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Abstract

We consider the Bernoulli percolation model in a finite box and we introduce an automatic
control of the percolation probability, which is a function of the percolation configuration. For a
suitable choice of this automatic control, the model is self-critical, i.e., the percolation probability
converges to the critical point p. when the size of the box tends to infinity. We study here three
simple examples of such models, involving the size of the largest cluster, the number of vertices
connected to the boundary of the box, or the distribution of the cluster sizes. Along the way, we
prove a general geometric inequality for subgraphs of Z¢, which is of independent interest.

1 Introduction

Many interesting physical models present a phenomenon called phase transition: there is a critical
point or a critical curve in the parameter space separating two distinct regions characterized by very
different macroscopic behaviours. In such systems, the behaviour of the model at criticality is of
particular interest and presents some general features (e.g. fractal geometry or power-law temporal
and spatial correlations) which are universal across a wide range of systems and do not depend much
on the microscopic details of the system. In their seminal paper [BTWS8S], the physicists Bak, Tang
and Wiesenfeld pointed out that these “critical features” are very common in nature, which is rather
surprising because it seems that the parameters need to be finely tuned for a system to be critical. To
explain this paradox, they showed that some systems tend to be naturally attracted by critical points,
without any fine tuning of the parameters. They call this phenomenon self-organized criticality.

To illustrate this idea, they defined a simple model inspired by the dynamics of a sandpile. This
system is said to be self-critical because it is naturally attracted by a critical slope, which is the slope
at which large-scale avalanches appear. But despite a very simple dynamics, their model turns out to
be very difficult to analyze mathematically [BF09, JR08|. Some other simple models presenting this
phenomenon of self-organized criticality were studied for example in [Ber12| or [IBDFT94|. In [CG16],
Cerf and Gorny constructed a self-critical model as a variant of the Curie-Weiss Ising model, by
replacing the temperature with a function depending on the spin configuration. In this paper, we
implement the same principle of a feedback from the configuration to the parameter, but within the
framework of Bernoulli percolation. This technique to obtain self-organized criticality by “artificially”
replacing the control parameter with a feedback function depending on the state of the model, which is
explained in section 15.4.2 of [Sor06], was implemented by physicists to imagine self-critical variants of
percolation in [Sor92, SWdA00]. However, the understanding of such models often relies on computer
simulations and few models are amenable to rigorous mathematical analysis.

We construct here a simple model of self-organized criticality based on Bernoulli percolation in
finite boxes. Let A(n) be the box of side n centered at 0 in Z¢ with d > 2, and let E,, be the set of
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edges between nearest neighbours of A(n). Consider a sequence of functions F, : {0,1}5" — N and a
parameter a > 0 and set, for w : E,, — {0, 1} a percolation configuration on the edges of the box,

() = pu(Fa@)  where  gn(a) = exp(—=2) .

This function p,, will be our automatic control of the percolation probability, and in this paper we will
study three examples of such a control, involving different sequences F;,. The model we consider is
given by the following probability distribution on the configurations, which is obtained by replacing the
parameter p of Bernoulli percolation with our feedback function p,,, with the appropriate normalization.
Let

1
e we{0,1}F —s 7Ppn,(w)(w)

where

In = Z Pp,.(w) (@)

we{0,1}En

is the partition function, and

Pow) = [ » 90 -p)' .
ecE,

For z € A(n) and w : E,, — {0,1}, we write
C(z, w) = {yEA(n) : x(&y}

for the cluster of = in the configuration w. We show the following convergence result, valid in any
dimension d > 2. The critical point of the Bernoulli percolation model is denoted by p..

Theorem 1. If F, is one of the following sequences of functions:

o F:wr— |Crge(w)| = max |IC(x, w)] with 0<a<d;
rzeA(n

o [ iwr— [My(w)| = erA(n) : x(LH?A(n)H with d—1<a<d;

5d 2 5
e F:wr— BY(w) = erA(n) : |C(x,w)|>nb}‘ with €<a<d and O<b<g(l—§7
then the law of p, under u, converges to 6,, when n — oo, and we have the following control:
. 1
Ve >0 lim sup ﬁlnun(\pnfpcj}e) < 0, (1)
n—oo

where exponent v is given by
v=min (a,d—1) if F, = |Crnaal ;

v=d-1 ifF, =|My|;

2d
v= if F, = B?

M

Let us explain briefly the heuristics which lead to the choice of the sequence F;,. The function p,
introduces a negative feedback which assigns low values p, (w) < p. to configurations which are “typi-
cal” of the supercritical phase p > p., and high values p,, (w) > p. to configurations which are “typical”
of the subcritical phase p < p.. For example, if F}, = |Cy,qz|, a configuration w with a largest cluster
containing a number of vertices of order n? will be assigned a very low value p,(w) < p.. Yet, for



this value of the parameter p in Bernoulli percolation, it is very unlikely to have such a large cluster,
which will give w a very low weight in the measure p,,. Indeed, we will show that under p,,, configu-
rations which are either “typically subcritical” or “typically supercritical” have a very low probability.
Therefore, the mass of u, concentrates on configurations w with p, (w) sufficiently close to p., hence
the self-critical behaviour of our model. Note that our parameter a does not need to be finely tuned
for our result to hold, showing the robustness of the construction.

Concerning the third model, an estimate on the convergence speed can be easily obtained, provided
that we assume the existence of the critical exponents § and . The existence of these exponents was
proven for dimension 2 in the case of the triangular lattice in [SWO01], with 8 = 5/36 and v = 43/18.

Theorem 2. Take F,, = B®. Assume that there exist real constants B,y > 0 such that

1 1
lim sup lnﬂ < B and liprg%)nf lnﬂ —v.
1;2566 n(p - pc) D<De Il(pc - p)
Then, for any real parameters a, b and ¢, we have
d 2 b 1—-b d-
%<a<d, 0<b<§—§ and c<min<2v,ﬁ7 ﬁa) :>nc(pn—pc)i>0.

Note that our list of three models is not comprehensive, since many variants could be defined using
the same approach. For example, the case of the largest cluster can be extended to the largest cluster
in the torus, which means we can set periodic boundary conditions on the box A(n). In the model
defined with B?, one could consider the distribution of the cluster diameters instead of the cluster
sizes, by setting

)

Bb(w) = erA(n), m<L>(x+aA((nb]))mA(n)}

which gives exactly the same convergence result, under the same conditions for a and b, and with the
same estimate on the convergence speed.

Outline of the paper: This article is organized as follows. First, we give some standard definitions
and notations in section 2. We then prove a general geometric inequality for finite subgraphs of Z¢ in
section 3. The last three sections are devoted to the proofs of the three cases of theorem 1, theorem 2
being proved at the end of section 6. Each of these sections is divided in two main steps, the first being
an exponential decay result on the control functions F;, in the subcritical and supercritical phases, and
the second being a lower bound on the partition function Z,.

While for the last model, the lower bound on Z,, is based on a property of independence which is
specific to the function BY considered, our technique for the two first models (see sections 4.3 and 5.3)
is more general. It relies on a monotone coupling between configurations and on a careful study of the
behaviour of F,, as p decreases towards p.. Our problem is therefore closely related to the study of
finite-size scaling, i.e., the behaviour of the model when one takes n — oo and p — p. simultaneously
(see [BCKSO01, GPS18|). Yet, we are able to bypass the recourse to (unproven) scaling laws thanks
to the geometric argument of section 3, which is more general and does not rely on the near-critical
behaviour of F,.

An important goal is to build a similar model of self-organized criticality associated with the Ising
model. A natural strategy consists in adapting the results presented here to the FK percolation model.
However, our efforts in this direction have not succeeded so far. A major complication arises with the
FK model. Indeed, in a dynamical coupling of the FK processes, there is already a phenomenon of
self-organized criticality in the way the edges become open when one approaches the critical point
from below [DCGP14]. As a consequence, our proof for the lower bound on the partition function is
not valid in this context.



2 Definitions and notations

2.1 The box

We fix an integer d > 2 for the whole paper. Let E¢ be the set of edges between nearest neighbours of
the lattice Z¢,

e = {{oybe @) le—ylh=1}

Let n > 1. Let us consider the box centered at 0 and containing nd vertices,

o0 = [-5:3[ 2 = {3 [}

For V C Z% a set of vertices, we write

EV] = {{myteV?: Jo—yl =1} = ENV?

for the set of edges in E? connecting two vertices of V. We write in particular

The boundary of the box A(n) will be denoted

OA(n) = {xeA(n) . 3y e zN\A(n) ||x—y||1=1}.

2.2 Bernoulli percolation

For 0 < p < 1, on the space {0, I}Ed equipped with the o-field generated by events depending on
finitely many edges, let P, be the product measure such that the state of each edge follows a Bernoulli
law of parameter p. An element w : E¢ — {0,1} is called a percolation configuration. Edges e € E?
such that w(e) = 1 will be said open in w, and the other edges will be said closed in w. Under the
law P, each edge is open with probability p and the states of different edges are independent of each
other. For any configuration w : E — {0,1} and any edge e € E?, we will write

1 if f=e,

w(f) otherwise

0 if f=e,

¢ feE —
WS { w(f) otherwise

and we : fEEY — {
for the configurations obtained from w by opening or closing the edge e. Similarly, for any configura-

tion w : E? — {0,1} and any set of edges H C E¢, we will write

1 if fe H,

w(f) otherwise

0 if feH,

H d
: fEEY —
n / { w(f) otherwise

and wy : feE! — {
for the configurations obtained from w by opening or closing all the edges of H. All these notations are
naturally extended to configurations w : E,, — {0, 1} on the edges of the box A(n). We will also write P,
for the induced probability distribution on these configurations. Therefore, for any w : E,, — {0,1},
we have

Pp(w) — H pw(e)(l _p)l—w(e) _ po(w)(l _p)\En\—o(u.z)7
ecE,

where o(w) is the number of edges in E,, which are open in the configuration w.



2.3 Clusters

Let w: E? — {0,1} be a percolation configuration on Z?¢. For z,y € Z¢, we write
w
Ty
if there exists a path of open edges in the configuration w joining z and y. For x € Z¢, we will write

Clz) = Clz,w) = {yEZd : x<i>y}

for the connected component of z, which is called the cluster of x, in the configuration w. If 2 € Z4
and Y C Z¢, we write
1Y = 3JyeY zy.

All these notations naturally extend to percolation configurations on the edges of the box A(n).
Thus, for w : E, — {0,1} and = € A(n), we will write C(z, w) (or C(z)) for the set of vertices
in A(n) which are connected to z in A(n) by an open path in the configuration w. When it is not
clear whether we consider paths which stay in the box or not, for example if w is defined on E?, we
will specify Cy(n)(z) to denote the set of vertices which are connected to 2 by an open path with all
its intermediate vertices belonging to A(n), i.e., the cluster of « in the configuration restricted to E,,.

For a percolation configuration w : E, — {0,1} in the box A(n), we will denote by Ciaz(w) (or
sometimes Ch,q.(A(n))) the largest cluster in w, speaking in terms of number of vertices. In case of
equality between several maximal clusters, we choose one of them with an arbitrary order on subsets
of A(n). For w : E, — {0,1}, we define M, (w) as the set of vertices of the box A(n) which are
connected by an open path in w to the boundary of the box,

My (w) = {x € An) : <% OA(n) },
and, for a real parameter b > 0, we set
Bl (w) = Hx € A(n) : ’CA(n)(x, w)‘ >nb H .

Given p € [0, 1], let
0(p) = P,(IC(0)| = )
be the probability that the origin lies in an infinite open cluster in a percolation configuration drawn

according to P,,. We will write p. for the critical point of Bernoulli percolation in dimension d, defined
by

pe = int{pe[0,1], 6(p) >0},
and which is such that 0 < p. < 1 (see for this theorem 1.10 of [Gri99]).

3 Geometrical interlude

3.1 Main result

The purpose of this section is to show the following geometric inequality, which one could sum up as
“separating a cluster of a given size in a graph (V, E) requires O(|V|(d_1)/d) edges”.

Lemma 1. There exists a constant K = K (d) such that, for any finite connected subgraph G = (V, E)
of (Z%, EY), for any vertex x € V and for any integer m such that 1 < m < |V|, there exists a
subset Eg C E of edges of G with cardinality

d—1
|Eo| < K[V]'7

such that the connected component of x in the graph (V, E\Ey) contains exactly m vertices.
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Figure 1: Percolation in the box A(n) with, left, p = 0.48 and right, p = 0.52. Open edges belonging
to the largest cluster are drawn in solid lines, while other open edges are in dotted lines.

]
I

4
;
|_|

Oy

=
up
o
_
I_LII
=il
T
I
NS
=

M pasgl]

e i@j—.g
L S P T EE R
= N I N IR oy R Ry
oy - e P e |
LS {i F—:&égﬁiz_ﬁqf?ﬂ
I—I—F. I. |:| F_—H_‘_J__I__IE__: I_JI IT]_I
'T‘. : L C{E :[ ':_I_J,_II |__II _T
@j ! 5 EerEmETehbs
T b, o T
= To Ol d e HPE

Figure 2: Percolation in the box A(n) with, left, p = 0.48 and right, p = 0.52. Open edges connected
to the boundary of the box by an open path are drawn in solid lines, while other open edges are in
dotted lines.



u edges of Ey to be closed

m vertices

Figure 3: Closing the edges of Fy (drawn in thick lines) cuts the graph in several connected components,
such that z lies in a component (drawn in normal lines) containing the required number of vertices.
Lemma 1 states that, in dimension 2, the subset Ey can be chosen containing O(\/ |V|) edges.

The proof of this lemma turned out to be surprisingly difficult. We decompose it in two steps.
In section 3.2, we prove “the butcher’s lemma”, which allows to cut a graph into small components,
which may be too small, in particular the component of z might have a cardinality strictly smaller
than the goal m. In section 3.3, we prove “the surgeon’s lemma”, which involves an adequate algorithm
to reopen some of the edges closed by the butcher’s lemma in order to reach the goal size m for the
cluster of z.

3.2 “The butcher’s lemma”

We start with an upper bound on the number of edges that one needs to remove from a connected
graph to divide in into pieces which are smaller than half of the initial graph. For = € Z%, we will

write its coordinates = (z1, ..., z4). For any finite subset V C Z? and any i € {1, ..., d}, we define
diam; V = max x; — min z; and diamV = max diam;V .
zeV zeV 1<i<

Ifie{l1,...,d} and m € Z, then
Tim = {e:{x,y}eEd7 mizmandyi:m—&—l}

will denote the slice of edges cutting Z¢ in two parts in the direction i between abscissa m and m + 1.
We first prove an auxiliary lemma.

Lemma 2. For every k € N and for any real number A > 4, given a subgraph G = (V, E) of (Z¢, E?)
such that |V| < A% and

3\ *
diamV < (2) (A-1),

there exists a subset Ey C E of edges of G with cardinality

k
|Eo| < 24971 + 364> (1 — (;) ) Adt



such that any connected component of the graph (V, E\Ey) contains at most {Ad/ﬂ vertices.

Remark 1. In the sequel, this lemma will only be used with A = |V|1/d but it will be helpful for the
proof to keep this parameter A fixed rather than have it depending on the graph.

Proof. Fix A > 4. We will proceed by induction on k, and therefore we start with the case k = 0.
Let G = (V, E) be a subgraph of (Z¢, E?) such that |[V| < A? and diamV < A — 1. Without loss of
generality, we can assume that V' C A(diam V + 1). Let us choose

Ey = EN(To,-1UTpp) ,

whose cardinality is
|Eo| < 2(diamV 4+ 1) < 2491

If C C V is a connected component of (V, E\Ejy), then we have

d
) d—1 (diamV + 1) Ad

€] < max ({dla;nVJ 7 {dlam;/Jr 1

We now perform the induction step. Take k > 1 such that the result holds for k — 1. Let G = (V, E)
be a subgraph of (Z?, E?) such that |V| < A% and

3\ F
diamV < (2) (A-1).

We are going to trim the graph G to decrease its diameter by a factor 2/3. To this end, we will remove
slices of edges in directions ¢ in which the diameter is “too big”. Consider

7 = {z‘e{l,...,d}, diam; V > (‘;’)kl(Al)},

and take i € Z. Without loss of generality, one can assume that mi‘I/l x; = 0. By the pigeonhole
principle, there exists an integer k; satisfying e

L lam VJ < k < 2{ 1am VJ and |ENTig| < %
: 3 [

We choose such a k; and we write, recalling that A > 4,

WV

diam; V' diam; V g
3 3 3

>
|
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>5(3) @03
SONCETH (ORCRE
> é (g)k_l (A=1)
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Noting that |E| < d|V| < dA?, we get
k—1 k—1 d k—1
< (2 1205 _ (2 12247 2\
3 A 3 A 3

E = |JENTL),
i€l

‘EmTi,ki

Consider now

whose cardinality is

k—1
2
|Ey| < 1242 (3) Al

Let G' = (V', E’) be a maximal connected component of the graph (V, E\E}), in terms of number of
vertices. By construction, we have that, for i € Z,

k—1
2 3
diam; (V') < max (k diam; V — (k; + 1)) < Sdiam V< (2> (A1),
while for ¢ ¢ Z, the definition implies
33\ A1

Taking the maximum over ¢ yields

diam (V') < (g)k_l(A—l).

Besides, note that |[V’/| < |[V| < A%. Hence, by the induction hypothesis applied to the graph G’, there

exists F3 C E’ such that
k—1
2
|Ey| < 24971 4 364> (1 - (3) > Al

and all connected components of the graph (V’/, E'\E) contain at most [A?/2] vertices. Now
take Ey = E1 U Ey. We have

|Eo| = |E1| + |Es|

2 k—1 2 k—1
1242 (3) A1 4 24971 4 3642 (1— <3> >Ad1
2 k
= 24%1 4 364> <1 - (3> ) AdT

If C is a connected component of the graph (V, E\Ejy), then either C C V\V’ which, by maximality
of V', entails |C| < |V| /2 < A%/2, or C C V' in which case C turns out to be a connected component
of the graph (V/, E’\E), which implies |C| < [A?/2]. O

N

Let us now rephrase this result in a more convenient form, which can be summarized by “cutting
: : (d-1)/d "
a graph in two requires O(|V| ) edges”.

Lemma 3 (The butcher’s lemma). For every finite subgraph G = (V, E) of (Z¢, E?), there exists a
subset By C E of edges of G with cardinality

|E0| < 4d+1d2 |V|%

such that any connected component of the graph (V, E\Ey) contains at most [|V| /2] vertices.



Proof. If |V| > 44 this is a straightforward consequence of lemma 2 with

dlnA—In(A—1
A= VY and k= { n1n3—n1(n2 )W

because we then have

Al 3\"

and the lemma provides us with a subset £y C E with cardinality
|E0| < (2 + 36d2) Ad71 < 4d+1d2 |V|%

such that all connected components of (V, E\Ey) contain at most [A?/2] = [|V| /2] vertices. Other-
wise, if |V| < 49, then Ey = E is solution of the problem. O

3.3 “The surgeon’s lemma”

The application of the butcher’s lemma allows us to separate a graph into connected components which
are at least twice smaller than the original graph. If the connected component of z in the remaining
graph still contains more vertices than the goal size m, one can apply again the butcher’s lemma to
this component of z, to obtain a connected component which contains at most a fourth of the initial
number of vertices. This operation can be repeated until the connected component of x contains
strictly less than m edges, which means that we have closed too many edges. The surgeon’s lemma
will fix this problem, by reopening some of the edges closed by the butcher’s lemma.

Lemma 4 (The surgeon’s lemma). Let k € N and let G = (V, E) be a connected subgraph of (Z%¢, E?)
with |V| < 2F. Let x € V and let m be an integer such that 1 < m < |V|. There exists a subset Ey C E
of edges of G with cardinality

1-a

k _
Ey| < T T pdlg2yy Ea where a=
b
1—a 945t

such that, in the graph (V, E\Ey), the connected component of x contains exactly m vertices.

Proof. We proceed by induction on k. The result is trivial if £ = 0, so we perform next the induction
step. Take k > 1 such that the result holds for k — 1. Let G = (V, E) be a connected subgraph
of (2%, EY) with 2¥=1 < |V| < 2%, let # € V and let m be an integer such that 1 < m < |V|. According
to lemma 3, we can choose a subset Ey C F of cardinality

|EO| g 4d+1d2 |V|%

such that any connected component of the graph (V, E\ Ey) contains at most 2¥~! vertices. The idea
is to reopen the edges of Fy one by one starting from the cluster of z, in order to make this cluster
grow until it reaches the size m. Then we will apply the induction hypothesis on the last piece added,
which contains at most 27! vertices.

We are going to order the edges of Ejy by exploring them one by one starting from the cluster
of . We start by writing V; for the connected component of z in the graph (V, E\E,). We have
that [V < 28~ < |V, hence Vj € V. Yet the graph (V, E) is connected, therefore we can choose
an edge e; € FEy incident to this cluster V(. Assume now that we have defined ey, ..., e; € Ey for
some s > 1. Let Vi be the connected component of x in the graph

(V, E\(Eo\{e1, ..., es})) .

10



Vi =W\Vi =V,\V,_y

Figure 4: Illustration of the proof of lemma 4: closing the edges of Ey = {e1, eq, €3, e4} cuts the graph
in pieces containing at most 2¢~1 vertices. We reopen the edges e; in this order until the number of
vertices in the cluster of x reaches or exceeds m. In the case drawn here, o0 = 2, and V3 = V5 because
the edge es connects two vertices which already belong to V5.

If s < |Ejpl, then we can choose an edge esy; € Ep incident to Vs. Such an edge exists because (V, E)
is connected. We proceed with this construction until all the edges of Ey are ordered in a se-
quence ey, ..., e, where r = |Ey|. We have then

zeVyCc Vi C ... CcV,=V.

If we close all the edges of Fy and then reopen these edges one by one in the order ey, ..., e, then
after having reopened s edges, the cluster of x is V. Therefore, we introduce

o = min{se{o,...,r}7 |VS|2m}

which is the number of reopened edges at which the size of the cluster of x reaches or exceeds the
desired size m. This number o is well-defined because |V;.| = |V| > m. Assume that ¢ > 1. By
minimality of o, we have |V,_1| < m < |V, |, hence V,, # V,_;. In that case, the edge e, must connect
a vertex of V,_; to a vertex 2’ € V,\V,_;. Letting m’ = m — |V, _1]|, we have that

1 < m/ < |Va|_|V071| = ‘Vo'\vafl‘ .

Otherwise, if ¢ = 0, we set ' = & and m’ = m, which entails 1 < m' < [Vp].

Let us consider the graph G’ = (V'/, E’) of the connected component of 2’ in (V, E\Ey). The choice

of Ey ensures that |V’| < 2¥~!. What’s more, we have that V' = V,\V,_; if ¢ > 1 and V' =

otherwise, which in both cases leads to 1 < m’ < |V’'|. The induction hypothesis applied to the

graph G’ = (V', E') gives us a subset E) C E’ satisfying

1-— ak_14d+1d2 |V’|% <
1—a

1—a d—1

k—1
|E)| < : 44 P | V| T
—a

11



and such that the connected component of 2’ in (V’, E’'\E}), which will be denoted V,, contains
exactly m’ vertices. Now, we consider the set

El = {est1, -, -} UE],
which is such that
|Eg|l = (r—o)+|E|

k
1@ VT 4 gty T
—a

N

1-— k da—1
= ATV

If o = 0, then the connected component of z in the graph (V, E\E{) is V, and thus it contains
exactly m' = m vertices. Otherwise, if o > 1, then this connected component is V,_1 U V],, which
contains |V,_1| +m' = m vertices. O

4 The largest cluster

This section is devoted to the proof of theorem 1 for the case of the first model, i.e., the one defined
with the largest cluster in the box A(n). The first step will be to show the exponential decay of the
distribution of |Cy4z| in the subcritical and supercritical phases, and the second step will be to prove
a lower bound on the partition function.

4.1 Exponential decay in the subcritical phase

We need the following upper bound:

Lemma 5. For any real parameter a > 0, we have

1

Vp<p. VA>0 lim sup a In Pp( ‘Cmax (A(n))| > An“) < 0.
n—oo

Proof. Let a >0, p < p. and A > 0. For all n > 1, we have that

PIJ( |Oma:c (A(n))| > Ana) = PiU <Ur€nﬁ‘(}r{l) |CA(n) U| > An&)

< Py <Urenﬁ(>;) |C(v)| > Ana>
< nde(|C(O)| > An“) .

According to theorem 6.75 in [Gri99], there exists a constant A(p) > 0 such that, for all m > 1,
Pp( 1C(0)] > m) < e AP
It follows that, for all n > 1,
Pp( |C’mam (A(n))| > An“) < nd exp ( — A)\(p)n“) ,

which implies the desired inequality. O
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4.2 Exponential decay in the supercritical phase

We establish a similar result in the supercritical regime.

Lemma 6. For all real a < d, we have

Vp>p. VA>0 hmsup 7 InP (‘C’max (A(n))‘ < An“) < 0.

n—oo

Proof. We will prove a stronger result, namely that
n—00 2

d
Vp>p. VA>0 limsup —— 3 -InP, <|Cmax(A(n))| < 009)") < 0.

Assume first that d > 3. From theorem 1.2 of [Pis96], it follows that, for d > 3, for all p > p. (where p.
denotes the slab-percolation threshold),

lim sup ln Py, (|Cma:c (A(n))] <

n— oo

a(pg)”d> < 0.

In addition, Grimmett and Marstrand proved the identity p. = p. for d > 3 in [GM90]. The claim
for d > 3 thus follows immediately.

Consider now the case d = 2. Theorem 6.1 of [ACC90] implies that, for all p > p., if we consider a
percolation configuration on Z¢ and write C,, C Z% for the unique infinite cluster of the configuration,
then

1 2
lim flnP (CmﬂA(n)|<9(p2)n) < 0.

n—oo

Thereby, there exists L > 0 such that, for alln > 1

p <|Coo NA(n)| < H(p)nz) < e (2)

Besides, if we set, form >k > 1,
Lim = { The rectangle {0, ..., k} x{0, ..., m} is crossed by an open path in its long dircction} ,

then it follows from equation (7.110) in [Gri99] that there exist positive constants Ca(p) and Cs(p)
such that, for allm > k > 1,

Pp (Lk,m) 2 1-— Cgme_CSk . (3)
Define the rectangles
Ry = ZQO]g, n[x [-n, n[,

Ry = Zzﬁ[fn,n[x]g,n[,
Ry = ZQO[—n, —g{x[—m nl,
n

Ry = Z*N[-n, n[x [—m —5[7

which are represented in figure 5. Following a classical argument (see the proof of theorem 7.61
in [Gri99]), we consider the events

& = {There exists an open path in A(2n)\A(n) containing A(n) in its interior}

13
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Figure 5: If each of the four rectangles is crossed by an open path in its long direction, then A(n) is
surrounded by an open path in A(2n), and thus any two vertices « and y in the box A(n) cannot be
connected to dA(2n) without being connected to each other by an open path inside A(2n).

and

Fn = {Each of the rectangles Ry, R, R3, R4 is crossed by an open path in its long direction} .

As illustrated on figure 5, we have the inclusion &,, D F,,. In addition, by the FKG inequality, we have
that

4
Pp(Fa) = Py (Lins2),20)
In combination with (3), this yields

1
Pp(&n) = Pp(Fn) = Py (L[n/2j,2n)4 > (1—20271@_0“"/%) > 1—8Cyne~Csln/2

Yet if the event &, occurs, then all the vertices of A(n) which are connected by an open path to the
boundary of A(2n) must be connected to each other inside A(2n), which implies that |Cper (A(2n))] >
|Coo N A(n)|. Therefore, we have the inclusion

Enﬂ{|CooﬂA(n)|>6<pQ)n2} c {‘Cmaz(A(Qn))‘>9(pQ)n2}.

Considering complementary events leads to

9(p)n2)

2

Py (1Coas (A1) < )

< 1-P,(E)+P, <|coo NA(n)| < e(p)”Z)

for a certain constant L’ > 0, which concludes the proof. O

4.3 Lower bound on the partition function

We show the following inequality on the normalization constant Z,, of our model:
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Lemma 7. For any real number a such that 0 < a < d, we have

pose Wz,
e (npynel@nzd = %%

Proof. The partition function can be rewritten as

nd

Zn = Z pn w) Z Z Ptpn(b) Z Ptpn(b) |Cmam| = b) (4)

wE{O,l}E" b=1 wef{o, 1}En b=1
[Crmae (w)|=b

To get a lower bound on Z,,, we are going to define a monotone coupling of the distributions P )
for b € {O7 ceey nd}.

Construction of the coupling: Write E,, = {ey, ..., e} with r = |E,|. Consider a collection of
i.i.d. random variables

(Xb,e)be{o, wynd—1} e€E,

with Bernoulli law of parameter exp(—1/n%). For by € {0, ceey nd}, define a random configuration

w(by) : e€E, — min Xp..
0<b<bo

Hence, for by € {0, ce nd} and e € E,;, we see that

( (bo)(e) ) bi_fp (Xpe=1) = exp (—22) = ¢n(bo),

therefore the configuration w(bo) has distribution P, (). What’s more, configurations are coupled in
such a way that
1le, =w(0) > w(l) > ... > w(n?).

When going from the configuration w(b) to the configuration w(b+ 1), a certain number or edges are
closed (these are the edges e such that w(b)(e) =1 and X3 . = 0). In order to control the edge closures
one by one, we define intermediate configurations. For b € {O ,n® — 1} and sg € {0, ..., 7}, we
set

wb+1)(es) ifs<sg,

b, : es €E, .
wb, so) = e — {w(b)(es) otherwise.

In this way, we have w(b, 0) = w(b) and for s > 1, the configuration w(b, s) is obtained from the
configuration w(b, s — 1) by closing the edge e, if X;., = 0, and by keeping everything unchanged
if X3 ., = 1. For s =r = |E,|, all edges have been updated, so w(b, r) = w(b+ 1). The configurations
are therefore coupled in such a way that

(b, s) < (V,s") = w(b,s)=>wl,s),
where we use the lexicographic order on {0, ..., n? — 1} x {0, ..., r}. With this construction, equa-
tion (4) becomes

d

Zn = P(|Cma:v(w(b)>| = b) = P(Hb e{l, ..., n%}  [Craz (W(b)] = b) . (5)

b=1

3

Hence, the partition function Z,, is equal to the probability that the non-increasing function b —
|Craz (w(b))] admits a fixed point. This leads us to consider an instant b = B situated before this

15



(b,s) = (0,0) (B, ) (B +2,0)

close H
o

|Craz(w)| = B+ 2 |Craz(w)] = B+ 2

Je € E, |Chaz(we)| < B+2

Figure 6: Sketch of the proof: if £ occurs, i.e., between the instants (B, S) and (B+2, 0), the edges H
are closed but no other edges of Cy,,, is closed, then the largest cluster in the configuration w(B+2,0)
contains B + 2 vertices.

function goes under the first bisector, and to see what is needed on the variables X . for this function
to actually cross the bisector at the instant b = B + 2.

Definition of the instant B: Still considering the lexicographic order, we define a pair of random
variables

(B, S) = min{(b7 $)€{0,...,n" =2} x{0,...,7} : Je€E, [Caz(wlb, s)e)\<b+2}.

This minimum is well-defined because one always has }Cmaz (w(nd -2, O))| < n4. In addition, for
every (bg, so), the event {(B, S) = (by, so)} only depends on the variables X, ., for (b, s) < (bo, So),
which means that (B, S) is a stopping time for the filtration generated by the variables X, ... Also,
closing one single edge cannot divide the size of the largest cluster by more than two, whence

|Cmaz (w(B, 5))| < 2(B+2). (6)

Let us prove that we also have
[Crmas (W(B, S))| = B+2. (7)

We distinguish several cases.
e If S > 1, then the minimality of (B, S) ensures that, for all e € E,,,

|Crmaz (W(B, S—1))| > B+2.

Yet the configuration w(B, S) is obtained from w(B, S — 1) by closing at most one edge, whence (7).
e If S=0and B > 0, then, (B, S) being minimal, we have that

|Cmaz (W(B—=1,7))] > B—-142 = B+1.

The configurations w(B — 1, r) and w(B, 0) being identical, inequality (7) is also satisfied.
e The case (B, S) = (0,0) does not happen because all edges are open in the configuration w(0,0).

Construction of the happy event: Given (7), it follows from lemma 1 that there exists a (random)
set of edges
H = H(B,w(B, S)) C E[Chnaz (w(B, 9))],

satisfying
|H| < K|Cpaw(w(B, 8)| T (8)
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and such that the largest connected component of the graph
(Conas (B ), E[Conas (B, S)I\H)

contains exactly B + 2 vertices. Note that we have defined H = H(B, w(B, S)) as a deterministic
function of the variables B and w(B, S), this will be useful later. The existence of an edge e € E,
such that

|Crnaz (W(B, S)e)| < B+2
entails that, in w(B, S), there is at most one cluster containing strictly more than B + 2 vertices.
Thus, closing the edges of H is enough for the remaining largest cluster to contain B + 2 vertices, i.e.

|Crnaz (W(B, S)g)| = B+2.

Hence, closing the edges of H and no other edge of E [Cipay (w(B, S))] between the instants (B, S)
and (B + 2, 0) ensures that |Cpaz (w(B+2))| = B+ 2. But the edges e; € H are note necessarily
labelled with numbers s > S. It is therefore not generally possible to close all the edges of H between
the instants (B, S) and (B + 1, 0). For this reason, the event we consider is the one in which no edge
of Crnaz(w(B, S)) is closed between (B, S) and (B + 1, 0), and the edges of Cer(w(B, S)) which are
closed between (B+1, 0) and (B +2,0) are precisely the edges of H (or, at least the edges of H which
were not already closed), that is to say

Vs >S5 es € E[Cpas (W(B, S))] = XB,e, =1
E =<VeeH Xpii,e=0
Ve € E[Chaz (W(B, S)]\H Xpt1,e=1
If this event occurs, then in the configuration w(B + 2), all the edges of H are closed, the other edges

of E [Cpyaz (w(B, S))] which were open in the configuration w(B, S) remain open, and all the other
clusters contain at most B + 2 vertices, whence

€ ¢ {1Cnar @B +2)| = |Conaw (B, S)u)| = B+2}.

Conditional probability of the happy event: Coming back to the expression (5) of the partition
function, we find that

Zn > P(]Omax(w(3+2))| _ B+2) > P(E). 9)
Let (bo, so) and wy : E;, — {0, 1} be such that
P(Cbo, s0,0) > 0 where Coy, 50,00 = {(B, S) = (bo, o) and w(B, S)=uwp }
Having defined H as a deterministic function of B and w(B, S), we can consider the event

Vs > S0 €s € E [Cmaw (WO)] = Xbo,es =1
5b07307w0 = Ve € H(b(), OJ()) Xb0+1’e =0
Ve € E [Crnaz (wo)] \H (bo, wo) Xpgt1,e =1

which satisfies _
P(g‘cboysmwo) =P (gboysoywo |Cb07so,wo) . (10)
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Now note that this event g'bm so,wo depends only on the variables X3 ., with (b, s) > (bo, so), whereas
the event Cp,, sy, w, depends only on the variables Xj . with (b, s) < (bo, so). Thus, these two events
are independent of each other, which allows us to write

P (gbo,S(),bJo |Cb0780,w0> = P (gbo,S(),bJo)

11 P(Xppe.=1)x J] P(Xpps1.c=0)

s>50 e€H (bo,wo)

es€E[Craz (wo)]
x H P(Xppr1,e=1)
€€E[Crmax(wo)]\H (bo, wo)

(e_l/na)z\E[Cmax(wo)]l (1 3 e_l/na>\H(bo,w0)| .

WV

Combining this with (10) yields

(11)

A 2[E[Crnas (w(B, S N|H(B,w(B, S
P(E,’\(B7 S, w(B, S))) > (e_l/" ) |E (w(B, SN (1—6_1/" )I (B,w(B,S))| .

Yet, according to (6), we have

|E[Cosae @(B. S)]| < d|Cunaslw(B. S))| < 2d(B+2).

Furthermore, by concavity of z +— 1 —e™*, we get
a 1 1
_ eV (1t
1—e /" >na(1 e )>2na'
In addition, combining (8) and (6) leads to
d—1 d—1

d—1
d

|H| < K|Cpaz(w(B, 9))| < K(2(B+2) 7 < 2K(B+2)°

Replacing all this in equation (11), we obtain

P(E1(B, 5, w(B,5) > exp (-21ELED) (] )QK(BH)%I .

n 2ne

We take the conditional expectation with respect to B, and we deduce that

(12)

na 2n®

d—1
2K(B+2) d
P(é‘\B) > exp <4d(B+2))< 1 > .

Upper bound on B: We need a control on B in order to obtain a lower bound on P(£). Define
De
b = [ (- (5))]
n n{

Pp./2(1Cmaz| <bp) =5 1.

Lemma 6 implies that

This entails that, for n large enough,

1
Ppc/2(|Cmam|<bn) > 5

18



Given that

ot < o (0 (25))) =2

we deduce that, for n large enough,

P(B < by)

WV

P(|Comaz (@(bn))| < by +2)
P‘Pn(bn) ( |CmaT| <b, + 2)
PPC/Q( ‘Cmacx| <b, + 2)

1

5"

WV

WV

Therefore, we can find k > 2 such that, for all n > 1,

P(B < ﬁn“) >

DN =
—~
—
w
N~—

Conclusion: Combining (13) with (12) gives

P(&) = P(En{B < kn"})
- P(Bgfsn“)P(é’\Bgmna)
1 <_ 4d(kn® + 2) -

d—1
> 5 exP —2K(kn® 4+ 2) @ ln(2na)>

na
1
> 5 exXP (—Sdli — 4K k(In 2)n*4=/4 _ 4K ka(n n)n“(d_l)/d) .

Now recall inequality (9) to deduce that

InZ
lim inf N Zn

e s _
nhee (nn)natd-n7d = 4Kka > —oo,

which is the required lower bound. O

4.4 Proof of the convergence result

We are now in position to prove theorem 1 in the case of the first model.

Proof of theorem 1, case F,, = |Cipaz|- Let € be such that 0 < ¢ < min(p,, 1 — p.). We start with an
upper bound on the left tail of the law of p,,. To this end, define

b, = [n*(—In(p.—¢))] -
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We start by writing

> L@ <pe—ctPp () @)
we{0,1}En

> . L Cman (1207 }Pon (@) (@)
we{0,1}En

nd
> Y Y@=t} P @)

b=b, we{0,1}En

Mn(pn <Pc—5) =

N N[=

N| -

d

= Zin i: Papn(b)<|cmax| = b)

b=b;,

d
1 & -
7 Z Pipn(b) ( |Cma3c| = b”> .
L

N

Yet, the event { |Cmaz| =0, } is an increasing event, thus for all b > b, we have

Pou (1Cmasl 207 ) < Ppoe(1Comasl 2 87)

Therefore, we get

d
(oo <pe =€) < Py (1Cmasl > (= In(pe =)

7, Pec
We can now use the results of lemmas 5 and 7 to obtain constants L, L’ > 0 such that, for all n > 1,
tin (P < pe —€) < nexp (L(ln n)nd=—1/d _ L’n“) .

Noting that a > a(d — 1)/d, we find that

lim sup ialnﬂn(pn < Pe —6) < 0.

n—oo N

We now deal with the right tail of the law of p,, by setting

by = |[n*(—In(pe +¢))]
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and by writing

1
pn(on 2 pet€) = 2= Y LpuiznetetPrae) (@)
" we{0,1}En

Z _ 1{|Cmaz(w)\<bi}Ppn(w)(W)
we{0,1}5n

b+
L u
= 2D Y N =P ()

" b=04e{0,1}En

;o
= 7Zp@n<b>(\cmaz| =b)
" p=0

pt

n

N~

Po.. () ( |Cmaz| < b:f)

<
I
o

n
N[
M-

o
S+

L
Zy

Tld

g 7Ppc+8 ( |Cmaw| < bi) .

N

PPc-‘rE( ‘Oma;c| g b::)
b=0

According to lemmas 6 and 7, there exist constants L, L' > 0 such that, for all n > 1,
pin (P = pe +¢) < nlexp (L(ln n)ne =1/ L/”d_l) ;

which implies that
1
lim sup —lnun(pn 2 Pe +E) < 0.

nd—1

n—o0

This completes the proof of the estimate (1), which entails the convergence of p, to p. under the
law 1y, . O

4.5 A variant on the torus

One can define a similar model on the torus of side n, which boils down to considering periodic
boundary conditions on the box A(n). Clusters on the torus are at least as big as in the box, so the
exponential decay in the supercritical phase for the model defined on the torus immediately follows
from lemma 6. The analog of lemma 5 can be proved by noting that the size of the cluster of the
origin in the torus is stochastically dominated by the size of the cluster of the origin in a configuration
on all Z¢. The same proof for the lower bound on the partition function applies in the case of the
torus, by adapting our geometrical lemma to extend it to subgraphs of the torus. We therefore have
the same convergence of p, to p. when n — oo for this alternative model.

5 The number of vertices connected to the boundary

We prove here theorem 1 in the case of the model defined with |M,,|, which is the number of vertices
connected by an open path to the boundary of the box dA(n).

21



5.1 Exponential decay in the subcritical phase

Following the same method as for the first model, we start with an upper bound on the law of |M,,|
in the subcritical regime.

Lemma 8. For any a > d — 1, we have the upper bound

1

Vp<p. VA>0 limsup—lan(\Mn|>An“) < 0.
n—oo N¢

Proof. Take a >d—1,p < p. and A > 0. Write OA(n) = {x1, ..., x;} with ¢t = |0A(n)|. If A and B

are two events, then A o B denotes the disjoint occurrence of these two events, which is defined in

section 2.3 of [Gri99]. Let w : E, — {0,1} be a configuration such that |M, (w)| > An®. Define,

forie{l,...,t},

= [Cunf@\ U Cuen )] =

{ 0 if there exists j < i such that z; < z;,
Jj<i

|CA(n)(zi)| otherwise.
We have that
= Mp(w)| > An®,

t
D ni =
i=1

t
U Can) ()
=1

and
w € {|CA(n)(x1)| 2n1}o...o{|C’A(n)(xt)| > nt} .

Indeed, if n; = 0, then the event {|C’A(n) (xl)’ > nl} is trivial, whereas if we have n; > 0 and n; > 0
for some ¢ # 7, then the vertices z; and x; must belong to disjoint clusters. Whence the inclusion

{ IMa] > ane} U {Cam@)] =ni} oo {|Cagm )] = ni}.

ony, ..., n¢ gnd
ny4---+ng>An

Note that, for all ¢ € {1, ..., t}, the event {‘C’A(n)(xi)’ > ni} is an increasing event, thus by the BK
inequality, we have
t

Pp<|/\/ln| > Ana> < 3 HPP(}CA(,L)(@-M > n)

0<ny,...,n¢ gnd 1=1
ni+...4+ng>An®

< Y IIr(lcoi=n).

Ognl,...,ntgnd i=1
ni+...4+ng>An®

~+

Furthermore, according to theorem 6.75 in [Gri99], for p < p., there exists a constant A(p) > 0 such
that, for all n > 1,
P,(1C(0)] = n) < e AP |

which is also true if n = 0. It follows that

Pp( M| > An“) < Z ﬁexp (= Ap)ni)

Ognl,...,nténd 1=1
ni+...4+ng>An®

Z exp ( - /\(p)Ana)

0<ny,...,n; <nd
< (n?+ 1)t exp (— A(p)An®)
= exp (|OA(n)|In(n? + 1) — A\(p)An®) .

/N
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To conclude, note that
0A(n)|In(n? +1) = O ((Inn)n*') = o(n®).

This completes the proof of the lemma. O

5.2 Exponential decay in the supercritical phase

We show now an upper bound in the supercritical regime.

Lemma 9. For all a < d, we have

1
Vp>p. VYA>0 lim sup —_11an(|/\/1”|<1471“) < 0.

n—00 nd

Proof. As in the proof of lemma 6, we show that

1 0 d
Vp>p. VA>0 limsupndlanQMMg(p)n) < 0.

n—00 -1 2

For d > 3, the result follows from theorem 1.2 of [Pis96|, which proves it for p larger than p., which
was proved to be equal to p. in [GM90]. In dimension d = 2, the claim follows from theorem 6.1
in [ACC90]. O

5.3 Lower bound on the partition function
We establish now a lower bound on the normalization constant Z,,.

Lemma 10. For any real a such that 0 < a < d, there exists L > 0 such that, for alln > 1,
Zy, > exp ( — Ln®* — L(In n)n“(d_l)/d) . (14)

Heuristics of the proof: We wish to apply the same technique as in the proof for the case of the
largest cluster (section 4.3), by constructing a decreasing coupling between the distributions P, )
for b varying from 0 (all edges open) to n? (almost all edges closed). We monitor the evolution of the
variable |M,,| until an instant b = B’ when |M,,| is of order B’. Then we find a set of edges H C E,,
whose closure would lead to |M,,| = B’ 4+ 2 at the instant B’ + 2.

The hurdle is that, in order to find such a set H which is not too big (and thus whose closure is
likely enough), we need a control on the size of the clusters which are connected to the boundary of
the box at the instant B’. To obtain such a control, the idea is to monitor first the evolution of the size
of the clusters connected to the boundary, to wait for an instant B when these clusters have become
small enough, and then to define the instant B’ in a way which ensures that it is later than B.

Proof. Sketch of the proof: We first define a decreasing coupling of configurations (w(b, s))s, s, and
we consider the first instant (B, S) when any of the clusters connected to the boundary of the box
contains at most 2B + 3 vertices. We will show that, at this instant, we have |[M,(w)| > B + 2.
Next we will construct a second instant (B’, S’) > (B, S) and a set of edges H such that, if the
only edges of M,, which are closed between (B’, S’) and (B’ + 2, 0) are the edges of H, then we
have |M,, (w(B’ 4 2))| = B’ + 2. We will call this scenario the “happy event”, and our aim is to obtain
a lower bound on its probability. To this end, we will show that, with sufficiently high probability, we
have B = O(n®), which implies that, from the instant (B, S) onwards, any of the clusters connected to
the boundary contains O(n®) vertices. This control will allow us to show that it is possible to find H
small enough to ensure that the happy event is likely enough.
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close H H
—
M, My
w=1g, Cn(w) <2B+3 M (w)| = B +2 M, (w)] =B +2

IMp ()] = Co(w) = B+2  Je€Ey [Mu(we)| < B +2

Figure 7: Illustration for the sketch of the proof of lemma 10.

Construction of the coupling and definition of B: Take n > 2. We construct the coupling as
in the proof of lemma 7. Write E,, = {ey, ..., e,} with r = |E,|, and consider a collection of i.i.d.
random variables

(Xb.e)peqo, .. na—1}, ccE,,

all distributed with a Bernoulli law of parameter exp(—1/n%). We set, for by € {0, ..., n},

w(bg) : e€E,, — min X
(0) n 0<b<bo b.e

and for b € {0, ..., n? — 1} and sg € {0, ..., r}, we define

wb+1)(es) ifs<sg,

b7 D es €By
w(b, so) : e {w(b)(es) otherwise.

For a configuration w : E,, — {0, 1}, we denote

Cn(w) = Uen{;%}({n) |CA(n) (U, w)

)

the size of the largest cluster connected to the boundary of the box in the configuration w. We consider
the pair of random variables

(B, S) = min{(b, $e{0,...,nt =2} x{0,...,r} : Colwb 5) < 2b+3},
which is well-defined because C,(w(n? — 2, 0)) < n¢. Let us show that, at this instant (B, S), we have
Cn(w(B,S)) > B+2. (15)

We distinguish several cases.

e If S > 1 then, (B, S) being minimal, we have C,, (w(B, S — 1)) > 2B + 4. To obtain (15), note that
closing a single edge can at most divide C,, by a factor two.

e If B # 0 and S = 0 then, by minimality of (B, S), we have that

Ch(wB-1,1) > 2(B-1)+4 = 2B+2 > B+2,

which implies inequality (15), because the configurations w(B — 1, r) and w(B,0) are identical.
e The case (B, S) = (0, 0) never occurs because we have C,(w(0, 0)) = n¢ > 3.
We have shown that (15) holds, which entails

(M (W(B, )| = Cn(w(B, 5)) > B+2. (16)
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Construction of the second instant B’: We now consider

(B, §') = mm{(b, $)=(B,S) : JecE, |Mywlb, s))l < b+2}.

The fact that B < n? -2 and |[M,, (w(n? — 2, 7))| < n? ensures that (B’, §') is well-defined and that
we have B’ < n® — 2. Let us show, by distinguishing several cases, that

IM,, (w(B', S"))| > B +2. (17)

o If (B, S") = (B, S), then the claim follows from (16).
o If (B, 5') > (B, S) and S’ = 0, then the minimality of (B’, S’) implies that

B 142 < [My@(B —1,0)| = [My (B, 8.
e Else if (B, §') > (B, S) and S’ # 0, then by minimality of (B’, S’), we know that for all e € E,,,
M, (w(B', S"=1).)] > B'+2,

which entails in particular that |M,, (w(B’, S))] > B’ + 2, because the configuration w(B’, S’) is
obtained from w(B’, S’ — 1) by closing at most one edge.
We conclude that (17) holds in all cases.

Construction of the happy event: We now wish to define a set of edges H that we want to be
closed between the configuration w(B’, S”) and the configuration w(B’ + 2, 0) in order to have

IMp(w(B" +2))] = B +2.
By definition of (B’, S’), we can consider an edge e € E,, such that
My, (B, §).) < B +2. (18)

We choose this edge e minimal (for the order ey, ..., e, we have considered on E,) among the edges
satisfying (18), which ensures that e depends only on B’ and w(B’, S’). We then construct the set H
by distinguishing two cases depending on whether this inequality (18) is strict or not.

e In case of equality in (18), we take H = {e}.

e Assume that equation (18) is a strict inequality. It follows from (17) that

My (W(B', §)e)| < [Mn (w(B', S,

which means that closing the edge e changes the number of vertices connected to the boundary of the
box. Consequently, one end of the edge e, say v, must be disconnected from 9A(n) when closing e
in the configuration w(B’, 7). Write C, for the cluster of v in the configuration w(B’, S").. We
have, using (17),

(M (wW(B', §)e)| = [Mn (w(B', )| = |Cu| = B'+2—|Cyl.
Combining this with the (strict) inequality (18) yields
1 < B +2—|[Myu(w(B', 8)e)| < [Cul -
Applying lemma 1 to the graph (C,, E [C,]) and the vertex v, we can choose a set H C E [C,] satisfying
H| < KIC|T (19)

and such that the cluster of v in the graph (C,, E[C,] \H) contains exactly B’ + 2 — M, (w(B’, S").)|
vertices. We then have
M, (w(B', Su)| = B +2.
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w(B', S w(B' +2,0)

close H

My (w(B::5") )

Figure 8: If (18) is a strict inequality, then closing the edge e in the configuration w(B’, S’) changes the
number | M,,| of vertices connected to the boundary of the box. This means that one end of the edge e,
say v, happens to be disconnected from the boundary when e is closed. We then choose a subset H
of the edges of the cluster C, which is disconnected by the closure of e, such that closing all the edges
of H and no other edges of E [M,,] between (B’, S’) and (B’ + 2, 0) implies |M,, (w(B' + 2))| = B’ +2.

The edge e (and thus the vertex v) depends only on B’ and w(B’, S’), thus we can choose such a set H
which also depends only on B’ and w(B’, S"). Besides, given that the vertex v was connected to the
boundary OA(n) in the configuration w(B’, S’), we have the following control over |C,|:

ICol = |Camy (v, w(B', §")e)| < |Cay (v, w(B', §")] < Cp(w(B, S)) . (20)
Note now that C,(w) is a decreasing function of w and that, by definition, (B’, S’) > (B, S), whence
Cn (w(B', 8") < Cn(w(B,S)) < 2B+3. (21)
Combining (20) and (21), we get
|Cy| < 2B+3, (22)
and therefore the upper bound (19) becomes
H| < K(2B+3)7 . (23)

To sum up these two cases, we have defined a (random) set of edges H C E,, whose size is controlled
by (23) and which satisfies
M, (w(B', S"y)| = B +2.

Therefore, if the edges of H and no other edges of E[M,, (w(B’, S"))] are closed between the configu-
rations w(B’, S’) and w(B’ + 2, 0), then we have
M, (w(B"+2))| = B'+2. (24)
This leads us to consider the event
Vs > S’ es € E [Mn (w(B’, S,))] = XB/7eS =1
€ ={VecH Xpi1.=0
Ve € E[Mn (W(BI, S/))] \H XB/JrLe =1

which, if it occurs, implies (24). Also,

nd

Zo = Y Peain(IMal =8) = P(Ibe{1,..., 0"} |M, (@) =b) > P().

b=1
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Conditional probability of the happy event: As in the proof of lemma 7, we consider (b, bj, s()
and wy : E, — {0,1} such that

P(Cbo,bg,sg,wo) > 0 where Cp 00, 50,00 = {(B, B, S") = (bo, by, ) and w(B', ) =wo }

This event Cy, 1, s/, w, depends only on the variables X . with (b, s) < (bf, sp) and, conditionally on
this event, the event & depends only on the variables Xb e. for (b, sp) < (b, s) < (b’ +2,0). What’s
more, the set H depends only on B’ and w(B’, S’), which allows us to write H = H(B’, w(B', 5.
Therefore, we have

P(E1Cby. by 55, 0) = II P(Xye=1)x ][I P(Xpi1.=0)

s>s, e€H (bf, wo)

GSEE[M"(WU)]
X H P(Xp41,e=1)
e€E[M, (wo)]\H (b}, wo)

( >2|EM (wo)”( 6_1/na>|H(b67wo)‘
2|E | | H (b, wo)|
exp 277,“

> exp (—2dnd_“ — 2a(Inn) [H (bj, wo)|) -
Using the upper bound (23) leads to

WV

WV

P<€| (B, B', §', w(B, S’))) > exp <f2dnd’“ — 9Ka(lnn) (2B + 3)%) .
Taking the conditional expectation with respect to B, we obtain

P(E|B) > exp (dend*a — 2Ka(lnn) (2B + 3)%) . (25)

Upper bound on B: It follows from lemma 5 that, for n large enough,

(o <2 (1) >

Since C,, < |Chnazl, using the same technique as in section 4.3, we deduce that, for n large enough,

P(p<n(-n(3)) > 5

Therefore, we can find k > 2 such that, for alln > 1

1
P(B<kn) > -. 26
(B<wn) > 1 )
Conclusion: Combining (25) and (26) yields
P& > P(B < /WL“) P(E | B < /fna)
1 d—a a a1
> 2 exP (—2dn —2Ka(Inn) (26n® +3) )
1 _ d—a _ a(d—1)/d
> 5 €XP 2dn 8K ra(lnn)n ,
which is the required lower bound. O
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5.4 Proof of the convergence result

Once we have established the lower bound for Z, (lemma 10) and the results of exponential decay in
the subcritical (lemma 8) and supercritical phases (lemma 9), the proof of the second case of theorem 1
is identical to the proof for the model with C,,,,, which is given in detail in section 4.4.

6 The distribution of the cluster sizes

The goal of this section is to prove the remaining part of theorem 1, namely the case of F,, = B?,
along with theorem 2. To this end, we fix two real numbers a and b such that

d 2
%<a<d and 0<b<§—g. (27)

Recall the definition, for w : E,, — {0,1}, of
B (w) = Hx € A(n), |Cagm (@, w)| > nb}’ . (28)
Consider also, for w : E? — {0,1} and X C Z¢,
AP (X)) = AY(X,w) = ‘{m eX, |C(z, w)| = nb}’ . (29)

6.1 Preliminary results

We begin with three elementary lemmas.

Lemma 11. Foralln > 0 andr < n/2, and for any p,q € [0,1] such thatn < g < 1—n and|p—q| <r,
we have

d
vn>1 Ywe {0,115 Po(w) > Pg(w)exp (an T> .

Ui

Proof. Take n, r, p, q, n and w satisfying the aforementioned conditions. We write

r o(w) r |Ern[—o(w)
P (1-7) (1-15)
e(=5)
e (2 )+ (-2) )
> pue)e (162 (3))

2r |E,,
> Pq(w) exXp (—T||> )
n

WV

WV

which completes the proof, noting that |E,| < dn?. O

Lemma 12. We have the following bounds on B :

Yn>1 Ywe {0, I}Ed AP (A(n), w) — 4dn*T¥1 < BY(w) < AY(A(n), w). (30)

n
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Proof. The right inequality comes from the fact that, for any x € A(n), we have Cy,)(z) C C(x). To
get the left inequality, note that, if € A(n — 2 {nbw ), then the events

{|CAm) ()] = nb} and {IC(z)| = nb}
coincide, whence
Bbw) > AL (A(n—2[n"]),w) > AL(A(n), w) — (\A(n)| —[A(n—-2 [nbm).

Noting that
[A(n)| — |A (n—2 [nﬂ)’ < 2dnd! {nb] < 4dnbtil
then concludes the proof. O

Lemma 13. On the one hand, we have the following upper bound on E, [A%(A(m))] in the subcritical

phase:
Vp<p. IAp)>0 Vn,m=>=1 E, [A%(A(m))] < mexp (—nb)\(p)) . (31)

On the other hand, we have the following lower bound in the supercritical phase:
Vp>p. Ynom=1  E,[AL(A(m)] = mio(p). (32)
Proof. We write
B, [A(Am)] = D Py(IC@)| = [n]) = mP,(IC(0)] > [n"]).
zEA(m)

The upper bound (31) follows immediately from theorem 6.75 in [Gri99] which states that

Vp<pe INp)>0 Vn=1 P,(|C00)=n) < e ™),
In addition to this, note that

P,(1C(0)] = [n"]) = P,(IC(0)] =o0) = 6(p),

which proves the lower bound (32). O

6.2 Exponential decay in the subcritical phase
We prove again an exponential decay in the subcritical regime.

Lemma 14. We have the upper bound

: 1 b a
Vp<p. VA>0 llrrLrLsOlip WIHPP(BH>ATL) < 0.
Proof. Take A > 0 and p < p.. Given the upper bound B? < A% in (30), it is enough to show the
result with A% instead of B%. We therefore deal with A in the rest of the proof. We divide A(n) in
boxes (all cubic boxes except maybe the boxes on the boundaries), as represented on figure 9. Let us
explain this construction. Set

n

N =[] and M =3+ |5

We can decompose Z% in the partition

zt = || (N2+A(N)) = | (N(m+2y) +A(N)).
z€zd ze{0,1}¢
yez?d
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We define, for z € {0,1}* and y € Z<, the box
Bo, = (N(x +2y) + A(N)) NA(n).

These boxes have the following properties:

(i) If z € By and 2’ € B, are in two boxes carrying the same label = but different labels y # v/,
then we have ||z — 2|, > N.

(ii) The boxes B, with y ¢ A(M) are empty. Indeed, for = € {0, 1}d, y € Z%and z € A(N), we have

M n N
y¢AM) = ||ZIH<>O/7 4N+1 = ||N(z+2y)+ 2|, N+ +2N75>§
= N(z+2y)+z¢An).
(iii) Conversely, lf y € A(M —5), then the box B, , is full, i.e., it contains N 4 vertices. Indeed,

for z € {0,1}%, y € Z¢ and z € A(N), we have

M—-5 n N
yEAM=5) = < o < 1 5

n
5 i -1 = |IN(z+2y)+ 2|, N+§—2N+

|3

<
= N(z+2y)+ze<An).

Thus we obtain a partition of the box A(n),

Am) = || D.  where D, = || By,

z€{0,1}¢ yEA(M)

with each set D, corresponding to a hatching pattern on figure 9. This allows us to write

p Z Ab ) > An®
z€{0,1}¢
d Ab A?’La
Pp dx € {O, 1} n(Dw) > ?
A An®
< Z Pp ( An(Dz) > od ) (33)

z€{0,1}¢

I
o

P, (A;(A(n)) > An“)

/A

For any = € {0,1}", the upper bound (31) yields
Ep[A%(D.)] < Ep[A2(A(n)] < nbexp (=A(p)n’) = o(n®).

This implies that, for n large enough,
vee {0,1}"  E[A%D.)] < s

Consequently, we have

P, (Ag(Dz) > A;) <P, (A',’L(Dz) —E,[45(D,)] > ;j_ﬁ) : (34)

Note now that the above-mentioned property (i) entails that, for z € B, and 2’ € B, with y # ¢/,
the events { |C(z)| = n’} and {|C(2’)| = n’} are independent of each other. The following sum is
thus a sum of independent variables:

vee {01} AND,) = > Al(B.y)

yeEA(M)
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Figure 9: Partition of A(n) in 2¢ subsets D, each corresponding to a hatching pattern, and each D,
being in turn partitioned into boxes By, with y € A(M).

What’s more, the variables AZT’L(Bx7y) take their values in {O, ..., N d}, and the number of variables
involved in the sum is |A(M)|. Therefore, applying Hoeffding’s inequality (see [Hoe63]) yields that,
for n large enough,

An?® < 2A2p2a
gd+1 ) S P\ Tan Ay N2 )

PP AZ(Dw) - Ep AEL(D?))

Yet, from the definition of M and N, we have that, as n — oo,

~

d _
n2a N n2a & N 2dn2a d n2a—bd—d 7
AN T N2\ Ty Nd

whence, for n large enough,

a 2
P, (42(D,) —E, (AL (D.)] > A7) < exp (- p2a—ba=id) (35)



Combining (33), (34) and (35), we obtain that, for n large enough,

A2

b a d a—bd—d

Pp(An>An) < 2 exp<—22d_~_2n2 ) ,

which, given the upper bound in (30), implies the desired inequality. O

6.3 Exponential decay in the supercritical phase
We now deal with the deviations in the regime p > p..
Lemma 15. We have the upper bound

1

Vp>p. VYA>0 lim sup b

n—oo

P, (B} < An®) < 0.

Proof. We use the same partition of A(n) in boxes as in the proof of lemma 14. Using the lower bound
in (30), we have

P, (Bg < An“) <P, (AZ;L(A(n)) < An® + 4dnb+d*1>
<P, (Vm € {0,1}% A°(D,) < An® + 4dnb+d—1)

<P, (AEL(DO) < An® + 4dnb+d_1) . (36)

According to the property (iii) of the partition in boxes, the set Dy contains at least (M — 5)% boxes
of cardinality N¢. In combination with (32), this yields

n \d4 n
E, [AL(D)] > (M =5)'N0(p) ~ MIN(p) ~ (5) NO®) ~ Z700).
Since a < d and b < 1, this implies that, for n large enough,
a btd—1 n 1 b
An® + 4dn < 2d_~_2(9(p) < §Ep [A2(Dy)] . (37)
Inequality (36) therefore becomes
a nd
P,(B < An") < P, (AZ(%) —~E, [44(Dy)] < —me)) .
We apply once again Hoeffding’s inequality, which gives us
2n20(p)?
b a
Pp<Bn < An ) < exp <Q2d+4 |A(M)|N2d> .
Yet, we have
n2d N n2d (l)d 9d;d b
|[A(M)| N2 N2d \2N Nd ’
which completes the proof of the lemma. O
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6.4 Lower bound on the partition function

It remains to prove a lower bound on the normalization constant Z,. This is done in the following
lemma:

Lemma 16. For all real parameters a and b satisfying the conditions (27), we have

. .. InZ,
liminf o7

> —0. (38)

Proof. The function

fu v (B [BL]) = e (—E[B]>

na

is continuous and decreasing on [0, 1], and it takes its values in [0,1]. Thus it admits a unique fixed
point in this interval, which we denote by ¢,. On the one hand, for p < p., combining the upper bound
in (30) with the inequality (31), we get

fn(p) Z ¢n (Ep [AZ(A(n))]) > exp (7nd7aef)\(p)nb) i

On the other hand, for p > p., it follows from the lower bound in (30), the inequality (32) and the
conditions (27) that

E, [A%(A(n))] — 4dnbtd-1

na

fn(p) < exp (— ) < exp(—nd—“e(p)+4dnb—“+d—1) 2.

We conclude that ¢, converges to p. when n tends to infinity. Since g, is never equal to 0 nor to 1,
and given that 0 < p. < 1, there exists n > 0 such that

Vn >1 n < g < 1—mn.

1
W = —1/2Var, [BY],
P = —o/2Var,, [BY)

where Var,, denotes the variance under the law P, . The key step of our proof is to bound this
variance, using the fact that, if two vertices z,y € A(n) are such that |z —y|, > 2n®, then the
events {|C’A(n) (a:)| > nb} and {|CA(,L) (y)| > nb} are independent of each other. This independence
property allows us to write

Consider now

VarQn [BZ] = V&I'qn Z 1{|CA<")(33)|27L5}

zeA(n)
= Y Cov Lo, @t Ljcamolzn})
z,yeA(n)
= Y Cov Y@t Hjcamolznt))
xz,y€A(n)
|z—yl|, <2n®
< H(m,y)eA(n)2 : |x—y|1<2nb}‘
< gdpbdtd
It follows that
d+1, bd/2+d/2—a 2441
Tn < 2 n < nd/3 "’
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where we have used condition (27). This implies that r,, converges to 0 and therefore that r, < n/2
for n large enough. We are now in position to get the desired lower bound on the partition function.
Thanks to lemma 11, we have, for n large enough,

Zn > > P

wef{0,1}En
Ipn ("J)_Qn ‘ <Tn

andrn>
= P, (w)exp | —
Z . q ( ) p < n
we{0,1}
|pn ("J)7Qn‘<’f‘n
9d+2 ,,2d/3
> Py, ( IPn — qnl < rn) exp (—77n> ) (39)

We then use the definition of p,, and g, along with the Lipschitz continuity of the exponential function
on |—oo, 0] with Lipschitz constant 1, to obtain that, for n large enough,

Py, ( [Pn — qnl| < rn) = P, (‘Sﬁn ( ) (Eqn [BEL])| < r")
> P, ( By _ B Bb} <rn>

= Pq"OBb E,, | Bb} | <ran®)

n

~ Py, (B, ~E,, [B])" < 2Var,, [BI])
1
> 3, (40)
where we have used Chebyshev’s inequality in the last step. Combining (39) and (40), we get
lim inf InZ, > —2d+2d > —00
nooo n2d/3 = n )
which concludes our proof. O

6.5 Proof of the convergence result

Given the upper bounds proven in the subcritical and supercritical phases and the lower bound on the
partition function, the proof of the convergence result of theorem 1 for the distribution of the cluster
sizes is the same as the proof for the case of the first model, which is detailed in section 4.4. To deal
with the only difference, namely the exponents on n, we use (27) to obtain

5d 2d 5d 2d
2a — bd — d>§—d 3 and d—bd > d— 2—1—§>§7

which yields the desired result.

6.6 A control on the convergence speed

We make now the previous arguments more precise, in order to obtain an estimate on the convergence
speed of p,, towards the critical point p.. We fix for all this part some real numbers a, b and ¢ such

that iy ) .
€<a<d7 O<b<§—§ and O<c<min(

b 1-0 d—a)
27, B ) 5 )

34



and we assume that there exist real numbers 5 > 0, v > 0 such that

1 1
lim sup L(m < B and lim inf L(m = —7.
pope In(p —pe) p2pe In(pe — p)
P>pe P<pe

We also choose 3" and ' such that

1— —
ﬂ<ﬁ’<min<b,d a’) and v < 4 < —.
C C C

Therefore, we can find ¢ > 0 such that, for 0 < € < &g,

0(pe+e) = e and X (pe—e) <

6.6.1 Subcritical phase

Lemma 17. We have the upper bound

1

~2a—ba—d 2 Pp.—e/ne (Bii > An“) < 0.

Ve>0 VA>0 lim sup

n—oQ

Proof. Take A > 0 and 0 < ¢ < p.. Without loss of generality, we can assume that ¢ < gy5. We
repeat the proof of lemma 14, but replacing p with p. —e/n¢. To control E,, _. /e [A% (D, )], the upper
bound (31) is no longer sufficient, because we need to specify the dependence in n of A(p. — ¢/n°).
Thus, we use another inequality provided by the same theorem 6.75 in [Gri99], which states that

n
Vp < pe Vn > x(p)? P,(|C(0)] =n <26Xp(—>. 41
W Py(IC(0) > ) SOOE (a1)
With our choice of 4/, we have that
e\ 2 n2~/c .
X(Pc*ﬁ) < 2 = O(n)a
hence the condition n® > x (p. — e/n°)? is satisfied for n large enough. This allows us to apply (41)
to get, for all z € {0, 1}d and for n large enough,
Epcfs/nc [A% (Dm)] X Epnfs/nC [Alrlp (A(n))]
< 1Py, —epne (IC(0)] = ["])

N

b

n
< 2nexp R E—]
2X (pc - ;)
2y b—2v"c
< 2ndexp (%) = o(n?) .
Having shown this, the rest of the proof is identical to the proof of lemma 14. O

6.6.2 Supercritical phase
Lemma 18. We have the upper bound

Ve>0 VA>0 lim sup

n—oo

1
nd—bd—2c NP, te/ne (BZ < An“) < 0.

Proof. The proof is identical to the proof of lemma 15, replacing p with p. + £/n°, and using, to
show (37), the fact that
An® +4dn®Tt = o (n%0(p. +¢/n"))

which follows from the inequalities a < d — ¢’ and b+d —1<d —cf'. O
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6.6.3 Conclusion

Combining the lower bound on Z,, obtained in lemma 16 and the results of lemmas 17 and 18, we get
the convergence of n°(p, — p.) to 0 with exactly the same technique as in section 4.4.

6.7 An alternative model with cluster diameters

To deal with the variant obtained by replacing BY with the function

§Z;w — Hm € A(n), < (:v—{—@A([an) OA(TL)}’ )

we can use exactly the same technique, replacing A% with

AL (X, w) — erX, x@(m—i—@A([nﬂ))H

The only significant difference is that, instead of using theorem 6.75 of [Gri99], we use the theorem 5.4
therein, which states that

Vp<p. J¢(p)>0 Vn>=1 P, (0 < aA(n)) < e
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