Raphaël Cerf

The Wulff crystal in Ising and Percolation models

September 26, 2005

Springer

Berlin Heidelberg NewYork Hong Kong London Milan Paris Tokyo

V

Abstract. This text is a synthesis of recent works aiming at a mathematically rigorous justification of the phase coexistence phenomenon, starting from a microscopic model. It is intended to be self–contained. The proofs which can be found only in research papers have been included, whereas results for which the proofs can be found in classical textbooks are only quoted. I wish to express my gratitude to Olivier Couronné, Reda Messikh, Katti Millock and Thierry Quentin de Gromard for their help and comments.

Simulation of an Ising Wulff crystal at T = 2.22

To Katti, Benjamin and Nelly

Contents

The main results on the Wulff crystal in Ising and Percolation models are presented in chapter 5. Throughout the text, we focus on three fundamental models: the Bernoulli percolation model, the FK or random cluster model and the Ising model. These models are respectively introduced in chapters 2, 3, 4. The reader interested mainly in the Wulff crystal of the Ising model can proceed directly to section 5.1. Some background on large deviations is provided in chapter 6, and the surface large deviation principles leading to the results of chapter 5 are stated in chapter 7. The associated volume large deviation principles are presented in chapter 8. Chapters 9, 10, 11, 12 contain the fundamental probabilistic estimates for the proofs. The basic geometric tools involved in the proofs are the object of chapters 13, 14, 15. The final steps of the proofs for each model are described in chapters 16, 17, 18, 19.

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1 Water and oil . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Subadditivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.3 Cramér’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

Part I Presentation of the models

2 Ising model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.1 Construction of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.2 First asymptotics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.3 Phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.4 Proofs of the heuristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

VIII Contents

3 Bernoulli percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.1 The probability space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.2 Order on Ω . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.3 Phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4 FK or random cluster model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.1 Finite volume FK measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.2 Phase transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 4.3 FK Ising coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 4.4 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

Part II Main results

5 The Wulff crystal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 5.1 Ising model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 5.2 Bernoulli percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 5.3 FK percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 5.4 What do we know about the Wulff crystal? . . . . . . . . . . . . . . . . . 58 5.5 Bibliographical comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

Part III Large deviation principles

6 Large deviation theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 6.1 Main definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 6.2 I–tightness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 6.3 Contraction principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 6.4 Varadhan’s lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

7 Surface large deviation principles . . . . . . . . . . . . . . . . . . . . . . . . . . 73 7.1 Surface energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 7.2 The empirical magnetization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 7.3 Minimal surfaces. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 7.4 The cluster shapes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 7.5 FK percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

8 Volume large deviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 8.1 Bernoulli percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 8.2 FK percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 8.3 Ising model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

Contents IX

Part IV Fundamental probabilistic estimates

9 Coarse graining . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 9.1 The good blocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 9.2 Extension to FK measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 9.3 The rescaled lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 9.4 Two rough estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

10 Decoupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 10.1 Half–space clusters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 10.2 Decoupling lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

11 Surface tension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 11.1 Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 11.2 Finite volume definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 11.3 Basic properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 11.4 Separating sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 11.5 What do we know about the surface tension? . . . . . . . . . . . . . . . 143

12 Interface estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145 12.1 Interface lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145 12.2 Near the boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 12.3 Percolation setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 12.4 Lower bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

Part V Basic geometric tools

13 Sets of finite perimeter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 13.1 Basic definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 13.2 Covering and differentiating . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 13.3 Caccioppoli sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 13.4 Two technical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

14 Surface energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171 14.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 14.2 Lowersemicontinuity and compactness . . . . . . . . . . . . . . . . . . . . . . 176 14.3 Covering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176 14.4 Polyhedral approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

15 The Wulff theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187 15.1 Statement of the theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187 15.2 The anisotropic isoperimetric inequality . . . . . . . . . . . . . . . . . . . . 188 15.3 The proof of Brothers and Morgan . . . . . . . . . . . . . . . . . . . . . . . . . 190 15.4 Stability of the Wulff crystal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

X Contents

Part VI Final steps of the proofs

16 LDP for the cluster shapes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201 16.1 Coarse grained image . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202 16.2 Exponential contiguity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204 16.3 Local upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207 16.4 Lower bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

17 Enhanced upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213 17.1 A lemma from discrete geometry . . . . . . . . . . . . . . . . . . . . . . . . . . 213 17.2 Uniform large deviation upper bounds . . . . . . . . . . . . . . . . . . . . . 214 17.3 Conclusion of the proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219 17.4 Extension to FK percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

18 LDP for FK percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227 18.1 Coarse grained image . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227 18.2 Exponential contiguity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231 18.3 Local upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233 18.4 Lower bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

19 LDP for Ising . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239 19.1 Coarse grained image . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239 19.2 Exponential contiguity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241 19.3 Local upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244 19.4 Lower bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

Simulations. The simulations presented in the notes are performed with a one Ghz computer running under Linux. The percolation simulations were done with the program gpbond and the Ising simulations with the program gising. These programs are available under the GNU General Public License through the web page http://www.math.u-psud/~cerf. The pictures of the droplets of oil in the water were taken in my saucepan.

Introduction

This initial chapter introduces the three core ingredients of our story: a little physical experiment of everyday life illustrating the phase coexistence phenomenon, the subadditive lemma and finally Cramér’s theorem in R. The reader interested mainly in the Wulff crystal of the Ising model can proceed directly to section 5.1 of chapter 5.

1.1 Water and oil

Let us consider a volume of water in absence of gravity at ordinary temperature. We start to pour a very small quantity of oil into the water. First, nothing noticeable happens on the macroscopic scale, i.e., the oil is perfectly dissolved throughout the water and the oil molecules are homogeneously spread within the water: by observing the liquid at the macroscopic level, we cannot even tell that it is a mixture of two distinct types of particles, which nevertheless have the tendency to repel each other. Let us keep pouring oil into the water. We know that the solubility of oil in water is not infinite; at some density threshold (which increases with the temperature), we obtain a solution of water saturated with oil. This solution is still a pure phase, completely homogeneous on the macroscopic level, and it realizes a perfect tradeoff between entropy and energy; we call it the water phase. Let us pour in some more oil. The excess of oil is not dissolved any more and it precipitates: macroscopic droplets of oil emerge. These droplets are not regions where there are only oil molecules, rather in these regions we observe the symmetric pure phase consisting of oil saturated with water, which we call the oil phase. The droplets are delimited by an abrupt change of the local density of water and oil molecules. We wish to understand the law governing the evolution and the shapes of these droplets.

Oil in water far from the final equilibrium

The classical phenomenological theory asserts the existence of a macroscopic surface free energy I and that the droplets evolve so as to minimize I. For instance, at equilibrium, in case I is isotropic, one observes a unique spherical droplet of the oil phase floating in the sea of the water phase. Our aim is to confirm the predictions of the phenomenological theory starting from a truly microscopic model. We wish to understand how the random forces acting at the atomic level, more precisely the probabilistic repulsive effect between the two types of particles, can induce such deterministic macroscopic effects. One of the most famous results in probability theory is the law of large numbers: If (X_n)_{n∈N} is a sequence of independent identically distributed random variables with mean m, then, with probability one, lim_{n→∞} 1 n (X_1 + · · · + X_n) = m .

What we have in mind is a generalization of the law of large numbers, but in a fundamentally new context, which we could state informally as follows: lim number of particles→∞ ( global effect of the random microscopic repulsive forces ) = single droplet .

The limiting deterministic object is the shape of the droplet at equilibrium and the problem is intrinsically geometric; we deal with spatially dependent random variables and we leave radically and definitively the independent framework. Hence the geometry enters the problem in a decisive way, in the random interactions and in the formulation of the result itself.

1.2 Subadditivity 3

Oil in water close to the final equilibrium

1.2 Subadditivity

The keys to the proofs are beautiful subadditive arguments. Lanford imported subadditive ideas from statistical mechanics into Cramér’s theory [94], which were further exploited by Bahadur and Zabell [14]. We cannot resist the pleasure to include at this point the statement of the subadditive lemma. This lemma should apparently be called Fekete’s lemma: for historical remarks, we refer the reader to [123].

Lemma 1.1. Let f : N \ {0} → [0, ∞] be a subadditive map, i.e., ∀m, n ∈ N \ {0} f(m + n) ≤ f(m) + f(n) . We suppose that: ∃N ≥ 1 ∀n ≥ N f(n) < ∞. Then lim_{n→∞} f(n) n = inf_{n≥1} f(n) n . Proof. Let m, n be integers such that n ≥ m ≥ N. Let n = mq + r be the Euclidean division of n by m. We have

f(n) = f(mq + r) = f(m(q − 1) + m + r) ≤ (q − 1)f(m) + f(m + r)

whence f(n) n ≤ q − 1 n f(m) + 1 n max 0≤k<m f(m + k) .

The hypothesis ensures that max_{0≤k<m} f(m + k) is finite. Sending n to ∞, we get ∀m ≥ N lim sup_{n→∞} f(n) n ≤ f(m) m . Taking the infimum over m ≥ N, we get

lim sup n→∞ f(n) n ≤ inf_{m≥N} f(m) m . Let k ∈ {1 · · · N − 1} be such that f(k) < ∞. Then f(Nk) ≤ Nf(k) whence f(Nk)/Nk ≤ f(k)/k and inf_{m≥N} f(m)/m = inf_{m≥1} f(m)/m. That’s it! ⊓⊔ 1.3 Cramér’s theorem

Here is the classical Cramér theorem in R, which is the first large deviation theorem to be taught. We present a proof whose strategy is similar to what we shall do later in the more complicated Ising and percolation models. In particular, the rate function is built as a subadditive limit.

Let (X_n)_{n≥1} be a sequence of i.i.d. random variables with values in R. We consider the empirical mean ∀n ∈ N \ {0} S_n = 1 n (X_1 + · · · + X_n) .

The Cramér transform of the law of X_1 is the map I : R → [0, +∞] defined by ∀x ∈ R I(x) = sup_{y<x<z} lim_{n→∞} − 1 n ln P (y < S_n < z) . The limit inside the supremum exists thanks to lemma 1.1. Indeed, for any y < z, any n, m ≥ 1, using successively the convexity of the interval ]y, z[, the independence and the stationarity of the sequence (X_n)_{n≥1}, we get P (y < S_{n+m} < z) ≥ P ( y < S_n < z, y < 1 m ( X_{n+1} + · · · + X_{n+m} ) < z ) = P (y < S_n < z) P (y < S_m < z) . Therefore the sequence (− ln P (y < S_n < z))_{n≥1} is subadditive. The following lemma shows that the hypothesis of the subadditive lemma 1.1 is fulfilled.

Lemma 1.2. Let U be an open interval of R. Either P (S_n ∈ U) = 0 for all n ≥ 1 or there exists N ≥ 1 such that P (S_n ∈ U) > 0 for n ≥ N.

Proof. Suppose that there exists m ≥ 1 such that P (S_m ∈ U) > 0. A probability measure on R is convex regular, hence there exists a compact convex set K included in U such that P (S_m ∈ K) > 0. Let M > 0 be such that

P (|X_1| ≤ M) > 0. Let n ≥ m and let n = mq + r be the Euclidean division of n by m. If ∀i ∈ { 0 · · · q − 1 } 1 m (i+1)m ∑ j=im+1 X_j ∈ K , ∀j ∈ { mq + 1 · · · n } |X_j | ≤ M , then S_n belongs to K + [−mM/n, mM/n]. For n large enough so that the latter set is included in U, we have P (S_n ∈ U) ≥ P (S_m ∈ K)^q P (|X_1| ≤ M)^r > 0 . ⊓⊔ By lemma 1.2, we can apply the subadditive lemma 1.1 to get the existence of the limit defining I.

Theorem 1.3. For any x ∈ R, the following limits exist:

J(x) = lim_{n→∞} − 1 n ln P (S_n ≥ x) , K(x) = lim_{n→∞} − 1 n ln P (S_n ≤ x) .

The maps J, K : R → [0, ∞] are convex lower semicontinuous and satisfy

∀x ∈ R J(x)K(x) = 0 , lim_{x→−∞} J(x) = 0 , lim_{x→+∞} K(x) = 0 .

Moreover J + K = I. The sequence (S_n)_{n≥1} satisfies the full large deviation principle with speed n and governed by the convex rate function I, i.e., for any Borel subset A of R,

−inf { I(x) : x ∈ A^o } ≤ lim inf_{n→∞} 1 n ln P ( S_n ∈ A )

≤ lim sup n→∞ 1 n ln P ( S_n ∈ A ) ≤ − inf { I(x) : x ∈ A } . Proof. We deal only with the map J because the arguments for the map K are the same. Let x ∈ R. We claim that the sequence (− ln P (S_n ≥ x))_{n≥1} is subadditive. Indeed, for any n, m ≥ 1, using successively the convexity of the interval [x, +∞[, the independence and the stationarity of the sequence (X_n)_{n≥1}, we get P (S_{n+m} ≥ x) ≥ P ( 1 n ( X_1 + · · · + X_n ) ≥ x, 1 m ( X_{n+1} + · · · + X_{n+m} ) ≥ x )

≥ P ( 1 n ( X_1 + · · · + X_n ) ≥ x ) P ( 1 m ( X_{n+1} + · · · + X_{n+m} ) ≥ x ) = P (S_n ≥ x) P (S_m ≥ x) . Therefore ∀m, n ≥ 1 − ln P (S_{n+m} ≥ x) ≤ − ln P (S_n ≥ x) − ln P (S_m ≥ x) .

If P (X_1 ≥ x) = 0, then P (S_n ≥ x) = 0 for any n ≥ 1 and J(x) = +∞. If P (X_1 ≥ x) > 0, then P (S_n ≥ x) ≥ P (X_1 ≥ x)^n and − ln P (S_n ≥ x) < +∞ for any n ≥ 1; thus we can apply the subadditive lemma 1.1 to get the existence of the limit defining J(x). Next, for x ∈ R and n ≥ 1, J(x) ≤ − 1 n ln P (S_n ≥ x) ≤ − ln P (X_1 ≥ x) .

Sending x to −∞, we see that lim_{x→−∞} J(x) = 0.

We next prove that J is convex. Let λ ∈ [0, 1] and let x, y ∈ R such that x < y. As noted above, we have either P (S_n ≥ y) = 0 for all n ≥ 1 or P (S_n ≥ y) > 0 for all n ≥ 1. If the first case occurs, we have J(y) = +∞ and certainly J ( λx + (1 − λ)y ) ≤ λJ(x) + (1 − λ)J(y). Suppose that the second case occurs. Let m ≤ n be two integers and let n = mq + r be the Euclidean division of n by m. We set s = ⌊λq⌋, the largest integer less than or equal to λq. On the event ⋂ 1≤i≤s {^{im}∑ j=(i−1)m+1 X_j ≥ mx } ∩ ⋂ s<i≤q {^{im}∑ j=(i−1)m+1 X_j ≥ my } ∩ {^n∑ j=qm+1 X_j ≥ ry }

the following inequality holds (recall that x < y): n∑ j=1 X_j ≥ sxm + (q − s)ym + ry ≥ ( λx + (1 − λ)y ) n . Therefore P ( S_n ≥ λx + (1 − λ)y ) ≥ P (S_m ≥ x)s P (S_m ≥ y)q − s P (S_r ≥ y) . Notice that P (S_r ≥ y) > 0 for r ∈ {1 · · · m}. Taking logarithms and sending successively n and m to ∞, we get −J ( λx + (1 − λ)y ) ≥ −λJ(x) − (1 − λ)J(y) . We prove now that J is lower semicontinuous. Since it is convex, it is continuous on the interior of its domain, and the only delicate point is the boundary point c = sup { x ∈ R : J(x) < +∞ } . If c = +∞, we have nothing more to prove. Let us suppose that c < +∞. For any ε > 0, we have

+∞ = J(c + ε) ≤ − ln P (X_1 ≥ c + ε) ,

so that P (X_1 > c) = 0 and the support of the common law of the sequence (X_n)_{n∈N} is included in ] − ∞, c]. Therefore

∀n ≥ 1 P (S_n ≥ c) = P (X_1 = c)^n and J(c) = − ln P (X_1 = c). For δ > 0, let N = | |{ i : 1 ≤ i ≤ n, X_i < c − δ } | | . With probability 1, we have nS_n ≤ (n − N)c + N(c − δ) = nc − Nδ , thus for ε ∈]0, δ/2[ sufficiently small,

P (S_n ≥ c − ε) ≤ P ( N ≤ εn/δ ) ≤ ⌊εn/δ⌋∑

i=1 (n i ) P ( X_1 ≥ c − δ )n − i

≤ ⌊ εn δ ⌋ ( n ⌊εn/δ⌋ ) P ( X_1 ≥ c − δ )n − ⌊εn/δ⌋ . We need now the following standard expansion of the binomial coefficient.

Lemma 1.4. For any n ≥ 1, any k ∈ {0 · · · n}, we have | | 1 n ln n! k!(n − k)! + k n ln k n + n − k n ln n − k n | | ≤ 2 n (ln n + 2) .

Proof. Setting, for n ∈ N, f(n) = ln n! − n ln n + n, we have ln n! k!(n − k)! = ln n! − ln k! − ln(n − k)!

= −k ln k n − (n − k) ln n − k n + f(n) − f(k) − f(n − k) . Comparing the discrete sum ln n! = ∑ 1≤k≤n ln k to the integral ∫_n 1 ln x dx, we see that 1 ≤ f(n) ≤ ln n + 2 for all n ≥ 1, whence | |f(n) − f(k) − f(n − k) | | ≤ 2(ln n + 2) ,

and we have the desired inequalities. ⊓⊔

Taking logarithms, sending n to +∞, we get with the help of lemma 1.4, J(c − ε) ≥ ε δ ln ε δ + ( 1 − ε δ ) ln ( 1 − ε δ ) − ( 1 − ε δ ) ln P ( X_1 ≥ c − δ ) . Sending successively ε and then δ to 0, we obtain that

lim_{ε→0} ε>0 J(c − ε) ≥ − ln P (X_1 = c) = J(c)

so that J, being non–decreasing, is indeed left continuous at c. Similarly, the map K is convex lower semicontinuous non–increasing. We have

∀x ∈ R P (S_n ≤ x) + P (S_n ≥ x) ≥ 1 . Applying lemma 6.7, we see that J(x) = 0 or K(x) = 0 for any x ∈ R. Let us define

a = inf { x ∈ R : K(x) = 0 } , b = sup { x ∈ R : J(x) = 0 } .

The numbers a, b can be equal to −∞ or +∞. The previous remark implies that a ≤ b. Certainly J(x) + K(x) = 0 for x ∈ [a, b].

We next prove the large deviation lower bound, i.e., for x ∈ R,

∀ε > 0 lim inf_{n→∞} 1 n ln P ( S_n ∈]x − ε, x + ε[ ) ≥ −J(x) − K(x) . Let x ∈ R. If J(x) + K(x) = +∞, the large deviation lower bound holds trivially. Suppose now that J(x) + K(x) < ∞. If x ≥ b, then K(x) = 0 and we write, for ε > 0, P (S_n ∈]x − ε, x + ε[) ≥ P (S_n ∈ [x, x + ε[) = P (S_n ≥ x) − P (S_n ≥ x + ε) . Yet J is convex, it vanishes at the left of b and is positive at x + ε. Therefore it is strictly increasing on [x, x + ε] and J(x + ε) > J(x). In case b = −∞, we reach the same conclusion using the fact that lim_{−∞} J = 0. In particular, P (S_n ≥ x+ε) is negligible compared to P (S_n ≥ x), so that taking logarithms and sending n to ∞, we get the desired inequality. The case where x ≤ a is similar. Let us finally consider the case where x ∈]a, b[. Let λ ∈ [0, 1] be such that x = λa + (1 − λ)b. Let also m ≤ n be two integers and let n = mq + r be the Euclidean division of n by m. We set s = ⌊λq⌋. Let M > 0 be large enough so that P (|X_1| ≤ M) > 0. On the event ⋂ 1≤i≤s { 1 m im∑ j=(i−1)m+1 X_j ∈]a − ε, a + ε[ } ∩ ⋂ s<i≤q { 1 m im∑ j=(i−1)m+1 X_j ∈]b − ε, b + ε[ }

∩ ⋂ qm<j≤n { |X_j | ≤ M }

the following inequalities hold: msa + m(q − s)b − nε − mM ≤ n∑ j=1 X_j ≤ msa + m(q − s)b + nε + mM .

For n sufficiently large, we have mM + |msa + m(q − s)b − nx| < nε and P ( S_n ∈]x − 2ε, x + 2ε[ ) ≥ P ( S_m ∈]a − ε, a + ε[ )s P ( S_m ∈]b − ε, b + ε[ )q − s P ( |X_1| ≤ M )m , whence, taking logarithms and sending n to ∞, lim inf n→∞ 1 n ln P ( S_n ∈]x − 2ε, x + 2ε[ ) ≥ λ m ln P ( S_m ∈]a − ε, a + ε[ ) + 1 − λ m ln P ( S_m ∈]b − ε, b + ε[ ) . We send next m to ∞ and we use the large deviation lower bound for neighborhoods of a and b. Taking into account that K(a) = J(b) = 0, we get

lim inf n→∞ 1 n ln P ( S_n ∈]x − 2ε, x + 2ε[ ) ≥ −λK(a) − (1 − λ)J(b) = 0 . We next prove the large deviation upper bound. Let F be a closed subset of R. If F ∩ [a, b] ≠ ∅, then inf_F J + K = 0 and the large deviation upper bound holds trivially. Suppose now that F ∩ [a, b] = ∅. Let us define c = sup F ∩ ] − ∞, a] , d = inf F ∩ [b, +∞[ , where we use the following convention: • If a = −∞ then c = −∞ and K(−∞) = +∞. • If b = +∞ then d = +∞ and J(+∞) = +∞. We have P (S_n ∈ F ) ≤ P (S_n ≤ c) + P (S_n ≥ d) . Taking logarithms and sending n to ∞, we get with the help of lemma 6.7

lim sup n→∞ 1 n ln P ( S_n ∈ F ) ≤ − min(K(c), J(d)) = − min ( K(c) + J(c), K(d) + J(d) ) . The last equality holds because J(c) = K(d) = 0. The right–hand quantity is equal to the minimum of J + K over F , so that we have the large deviation upper bound. Let us prove that I = J + K. First, for x ∈ R, ∀y < x I(x) ≥ lim_{n→∞} − 1 n ln P (S_n ≥ y) = J(y) .

Since J is lower semicontinuous, letting y go to x from below, we obtain that I(x) ≥ J(x). We prove similarly that I(x) ≥ K(x) for x ∈ R. It follows that I ≥ max(J, K) = J + K. Let now x > b. Since J is increasing on [b, +∞[, then for y, z such that b < y < x < z, we have J((x + y)/2) < J(z). Moreover P (y < S_n < z) ≥ P ( S_n ≥ x + y 2 ) − P (S_n ≥ z) , whence, taking logarithms and sending n to ∞, we obtain lim_{n→∞} − 1 n ln P (y < S_n < z) ≤ J ( x + y 2 ) ≤ J(x) . Taking the supremum over y, z such that y < x < z, we conclude that I(x) ≤ J(x). Similarly, we prove that I(x) ≤ K(x) for x < a. Finally, the large deviation lower bound implies that I(x) = 0 for x ∈ [a, b]. Therefore I = J+K. ⊓⊔

A specific feature of this large deviation principle is that the rate function is given by an operational formula. We first define the Log–Laplace of the law of X_1 as the function Λ : R → R ∪ {+∞} given by ∀λ ∈ R Λ(λ) = E ( exp(λX_1) ) = ln ∫ exp(λX_1) dP

and second its Fenchel–Legendre transform Λ^∗ : R → [0, +∞] by ∀x ∈ R Λ^∗(x) = sup_{λ∈R} ( λx − Λ(λ) ) . Both functions Λ and Λ^∗ are convex lower semicontinuous. If Λ is finite everywhere, then Λ^∗ vanishes only at E(X_1).

Theorem 1.5. The rate function I governing the large deviations of (S_n)_{n≥1} is equal to Λ^∗.

Proof. The proof in the general case requires a delicate approximation argument [40]. Therefore we will only consider the case where the support of μ is bounded. In this case I has compact level sets and a direct application of Varadhan’s lemma (see theorem 6.9) yields ∀λ ∈ R lim_{n→∞} 1 n ln E ( exp ( nλS_n )) = sup_{α∈R} ( λα − I(α) ) . The variables X_n, n ≥ 1, being independent, the quantity appearing inside the limit is equal to Λ(λ). Since I is convex lower semicontinuous, it is equal to the Fenchel–Legendre transform of its Fenchel–Legendre transform Λ. ⊓⊔

Part I

Presentation of the models

2 Ising model

Let us try to set up a simple model of our experiment with water and oil (see section 1.1). A convenient choice is a lattice model: each site of the lattice is occupied either by a water particle or by an oil particle, which we indicate respectively by + or −. The interaction between different particles is repulsive and occurs when the substances are in immediate contact. Hence a repulsive nearest neighbour interaction is a sensible choice. Since we focus only on the repulsive interaction between different molecules, we can assume that the two substances are symmetric and that their self–interactions are of equal magnitude, or equivalently, equal to zero. We do not assume that the self– interactions between two particles of the same type are negligible compared to the repulsive effect; rather, we say that because of the symmetry, the global effect of the self–interactions cancels out. Thus the total energy of a configuration should be simply the sum of all nearest neighbour pairs with different signs. We end up exactly with the Hamiltonian of the famous Ising model (to be defined precisely in the next section). In our experiment the density of oil is fixed, therefore we have a constraint on the possible configurations: the proportion of pluses and minuses has to be fixed. This situation amounts to consider the Ising model with plus boundary conditions (guaranteeing the water dominance) conditioned on the event that the average magnetization is equal to a fixed value smaller than the spontaneous magnetization at the given temperature.

2.1 Construction of the model

For reasons of technical simplicity, it is easier to build our model on a lattice. We will work with the lattice Z^d; each site of the lattice is occupied by one of the two types of particles, which we denote by − and +. Let Λ ⊂ Z^d be a cubic box. A configuration in Λ is a map σ : Λ → {−, +} and for x ∈ Λ, we denote by σ(x) the type of the particle present at x. The energy or Hamiltonian H_Λ(σ) of the configuration σ in Λ is, up to a constant, twice the number of interfaces between the minuses and the pluses, that is,

H_Λ(σ) = − 1 2 ∑ x,y∈Λ,|x−y|=1 σ(x)σ(y) = − ∑ {x,y}∈Λ^2,|x−y|=1 σ(x)σ(y) .

We use the usual rules to multiply signs: ++ = −− = +, −+ = +− = −. The first sum is above ordered pairs (whence the factor 1/2) while the second is above unordered pairs. We need also a mechanism to ensure the dominance of one type of particles. This is achieved through boundary conditions. We consider only two types of boundary conditions, by putting either a layer of pluses or of minuses around the box Λ. The energy or Hamiltonian H^∗_Λ(σ) with boundary conditions ∗ (where ∗ stands for − or +) is defined as above for the configurations σ such that σ(x) = ∗ for all x ∈ ∂^{in}Λ (where ∂^{in}Λ denotes the sites in Λ which are at a distance less than or equal to 1 from the complement of Λ) and H^∗_Λ(σ) = +∞ otherwise. Next we add some randomness in the model. Let T > 0 be the temperature. We build a probability law on the space {−, +}^Λ of the configurations. This space is huge but finite, hence to define the law we need to specify the individual probability of each possible configuration. The natural way to do this is to use the Boltzmann factor. So, the Gibbs measure μ^∗_{Λ,T} in Λ at temperature T with boundary conditions ∗ is given by ∀σ ∈ {−, +}^Λ μ^∗_{Λ,T} (σ) = 1 Z^∗_{Λ,T} exp −

H^∗_Λ(σ) T where the normalizing factor Z^∗_{Λ,T} , called the partition function, is equal to Z^∗_{Λ,T} = ∑ σ∈{−,+}^Λ exp −

H^∗_Λ(σ) T .

Whenever the superscript ∗ is absent, the boundary conditions are not specified and we have the Ising Gibbs measure μ_{Λ,T} with free boundary conditions, associated to the Hamiltonian H_Λ. Let us take a closer look at this formula. The elements Λ, T , ∗ ∈ {−, +} being fixed, the most likely configurations are those having a small energy, i.e., those for which the contacts between the minuses and the pluses are reduced. Thus we have built a complex probability law with strong spatial correlations. We shall next play a bit with the elements controlling the Gibbs measures μ^±_{Λ,T} in order to get some feeling for their influence.

2.2 First asymptotics

Imagine that we fix the box Λ and that we set the boundary conditions to +. If we send T to 0, then the measure μ^+_{Λ,T} concentrates on the configuration

2.2 First asymptotics 15

which realizes the global minimum of the Hamiltonian H^+_Λ , in this case the configuration where all the sites are pluses. On the contrary, if we send T to ∞, the value of the Hamiltonian becomes irrelevant and μ^+_{Λ,T} converges towards the Bernoulli product law where all the sites are independent. The case of μ^−_{Λ,T} being symmetric, we see that

dirac mass at “all pluses” ←− μ^+_{Λ,T} −→ i.i.d. Bernoulli T ↓ 0 T ↑ ∞ dirac mass at “all minuses” ←− μ^−_{Λ,T} −→ i.i.d. Bernoulli

Something remarkable has already happened: as T ↑ ∞, the boundary conditions are forgotten, while as T ↓ 0, they completely determine the limit. However, we wish to work at a fixed positive temperature T . In order to observe a sharp mathematical phenomenon, we consider another kind of limit, namely the thermodynamic limit where the number of particles goes to infinity. This is achieved by letting the box Λ grow and invade the whole lattice Z^d. As Λ increases to Z^d, the expectation μ^+_{Λ,T} (σ(0)) decreases and converges towards a limiting quantity m^∗(T ):

lim_{Λ↑Zd} μ^+_{Λ,T} (σ(0)) = m^∗(T ) = − lim_{Λ↑Zd} μ^−_{Λ,T} (σ(0)) .

Here is a heuristic explanation for this monotone convergence. Let us consider a huge box Λ and the site at the center of the box Λ. With free boundary conditions, the law of σ(0) under μ_{Λ,T} is symmetric, hence it is the one of a fair coin, i.e.,

μ_{Λ,T} (σ(0) = +) = 1/2 = μ_{Λ,T} (σ(0) = −) .

If we put + boundary conditions, these boundary conditions start to influence positively the sites at distance 1 from the boundary of the box, which themselves influence the sites at distance 2 from the boundary. This effect propagates and reaches the origin, so that the law of σ(0) under μ^+_{Λ,T} is slightly biased towards +:

μ^+_{Λ,T} (σ(0) = +) > 1/2 > μ^+_{Λ,T} (σ(0) = −) .

The larger the box Λ is, the smaller is the resulting effect at the origin, hence the influence of the boundary conditions decreases as the box increases and the following monotone limit exists:

m^∗(T ) = lim_{Λ↑Zd} μ^+_{Λ,T} (σ(0)) .

The fundamental and basic question is whether something of the influence of the boundary conditions still remains after we have sent them to infinity. Equivalently, is m^∗(T ) equal to 0?

The quantity m^∗(T ) is called the spontaneous magnetization at temperature T . This terminology stems from the fact that the Ising model was originally introduced as a model of ferromagnetism: under some adequate conditions, a magnet submitted to the influence of a magnetic field will remember the sign of the field even after it has disappeared (see [66] and the references therein for a serious physical introduction to the Ising model).

2.3 Phase transition

We say that there is a phase transition at temperature T if m^∗(T ) > 0. The first fundamental result concerning the phase transition in the Ising model is the following.

Theorem 2.1. In any dimension d ≥ 2, there exists a positive and finite critical temperature T_c(d) such that the Ising model exhibits a phase transition for T < T_c(d) and it does not for T > T_c(d).

The proof of this theorem will be completed in section 4.3. It is also possible to take the thermodynamic limit of the finite volume Gibbs measure μ^+_{Λ,T} , and not only of the expected value μ^+_{Λ,T} (σ(0)). As Λ increases to Z^d, the measure μ^+_{Λ,T} decreases stochastically and converges weakly towards the infinite volume Gibbs measure μ^+_T , which is a probability measure on the space of infinite volume configurations {−, +}^{Zd}. Similarly, μ^−_{Λ,T} increases weakly towards a measure μ^−_T :

lim_{Λ↑Zd} μ^−_{Λ,T} = μ^−_T , lim_{Λ↑Zd} μ^+_{Λ,T} = μ^+_T .

The spontaneous magnetization m^∗(T ) is equal to the expected value of σ(0) under μ^+_T and there is a phase transition at temperature T if and only if μ^−_T and μ^+_T are distinct. In other words, we have

∀T < T_c(d) m^∗(T ) > 0 , μ^−_T ≠ μ^+_T

whereas the infinite volume Gibbs measure is unique for T > T_c(d) and

∀T > T_c(d) m^∗(T ) = 0 , μ^−_T = μ^+_T .

2.4 Proofs of the heuristics

Let us try to prove rigorously the heuristics of section 2.2. We need two basic tools: the Markov property and the FKG inequality.

2.4.1 General boundary conditions.

Let A be a subset of Z^d. Its inner vertex boundary ∂^{in}A consists of the points of A having a neighbour outside A: ∂^{in}A = { x ∈ A : ∃ y ∈ Z^d \ A |x − y| = 1 } . Let η be a spin configuration in A. The Hamiltonian in A with boundary conditions η is given by ∀σ ∈ {−, +}^A H^η_A(σ) = { H_A(σ) if σ(x) = η(x) for x ∈ ∂^{in}A +∞ otherwise

The Ising Gibbs measure in A at temperature T with boundary conditions η is then ∀σ ∈ {−, +}^A μ^η_{A,T} (σ) = 1 Z^η_{A,T} exp −

H^η_A(σ) T , where the normalizing factor Z^η_{A,T} , called the partition function, is equal to Z^η_{A,T} = ∑ σ∈{−,+}^A exp −

H^η_A(σ) T .

The range of the interactions being equal to 1, the Ising Gibbs measure enjoys the following spatial Markov property.

2.4.2 Markov property.

For any finite subsets A, B of Z^d such that A ⊂ B, any configurations η, ξ in B, any function f depending only on the sites in A, μ^ξ_{B,T} ( f(σ) | ∀x ∈ (B \ A) ∪ ∂^{in}A σ(x) = η(x) ) = μ^ξ_{B,T} ( f(σ) | ∀x ∈ ∂^{in}A σ(x) = η(x) ) = μ^η_{A,T} ( f(σ) ) . Proof. Let σ be a configuration in A such that σ(x) = η(x) for x ∈ ∂^{in}A and let ϱ be a configuration in B \ A. We denote by σϱ the configuration in B which is equal to σ on A and to ϱ on B \ A. We decompose H^ξ_B (σϱ) as

H^ξ_B (σϱ) = H^η_A(σ) − 1 2 ∑ x,y∈B\A |x−y|=1 ϱ(x)ϱ(y) − ∑ x∈A,y∈B\A |x−y|=1 η(x)ϱ(y) .

To compute the first conditional expectation, we take ϱ = η in the above formula and we sum over σ the factor f(σ) exp(−H^ξ_B (ση)/T ). To compute the second conditional expectation, we sum over σ and ϱ the factor f(σ) exp(−H^ξ_B (σϱ)/T ). Thanks to the above additive decomposition of

H^ξ_B (σϱ), we can factorize the sums over σ and over ϱ. In both cases, we obtain a result of the form

constant × ∑ σ∈{−,+}^A f(σ) exp −

H^η_A(σ) T ,

where the constant does not depend on f. Taking f = 1 in this formula, we see that this constant has to be equal to 1/Z^η_{A,T} , so that the desired conclusion follows. ⊓⊔

2.4.3 FKG inequality.

Let Λ be a box included in Z^d. There is a natural partial order on the configurations in Λ. For any σ, η in {−, +}^Λ, we say that σ is less than or equal to η if and only if each site which is set to + in σ is also set to + in η. Let f, g : {−, +}^Λ → R be two non–decreasing functions. For any temperature T > 0 and any boundary conditions ξ, μ^ξ_{Λ,T} (fg) ≥ μ^ξ_{Λ,T} (f) μ^ξ_{Λ,T} (g) . Remark 2.2. The FKG inequality holds in any finite subset of Z^d. We present here a proof in the case of a box, but the argument can be easily adapted to the case of an arbitrary set.

Proof. We fix the temperature T throughout the proof and we remove it from the notation. Suppose first that f, g depend on a single site x. The monotonicity of f and g implies that for any configurations σ, η in Λ, ( f(σ) − f(η) )( g(σ) − g(η) ) ≥ 0 . By developing this identity and averaging with respect to the product measure μ^ξ_{Λ,T} ⊗ μ^ξ_{Λ,T} , we obtain the required inequality. Let c be the center of the box Λ and let (x_n)_{n∈N} be an ordering of the points of Z^d such that ∀n ∈ N |x_n − c|_∞ ≤ |x_{n+1} − c|_∞ where | · |_∞ is the usual supremum norm. We set ∀n ∈ N A_n = { x_0, . . . , x_n } . The structure of the sequence (x_n)_{n∈N} implies that Λ = A_n for some n ∈ N and moreover for any n ∈ N, we have

• either ∂^{in}A_{n+1} = ∂^{in}A_n ∪ {x_{n+1}} • or ∃ y_{n+1} ∈ ∂^{in}A_n ∂^{in}A_{n+1} = ∂^{in}A_n ∪ {x_{n+1}} \ {y_{n+1}}.

xn+1

xn+1 yn+1

We proceed by induction on n to show that the FKG inequality holds in A_n: for any non–decreasing functions f, g : {−, +}^{An} → R, ∀ξ ∈ {−, +}^{An} μ^ξ_{An} (fg) ≥ μ^ξ_{An} (f) μ^ξ_{An} (g) . The case n = 0 has already been examined. Suppose that the result is true until some rank n ≥ 0 and let f, g be two non–decreasing functions depending only on the sites in A_{n+1}. Let also ξ be a configuration in A_{n+1}. Suppose first that ∂^{in}A_{n+1} = ∂^{in}A_n ∪ {x_{n+1}}. Let ^f, ^g be the functions on A_n defined for σ ∈ {−, +}^{An} by ^f(σ(x_0), . . . , σ(x_n)) = f(σ(x_0), . . . , σ(x_n), ξ(x_{n+1})) , ^g ( σ(x_0), . . . , σ(x_n) ) = g ( σ(x_0), . . . , σ(x_n), ξ(x_{n+1}) ) . Using the FKG inequality in A_n, we have μ^ξ_{An+1} (fg) = μ^ξ_{An+1} ( ^f^g) = μ^ξ_{An} ( ^f^g) ≥ μ^ξ_{An} ( ^f) μ^ξ_{An} (^g) = μ^ξ_{An+1} (f) μ^ξ_{An+1} (g) . Suppose next that: ∃ y_{n+1} ∈ ∂^{in}A_n ∂^{in}A_{n+1} = ∂^{in}A_n ∪ {x_{n+1}} \ {y_{n+1}}. Let ε ∈ {−, +}. If σ is a configuration in A_n \ {y_{n+1}}, we denote by σ^ε the configuration in A_{n+1} such that

∀x ∈ A_{n+1} σ^ε(x) = σ(x) if x ∈ A_n \ {y_{n+1}} ε if x = y_{n+1} ξ(x) if x = x_{n+1}

Let ^f, ^g be the functions on A_n \ {y_{n+1}} defined by ∀σ ∈ {−, +}^{An\{yn+1}} ^f(σ) = f(σ^ε) , ^g(σ) = g(σ^ε) . Then μ^ξ_{An+1} (fg | σ(y_{n+1}) = ε) = μ^ξ_{An+1} ( ^f ^g | σ(y_{n+1}) = ε) .

Yet the functions ^f, ^g depend only on A_n, and ∂^{in}A_n ⊂ {y_{n+1}} ∪ ∂^{in}A_{n+1}.

By the Markov property and the FKG inequality in A_n, we have μ^ξ_{An+1} ( ^f^g | σ(y_{n+1}) = ε) = μ^{ξε}_{An} ( ^f^g) ≥ μ^{ξε}_{An} ( ^f) μ^{ξε}_{An} (^g) = μ^ξ_{An+1} ( ^f | σ(y_{n+1}) = ε) μ^ξ_{An+1} (^g | σ(y_{n+1}) = ε) .

The functions σ → μ^ξ_{An+1} ( ^f | σ(y_{n+1})) , σ → μ^ξ_{An+1} (^g | σ(y_{n+1})) depend only on σ(y_{n+1}) and they are non–decreasing (they are the conditional expectations of non–decreasing functions). We take the expectation in the above inequality with respect to μ^ξ_{An+1} and we apply the FKG inequality for functions depending only on one site. We get μ^ξ_{An+1} (fg) = μ^ξ_{An+1} ( μ^ξ_{An+1} (fg | σ(y_{n+1})) )

≥ μ^ξ_{An+1} ( μ^ξ_{An+1} (f | σ(y_{n+1})) μ^ξ_{An+1} (g | σ(y_{n+1})) )

≥ μ^ξ_{An+1} ( μ^ξ_{An+1} (f | σ(y_{n+1})) ) μ^ξ_{An+1} ( μ^ξ_{An+1} (g | σ(y_{n+1})) ) = μ^ξ_{An+1} (f) μ^ξ_{An+1} (g) ,

thereby proving the FKG inequality in A_{n+1}. ⊓⊔

We can now prove rigorously the heuristics of section 2.2. Let Λ, Γ be two boxes containing 0 and such that Λ ⊂ Γ . By the FKG inequality and the Markov property, we have μ^+_{Γ,T} ( σ(0)) ≤ μ^+_{Γ,T} ( σ(0) | σ(x) = + for x ∈ (Γ \ Λ) ∪ ∂^{in}Λ ) = μ^+_{Λ,T} (σ(0)) .

Therefore the expectation μ^+_{Λ,T} (σ(0)) decreases and converges towards a limiting quantity m^∗(T ) as Λ increases to Z^d.

subcritical Ising model: T = 2.2, 3 hours

supercritical Ising model: T = 2.3, 5 days Simulations on a 1024 × 1024 grid with a 1 Ghz PC critical Ising model: T = 2.269 32 days of simulation on a 4096 × 4096 grid with a 1 Ghz PC

3 Bernoulli percolation

We present in this chapter another beautiful and fundamental model, namely the percolation model. This model was invented by Broadbent and Hammersley [32] to model the flow of a liquid in a random medium. The standard mathematical reference for percolation is Grimmett’s book [78]. It turns out that the questions of phase coexistence which are the theme of these lecture notes were first solved in the percolation case (at least in dimension 3).

We turn Z^d into a graph with vertex set Z^d and edge set

E^d = { {x, y} : x ∈ Z^d, y ∈ Z^d, |x − y| = 1 } where | · | is the usual Euclidean norm. This graph is called the d–dimensional cubic lattice. A path γ in (Z^d, E^d ) is an alternating sequence x_0, e_0, x_1, e_1, · · · , e_{n−1}, x_n, · · · of distinct vertices x_i and edges e_i, where e_i is the edge between x_i and x_{i+1}. The path is said to connect every pair of its vertices. If the path terminates at some vertex x_n it is said to have length n, otherwise it is infinite.

3.1 The probability space

The nearest neighbour Bernoulli bond percolation model on the cubic lattice at density p is defined by independently choosing each edge of E^d to be open with probability p or closed with probability 1 − p. We denote by P the corresponding product probability measure on the configuration space Ω consisting of all the functions from E^d to {0, 1} (1 stands for open and 0 for closed). We equip Ω with the product σ–field P({0, 1})^{⊗Ed} (where P({0, 1}) is the collection of the subsets of {0, 1}). Let ω be a configuration. We consider the random graph having as vertices the points of Z^d and edge set the open edges of ω only; equivalently, we remove the closed edges. The open clusters in ω are the connected components of this random graph. We denote by C(0) the open cluster containing the origin. Two subsets A, B of Z^d are connected in the configuration ω if there is a path of open edges in ω connecting a site of A to a site of B; we denote this event by { A ←→ B }.

3.2 Order on Ω

There is a natural order on Ω defined by the relation: ω_1 ≤ ω_2 if and only if all the edges open in ω_1 are open in ω_2. An event is said to be increasing (respectively decreasing) if its characteristic function is non–decreasing (respectively non–increasing) with respect to this partial order. Suppose the events A, B are both increasing or both decreasing. The Harris–FKG inequality [78] says that P (A ∩ B) ≥ P (A)P (B) . Bernoulli percolation can be easily compared with more complicated models with the help of stochastic domination. Let μ, ν be two probability measures on Ω. We say that μ stochastically dominates ν if μ(f) ≥ ν(f) for any bounded measurable non–decreasing function f : Ω → R. Let δ > 0 and let (X(x), x ∈ Z^d) be a process such that ∀x ∈ Z^d P ( X(x) = 1 | | X(y), y ≠ x) ≥ δ . Then the law of (X(x), x ∈ Z^d) stochastically dominates the Bernoulli product measure with parameter δ (see [78], p. 179).

3.3 Phase transition

The box of diameter n ∈ N centered at the origin is the set Λ(n) = { (x_1, · · · , x_d) ∈ R^d : ∀i ∈ {1 · · · d} − n/2 < x_i ≤ n/2 } . For Λ a box, we denote by ∂^{in}Λ the sites of Λ which have a nearest neighbour in Z^d \ Λ. Since the events { 0 ←→ ∂^{in}Λ(n) }, n ≥ 1, are decreasing with n, then P ( ⋂ n≥1 { 0 ←→ ∂^{in}Λ(n) } ) = lim_{n→∞} P ( 0 ←→ ∂^{in}Λ(n) ) . The limiting event ⋂ n≥1{ 0 ←→ ∂^{in}Λ(n) } is the event that there exists an infinite open path starting at 0. We denote it by { 0 ←→ ∞ } and we set ∀p ∈ [0, 1] θ(p) = P (0 ←→ ∞) . The map θ : [0, 1] → [0, 1] is non–decreasing and θ(0) = 0, θ(1) = 1. It is known that the Bernoulli bond percolation model exhibits a phase transition in dimensions d ≥ 2.

3.3 Phase transition 25

0

Λ(16)

= C(0) = ∂^{in}Λ

Theorem 3.1. For any d ≥ 2, there exists a critical value p_c(d) strictly between 0 and 1 such that θ vanishes on [0, p_c[ and is positive on ]p_c, 1].

For p < p_c all the open clusters of the configuration are finite with probability one, while for p > p_c, there exists almost surely a unique infinite open cluster C_∞. The density of the infinite cluster is θ = P (|C(0)| = ∞). Proof. For completeness, we give here a sketch of the proof (for more details, see [78]). For any n ≥ 1, θ(p) ≤ P ( there exists an open path of length n starting at 0 ) . The number of such paths is less than 2d(2d − 1)^{n−1} and the probability for a fixed path to be open is p^n, thus θ(p) ≤ 2d(2d − 1)^{n−1}p^n. Sending n to ∞, we see that θ(p) = 0 for p < 1/(2d − 1). Next, if { 0 ←→ ∞ } does not occur, then there exists a set of closed edges surrounding 0 which separates 0 from ∞. This set can be chosen to be connected for the following relation: two edges are in relation if the unit squares orthogonal to them centered in the middle of their segments share a common boundary. This is a geometrical intuitive fact (but not that simple to prove!). There exists a constant c depending on the dimension only such that the number of connected sets of edges of cardinality n surrounding 0 is less than nc^n. Therefore 1 − θ(p) ≤ ∑ n≥1 nc^n(1 − p)^n. It follows that lim_{p→1} θ(p) = 1, therefore θ is positive for p close to 1. ⊓⊔ In the following pictures of bond percolation configurations, each gray level corresponds to the vertices of one cluster.

subcritical bond percolation: p = 0.49, 1024 × 1024 grid

supercritical bond percolation: p = 0.51, 1024 × 1024 grid

3.3 Phase transition 27