G .
(

Proof. Let m be a cycle of C(U) not included in W*. There exists a real number A(m)
such that 7 is an equivalence class of W,y N U for the relation Ry (for all m > M*).
Suppose € is not constant on 7, so that there exist j and e in 7 such that

0(j) = max Qi),  Qe) < Q)

Since A(e,j) < A(m), necessarily
m max (Q(e),ﬂ(y)) =mQj) < A(m).
Let ¢ be a point of E such that Q(z) < (7). We have, as m — oo
A(i,e)
m
so that for m sufficiently large A(7,e) < mQ(5) < A(m) and 7 belongs to the cycle 7. O

— maXx <Q(l)7 Q(e)) < Q(])

Finally, we prove a general fact concerning the “bad” cycles.
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Theorem 7.10. (cycles disjoint from W*)
The function f is constant over the cycles of C(U) not intersecting W*.

Remark. The cycles not intersecting W* are the “bad” cycles which slow down the con-
vergence of the process toward W* (the critical height H; is the maximal height of exit of
these cycles [9,10,11]). The above result shows that these cycles are in a way “transverse”
to the “good” cycles which intersect W*.

Proof. Let m belong to C(U) be such that # N W* = . Let 7,5 be two points of 7 and

let ¢4 — -+ — e, be a path in F joining ¢ and j such that
(4) AG,j) = moax Wier) +Vier ext)

Once more, for m > M*, the quantities involved in the above formula are affine functions
of m so that the path e; — --- — e, actually realizes the value A(7,7) for all values of m
in [M*, oo[ (the minimizing path should a priori depends on m). Necessarily, all the points
of this path are in the cycle 7, so that by theorem 7.9,

Q@) = Q(j) = Qex) = -+ = Qer).
Identity (4) implies also

max (Q(z), Q(])) = fél/?fr Qer) + ek, €r+1)

whence

Vke{l---r—1} Qer, e541) =0

and by lemma 7.6
VEe{l---r—1}  fler) < flertr)
Finally, we have f(i) < f(j) and by symmetry it follows that f(i) = f(j). Thus f is

constant over the cycle =. 0O
Translating this result on E™ with the projection Ty;, we obtain
Corollary 7.11. The function ]/C\is constant over the cycles of C(E™ ) not intersecting W*.

Remark. When the process starts from a uniform population (¢), it explores very inten-
sively the neighbourhood of ¢ until a point j of greater fitness is found. The cost to find
such a point j corresponds to the mutations and anti-selections necessary to lead an in-
dividual from ¢ to 7 while the remainder of the population waits in :. Then the process
moves to the uniform population (j) and the mechanism starts again from scratch at j,
until a global maxima of f is finally reached. With high probability, the process will thus
visit f* before coming back to (i). Therefore, as soon as a cycle contains two populations
with distinct maximal fitness, it contains also points of f*.
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8. INFLUENCE OF THE MUTATION COST

We consider first the case where the mutation cost (more precisely the ratio a/c) is very
high compared to the variations of the fitness function f.

Proposition 8.1. (upper bound of Q with selection)

Define
w(i,j) =1nf { lrélkaicrf(ek) —f):er =i, e =5, Yke{l---r =1} alex,ep41) >0},
We have
Qi,j) < ew(i,j)
and

a > cw(i,j) = Q,5) = cw(i,j).

Remark. Notice here something very queer: the quantity w(,j) plays also an essential
role in the theory of the sequential simulated annealing, although this algorithm is always
studied as a minimization procedure.

Proof. Let e =i — ey — -+ — e, = j be a path in E such that a(eg,exy1) > 0 for all &
in {1---r—1}. Put ¢ = {e1},

ok = Gok+1 = {e1, ek, epp1} for kin {1.--r —2},

and-q2r—2 ::{617"'76T}7q2r—1 ::{j}'
Clearly, the path ¢ : ¢1 — -+ — g2,—1 belongs to P(i,7) (see notation 6.4).
Let (e} )i<k<2r—1 be a path in E such that ef = ey, 5 = €],

* -~ * * .
€ak—1 € q2k—1, €2} = €op_1 for kin {2---r — 1},

and e _, = j. For this path, which belongs to A(¢) (see definition 6.5) and which involves
no mutations, we have

o~

Z a(l=6(esp_ie50)) +c(flazr) — flezpgy)) =
1<2k<|q|

~ ~

Y e(flam) = flespgn) = e (Flazr2) = £(j)) = e ((max flex) = f()))

1<k<r
1<2k<]ql ="

from which we deduce (¢,7) < cw(i,j).
Suppose now a > cw(i,j). Let the pair (¢, (e})i<r<|q) realize the minimum in Q(z, )
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(where ¢ belongs to [D] (see notation 6.4) and (€} )1<k<|q 18 an admissible path for ¢).
Since Q(i,7) < a, necessarily

VE 1< 2k <|ql, €5 = €3p_1

and

Q,5)=c Z (f(%k) - f(€§k+1)>'
1<2k<|q|

Since the path e* realizes the minimum of the above quantity among all the paths admis-
sible for ¢, we have in addition

VE 1 <2k <|q, €rre1 € Q2k+1

so that

o~

Q(,j)=¢c Z (Flaar) — Flazrer)).
1<2k<|q|

Yet e3;_; = e3; whence J?(q%) > J/C\(QZk—l) and J/C\(QZk)_J/C\(QZk—I—l) > (A(Q2k—1)—f(92k+1)>+
(if s is a real number, st denotes the maximum max(s,0)).

Let r be an index such that f(ga,—1) = maxy<or—1<|q f(q2k-1)-

We have (even if 2r — 1 = |¢|)

o~ ~

Q) > ¢ Y (Flan—1) = Flaar) " = e (Flaars) — £(5))

2r—1<2k<|q|

whence

(5) O(i,j) > ¢ _max_ flgar—1) — f(7)).

1<2k—1<|q]
Necessarily, there exists a path ¢ admissible for ¢ such that
Ve 1<2k<|q, €2k = €2k+1

(this path corresponds for instance to the creation of the individual j). Clearly

TN o
(6) lgllcf%}'(ﬂf(ek) ) =z wli,g)

(just delete all the elements é; of the path (€1);<r<|q such that €, = €, to obtain a
path admissible for evaluating w(¢,5)). However

~

max f(€x) = max  f(€gr-1) < max  f(q2x—1)
1<k<]gl 1<2k—1<]q] 1<2k—1<]q]

which, together with inequalities (5) and (6), imply (¢,7) > cw(i,5). O
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Proposition 8.2. Suppose a > c(f(f*) — f(z)), where 1 is a point of E. Then
0i) = c( () — (i),
In particular, if a > ¢A, then (we recall that A = max {|f(:) — f(j)|: ¢, € E})
VieE Q) =c(f(f) - f(0).

Remark. When the cost of the mutations is much higher than the cost of the anti-
selections, the coefficient € is obtained by applying an affine transformation on the fitness
function f.

Proof. Let i belong to E and e to f*. We have w(e, 1) = c(f(f*) —f(z)) and the inequality

a > c(f(f*) — f(z)) implies by proposition 8.1 that Q(e,i) = c(f(f*) — f(z)) Finally, it
follows from lemma 7.7 that Q(i) = ¢ (f(f*) — f(z)) O

Corollary 8.3. Let m be a cycle of C(U) included in the set
i f(Fm)—f) < =)
Either f is constant on 7 or © contains the set
{i:min f(7) < f(i)}

(whence f* is included in ).
In particular, if a > ¢/, then the function f is constant on all the cycles not containing f*.
The other cycles verify

{ZEIlEITIrlf(]) <f(l)} C 7.

Proof. This corollary is an easy consequence of theorem 7.9 and proposition 8.2.

Corollary 8.4. (cycles of E™) R
Suppose a > c¢A. Let © belong to C(E™). Either f is constant on m or the set

{() €U () > min f(j) }
is included in 7 (whence f* C ).
Proof. 1t is enough to remark that
Vr € C(E™) Veerm Vier V(z,(2)) =0 and (¢) €
and to translate the preceding corollary on E™ with the projection Ty, O

We consider now the case where the mutation cost (more precisely the ratio a/c) is very
low compared to the variations of the fitness function f.
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Proposition 8.5. (upper bound of Q with mutation)

Define
w(i,j) = inf {card{k 1<k <r e # ezk}}

where the infimum is taken over the set of paths ey — --- — e9,41 In E joining ¢ and )
(the length 2r + 1 is also variable) and satistfying
o Vke{l---r} either e = €91

or afezr—1,€21) >0, fleap—1)> po X flen);

o foreachkin{l---r}, f(ears1) > f(e2r) and there exists apathjk ]f — o ],’ik of

k

length n’,i in E joining i and eqpyq (ie. j¥F =1, jsk = eokt1) and k—1 integersnf, - - - ,nﬁ_l
k

such that (n’g =)l < n’f < < n’,§_1 < n’,i and

Vhe {0 k—1) e fnboonby 1) FGE) < flemnn).
Finally, for each h in {1---nf — 1}, a(jF,jh,1) > 0.

We have
Q(i,7) < aw(i,j)
and

cd > aw(l,j) = Q,5) = aw(i,j).

Remark. To obtain an upper bound for (¢, ) we will build a path in E™ joining the
populations (¢) and (), containing only w(z,7) collective events, which are mutations.
The path e; — -+ — eg,41 1s the collective path followed by almost all individuals.
The indexes k such that ezp_1 # e correspond to the collective mutations (that is
almost all individuals mutate from esr_1 to esg): such an event is justified if and only
if f(ear—1) > maxor—1<n<a2r+1 f(€r). Since our path should not contain collective anti-
selections events we impose also f(eagr1) > f(ezx). Finally, the path j* corresponds to
the sequence of mutations leading to the appearance of egp41: this creation should not
interfere with the collective behavior of the other individuals (i.e. it should involve only
local events) and the condition required on j* (i.e. the existence of the subdivision n* and
the linked inequalities f(j¥) < f(eant1)) exactly tells that egjyq may be created from i by
a path of individuals whose fitness is always less than the maximal fitness of the current
population. With the elements in hand, the only delicate problem to build the path is to
stay the right amount of time in each state e;;4q1 before leaving in order to let enough
time to the path j* to be completed without disturbing the collective evolution of the
population. This is the object of the (quite intricate) construction done in the first part of
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the proof. Finally, this result, which describes the situation dual to proposition 8.1, will
not be used in the sequel, and the following (painful) proof may well be skipped. Its main
interest is to give some insight into the structure of the trajectories of the populations.

Proof. Let e; =t — --- — e9,41 = 7 be a path in E verifying the conditions imposed on
the paths used for defining @ and let (jk)lgkgr and (nﬁ)lgkghgr be the associated paths
and subdivisions. Put ng = 1, ny = maxj<p<, nf, define by induction for hin {2---r —1}

np = Np—1 + max n’,i — n’,‘;_l
h<k<r

and finally n, = n,_; +n’ —n’_,. We define now a path p of length 2n, — 1 in E"t!
First, we let p' = (i). For h and s such that 0 < s < I <r, we put

It i 1<t <nly —nl
_ ~h : h h
pi(ns—l—t V= ]n?+1—1 i ngpy =g St <nsp -
j,’;h if t= Ngt1 — Ng
s+1
and
piH—l:pit 3<2t+1<2ny — 1.

-2

For h and s such that 1 < h < s < r, we put pin“’l = e944+2 and

p2:€23+1 2ne — 1 §t<2n3+1—2.
For the (r 4+ 1)-th individual, for each s in {0---r — 1},

pt _ €25+1 if 2n,—1 §t<2n3+1—2
i+l €25+42 if t= 2n5+1 -2

Finally, for each h in {1---r + 1}, pi"”_l = €941 = J. We then consider the path
(e} )1<k<2n,—1 followed by the last individual: e} = p’,f_|_1, 1<k<2n,—1. We have

r—1

Z a(l —5(e;k_1,e§k)> +C<A(p2k) _f(e;k—|—1)> = Z

1<2k<|p| 2n,—1<2k<2n,41—1

w
I
o

ﬁ
|
—

— a(l—d(e2511,€2542))

w
I
o

from which we deduce the inequality Q(¢,7) < aw(e,7).
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Suppose now ¢d > aw@(1, 7). Let (q,(e})i1<k<|q) Pe a pair realizing the minimum in (7, j)

(where ¢ belongs to [D(¢,7)] and e* is a path in E admissible for ¢). Thus

Qz,7) = Z a(l —o(e5p_1.€5¢)) + C(J?(QZIC) - f(e;k—|—1)>

1<2k<|q|

and since ¢6 > aw@(1,7) > 1, ), necessarily for each k, 1 < 2k < [q|, we have €3, | € Gar,

~

(whence in particular f(e3, ;) > f(e3,)) and f(g2k+1) = f(q2k)-
Let us show that the path (e} )1 <x<|q) satisfies the conditions imposed on the paths defining

the infimum in @(z,j). Let k be an integer such that 1 < 2k < |¢|. Suppose €5, # €5, _;.
Then a(el,_,,e3.) > 0. Suppose by absurd there exists an index h, 2k —1 < 2h+1 <|¢|,
such that f(e3,_;) < f(e5,4,). We define now a new pair (g, €"); we put

~ qt if 1<t<2k, 2h<t<|q
=V quter )} if 2k <t<2h

and we choose a sequence (€*) such that

& = 1<t<2k 2h<t<]|q
€3¢41 € G2e41 2k <2t 41 < 2h
&, =eh_  2k<2<2h

The pair (¢, €*) satisfies the conditions related to the definition of the infimum in Q(7, )
and

Z a(l —6(€3k—1.€5¢)) + C(]?(sz) - f(é;k—l—l))
1<2k<|q]

<a+ Y a(l=8(e5_y.ehy)) + c(flgar) — Fle3py))

1<2k<|q|

which contradicts the fact that (¢, e*) realizes the value Q(z, ).

Thus
Flegpq) < o f(er)-

The remaining condition, i.e. the existence of the paths (j*) and the subdivision (n!), is
a consequence of the following facts:

o the path ¢ belongs to [D]

o for each k, 1 <2k < |¢f, the individual e, | belongs to gay.

To find the path 7%, we just look at the sequence of mutations which leads to the creation
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of the individual €3; , , in the sequence of populations gt — - = ¢

Since e* satisfies the conditions imposed on the paths defining the infimum in @(7, j), we
obtain Q(7,5) > aw(i,j) whence finally Q(¢,5) = aw(i,j). O

The remarkable fact is that for a > ¢/, the structure of the cycles is essentially deter-
mined by the level sets of the function f (the kernel a just plays a role within the level
sets). We have the opposite phenomenon when Ra < ¢6 (where R is the minimal number
of transitions necessary to join two arbitrary points of E through the kernel «, see sec-
tion 4). The structure of the cycles is then essentially determined by the kernel o and the
fitness landscape (E, f, a). However, since there is no easy way of describing this dynamics
(2(7,7) is then equal to w(i, 7)), we do not state the results dual to corollaries 8.3 and 8.4.

Example. Consider the fitness landscape of figure 1.

—— ideal path 1: cost cI"

-- % ideal path 2: cost a+cy

e figure 1: a monodimensional fitness landscape

There are essentially two candidates for the ideal path between the points ¢+ and j; either
the whole population stays in ¢ while an explorer goes alone to reach j and then a massive
anti-selection brings everybody in j (anti-selection cost of ¢I') or the whole population
goes successively to ey (null cost), to ez (anti—selection cost of ¢v), to es (mutation cost a)
and finally to j (null cost). Notice that the structure of the second path is much more
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intricate than the first one. It requires that two explorers leave ¢: one will go to j while the
other will successively go to e; and e;. The moves of the explorers and of the population
should be carefully synchronized, so as to minimize the global cost. The best path depends
upon the value of the mutation cost (if @ > ¢(I' — v)) the path 1 is less expensive). When
the mutation cost is low, the way the algorithms wanders in the fitness landscape depends
strongly upon the mutation kernel «.

9. THE LIMITING DISTRIBUTION

The aim of this section is to study precisely the limiting distribution when [ is infinite
and the mutation kernel « is symmetric. We first give several results necessary to establish
the main theorem 9.7. We start by studying the coefficient 6(4, 7).

Lemma 9.1. Suppose (i,7) = 0. Then

(i, j) = nf { a(r = 1) + ) (max fler) = flex) |

where the infimum is taken over the paths ey — --- — e, in E (of variable length r)
verifying ey =, ¢, = j and for each k in {1---r — 1},

ek # ekt1,  lep,ert1) >0, fler) < f()).

Remark. The infimum does not change if we suppress the condition e # eg41: the infimum
is attained with a path satisfying this additional condition.

Proof. Let e; — --- — e, be a path in E joining : and j satisfying the above conditions.
Let (e})i<k<r be a sequence such that

Ve {l---r—1} ep €{er---ex} and flef) = 1I21a§ka(el)

and let p be the element of ﬁz(i,j) (see notation 6.2) defined by
p2k—1 :{627616}7 p2k = {627616‘1'1} for k in {17“—1}

and p*"~! = {e,, e, }. We have Q([p]) = 0 so that

(7) 0(i,j) < V(p) = a(lr—1) + ¢ (lrglagkf(el)—f(ek))-



Conversely, let ¢ belong to P*(z,j): thus (2(¢) = 0 and the sequence ( ( )) 1<k <lqgl,
is increasing (see the proof of lemma 7.6). Let p be an element of D(¢, j) (see notation 6.4)
such that [p] = ¢. Necessarily, there exists a path (ex),1 <k < |p| in A([p]) (see defini-

tion 6.5) such that esr = eap41 and (e2x—1,€21) € { (p}, 2k— l,p% ): 1< h<m(p)} for each

k, 1 <2k < |p|. Yet

V(P) > Z a (1 - 5(€2k—17 €2k)> +c (]?(sz) - f(€2k+1)>-

1<2k<|p|

o~

Since the sequence ( (qk)> is increasing, we have f(pzk) > max f(er) so that

1<k<|q| 1<I<2k+1

Vip) > Z a(l=06(eap—1,e2¢)) +c( max fler) — fleant1))-

1<I<2k+1
1<2k<p| =

Let é; — -+ — ¢, be the path obtained by deleting from the path ey — --- — ¢, all the
individuals e such that e = e;_;. We have
Vip) > a(r—1) + ¢ > (max f(é)— f(éx))

1<I<k
k=1

which together with inequality (7) yields the desired result. O

Corollary 9.2. Suppose the kernel « is symmetric i.e.

Vi,jeE  alij) =a(),i)
and let 1, j be two points of E such that f(i) = f(j) and Q(i,7) = 0.
Then (j,2) =0 and 6(i,7) = 6(j,1).

Proof. In this situation, the symmetry of a together with lemma 7.6 yield Q(j,7) = 0.
In addition, the quantity

T

0(i,j) = inf{a(r -1) + CZ (f(i) = flew)) s e1 =1, e, = J,

k=1
Ve {l---r—1} e # erq1, aler,exs1) >0, Flex) Sf(j)}

becomes symmetric with respect to 7 and j. Thus 6(¢,7) = 6(5,7). O

We now state a general lemma about graphs.
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Lemma 9.3. Let i belong to E and let g be a graph on E such that for each j in E'\ {i}
there exists a path j = e; — €3 — -+ — €, = ¢ in ¢ leading from j to 1. Then there exists
an 1—graph ¢ which is contained in ¢ 1.e.

Vii,j2 € E (j1—=J2)€9 = (1 —J2)€y.

Proof. We build the graph ¢ by removing arrows from ¢. First, we suppress all arrows
starting at ¢. We then consider successively each point of E'\ {¢}. Let j be such a point.
By hypothesis, there exists at least a path j = ¢y — e3 — -+ — €, = 72 in ¢ leading
from j to i. We remove all arrows starting at j distinct from (e; — e2). We continue this
procedure until each point of E \ {¢} is the starting point of exactly one arrow. O

We now prove two lemmas which describe very accurately the paths joining the points
of f* in minimal graphs (these are the paths which will appear in the formula expressing
the limiting distribution).

Notation 9.4. For a point ¢ of E, we denote by G7;(¢) the elements of the set Gy(7)
(i.e. the i—graphs over E) whose V—cost is minimal. Equivalently, an element ¢ of G (1)
belongs to G7;(¢) if and only if V(g) = W(t) (see definition 5.3).

Remark. Let ¢ belong to Gi;(i). We have clearly Viy(¢) = V(g) = Wy (i) = W(2) and for
all arrows (j1 — j2) of ¢, Vur(j1,72) = V(J1,J2)-

Lemma 9.5. Let ¢ belong to f* and ¢ to G};(¢). Suppose the arrow (j1 — j2) belong

to g, where j; and jo are elements of f*. Then any path e; = j4 — -+ — ¢, = join E
realizing the value

T

0(1,72) = inf{a(r —1) 4 > (F(f) = flex)) s e1 = ji. € = jo,

k=1
Vee{l---r—1} er # ep+1, aler,€rq1) > 0}

is such that
Vee{2---r—1} er € f*.

Proof. Let ¢ and ¢ be as in the hypothesis and suppose the result is false: there exists an
arrow (j1 — j2) in ¢, where jq, j2 belong to f*, and a path ey — --- — e, in E joining j;
and j2 such that

Vee{l---r—1} e # ept1, aler,epyr) >0, dhef{2---r—1} en € f*

<

and  6(j1,j2) = a(r—1) 4+ ¢y (f(f*) = fler)).

k=1

38



We have then i
0(j1 en) = alh=1) + Y (F(f*) = Flex)),

Benja) = alr—h) + ey (F(f*) = flex)).

We build from ¢ a graph ¢ in the following way:

e if e, =1, we replace the arrow (j1 — j2) by (j1 — 7);

o if ey # i, we replace the arrow (j; — j2) by the arrows j; — ej — j3 and we remove
the arrow starting at ey.

Since V(ep,j) is strictly positive for any j distinct from e, we obtain in both cases a
graph ¢ such that V(§) < V(g) and for each point j in E \ {7}, there exists a path
er =j — -+ — ¢ = iin g leading from j to i. Lemma 9.3 shows that ¢ contains an
i~graph ¢, and necessarily V(g) < V(g), which is absurd since ¢ belongs to G#(i). O

Lemma 9.6. Let ¢ belong to f* and g to Gi,;(i) (see notation 9.4). Suppose the ar-
row (j1 — j2) belong to ¢, where j; and jo are elements of f*.

A path p in E™ belongs to D™*(j1,j2) (see definition 5.2) if and only if:

there exists a path e; = j3 — -+ — e, = j in E realizing the value 6(ji,j2) verifying

Vke{l---r—1} er # ext1, a(eg,€r41) >0

and two integers 0 < t; < ty < |p| such that

P’ =) 1<s<t+1
p’(j1)=m—1,p%(es—y, ) =1 th+2<s<t;+r—-1
[8]:{]17]2} ti4r<s<t
P’ =(J2) t2 +1<s<|p|

Proof. Any path p satisfying the above conditions belongs to D™ (51, j2), has a cost 8(j1, j2)
and thus belongs to D™*(j1, j2) (see definition 5.2).
Conversely, let p be an element of D™*(jq, j2). Put

ti =min{s:p® # (1)} — 2, to = max{s:p® # (j2)} + L
Necessarily, there exists a path ey = j; — --- — €, = j2 in E satisfying
Vke{l---r—1} er = epy1 or  afeg,ert1) >0,
Vee{2---r—1} ek € [pei+k|-
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To obtain this path, we just look at the sequence of mutations which leads to the creation
of 72 in the path p. We suppress the elements e of this path such that e; = ex_1 to obtain
a path with é; = j; — -+ — €z = j3 in E satisfying the additional condition €; # €x41.
Thus the cost of the path p satisfies

(8) Vip) = aF —=1) + > (f(f) = fler)) = a(f =1) + > (F(f*) = f(é))

~ o~

(necessarily, Q([p]) = Qj1,72) = 0 so that Vk € {2---r — 1}  f(py4+x) = f(f*), see
for instance the proof of lemma 7.6). However, the cost of p is precisely 6(j1,J2): thus
the path €, — --- — €, realizes the value 6(j1,72). The preceding lemma 9.5 implies
that € € f* for kin {2---7 — 1}, so that ¢ € f* for k in {2---r — 1}. It follows from
inequalities (8) that » = 7 and the paths e and € coincide (whence in particular e # egy1
for k in {1---r — 1}). Furthermore the only events of positive cost in the path p are
those concerning this individual path: that is there are no mutations nor selection of bad

individuals apart from the individual which follows the path ¢; — --- — ¢,. Thus
Vs t1+2<s<t;+r—1 p’(ji)=m—1,p*(es—y,) =1
Vs ti+r<s<t [P°] = {j1,J2}

and the path p satisfies the required conditions. [
We always suppose that m is greater than M*. We are now in position to prove the

Theorem 9.7. (limiting distribution)
We have W* C f*. Suppose that the kernel « is symmetric. Then W* = f* and the limit
distribution v°° is the uniform distribution on f*:

Vo€ BE™ Yicf*  v®¥@6)=lim lim P(X)=()/X{=2)= !

Proof. The inclusion W* C f* is given by theorem 4.4 (which was proved in [3]). Suppose
that the kernel « is symmetric. Let ¢ and j be two points of f*. Let g be a graph belonging
to G7;(j) : V(g) = W(j). There exists a unique path e; =7 — €3 — - = ¢, =jing
leading from ¢ to j. Since §(j) = 0, necessarily

‘v’kE {1T—1} Q(ek,€k+1) =0 — f(ek) Sf(€k+1).
Since 7 is in f*, we have in fact
Vke{l---r} er € f*.
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Let ®;;(g) be the i—graph obtained from ¢ by reversing the arrows of this path in the
following way: e, = 7 — €, — -+ — €1 = 2. By corollary 9.2, V' is symmetric on f*,
so that V(g) = V(®,;(g)). It follows that W(:) < W(j) and by symmetry we conclude
that W(:) = W(y) i.e. the virtual energy is constant on f* and W* = f*. Thus ®,; is
a one-to-one map between G7;(j) and G7;(i). Moreover, ®;; 0 ®;; = Idgs (;). In addition,
the operator ®;; reverses only arrows between points of f*. Put

[p|—1

q(i,5) = Z H ¢1(Pks Pk+1)

pED™*(4,5) k=1

(for the definition of ¢1, see section 3). It turns out that the limiting distribution is a
rational fraction of the numbers ¢(7, ).
Lemma 9.8. The limiting distribution v>° of the Markov chain X! is concentrated on
the uniform populations corresponding to the points of W* and for © in W* we have
B EgEG’{](i) H(jl_>]‘2)eg q(J1,72)

2jer 2gecy iy ii—ney 001:52)

v(1)

Proof. Let u' be the stationary measure of the Markov chain X! i.e.
Ve € E™ pl(z) = lim P(Xiz:z;/Xé =vy).

n—~oo

Let (YX!) be the Markov chain of successive visits of (X!) to the set U (YX} is the
chain induced by X! on U). By identifying the sets U and E we may consider that the
chain (YX!) takes its values in E. Let 7! be the first entrance time of the chain (X!)
into U i.e. 7' =min{n >0: X} € U}. We have

Vijje B P("Xpp, =j/"X,=1) = P(X]=(0)/Xy=(1).

it

Let ! be the invariant probability measure of the Markov chain (YX!). We have the
representation formula

|
Vee B pla) = W'(U) Y V) EGy | D Txi=a
jeE k=0

(where E(j) denotes the expectation for the chain starting at (7)).

For # = (i) the above formula reduces to p!((i)) = p'(U)v'(i). Since p'(U) tends to one
as [ tends to infinity, we see that

Vie E llgl;lopl((z)) = lim v'(i) = v*°().

—oo
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The measure v! may be expressed through Freidlin-Wentzell graphs [4, chapter 6].
For ¢ in E, we have

Z!]EGU(i) H(h—’]é)Eg P <UX1I”L+1 = jZ/UX}z = ]1>

l .
vi(i) = - -
Yier 2ageco (i HGi—jyeg P (VX1 = J2/YX] = 1)

Yet we have the expansion
P ("X =3/"X, =) ~ quli.j)exp(=Vu(i.j)lnl)
where Vi is the cost defined on U by making the set U taboo (see definition 5.7) and
lp|—1
qii,i)= Y, I «(pe:prsr),

peDF*(i,5) k=1

the sum being carried over the set
Dii*(i,g) ={p € D™(i,)) : Vk, 1 <k <|pl, pr ¢ U, Vi(p) = Vu(,5) }.

By passing through the limit as | — oo, we obtain that for ¢ in W*

ZgEG’&(i) H(j1—>j2)€g qu(J1.J2)

ve() = —.
EJEW* deG’{](i) H(j1—>j2)€g qu(J1:J2)

Let ¢ belong to G7;(¢) and let (j; — j2) be an arrow of g. Since Vi (j1,j2) = V(j1,J2)
(see the remark after notation 9.4) we have DJ}*(j1,72) C D™*(j1,J2). Conversely let p
be a path belonging to D™*(j1,j2) and suppose p € D{*(j1,J2). Then there exists an
index k, 1 < k < |p|, such that py = (e), where e € E. Thus V(p) > V(j1,e) + Ve, j2).
We replace the arrow (j; — j2) by the two arrows (j; — ¢) and (e — j2) in the graph ¢
and we obtain a new graph with the same cost which is not any more an i—graph. By
lemma 9.3, this graph contains an t—graph §. Since each transition between two distinct
uniform populations has a positive cost (such a transition requires at least a mutation)
and we have to delete some arrows to build ¢, we have V() < V(g) which is absurd.
Thus for each arrow (j13 — j2) of a graph ¢ of G7;(¢), we have D{7*(j1,j2) = D™*(j1,J2)
and also qu(J1,J2) = ¢(j1,j2) (which is of course false for an arbitrary pair (j1,j2)). This
fact yields the desired formula for the limiting distribution v*>°. O

The end of the proof of theorem 9.7 rests on the
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Lemma 9.9. Let ¢ belong to f* and ¢ to G};(¢). Suppose the arrow (j1 — j2) belong
to g, where j; and jy are elements of f*. Then ¢(j1,72) = ¢(J2,71)-

Assume the lemma is true. It follows that

Vi.j € f* Vg Gilj) I eGii= I aGi.d)
(J1—J2)€9 (J1—12)€®ij (9)
whence
> IT a6 = > T = > IT eG4
9€GT (J) (1—j2)€y gED; <G’;](]‘)> (J1—J2)€9 9€GT (1) (1—j2) €y

and the above quantity is the same for all points of f*: the limit distribution is thus
uniform on f*. [O

Proof of lemma 9.9. Let ¢, j1, j2 be as in the hypothesis of the lemma. Let p be an element
of D™*(j1,j2) (see definition 5.2). By lemma 9.6, there exists a path e; = j; — -+ —
er = jo realizing the value 6(j1,j2) and satisfying

Vke{l---r—1} ek # k41, oler,epp1) >0

and two integers 0 < t; < t3 < |p| such that

P’ =) 1<s<t +1
p’(j1)=m—1,p%(es—y, ) =1 th+2<s<t;+r—-1
[p*] = {j1,j2} ti+r<s<t
P’ =(J2) t2 +1<s<|p|

With the path p we associate the path ®(p) = p defined by

o Vs 1<s<|p[—t P’ = (j2)

For each s such that ;1 +2 < s < #; + r — 1, there exists a unique index o(s) such
that pj(s) = es5_1, # J1. We define

o Vs |p|l—t2+1<s<|p|—t2+r—2

. { Cre|p|ttams if h=0(s)

br = J2 it h#£o(s)
Let 7j,;, be the transposition of E which exchanges the points j; and js.
For = (a1, -+ .2 ) In E™, we put 75,5, - & = (7,5, (1), Ty jo (@)
We define

o Vs |p| —t2+r—1<s< |p| —t —1 ﬁs = Tj1j2 " Ps—|p|+ti+t2+1
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and finally

o Vs |pl—ti<s<|[p| Ps=(j1)

The path p is built by reversing the path e; = 53 — -+ — €, = j3 and by reproduc-
ing (with j; and j, exchanged) the portion of p which contains only the individuals j;
and ji. Since the kernel « is symmetric, the path ®(p) belongs to D™(j2,j1) and its cost
is 6(j1,72); corollary 9.2 shows that # is symmetric on f*, so that ®(p) is actually an
element of D™*(j2,j1). Finally, the very definition of ® yields the following facts:

o VpeD™(j1.j2)  2(2(p)) =p.

e & is one-to-one between D™*(jq,j2) and D"*(ja,j1).

o Vpe D™ (jy, )

lp|—1 [p|—1

IT «".p" = I] a(@@* 2p)*)

(where ®(p)* denotes the k-th population of the path ®(p)).
As a consequence, we have

lp|—1 lp|—1
qGd2) = Y I a5 = > I ae@* &m*)
pED™*(j1,42) k=1 pED™*(j1,52) k=1
lp|—1 lp|—1
= Y I a2 = Y ] oG ") = a0 )
pER(D™*(j1,)2)) k=1 pED™*(j2,51) k=1

and the lemma is proved. [

10. THE CRITICAL HEIGHT H;

For the definitions and the properties of the quantities H.(7) and H,,(7) (the height of
exit and height of mixing of a cycle 7), we refer the reader to Trouvé’s work [9,10,11].

Proposition 10.1. For each cycle m of C(E™), we have

H.(7) < max min V(4,7)
iem gém
Suppose « is symmetric. Then the critical height Hy is bounded as a function of m and
for m large we have
H, < max min V(¢,7).

g f* o jefr

Proof. Let 7 be a cycle and let F((7) be the points of 7 whose virtual energy is minimal.
For each x belonging to F(x), we have

He(r) = min A(z,y) — W) < (H)lg;A( (7)) = Wix) < min Vi, (7))
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Since in addition F(7) is included in 7 N U, we obtain the first inequality.

The second inequality is an immediate consequence of the first one, the definition of Hy,
H, = sup{He(ﬁ) :m € C(E™), N W* = @} ([9, Definition 3.22]), and the fact that
SUD,,crw  MaXjgp minjep V(7,7) < oo (see [3, Corollary 11.1]). O

We now restate Trouvé’s convergence result, which is an extension of a result by Hajek
for the simulated annealing.

Theorem 10.2. (Trouvé [9, Theorem 3.23])
Suppose « is symmetric and m is large enough to have W* = f*.
For all increasing sequences I(n) going to infinity, we have the equivalence

sup P(X,¢€f"/Xo=2) — 0 = z:l(n)_H1 = oo.
n=0

A remarkable fact is that we may adapt the sequence I(n) in order to be trapped in f*.

Theorem 10.3. Define H = H.({z € E™ : [z] N f* #0 }) (for [ ], see definition 6.1).
Suppose « is symmetric and m is large enough to have W* = f* and Hy < H}.
For all increasing sequences I(n), we have the equivalence

Ve € E™ P(AN VYVn>N [X,Nnf*"#£0/Xo=2)=1
= Z I(n)™ " = 0, Z l(n)_H: < 0.
n=0 n=0

Proof. The two above conditions on the sequence [(n) exactly express that
e the chain (X, ) has a null probability of being trapped in a cycle disjoint from f* i.e.

Vee E™ VYICE\f* P@AN VYan>N [X,CI/X,=z)=0,

e the chain has a positive probability of being trapped in the set of populations containing
an individual of f* i.e.

Vee E™ P(AN V>N [X.Nf#0/Xe=2)>0. O

Remark. Since HY > m min(a, c6*), where 6* = mm{f(f*) —fli): e & f* }, the hypoth-

esis of the theorem is fulfilled when m is large, and any increasing sequence I(n) satisfying

io: Z(n)_H1 = o0, io: Z(n)—m min(a,c6) < 00
n=0 n=0

will achieve the desired behavior.
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Example. Figure 2 shows graphically the critical height for both the simulated annealing
and the genetic algorithm.

(o7
X
w

17

10
H (SA) = 13 (simulated annealing)

e e

_____________________________>

H1(GA) =c(61+62+---+617)+19a 11
(genetic algorithm)

_________________________________>

14

figure 2: the critical height Hy

The above values of H;y concern one simulated annealing algorithm and a genetic algorithm
with a large population (so that H; is equal to its limiting value and do not depend any
more upon m).

11. THE OPTIMAL RATE OF CONVERGENCE

For the meaning and the properties of the optimal convergence exponent and the loga-
rithmic convergence exponent we refer the reader to [1,2,9,10,11].

Proposition 11.1. Suppose « is symmetric. The optimal convergence exponent agpy 1is
an affine strictly increasing function of m for m large. The rate of increase of agpy is

min(a, cé*)

H,

lim —°P — min{ Yr) 27T€C(Em),7l'mf*:®} >

m—oo m H.(~)
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where 6* = mm{f(f*) —fli): e & f* }
Proof. The definition of aopt is [9, Definition 3.22]

= min W(F) _ W(W*) T my o —
Qopt = { H.(7) :m €C(E™), mN f @}

For 7 in C(E™) with 7 N f* = (), we have
Q(7) =min { Qi) : ¢ € 7 } > min(a,cd*) >0

so that W (r) is an affine strictly increasing function of m. The result of the proposition
follows easily. [

We restate now Trouvé’s result for the optimal convergence rate, which generalizes
Catoni’s work.

Theorem 11.2. There exist two strictly positive constants Ry and Ry such that for all n

i max P(X, € f"/Xo=2) < eiC]

. < inf -
nopt 0<U(1)<--<l(n) z€E™ nopt

Proof. In order to apply Trouvé’s result to the mutation—selection algorithm, we need only
to check that condition Cy (see [10,11]) concerning the transition probabilities is fulfilled;
but these are precisely obtained as sums of fractions involving the powers of [. O

Remark. The fact that the optimal convergence exponent agp increases linearly with m
shows that the mutation—selection algorithm is intrinsically parallel: it involves only local
independent computations. We have here a quantitative measurement of this parallelism.

Example. Let us come back to the fitness landscape of figure 2. In this situation, the
optimal convergence exponent of the sequential simulated annealing is aopt = 6/613. The
optimal convergence exponent of the genetic algorithm satisfies

. Qopt min(a, cé) 6
lim = < —.
m—oo M C((Sl + -4 (517) + 19a (513

Consider now m independent simulated annealing algorithms running over this fitness
landscape. We keep track of the best point found by the m algorithms. The optimal
convergence exponent of this process is m §/813, which is better than the exponent copt
of the genetic algorithm with population size m (m being large). We suspect this result is
true in the general case.
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12. THE LOGARITHMIC CONVERGENCE EXPONENT

We consider here the best rate of convergence which can be achieved with sequences
of the form I(n) = n", x € R%. The exponent a1g, when computed on the space E™, is

bounded. We have
W(z) - W(W™)

alog:min{ T :I:QW*}

Consider a state x of the form (7,--- ,4,7) where : € W* and j € W*, a(i,j) > 0.
Clearly W(z) < W(W*)+a+ c(f(z) — f(]))

However, it is not fair to compare aqpy with this ajeg in this situation.

In fact, we are much more interested in the rate of convergence of

P(f(Xa) = F(f*)/Xo = 2) = P([Xa] 0 f* # 0/Xy = 2)

than of P([X,] C f*/Xo =x). For l(n) = nHLl, we obtain [10, Théoreme 1.49]

~ K

P(f(Xn) <F(f")/Xo=2) =

n &log
where K is a positive constant and ajog is defined by

Qlog = min{ Wa) ;JTV(W*) S Em,f(x) < f(f") }

Proposition 12.1. The exponent aiog is an affine increasing function of m with

5 Qlog min(a,cé™)
im — = — 1 7,
m—oco m H,y

~

Proof. Let x in E™ be such that f(a) < f(f*). Let i, be an element of .
We have V(z,(2,)) = 0 whence W((i,)) < W(x). Thus

o~ ~

min{ W(x) 12 € E™, f(2) < f(f*)} > min{ W((ip)) :x € E™, f(a) < f(f*)}
=min{W(i): 1€ E, f(i) < f(f*)}.

The reverse inequality is straightforward, so that in fact

o~

min{ W(a) :a2 € E™, f(2) < f(f*)} =min{ W) : i € E, f(i) < f(f") }.

For any point j in f*, we have Q(j) = 0 (by lemma 7.7) whence lim,,—.co W(W™*)/m =0

and B o
lim %:min{ I—_EZ) ZEE\f*}

m—oo M 1
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For ¢ not belonging to f*, the coefficient () is positive and its minimal value over E \ f*
is precisely min(a, c6*). O

The exponent @y 1s the right object to compare with a,p¢. Nevertheless, it may very
well happen that

min(a, cé*)

H,

min{ Yr) Lw €C(E™), n N f* :@}

and thus o
lim -2 - 1,

m—oo dZlog

It is actually the case for the fitness landscape of figure 2 whenever a > c6*.
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