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Introduction

Let X be a Banach space and Sy(t) : X — X be a dynamical
system.

We assume that Sp(t) admits a periodic orbit py(t) of (least)
period Tg and that this periodic orbit is non-degenerate.

For e > 0 small, let S;(t) : X — X be a perturbed dynamical
system, such that S.(t) "converges” in some sense to Sp(t) when
e —0.

Question Does S.(t) admit a periodic orbit p-(t) close to py(t) of
period T, close to To? Is this periodic orbit unique?



An abstract setting

So(t): ur = Aou(t) + Go(u(t)), u(0) =u € X, (1)
and
S:(t): ur = Acu(t) + Go(u(t)), u(0) =u. € X, (2)

where, for ¢ > 0, A, is the generator of a C%semigroup and either
G.: X —=Y,where Y — Xor G, : X — Z where X — Z. We
assume that A — Ag and G. — Gp.

: po(t) is a non-degenerate periodic solution of (least)
period Ty if 1 is an isolated (algebraically) simple eigenvalue of the
period map Up(To,0) where Uy(c, s)w® = w(o) is the solution of

we = Aow + DGo(po(t))w, w(s) =w® € X. (3)



Classical result

Classical theorem If (1) and (2) are finite-dimensional systems of
ODE's, if A and G are continuous in ¢ and if po(t) is a
non-degenerate periodic orbit of (1) of period Ty, then there exist
g0 > 0 and r > 0 such that, for 0 < ¢ < g9, (2) has a unique
periodic solution p.(t) of period T. with |T. — Tp| < r and
lPo(0) — p=(0)|| < r. And p.(t) is continuous in .

Proof: Poincaré method or Lyapunov-Schmidt method ....

The same theorem holds in the case of parabolic equations.

Persistence of periodic orbits in equations of retarded type and
neutral type (J. Hale and M. Weedermann, JDE, 2004)



Problems arising in infinite dimensions

- In general, given up € X, t € R +— S.(t)up € X is not a
Holder-continuous map.

-The interesting perturbations are not regular (not continuous in ¢)
Goals:

-To generalize the previous theorem to dissipative systems (2

methods).
-To describe the local unstable (stable) manifolds of

M= {po(t)[t € [0, To)}



Part |: Examples

Example 1: A system of damped wave equations

Q c R" is a bounded smooth domain.

X = (HY(Q) x L2(Q))?, fi : (u,v) € HY(Q) x HY(Q) — H*(Q),
0<s<l,i=12.

The dynamical system So(t) is defined by

Ugt + 6Ut —Au+au= fl(u, V)
Vet + Bve — Av + au = f(u, v)
ou Ov (4)
5 = 5 =0 on 8Q
(U, Ug, v, Vt)(OaX) = (u07 uy, Vo, Vl) eX.
where a > 0,8 > 0. It can be written as a first order system

we = Agw(t) + Go(w), w(0) = wp € X, where

Go:w € X Go(w) =(0,f,0,) € Y = (HTHQ) x H(Q))?
The embedding of Y in X is compact.



Properties of Example 1

1. So(t) is asymptotically smooth (a.s.): = Every bounded
invariant set B is relatively compact

2. Regularity in space and time of bounded invariant sets
If w(t) is a bounded solution for t € (—o0, T), then, for
t<T,

w(t) = / C lt9) Go(w(s))ds € (HST1 x H®)?,

—00

Same regularity properties for linearized equations along
smooth global bounded solutions and thus for the map
U(To,0) if we have a periodic orbit.

Same regularity for the eigenfunctions of U( Ty, 0) associated with
eigenvalues A, |A| > 1.



Examples of perturbations of Sy(t)

1. Regular perturbations: perturbations fi(e, u, v) or y(¢)

2. Non regular perturbations: perturbations of the domain Q
Thin domains: Q- = {(x,y)|x € 2,0 <y < eh(x)}
h(x) = 1: R. Johnson, M. Kamenski, P. Nistri, JDDE 1998
General h, n = 1: B. Abdelhedi, 2005

The thin domain perturbation is since we can only
estimate ||S;(t)wo — So(t)wo| g for wg € Y where Y C X.



Example 2: Hyperbolic perturbation of the Navier-Stokes
equations
We consider the equations defined on Q = T2:
eug +up —vAUE = =Vp* —u° -V +f
dive® =0,
(v%,u7)(0,y) = (uo(y), ur(y)) -
S-(t) is a local dynamical system on X = V*T1(Q) x V5(Q), for
s >0, where VS = {w € H*(Q)?| div w =0, w is 27-periodic}.
When € goes to 0, we obtain the system Sp(t) generated by the
Navier-Stokes equations
v —vVAv = —Vp—v -Vv+f,
divv =0,
V(an) = Uo .

Existence of periodic orbits: Chen and Price, Com. Math. Physics, 1999.
Paicu, R.



Other examples

Example 3: Second grade fluids Let Q = T2. For a > 0, S,(t) is a
global dynamical system on V3,

Ot(u— alAu) —vAu+curl(u — aAu) x u+Vp= =Vp+f,
divu =0,
u(0,%) = uo(x),

where curlu = (0,0, 01ux — Oouy) if u = (uz, up).

1. S4(t) is not smoothing in finite time.
2. S,(t) is a non regular perturbation of Sp(t).
3. S4(t) is a.s. and the bounded invariant sets are more regular.

Example 4: A system of weakly damped Schrodinger equations



Summary

In these examples, S.(t) has no Holder-regularity in time and the
convergence of 5.(t) to So(t) is not good. BUT

1. 5:(t) is a.s. due to dissipation (second grad fluids or
Schrodinger equations) or to compactness of the non-linearity
(damped wave equation).

2. The bounded invariant sets of S.(t) are more regular.

3. 5.(t) can be compared to So(t) for smoother data,

I1S(t)u — So(t)ullx < C(t, [lully)e?



Part II. A first method : An integral or functional method

S.(t): ur = Acu(t) + G(u), u(0) =u. € X. (5)
We assume that

e (A1) G € C%(X,Y), where Y C X and X, Y are Hilbert

spaces.
e (A.2) A. is the generator of a C%-semigroup on X and Y and

e |l x.x) + € ly,yvy < Ce™, a>0

e (H.1) Sp(t) admits a non-degenerate periodic solution po(t)
of period Ty and, for t > 0,

lpo()lly + lpo(B)lly < Ro

where Y C D((Ao)?), a > 0.
e (H.2) If U(To,0)*p§ = ¢ and (po, ¢§) =1, then

leolly < Co.



e (H.3) One has the estimate
et — e[ (v x) < Ce?,

where d > 0.

o (H.4) t — e™tD,G(po) is locally Holder-continuous from R*
into L(X, X) and t +— e”tG(pp) is locally
Lipschitz-continuous from R™ into X.

o (H.5) [(Ae?tG(w), ¢})| < C|lwl|/x, for any w € X.

Theorem

Under the hypotheses (A.1), (A.2), (H.1) to (H.5), there exist

o > 0 and r > 0, such that, for 0 < e < g, there exists a unique
periodic solution p.(t) of Eq.(5) with period T. such that

| T — To| < r and ||po(t) — p=(t)||x < r. Moreover, p. converges
to po and T. converges to Top when ¢ — 0 (estimates).

. Existence (and uniqueness) of perturbed periodic
orbits of period close to Ty for systems of damped wave equations
on thin domains.



Proof

Ingredients:

e Use of the variation of constants formula (Krasnoselskii,
Zabreiko, Pustylnik and Sobolevskii, 1966; Gurova and
Kamenskii, 1996, R. Johnson, M. Kamenski, P. Nistri, JDDE
1998, etc..)

e Lyapunov-Schmidt method

e Strict contraction fixed point theorem

Idea: If p-(t) is a periodic orbit of (5) of period T, then,

T:
p=(0) = p=(Tc) = e Teps(()) +/ eAe(TE_S)G(pE(S))dS
0

or

TS
pﬂhﬂ*ﬁnﬁ/ (7= G (p.(s))ds
0

p(t) =t (1 - et [

0

TE

t
779G (p.(s))ds + / MG (pe(s)) ds
0



Change of time scaling t — Tlot leads the equation
T T
iy = —A:0(t) + —G(d), a(0) = id. € X. (6)
To To
We set: ;
Yo r(t) = et Ch = {w e C%X, X)|w is To-periodic}.

To
((T)w)(t) =2 7(t)() = Zc,7(To)) ™ | 2. 7(To — s)w(s)ds

+ /OtZ&T(t — s)w(s)ds

FAT W) =L(T)(- 6(w))

o ¢ C¥" is a fixed point of F.(T,.) iff ¢ is a periodic solution
of (6).

e D,Fo(To,po)po = po, 1 is a (algebraically) simple eigenvalue,
and D, Fo(To,po) — | € L(C-’;sr(X)) is Fredholm of index 0.

e Good estimates of F. — Fy and of D,F. — D, Fy.



Let vg € (C% (X))* such that (DyFo(To, po) — /)*vg = 0 and
(Po, vg) =1, then
Cr(X)=A{po} + 7, Z={we " (X)I(w,v) =0}

Goal: For r > 0 small, find (T,¢) € Br(To, r) x BC;;;r(X)(O, r),
such that
Fo(T,po+¢) = (po+¢)=0.
Use a Lyapunov-Schmidt method and solve
Le(o, T) = F(T,po +¢) = (po + @) = (Fe(T.po + ¢) — (o + ), v5) =0
(Fe(T,po+¢) — (Po+¢),v5) =0

Step 1: One shows that

L(¢, T) = = ((DuFo(To,po) = 1),) " Le(, T)

is a strict contraction in Bz(0,r), for £ > 0 and r small.
= For € small and T close to Ty, there exists a unique fixed point
o(e, T) € Bz(0,r) of Lc(p, T).



Step 2: One solves the equation
M(T) = (F(T,po + ¢(e, T)) — (po + (e, 7)), vg) = 0. (7)

Under the hypothesis (H.5), M. is a strict contraction from

Bgr(0, r) into itself. Thus there exists a unique T. € Bgr(0, r) such
that (7) holds. And (e, T;) is the To-periodic solution of (6).
Remarks:

1. If po(t) is of class C2, we show, without the hypothesis (H.5)
that (7) has a solution in Bgr(0, r) by the Schauder fixed point
theorem. If we assume that all periodic orbits of (5) are of
class C119, § > 0, then one can prove the uniqueness.

2. In the case of thin product domains, R. Johnson, M.
Kamenski and P. Nistri proved the existence of the perturbed
periodic solution by using a topological degree argument.



Part I1l. A modified Poincaré method

Appropriate method if the non-linearity is non-compact, but dissipative.
Let Y — Y <>compact X be Hilbert spaces. Let S:(t), € >0, be

a dynamical system on X, Y and Y. We assume (H.1), (H.2) and
e (H.3) t = po(t) is of class C?(R, X).
° (H4) I’(O‘ess(U(To,O))) < 1.
e (H.5) There exist Ry > 2Ry and 0 < k; < 1 s.t., for
T0/2 <t <2Ty, ||UHY < Ry, for e >0,

15:()ully < kiR

e (H.6) There exists 5 > 0s.t., for R >0, 0 < tg < t < 2Ty,
for w € By (0, R),

I1S:(t)w — So(t)wllx < ”Ko(R)
I(DS-(t)w)u — (DSo(t)w)ullx < ”Ko(R)|ully



e (H.7) Besides \g = 1, there exist m distinct eigenvalues
Ai # 1 of U(To,0) with algebraic multiplicity d; such that
|Ai| > 1. The corresponding (generalized) eigenvectors are in
Y.
There exists 0 < ko < 1 s.t., if P; is the spectral projection
onto the eigenspace associated with \;, i =0, 1..., m and
Q=1-3",Pi we have

1U(To,0)¢llx < kellellx » Vo € QX.

* (H.8) There exists K > 0 s.t., if u(t) is a bounded orbit of
S.(t), for t € R, then u.(t) is bounded in Y and

sup (0l < K sup lu-(6)x.
If ul(t) and u?(t) are bounded orbits of S.(t), for t € R, then

2 1 2
sup [|uz (t) — u2(t)lly < Ksup luz(t) — uZ(t)]x.
teR teR

o (H.9) For any ¢ € Y, the map t — S.(t)g is locally
Lipschitz-continuous from R into X.



Second method: Results

Theorem

Under the hypotheses (H.1) to (H.9), there are £9 > 0 and r > 0,
such that, for 0 < e < €, there exists a unique periodic orbit p.(t)
of Sc(t) with period T. such that |T. — To| < r and

lPo(0) — p=(0)||x < r. Moreover, p. converges to py and T
converges to To when ¢ — 0 (estimates).

: Existence (and uniqueness) of perturbed periodic
orbits of period close to Ty in the examples 2 to 4 (hyperbolic
Navier-Stokes; second grade fluids, weakly damped Schrédinger
equations).

Ingredients of the proof:
1. Lyapunov-Schmidt method (modified Poincaré method)
2. Schauder fixed point theorem (topological degree also?)

3. Uniqueness



Proof
We write X = {po(0)} ® Z1 ® Z» where Z; = @7 P;X, Zo = QX.
We recall that Pow = (w, ¢§)po(0) and (v, pg) =0if v e Z1 & 2.
Goal: For r > 0 small, find (T¢, p-(0)) € Br(To, r) x Bx(po(0), r),
such that

55( Ts)pe(o) - Pa(o)

Step 1: We write: p-(0) = po(0) + ¢ + 1, where
= ZJ‘-"ZI ajpj € Z1, ¢ € Zp. For r; > 0 small, we set

B = {p € Bz(0,r)|¢ + po(0) € By(0, R1)},

and, for ¢ € Bz(0,n), |T — To| <n, 0 < e < e, where g9, 11,7
are small, we define the map

L(T,0,7) /—PO—ZP T)(po(0) + ¢ + 1) — po(0))-

L(T,p,1) € B. By Schauder fixed point theorem, there exists a
fixed point ¢ (T,1) € B of the map L(T,-, ).



Proof (continued)
Step 2: For [T — To| <1, 0 <e <ep, tofind ) € Bz(0,r1) s. t.

m

MA(T, ) =D Pi(S(T)(po(0) + 9e(T, %) + %) — po(0)) = 1)

i=1
If 1 >0, n>0andeg >0 aresmall, M(T.v¢) e Bz(0,n).
By Schauder fixed point theorem, the map M.(T, ) has a fixed
point wE(T) S 821(07 rl).
Step 3: For 0 < e < g, to find T with |T — Tp| < n, s.t.
<55(T5)(p0(0) + SOE(Tv ¢5(T)) + Q;Z)s(-r)) - pO(O))a @6) = 07

or to find a fixed point 7, |7| < n of the map

Fe(7) = 7p0(0) — (Se(To + 7) (po(0) + ¢e(To + 7, ¢<(To + 7))

+9(To + 7)) — po(0), ¥5)-

For eg > 0 small enough, F. has a fixed point 7., with |7| < 7.



Proof (end)

Set T. = To + 7. Thus, S:(*) has a periodic orbit

p(t) = Se(t) (PO(O) + @e(Te, ¥e(Te)) + wE(TE))-

of period T.. Since p(t) is a periodic orbit of S.(-), p=(t) is

uniformly bounded in Y.

Step 4: Since p.(t) is uniformly bounded in Y, we can use the
hypotheses (H.8) and (H.9) to show the uniqueness of the periodic
solution with period T. s.t. |T. — Tp| < r and

1Po(0) — p=(0)[[x < r ( )-



Part IV. Local unstable and stable manifolds
We take € = 0 in Equation (5),
up = Agu+ G(u) , u(0)=ug e X

and suppose:
e (A1) and (A.2) hold,
e po(t) € C3(R, X),
* r(oess(U(To,0))) <1
e the periodic orbit I'g = {po(t)|t € [0, To)} is hyperbolic, i.e.

(0(U(To,0)) — {1})n S* = 0.

e D,G(po(t)) € L(X, X) is a compact map, for t € [0, Tp).

Thus the index i(I'g) = i(U(To,0)), which is the number of
eigenvalues \ of U(Tp,0) with |A| > 1, is finite.



Let V be a neighbourhood of Iy, we define the local stable and
unstable sets by
Wigc(To) = W3(To, V) = {u € X|So(t)u € V,Vt > 0;

im dx(So(t)u, To) = 0},

W (Fo) = WH(To, V) = {u € X|So(t)u € V,¥t <0;
Nim dx(So(t)u,To) =0}

Theorem (J. Hale, R)

Wi (To) (resp. W _(To)) is a Ct-submanifold of codimension
i(To) (respectively of dimension i(I'g) + 1). Moreover, there exist
positive constants o and 3 such that, for any ug in Wi _(T'o) (resp.
in WE _([o)), there is a number 1, (resp. 0,,) s.t.

loc

1S0(t)uo — po(t + 7o) |[x < Ce™®*, >0,
( resp. [|So(t)uo — po(t + Ouy)x < Ce’*, £ <0).



Corollary Under the above hypotheses and the hypotheses of Part
Il, if Ty is the periodic orbit of period Ty of So(t) and I the
periodic orbit of period T. of S5.(t), then

distx(Wige(To), Wiee(Te)) < Ce,

where d > 0.

(Particular case of thin domains has been proved by B. Abdelhedi
(2005))

Ingredients of the proof:
e If V is a neighbourhood of 'y, we define the local
synchronized stable and local synchronized unstable sets of

po(@g) €lgas
W, 10c(T0) = Wi, (To, V) = {u € X|So(t)u € V,Vt > 0;
lim So(t)u— po(t+ 6p) =0},

t—+o0
Weaotoc(To) =Wy (To, V) = {u € X[So(t)u € V,Vt <0;
tliToo So(t)u — po(t + 0o) = 0}



We define the local synchronized stable and local synchronized
unstable sets of g as

Wine(To) = Ugyeo, 7o) Wa, (M0, V)
W#)C(ro) = U@oE[O,To)WOUO(FOa V)

and we show that

Wlsoc(ro) - W/f)c(ro) ) W/L(ljc(ro) - ngc(ro)'

e We introduce a new coordinates system around ['g. Every u in
a small tubular neighbourhood of 'y is written as

u= pO(H) + Q(O)W 7”WHX <9,

where § > 0 is small enough, # € R, w € W, W is a linear
subspace of X of codimension 1, Q(#) is a continuous
To-periodic map of W into X and Q(0)W is transversal to
po(@) for all 6.



We obtain the new system

0=1+g(w)
w = Aw + h(0, w)






