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Symplectic geometry

M smooth manifold: M = S2, T2, ...

Vector fields X ∈ TM

←→ 1-forms ` ∈ T∗M

family of tangent vectors

ω family of linear forms

X(p) tangent to M at p

`p(X(p)) ∈ R
ex. dH for H : M→ R

ω = area form (in dim = 2)
area form for 2-dimensional objects (in dim ≥ 4)
a non-degenerate 2-form (in general)

` = ω(X, ·) and in particular dH = ω(XH

t

, ·) for H : [0, 1]×M→ R

Definition
XH : Hamiltonian vector field generated by H
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Symplectic geometry

XH  φtH : φ0H = id et ∂tφ
t
H = XtH(φtH)

Definition
φ1H Hamiltonian diffeomorphism generated by
H : [0, 1]×M→ R

Fix(φ1H) = {x |φ1H(x) = x} = Per(φH) = ∆ ∩Graph(φ1H)

Conjecture (Arnold)
#Fix(φ1H) ≥ rank(H∗(M)) for generic H

 Floer homology
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Morse / Floer homology

f Morse function + g metric on M MH(f )

• generators: critical points of f
• differential: counts gradient flow lines γ̇(t) = −∇gf (γ(t))
• MH(f ,g) ' H(M)

Example ()

f

R

H Hamiltonian fct + J almost complex structure FH(H, J)

• AH : P0(M)→ R def by AH(γ) =
∫
γ̂ ω −

∫ 1
0 Ht(γ(t))dt

• Crit(AH) = Per(φH)
i.e. γ : S1 → M s.t. γ(t) = φtH(γ(0)) and γ(0) = γ(1)

• differential: counts gradient flow lines
i.e. cylinders u : R× S1 → M s.t. ∂su+ J∂t(u)− JXH(u) = 0

• FH(H, J) ' MH(f ,g) ' H(M)

 Arnold!
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Spectral invariants



Motivation: Non-displaceable Lagrangians

Displaceability = fundamental question in symplectic geometry
(related to Arnold conjecture)

Theorem (Floer)
If L is aspherical, FH∗(L) = H∗(L).

Corollary
For all ϕ ∈ Ham(M, ω), ϕ(L) ∩ L 6= ∅.

Example
Embedded loop on a surface endowed with an area form

monotone
L

T2



Motivation: Non-displaceable Lagrangians

Displaceability = fundamental question in symplectic geometry
(related to Arnold conjecture)

Theorem (Floer)
If L is aspherical, FH∗(L) = H∗(L).

Corollary
For all ϕ ∈ Ham(M, ω), ϕ(L) ∩ L 6= ∅.

Example
Embedded loop on a surface endowed with an area form

monotone
L

T2



Motivation: Non-displaceable Lagrangians

Displaceability = fundamental question in symplectic geometry
(related to Arnold conjecture)

Theorem (Floer)
If L is aspherical, FH∗(L) = H∗(L).

Corollary
For all ϕ ∈ Ham(M, ω), ϕ(L) ∩ L 6= ∅.

Example
Embedded loop on a surface endowed with an area form

monotone
L

T2

monotone
L

T2



Motivation: Non-displaceable Lagrangians

Displaceability = fundamental question in symplectic geometry
(related to Arnold conjecture)

Theorem (Floer)
If L is aspherical, FH∗(L) = H∗(L).

Corollary
For all ϕ ∈ Ham(M, ω), ϕ(L) ∩ L 6= ∅.

Example
Embedded loop on a surface endowed with an area form

monotone
L

T2
Ham(T2)



Motivation: Non-displaceable Lagrangians

Displaceability = fundamental question in symplectic geometry
(related to Arnold conjecture)

Theorem (Floer)
If L is aspherical, FH∗(L) = H∗(L).

Corollary
For all ϕ ∈ Ham(M, ω), ϕ(L) ∩ L 6= ∅.

Example
Embedded loop on a surface endowed with an area form

monotone

aspherical

L

L

T2
Ham(T2)



Motivation: Non-displaceable Lagrangians

Displaceability = fundamental question in symplectic geometry
(related to Arnold conjecture)

Theorem (Floer)
If L is aspherical, FH∗(L) = H∗(L).

Corollary
For all ϕ ∈ Ham(M, ω), ϕ(L) ∩ L 6= ∅.

Example
Embedded loop on a surface endowed with an area form

monotone

aspherical

L

L

T2

Ham(T2)

Ham(T2)



Motivation: Non-displaceable Lagrangians

Displaceability = fundamental question in symplectic geometry
(related to Arnold conjecture)

Theorem (Floer)
If L is aspherical, FH∗(L) = H∗(L).

Corollary
For all ϕ ∈ Ham(M, ω), ϕ(L) ∩ L 6= ∅.

Example
Embedded loop on a surface endowed with an area form

monotone

aspherical

L

L

T2

Ham(T2)

Ham(T2)

Symp0(T2)



Motivation: Non-displaceable Lagrangians

Displaceability = fundamental question in symplectic geometry
(related to Arnold conjecture)

Theorem (Floer)
If L is aspherical, FH∗(L) = H∗(L).

Corollary
For all ϕ ∈ Ham(M, ω), ϕ(L) ∩ L 6= ∅.

Example
Embedded loop on a surface endowed with an area form

monotone

aspherical

L
L

L

T2

S2

Ham(T2)

Ham(T2)

Symp0(T2)



Motivation: Non-displaceable Lagrangians

Displaceability = fundamental question in symplectic geometry
(related to Arnold conjecture)

Theorem (Floer)
If L is aspherical, FH∗(L) = H∗(L).

Corollary
For all ϕ ∈ Ham(M, ω), ϕ(L) ∩ L 6= ∅.

Example
Embedded loop on a surface endowed with an area form

monotone

aspherical

L
L

L

T2

S2

Ham(T2)

Ham(T2)

Symp0(T2)

Symp0(S2)



Spectral invariants: definition

Definition (Morse / finite dimension case)
Let f : M→ R be Morse and α ∈ H∗(M), `(α, f ) is defined by:
{x ∈ M | f (x) ≤ `(α, f )} = smallest sublevel set containing a
representative of α

Example

f

Remark
` : H∗(M)× C∞Morse

(
M
)
−→ R ∪ {−∞} + C0 continuity

= ` : H∗(M)× C0
(
M
)
−→ R ∪ {−∞}
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Boundary depth (Usher 2009)

Definition
The boundary depth β(f ) of a Morse function f is infimum of
β ≥ 0 s.t. for any λ:

MCλ
∗(f ) ∩ ∂

(
MC∗(f )

)
⊂ ∂

(
MCλ+β

∗ (f )
)

It is the “length” of the longest flow line contributing to ∂

(which is nothing but the length of the longest finite bar ...)

And .... that’s all we had to play with until Dec 2014!
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