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Introduction

Generally speaking, a dynamical system is a space in which the points (which
can be viewed as configurations) move along with time according to a given rule,
usually not depending on time. Time can be either continuous (the motion of
planets, fluid mechanics, etc) or discrete (the number of bees each year, etc). In
the discrete case, the system is determined by a map f: X — X, where X is the
space, and the evolution is given by successive iterations of the transformation:
starting from the point x at time 0, the point f(x) represents the new position at
time 1 and f™(z) = fo fo---o f(z) (f iterated n times) is the position at time n.

A dynamical system ruled by a deterministic law can nevertheless be unpre-
dictable. In particular, in the early 1960’s, Lorenz underlined this phenomenon
after realizing by chance that in his meteorological model, two very close initial
values may lead to totally different results [116], 117, I18]; he discovered the so
called “butterfly effect”. This kind of behavior has also been exhibited in other
dynamical systems. One of the first to be studied, among the simplest, is given by
the map f(z) = ra(1 — ) acting on the interval [0, 1], and models the evolution of
a population. If the parameter r is small enough, then all the trajectories converge
to a fixed point — the population stabilizes. However, May showed that for larger
values of r, the dynamics may become very complicated [123].

This book focuses on dynamical systems given by the iteration of a continuous
map on an interval. These systems were broadly studied because they are simple
but nevertheless exhibit complex behaviors. They also allow numerical simula-
tions using a computer or a mere pocket calculator, which enabled the discovery of
some chaotic phenomena. Moreover, the “most interesting” part of some higher-
dimensional systems can be of lower dimension, which allows, in some cases, to
boil down to systems in dimension one. This idea was used for instance to reduce
the study of Lorenz flows in dimension 3 to a class of maps on the interval. How-
ever, continuous interval maps have many properties that are not generally found
in other spaces. As a consequence, the study of one-dimensional dynamics is very
rich but not representative of all systems.

In the 1960’s, Sharkovsky began to study the structure of systems given by a
continuous map on an interval, in particular the co-existence of periodic points of
various periods, which is ruled by Sharkovsky’s order [153]. Non Russian-speaking
scientists were hardly aware of this striking result until a new proof of this theorem
was given in English by Stefan in 1976 in a preprint [165] (published one year later
in [166]). In 1975, in the paper “Period three implies chaos” [113], Li and Yorke
proved that a continuous interval map with a periodic point of period 3 has periodic
points of all periods — which is actually a part of Sharkovsky’s Theorem eleven years
earlier; they also proved that, for such a map f, there exists an uncountable set such
that, if x,y are two distinct points in this set, then f™(z) and f™(y) are arbitrarily
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iv INTRODUCTION

close for some n and are further than some fixed positive distance for other integers
n tending to infinity; the term “chaos” was introduced in mathematics in this paper
of Li and Yorke, where it was used in reference to this behavior.

Afterwards, various definitions of chaos were proposed. They do not coincide
in general and none of them can be considered as the unique “good” definition
of chaos. One may ask “What is chaos then?”. It relies generally on the idea of
unpredictability or instability, i.e., knowing the trajectory of one point is not enough
to know what happens elsewhere. The map f: X — X is said to be sensitive to
initial conditions if near every point x there exists a point y arbitrarily close to x
such that the distance between f™(z) and f™(y) is greater than a given 6 > 0 for
some n. Chaos in the sense of Li-Yorke (see above) asks for more instability, but
only on a subset. For Devaney, chaos is seen as a mixing of unpredictability and
regular behavior: a system is chaotic in the sense of Devaney if it is transitive,
sensitive to initial conditions and has a dense set of periodic points [74]. Others
put as a part of their definition that the entropy should be positive, which means
that the number of different trajectories of length n, up to some approximation,
grows exponentially fast.

In order to obtain something uniform, the system is often assumed to be tran-
sitive. Roughly speaking, this means that it cannot be decomposed into two parts
with nonempty interiors that do not interact under the action of the transforma-
tion. This “basic” assumption actually has strong consequences for systems on
one-dimensional spaces. For a continuous interval map, it implies most of the other
notions linked to chaos: sensitivity to initial conditions, dense set of periodic points,
positive entropy, chaos in the sense of Li-Yorke, etc. This leads us to search for (par-
tial) converses: for instance, if the interval map f is sensitive to initial conditions
then, for some integer n, the map f™ is transitive on a subinterval.

The study of periodic points has taken an important place in the works on
interval maps. For these systems, chaotic properties not only imply existence of
periodic points, but the possible periods also provide some information about the
system. For instance, for a transitive interval map, there exist periodic points of all
even periods, and an interval map has positive entropy if and only if there exists a
periodic point whose period is not a power of 2. This kind of relationship is very
typical of one-dimensional systems.

The aim of this book is not to collect all the results about continuous interval
maps but to survey the relations between the various kinds of chaos and related
notions for these systems. The papers on this topic are numerous but very scattered
in the literature, sometimes little known or difficult to find, sometimes originally
published in Russian (or Ukrainian, or Chinese), and sometimes without proof.
Furthermore some results were found twice independently, which was often due to a
lack of communication and language barriers, leading research to develop separately
in English and Russian literature. This has complicated our task when attributing
authorship; we want to apologize for possible errors or omissions when indicating
who first proved the various results.

We adopt a topological point of view, i.e., we do not speak about invariant
measures or ergodic properties. Moreover, we are interested in the set of contin-
uous interval maps, not in particular families such as piecewise monotone, C*° or
unimodal maps. We give complete proofs of the results concerning interval maps.
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Many results for interval maps have been generalized to other one-dimensional
systems. We briefly describe them in paragraphs called “Remarks on graph maps”
at the end of the concerned sections. We indicate some main ideas and give the ref-
erences. This subject is still in evolution, and the most recent works and references
may be missing.

This book is addressed to both graduate students and researchers. We have
tried to keep to the elementary level. The prerequisites are basic courses of real
analysis and topology, and some linear algebra.

Contents of the book

In the first Chapter, we define some elementary notions and introduce some
notation. Throughout this book, a continuous map f: I — I on a non degenerate
compact interval I will be called an interval map. We also provide some basic
results about w-limit sets and tools to find periodic points.

In Chapter [2| we study the links between transitivity, topological mixing and
sensitivity to initial conditions. We first prove that a transitive interval map has
a dense set of periodic points. Then we show that transitivity is very close to the
notion of topological mixing in the sense that for a transitive interval map f: I — I,
either f is topologically mixing, or the interval I is divided into two subintervals
J, K which are swapped under the action of f and such that both f2|; and f?|x are
topologically mixing. Furthermore, the notions of topological mixing, topological
weak mixing and total transitivity are proved to be equivalent for interval maps.

Next we show that a transitive interval map is sensitive to initial conditions
and, conversely, if the map is sensitive, then there exists a subinterval J such that
™| is transitive for some positive integer n.

Chapter [3]is devoted to periodic points. First we prove that topological mixing
is equivalent to the specification property, which roughly means that any collection
of pieces of orbits can be approximated by the orbit of a periodic point.

Next we show that, if the set of periodic points is dense for the interval map
f, then there exists a non degenerate subinterval J such that either f|; or f?|; is
transitive provided that f2 is not equal to the identity map.

Then we present Sharkovsky’s Theorem, which says that there is a total order
on N — called Sharkovsky’s order — such that, if an interval map has a periodic point
of period n, then it also has periodic points of period m for all integers m greater
than n with respect to this order. The type of a map f is the minimal integer n for
Sharkovsky’s order such that f has a periodic point of period n; if there is no such
integer n, then the set of periods is exactly {2" | n > 0} and the type is 2°°. We
build an interval map of type n for every n € NU {2°°}.

Next, we study the relation between the type of a map and the existence of
horseshoes. Finally, we compute the type of transitive and topologically mixing
interval maps.

In Chapter we are concerned with topological entropy. A horseshoe for
the interval map f is a family of two or more closed subintervals Ji,...,J, with
disjoint interiors such that f(J;) D Jy U---UJ, for all 1 < i < p. We show
that the existence of a horseshoe implies that the topological entropy is positive.
Reciprocally, Misiurewicz’s Theorem states that, if the entropy of the interval map
f is positive, then f™ has a horseshoe for some positive integer n.
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Next we show that an interval map has a homoclinic point if and only if it has
positive topological entropy. For an interval map f, x is a homoclinic point if there
exists a periodic point z different from x such that x is in the unstable manifold of
z and z is a limit point of (f"P(x)),>0, where p is the period of z.

We then give some upper and lower bounds on the entropy, focusing on lower
bounds for transitive and topologically mixing maps and lower bounds depending
on the periods of periodic points (or, in other words, on the type of the map for
Sharkovsky’s order). In particular, an interval map has positive topological entropy
if and only if it has a periodic point whose period is not a power of 2. The sharpness
of these bounds is illustrated by some examples.

To conclude this chapter, we show that a topologically mixing interval map
has a uniformly positive entropy; that is, every cover by two open non dense sets
has positive topological entropy. Actually, this property is equivalent to topological
mixing for interval maps.

Chapter [5|is devoted to chaos in the sense of Li-Yorke. Two points x,y form
a Li-Yorke pair of modulus ¢ for the map f if

limsup /" () — ["(5)] > 6 and  lminf[["(x) — ["(3)] = 0.

n—4oo

A 0-scrambled set is a set S such that every pair of distinct points in S is a Li-Yorke
pair of modulus ¢; the set S is scrambled if for every x,y € S, x # y, (z,y) is a
Li-Yorke pair (of modulus § for some 6 > 0 depending on z,y). The map is chaotic
in the sense of Li-Yorke if it has an uncountable scrambled set. We prove that
an interval map of positive topological entropy admits a §-scrambled Cantor set
for some § > 0, and is thus chaotic in the sense of Li-Yorke. We also show that a
topologically mixing map has a dense §-scrambled set which is a countable union
of Cantor sets.

Next, we study an equivalent condition for zero entropy interval maps to be
chaotic in the sense of Li-Yorke, which implies the existence of a §-scrambled Cantor
set as in the positive entropy case. A zero entropy interval map that is chaotic in the
sense of Li-Yorke is necessarily of type 2°° for Sharkovsky’s order, but the converse
is not true; we build two maps of type 2°° having an infinite w-limit set, one being
chaotic in the sense of Li-Yorke and the other not.

Then we state that the existence of one Li-Yorke pair for an interval map is
enough to imply chaos in the sense of Li-Yorke.

Finally, we show that an interval map is chaotic in the sense of Li-Yorke if and
only if it has positive topological sequence entropy.

In Chapter [6] we study some notions related to Li-Yorke pairs.

Generic chaos and dense chaos are somehow two-dimensional notions. A topo-
logical system f: X — X is generically (resp. densely) chaotic if the set of Li-Yorke
pairs is residual (resp. dense) in X x X. A transitive interval map is generically
chaotic; conversely, a generically chaotic interval map has exactly one or two tran-
sitive subintervals. Dense chaos is strictly weaker than generic chaos: a densely
interval map may have no transitive subinterval, as illustrated by an example. We
show that, if f is a densely chaotic interval map, then f2 has a horseshoe, which
implies that f has a periodic point of period 6 and the topological entropy of f is
at least 10%2.
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Distributional chaos is based on a refinement of the conditions defining Li-
Yorke pairs. We show that, for interval maps, distributional chaos is equivalent to
positive topological entropy.

In Chapter [7] we focus on the existence of some kinds of chaotic subsystems
and we relate them to the previous notions.

A system is said to be chaotic in the sense of Devaney if it is transitive, sensitive
to initial conditions and has a dense set of periodic points. For an interval map,
the existence of an invariant closed subset that is chaotic in the sense of Devaney is
equivalent to positive topological entropy. We also show that an interval map has
an invariant uncountable closed subset X on which f™ is topologically mixing for
some n > 1 if and only if f has positive topological entropy.

Finally, we study the existence of an invariant closed subset on which the map is
transitive and sensitive to initial conditions. We show that this property is implied
by positive topological entropy and implies chaos in the sense of Li-Yorke. However
these notions are distinct: there exist zero entropy interval maps with a transitive
sensitive subsystem and interval maps with no transitive sensitive subsystem that
are chaotic in the sense of Li-Yorke.

The last chapter is an appendix that recalls succinctly some background in
topology.

The relations between the main notions studied in this book are summarized
by the diagram in Figure

I thank all the people who have contributed to improve this book by remarks or
translations: Jozef Bobok, Victor Jiménez Lépez, Sergiy Kolyada, Jian Li, Michatl
Misiurewicz, T. K. Subrahmonian Moothathu, L'ubomir Snoha, Emilie Tyberghein,
Zheng Wei, and Dawei Yang. I particularly thank Roman Hric who helped me to
fill a gap in a proof.

I want to thank CNRS (Centre National de la Recherche Scientifique) for giving
me time (two sabbatical semesters) to write this book, which allowed me to finish
this long-standing project.

Sylvie Ruette
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CHAPTER 1

Notation and basic tools

1.1. General notation

1.1.1. Sets of numbers. The set of natural numbers (that is, positive inte-
gers) is denoted by N. The symbols Z, Q, R, C denote respectively the set of all
integers, rational numbers, real numbers and complex numbers. The non negative
integers and non negative real numbers are denoted respectively by Z* and RY.

1.1.2. Interval of integers. The notation [n, m] denotes an interval of inte-
gers, that is, [n,m] :={k € Z |n <k <m}.

We shall often deal with sets Xi,..., X, that are cyclically permuted. The
notation X; 11 mod n means X;y1 if ¢ € [1,n — 1] and X; if ¢ = n. More generally,
if the set of indices Z under consideration is [1,n] (resp. [0,n — 1]), then ¢ mod n
denotes the integer j € Z such that j =+ mod n.

1.1.3. Cardinality of a set. If E is a finite set, #F denotes its cardinality,
that is, the number of elements in E.
A set is countable if it can be written as {x,, | n € N}. A finite set is countable.

1.1.4. Notation of topology. The definitions of the topological notions used
in this book are recalled in the appendix. Here we only give some notation.

Let X be a metric space and let Y be a subset of X. Then Y, Int (Y), Bd(Y)
denote respectively the closure, the interior and the boundary of Y.

REMARK 1.1. When talking about topological notions (neighborhood, interior,
etc), we always refer to the induced topology on the ambient space X. For instance,
in Example [1.2] below, [0,1/2) is an open set since the ambient space is [0, 1].

The distance on a metric space X is denoted by d. If x € X and r > 0, the
open ball of center  and radius r is B(z,r) := {y € X | d(x,y) < r}, and the
closed ball of center z and radius 7 is B(x,7) := {y € X | d(x,y) <r}.

The diameter of a set Y C X is diam(Y) := sup{d(y,y’) | y,¢' € Y}. I Y is
compact, then the supremum is reached.

1.1.5. Restriction of a map. Let f: X — X’ be amap and Y C X. The
restriction of f to Y, denoted by f|y, is the map fly: ¥ — X’
z = fz)

1.2. Topological dynamical systems, orbits, w-limit sets

Our purpose is to study dynamical systems on intervals. However we prefer
to give the notation in a broader context because most of the definitions have a
meaning for any dynamical system, and a few properties will not be specific to the
interval case.



2 1. NOTATION AND BASIC TOOLS

1.2.1. Topological dynamical systems, invariant set. A topological dy-
namical system (X, f) is given by a continuous map f: X — X, where X is a
nonempty compact metric space. The evolution of the system is given by the suc-
cessive iterations of the map. If n € N, the n-th iterate of f is denoted by f™, that
is,

ffi=fofo---of.
|
n times
By convention, f° is the identity map on X. We can think of n as time: starting
from an initial position z at time 0, the point f™(x) represents the new position at
time n.

ExaMPLE 1.2. Let f: [0,1] — [0, 1] be the map defined by f(z) = 3z(1 — x).
The successive iterates of x can be plotted on the graph of f, as illustrated in
Figure [1} the diagonal y = x is utilized to re-use the result of an iteration.

1 —
) -==--—> -
fio) |- - - B
Loy
0 x o fw !

FI1GURE 1. The first iterates of = plotted on the graph of f.

Let (X, f) be a topological dynamical system. An invariant (or f-invariant)
set is a nonempty closed set Y C X such that f(Y) CY; it is strongly invariant if
in addition f(Y) =Y. If Y is an invariant set, let f|y denote the map f restricted
to Y and arriving in Y, that is, fly: Y — Y. With this slight abuse of notation,
(Y, fly) is a topological dynamical system, called a subsystem of (X, f), and we
shall speak of the properties of f|y (e.g., “f|y is transitive”).

1.2.2. Trajectory, orbit, periodic point. In the literature, the words tra-
jectory and orbit often have the same meaning. However we prefer to follow
the terminology of Block-Coppel [41] because it is convenient to make a dis-
tinction between two notions. In this book, when (X, f) is a topological dy-
namical system and x is a point in X, the trajectory of z is the infinite se-
quence (f™(z))n>o (there may be repetitions in the sequence) and the orbit of
x is the set Of(x) = {f"(x) | n > 0}. Similarly, if E is a subset of X, then
Of(E) = Upzo fM(E).

A point z is periodic (for the map f) if there exists a positive integer n such
that f™(xz) = x. The period of x is the least positive integer p such that fP(z) = z.
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It is easy to see that, if x is periodic of period p and n € N, then f™(x) = x if
and only if n is a multiple of p; moreover O(z) is a finite set of p distinct points:
O¢(x) = {z, f(x),..., fP~H(x)}. If z is a periodic point of period p, then its orbit
is called a periodic orbit of period p. Each point of a periodic orbit is a periodic
point with the same period and the same orbit. If f(z) = x, then « is called a fized
point. Let
Pu(f) = {z € X | f*(x) = 2};
this is the set of periodic points whose periods divide n.
A point z is eventually periodic if there exists an integer n > 0 such that f™(x)
is periodic.

1.2.3. Omega-limit set. Let (X, f) be a topological dynamical system. The
w-limit set of a point = € X, denoted by w(z, f), is the set of all limit points of the
trajectory of x, that is,

= (@ k=l
n>0
The w-limit set of the map f is
w(f) = | wla, f).
zeX

LEMMA 1.3. Let (X, f) be a topological dynamical system, x € X and n > 1.
Then

a closed set, and it is strongly invariant,
) = w(x f):
fi(x), 1) = ez, 1),

w(xaf)_ (fl( )’fn);
(; nfinite, then w(f*(z), f*) is infinite for all i > 0,
(f),

<
\/\/
q

g

B
&ﬁ
S~—

CIJ

Flf) = w
vii) w(f") = w(f).

PROOF. Assertions (i) to (iv) can be easily deduced from the definition. As-
sertion (vi) follows from (i), assertions (v) and (vii) follow from (iii)-(iv). O

LEMMA 1.4. Let (X, f) be a topological dynamical system and x € X. Ifw(z, f)
is finite, then it is a periodic orbit.

PRrOOF. Let F' be a nonempty subset of w(z, f) different from w(z, f). We set
F':=w(x, f)\ F. Both F, F’ are finite and nonempty. Let U, U’ be two open sets
such that F c U, F' c U, UNF' = 0 and U' N F = (). Thus, for every large
enough integer n, the point f™(z) belongs to U UU’. Moreover, there are infinitely
many integers n such that f"(x) € U and infinitely many n such that f™(z) € U’.
Therefore, there exists an increasing sequence (n;);>o such that, Vi > 0, f(z) € U
and f"it1(z) € U'. By compactness, the sequence (f™i(x));>o has a limit point
y € UNw(z, f) = F. Since f is continuous, f(y) is a limit point of (f™*(z));>0,
and hence f(y) € w(z, f)NU’' = F'. Thus f(F)N F’' # (), and so w(z, f) contains
no invariant subset except itself. This implies that f acts as a cyclic permutation
on w(z, f), that is, w(x, f) is a periodic orbit. O
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1.2.4. Semi-conjugacy, conjugacy. Let (X, f) and (Y, g) be two topological
dynamical systems. The system (Y, g) is said to be (topologically) semi-conjugate
to (X, f) if there exists a continuous onto map ¢: X — Y such that g o f =go .
If in addition the map ¢ is a homeomorphism, (Y, g) is (topologically) conjugate
to (X, f); conjugacy is an equivalence relation. Two conjugate dynamical systems
share the same dynamical properties as long as topology is concerned (differential
properties may not be preserved if ¢ is only assumed to be continuous).

1.3. Intervals, interval maps

1.3.1. Intervals, endpoints, length, non degenerate interval, inequal-
ities between subsets of R. The (real) intervals are exactly the connected sets
of R. An interval J is either the empty set or one of the following forms:

o J=la,b] with a,b € R, a <b (if a = b, then J = {a}),
e J=(a,b) witha e RU{—00},b € RU{+00}, a <,
o J=a,b) witha e R,b € RU{+o0}, a <b,

e J=(a,b] witha e RU{—o0},b€R, a <b.

Suppose that J is nonempty and bounded (i.e., when a,b € R). The endpoints of J
are a and b; let 0J denote the set {a,b}. The length of J, denoted by |J|, is equal
to b —a.

An interval is degenerate if it is either empty or reduced to a single point, and
it is non degenerate otherwise.

If a,b € R, let (a,b) denote the smallest interval containing {a,b}, that is,
(a,b) = [a,b] if a < b and {(a,b) = [b,a] if b < a.

If X and Y are two nonempty subsets of R, the notation X < Y means that,
Ve € X,Vy € Y, © < y (in this case X and Y are disjoint) and X < Y means
that, Vo € X,Vy € Y, 2 < y (X and Y may have a common point, equal to
max X = minY’). We may also say that X is on the left of Y.

LEMMA 1.5. Every open set U C R can be written as the union of countably
many disjoint open intervals.

PROOF. The connected components of U are disjoint nonempty open intervals,
and every non degenerate interval contains a rational number, which implies that
the connected components of U are countable. ([l

1.3.2. Interval maps, monotonicity, critical points, piecewise mono-
tone and piecewise linear maps. We say that f: I — I is an interval map if T
is a non degenerate compact interval and f is a continuous map.

When dealing with an interval map f: I — I, we shall always refer to the
ambient space. The topology is the induced topology on I; points and sets are
implicitly points in I and subsets of I, and intervals are subintervals of I (and
hence are bounded intervals).

REMARK 1.6. The fixed points of an interval map f can be easily seen on the
graph of f. Indeed, x is a fixed point if and only if (z,z) is in the intersection of
the graph y = f(z) with the diagonal y = z. E.g., in Example[1.2] the map has two
fixed points, 0 and c¢. Similarly, the points of P, (f) correspond to the intersection
of the graph of f™ with y = x.
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Let f: I — R be a continuous map, where [ is an interval, and let J be a non
degenerate subinterval of I.

e The map f is increasing (resp. decreasing) on J if for all points z,y € J,
z <y=f(z) < f(y) (resp. f(x)> f(y)).

e The map f is non decreasing (resp. non increasing) on J if for all z,y € J,
x <y= f(x) < f(y) (vesp. f(z) = f(y))-

e The map f is monotone (resp. strictly monotone) on J if f is either non
decreasing or non increasing (resp. either increasing or decreasing) on J.

A critical point of f is a point x € I such that there exists no neighborhood
of x on which f is strictly monotone. Notice that if f is differentiable, the set of
critical points is included in the set of zeros of f.

The map f is piecewise monotone if the interval I can be divided into finitely
many subintervals on each of which f is monotone, that is, there exist points
ap =minl < a1 < ...ap—1 < ap, = max/ such that f is monotone on [a;, a;1]
for all i € [0,n — 1]. The set of critical points of f is included in {ay,...,an—1}.
Conversely, if the set of critical points of f is finite, then f is piecewise monotone.

REMARK 1.7. The critical points are also called turning points, especially when
the map f is piecewise monotone.

Let f: I — R be a continuous map, where I := [a,b], a < b. The map f is

linear if there exist o, 8 € R such that f(x) = ax + S for all z € [a,b]. The slope
of f is slope(f) := a. One has slope(f) = W and |slope(f)| = %

f is piecewise linear if there exist ag = minl < a; < ... < ap—1 < @, = max /]
such that f is linear on [a;, a;+1] for all ¢ € [0,n — 1]. In particular, a piecewise
linear map is piecewise monotone.

Most of our examples will be piecewise linear.

1.3.3. Rescaling. If two interval maps f and g are conjugate by an increasing
linear homeomorphism, they have the same graph up to the action of a homothety or
a translation. We call this action a rescaling. If g is conjugate to f by a decreasing
linear homeomorphism, the graph of g is obtained from the one of f by a half-turn
rotation and a rescaling. Not only are the maps f and g conjugate, but they have
exactly the same properties (when the conjugacy is decreasing, it just reverses the
order when order is involved in a property).

REMARK 1.8. When dealing with interval maps, one may assume that the
interval is [0, 1]. Indeed, if f: [a,b] — [a,]] is an interval map, let ¢: [0,1] — [a,b]
be the linear homeomorphism defined by () := a+(b—a)z and let g := ¢~ to foep.
The maps f: [a,b] — [a,b] and g: [0,1] — [0,1] are conjugate, and g is a mere
rescaling of f.

1.3.4. Periodic intervals. Let f: I — I be an interval map. If Jyi,...,J,
are disjoint non degenerate closed subintervals of I such that f(J;) = Jit1 mod p for
all ¢ € [1,p], then (Ji,...,Jp) (as well as the set C' := J,U---UJp) is called a cycle
of intervals of period p. Moreover, J; is called a periodic interval of period p.

1.3.5. Intermediate value theorem. The intermediate value theorem is
fundamental and we shall use it constantly. For a convenience, we give several
equivalent statements.
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THEOREM 1.9 (intermediate value theorem). Let f: I — R be a continuous
map, where I is a nonempty interval.

o Let J be a nonempty subinterval of I. Then f(J) is also a nonempty
interval.

o Let xy,x9 € I with x1 < xo. Then f([x1,22]) D (f(x1), f(x2)). In partic-
ular, for every c between f(x1) and f(x2), there exists x € [x1,xa] such
that f(x) = c.

PROOF. The first assertion follows from the fact that the image of a connected
set by a continuous map is connected (Theorem in Appendix) and the image of
a nonempty set is nonempty. The second assertion is a straightforward consequence
of the first one with J = [z1, z2]. O

Definition of graph maps. A topological graph is a compact connected metric
space G containing a finite subset V' such that G \ V has finitely many connected
components and every connected component of G\ V' is homeomorphic to (0,1). A
topological graph is non degenerate if it contains more than one point. A subgraph
of G is a closed connected subset of G; a subgraph is a topological graph. A tree is a
topological graph containing no subset homeomorphic to a circle. A branching point
is a point having no neighborhood homeomorphic to a real interval. An endpoint
is a point having a neighborhood homeomorphic to the half-closed interval [0,1).
The sets of branching points and endpoints are finite (they are included in V). If
H is a subgraph of G, the set of endpoints of H is denoted by OH. A subset of G
is called an interval (resp. a circle) if it is homeomorphic to an interval of the real
line (resp. a circle of positive radius).

FIGURE 2. A tree (on the left) and a topological graph (on the
right). The branching points and the endpoints are indicated by
big dots.

A graph (resp. tree) map is a continuous map f: X — X, where X is a non
degenerate topological graph (resp. tree). If G, ..., G), are disjoint non degenerate
subgraphs of X such that f(G;) = Git1mod p for all i € [1,p], then (G1,...,G)p)
is called a cycle of graphs of period p.

DEFINITION 1.10. Let f: G — G be a graph map. If I C G is either a non
degenerate interval or a circle, the map f|; is said to be monotone if it is locally
monotone at every point x € I, that is, there exists an open neighborhood U of x
with respect to the topology of I such that:

e U contains K (), where K (x) C I is the largest subinterval of T containing
x on which f is constant,
e U and f(U) are homeomorphic to intervals,
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e flu: U — f(U), seen as a map between intervals, is monotone (more
precisely, there exist intervals J, J' C R and homeomorphisms h: U — J,
h': f(U) — J' such that b’ o fly o h=1: J — J' is monotone).

Notice that, when G is a tree, the fact that f|; is monotone implies that f(I) is
necessarily an interval, whereas in general f(I) may not be an interval (in particular,
f(I) may wrap around circles).

1.4. Chains of intervals and periodic points

The next lemma is a basic tool to prove the existence of fixed points. Below,
Lemma [T.13] states the existence of periodic points when some intervals are nested
under the action of f.

LEMMA 1.11. Let f: [a,b] — R be a continuous map. If f([a,b]) C [a,b] or
f([a,b]) D [a,b], then f has a fixed point.

PRrROOF. Let g(z) := f(x) —«. If f([a,b]) C [a,b], then
g(la)=f(a) —a>a—a=0and gb) = f(b) —b<b—-b=0.

By the intermediate value theorem applied to g, there exists ¢ € [a, b] with g(c¢) = 0.
If f(la,b]) D [a,b], there exist z,y € [a,b] such that f(z) < a and f(x) > b. We
then have

g(z)=f(z)—r<a—-z<0and g(y) = f(y) —y=>b—y >0.

Thus there exists ¢ € [z,y] with g(¢) = 0 by the intermediate value theorem. In
both cases, c is a fixed point of f. O

DEFINITION 1.12 (covering, chain of intervals). Let f be an interval map.

e Let J, K be two nonempty closed intervals. Then J is said to cover K (for
f)if K C f(J). This is denoted by J 7> K, or simply J — K if there is

no ambiguity. If k is a positive integer, J covers K k times if J contains
k closed subintervals with disjoint interiors such that each one covers K.

e Let Jy,...,J, be nonempty closed interval such that J;_; covers J; for
all i € [1,n]. Then (Jo, J1,...,J,) is called a chain of intervals (for f).
This is denoted by Jy — J1 — ... = J,.

LEMMA 1.13. Let f be an interval map and n > 1.

i) Let Jo,...,J, be nonempty intervals such that J; C f(J;—1) for all i in
[1,n]. Then there exists an interval K C Jo such that f*(K) = Jp,
fM(OK) = dJ, and fA(K) C J; for alli € [0,n]. If in addition Jo,...,Jp
are closed (and so (Jo,...,Jn) is a chain of intervals), then K can be
chosen to be closed.

it) Let (Jo,...,Jn) be a chain of intervals such that Jy C J,. Then there
exists x € Jo such that f*(z) = x and f'(z) € J; for all i € [0,n — 1].

iii) Suppose that, for everyi € [1,p], (J¢,...,J.) is a chain of intervals and,

for every pair (i,7) of distinct indices in [1,p], there exists k € [0,n] such

that Ji. and J; have disjoint interiors. Then there exist closed intervals
K, ..., K, with pairwise disjoint interiors such that

vie [Lp], f"(K:)=J,, ["(0K;)=dJ,
and Yk € [0,n], Vi € [1,p], fH(K;) C Ji.
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PrOOF. We first prove by induction on n the following:

Facrt 1. Let Jy,...,J, be nonempty intervals such that J; C f(J;—1) for all
i € [1,n]. Then there exist intervals K, C K,,—1 C --- C K; C Jy such that, for
all k € [1,n] and all ¢ € [0, k],

F(KR) C Ji, fH(ER) = Ji, fH(0Kk) = 0J) and f*(Int (K})) = Int (J) .
Moreover, if Jy, ..., J, are closed, then Kj,..., K, can be chosen to be closed too.

e Case n = 1. We write J; = [a,b]. There exist z,y € Jy such that f(z) = a and
f(y) =b. If a (resp. b) belongs to f(Jy), we choose = (resp. y) in Jy. If a (resp.
b) does not belong to f(Jp), then it does not belong to J; either, and x (resp. y)
is necessarily an endpoint of Jy. With no loss of generality, we may suppose that
2 <y (the other case being symmetric). We define

y i=min{z > | f(z) =0}, o = max{z<y | f(z) =a}

and K1 := [2/,y']. Then f(K})=J1, f({z',y'}) = {a,b} and no other point in K}
is mapped to a or b by f. If J; is closed, then K; := K] is suitable. Otherwise, it
is easy to check that Kj can be chosen among (z',y'), [z',y'), (', 3'] in such a way
that f(Kl) =J; and K7 C Jy.

e Suppose that Fact 1 holds for n and consider nonempty intervals Jy, ..., Jpn, Jot1
such that J; C f(J;—1) for all ¢ € [1,n + 1]. Let Kq,..., K, be the intervals given
by Fact 1 applied to Jy,...,J,. Since f"*(K,) = f(Jn) D Jn+1, we can apply
the case n = 1 for the map g := f**! and the two intervals K, J,,+1. We deduce
that there exists an interval K,,+1 C K,,, which is closed if Jy, ..., J,41 are closed,
and such that

N (Kng1) = Jng,s
fP Y OK g 1) = 0Jpy1 and f"TH(Int (K,pq)) = Int (Jop1)

Moreover, f'(K,+1) C J; for all i € [0,n] because K, .1 C K,. This ends the
proof of Fact 1, which trivially implies (i).

Let (Jo,...,Jn) be a chain of intervals such that Jy D J,. Fact 1 implies that
there exists a closed interval K, C Jy such that f*(K,) = J, and fi{(K,) C J;
for all i € [0,n]. Thus f"(K,) D> K, and it is sufficient to apply Lemma [L.1]]
to g := f"|k, in order to find a point x € K, such that f"(z) = x. For all
i € [0,n — 1], fi(z) obviously belongs to .J;. This proves (ii).

Let (J&,...,Ji)1<i<p be chains of intervals satisfying the assumptions of (iii).
For every i € [1,p], let (K%,...,K¢) be the closed intervals given by Fact 1 for
(J&, ..., Ji), and set K; := K!. We fix i # j in [1,p]. By assumption, there exists
k € [0,n] such that Ji and JJ have disjoint interiors. If k = 0, then K; and K;
have trivially disjoint interiors because they are respectively included in J§ and
Jg. From now on, we assume that & > 1. Suppose that KF N K]’-C # (. The set
fH(KFN Kjk) is included in Ji N J,z and, by assumption, J¢ and J,z have disjoint
interiors. Therefore the intervals Ji and J,z have a common endpoint, say b, and
fE(KE OKJI?) = {b}. By definition of K¥, there is a unique point z in K¥ such that
f¥(2) = b, and the same holds for KJ’?. Hence K¥ N KJ’»C contains at most one point.
Since K; C Kf and K; C KJ’?7 the intervals K; and K; have disjoint interiors. This
concludes the proof of (iii). O
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Definitions for graph maps. The notion of covering extends to graph maps
provided Definition [1.12] is phrased differently. A modification is needed for two
reasons:

e one may want to consider circles as “intervals” whose endpoints are equal,
e for a graph map f, it may occur that a compact interval I satisfies f(I) D I
but contains no fixed point, as illustrated in Figure [3]

y=Re(f(x))
1 ~

- - O-- V2 I/

L I// 1 // I
-1 1 PR
// !

|

f -1 0

1

FIGURE 3. Let f: X — X be a continuous map, where X is the
tree [—1,1]U%[0,1] C C (on the left), and f is such that f(—1) =1,
f(1) = -1, f(0) =i and f is one-to-one on [—1,0] and [0,1] (the
definition of f on ¢[0,1] does not matter). Set I := [—1,1]. It is
clear that f(I) D I. Nevertheless f has no fixed point in /. On
the right is represented the real part of f|;; the constant interval
corresponds to the points « € I such that f(z) € [0, 1].

DEFINITION 1.14. Let f: G — G be a graph map and let J, K be two non
degenerate intervals in G. Then J is said to cover K if there exists a subinterval
J' C J such that f(J') = K and f(0J") = 0K. If Jy, Jy,...,J, are intervals in X
such that J;_; covers J; for all i € [1,n], then (Jy,...,J,) is a chain of intervals
(this is a slight abuse of notation since, if .J; is a circle, it is necessary to remember

the endpoint of J;).

Using this definition, Lemma [1.13|ii)-(iii) remains valid for graph maps. In
particular, if (Jo, ..., Jn_1,Jo) is a chain of intervals for a graph map f, then there
exists a point x € Jy such that f"(z) = x and fi(z) € J; for all i € [1,n — 1].

A variant, called positive covering, has been introduced in [16]. Positive cover-
ing does not imply covering, but implies the same conclusions concerning periodic
points. We do not state the definition because it will not be needed in this book.
See [16], 17] for the details.

1.5. Directed graphs

A (finite) directed graph G is a pair (V, A) where V, A are finite sets and there
exist two maps i, f: A — V. The elements of V are the wvertices of G and the
elements of A are the arrows of G. An arrow a € A goes from its initial vertex
u = i(a) to its final verter v = f(a). The arrow a is also denoted by u —— v. A
directed graph is often given by a picture, as in Example IV ={vi,..., v},
the adjacency matriz of G is the matrix M = (m;j;)1<i,j<p, Where m;; is equal to
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the number of arrows from v; to v;. Conversely, if M = (m;;)1<; j<p IS a matrix
such that m;; € Z* for all i,j € [1,p], one can build a directed graph whose
adjacency matrix is M: it has p vertices {v1,...,v,} and there are m;; arrows from
v; to v; for all 4,5 € [1, p].

A directed graph is simple if, for every pair of vertices (u, v), there is at most one
arrow from v to v. In this case, an arrow © — v is simply denoted by u — v since
there is no ambiguity. A directed graph is simple if and only if all the coefficients
of its adjacency matrix belong to {0,1}.

There are several, equivalent norms for matrices. We shall use the following

one: if M = (milj)lgi)jgp, we set HMH = Zlgi,jgp \mw|
EXAMPLE 1.15. Figure[d represents a directed graph with three vertices vy, v,
0 2 1
vs. Its adjacency matrix is 1 1 1
0 0 O

LN
\/

FIGURE 4. An example of a directed graph.

Let G be a directed graph. A path of length n from ug to wu, is a sequence

al as as Qn
U —> Ul —2> U2 —> =+ Up—1 — Up,

where ug, ..., u, are vertices of G and u; iy u;y1 is an arrow in G for all ¢ in
[0,n — 1]. Such a path is called a cycle if ug = uy,.
A=Ay 5 A 25 . 2% A and B = By 2 By 25 ... 2™ B are

two paths such that A, = By, the concatenation of A and B, denoted by AB, is
the path
Ag 5 A 2250 O q g b2y b g

If A, B are of respective lengths n, m, then AB is of length n + m.

A cycle is primitive if it is not the repetition of a shorter cycle, that is, it cannot
be written AA--- A where A is a cycle and n > 2.

—_
n times

A straightforward computation leads to the following result.

PROPOSITION 1.16. Let G be a directed graph and let {v1,...,v,} denote its set
of vertices. Let M be its adjacency matriz. For everyn € N, let M™ = (m{%)1<i j<p-
Then, Vn > 1, Vi, j € [1,p], the number of paths of length n from v; to v; is equal
to my; . As a consequence, the number of paths of length n in G is equal to

e =0 my

1<i,j<p



CHAPTER 2

Links between transitivity, mixing and sensitivity

2.1. Transitivity and mixing

We are going to see that, for interval maps, the properties of total transitivity,
topological weak mixing and topological mixing coincide, contrary to the general
case. Moreover the notions of transitivity and topological mixing are very close.
Indeed, if f is a transitive interval map which is not topologically mixing, then
the interval can be divided into two invariant subintervals and f2 is topologically
mixing on each of them. We shall also give some properties equivalent to topological
mixing for interval maps. The results of this section are classical (see, e.g., [41]).

2.1.1. Definitions.

DEFINITION 2.1 (transitivity, transitive set). Let (X, f) be a topological dy-
namical system. The map f is transitive if, for all nonempty open sets U,V in X,
there exists n > 0 such that f*(U) NV # 0 (or, equivalently, U N f~™(V) # 0).

A transitive set is an invariant set £ C X such that f|g: E — E is transitive.

DEFINITION 2.2 (total transitivity). Let (X, f) be a topological dynamical sys-
tem. The map f is totally transitive if f™ is transitive for all n > 1,

The next result provides an equivalent definition of transitivity when the space
has no isolated point (see e.g. [73]). Lemma states two easy properties of
transitive interval maps.

PROPOSITION 2.3. Let (X, f) be a topological dynamical system.

i) If f is transitive, there exists a dense Gs-set of points whose orbit is dense
in X. If a point x has a dense orbit, then w(x, f) = X and the orbit of
f™(x) is dense in X for all n > 0. Moreover, either X is finite, or X has
no isolated point.

ii) If there exists a point whose orbit is dense in X and if X has no isolated
point, then f is transitive.

iii) If there exists a point x such that w(zx, f) = X, then f is transitive.
In particular, if X has no isolated point, then f is transitive iff there is a point of
dense orbit iff there is a point x € X such that w(x, f) = X.

PROOF. Assume first that f is transitive. Let U be a nonempty open set.
By transitivity, for every nonempty open set V, there exists n > 0 such that
f7U) NV # 0. In other words, |J,sof "(U) is dense in X. Since X is a
compact metric space, there exists a countable basis of nonempty open sets, say
(Ur)k>0- For all k > 0, the set |J,,~, f~"(Usx) is a dense open set by transitivity.

Let
G= U r"ww.

k>0n>0

11
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Then G is a dense Gs-set and, if z € G, then f™(z) enters any set Uy, for some n,
which means that Oy (z) is dense in X.

Assume that xq is an isolated point and set U := {z(}. Since U is a nonempty
open set, U NG # (), that is, o has a dense orbit. We set V; := f~1(U); this is an
open set. Suppose that Vj is empty. Then f~™(U) = 0 for all n > 1. The space
X is not reduced to {zg} (otherwise we would have f(zg) = z¢ and Vy = {x0}),
and thus there exists a nonempty open set V not containing zy. This implies that
f7(U)NV =0 for n = 0 and for all n > 1, which contradict the transitivity.
Therefore, V} is a nonempty open set. By transitivity, there exists n > 0 such that
f™(U)NVy # 0. This implies that f"(zo) € Vo and f"*!(x) = x¢. Therefore, the
point xg is periodic. Since zg has a dense orbit, this implies that X is finite and
equal to Oy(x¢). In this case, f acts as a cyclic permutation on X and it is clear
that for every point z € X, X = Of(x) = w(xo, f).

By refutation, if f is transitive and X is infinite, then X has no isolated point.

Assume now that there exists a point z whose orbit is dense in X and that
X has no isolated point. Let U,V be two nonempty open sets in X. There exists
an integer n > 0 such that f"(x) € U. The set V' \ {z, f(z),..., f"(x)} is open,
and it is nonempty because X has no isolated point. Thus there exists m > 0
such that f™(z) € V\{z, f(z),..., f"(z)}. It follows that m > n and f™(x) =
(M) € fmT™U) NV, and thus f"U NV # . We deduce that f is
transitive, which is (ii). Moreover, we have proved that, for all nonempty open sets
V, for all n > 0, there exists m > n such that f™(x) € V. This implies that the
orbit of f™(x) is dense for all n > 0, and hence w(x, f) = X. This ends the proof
of (i).

Finally, assume that w(z, f) = X for some point € X. This implies that
every nonempty open set contains some point f™(z) with n arbitrarily large. Let
U,V be two nonempty open sets in X. Then there exist integers no > ny > 0 such
that f"'(z) € U and f™2(z) € V. Then ny —ny > 0 and f"2~"1(U) contains the
point fm27m(f"(z)) = f"2(x). Thus f"2~"(U) NV # (. This implies that f is
transitive, which is (iii). O

LEMMA 2.4. Let f: I — I be a transitive interval map.

i) The image of a non degenerate interval is a non degenerate interval.
ii) The map f is onto.

PROOF. Let J be a non degenerate interval. Since J is connected, f(.J) is also
connected, that is, it is an interval. Suppose that f(J) is reduced to a single point;
we write f(J) = {y}. By Proposition there exists a point € J whose orbit
is dense, and y = f(z) also has a dense orbit. Thus there exists n > 0 such that
f"(y) € J. This implies that y = f"*1(y), that is, y is a periodic point. But this
is impossible because the orbit of y is dense in I. We deduce that the interval f(.J)
is not degenerate and thus (i) holds.

By Proposition there exists a point x such that I = {f"(x) | n > 1}. Notice
that {f"(x) | n > 1} C f(I). Since I is compact, f(I) is compact too, and hence
I C f(I), which implies that f(I) = I. This is (ii). O

DEFINITION 2.5 (mixing, weak mixing). Let (X, f) be a topological dynamical
system. The map f is topologically mizing if, for all nonempty open sets U,V in
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X, there exists an integer N > 0 such that, Vn > N, f*(U)NV # (. The map f
is topologically weakly mixing if f x f is transitive, where f x f is the map

XxX — XxX
(x,y) = (f(@),f(y)

It is well known that topological mixing implies topological weak mixing (see,
e.g., [73]). Moreover, topological weak mixing implies total transitivity. This is a
folklore result. It can be proved using the following result, due to Furstenberg [82].

PROPOSITION 2.6. Let (X, f) be a topological dynamical system. If f is topo-
logically weakly mixing, then the product system (X™, f X --- X f) is transitive for
[ —

n times
all integers n > 1.

PrOOF. For all open sets U,V in X, we define
NUV)={n>0|Unf~"(V) #0}.

Let Uy,Us, V1, Vo be nonempty open sets in X. Since f X f is transitive, there
exists an integer n > 0 such that (U; x Vi) N (f x f)7™(Uz x Vo) # 0, that is,
U N f~™(Us) # 0 and Vi N f~™(Va) # 0. We first remark that this implies

(2.1) YV U1, Uz nonempty open sets, N(Uy,Us) # 0.

Now we are going to show that there exist nonempty open sets U,V such that
N(U,V) C N(U1,V1)NN (Ua, Vo). Weset U := UiNf~"(Us) and V := Vinf~"(Va).
These sets are open, and we have shown that they are not empty. Let k € N(U, V).
This integer exists by and satisfies U; N f~"(Uz) N f=5 (V1) N f=77F (V) # 0.
This implies that Uy N f=%(V}) # 0 and Uy N f~%(Va) # 0, and thus N(U,V) C
N(Uy, Vi) N N(Us, Vo). Then, by a straightforward induction, we see that, for all
nonempty open sets Uy, ...,U,, Vi ..., V,, there exist nonempty open sets U, V' such
that
N(U,V)C N{U,Vi) N N(Us, Vo) N--- N N(U,, Vs,).

Combined with (2.1)), this implies that (X™, f x --- x f) is transitive. O

THEOREM 2.7. Let (X, f) be a topological dynamical system. If f is topolog-
ically mizing, then it is topologically weakly mizing. If f is topologically weakly
mizing, then f™ is topologically weakly mizing for alln > 1 and f is totally transi-
tive.

PROOF. First we assume that f is topologically mixing. Let Wy, W5 be two
nonempty open sets in X x X. There exist nonempty open sets U,U’,V, V' in X
such that U x U’ € Wy and V x V' C Ws. Since [ is topologically mixing, there
exists N > 0 such that, Yn > N, f*(U)NV # @ and f*(U')NV' # 0. Hence
FN(W1) N Wa # (). We deduce that f is topologically weakly mixing.

From now on, we assume that f is topologically weakly mixing and we fix
n > 1. Let U,U’,V,V’ be nonempty open sets in X. We define

Wi=UxfHU)x - x fFO W0 x V x f7HV) x - x f70=D(1)

and
Wi =Ux---xUxV' x---xV".

n times n times
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The sets W, W' are open in X2". Moreover, (X2", f x --- x f) is transitive by
Proposition Thus there exists k > 0 such that f=%(W)N W’ # (). This implies
that f~*+)(U)NU’ # B and f~F+)(V)N V' # ) for all i € [0,n — 1]. We choose
i € [0,n— 1] such that k+ ¢ is a multiple of n; we write k+¢ = np. We deduce that
(fx f)™™(U x V)N (U x V') # (). Therefore, f™ is topologically weakly mixing.
This trivially implies that f™ is transitive. O

Here is an equivalent definition of mixing for interval maps.

PROPOSITION 2.8. An interval map f: [a,b] — [a,b] is topologically mizing if
and only if for all € > 0 and all non degenerate intervals J C [a,b], there exists an
integer N such that f*(J) D [a+¢e,b—¢] for alln > N.

PROOF. Suppose first that f is topologically mixing. Let ¢ > 0. Let U; :=
(a,a+e¢) and Uy := (b—eg,b). If J is a nonempty open interval, there exists N7 such
that f™*(J) N U; # 0 for all n > N; because f is topologically mixing. Similarly,
there exists Ny such that f™(J) N Uy # 0 for all n > Ns. Therefore, for all n >
max{Ny, No}, f"(J) meets both Uy and Us, which implies that f*(J) D [a+¢,b—¢]
by connectedness. If J is a non degenerate subinterval, the same result holds by
considering the nonempty open interval Int (.J).

Suppose now that, for every € > 0 and every non degenerate interval J C [a, b],
there exists an integer N such that f*(J) D [a +¢,b—¢] for all n > N Let U,V
be two nonempty open sets in [a,b]. We choose two nonempty open subintervals
J, K such that J € U, K C V and neither a nor b is an endpoint of K. There
exists € > 0 such that K C [a + &,b — €]. By assumption, there exists N such that
f™(J)Dla+e,b—¢] DK for all n > N. This implies that f™(U)NV # @ for all
n > N. We conclude that f is topologically mixing. ([

2.1.2. A basic example of mixing map. In the sequel, we shall need to
show that several interval maps are transitive or mixing. In some simple cases, this
can be done by using Lemmas and combined together.

Recall that the definition of critical points is given page

DEFINITION 2.9. Let f be an interval map and A > 1. Suppose that f has
finitely or countably many critical points. The map f is called A-expanding if, for
every subinterval [z, y] on which f is monotone, |f(y) — f(z)| > Az —y|.

LEMMA 2.10. Let f: I — I be a A-expanding interval map with A\ > N, where
N is a positive integer. Then, for every non degenerate subinterval J, there exists
an integer n > 0 such that f™(J) contains at least N distinct critical points.

PROOF. Let Cy be the set of critical points of f. We set o := A/N > 1.
Consider a nonempty open subinterval J. If J contains exactly k distinct critical
points with & € [0, N — 1], then J \ C; has k + 1 connected components, say
Jo, -, Jk, and |Jo| + -+ + |Jg| = |J|- By the pigeonhole principle, there exists

i € [0, k] such that |J;| > kl—ill > % Since J; contains no critical point, the map
f|s, is monotone. Hence |f(J;)| > A|J;| and
(2.2) F(DI = £ = Ali| = el J].

Suppose that, for all n > 0, f™(J) contains strictly less than N distinct critical
points. Then |f™(J)| > a™|J| for all n > 0 by (2.2)). But this is impossible because
|f™(J)| is bounded by |I| whereas a™|J| goes to infinity when n — +oo. This
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is sufficient to conclude the proof because any non degenerate interval contains a
nonempty open interval. ([

LEMMA 2.11. Let f: I — I be an interval map, X > 1 and a,b € I with a <b.
Suppose that f(a) = a and

Vz € [a,b], f(z) = f(a) 2 Mz —a).
Then, for all € > 0, there exists n > 0 such that f™(Ja,a +¢€]) D [a,b].

PROOF. Let ¢ > 0. If ¢ > b — a, then f%([a,a + ¢]) D [a,b]. Suppose on
the contrary that a + e < b. Then f(a + ¢) — f(a) > Ae by assumption, and
hence f([a,a +€]) D [a,a + Ae] by the intermediate value theorem (recall that
f(a) = a). A straightforward induction on n shows that f"([a,a+¢]) D [a,a+ A"¢]
as long as a + A" le < b. Since A > 1, there exists an integer n > 1 such that
a+\""le <b<a+ \e. Hence f*([a,a+€]) D [a,b]. O

REMARK 2.12. We shall use Lemmas [2.10] and [2.1] for piecewise linear maps
(as in Example below) or for maps f: I — I such that the interval I can be
divided into countably many subintervals on each of which f is linear. In these
situations, f is A-expanding if and only if the absolute value of the slope of f is
greater than or equal to A on each interval on which f is linear.

In Lemma the assumption f(x) — f(a) > Az — a) is verified as soon as
flja,p) s linear of slope greater than or equal to .

EXAMPLE 2.13. We are going to exhibit a family of topologically mixing interval
maps. These maps are piecewise linear, and the absolute value of their slope is
constant. These maps are basic examples; they will be reused later to build other
examples.

We fix an integer p > 2. We define the map T),: [0, 1] — [0, 1] by:

—1 2k 2k +1
VOSkSL, Ve e | —, + , T,(x) := pr — 2k,
2 PP
-2 2k +1 2k +2
VOSkSpT, Vxe{ ;_ , ;— ], Tp(x) :== —pz + 2k + 2.

The slope of T}, is either p or —p on each interval of monotonicity. More precisely,

4 p=5
[ 1F-- - -

- - — = 1__ —

- T
|
|
|
|
|
|
|
|
|
|
|

I
|
|
|
|
|
|
|
|
|
I
5

~---"--"=-"=—==—==- -

0 172 0 174 112 1 0

FIGURE 1. Mixing maps 7, of slope £p, for p = 2, p = 4 and
p ="5. The map T» (on the left) is called the tent map.

starting from the fixed point 0, the slope is alternatively p, —p, p, ..., (—=1)?"1p, and
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the image of each interval of monotonicity is [0,1]. See Figure [1] for the graph of
Tp. The map T3 is the so called tent map.

Let J be a non degenerate interval in [0,1]. The image of a non degenerate
interval by T}, is obviously non degenerate, so 7;'(J) is a non degenerate interval for
all n > 0. By Lemma there exists n such that T,'(J) contains p — 1 distinct
critical points. If p > 3, TI?(J ) contains at least one critical point whose image
is 0, and thus 0 € T"*2(.J) because 0 is a fixed point. If p = 2, T*(.J) contains
the unique critical point 1/2, and T7(1/2) = T,(1) = 0. In both cases, T "2(.J)
is a non degenerate interval containing 0. Applying Lemma with a = 0 and
b= % (T}, is of slope A = p on [0, %]), we deduce that there exists an integer m > 0
such that T+ +2(.J) O {O, ﬂ, which implies that T *™3(.J) 5 [0, 1], and hence
TF(J) =0,1] for all k > n+ m + 3. Conclusion: T}, is topologically mixing.

2.1.3. Transitivity implies denseness of the set of periodic points.
Proposition [2.15 below states that the set of periodic points of a transitive interval
map is dense. This is a consequence of a result of Sharkovsky [154]. We are going
to follow the proof of [41]; see also [26] for a different proof. This result will be
needed in the next section; a stronger theorem will be given in Chapter

LEMMA 2.14. Let f: I — I be an interval map, x,y € I and n,m € N. Let
J be a subinterval of I containing no periodic point and suppose that x, y, f™(x),

f™(y) belong to J. If x < f™(x) then y < f™(y).

PRrOOF. We set g := f™. We first prove by induction on k that ¢g¥(x) > z for
all k > 1. By assumption, the statement holds for ¥ = 1. Suppose that g*(z) >
for all i € [1,k — 1] and that ¢*(x) < 2. We write

{g'(@) i€ [0,k 1]} ={zo S a1 < - S}
We have x¢g = x and x1 # x because x is not periodic. It follows that
@) <z=zg<m < <apoq.

Let j be the integer in [[1,k — 1] such that x; = ¢7(x). By the intermediate value
theorem,
9" [z, 21]) D [9"(2), ¢" 7 (2)] D [0, 21].
Therefore, by Lemma g has a periodic point in [xg,z1]. But [zg,21] C J
because z; = min{g*(z) | i € [1,k— 1]} < g(z). This leads to a contradiction since
J contains no periodic point for g = f™. We deduce that g*(z) > z for all k > 1
and the induction is over.

Suppose that f?(y) < y. The same argument as above (with reverse order)
shows that f*"(y) <y for all k > 1. Hence

y> " (y) and x < fM"(x).
The map ¢t — f™"(t) — t is continuous on the interval (z,y) (recall that (x,y) is
either [z,y] or [y, z] depending on the order of x,y). Thus, by the intermediate
value theorem, there exists a point z € (x,y) such that f™"(z) = z. This leads to
a contradiction because (z,y) C J. Thus we conclude that y < f™(y) (equality is
not possible because y is not periodic). (I

ProrosiTiON 2.15. If f: I — I is a transitive interval map, then the set of
periodic points is dense in I.
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PROOF. Suppose that there exist a,b € I, with a < b, such that (a,b) contains
no periodic point. Since f is transitive, there exists a point = € (a,b) with a dense
orbit (Proposition . Thus there exist integers m > 0 and 0 < p < ¢ such that
x < f™(z) <band a < fi(z) < fP(z) < z. We set y := fP(z). We then have

a< fIP(y) <y<axz< f™(x)<b.

But this is impossible by Lemma applied to J = (a,b). This concludes the
proof. ([

2.1.4. Transitivity, total transitivity and mixing. The next proposition
states that, if an interval map f is transitive then, either f is totally transitive,
or the interval can be divided into two subintervals on each of which f? is totally
transitive. Then Proposition [2.17] states that total transitivity implies mixing.
These two results were proved by Barge and Martin [26], [28]. Blokh also showed
the same results a little earlier, but in an unpublished paper [45]. We are going to
follow the ideas of the proof of Barge and Martin. Blokh’s proof, which is different,
can be found in [55].

PROPOSITION 2.16. Let f: [a,b] — [a,b] be a transitive interval map. Then
one of the following cases holds:
i) The map f is totally transitive.
ii) There exists ¢ € (a,b) such that f([a,c]) = [¢,b], f([¢c,b]) = [a, ], and both
maps fz\[a,c] and f2|[c7b] are totally transitive. Moreover, c is the unique
fixed point of f.
PROOF. Since f is transitive, there exists a point g € [a, b] such that w(zo, f) =
[a, b] by Proposition We fix an integer n > 1 and we set W}* := w(f%(xo), f™) for
all i € [0,n—1]. We have [a,b] = W}U---UW_, by Lemmaiv), which implies
that at least one of the sets W*,..., W | has a nonempty interior by the Baire
category theorem (Corollary [8.52)). Moreover, according to Lemma ii)-(iii),

(2.3) Vie [0,n—2], f(W]") =W, and [f(W7 ,)=Wg.

Thus, all the sets W, ..., W/_; have nonempty interiors by Lemma i).
Suppose that Int (W) N Int (WJ") # (). Since the set Int (W/*) N Int (WJ“) is

open and included in W}* = w(f*(x), f*), there exists k > 0 such that f*"*(x)

belongs to Int (W) N Int (Wj") Moreover, f"(W}') = W} (Lemma i)), and

thus f57+i(z0) € W7 for all & > k. This implies that Wj* C W. The same

argument shows that W C W;". Therefore

(2.4) if Int (W]") N Int (W}') # 0, then W[* = W}".

Let &, be the collection of all connected components of the sets (Int (W*))o<i<n—1-
The elements of &, are open intervals and, by , two different elements of
&, are disjoint. For every C € &,, the closed interval f(C) is non degenerate by
Lemma and is contained in W/ for some i € [0,n—1]. Thus, by connectedness,
there exists C’ € &, such that f(C) C C’. Moreover, the orbit of zy enters infinitely
many times every element of &,, which implies that, for all C,C’ € &,, there exists
k > 1 such that f*(C)NC’ # 0, and hence f*(C) c C’. Tt follows that &, is finite
and the closures of its elements are cyclically permuted under the action of f. Thus
we can write &, = {C1,...,C,, } for some integer p,, > 1, the C;’s satisfying

Vi€ [1,p, —1], f(C;)) CCisx and f(Cp,) C Ci.
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The fact that the orbit of x is dense implies that C, U---UC,,, is dense too. Since

Ci,...,C,, are disjoint open intervals, we deduce that C; U---U ()}, is equal to
[a,b] deprived of finitely many points, which are the endpoints of C1,...,C,p, .
If p, =1, then W = --- = W"_,, and thus w(zg, f™) = [a,b]. Therefore, if &,

has a single element for every integer n > 1, then f is totally transitive and we are in
case (i) of the proposition. From now on, we suppose that, for a given n, the number
ppn, of elements of &, is greater than 1. We are going to show that p, = 2. Let
¢ € [a,b] be a fixed point of f (such a point exists by Lemma. If there exists
C € &, with ¢ € C, then f(C) = C. Similarly, if c is an endpoint of [a, b], then there
is a unique C € &, such that ¢ € C, and thus f(C) = C. In both cases, this leads
to a contradiction because C1,...,C,, are cyclically permuted and p, > 2. We
deduce that ¢ belongs to (a,b) and is a common endpoint of two distinct elements
of &,, say C and C’. The fact that c is a fixed point implies that the only possibility
for permuting cyclically C1,...,C,, is that p, = 2, &, = {C,C'}, f(C) = C” and
f(C") = C. We thus have &, = {[a, ), (c,b]} and

(2.5) f(a,c]) = [e.0],  f([c,b]) = [a,d].

This implies that ¢ is the unique fixed point of f. Let N':= {i € [0,n—1] | C C W'}
and N := {i € [0,n—1] | C" € W/*}. The sets N, N/ are nonempty and their
union is [0,n — 1] by definition of &,. We cannot have C U C' C W/ for some
i € [0,n — 1]; otherwise the connected set C'U C” would be included in W/*, which
would contradict the fact that C,C” are distinct elements of £,. This implies that
N, N are disjoint. Since W, ..., W _; are cyclically permuted by f according
to (2.3), a set W with i € N (resp. i € N’) is sent to a set W with j € N
(resp. j € N). This implies that /', A/ have the same number of elements, and
that the integer n is necessarily even. So w(zo, f") C w(zo, f?) by Lemma [1.3(iv).
Combining this with (2.5)), we see that {W¢, Wi} = {[a, ], [c,b]}. Therefore both
maps [?|(4, and f?|.,) are transitive. If f2|;, o is not totally transitive, then
the same argument as above, applied to the map f2|[a,c], shows that f2|[a,c] has
a unique fixed point, which belongs to (a,c). But this is impossible because ¢ is
already a fixed point of f2|[a,c]~ We conclude that fQ\[QVC] is totally transitive, and
s0 is f?|(p for similar reasons, and we are in case (ii) of the proposition. O

ProrosiTION 2.17. Let f: I — I be an interval map. If f is totally transitive,
then it is topologically mixing.

PROOF. We write I = [a,b]. Let J be a non degenerate subinterval of I and
€ > 0. According to Proposition the periodic points are dense in I. Thus,
there exist periodic points x, z1, 2o with © € J, 21 € (a,a +¢€) and z2 € (b —¢,b).
Moreover, 1 and x5 can be chosen in such a way that their orbits are included in
(a,b) because there is at most one periodic orbit containing a (resp. b). We set

Vi € {1,2}, y; :=min{f"(z;) | n > 0} and z; := max{f"(z;) | n > 0}.

Then y; € (a,z1] C (a,a+¢€), 22 € [x2,b) C (b—¢,b) and y2, 21 € (a,b). Let k be
a common multiple of the periods of z, y; and y,. We set g := f* and

“+oo
K= |]Jg"(J).
n=0

The point z € J is fixed under the action of g and thus ¢™(J) contains = for all
n > 0. This implies that K is an interval. Moreover K is dense in [a, b] because g
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is transitive, and hence K D (a,b). It follows that y1,ys,21,20 € K. For i = 1,2,
let p; and g; be non negative integers such that y; € ¢g?*(J) and z; € g% (J). We
set N := max{pi,p2,q1,q2}. Since y1,ys, 21, 22 are fixed points of g, they belong
to g™V(J) and thus, by the intermediate value theorem, [y;, z;] C g™ (J) = f*N(J)
for i = 1,2. According to the definition of y;, z;, the interval [y;, z;] contains the
whole orbit of z;;. A trivial induction shows that [y;, z;] C f™([yi, z;]) for all n > 0.
Therefore,
Vn > kNv [ylvzl} U [yQaZQ] - fn(‘])

Since y; < a + ¢ and 29 > b — ¢, the fact that f"(J) is connected implies that
[a—¢e,b+e] C f*(J) for all n > kEN. We conclude that f is topologically mixing,
using Proposition 2.8 O

COROLLARY 2.18. Let f: I — I be a transitive interval map. Then f is topo-
logically mixing if and only if it has a periodic point of odd period greater than 1.

PROOF. We write I = [a,b]. Suppose first that f is topologically mixing. The
set of fixed points of f is closed, and it has an empty interior (otherwise, it would
contradict the mixing assumption). Thus we can choose a non degenerate closed
subinterval J C (a, b) such that J contains no fixed point. Since f is topologically
mixing, there exists an integer N such that f™(J) D J for all n > N (Proposi-
tion . We choose an odd integer n > N. Applying Lemma we obtain a
point z € J such that f™(z) = x. The period of x is odd because it divides n, and
it is greater than 1 because J contains no fixed point.

Suppose now that f is transitive but not totally transitive. We are in case (ii)
of Proposition there exists a fixed point ¢ € (a,b) such that f([a,c]) = [e,b]
and f([c,b]) = [a, ¢]. Consequently, every periodic point has an even period, except
c. By refutation, a transitive map with a periodic point of odd period different
from 1 is totally transitive, and thus topologically mixing by Proposition [2.1 O

2.1.5. Transitivity vs. mixing — summary theorems. The next two the-
orems sum up the results [2.16] .17l and 2.18] The first one is about the
difference between transitivity and mixing. The second one states several properties
equivalent to mixing.

THEOREM 2.19. Let f: [a,b] — [a,b] be a transitive interval map. Then one of
the following cases holds:
e The map f is topologically mizing.
o There exists ¢ € (a,b) such that f([a,c]) = [¢,b], f([c,b]) = [a,c], and both
maps f2|[a,c], f2|[c’b] are topologically mixing. In addition, c is the unique
fixed point of f.

THEOREM 2.20. Let f: [a,b] — [a,b] be an interval map. The following prop-
erties are equivalent:

e f is transitive and has a periodic point of odd period different from 1.

o f2 is transitive.

o f is totally transitive.

e f is topologically weakly mixing.

e f is topologically mizing.

e For all e > 0 and all non degenerate intervals J, there exists an integer
N such that f*(J) D [a+¢€,b—¢] for alln > N.
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EXAMPLE 2.21. We give an example of a transitive, non topologically mixing
interval map. The map S: [-1,1] — [—1, 1], represented in Figure |2} is defined by:

Ve e [-1,—-3], S(z):=22+2,
Vo € [-%,0], S(x):=—2m,

[—3,
vz € [0,1], S(z) = —ux.

| I
| |
| I
| |
| I
| |
| I
-1 ~12 0 1 -1 0 1

FIGURE 2. The map S is transitive but not topologically mixing
because S? is not transitive.

We set J :=[—1,0] and K :=[0,1]. We have S(J) = K and S(K) = J, which
implies that S is not topologically mixing. Since S?|f is equal to the tent map T
defined in Example the map 52| is topologically mixing and, for every non
degenerate subinterval U C K, there exists n > 0 such that S$?"(U) = K. The map
S2|; is similar to S?|x except that its graph is upside down. Therefore, if U is a
nonempty open set, then

e either U N J contains a non degenerate interval, and there exists n > 0
such that S?*(U) D J,
e or U N K contains a non degenerate interval, and there exists n > 0 such
that S?"(U) D K.
In both cases, there exists n > 0 such that S™(U) U S"*1(U) = [~1,1], which
implies that S is transitive.

Remarks on graph maps. Rotations are important examples because they
exhibit behaviors that cannot appear for interval maps.

DEFINITION 2.22. Let S = R/Z. The rotation of angle o € R is the circle map:

Ry,: S — S
r — x+amod 1

If a = % with p € Z,q € N and ged(p, ¢) = 1, it is clear that all points in S are
periodic of period ¢, and RY is the identity map. On the contrary, if o ¢ Q (in this
case, R, is called an irrational rotation), one can show that R, is totally transitive
but not topologically weakly mixing, and there is no periodic point. Consequently,
if one wants to generalize the results concerning transitive interval maps, the case
of irrational rotations must be excluded. We shall see that the results of this
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section extend fairly well to transitive graph maps, irrational rotations being the
only exceptions up to conjugacy.

The next result is due to Blokh [48] (see [49], Theorem S, p. 506] for a statement
in English).

THEOREM 2.23. A transitive graph map with no periodic point is conjugate to
an irrational rotation on the circle.

For graph maps, transitivity is still close to total transitivity, which is equiv-
alent to topological mixing unless for irrational rotations. The next two theorems
generalize Propositions and they are due to Blokh [48] (see [52] for a
statement in English).

THEOREM 2.24. Let f: G — G be a totally transitive graph map. If f is not
conjugate to an irrational Totation, it is topologically mixing.

THEOREM 2.25. Let f: G — G be a transitive graph map. Then there exist a
cycle of graphs (G1,...,Gp) such that f?|q, is totally transitive for all i € [1,p].

Alseda, del Rio and Rodriguez proved that a splitting close to the preceding
theorem holds in a broader situation [4]. More precisely, if (X, f) is a topological
dynamical system where X is locally connected, then, either f is totally transitive,
or there exist k > 2 and closed subsets X1, ..., X} with disjoint interiors, whose
union is X, such that f(X;) = X;11 moda » and f¥|x, is transitive for all i € [1, k].
Then they showed that a graph map has a splitting of maximal cardinality (bounded
by combinatorial data of the graph), which implies Theorem [2.25]

2.2. Accessible endpoints and mixing

An interval map f: [a,b] — [a,b] is topologically mixing if the iterates of ev-
ery non degenerate interval J eventually cover “almost all” [a,b] (to be precise, if
f™(J) D la+e,b—e¢] for all e > 0 and all large enough n). When do the iterates
of every non degenerate interval eventually cover the whole interval [a,b]? Blokh
showed that this property holds if and only if the two endpoints of [a, b] are acces-
sible (see Definition below). Proposition and Lemma about (non)
accessible points are stated in [45] (see [65] for a published paper).

DEFINITION 2.26 (locally eventually onto). A topological dynamical system
(X, f) is locally eventually onto (or leo) if, for every nonempty open set U C X,
there exists an integer N such that f"(U) = X for all n > N.

A dynamical system with this property is trivially topologically mixing.

REMARK 2.27. In the literature, the name topologically exact is synonymous
to locally eventually onto.

Alternative definitions of locally eventually onto appear in the literature. They
are equivalent according to the next lemma.

LEMMA 2.28. Let (X, f) be a topological dynamical system. The following two
properties are equivalent:

1) (X, f) is locally eventually onto.
i) For every nonempty open set U, there exists n > 0 such that f*(U) = X.

An interval map f: I — I is locally eventually onto if and only if
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iii) Ve >0, IM > 0,VJ subinterval of I, |J| >e=VYn> M, f*(J)=1.

ProOOF. The implication (i)=-(ii) is trivial. Suppose that (ii) holds and let U
be a nonempty open set. There exists an integer n such that f*(U) = X. This
implies that f is onto and thus, Vm > n, f™(U) = f™ "(X) = X. Hence (ii)=(i).

Let f: I — I be an interval map. If (iii) holds, then f is locally eventually
onto because every nonempty open set U contains an interval J with |J| > 0. Now
we assume that f is locally eventually onto. Let e > 0. We write I = [a, ] and we
choose an integer k > 1 such that ¢ < £. For all i € [0,k — 1], we set

) L+ 1
Ji = (a—|—;(b—a),a+ Z—il; (b—a)) .
For every i € [0, k—1], we choose an integer N; such that f"(J;) = I for alln > N;,
and we set M := max{N; | i € [0,k — 1]}. If J is a subinterval of I with |J| > ¢,
then J contains J; for some i € [0,k — 1]. Thus f"(J) = I for all n > M, that is,
(iii) holds. O

DEFINITION 2.29 (accessible endpoint). Let f: [a,b] — [a,b] be an interval

map. The endpoint a (resp. b) is accessible if there exist x € (a,b) and n > 1 such
that f™(z) = a (resp. f™(x) ="b).

PROPOSITION 2.30. Let f: [a,b] — [a,b] be a topologically mizing interval map.
Then f is locally eventually onto if and only if both a and b are accessible.

More precisely, for everye > 0 and every non degenerate subinterval J C (a,b),
there exists N such that f™(J) contains [a,b— €] (resp. [a +&,b]) for alln > N if
and only if a (resp. b) is accessible.

PrOOF. We show the second part of the proposition; the first statement follows
trivially.

First we suppose that a is accessible. Let xg € (a,b) and ng > 1 be such
that f™(zg) = a. Let € > 0 be such that zy € [a + &,b —¢]. Let J be a non
degenerate subinterval in [a,b]. Since f is topologically mixing, there exists an
integer N > 0 such that f™(J) D [a+¢,b—¢] for alln > N. Since x¢ € [a+e,b—¢],
the intermediate value theorem implies that f"*™0(J) D [a,b — €] for all n > N.
Conversely, if J is a subinterval containing neither a nor b and such that a € f™(J)
for some integer n > 1, then the point a is accessible by definition. This shows that
a is accessible if and only if, for every € > 0 and every non degenerate subinterval
J C (a,b), there exists N such that f"(J) contains [a,b — €] for all n > N. The
case of the endpoint b is similar. (Il

REMARK 2.31. An interval map f: I — [ is called strongly transitive if, for
every non degenerate subinterval .J, there exists N > 0 such that Uszo () =1
This definition is due to Parry [I41]. This notion is very close to the property
of being locally eventually onto. Indeed, if a topologically mixing map is strongly
transitive, then it is locally eventually onto. Using Theorem [2.19] one can reduce
the transitive case to the mixing one and sees that a transitive interval map is
strongly transitive if and only if the two endpoints of I are accessible. In this case,
for every non degenerate subinterval J, there exists an integer n > 0 such that

fru ) =1
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The next lemma specifies the behavior of a mixing map near a non accessible
endpoint. Roughly speaking, a mixing map has infinitely many oscillations in a
neighborhood of a non accessible endpoint.

LEMMA 2.32. Let f: [a,b] — [a,b] be a topologically mizing interval map.

i) Ifa (resp. b) is the unique non accessible endpoint, then it is a fized point.
If both a and b are non accessible then, either f(a) = a and f(b) = b, or
f(a) =b and f(b) = a.

il) If a (resp. b) is a fized non accessible point, then there exists a decreasing
(resp. increasing) sequence of fized points (x,)n>0 converging to a (resp.
b). Moreover, for alln >0, flz,,, z,] IS not monotone.

PROOF. i) If a is not accessible, then a ¢ f((a,b)). Since f is topologically
mixing, it is onto (Lemma ii)). Thus, either f(a) = a, or f(b) = a. If b
is accessible and f(b) = a, then a is accessible too. Therefore, if a is the only
non accessible endpoint, then f(a) = a. Similarly, if b is the only non accessible
endpoint, then f(b) = b. If both a and b are non accessible then, either f(a) = a
and f(b) = b, or f(a) =band f(b) = a.

ii) Assume that a is not accessible and that f(a) = a (the case of b is symmetric).
By definition, a ¢ f((a,b)). According to (i), if b is not accessible, then f(b) = b.
If b is accessible, then f(b) # a. In both cases, a ¢ f((a,b]). Let € € (0,b — a).
By transitivity, f([a,a +€]) € [a,a + €]. Thus there exists y € (a,a + €] such that
fly) > a+e. In particular, y satisfies f(y) > y. Suppose that f(z) > z for all
x € [a,y]. We set

2 :=min {y, min(f([y,b]))} .
Then 2 > a, f([2,6)) = (%)) U f(ly,b]), and both f([z,y)) and f([y,t]) are
included in [z,b] by definition of z. Hence f([z,b]) C [z,b]. But this contradicts
the transitivity of f. We deduce that there exists x € [a,y] such that f(x) < z.
Thus f([z,y]) D [f(z), f(y)] D [z,y], and necessarily z # a. By Lemma [L.11]
there is a fixed point in [z,y] C (a,a + €]. Since € can be chosen arbitrarily small,
this implies that there exists a decreasing sequence of fixed points (z,)n,>0 with
limy,  y o », = a. Moreover, f|(;, ., ., I8 not monotone, otherwise we would have
f([@nt1,2n])) = [®nt1, 2n], which would contradict the transitivity. O

REMARK 2.33. In Lemma [2.32] notice that, if a is a non accessible endpoint
which is not fixed, then f2(a) = a by (i), so statement (ii) holds for the map f2.

The next result states that the kind of behavior described in Lemma ii) is
impossible if f is piecewise monotone or C!. The piecewise monotone case can be
found in [70] (more precisely, Coven and Mulvey proved in [70] that a transitive
piecewise monotone map is strongly transitive; see Remark for the relation
between locally eventually onto and strong transitivity). Recall that f is piecewise
monotone if the interval can be divided into finitely many subintervals on each of
which f is monotone (see page |9)).

PROPOSITION 2.34. Let f: [a,b] — [a,b] be a topologically mizing interval map.
If f is piecewise monotone or C, then the two endpoints a,b are accessible, and
thus f is locally eventually onto.

PROOF. Suppose that a is not accessible. Then f?(a) = a by Lemma m(l)
We set g := f2. The map g is topologically mixing because f is topologically
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mixing. If f is C!, then g is C! too. The case g'(a) < 0 is impossible because
g(a) = a. If ¢’(a) = 0, then there exists ¢ € (a,b) such that g(x) < z for all
x € (a,c), which is impossible because g is transitive. Thus ¢’(a) > 0 and g is
increasing in a neighborhood of a. Similarly, if f is piecewise monotone, then g
is increasing in a neighborhood of a. In both cases, there exists ¢ € (a,b) such
that g|(, ) is increasing. But, according to Lemma [2.32((ii), there exist two distinct
points x < y in (a, c) such that g|, , is not monotone, a contradiction. The case
when b is not accessible is similar. We conclude that both a,b are accessible, and
thus f is locally eventually onto by Proposition [2.30 (]

REMARK 2.35. Proposition [2.34] remains valid under the assumption that the
mixing map f is monotone (or C') in a neighborhood of the two endpoints.

EXAMPLE 2.36. We give an example of an interval map f: [0,1] — [0,1] that
is topologically mixing but not locally eventually onto. This example appears in
[28] to illustrate another property.

Let (an)nez be a sequence of points in (0, 1) such that a,, < a,41 for all n € Z,
and

lim a, =0 and lim a, =1.
n——oo n—-+oo

For all n € Z, we set I, := [an, an11] and we define f,,: I,, = I,_1 U I, UI,41 by
In(an) := an, fo(ng1) = ang1,

2a, + a, a, + 2a,
() g g (2

and f, is linear between the points where it has already been defined. Then we
define the map f: [0,1] — [0,1] (see Figure[3) by

f(0):=0, f(1):=1,
Vn € Z, Yx € I,, f(z):= fn(z).

It is easy to check that f is continuous and that the points 0 and 1 are not
accessible. We are going to show that f is topologically mixing. Let J be a non
degenerate subinterval of [0,1]. Since f is 3-expanding, we can apply Lemmam
there exists n > 0 such that f™(J) contains two distinct critical points. This implies
that f**1(J) contains I for some k € Z. Moreover, it is easy to see that

vk € Z7 Ym > Oa fm(lk) B} [ak7m7ak+m+1]-

Since, for a given k € Z, the lengths of [0, ax—y,] and [agtm+1,1] tend to O when
m goes to infinity, we deduce that, for all ¢ > 0, there exists M such that f™(J)
contains [e,1 — ] for all m > M. Hence f is topologically mixing.

Remarks on graph maps. Generalizing the results of this section to graph
maps poses no difficulty provided the notion of non accessible points is extended to
points that may not be endpoints. If f: G — G is a topologically mixing graph map,
a point x € G is accessible if, for every nonempty openset U C G, x € |J,,~o f"(U).
For graph maps, Lemma i) becomes: every non accessible point is periodic and
its orbit is included in the set of non accessible points. We leave to the reader the
“translation” of the other statements.
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FIGURE 3. A topologically mixing map on [0, 1] whose two end-
points are not accessible. For every non degenerate interval
J C (0,1) and every n > 0, f™(J) # [0, 1].

The map of Example 2.3 can be seen as a circle map by gluing together the
endpoints 0 and 1, and one gets a topologically mixing circle map with a fixed non
accessible point (which is obviously not an endpoint).

2.3. Sensitivity to initial conditions

Roughly speaking, sensitivity to initial conditions means that there exist arbi-
trarily close points with divergent trajectories. We are going to see that, for interval
maps, transitivity implies sensitivity and, conversely, sensitivity implies that an it-
erate of the map is transitive on a subinterval. This shows that the notions of
transitivity and sensibility are closely related on the interval. The first implication
is quite natural in view of the fact that transitivity is very close to mixing. The
second implication may seem unexpected.

2.3.1. Definitions. A point z is e-stable if the trajectories of all points in a
neighborhood of z follow the trajectory of x up to ¢, otherwise it is e-unstable. The
terminology “sensitivity to initial conditions” was first introduced by Guckenheimer
[86] to mean that the e-unstable points have a positive Lebesgue measure for some
e > 0. We would rather follow the definition of Devaney [74].

DEFINITION 2.37 (unstable point, sensitivity to initial conditions). Let (X, f)
be a topological dynamical system and € > 0. A point x € X is e-unstable (in the
sense of Lyapunov) if, for every neighborhood U of z, there exists y € U and n > 0
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such that d(f™(x), f"(y)) > e. The set of e-unstable points is denoted by U.(f). A
point is unstable if it is e-unstable for some € > 0.

The map f is e-sensitive to initial conditions (or more briefly e-sensitive) if
Uc(f) = X. Tt is sensitive to initial conditions if it is e-sensitive for some € > 0.

The next lemma states some basic properties of the sets U.(f). The last asser-
tion gives an equivalent definition for sensibility.

LEMMA 2.38. Let (X, f) be a topological dynamical system and € > 0. The
following properties hold:
i) Vo> 1, U(f™) C U(f).
i) Vn>1, 36 >0, U(f) C Us(f™).
i) f(UL(F) € U(f).
) U
)

i) U.(7) C U.a(f).

v) If V is open and V N U(f) # 0, then there exists n > 0 such that
diam(f™(V)) > e.

vi) f is sensitive if and only if there exists 6 > 0 such that, for all nonempty
open sets V, there exists n > 0 such that diam(f™(V)) > 4.

ProOF. i) Trivial.
il) The map f is uniformly continuous because X is compact. Thus

(2.6) 36 >0, d(z,y) <6 =Viec[0,n—1], d(f'(z), fiy)) <e.

Let = ¢ Us(f™). Then there exists a neighborhood U of = such that, for all y € U,
vk >0, d(f*"(x), f*"(y)) < é. Then ([2.6) implies d(f*"+(x), f***(y)) < ¢ for
all £ > 0 and all ¢ € [0,n — 1]. We deduce that = ¢ U.(f). This shows that

U=(f) € Us(f")-
ili) Let @ € U.(f) and let V' be a neighborhood of x. We first show that

(2.7)  there are infinitely many n € N such that Jy € V, d(f"(x), f"(y)) > ¢

Suppose on the contrary that there exists ng such that, if d(f™(z), f"(y)) > ¢ for
some 3 € V and n > 0, then n < ng. By the continuity of the maps f, f2,..., f",
there exists 6 > 0 such that

(2.8) Yy € X, d(z,y) < d = Vk € [0,ng], d(fk(x),fk(y)) <e

The set W := VN B(x,d) is a neighborhood of x. Let y € W and n > 0. If n < ng,
then d(f"(z), f"(y)) < & by [28). If n > ng, then d(f"(z), f"(y)) < € according to
the choice of ng. This contradicts the fact that x is e-unstable. Hence holds.

Now we consider an open set V containing f(x). Since U := f~1(V) is
open and contains x, what precedes implies that there exist y € U and n > 2
such that d(f™(x), f*(y)) > e. We set z := f(y). Then z belongs to V and
d(f*H(f (@), f*71(2)) > e. Thus f(z) € Ue(f).

iv) We fix € Uc(f). Let V be an open set containing z. There exists a point
y € U(f) NV, and thus, by definition, there exist z € V and n > 0 such that
d(f™(y), f"(z)) > . By the triangular inequality, we have either d(f"(x), f"(y)) >
/2, or d(f"(x), f*(2)) > ¢/2. We deduce that = € U, /5(f).

v) Let V be an open set such that VNU.(f) # (). By definition, there exist z €
VNU(f),y € Vand n > 0such that d(f"(x), f"(y)) > ¢, that is, diam(f™(V)) > e.

vi) First we assume that f is e-sensitive, that is, U.(f) = X. By (v), for every
nonempty open set V', there exists n > 0 such that diam(f"(V)) > e.
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Now we suppose that there exists § > 0 such that, for every nonempty open set
V, there exists n > 0 such that diam(f™(V)) > . We fix € € (0,6/2). Let z € X.
Let V' be an open set containing z and let n > 0 be such that diam(f™(V)) > 4.
Thus there exist two points y,z € V such that d(f"(y), f*(z)) > 6 > 2¢. The
triangular inequality implies that, either (f™(z), f™(y)) > ¢, or (f™(x), f"(z)) > e.
Hence = € U.(f), and the map f is e-sensitive.

2.3.2. Sensitivity and transitivity. Barge and Martin proved that, for a
transitive interval map, every point x is e-unstable for some e depending on z [26].
We give a different proof, which additionally shows that the constant of instability
can be taken uniform for all points x.

PROPOSITION 2.39. Let f: I — I be an interval map.
o If f is topologically mizing, then f is §-sensitive for all § € (0, %)
o If f is transitive, then f is §-sensitive for all 6 € (0, %)

PROOF. We write I = [a,b]. First we assume that f is topologically mixing.

Let € € (0, %l), x € [a,b] and U be a neighborhood of x. By Theorem 2.20L there

exists n > 0 such that f*(U) D [a + €,b — €]. Therefore, there exist y, 2z in U such
that f"(y) = a+ ¢ and f"(z) = b — e. This implies that

b—a—2 ||

mac {|f"(2) = f ()], |7 @) — [ > S = e

1l

5 — €. Since ¢ is arbitrary, the map f is

Consequently, z is d-unstable, where § :=
d-sensitive for every ¢ € (0, %l)

Now we suppose that f is transitive but not topologically mixing. According to
Theorem [2.19] there exists ¢ € (a,b) such that f([a,c]) = [¢,b], f([c,b]) = [a, ] and
both maps f 2\[a7c] and f 2\[01;)] are topologically mixing. What precedes implies that
f?|{a,q s d-sensitive for all § € (0,<5%). Therefore, according to Lemma @(i)—
(iil), we have [a,c] C Us(f) and f([a,c]) = [¢,b] C Us(f). Thus f is d-sensitive for

all § € (0,5%). Similarly, f is d-sensitive for all § € (0, %5¢). Finally, we conclude

that f is d-sensitive for all § € (0, %) because max{c — a,b—c} > % O

The converse of Proposition |2.39|is obviously false. However, somewhat surpris-
ingly, a partial converse holds: the instability on a subinterval implies the existence
of a transitive cycle of intervals. This result is due to Blokh; it is stated without
proof in [44] (we do not know any reference for the proof).

PRrROPOSITION 2.40. Let f be an interval map. Suppose that, for some € > 0,
the set of e-unstable points U.(f) has a nonempty interior. Then there exists a cycle
of intervals (Ji, ..., Jp) such that f|j,u...ug, is transitive. Moreover, JyU---UJ, C

U-(f) and there exists i € [1,p] such that |J;| > e.

PROOF. We consider the family of sets

F:={Y CUAf)|Y closed, f(Y)CY, Int(Y) # 0}.

By assumption, there exists a nonempty open interval K C U.(f). Moreover,
fM(K) C Us(f) for all n > 0 by Lemma iii). The set {J,,>, f™(K) is thus an
element of F, and hence F # ). Let Y belong to F and let J be a non degenerate
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interval included in Y. Since Int (J) N U.(f) # 0, there exists n > 0 such that
|f™(J)| > € by Lemma v). This implies that

(2.9) every Y € F has a connected component C' with |C] > e.

We endow F with the partial order given by inclusion. We are first going to show
that every totally ordered family of elements of F admits a lower bound in F.
Let (Y))aeca be a family of elements of F which is totally ordered (that is, all the
elements of A are comparable and Yy, C Yy if A < X). We set

Y = ﬂ Y)\.
AEA

Then Y is a closed set, f(Y) CY and Y C U.(f). Moreover, each Yy has a finite
non zero number of connected components of length at least €, and thus so has
Y. Therefore, Int (Y) # 0, s0 Y € F and Y is a lower bound for (Y))xea. Zorn’s
Lemma then implies that F admits at least one minimal element, say Z.

We now turn to prove that f|z is transitive. The set Z has finitely or countably
many non degenerate connected components, and at least one of them has a length
greater than or equal to ¢ by (2.9). Let (I;);>1 be the (finite or infinite) family of
all non degenerate connected components of Z, where I1,..., I} are the connected
components of length at least ¢ (for some k > 1). Let ¢ > 1. Since Int (I;)NU(f) #
0, there exists n; > 1 such that |f™(I;)] > & by Lemma [2.38(v). Therefore,
there exists 7; € [1,k] such that f™i(I;) C I,. Since [1,%] is finite, this implies
that there exist integers j € [1,k] and m > 1 such that f™(I;) C I;. The set
Z' = Uy, f™(I;) obviously belongs to F. Thus Z’ = Z by minimality, that
is, Z has finitely many connected components which are cyclically mapped under
f. We call Ji,...,J, the connected components of Z, labeled in such a way that
f(J;) C Jigq for all i € [1,p — 1] and f(J,) C J1. By minimality of Z, these

inclusions are actually equalities, that is, (Ji,...,Jp) is a cycle of intervals (note
that Jy,...,Jg are closed). If f|z is not transitive, there exist two open sets U,V
such that

UNZ#0,VNZ#0 and VYn>0, fr(UNZ)N(VNZ)=0.

Since Z is the union of finitely many non degenerate intervals, there exists a
nonempty open interval J C U N Z. We set

X =] ().

n>0
Then X belongs to F and X C Z, but XNV = @, and thus X # Z. This contradicts
the fact that Z is minimal. We conclude that f|z is transitive. g

EXAMPLE 2.41. For a given ¢ > 0, the number of transitive cycles of intervals
(J1,...,Jp) given by Proposition is finite because one of these intervals has a
length at least € and two different cycles have disjoint interiors by transitivity. Nev-
ertheless, infinitely many transitive cycles of intervals can coexist if their constants
of sensitivity tend to 0, as illustrated in Figure

EXAMPLE 2.42. Even if there is € > 0 such that all points are e-unstable,
the union of all transitive cycles of intervals is not necessarily dense. In order to
illustrate this fact, we are going to build a sensitive interval map which admits a
transitive cycle of p + 1 intervals and no other transitive cycle of intervals.
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FIGURE 4. An interval map f with infinitely many transitive
subintervals (I,)n>1, where I,, := [, 571 |. The map f|, is
equal to the map T3 of Example up to a rescaling. It is easy
to show that f|, is e,-sensitive with €, := Qn% for all n > 1.

We fix an integer p > 1 and we set
Vie[0,2p+1], i = ——— and Vie [0,2p], J; := [as, wird).

Cp+1
We define the continuous map f: [0,1] — [0,1] by

To + T1

Flan)imaa, (D) =, o) =,

f(@2p—1) == @2pt1,  flz2p) =20, flB2pt1) = 21,

and f is linear between the points where it has already been defined (see Figure [5)).
Note that f is of slope 1 on [r1,z2p—1] and f(z;) = x40 for all ¢ € [1,2p — 1].
It is trivial to see that (Jo, Ja, ..., Jai, ..., J2p) is a cycle of intervals. Moreover,
fPT1|,, is the map T, defined in Example except that its graph is upside down
(and rescaled). Since T; is topologically mixing, so is fP*1|,. By Proposition [2.39]
fPr1|;, is d-sensitive for § := m. Therefore, C := JyU Jo U---U Jyp is a
transitive cycle of p + 1 intervals and C C Us(f).

We now turn to show that f is g—sensitive. Let « € [0,1]. Suppose that there
exists n > 0 such that f™(x) belongs to C. The form of C' implies that there exists
€0 > 0 such that either f*([z,z + o)) C C or f*([x —eo,z]) C C. Let ¢ € (0,¢&0].
The image of a non degenerate interval is non degenerate and C' C Us(f). Therefore,
there exist two distinct points y,z € [z — €,z + ¢] and an integer k > n such that
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Xo=0 X X, X3 Xop-2 Yop-1 %2p Xopi1 =1
Jo J; Jop-2 Jop

FIGURE 5. For this interval map, all points are e-unstable with

€ = m7 but the system admits a single transitive cycle of
. e ; 7 1
intervals (Jo, J2, ..., Jop—2, Jop), where J; := {ﬁ, ﬁ}

|f%(y) — f*(2)| > 6. By the triangular inequality, either |f*(z) — f*(y)| > 2 or

8.
|f5(z) — f*(2)| > 3. In other words:
(2.10) U F7(©0) c Us(h):
n>0

It remains to consider the points whose orbit does not meet C'. These points are
included in the set

X = {z€[0,1]]|Vn>0,f"(zx) e JJUJ3U---UJop_1}
p—1
= ﬂ fﬁn <U J2i+1> .
n>0 i=0

We are going to show that X is a Cantor set (see Section in Appendix for the
definition of a Cantor set). Note that

(2.11) Vi € [0,p — 2], flipiyi: J2i41 — J2iy3 is a linear homeomorphism.

This fact implies that it is enough to focus on the set X N Jyp_;. The map
flasy_1 Jop—1 — [0,1] is a linear homeomorphism, and thus the set of points
x € Jop_1 such that f(z) € Jy UJsU--- U Jyy_1 is the union of p disjoint closed
subintervals of equal lengths, which are K; := Jop—1 N f1(J2i41), 0 < i < p—1.



2.3. SENSITIVITY TO INITIAL CONDITIONS 31

Using (2.11]), we can see that the map fP~%|x,: K; — [0,1] is a linear homeomor-
phism for every i € [0, p—1], and thus {z € K; | fP~""(z) € J1UJ3U---UJg,_1}is
the union of p disjoint closed subintervals of equal lengths. Applying this argument
inductively, we can show that X is a Cantor set. In particular, the interior of X
is empty, and thus [0,1] \ X = [0,1]. According to (2.10), [0,1] \ X is included in
Us (f). Then f is %—sensitive by Lemma T?)S‘(iv).

Finally, we show that C' is the only transitive cycle of intervals of f. Suppose
on the contrary that there exists another transitive cycle of intervals C’. By transi-
tivity, the interiors of C' and C’ are disjoint, and thus there exists a non degenerate
subinterval J C [0,1] such that f™*(J)NInt(C) = @ for all n > 0. This exactly
means that J C X, but this is impossible because X is a Cantor set.

Remarks on graph maps and general dynamical systems. The first part
of the proof of Proposition |2.39| can be easily adapted to show the following result.

PROPOSITION 2.43. Let (X, f) be a topologically mizing dynamical system.
Then f is §-sensitive for every § € (0, %)

On the other hand, the next result is proved in [25] and [83].

THEOREM 2.44. Let (X, f) be a transitive dynamical system having a dense set
of periodic points. Then f is sensitive to initial conditions provided X is infinite.

For interval maps, Proposition 2:39] can be derived from Proposition [2.43] using
the fact that, on the interval, transitivity is close to mixing; or it can be seen as a
particular case of Theorem [2.44] since a transitive interval map has a dense set of
periodic points by Proposition [2.15)

The next theorem is a straightforward consequence of a result of Blokh [48] (see
[52] Theorem 1] for a statement in English). Alseda, Kolyada, Llibre and Snoha
showed a related result in a broader context: if (X, f) is a transitive topological
dynamical system and if X has a disconnecting interval (that is, a subset I C X
homeomorphic to (0,1) such that, Vo € I, X \ {z} is not connected), then the set
of periodic points is dense [10, Theorem 1.1].

THEOREM 2.45. Let f: G — G be a transitive graph map. If f is not conjugate
to an irrational rotation, the set of periodic points is dense.

Together with Theorem this implies that for a transitive graph map f,
either f is conjugate to an irrational rotation and has no periodic point, or f has
a dense set of periodic points.

The previous theorem, combined with Theorem [2:44] implies the next result.

COROLLARY 2.46. Let f: G — G be a transitive graph map. If f is not conju-
gate to an irrational rotation, it is sensitive to initial conditions.

It is not difficult to extend the proof of Proposition to graph maps, which
leads to the following result.

PRrROPOSITION 2.47. Let f: G — G be a graph map. Suppose that, for some
e > 0, the set of e-unstable points U.(f) has a nonempty interior. Then there
exists a cycle of graphs (G1,...,Gp) such that f|g,u...uq, is transitive. Moreover,

G1U--- UG, CU(f) and there exists ¢ € [1,p] such that diam(G;) > €.
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Since a rotation is not sensitive, Theorems [2.24] and [2.25] imply that, in the
previous proposition, each subgraph G; can be decomposed in subgraphs (H;)1<i<k;
that are cyclically mapped under f? and are topologically mixing for fP*:. A similar
result is stated in [100, Theorem 4.4].



CHAPTER 3
Periodic points

3.1. Specification

We saw that, for a transitive interval map, the set of periodic points is dense
(Proposition. We are going to see that if in addition the map is mixing, then it
satisfies the specification property, which roughly means that one can approximate
any finite collection of pieces of trajectories by a periodic orbit provided enough
time is left to pass from a piece of trajectory to another. This result was stated by
Blokh, without proof in [47]; see [55] for the proof.

Specification is a strong property. In particular, a topological dynamical system
(X, f) with the specification property is topologically mixing [73 (21.3)]. There-
fore, specification and topological mixing are equivalent for interval maps.

DEFINITION 3.1 (specification). Let (X, f) be a topological dynamical system.
The map f has the specification property if the following property holds: for all
e > 0, there exists an integer N > 1 such that, for all p > 1, for all points
Z1,...,2p € X and all positive integers m;,n;, i = 1,...,p, satisfying

mi <np <mg<ng<---<my<n, and Vi€ ][2,p], mi—n;—1 >N,
then, for all integers ¢ > N + n, —my, there exists a point © € X such that
fq(x) =z and Vi€ [[17pﬂ7 Vk € [[mi7niﬂ7 d(fk(x)vfk(xz)) <e.

We first state two lemmas.

LEMMA 3.2. Let f: I — I be an interval map and 0 < € < % Forallz €1

and all integers n > 0, there exist closed subintervals Jy,...,J, in I such that:

o Vi€ [[O,n — 1]], f(Jl) = Ji+1;

o Vi€ [0,n], fi(z) € J; and J; C [fi(x) — ¢, fi(z) + €, _

e there exists i € [0,n] such that J; contains either f'(x) —e or f*(y) + €.
Moreover, if t +e €I (resp. x —e € I), then Jy can be chosen in such a way that
Jo 1s included in [z, x + €] (resp. [z —e,x]).

PROOF. We fix x € I and we set zy, := f¥(x) for all k > 0. We show the lemma
by induction on n.

e Case n = 0: since ¢ < Iél’ the interval I contains either x — ¢ or = + . We
can set Jo := [,z +¢|if e +e€l,or Jy:=[r,z+¢]if v —e € I. The interval Jy
is suitable.

e Suppose that the lemma is true at rank n — 1, and let Jy, ..., J,_1 be the
subintervals given by the lemma. If f(J,—1) C [xn—¢, n+£], we set J,, := f(Ip—1)
and the intervals (Jo, ..., J,) are suitable. From now on, we suppose that f(J,—_1)
is not included in [z, — €, x, +¢€]|. Thus, by connectedness, f(J,_1) contains either

33
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Zp —€ Or Ty, +e. We may assume that Jy C [x,x + €], the case when Jy C [z —¢, 2]
being similar. According to the assumption on f(J,—1) = f™(Jp), we can define

y:=min{z € Jo | f"(2) € {xn, —&,2n +€}}.

It follows that f"([z,y]) equals either [z, —¢€, z,] or [z, 2, +&]. We set Jj := [z,9]
and J! := fi(J}) for all i € [1,n]. The intervals (Jj,...,J!,) are suitable because
J C J; Cz;—¢e,x;+¢] for all i € [0,n — 1] and J], contains x,, and one of the
points z,, — €, x,, + €. This ends the induction. O

LEMMA 3.3. Let f: [a,b] — [a,b] be a topologically mizing interval map and
0<e< b*?“. Suppose that the endpoint a (resp. b) is fized and non accessible.
Then there exists 6 € (0,¢e) such that, for all x € [a,a+ §] (resp. z € [b—9,b]) and

all m > 0, there exist closed subintervals Jy, ..., J, satisfying:
Jo C [a+5,b—6],

Vi€ [0,n—1], f(Ji) = Jit1,

Vi€ [[O,TL]], Jz C [fz(x) - 6,]”(33) +5L

there exists i € [0,n] such that |J;| > §.

PROOF. We prove the lemma when «a is a non accessible fixed point. The proof
for b is similar. If both endpoints are fixed and non accessible, the same J can
be chosen for a and b by taking the minimum of the values found for a and b
respectively. By continuity, there exists n > 0 such that

(3.1) Yy € [a,a+1n], fly) <a+e.

By transitivity, f([a,a + €]) is not included in [a, a + €]; that is, there exists z in
[a,a + €] such that f(z) > a+e. In fact, z € (a+n,a+¢] by (3.I). According to
Lemma ii), there exists a fixed point ¢ in the interval (a,a + min{n, §}). We
set § :=c—a € (0,5] and K := [c,a +¢]. The interval K contains both ¢ and z,
and hence f(K) D K by the intermediate value theorem. Notice that a +& < b—§
because § < 5§ < bTT“.

We fix © € [a,a + 8] = [a,c] and n > 0. We set z := f*(z) for all k& > 0.
Let m € [0,n] be the greatest integer such that zg,..., 2z, € [a,c]. Notice that
K C [v; —e,x; + €] for all i € [0,m]. Applying Lemma [[.13(i) to the chain of
intervals (K, ..., K) with m+1 times K, we see that there exist closed subintervals
Jo, -+, Jm such that J,, = K and J; C K, f(J;) = Jiy1 for all i € [0,m — 1].
If m = n, then the proof is over because the length of K is a+¢ —c¢ > ¢/2. If
m < n, then z,,41 > ¢ according to the choice of m, and ;41 = f(zm) < a+e¢
by (recall that ¢ < a4+ 7). Hence x,,1 € K. The interval K contains either
Tyl — § O Tyyy1 + 5 because |[K| > 5. Applying Lemma to Tpy1, 7 and
n—m++1 (instead of x, e and n respectively), we see that there exist closed intervals

g1y - -5 Jy, such that

J7In+1 C K7

Vi € [[m +1,n— 1ﬂ, f(JZ/) = Jit1,

Vie [m+1,n], z; € J] and J] C [x; — 5,25 + §]

there exists 7 € [m + 1,n] such that J; contains either z; — § or z; + £,
and thus the length of J; is at least .

It follows that (Jo,...,J;m = K,J],, ) is a chain of intervals. Therefore, according
to Lemma [.13]i), there exist Jj,...,J.,, subintervals of Jy,...,J,, respectively,

Y mo
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such that f(J),) = J;, .1 and f(J]) = f(J{,,) for all i € [0,m — 1]. The sequence
(J§, ..., J}) satisfies the required properties. O

THEOREM 3.4. A topologically mizing interval map f: I — I has the specifica-
tion property.

PRrROOF. If f? has the specification property, then so has f by continuity. More-
over, if f is topologically mixing, then so is f? by Theorem Therefore, it is
equivalent to prove the theorem for f or for f2. Then, in view of Lemma we
can assume that the non accessible endpoints (if any) are fixed, by considering f?
instead of f if necessary.

Let 0 < e < %. We write I = [a,b]. If both a and b are accessible, we define
Iy :=[a, b]. Otherwise, let 0 < é < € be given by Lemma and

Iy = [a+46,b] if aisthe only non accessible endpoint,
Iy := J[a,b—4] if bis the only non accessible endpoint,
Iy = Ja+46,b—0] if both a and b are non accessible.

We fix a positive integer p such that b*Ta < g, and we define

vk € [0,p—1], Ak := (a+k(bp_a),a+ (I““rl)(b—a))

p

According to Proposition for every k € [0,p — 1], there exists an integer Ny
such that f"(Ax) D Ip for all n > Ni. We set N := max{Ny,...,N,_1}. Let
Jo, - .., Ji be intervals such that f(J;) = J;41 for all ¢ € [0,k —1]. Then, according
to the definition of N,

(3.2) 3¢ € [0,k], |Ji| >e/4,= VYVn >N, f"(Jr) D Iy
because the assumption [.J;| > § implies that A; C I; for some j € [0,p — 1].

Facrt 1. Letx € I andn > 0. There exist closed intervals Jy, ..., J, such that:

i) Jo C Io,
ii) Vi € [0,n], Ji C [f'(z) =&, f'(z) + €],
111) Vi € [[O,n — 1]], f(JZ) = Ji+1,
iv) there exists i € [0,n] such that |J;| > e/4.

We split the proof of the fact depending on x € Iy or not. If z € Iy, let
Jo, ..., Jn denote the intervals given by Lemma They satisty (ii)-(iv). More-
over, |Iy| > 2¢ by definition. This implies that either [z—e,x] C I or [z, z+¢] C Iy,
and thus Jy can be chosen to be a subinterval of Iy (still by Lemma , which is
(i). If a is not accessible and if = € [a,a + ¢], then Lemma gives the suitable
subintervals. The same conclusion holds if € [b — §, ] and if b is non accessible.

Fact 2. Let x1,...,2p be points in I and let m; < nyp < mg <ng < -+ <
my < ny be integers satisfying m;y1 —n; > N for all i € [1,p — 1. Then there
exist closed intervals (Ji)mlgignp such that
Jml C Io,

Vi € [ma,np — 1], f(Ji) = Jix1, _
Vk € [[l,pﬂ, Vi € [[mk,nk]], J; C [fZ(CCk) — E,fz(ilfk) + 6],
Vn >N, f*(Jn,) D Io.
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We prove Fact 2 by induction on p.

e Case p = 1: we apply Fact 1 to x := f™ (1) and n := ny — m;. The last
condition is satisfied because of .

e Suppose that Fact 2 holds at rank p—1 and let J,,,, ..., J,,_, be the intervals
given by Fact 2. We apply Fact 1 with = := f™»(z,) and n := n, — m, and we
call the resulting intervals Jj, .....J; . Then f"(J}, ) D Iy for all n > N by
(B:2). We set J; := fime=1(J,, _,) for all i € [n,—1 + 1,m,]. By assumption,
mp —np—1 > N, and thus J,,, = f"»7"-1(J, _,) D Iy by . Therefore
(Jmys s Imy—1, Jp,, ) 18 @ chain of intervals because J;, C Io by construction. By
Lemma i), there exist subintervals J; C J; such that f(J;) = f(J{,,) for all
i € [m1,my, —1]. It follows that the sequence Jy, ..., J;, satisfies Fact 2. This

myd
concludes the induction.

It is now easy to prove that f has the specification property. Let z1,...,z, be
points in 7, let m; < ny <mgy <ng < -+ <my < ny, be integers satisfying

Vie[l,p—1], miy1 —n; > N and ¢ > n, —mq + N.

Let Jum,,---,Jn, be the intervals given by Fact 2. Then f”(an) contains I for
all n > N, so fU(Jy,) = fT ™ (J, ) D Iy O Jp,. By Lemma there
exists € Jy,, such that fi(z) = . We set y := f97™1(z) in order to have
f™(y) =z € Jn,. Then fi(y) =y and

Yk € [1,p], Vi € [my,ni], fi(y) € J; C [fi(x) — e, fi(zg) + €]

This is exactly the specification property. ([l

Remarks on graph maps. Theorem was extended to graph maps, by
Blokh [48]; see [52] for a statement in English.

THEOREM 3.5. A topologically mizing graph map has the specification property.

3.2. Periodic points and transitivity

We recall Proposition 215} for a transitive interval map, the set of periodic
points is dense. The converse is obviously false, but one may ask the following
question: if the set of periodic points is dense, does there exist a transitive cycle of
intervals? The identity and the map f(z) =1 — z on [0, 1] give counter-examples.
Therefore one has to consider only interval maps such that f2 is different from the
identity. With this restriction, the answer is positive. This is a result of Blokh,
which is stated without proof in [44]. The same result was proved independently
by Barge and Martin [27], but their proof relies on complicated notions. We give
a more basic proof here.

We start with a lemma. Then Proposition states that, if the set of periodic
points of f is dense, all the points outside Py(f) := {x | f?(x) = x} are unstable.
This result makes a link with the results on sensitivity from the previous chapter
and will allow us to conclude.

LEMMA 3.6. Let f be an interval map such that the set of periodic points is
dense. Then, for every non degenerated interval J, the set],~, f™(J) has at most
two comnected components. B
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PROOF. Let J be a non degenerate interval. By assumption, there exists a
periodic point in J, say x. Let p denote the period of . For all ¢ € [0,p — 1]
and all n > 0, f"?T(J) contains f*(z). Thus the set |J,~, f™(J) is invariant and
has at most p connected components; we call them Jp, ..., Jg (with ¢ € [1,p]) in
such a way that J; < Jy < --- < Jy. By the intermediate value theorem, for every
i € [1,q] there exists o(i) € [1,q] such that f(J;) C J,(;). Let ig be the integer
such that J C J;,. For every i € [1,q], there exists n > 0 such that f*(J) C J,
that is, 0™ (i9) = ¢. This implies that the orbit of ip under o is the whole set, and
hence o is necessarily a cyclic permutation of {1,...,q}. We want to show that
q =1 or 2. From now on, we assume that ¢ > 2.

If there exists ¢ € [1,q — 1] such that |o(i) — o(i + 1)] > 2, we choose an
integer k strictly between o(i) and o(i + 1). Let a := supJ; and b := inf J;44.
Then f(a) € Jy;) and f(b) € Jy(i41), which implies that f((a,b)) contains .J; by
the intermediate value theorem and that (a,b) is not empty. Let V' C (a,b) be a
nonempty open interval such that f(V) C Ji. It follows that

Vn>1, f"(V)C Op(Jg) CJ1U---UJ,.

This implies that, ¥n > 1, f*(V)NV = (), but this contradicts the assumption that
V' contains periodic points. We deduce that

Vi€ [1,q—1], |o(i) —o(i+1)| = 1.

If (2) —o(1) = 1, we obtain from place to place: o(k) = o(1) +k—1. Since o is a
cyclic permutation of length ¢ > 2, we have o(1) > 2, and thus o(q) > ¢+ 1, which
is impossible. We deduce that 0(2) —o(1) = —1 and o(q) = (1) — g+ 1. The only
possibility is o(1) = ¢ and o(¢q) = 1 because o(g) > 1. Since o is a cycle of length
q, we must have ¢ = 2. This concludes the proof. [

PROPOSITION 3.7. Let f: I — I be an interval map such that the set of periodic
points is dense. For every point x such that f2(x) # x, there exists € > 0 (depending
on ) such that x is e-unstable.

Proor. If U is a nonempty open interval, the set Oy(U) := ;> f"(U) has
one or two connected components according to Lemma [3.6] We fix a point x
such that f2(z) # xz. If there exists an open interval Uy containing = such that
O (Up) has two connected components, we call them J; and J; in such a way that
Uy C Ji, and we set g := f2. In this situation, we necessarily have f(J;) C Ja
and f(J2) C Ji. Moreover, for every nonempty open interval U C Uy, we see that
UcC Ji, f(U) C Jy and Of(U) C J; U Jy, and hence Of(U) has two connected
components too. On the other hand, if O¢(U) is a connected set for every open
interval U containing x, we set g := f and Uy := I. With this notation, for every
open subinterval U C Uy containing x, the set Oy(U) is connected. The two points

a:=inf Og(x) and b:=supOy(x)
n2>0 n>0

are distinct because g(x) # = by assumption.

First we suppose that O, (z) is not dense in [a, b], which means that there exist
z € (a,b) and € > 0 such that (z—¢,z+¢) C (a,b) \ Oy(x). Let U C Uy be an open
interval containing x. The set O, (U) is connected and contains Oy(x), and thus it
contains (a, b) too. In particular, there exist y € U and k > 0 such that ¢*(y) = 2,
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and hence
l9%(2) = ¢"(v)] > inf |g"(2) — 2| > &

We deduce that the point z is e-unstable.

Now we suppose that Oy(x) is dense in [a, b]. This implies that g([a,b]) = [a, D]
and that g, 5 is transitive. Then, by Propositionm7 the map gl[,,5) is €’-sensitive
for every &’ € (0, Z’TT“), In particular, the point x is ’-unstable. O

PROPOSITION 3.8. Let f: I — I be an interval map such that the set of periodic
points is dense. Suppose that f? is different from the identity map. Then at least
one of the following holds:

e there exists a non degenerate closed interval J such that f(J) = J and
fls is transitive,

e there exist two disjoint non degenerate closed intervals Jy,Js such that
f(h) = Ja, f(J2) = J1 and f|yug, s transitive.

PROOF. Recall that Py(f) := {z € I | f?(x) = x}. This is a closed set and, by
assumption, the open set I\ Pa(f) is not empty. By Proposition all the points
of I'\ Py(f) are unstable, and thus

—+o0

+oo
I\Py(f)c |JUs(h)c JUs().

n=1

By the Baire category theorem, there exists n > 1 such that U1 (f) has a nonempty
interior. It follows that U%( f) has a nonempty interior too, because Uiy C
U L (f) by Lemma g(iii). Then, by Proposition there exists a cycle of

intervals (Ji,...,J,) such that f[;u...s, is transitive. Finally, p = 1 or 2 by
Lemma 3.6 O

Proposition [3.8) makes possible a decomposition of the interval into transitive
components, as stated in the next theorem and illustrated in Figure [T}

THEOREM 3.9. Let f: I — I be an interval map such that the set of periodic
points is dense. Then there exists a finite (possibly empty) or countable family of
sets € such that:

i) VC € &, the set C is either a non degenerate closed interval or the union
of two disjoint non degenerate closed intervals,
i) VC € &, C is invariant and f|c is transitive,
iii) the sets in £ have pairwise disjoint interiors,
iv) I\ Ugee C C Pa(f).

PrOOF. We define
E:={C C I|C cycle of intervals, f|c transitive}.

By Lemma [3.6] every element in £ has at most two connected components, and
thus it satisfies (i) and (ii). Moreover,

(3.3) if J is a connected component of C' € £, then f2(J) C J.
Let C,C" € € and V :=Int (C) NInt (C”). If V # B, then, by transitivity,
U rovy=c=c".

n>0
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Therefore, two different elements of £ have nonempty disjoint interiors, which is
(iii). This implies that £ is at most countable because for every C € &, Int (C)
contains a rational number r¢, and r¢ # reos if C # C’. Tt remains to prove (iv).

We set
XO = U C.

We are going to show first that I\ Xo C P»(f), and second that X, \ Xo C P2(f);
these two facts clearly imply (iv). We set Y := I\ Xp; this is an open set. If
fY)nInt (70) # (), then there exists a non degenerate subinterval J C Y such
that f(J) C Int (Xo). Since f(Xo) C Xo, this implies that f™(J) N J = 0 for all
n > 1. But this contradicts the fact that J contains periodic points. We deduce
that f(Y) C I\ Int (Xo) =Y, and thus

(3.4) fY)cy.
Suppose that
(3.5) Y\ P(f) #0

and let K’ be a connected component of Y such that K’ \ Py(f) # 0. Since Y is
open, K’ is an open interval. Moreover, there exists n > 1 such that f™(K')NK’ # )
because the set of periodic points is dense by assumption. Let K be the connected
component of Y containing K’. Then f*(K)N K # () and f*(K) is included in a
connected component of Y by (3.4). So f"(K) C K. We consider the interval map

g:=f"k: K—> K.

By Proposition [3.7} all points in K \ P2(f) are unstable for f. Therefore, all points
in K\ Py(f) are unstable for g by Lemma i). Thus

(9)

—+o0 “+oo
!
K'\ (f) C K\ P(f) C U Ui(g) C U U
k=1 k=1
where K’ \ P(f) is a nonempty open set. Then we use the same argument as
in the proof of Proposition using the Baire category theorem, we find & such

that Int (U% (9)) # 0, so Int Uy (g)) # () by Lemma [2.38{iv). Then, according

to Proposition there exists a transitive cycle of intervals C C K for g. It is
straightforward to see that the set C’ := C'U f(C)U---U f*~1(C) is a finite union
of non degenerate closed intervals and that f|cr is transitive. Hence C' C X and
C’ N1Int (Xo) # 0 because Int (C’) # @. On the other hand, C' C Y by (3.4), and
thus C’ C I\ Int (Xj), which leads to a contradiction. Therefore, does not
hold, that is, Y = I'\ Xy C P (f).

Now we are going to show that Xy \ Xo C Pa(f). We define

A:={JCI|3Ceé&,Jisaconnected component of C}.

We fix 2 € X \ Xo. Let (x,),>0 be a monotone sequence in Xy converging to .
For alln > 0, let J,, € A be such that x,, € J,,. If there exists ng such that J,, = Jy,
for all n > ng, then lim,,_, 4 ,, belongs to the closed set J,,, and thus z € Xy,
which is impossible. Thus the sequence (J,,)n>0 is not eventually constant, which
implies that lim, 4 |J,| = 0 because two distinct elements in .4 have disjoint
interiors. Let € > 0. By continuity, there exists 0 < a < € such that

Vyel, |z —yl <a=|[f(z)- fy) <e
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We choose n such that |z — z,| <  and |J,,| < e. Then f?(x,) € J, by (3.3)), so
|z = f2(@)] < |& = @n| + |20 — [P (@0)| + | P (20) = f2(2)] < 3e.

Since this is true for all ¢ > 0, we deduce that f?(x) = z. In other words, X\ Xo C
P5(f). This concludes the proof. O

FIGURE 1. Decomposition into transitive components of a map
f when the set of periodic points is dense: two cases. The gray
areas represent the transitive components, whereas the part of the
graph of f made of black lines is the set Py(f). The points where
transitive components accumulate on both sides are not unstable,
neither are the points in Int (P(f)).

Theorem can be more precise. Let £ be the family of transitive components
given by Theorem and C € £. We write I = [a,b]. Let J be a connected
component of C' and suppose that J has an endpoint ¢ ¢ {a, b}. Theorem[3.9implies
that either ¢ is the endpoint of a connected component J' of another element of &,
or ¢ € Po(f). In the first case, using the facts that f2(J) = J and f3(J') = J', we
deduce that f2(c) = c. Therefore, all the endpoints of the connected components,
except maybe a and b, belong to P>(f). In particular, if a connected component
is made of two disjoint intervals J, K, then Theorem implies that f2|; and
f?|x are topologically mixing. Now suppose that C is an interval and that there
exists a fixed point z outside C' (in particular, such a fixed point exists when there
exist other transitive intervals). We may assume that z < C, the other case being
symmetric. Then it can be shown that the decomposition given by Theorem [3.9
implies that f(ja,minC]) = [a,minC]. Thus minC is a fixed point and f|¢ is
topologically mixing by Theorem [2.19]

Figure[T]illustrates what kind of decomposition can exist when there are several
transitive components. On the left side, all transitive components are intervals and
f is topologically mixing on each of them. On the right side, there is only one
transitive interval in the middle, f may or may not be topologically mixing on
this interval (this middle transitive interval may not exist), and f? is topologically
mixing on every connected component of the transitive components made of two
intervals.
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Remarks on graph maps. Theorem [3.9] was first extended to tree maps by
Roe [144], then to graph maps by Yokoi [173].

THEOREM 3.10. Let f: G — G be a graph map such that the set of periodic
points is dense. Then there exist a positive integer N and a finite (possibly empty)
or countable family of subgraphs £ with disjoint interiors such that

e VH € &, the set H is fN-invariant and f|g is topologically mizing,
o G\Upee X C Pn(f).
If G is a tree with e endpoints, then one can take N = ged(2,3,...,e).

For topological graphs that are not trees, the integer N in the preceding theo-
rem can be arbitrarily large. For example, the rational rotation R1 gives a system
in which all points are periodic of period n.

3.3. Sharkovsky’s Theorem, Sharkovsky’s order and type

Sharkovsky’s Theorem states that, for an interval map, the presence of a pe-
riodic point with a given period implies the existence of other periods determined
by so-called Sharkouvsky’s order [153].

DEFINITION 3.11. Sharkovsky’s order is the total ordering on N defined by:
345<7<9<4---<92-3192-5<1---<22.3422.51---12° 9229241

(first, all odd integers n > 1, then 2 times the odd integers n > 1, then successively
22x, 23x, ..., 2¥x ... the odd integers n > 1, and finally all the powers of 2 by
decreasing order).

a > b means b < a. The notation <,> will denote the order with possible
equality.

REMARK 3.12. In Sharkovsky’s order, 3 is the minimum (as above) in some
papers whereas it is the maximum in other ones (i.e. all inequalities are reversed).
The ordering above is the same as in Sharkovsky’s original paper [I53], but there is
no consensus in the literature. Even in Sharkovsky’s papers, both orderings appear.
In addition, the symbol for the inequalities varies much: one can find <, <, <y,
F, <. The spelling of “Sharkovsky” varies much too.

THEOREM 3.13 (Sharkovsky). If an interval map f has a periodic point of
period n, then, for all integers m>mn, f has periodic points of period m.

This striking result is one of the first about the dynamics on the interval and,
more generally, one of the earliest results pointing out the existence of “compli-
cated” behavior in some dynamical systems.

The original paper of Sharkovsky, in 1964, was in Russian [153]. The first proof
in English, different from Sharkovsky’s, is due to Stefan in 1976 [165] (published
in [166]). In the meantime, Li and Yorke, unaware of the work of Sharkovsky,
re-proved a particular case, namely that the existence of a periodic point of period
3 implies that there are periodic points of all periods [I13]. This illustrates the lack
of communication between Russian and English literatures. Later, several proofs of
Sharkovsky’s theorem were given [36), [139], 41]. The presentation we are going to
give derives from the one of Block, Guckenheimer, Misiurewicz and Young [36]. We
shall first introduce the notion of a graph of a periodic orbit and its main properties;
then we shall prove Theorem in Subsection [3.3.2
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3.3.1. Graph of a periodic orbit. We are going to associate a directed
graph to a periodic orbit, and show that the existence of other periodic points can
be read in this graph.

Recall that (a,b) denotes [a,b] or [b,a] depending on a < b or b < a.

DEFINITION 3.14. Let f be an interval map and x a periodic point of period
n > 2. Let z; < --- < z,, denote the ordered points in {x, f(z),..., f" (z)} and
let I; := [xj,2j41] for all j € [1,n — 1]. The graph of the periodic orbit of x is the
directed graph whose vertices are Iy,...,I,_1 and

Vi, k € [1,n — 1], there is an arrow I; — I iff I, C (f(z;), f(z;41))-

In this graph, a fundamental cycle is a cycle of length n, say Jo — J; — -+ —
Jn—1 — Jo, such that there exists a point ¢ € Oy(z) with the property that f*(c)
is an endpoint of Jj, for all k € [0,n — 1].

It is important to notice that if I; — I; is an arrow in the graph of a periodic
orbit, then I; covers I;. Therefore, a cycle in this graph is a chain of intervals,
starting and ending with the same interval.

Recall that a cycle is primitive if it is not the repetition of a shorter cycle.

LEMMA 3.15. In the graph of a periodic orbit, there exists a unique fundamental
cycle (up to cyclic permutation). In this cycle, each vertex of the graph appears at
most twice and one of them appears exactly twice. The fundamental cycle can be
decomposed into two shorter primitive cycles.

PROOF. We consider a periodic orbit of period n > 2 composed of the points
1 < --- <z, and we set I; := [z;,x;41] for all j € [1,n—1]. We fix i € [1,n—1]
and ¢ € {x;,x;41}. We are going to show by induction on k that
there is a unique sequence of intervals (Jx)r>0, which are vertices
(3.6) of the graph of the periodic orbit, such that
Jo=1I; and Vk > 0, f*(c) € 0J and Jp — Jpy1.

Suppose that Jx_1 = [a, b] is already defined. The interval Jj must satisfy
(3.7) Ji. € (f(a), f(b)) and f¥(c) is an endpoint of Jj.

According to the induction hypothesis for Jj_1, the points f*~!(c) belong to {a,b}.
Thus either f(a) or f(b) is equal to f*(c), and (3.7) determines uniquely .J, €
{I,...,I,_1}. This ends the induction.

From now on, let (J;)k>0 denote the sequence defined above starting with
Jo := I and ¢ := x;. Since f"(z1) = x1 and x; < a; for all i € [2,n], the
interval J,, is necessarily equal to Jy. Therefore, Jy - J; — -+ — J,—1 — Jp is a
fundamental cycle. Now, we are going to prove the uniqueness of the fundamental
cycle. Let Ky - K; — -+ = K, = Ky be a fundamental cycle and d a point
of the periodic orbit such that f(d) is an endpoint of K; for all i € [0,n — 1].
Since d € {z1,...,7,}, there exists k € [0,n — 1] such that d = f*(x1). Thus
f**(d) = f"(x1) = 21 is an endpoint of K,,_y, so K,,_x = Jo. Then implies
that

(Ko, K1, oo s K1, Ko) = (Jis Jiits o os Tty Jos o+ o3 Ji),s

that is, the fundamental cycle is unique up to cyclic permutation.

For every k € [1,n — 1], there exist two distinct integers 4,j € [0,n — 1] such
that I, = [f!(x1), f?(z1)]. Consequently, J; and .J; are the only two intervals of the
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fundamental cycle that may be equal to I. This implies that every vertex appears
at most twice in the fundamental cycle. Moreover, there are only n — 1 vertices in
the graph and the fundamental cycle is of length n. Thus, one of the vertices of
the graph appears at least twice in the fundamental cycle. Finally, if we cut the
fundamental cycle at a vertex [; appearing twice, we obtain two cycles which are
primitive because each of them contains I} only once. O

The next lemma is originally due to Stefan [166]. We follow the proof of [36].
This is a key tool for finding other periods when one periodic orbit is known.

LEMMA 3.16. Let f be an interval map and x a periodic point. If the graph G
of the periodic orbit of x contains a primitive cycle Jg — J1 — -+ — Jp—1 — Jo of
length n, then there exists a periodic point y of period n such that f*(y) € Jy for
all k € [0,n —1].

ProOF. By Lemma ii), there exists y such that f"(y) =y and f*(y) € Jp
for all k € [0,n — 1]. Let p be the period of y, which is a divisor of n. Suppose
that f*(y) does not belong to Oy(x) for all k € [0,n — 1]. Then Jj is the unique
vertex of G containing f*(y) for all k& € [0,n — 1]. This implies that p = n,
otherwise the cycle would not be primitive. On the contrary, suppose that there
exists k € [0,n — 1] such that f*(y) € O(z). Then y = f**(f*(y)) belongs to
the orbit of z, and thus z is of period p. Moreover f*(y) is an endpoint of .J; for
all k € [0,n — 1], which implies that Jo — J; — -+ J,—1 — Jo is equal to either
the fundamental cycle or a repetition of it. Finally, p = n because this cycle is
primitive. O

The next lemma describes the graph of a periodic orbit whose period is the
smallest odd period greater than 1. Such a periodic orbit is called a Stefan cycle,
and so is any periodic orbit with the same graph as in Figure

LEMMA 3.17. Let f be an interval map having a periodic point of odd period
different from 1. Let p be the smallest odd period greater than 1, and x a periodic
point of period p. Let ¢ denote the median point of the orbit of x (that is, c € O¢(x)
and Of(x) contains (p — 1)/2 points less than ¢ and (p — 1)/2 greater than c). If
¢ < f(c), the points of its orbit are ordered as follows:

ey < P73 < < o) <e< fle) < fio) < < 773 (o).

If ¢ > f(c), the reverse order holds. Moreover, the graph of this periodic orbit is
the one represented in Figure[3

Q Js J3 J

f T ]

FIGURE 2. Graph of a periodic orbit of minimal odd period p > 1.

PRrROOF. By Lemma the graph of the periodic orbit of ¢ contains a fun-
damental cycle that can be split into two primitive cycles. One of these primitive
cycles is of odd length because the fundamental cycle is of odd length p. According
to Lemma [3.16] and because of the minimality of p, this length is necessarily equal
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to 1. Therefore, the fundamental cycle can be written as J; — J; = Jo — -+ —
Jp—1 — Ji. Moreover J; # Jp for all i € [2,p — 1] because each vertex appears at
most twice by Lemma [B.15] If .J; = J; for some ,j with 2 <i < j < p—1, then
the two cycles

J1—)JQ—)"'%Ji:Jj—)JjJrl—>"~—>Jp,1—>J1

and
=D === di=d; = Jp == Ty = N

are of respective lengths p+i—j — 1 and p+i — j. These lengths are in [1,p — 1],
and one of them is odd. But then, using Lemma we get a contradiction with
the choice of p. Therefore, we have J; # J; for all i,j € [2,p—1] with ¢ < j. which
implies that (Ji,Jo,...,Jp—1) is a permutation of the p — 1 vertices of the graph
of the orbit of x. Similarly, if J; — Ji for some i,k € [1,p — 1] with & > i+ 1, or
if J; — J; for some i € [2,p — 2], there exists a primitive cycle of odd length (the
cycle J; — Ji may be added if necessary to get an odd length) with a length in
[2,p — 1], which leads to a contradiction again by Lemma

Let 21 < --- < xp be the ordered points of O (x). We set I := [z}, xj41] for all
j€l,p—1]. Let k € [1,p — 1] be the integer such that J; = I. We have shown
that the vertex J; is only directed to J; and Jo. This implies that the intervals
J1 and J; have a common endpoint, and thus Js is equal to Iy or Ixi;. Since
f(xj) # x; for all j € [1,p], it is easy to check that we are in one of the following
two cases:

o Jo =111, 2341 = f(zr) and zx_1 = f2(ap),

o Jo= I, 2 = f(xp1) and appo = f2(2p41).
We assume that we are in the first case, the second one being symmetric and
leading to the reverse order. We encourage the reader to redraw the points of
Figure [3| step by step when reading the proof. We set ¢ := x. If p = 3, then the

7N Xy

1 [
fho)=xy  fA)=x,_,  c=xp  flc)=x4y, ) =x;,,

Jo=l_, =L,  J=I, =1,

FIGURE 3. Position of the first iterates of c.

proof is complete. If p > 3, then f3(c) > ¢, otherwise there would be an arrow
Jo — Ji. Hence f3(c) = x; for some i > k + 1. Since there is an arrow Jo — J3
and no arrow .Jy — J; for all j > 3, the only possibility is that f3(c) = zg42 and
Js = [f(c), f3(c)] = Ixr1. If f4(c) > f2(c), then necessarily f4(c) > f3(c) = zg12.
But this implies that J3 — J;, which is impossible, and hence f4(c) < f?(c). Since
there is an arrow J3 — J4 and no arrow Js — J; for all j > 4, the only possibility
is that f4(c) = z_2 and Jy = [f*(c), f?(c)] = Ix_2. We can go on in this way, and
finally we find that the points are ordered as follows:

ey < P73 < < o) <e < fle) < fo) < < 773 (o).
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The point ¢ is the median point of the orbit, and we are in the case ¢ < f(¢). The
order of these points enables us to check that the graph of the periodic orbit is the
one represented in Figure O

In the proof of Sharkovsky’s Theorem, we shall need the next elementary lemma.

LEMMA 3.18. Let f be an interval map and let x be a point.
1) If x is a periodic point of period n for f, then x is periodic of period n/d
for f%, where d := ged(n, k).
ii) If x is a periodic point of period m for f*, then there exists d a divisor of
k satisfying ged(m,d) = 1 and such that x is periodic of period mg for f.

PROOF. i) Let « be a periodic point of period n for f. We set d := ged(n, k)
and k' := k/d. We have f*&(z) = f¥"(z) = x. Let m > 1 be an integer such that
f¥m(x) = x. This implies that km is a multiple of n, say km = pn for some p € N.
Then m = B* = 7. Since ged(n, k') = 1, the quantity £ must be an integer, and
thus % divides m. We conclude that z is periodic of period % for f*.

ii) Let = be a periodic point of period m for f*, and let n be the period of
x for f. Then n divides km because f¥™(x) = z. Let d be the integer such that

m

km = dn. We set p := ged(m, d). Then % and % are integers and k7 = %n. This

implies that f*% (z) = f”%(x) = x, and thus p = 1 because z is of period m for
f*. Since n = % and p = ged(m, d) = 1, we deduce that d divides k. O

3.3.2. Proof of Sharkovsky’s Theorem.

PROOF OF THEOREM [3.13]l We first deal with the existence of periodic points
of period 1 or 2. By Lemma f has a fixed point. We are going to show:

(3.8) f has a periodic point of period p > 1= f has a periodic point of period 2.

Let n denote the least period greater than 1 and suppose that n > 3. According to
Lemma [3.15] the fundamental cycle of a periodic point of period n can be split into
two shorter primitive cycles, and thus one of them is of length m with m € [2,n—1].
But then Lemma [3.16|implies that there exists a periodic point of period m, which
contradicts the definition of n. Therefore n = 2 and is proved.

Second, we show that if f has a periodic point of period p,

(3.9) p>1, podd = Vnl>p, f hasa periodic point of period n.

According to the definition of Sharkovsky’s order, it is sufficient to prove (3.9]) when
p is the smallest odd period greater than 1. For such a p, the graph of a periodic
point of period p is given by Lemma[3.17] We keep the same notation as in Figure[2]
If n is even and n € [2,p — 1], then

Jp_n — Jp_n+1 — = Jp—l — Jp—n

is a primitive cycle of length n. If n is greater than p, we add n — p times the cycle
J1 — Ji1 at the end of the fundamental cycle in order to obtain a primitive cycle of
length n. Then, for all even integers n > 2 and all odd integers n > p, there exists
a periodic point of period n by Lemma This proves .

We now turn to the general case. Assume that f has a periodic point x of
period n = 2%, where ¢ > 1 is an odd integer. We want to show that, for all m # 1
with m>n, f has a periodic point of period m. We split the proof into three cases.
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i) Case ¢ = 1 and m = 2¢ for some 0 < e < d. According to Lemma [3.18]i),
the point x is of period 2¢7¢+1 > 1 for g := f%. Thus g has a periodic point 3 of
period 2 by , and y is periodic of period m = 2°¢ for f by Lemma (ii).

ii) Case ¢ > 1 and m = 2% for some 7 > 2, r even. By Lemmai), the point
x is of period ¢ for g := f2d. Since ¢ is odd and greater than 1, g has a periodic
point y of period r according to . Then y is periodic of period m = 2%r for f
by Lemma ii).

iii) Case ¢ > 1 and m = 2% for some r > ¢, » odd. By Lemma i), the
point z is of period ¢ for g := fzd. Since ¢ is odd and greater than 1, g has a
periodic point y of period r by . According to Lemma (ii), there exists an
integer e € [1,d] such that y is of period 2°r for f. If e = d, then f has a periodic
point of period m. Otherwise, we set 7' := 2¢=¢r. The map f has a periodic point
of period 2¢r with r odd, and the integer m can be written as m = 2’ with r/
even. Then the case (ii) above implies that f has a periodic point of period m.

This concludes the proof. (Il

3.3.3. Interval maps of all types. Because of the structure of Sharkovsky’s
order, Theorem [3.13] implies that the set of periods of an interval map is of the
form either {m € N | m > n} for some n € N or {2¥ | k > 0}. This motivates the
next definition.

DEFINITION 3.19. Let n € NU {2*°}. An interval map f is of type n (for
Sharkouvsky’s order) if the periods of the periodic points of f form exactly the set
{m € N | m > n}, where the notation {m € N | m > 2>} stands for {2* | k > 0}.

Every interval map has a type. Conversely, there exist maps of all types. This
result was shown by Sharkovsky in [I53] for integer types and in [I55] for type 2°°.
We are going to exhibit interval maps of all types. Some of these examples will be
referred to in other chapters. We first state a lemma, which is a partial converse of

Lemma [3.16

LEMMA 3.20. Let f be an interval map. Let {x1 < --- < x,} be a periodic
orbit of period n > 1, and let G denote the graph of this periodic orbit. Suppose
that fliz, 2., 9 monotone for alli € [1,n —1]. If f has a periodic point of period
m in [21,x,], then

e cither G contains a primitive cycle of length m,
e orm is even and G contains a primitive cycle of length m/2.

PROOF. Let y € [x1,z,] be a periodic point of period m. If y € {z1,...,z,},

then n = m and G contains a primitive cycle of length m by Lemma [3.15| From
now on, we suppose that y ¢ {z1,...,x,}. We show by induction that for all £ > 0
there is a unique vertex Jj, in G such that f*(y) € Ji, and in addition Jp — Jpy1.
e There is a unique vertex Jy containing y because y € [x1,x,] \ {Z1,...,Zn}.
e Suppose that Ji = [z;,2;41] is already defined. Since f is monotone on Jj,
the point f¥+1(y) belongs to f(Jy) = (f(z:), f(zis1)). Since (f(z:), f(wis1)) is a
nonempty union of vertices of G, this implies that there exists a vertex Jii1 in
G such that f’”‘l(y) € Jr41 and Jy — Jg41. The vertex Ji41 is unique because
f¥1(y) ¢ {x1,...,7,}. This concludes the induction.

Since f™(y) = y, we have J,, = Jy, and thus Jy — -+ Jn—1 — Jp is a cycle
in G. This cycle is a multiple of a primitive cycle of length p for some p dividing
m. Therefore J, = Jy and f*?(y) € Jy for all k > 0. Since fP|;, is monotone, the
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set J := f7P(Jy) N Jy is an interval and f2P|; is non decreasing. Moreover, f2*P(y)
belongs to J for all k > 0. If y < f?P(y), a straightforward induction leads to:

y < fPy) < fPy) < < PY).

The reverse inequalities hold if y > f?P(y). In both cases, the fact that y = f2™(y)
implies y = f?P(y). We deduce that m divides 2p. Since m is a multiple of p, this
implies that m = p or m = 2p. (|

ExampLE 3.21. We fix n > 1. We are going to build a map f, of odd type
p=2n+1>1. The map f,: [0,2n] — [0,2n], represented in Figure [4] is defined

2n

n+1

n—-1

Jon-1 S »n Jon

F1GURE 4. On the left: an interval map of type 3. On the right:
an interval map of odd type p =2n+1 > 3.

as follows: it is linear on [0,n — 1], [n — 1,n], [n,2n — 1] and [2n — 1, 2n], and

[p0):=2n, fr(n—1)=n+1, fo(n):=n-1, fL(2n—1):=0, f,(2n) :=n.

Notice that n = 1 is a particular case because 0 = n — 1 and n = 2n — 1. This map
satisfies:

Vk e [1,n], fr(n—k)=n+k,
Vk e [0,n—1], fy(n+k)=n—k—1.
It follows that f2*~'(n) = n —k and f2*(n) = n + k for all k € [1,n]. Thus
fg"“(n) = n, and the point n is periodic of period p = 2n + 1.
Weset Jop—1 := [n—k,n—k+1] and Joi, := [n+k—1,n+k] forall k € [1,n]. Itis

easy to check that the graph of the periodic point n is the one given in Lemma|3.1
that is:

J1 J2 J3 Jp-3 Jp-2 Jp-1

T ! t
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This graph does not contain any primitive cycle of odd length m € [2,p — 1].
Thus, by Lemma fp has no periodic point of odd period m € [2,p — 1]. This
means that f, is of type p.

For further reference, we are going to show that f, is topologically mixing. The
transitivity of f, was shown by Block and Coven [34]. We are first going to show
that, for every subinterval J in [0, 2n],

(3.10) Jiel,2n], JCJi=3k>1, |fi(J)]>2]]].

If J C Ji, then |f,(J)| = 2|J| because slope(fp|s,) = —2. If there exists i € [2,2n]
such that J C J;, then f2"7*(J) C Ja,. For all i € [2,2n — 1], slope(f,|s,) = —1
and slope(fy|s,,) = n. It follows that |f2"~"T1(J)| = n|fZ*~(J)| = n|J|. If n. > 2,
then |f2"~"1(J)| > 2|J|. If n = 1, then f,(Jan) = J1, and thus f2*~F1(J) C J;
and |f2"~"T2(J)| > 2|J|. In both cases, there exists an integer £ > 1 such that
|f¥(J)| > 2|J|. This proves (3.10).

Let J be a non degenerate subinterval of [0,2n]. If, for all integers k, the
interval f¥(J) does not meet {0,1,...,2n}, then implies that the length of
f;f(J ) grows to infinity, which is impossible. Thus there exists an integer k > 0 such
that f;f(J) contains one of the points 0,1,...,2n. Since {0,1,...,2n} is a periodic
orbit, k can be chosen such that 0 € f¥(J). Moreover, f¥(J) is a non degenerate
interval according to the definition of f,. The point 0 is fixed for g := (f,)? and
g is of slope 4n > 1 on [0, ﬁ] Thus, by Lemma there exists ¢ > 0 such
that g*(f*(J)) D [0, 2], and hence g"**(f*(J)) D [0,1]. Moreover, for every
iel,p—1],

p—1—1i arrows
is a path of length p from J,_o = [0,1] to J; in the graph of the periodic point n.
This implies that f2([0,1]) D UP—Z Ji = [0,2n]. Therefore, fg(i+2)+k(<]) = [0, 2n].
We conclude that f, is topologically mixing.

ExAMPLE 3.22. We are going to build interval maps of type n for all integers

n € N, following the construction in [166]. We start with the definition of the
so-called square root of a map. If f: [0,b] — [0,b] is an interval map and § € [0, b],
the square root of f (more precisely, one realization of the square root of f) is the
continuous map g: [0,2b+ ] — [0,2b + ] defined by:

o Yz €0,0], g(x) :== f(z) + (b+9),

o Vxe[b+6,2b+ 6], g(x) ==z — (b+9),

e g is linear on [b,b+ ).
The map ¢ is not well defined if 6 = 0 and g(b) > 0. The value chosen for ¢ is
usually 6 = 0 if g(b) = 0, and § = b otherwise. This construction is represented in
Figure [5| with 6 = b. This map satisfies:

(3.11) Vo € [0,b], ¢*(x) = f(x),

(3.12) g([0,0]) C [b+ 8,20+ 6] and g([b+ 6,2b+ d]) = [0,D].

It is clear that g has a unique fixed point ¢, and that ¢ € [b,b + 6]. Moreover,
A = slope(g|p,p45) < —1. Thus, if x,9(x),...,g"%(x) belong to [b,b + 6], then
lg*(x) — ¢| > |M\|*|z — ¢|. This implies that, for all x € [b,b+ 6] \ {c}, there exists
k > 0 such that ¢g*(z) € [0,b] U [b+ 6,2b+ §]. Thus, by (3.12)), all periodic orbits
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3b

2b

0 b 2b 3b

FIGURE 5. The map g is the square root of f. If f is of type n, g
is of type 2n.

of g, except ¢, have at least one point in [0,b] and are of even period. Moreover,
implies that a point = € [0,b] is a periodic point of period 2m for g if and
only if it is a periodic point of period m for f. We deduce that, if f is of type n,
then g is of type 2n.

With this procedure, it is possible to build an interval map of type n for every
positive integer n. We write n = 2%¢ with d > 0 and ¢ odd. If ¢ = 1, we start with
a constant map f: [0,1] — [0,1], which is of type 1. If ¢ > 1, we start with the
interval map f, of type ¢ defined in Example Then we build the square root
of f, then the square root of the square root, etc. At step d, we get an interval map
of type n = 2%.

ExXAMPLE 3.23. We are going to build an interval map of type 2°°. We follow
[72]; see also [63]. For all n > 0, we set

1 2

I, == 1—377 ~ gt

For every n > 0, let f,: I, — I, be the map of type 2™ built in Example
and rescaled (i.e., conjugate by an increasing linear homeomorphism) to fit into 7,,.
Then the continuous map f: [0,1] — [0, 1], illustrated in Figure [6] is defined by:

o Vz €Iy, f(x) := fu(2),
.« F(1)i= 1,
e Vn >0, f is linear on [1—3"%,1—%%].

It is obvious that the only periodic points of f in [1 — yb%, 1-— ﬁ] are fixed,

and z is a periodic point of period p > 1 for f if and only if there is some n > 0
such that x is a periodic point of period p for f,,. Therefore the type of f is 2°°.

We remark that, for all € [0, 1], the w-limit set of x is a periodic orbit of
period 2" for some integer n > 0. This is not always the case for maps of type 2.
In [72], there is another example of a map of type 2°° with an infinite w-limit set.
We shall see such a map in depth in Example [5.56
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y=h(x) *

N

Iy I Iz
FIGURE 6. Each map f, is of type 2", the whole map is of type 2°°.

REMARK 3.24. There is a completely different way of proving that all types
are realized. It consists of the study of a one-parameter family of interval maps
that exhibits all possible types. The most famous family is the logistic family
fa(z) = Az (1 — x), where x € [0,1] and X € [0,4]. For every n € NU {2°°}, there
exists A, € [0,4] such that f, is of type n; the map fi,. is called the Feigenbaum
map. More generally, every “typical” family of smooth unimodal maps exhibits all
possible types; an interval map f: [0,1] — [0, 1] is unimodal if f(0) = f(1) = 0 and
there is ¢ € (0,1) such that f|o o is increasing and f|.,1) is decreasing. The proofs
are non-constructive and rely on quite sophisticate tools like the kneading theory.
The study of such families of interval maps is out of the scope of this book. See
[71, 67, 124, 85, 98], T01].

In [14] Section 2.2], Alseda, Llibre and Misiurewicz gave a short proof consisting
of showing that the family of truncated tent maps exhibits all types. The truncated
tent maps are defined as gy(z) = min(72(x), A), where x € [0,1], A € [0, 1] and T5
is the tent map defined in Example [2.13] The proof is non constructive, as for
families of smooth unimodal maps, but is much simpler.

Remarks on graph maps. Sharkovsky’s Theorem has motivated a lot
of work aimed at finding characterizations of the set of periods for more general
one-dimensional spaces.

One of the lines of generalization of Sharkovsky’s Theorem consists of charac-
terizing the possible sets of periods of tree maps. The first remarkable results in
this line are due to Alseda, Llibre and Misiurewicz [13] and Baldwin [21]. In [13]
the characterization of the set of periods of the maps on the 3-star with a fixed
branching point, in terms of three linear orderings, was obtained, whereas in [21]
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the characterization of the set of periods of all dynamical systems on n-stars is given
(an n-star is a tree made of n segments glued together by one of their endpoints
at a single point, e.g., S, := {z € C | 2™ € [0,1]}). Further extensions were given
by Baldwin and Llibre [22] for tree maps such that all the branching points are
fixed, then by Bernhardt [29] for tree maps such that all the branching points are
periodic. Finally, Alseda, Juher and Mumbri overcame the general case of tree
maps [6), [7), 8, [9]. They showed that the set of periods of a tree map is the union
of finitely many terminal segments of the orders of Baldwin and of a finite set (for
every integer p > 2, the p-order of Baldwin is a partial ordering on N, coinciding
with Sharkovsky’s order for p = 2). The precise statement is quite complicated; we
refer to [8, Theorem 1.1].

Another direction is to consider topological graphs which are not trees, the
circle being the simplest one. Circle maps display a new feature: the set of periods
depend on the degree of the map and, in the case of degree 1, on the rotation
interval.

Consider a circle map f: S — S, where S := R/Z, and a lifting of f, that is, a
continuous map F': R — R such that mo F' = f o, where 7: R — S denotes the
canonical projection (F' is uniquely defined up to the addition of an integer). The
degree of f (or F) is the integer d € Z such that F(z+ 1) = F(z) +d for all x € R.

The characterization of the sets of periods for circle maps of degree different
from 1 is simpler than the one for the case of degree 1. The case of degree dif-
ferent from 1, —1 and part of the degree —1 case are due to Block, Guckenheimer,
Misiurewicz and Young [36]. See also [14] Section 4.7].

THEOREM 3.25. Let f: S — S be a circle map of degree d # 1.
o If|d| > 2, d# —2, then the set of periods of f is N.
o Ifd = -2, then the set of period of f is either N or N\ {2}.
o Ifd e {0,—1}, then there exists s € NU{2°} such that the set of periods
of fis{meN|m> s}.
Moreover, all cases are realized by some circle maps.

The characterization of the sets of periods of circle maps of degree 1 is due to
Misiurewicz [128] and uses as a key tool the rotation theory. The reader can refer
to [14] for an exposition of rotation theory for (non invertible) circle maps of degree
1. The sets of periods of circle maps of degree 1 contain the set of all denominators
of all rational numbers (not necessarily written in irreducible form) in the interior
of an interval of the real line. As a consequence, these sets of periods cannot be
expressed in terms of a finite collection of orderings.

THEOREM 3.26. Let f: S — S be a circle map of degree 1, and let [a,b] be the
rotation interval of a lifting of f. Then there exist sq, sy € NU{2°°} such that the
set of periods of f is equal to S(a,sq) U M(a,b) U S(b,sy), where

e M(a,b):={q€eN|IpeZ, te(ab)}
o S(z,8):==0ifa € R\Q and S(z,s) :={ng [ ns} ifa="2 withp €N,
q € Z and ged(p,q) = 1.
Moreover, all cases are realized.
Finding a characterization of the sets of periods of graphs maps when the graph

is neither a tree nor the circle is a big challenge and in general it is not known what
the sets of periods may look like. Only two cases have been studied: the graph
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shaped like o [108], and the graph shaped like 8 [I15], with the restriction, in both
cases, that the map fixes the branching point. This assumption greatly facilitates
the study (similarly, tree maps fixing all the branching points were dealt with first).

A rotation theory has been developed by Alseda and the author for maps of
degree 1 on graphs containing a single loop [16]. It leads to results similar to, but
weaker than, the ones obtained from the rotation theory for circle maps. They give
information about the periods, but this is far from leading to a characterization of
the sets of periods, even in the simplest case of the graph o [18].

3.4. Relations between types and horseshoes

If an interval is mapped across itself twice, the effect on the dynamics is similar
to Smale’s horseshoe for two-dimensional homeomorphisms [I61]. This leads to
the following definition. The name horseshoe for interval maps was given by Mi-
siurewicz [125], but the notion was introduced much earlier by Sharkovsky under
the name of L-scheme [153].

DEFINITION 3.27 (horseshoe). Let f be an interval map. If Jy, ..., J, are non
degenerate closed intervals with pairwise disjoint interiors such that J,U---UJ, C
f(J;) for all ¢ € [1,n], then (Jy,...,J,) is called an n-horseshoe, or simply a
horseshoe if n = 2. If in addition the intervals are disjoint, (J1,...,J,) is called a
strict n-horseshoe.

REMARK 3.28. The definition of horseshoe slightly varies in the literature. For
some authors, a horseshoe is made of disjoint closed subintervals, or is a partition
of an interval into subintervals such that the image of every subinterval contains
the whole interval (thus, the subintervals forming the horseshoe are disjoint but not
closed). The definition above follows [14]. For Block and Coppel, an interval map
with a horseshoe is called turbulent [40]; this terminology was suggested by Lasota
and Yorke [107]. However, turbulent may refer to a point with an infinite w-limit
set (see e.g. [72]), and so this word might be confusing.

Sometimes it will be useful to boil down to a particular form of a horseshoe, as
given by the next lemma.

LEMMA 3.29. Let f be an interval map and (J, K) a horseshoe. Then there
exist points u, v, w such that f(u) = u, f(v) =w, f(w) = u and, either u < v < w,
oru > v > w. Note that (u,v), (v,w) form a horseshoe.

PrROOF. We assume J < K. Let a,b € J be such that f(a) = minJ and
f(b) = max K. We have (a,b) C J and f({(a,b)) D JUK.
e Case 1: a < b. Let u € [a,b] be a fixed point (u exists by Lemma ; u#b
because f(b) ¢ [a,b], hence v ¢ K. Since f(K) D J D [a,b], there is w € K
such that f(w) = u (by the intermediate value theorem). Moreover f([u,b]) D
[u,max K] D K, thus there is v € [u,b] such that f(v) = w. We have u < v by
definition (note that u = v is impossible because u ¢ K and f(v) € K) and v < w
because v € J and w € K. Moreover v # w because f(w) =u <v <w = f(v).
e Case 2: b < a. Let u € K be a fixed point; u > a because f(a) ¢ K. Let
w € [b,a] be such that f(w) = w. Since f([w,a]) D [minJ,u] D J, there is
v € [w,a] such that f(v) = w. We have w < v < u, and equalities v = u, w = v are
not possible because v < a < w and f(w) =u>v > w = f(v). O

The next lemma is a straightforward consequence of Lemma iii).
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LEMMA 3.30. Let f be an interval map and (J1,...,J,) a p-horseshoe for f.
Then, for alln > 1,
i) Vi,j € [1,p], Ji covers p"~! times J; for f",
il) f™ has a p™-horseshoe.

We shall see in Section that horseshoes are intimately related to entropy,
but what interests us now is the relationship between horseshoes and the periods
of periodic points. We first show that a map with a horseshoe is of type 3. This
result appears as part of a proof due to Sharkovsky [153 Lemma 4]. It was also
stated by Block and Coppel [40].

PROPOSITION 3.31. An interval map f with a horseshoe has periodic points of
all periods.

PrOOF. Let (J, K) be a horseshoe for f. First, we assume that J and K are
disjoint. Let n > 1. Applying Lemma ii) to the chain of intervals (I, ..., I,)
with I; := K for all ¢ € [1,n — 1] and Iy = I,, := J, we see there exists a periodic
point = € J such that f*(r) = z and f*(z) € K for all k € [1,n — 1]. The fact
that J and K are disjoint implies that the period of z is exactly n.

Now we assume that J and K have a common endpoint. We write J = [a, ]
and K = [b,c] (we may suppose with no loss of generality that J is on the left of
K). If b is a fixed point, we set

d:=min{z > b | f(z) € {a,c}}.

It follows that d > b and the image of [b,d) contains neither a nor ¢. Thus f([d, c])
contains a and ¢ because [a,c] C f([b, c]), so [a,c] C f([d,c]) by connectedness. We
deduce that (J,[d, c]) is a strict horseshoe. The first part of the proof implies that
f has periodic points of all periods.

Suppose now that b is not a fixed point. Applying Lemma [1.13[(ii) to the chain
of intervals (J, K, K, J), we see that there exists a periodic point z € J such that
f3(z) =z, f(z) € K and f?(x) € K. The period of x divides 3, and thus it is
equal to 1 or 3. If z is a fixed point, then 2 € J N K = {b}, which is impossible
because b is not fixed. Thus z is of period 3. Then f has periodic points of all
periods according to Sharkovsky’s Theorem [3:13] O

An interval map with a periodic point of period 3 may have no horseshoe. Such
a map will be built in Example [£.61] However, if f has a periodic point of odd
period greater than 1, then f2 has a horseshoe. This result was underlying in a
paper of Block [33] and was stated by Osikawa and Oono in [139]; see also [40].

ProproOSITION 3.32. Let f: I — I be an interval map. If f has a periodic
point of odd period greater than 1, then there exist two intervals J, K containing no
endpoint of I and such that (J, K) is a strict horseshoe for f2.

PROOF. Let p be the least odd integer different from 1 such that f has a
periodic point of period p and let  be a periodic point of period p. According
to Lemma there exists a point xy in the orbit of x such that the points
x; = fi(x0),0 < i < p— 1, are ordered as:

Tp—1 < Tp3 < - <T2< <2 < - < Tp-2

or in the reverse order. Suppose that the order above holds, the other case being
symmetric.
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The interval f([zo,x1]) contains [zs, x|, which implies that there exists d in
(zo, 1) such that f(d) = zg, and hence d < f?(d) = x1. Since f*([xp—1,2p—3])
contains [z,_1, 1], there exists a point a € (x,_1,7,_3) such that f?(a) > d. Then
2([a,zp—3]) D [wp—1,d], and thus there exists b € (a,z,_3) such that f2(b) < a.
Similarly, there exists ¢ € (z,_3,d) such that f2(c) < a because f?([z,_3,d]) D
[zp—1, f2(d)] D [xp—1,d]. Then J := [a,b] and K := [c,d] are disjoint intervals and
form a horseshoe for f2. Finally, J and K do not contain any endpoint of I because
Tp—1 < aand d < ;. O

We end this section with two small results, related to horseshoes and periodic
points of odd period; both will be referred to later. The first one states that, if f
has no horseshoe, every orbit splits into two sets U and D with U < D such that
all points in U (resp. D) are going “up” (resp. “down”) under the action of f.
The second one is a tool to prove the existence of periodic points when only partial
information on the location of the points is known.

The next result, already implicit in a paper of Sharkovsky [153l proof of
Lemma 4], was proved by Li, Misiurewicz, Pianigiani and Yorke under a slightly
weaker assumption [112], Corollary 3.2].

LEMMA 3.33. Let f be an interval map with no horseshoe, and let xy be a point.
Let U(zo) := {x € Og(zo) | f(x) > x} and D(xg) := {z € Of(x0) | f(z) < x}. If
these two sets are nonempty, then sup U(xzo) < inf D(xg) and there exists a fixed
point z € [sup U(xo), inf D(zg)].

PRrROOF. We set z,, := f™(xg) for all n > 0. Let n,m be integers such that
xn € U(zo) and z,, € D(xg). We are going to show that z,, < x,,,. Suppose on
the contrary that z,, > x,,. We assume that m > n, the case m < n being similar.
The point z,, is not fixed because z,, = f™ "(x,) > x,. Thus, according to the
definition of U(zg) and D(z), we have

(3.13) f@m) < Tm < xp < fzp).

By continuity, there exists a fixed point in [2,,,2,]. Let y be the maximal fixed
point in [z, 2,]. Then y < z,, and, since f(z,) > x,,

(3.14) Vo € (y,xn], f(z)> .

By (3.13)), there exists an integer k € [n + 1,m] such that a; > y for all i € [n, k]
and zr4+1 < y. We show by induction on ¢ that x; < xy, for all i € [n, k].

e Case i = n: since f(xy) = 41 <y < xg, the point xzx does not belong to (y, z,,]
by (3.14)), and thus z,, < zj.
e Suppose that x; < z for some i € [n,k —1]. If 2,41 > xp, then ([y, =], [zi, xk])
is a horseshoe for f, which is a contradiction. Hence z;1 < zy.

For i = k, the induction statement is that x; < xj, which is absurd. Hence
Tn < Tpy. We deduce that supU(zg) < inf D(zg). Moreover, the definitions of
U(xo), D(xo) imply that f(sup(U(zo))) > sup U(zg) and f(inf(D(zo))) < inf D(z).
Thus there exists a fixed point z € [sup U(zo), inf D(x)] by continuity. O

The next result was shown by Li, Misiurewicz, Pianigiani and Yorke [117].

PROPOSITION 3.34. Let f be an interval map and let x be a point. Let p > 3
be an odd integer and suppose that either fP(z) < x < f(x) or fP(x) >z > f(x).
Then f has a periodic point of period p.
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PROOF. We assume that fP(zx) <z < f(z), the case with reverse inequalities
being symmetric. We also assume that f has no horseshoe, otherwise f has periodic
points of all periods by Proposition [3.31

We set @, := f™(z) for all n > 0. We define the sets

U:i={on | @n41 2 an, n€[0,p]} and D:={a, |[2pi1 < an, n e [0,p]}.
By assumption, x, < x¢ < x1, which implies that zop € U and
(3.15) there exists j € [1,p — 1] such that z;41 < z;,
so x; € D. Since U and D are not empty, Lemma implies that
max U < min D and there exists a fixed point z € [max U, min D].

If z; = z for some i € [0,p], then z, = z > maxU > . Since z, < ¢, this
implies xg = z, which is a contradiction because x( is not a fixed point. We deduce
that max U < z < min D, and thus

Tp <xop <maxU < z<minD < ;.
We claim that there exists k& € [0,p — 1] such that
either xg,xp+1 € U or xp,xk4+1 € D.

Otherwise, all the points z; with even index i € [0,p] would be in U (because
xo € U) and all the points z; with odd index i € [0,p] would be in D, and thus
29 < z < x, because p is odd. This would contradict the assumption that x, < zg.
Therefore the claim holds, which implies that

(3.16) either zp < zpi1 <z or z<zpr < Tg.

We assume that the case xp < xp41 < z holds in , the other case being
symmetric. We set Jy, := [, max U] and J; := (¥, ) for all ¢ € [0, p] with ¢ # k.
Then f(J) D [€k+1, min D] D [xg41, 2] and f(J;) D (xi41, 2) for all i € [0, p] with
i # k. Then (Jy,...,Jp) is a chain of intervals. Moreover, we have Jy C J,. Thus
there exists y € Jy such that fP(y) = y by Lemma ii). Let g be the period
of y; this is a divisor of p. If ¢ = 1, then y € Jo N J; = [z0,2] N [z,z;] (recall
that j is such that x; > 2z by )7 and hence y = z. But this is not possible
because y € Ji = [zg, max U], with maxU < z. We deduce that ¢ > 1. Since p is
odd, then ¢ is odd too, and 1 < ¢ < p. Then Sharkovsky’s Theorem [3.13 gives the
conclusion. ([

3.5. Types of transitive and mixing maps

We saw that a mixing interval map has a periodic point of odd period greater
than 1 (Theorem . Moreover, Example shows that, for every odd ¢ > 1,
there exists a mixing map of type ¢. If an interval map f is transitive but not
mixing, then, according to Theorem there exists a subinterval J such that
f?|s is mixing, and thus f? is of type ¢ for some odd g > 1. Actually, ¢ is always
equal to 3 in this case, which implies that f is of type 6. This result was proved by
Block and Coven [34]; it is also a consequence of a result of Blokh [42]. We start
with a lemma, stated in [34].

LEMMA 3.35. Let f: [a,b] — [a,b] be a transitive interval map. If f has no
horseshoe, then it has a unique fixed point. Moreover, this fixed point is neither a
nor b.
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PROOF. Suppose that f is transitive and has at least two fixed points. Then
Theorem implies that f is topologically mixing. The set of fixed points P;(f)
has an empty interior by transitivity, and it is a closed set. This implies that there
exist two points x1 < @2 in Pi(f) such that (x1,z2) N Pi(f) = 0 and thus, either

Vo € (x1,22), f(x) <z,

or

(3.17) Vo € (z1,22), f(z)> .

We assume that holds, the other case being symmetric. If
Va € (x1,b], f(x) > 1,

then the interval [x7,b] is invariant, which is impossible by transitivity except if
1 = a. In this case, a is a non accessible endpoint because a ¢ f((a,b]), and
thus there exists a sequence of fixed points that tend to a by Lemma[2.32} But this
contradicts the choice of z1 and z5. We deduce that there exists ¢t € (x1,b] such that
f(t) < x1. Actually, t belongs to [z2,b] because of . Since f(x2) = x9 > w1,
there exists z € [z2,t] such that f(z) = x; by the intermediate value theorem. Thus
we can define
z:=min{z € [x1,0] | f(z) = 1}

Actually z € [z2,b] because of (3.17). If f(z) # z for all z € (21, 2), then f(z) < z
for all x € (x1,2) (because f(z1) = z1 < z), and the minimality of z implies that
f(z) > zp for all x € (x1,2). Thus the non degenerate interval [z1, z] is invariant
and z ¢ f([z1,2]), which is impossible because f is transitive. We deduce that
there exists y € (x1,2) such that f(y) = z. If we set J := [z1,y] and K := [y, 2],
then (J, K) is a horseshoe.

If f is transitive and has no horseshoe, what precedes implies that f has at
most one fixed point. Thus f has a unique fixed point according to Lemma [1.11
If a (resp. b) is the unique fixed point of f, then f(z) < z for all z € (a,b] (resp.
f(z) >z for all € [a,b)), and thus f is not onto. This is impossible because f is
transitive, so we conclude that the unique fixed point of f is neither a nor b. ([l

PROPOSITION 3.36. Let f: I — I be a transitive interval map. Then f? has a
horseshoe and f has a periodic point of period 6. Moreover,
o if f is topologically mixing, then it is of type p for some odd p > 1,
o if f is transitive but not mizing, then it is of type 6.

PRrROOF. If f is topologically mixing, it has a periodic point of odd period ¢ > 1
by Theorem Sharkovsky’s Theorem [3.13] implies that the type of f is an odd
integer p in [3,¢] and f has a periodic point of period 6. Moreover, f? has a
horseshoe by Proposition [3.32

If f is transitive but not topologically mixing, then it has no periodic point of
odd period greater than 1 by Theorem [2:20, and thus the type of f is at least 6
for Sharkovsky’s order. Moreover, according to Theorem [2.19] there exists a fixed
point ¢ € I which is not an endpoint of I and such that, if we set J := [min I, ¢| and
K := [c, max I], the subintervals J, K are invariant under f2, and both maps f?|,
f?|x are topologically mixing. Then f2|; is transitive and has a fixed endpoint,
and thus it has a horseshoe according to Lemma m Therefore f2 has a periodic
point of period 3 by Proposition [3:31] The period of this point for f cannot be an
odd integer, and thus it is equal to 6. We conclude that the type of f is 6. (]



CHAPTER 4

Topological entropy

4.1. Definitions

The notion of topological entropy for a dynamical system was introduced by
Adler, Konheim and McAndrew [1]. Topological entropy is a conjugacy invariant.
The aim of this first section is to recall briefly the definitions and introduce the
notation used in the sequel, without entering into details. The readers who are not
familiar with topological entropy can refer to [169] or [73].

4.1.1. Definition with open covers. Let (X, f) be a topological dynamical
system. A finite cover is a collection of sets C = {C1,...,C,} such that C;U--- U
Cp = X. It is an open cover if in addition the sets C1, ..., C), are open. A partition
is a cover made of pairwise disjoint sets. The topological entropy is usually defined
for open covers only. Nevertheless we give the definition for any finite cover because
we shall sometimes deal with the entropy of covers composed of intervals which are
not open.

Let C = {C4,...,Cp} and D = {Ds,...,D,} be two covers. The cover CV D is
defined by

CVD:= {CiﬂDj ‘7;6 Hl,pﬂ7 j e [1,qﬂ, CiﬂDj #@}

We say that D is finer than C, and we write C < D, if every element of D is included
in an element of C. Let N(C) denote the minimal cardinality of a subcover of C,
that is,

N(C) :=min{n | Jiy,...,i, € [L,p]}, X =C;, U---UC;, }.
Then, for all integers n > 1, we define
Na(C, f) =N (CV fTHQ V- v [~ (0)).

If there is no ambiguity on the map, C" will denote CV f~*(C) v --- Vv f~(»=D(C).
Note that N(C) < #C. Moreover, if P is a partition (not containing the empty
set), then P" is a partition too, and N(P") = #(P") for all n > 1.

LEMMA 4.1. Let (an)n>1 be a sub-additive sequence, that is, anir < an + ax
forallm > 1 and oll k > 1. Then lim,,_, 4 %an exists and is equal to inf,,>q %an,

PRrROOF. The inequality

1 1
4.1 liminf —a,, > inf —
(4.1) notoo " = i "

is obvious. Let k be a positive integer. For every positive integer n, there exist
integers ¢,r such that n = ¢k +r and r € [0,k — 1]. The sub-additivity implies
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that a,, < qay + a,, and thus limsup,,_,, %an < %ak. Therefore,

1 1
4.2 li —a, < inf —ayg,
@2 im e < ot g
and the lemma follows from (4.1)) and (4.2]). O

It is easy to show that, for all finite covers C, the sequence (% log N,,(C, f))n>1
is sub-additive. Thus Lemma [4.1] can be used to define the topological entropy of
the cover C by:

hop(C, f) 1= Tim 28T(C )y  JogNa(C,f)

n——+oo n n>1 n

The next lemma follows straightforwardly from the definitions.

LEMMA 4.2. Let (X, f) be a topological dynamical system. If C and D are two
finite covers such that C < D, then hiop(C,T) < hiop(D,T).

The topological entropy of a dynamical system (X, f) is defined by
hiop(f) = sup{hiop(U, f) | U finite open cover of X}.

The topological entropy is a non negative number (it may be infinite). It satisfies
the following properties:

PROPOSITION 4.3. Let (X, f) be a topological dynamical system.

o For all integers n > 1, hiop(f™) = nhiop(f).
o IfY is an invariant subset of X, then hiop(fly) < htop(f).
e if (Y, g) is a topological dynamical system that is conjugate to (X, f), then

htop(f) = htop(g)'

When dealing with entropy in the sequel, we shall often use that hyo,(f") =
nhiop(f), without referring systematically to Proposition

4.1.2. Definition with Bowen’s formula. The topological entropy can be
computed with Bowen’s formula. The following notions were introduced in [59].

Let X be a metric space with a distance d, and let f: X — X be a continuous
map. Let e > 0 and n > 1. The Bowen ball of center x, radius ¢ and order n is
defined by

By(z,e) = {yeX|d(f*),f*y) <e kelo,n-1]}
n—1
— N /B @).9):
=0

Let E C X. The set F is (n,e)-separated if for all distinct points z,y in E, there
exists k € [0,n — 1] such that d(f*(x), f*(y)) > e. The maximal cardinality of an
(n, e)-separated set is denoted by s,(f,€). The set E is an (n,¢)-spanning set if
X C U,ep Bn(,e). The minimal cardinality of an (n, e)-spanning set is denoted
by r.(f,¢).

LEMMA 4.4. Let (X, f) be a topological dynamical system, ¢ >0 and n € N.

i) If 0 <&’ <eg, then sp(f,€') > sn(f,e) and r,(f,&') > ro(f, ).
ii) ru(fie) < sn(f,e) <malf, 5)-
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PROOF. (i) Obvious.

(ii) Let E be an (n, €)-separated set of maximal cardinality s, (f,¢). By maximality,
for every y € X \ E, E U {y} is not (n,e)-separated, that is, y € UzeE n(2,€).
Moreover, E is clearly included in (J,p Bn(2,€). This means that E is an (n,¢)-
spanning set, and so 7,(f,€) < s,(f,€). Let F' be an (n, 5)-spanning set of cardi-
nality r,(f, 5). For every x € X, there exists y(z) € F such that x € B, (y(x), §).
If 1,29 are two distinct points in F, then y(z1) # y(x2) (otherwise this would
imply that d(f*(z1), f(z2)) < € for all i € [0,n — 1]). Thus #E < #F, that is,
sn(fvg) Srn(f,%) D

The next result is due to Bowen [60]; see also [146].

THEOREM 4.5 (Bowen’s formula). Let (X, f) be a topological dynamical system.
Then

1
hiop(f) = lim lim sup — log s,,(f, ¢) = lim lim sup — logfrn(f, €).
n

e=20 pstoo N e=0 pstoo

PROOF. First, the limits

lim lim sup — log sn(f,e) and lim limsup — log rn(f,€)

e=0 ps4oo e=0 ps4oo

exist by Lemma i), and they are equal by Lemma ii). Let h denote the
value of these limits. We are going to show that hiep(f) = h.

Let € > 0 and n € N. Let E be an (n,¢)-separated set of cardinality s, (f,e).
Let U be a finite open cover such that the diameter of all elements of U is less
than e (such a cover exists because X is compact). Two distinct points in E are in
distinct elements of U™, so s, (f,€) < N, (U). This implies that

lim sup *10g sn(f,€) < hiop(U, f),
n—-+oo
and so h < hyp(f).

Let V be a finite open cover and let > 0 be a Lebesgue number for V), that is,
for all z € X, there exists V € V such that B(z,d) C V. Let ¢ € (0,4) and let F be
an (n,e)-spanning set of cardinality r,(f,e). For all y € F and all k € [0,n — 1],
there exists Vj, , € V such that B(f*(y),d) C V, k. Let x € X. By definition of F,
there exists y € F such that z € B, (y,¢), hence f*(x) € B(f*(y),e) C B(f*(y),9)
for all k € [0,n — 1]. Thus

n—1
T € \/ [k
k=0

This implies that V' := {\/}_ éf *(Vyx) | y € F} is a subcover of V", and so
N,(V) < N(V') < #F =r,(f,e). ThlS 1mphes that

hiop(V, f) < limsup — logrn(f7 ),

n——+00

and so hiop(f) < h. Finally, we get hiop(f) = h. O
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4.2. Entropy and horseshoes

4.2.1. Horseshoes imply positive entropy. Recall that (Ji,...,J,) is a
p-horseshoe for the interval map f if Ji,...,J, are non degenerate closed intervals
with pairwise disjoint interiors such that J; U---UJ, C f(J;) for all i € [1, p].

The next proposition appears under this form belatedly in the literature (e.g.,
[41] Proposition VIIL.8]). However it basically follows from the computations of
Adler and McAndrew in [2].

PRrROPOSITION 4.6. Let f: I — I be an interval map. If f has a p-horseshoe,
then hiop(f) > logp.

PRrROOF. We first suppose that f has a strict p-horseshoe, say (J1,...,Jp).
There exist disjoint open sets Ui, ..., U, in I such that J; C U; for all ¢ € [1,p].
Let Upt1 :=I\U_, Ji. Then U := (Uy,...,Up,,Upsq) is an open cover of I and
Upt1NJ; =0 for all ¢ € [1,p]. Let n > 1. For all n-tuples (ig,...,in—1) € [1,p]",
we set

Jigin =iz €T |Vke[0,n—1], ff(x)c J;,}.
Since (J1, ..., Jp) is a p-horseshoe, the set J;;,, ;. , is not empty by Lemma(i).
Moreover, it is contained in a unique element of U™, namely

Uy N fHU) N -0 =D, ).
Thus N, (U, f) > p™ for all integers n > 1, so

hiop(f) = hiop(U, f) = lim M

n—-+o0o n

> logp.

We now turn to the general case, i.e., f has a p-horseshoe. Let n > 1. According
to Lemma|3.30] f™ has a p™-horseshoe. We number the p™ intervals of this horseshoe
from left to right in I and we consider only the intervals whose number is odd. In

this way, we obtain a strict [%—‘ -horseshoe. Then, applying the first part of the
proof to f™, we get

hiop(f™) = log <p2> .
By Proposition we have Ryop(f) = 2hiop(f™), and thus hyep(f) > logp — 10%2.
Finally, hop(f) > logp by taking the limit when n goes to infinity. (]

4.2.2. Misiurewicz’s Theorem. Misiurewicz’s Theorem states that the ex-
istence of horseshoes is necessary to have positive entropy. This theorem was first
proved for piecewise monotone maps by Misiurewicz and Szlenk [131], [132], then
Misiurewicz generalized the result for all continuous interval maps [125, 127].
There is no significant difference between the piecewise monotone case and the
general case.

THEOREM 4.7 (Misiurewicz). Let f: I — I be an interval map of positive topo-
logical entropy. For every A < hiop(f) and every N, there exist intervals Ji,. .., Jp
and a positive integer n > N such that (J1,...,Jp) is a strict p-horseshoe for f™
and 10% >\

We are first going to state three technical lemmas about limits of sequences,
then we shall prove Theorem [4.7]
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LEMMA 4.8. Let (an)n>1 and (by)n>1 be two sequences of positive numbers.
Then

1 1 1
lim sup — log(a,, + b,) = max {lim sup — log a,,, lim sup — log bn} )
n—+oco N n—+oo N n—+oo N

The same result holds for finitely many sequences of positive numbers:
1 1 .
limsup — log(al + - - + a¥) = max {limsup —logay, | i€ [L, k]]} .
n—+oo 1 n—4oo N

PRrROOF. We show the lemma for two sequences, the general case follows by a
straightforward induction. We set

1 1
L := max {lim sup — log a,,, limsup — log bn} .
n—+oco T n—+oo N

Since a.,, + b, > a, and a,, + b, > b,, it is obvious that

1
lim sup — log(a,, + b,) > L.

n—+4oo N

Conversely, for every € > 0, there exists an integer ng such that, for all n > ny,
an, < el and b, < e(LT)™ This implies that

1 log 2
Vn > ng, Elog(an+bn)SL+E+ %

To conclude, we first take the limsup when n — 400, then we let € tend to zero. [

LEMMA 4.9. Let (ap)n>1 and (by)n>0 be two sequences of real numbers. Then

1 - n bn
limsup — log E exp(a + byp—r) < max {lim sup a—, lim sup } .
n

n—+oo =1 n—s4oo M notoo N

PrOOF. We set

noo bn,
L := max {limsupa7 lim sup } .

n—s+oo M n—s+oco N

We assume that L < +o00, otherwise there is nothing to prove. For every ¢ > 0,
there exists an integer ng such that

n b’ﬂ/
(4.3) Vn > nyg, a—§L+£ and — < L+e.
n n

We set M := max {0, o, %" |nel,ny — 1ﬂ} Let n, k be two integers such that
n > 2ng and k € [1,n]. Necessarily, they satisfy either k > ng or n — k > ng. We
split into three cases.

e If £k > ng and n — k > ng, then by :
ap +bp—p <k(L+e)+(n—k)(L+¢e)=n(L+e).
e If £k > ng and n — k < ng, then by and the definition of M:
ag +bp— <k(L+¢e)+ (n—k)M <n(L+¢)+noM.
o If £k <ngand n —k > ng, then by and the definition of M:
af + b <EM+ (n—k)(L+e) <ngM +n(L+e).
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In the three cases, we have ap + b,—r < n(L +¢) + ngM, and thus

1 - 1 M
Vn > 2ng, flogZexp(ak—i—bn,k)gflogn—i—L—l-s—ﬁ-nO .
n n n

k=1

We first take the limsup when n — +00; then we let € tend to zero, and we get

1 n
lim sup — log Z exp(ag + bn—x) < L,
n—+oo N 1

which proves the lemma. (I

LEMMA 4.10. Let (an)n>1 be a sequence of real numbers and o, f € R. Suppose
that there exists C' > 0 such that a1 < a, + C for allm > 1, and that

. a
0<a<pf<limsup —.
n—+4+oo N

Then, for all integers N, there exists n > N such that a, > pn and apt1 > an +a.
PRrROOF. We suppose that the lemma is false, that is, there exists /N such that
(4.4) Yn >N, an > fn = an+1 < ap + Q.

If a, > Bn for all n > N, then apyny < ay + an for all n > 1 by (4.4), which
implies that

. 2%

limsup — < a.

n—+oo N
But this contradicts the assumption on «. Thus there exists an integer n > N
such that a,, < fn. We set Ny := min{n > N | a, < fn}. Suppose that a, < fp
for some integer p > N and that r is a positive integer such that a,, > fn for all
n € [p+1,p+r]. We are going to show that r is bounded by a constant independent
from p. By (4.4), we have apt, < apy1+a(r—1). Since apy1 < a,+C and a, < Bp,
we have

(4.5) Blp+7) < apir < Bp+C+a(r —1).
This implies that fr < C + a(r — 1), and thus » < M if we set
C—-a
M = .
b —«

Notice that M > 0 because a, < a1 + (n — 1)C for all n > 1, and hence
limsup,, ,,., % < C, which implies that C' — a > 0; moreover, 8 — a > 0 by
assumption. Let n be an integer greater than Ny + M. We consider two cases.

e If a,, > fOn, what precedes implies that there exists an integer p € [n — M, n) such

that a, < Bp and a; > i for all i € [p + 1,n], Then, by (4.5), we have
an < Bp+CH+a(M—1)<Bn+C+ aM.

o If a,, < fBn, the inequality a,, < fn + C 4+ oM trivially holds.
Since the inequality a,, < fn + C 4+ aM holds in the two cases, we have
lim sup an <p.
n—4oo N

But this contradicts the assumption on 5. We conclude that the lemma is true. [
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Proor or THEOREM [£7] First we are going to prove the theorem under the
extra assumptions that hyop(f) > log3 and log3 < A < hyep(f). We choose X' such
that A < X < hyop(f). According to the definition of topological entropy, there
exists a finite open cover U such that h..,(U, f) > X. We choose a partition P
consisting of finitely many disjoint non degenerate intervals such that P is finer
than ¢. Then hiop(P, f) > hiop(U, f) by Lemma [£.2] s0 hiop(P, f) > X'. We have
N(P™) = #(P™) because P™ is a partition, and thus

hiop(P, ) = lim_ =~ log# (P).

If Q is a family of subsets of I, we define, for all n > 1 and all A € Q,

n—1
Qn::{(AO,... Ap_1) | Vie[0,n—1],A; € Q and ﬂf 75@}
=0

and  Q"[A:={(Ao,...,Ap_1) € Q" | Ag = A}.

We have #(P") = > 4cp #(P"|A). Thus, by Lemma there exists A € P such
that

(4.6) hiop(P, f) = lim sup — log# (P"A).
n—-+4oo

Let F be the family of A € P satisfying (4 . We claim that:

(4.7) VA€ F, huop(P, f) = limsup — Liog (F"4).

n—-+oo

PROOF OF . The inequality > is straightforward. We are going to prove
the reverse inequality. We fix A € F. Let (Ap,...,Ap—1) € P"|A and let k
be the greatest integer in [1,n] such that A; € F for all ¢ € [0,k — 1]. Then
(Ao,...,Ar_1) € F¥|Aand,ifk < n, (Ay,...,A,_1) € P"F|B for some B € P\ F.
Thus

(4.8) #(P"A) < Z #(FHA) Y #(PHB) | + #(FA).

k=1 BeP\F
We set by := 0 and

Vn > 1, ap :=log#(F"|A) and b, := log Z #(P"|B).
BEP\F

Then can be rewritten as
7)"|A Si ak—l—bn,k).
k=1
Inserting this inequality in , we get
hiop(P, f) < hmsup log (Z exp(ay + bn— k))
n—4oo T 1

Thus, by Lemma

(4.9) hiop(P, f) < max {hm sup —, lim sup b} .

n—+oco N n—s+co N
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According to the definition of F, we have

1
VB € P\ F, limsup—log#(P"|B) < hiop(P, f),

n—+oo N
and thus limsup,,_, , oo 2 < hyop(P, f) by Lemma Finally, in view of (4.9)), we
have hyop(P, f) < limsup,, , ., %=. This concludes the proof of (4.7). O

Let Ag,...,An—1 € F. We set A := Ag and A, := A; N f(A]_;) for all
i € [1,n —1]. We claim that:

(4.10) Ay o= " {xo | Vi€ [0,n — 1], fi(zo) € Ai})
n—1
_ fn—l (n f_Z(A’L)>
i=0
Indeed,

’
Tp—1 € Anfl

& dr,_o € A;q—27 f(xn—2) =Tp-1 € An—lv

= Hxn—i’) S A;;-?,a f(xn—i’)) =Tp_2 € An—2 and fz(mn—?)) = f(xn—Q) = Tn-1,

=4 3370 € Ag, f(afo) =2 € Al,fQ(.To) =9 € A27 - fn_l(.%‘o) =Tp-1 € Anfl.
Therefore, (4.10) holds, which implies, according to the definition of F:
(4.11) (Agy ..., Ap_1) € F" <= A, _, #0.

If Al _; # 0, then A} is nonempty and A, C f(A;_,) for all i € [i,n — 1]. Thus,
by Lemma for every (Ao,...,An—1) € F", there exists a nonempty interval
JAq...A,_, such that

(4'12) fn_l(‘]AomAnfl) = A’/ﬂ,—l and
(4.13) Vi€ [0,n—1], f'(Ja,..a,_,) C AL C A,

Moreover, (Jay...A,_1)(Ao,...A,_1)er» is a family of pairwise disjoint intervals. If
(Ao, ..., An—1) € F"and A, € F, then f"(Ja,..a, )NAy=f (A’n_l)ﬁAn = A,
and thus, according to (4.11)),

fn(JAO,“Anfl) NA, #* =N (AO, - ,An) e Frtt,

Therefore
(4.14)  #(F'HHA) = > #{B € F|["(Jag.a,.)NB#0}.
(A(), RN Anfl) cF"
Ag=A

For all A, B € F, we set
c(A,B,n) :=#{(Ao,...,Ap1) € F" | Ao = A, f"(Jag..a,_,) D B}.
We shall need the following result:
(4.15) VA,B,C € F, V¥n,m > 1, ¢(A, B,n)c(B,C,m) < c(A,C,m+ n).
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PRrROOF OF (4.15). For all A, B € F and all n > 1, we set
C(A,B,n) :={(Ao,...,An_1) € F* | Ao = A, f"(Ja,..a,_,) D B}
Let (Ag,...,An_1) € C(A,B,n) and (By,...,By,_1) € C(B,C,m). We are going to
show that (Ao,...,Ap—1,B0,...,Bm-1) € C(A,C,n+m). The set f"(Ja,..a,_,)
contains B by definition, and Jp,. . g, , C Bo = B by (4.13). This implies (by
Lemma M(l)) that there exists a nonempty interval K C Ja,. a,_, such that
f™(K)=Jg,..B,,_,- Moreover, by (4.13)), this interval satisfies:

Vi € [0,n—1], f/(K) C A; and Vj € [0,m—1], f**Y(K) = f/(Jp,. B, _,) C B;.

Consequently,
n+m—1

n—1
Kc () fA)n () f(Bizn)-
i=0 i=n

This implies the following facts. First, (Ao,...,An_1,Bo,...,Bpm_1) € Frtm
by —|—, using the fact that K # ). Second, the set f"tm~1(K) is in-
cluded in f™*"=1(Ja, A, .Bo..B,_,) by combining and . Then, since
frtm™(K) = f™(Jp,...B,,_,), we have f"™(K) D C by definition of C(B,C,m), so
St (J Ay Aw_1Bo...Bm_,) 2 C. We conclude that (Ag, ..., Ay_1,Bo,---,Bm_1) €
C(A,C,n+ m). This clearly implies (4.15). O

We fix A € F. We have
Z c¢(A,B,n)

BeF
= #{((Ao,...,An_1),B) EF" x F | Ao = A, f"(Jay...a,_,) D B}
_ 3 #{BeF|f(Jay..a, ,) DB}
(Ao, ..., Ap_1) € F™
Ag=A

Consider (Ag,...,A,—1) € F™. If f*(Ja,..a,_,) meets k intervals of F, then
f™(Ja,...A,_,) contains at least k — 2 of them because f™(J4,..4,_,) is an interval.
Therefore

3" ¢(4,B,n) > 3 (#(BeF|f"(Jag..a, )N B#0}-2).
BeF (AO,'..,Aifl) eF"

Combining this inequality with (4.14), we get:
(4.16) D (A, B,n) > #(F T A) - 24(F"|A).
BeF
We set al, :=log #(F"|A) for all n > 1. According to (4.7), we have

n—1

!/

hiop(P, f) = limsup a—".

n—+oco N

Moreover, a;,; < a;, +log #F for all n > 1. Therefore, we can apply Lemma
with a =log3, 8 = X and C = log #F, and we see that, for all integers N,

(4.17) In > N, #(F"|A) > " and #(F" 1 A) > 34(F"|A).
For an integer n satisfying (4.17)), we inject these inequalities in (4.16]) and we get

> (A, B,n) > 3#(F|A) — 24:(F"|A) = #(F"|A) > N
BeF
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Therefore

1
limsup — lo c(A,B,n)>N.

According to Lemma [4.8] for all A € F there exists B = ¢(A) € F such that

1
limsup — log c(A4, p(A),n) > X > A
n—+4oo 1
Since F is finite, the map ¢: F — F has a periodic point, that is, there exist
Ag € F and p € N such that ¢P(Ag) = Ap. Using the preceding inequality with
A= (Ay),i=0,...,p— 1, we have

(4.18)  Vie[0,p—1], YN; > 1, In; > Ny, c(¢'(Ao), o' (Ap), ny) > ™.

For every i € [0,p — 1], let NV; be a positive integer and let n; > N; be given by
(4.18). We set n := Zf;ol n; and k := ¢(Ap, Ag,n). We have

p—1
k= C(A()a AO) ’I’L) > H C(Qoz(A0>7 L)O’H_l (A0)7 nl) by ‘)
=0

p—1
Z H e’ﬂi>\ — e’ﬂ)\ by .
=0

According to the definition of ¢(Ag, Ag,n), this means that there exist k disjoint
intervals Ji,...,Jy C Ag such that f*(J;) D Ap for all i € [1,k]. Thus (Ji,..., Jx)
is a k-horseshoe for f™, and %log k> A

This result implies the theorem in the general case in the following way. Suppose
that huop(f) > 0 and 0 < A < hyop(f). We choose A such that A < A < hyop(f);
then we choose an integer ¢ such that ¢\’ > log3 and ¢(\’ — \) > log2. By
Proposition hiop(f9) = qhiop(f) > gA”. Therefore, applying what precedes
to f9, we obtain that, for every integer N, there exist positive integers n, k with
n > N and a k-horseshoe (Jy,...,Ji) for f"? such that logk > g\”. We order
the intervals of this horseshoe such that J; < Jy--- < J; and we set &' = (%W
Then the intervals .J; with odd indices are pairwise disjoint and form a k’-horseshoe
for f™, and we have

/ J—
log k Zlogk IOgQE)\”—IOgZZA.
qan qn qn
This ends the proof of the theorem. ([

Remarks on graph maps. The notion of a horseshoe can be extended to
graph maps in the following way.

DEFINITION 4.11. Let f: G — G be a graph map. Let I be a closed interval
of G containing no branching point except maybe its endpoints, and let Jy,...,J,
be non degenerate closed subintervals of I with pairwise disjoint interiors such that
f(J;) =1 for all i € [1,n]. Then (Jy,...,J,) is called an n-horseshoe for f. If in
addition the intervals are disjoint, (Ji,...,J,) is called a strict n-horseshoe.

Llibre and Misiurewicz proved that, with this definition, Proposition [£.6] and
Theorem remain valid for graph maps [114].
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THEOREM 4.12. Let f be a graph map. If f has an n-horseshoe, then hiop(f) >
logn. Conversely, if hiop(f) > 0, then for all X < hiop(f) and all N > 1, there

exist integers m > N, p > 1 and a strict p-horseshoe for f™ such that 10% > A

4.3. Homoclinic points

The notion of a homoclinic point for a diffeomorphism of a smooth manifold
was introduced by Poincaré; this is a point belonging to both the stable and the
unstable manifolds of a hyperbolic point (see, e.g., [L61]). In [33], Block defined
unstable manifolds and homoclinic points for an interval map.

DEFINITION 4.13. Let f be an interval map. Let z be a periodic point and let p
denote its period. Let V(z) denote the family of neighborhoods of z. The unstable
manifold of z is the set

we )= () U o).

Vev(z)n>1

Equivalently, x € W*(z, fP) if and only if there exist sequences of points (x)r>0
and of positive integers (ny)r>0 such that i hI—sI—l xp =z and Vk > 0, fP(x) = x.
- — 400

DEFINITION 4.14. Let f be an interval map. A point x is a homoclinic point if
there exists a periodic point z such that:
i) © # 2,

ii) x € W*(z, fP), where p is the period of z,

iii) z € w(z, fP).
The point = is an eventually periodic homoclinic point if it satisfies the above
conditions (i) and (ii) and if there exists a positive integer k such that f*?(z) = z
(this condition is trivially stronger than (iii)).

REMARK 4.15. The notion of a homoclinic point introduced by Block in [33]
corresponds to what is called an eventually periodic homoclinic point in the above
definition. In [41], homoclinic points are called homoclinic in the sense of Poincaré
to make a distinction with the previous kind of homoclinic point, which is more
restrictive. We rather follow the terminology of [103), [120].

4.3.1. Preliminary results about unstable manifolds. We shall need a
few results about unstable manifolds. We state them for fixed points. In view of
the definition, there is no loss of generality since a periodic point of period p for f
is a fixed point for fP.

The next easy lemma states that an unstable manifold is connected and invari-
ant. The other three lemmas of the section are more technical.

LEMMA 4.16. Let f: I — I be an interval map and let z be a fized point. Then
i) W¥(z, f) is an interval containing z (it may be reduced to {z}),
i) f(W*(z,f)) c W*(z, f).

PrOOF. For every € > 0, the set |J,~, f"((z —€,2 + ) NI) is an interval
containing z because it is a union of intervals containing the fixed point z. It
follows straightforwardly from the definition that

Wu(z7f): ﬂ U f"((z—g,z—i—s)ﬂ[),

e>0n>1
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which is an intersection of intervals containing z. Thus W%(z, f) is also an interval
containing z, which gives (i).

Let x € W"(z, f). This means that for all V' € V(z), there exists n > 1 such
that x € f*(V). Thus f(z) € f**1(V). This implies that f(z) € W(z, f), which
proves (ii). O

LEMMA 4.17. Let f be an interval map. Let z1,zo be two fixed points with
z1 < z2 and such that there is no fixed point in (z1,22). Then there existsi € {1,2}
such that (z1,22) C W*(z, f).

PROOF. The assumption that (21, 22) contains no fixed point implies that

(4.19) either  Vz € (21, 22), f(x) >z,
(4.20) or Vo € (21, 22), f(z) <.

We assume that holds and we are going to show that (z1,22) C W¥(z1, f).
If holds, then by symmetry we have (21, 29) C W"*(22, f).

Let y € (z1,22). Let V be a neighborhood of z; and = € (z1,y) N V. We set
0 :=min{f(t) —t |t € [z,y]}. By compactness, implies 6 > 0. If t € [z,y],
then

(421) f([Zl,t]) D [Zl,t-i-é}.
We define a sequence (b, )n>0 by

(] bo =2,

o if b, < z9, byy1 := max f([21,bn]); if by > 22, the sequence is not defined

for greater indices.

By ([4.19), the sequence (b,),>0 is increasing and b,, = max f"([z1,z]). According
to (4.21), if b, € [x,y], then b,11 > b, + 3§, 50 byy1 > by + (n + 1) by induction.
Since [x,y] is bounded, this implies that there exists ng such that b,, > y. Thus

y € f™([z1,2]) C f™ (V). This implies that y € W*(z1, f), and we conclude that
(21,22) C W"(21, f). O

LEMMA 4.18. Let f: I — I be an interval map. Let z be a fixed point and let
y be a point such that y # z andy € W*(z, f). Then for every neighborhood V' of
z, there exist y' € VN W¥(z, f) and an integer n > 1 such that f"(y') = y.

PROOF. Suppose that the result is false, that is, there exists a neighborhood
V of z such that

(4.22) vn =1, y ¢ ff(VaWw(z, f)).

We can assume that V is an interval. We also assume that y > z, the case y < z
being symmetric.

Since y € W¥(z, f) and according to the definition of an unstable manifold,
(4.22) implies:
(4.23) V NW*(z, f) is not a neighborhood of z.
By Lemma i), W¥(f,z) is an interval containing [z,y]. Thus V N W*"(z, f) is
also an interval containing z, and (4.23)) implies:
(4.24) z=min(VNW*z, f)) = min W¥(z, f)

and 2z # min[.
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Let b € VN (z,y). Since f(z) = z and z # min I, there exists a point ¢ such that
(4.25) ceV,e<z and Vz€lez], f(x) <b.

By (4.24), ¢ ¢ W¥(z, f). Thus, by definition of W*(z, f), there exists d € (¢, z)
such that

(4.26) Vn>1, ¢é f*([d, 2]).

We set d,, := min f*([d, z]) for all n > 0. Then d,, < z and (4.26) implies that
d, > c for all n > 0. We show by induction on n that

(4.27) Vn >0, f"([d,z]) C [dn,2] U L_J Fi([2,0)).
i=0

e (4.27) is satisfied for n = 0.
e Suppose that (4.27) holds for n. Then f([d,,z]) C [dnt1,b) = [dnt1,2] U [2,D)
using (4.25) and the fact that d,, € (¢, z]. Then

n

f"H([d, 2) < f([dn, 2]) U U fi([z,0]) by the induction hypothesis,

C [dpt1,2] U U f([z,b]) by what precedes.

This is (4.27) for n + 1. This proves that (4.27) holds for all n > 0. Moreover,
according to (4.22), y ¢ f"([z,b]) for any n > 1 because [z,b] C V N W¥(z, f).

By (4.27), y ¢ f"(|d,2]) for all n > 1 (recall that b < y). Thus y ¢ f™((d,b))
for any n > 1. But this contradicts the fact that y € W¥(z, f) because (d,b) is a
neighborhood of z. This concludes the proof. O

LEMMA 4.19. Let f be an interval map. Let z be a fixed point and let y be a
point such thaty € W¥(z, f) and y > z. Then there exists x € W*(z, f) such that
flx)=y and z < y.

PrOOF. We prove the lemma by refutation. Suppose that
(4.28) Ve e Wz, f), e <y= f(z) <y.

Then a straightforward induction, using the fact that f(W*"(z, f)) C W*(z, f) (by
Lemma [4.16)), gives:

(4.29) Ve e Wz, f), z <y=Yn>0,[f"(x) € W=z, f) and f"*(z) < y.

Let V' be a neighborhood of z such that supV < y. According to Lemma
there exist x € W¥(z, f)NV and n > 1 such that f™(z) = y. The fact that z € V'
implies < y. But this contradicts (4.29). We deduce that does not hold,
that is, there exists zo € W*(z, f) such that ¢ < y and f(xg) > y. Since f(z) = z,
the continuity of f implies that there exists x € (z,x¢) such that f(z) =y. Then
x < y. Moreover, W¥(z, f) is an interval (by Lemma and it contains z and
xo, and so W¥(z, f) contains z too. ([l
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4.3.2. Homoclinic points and horseshoes. In [33], Block showed that an
interval map f has an eventually periodic homoclinic point if and only if f has a
periodic point whose period is not a power of 2. As we shall show in Theorem |4.58
f has a periodic point whose period is not a power of 2 if and only if f has positive
entropy, which is also equivalent to the fact that f™ has a horseshoe for some n
(note that this theorem is posterior to [33]). We are going to show a result very
close to Block’s: f has an eventually periodic homoclinic point if and only if some
iterate of f has a horseshoe. Moreover, the integer n such that f™ has a horseshoe
and the period of the eventually periodic homoclinic point are related.

The next result is a variant of [33 Theorem 5].

PROPOSITION 4.20. Let f be an interval map having a horseshoe. Then there
exist points x,z such that x # z, f(z) = z, f(x) = z and x € W¥(z,f). In
particular, x is an eventually periodic homoclinic point.

PROOF. According to Lemma there exist points a, b, ¢ such that f(a) =
f(e) = a, f(b) = c and, either a < b < ¢, or a > b > ¢. We assume that a < b < ¢,
the other case being symmetric. Then ([a,b], [b,c]) is a horseshoe; in particular
there exist fixed points in [a,b] and in [b, c]. We set

21 :=max{z € [a,b] | f(z) =2} and zp:=min{z € [b,d]| f(r) =z}

There exist x1 € [b,¢] and x2 € [a,b] such that f(z;) = z for ¢ € {1,2}. Since b is
not a fixed point, we have z; < b < 23 and z; # z; for ¢ € {1,2}. Moreover, there is
no fixed point in (z1, 22). Therefore, according to Lemma there exists i € {1,2}
such that (z1, z2) C W*(z;, f), and hence b € W*(z;, f). By Lemma the points
¢ = f(b) and a = f(c) belong to W¥(z;, f) too, and thus [a,c] C W¥(z;, f) because
W¥(z;, f) is an interval. Since z1,z2 € [a,c¢] C W¥(z;, f), we conclude that the
proposition holds for z := z; and x := x;. O

The next proposition is [41, Theorem IIL.16], which is more precise than the
original result of Block [33, Theorem A2].

PROPOSITION 4.21. Let f be an interval map. Let y be an eventually periodic
homoclinic point with respect to a fixed point (that is, there exist a point z and a
positive integer k such that y # z, f(2) = z, y € W% (2, f) and f*(y) = z). Then
f? has a horseshoe.

PROOF. Let k > 1 be the minimal integer such that f*(y) = z. We set ¢/ :=
f¥1(y). Then y' € W¥(z, f) by Lemma y' # z because of the choice of k,
and f(y') = 2. We assume 3y’ > z, the case y’ < z being symmetric.

If there exists « € (z,y') such that f(z) = ¢/, then ([z, ], [x,¥']) is a horseshoe
for f, and for f2 too. From now on, we assume that:

(4.30) Vz € (2,9), f(z) #Y.

According to Lemmald.19] there exists # € W"(z, f) such that z < 3’ and f(z) =/
We set w := max{x <y’ | f(z) = y'}. Then w € W*(z, f) because W*(z, f) is
an interval by Lemma Moreover, w < z by (notice that w ¢ {y', 2}
because f(z) = f(y') = z # y'). Since f(y') = z < y/, the definition of w and the
continuity of f imply that

(4.31) V€ (w,y), flz) <y
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Suppose that f(z) > w for all x € (w,y’). Combined with (4.31), this implies
fl(w,y")) C (w,y’). Thus

Vz € (w,y'),Yn >0, f"(z) # w.

But this contradicts Lemma because (w,y’) is a neighborhood of z and w is
in W¥(z, f). We deduce that there exists z € (w,y’) such that f(x) < w. Since
f(z) = z > w, the continuity of f implies that there exists v € (w,y’) such that
f(v) =wand v # z. If v € (w,2), then ([w,v],[v,2]) is a horseshoe for f. If
v € (2,v), it is easy to check that [z,v],[v,9'] form a horseshoe for f2. This
concludes the proof. [l

REMARK 4.22. Propositions and can be restated for some iterate of f:

e If f™ has a horseshoe, then there exists an eventually periodic homoclinic
point with respect to a periodic point whose period divides n.

e If f has an eventually periodic homoclinic point with respect to a periodic
point of period p, then f2?P has a horseshoe.

It seems that the next result was first stated by Block and Coppel [41], Propo-
sition VI.35]. We give a different proof.

PROPOSITION 4.23. Let f be an interval map having a homoclinic point. Then
there exists a positive integer n such that f™ has a horseshoe.

PROOF. Let y be a homoclinic point with respect to the periodic point z and
let p be the period of z. Then y € W*(z, fP) and z € w(y, fP). An induction using
Lemma shows that there exist a sequence of points (y,)n>0 and a sequence of
positive integers (ky)n>1 such that

® Yo =Y,
o Vn>1,y, € Wz, fP) and fP*(y,) = yn_1,

e lim y, ==z
n—-+oo

This implies that y, # z for all n > 0 (because y # z). We assume that there are
infinitely many integers n such that y, > z (otherwise, there are infinitely many
integers n such that y,, < z and the arguments are symmetric). Thus there exist
n’ > n > 0 such that z < ¥,y < y,. We set g := y,, T1 1= Ypr, M := Z;inﬂ k;
and g := f™P. In this way, z < 1 < xg and g(x1) = zo.

The point z belongs to w(y, f?) = w(zy, fP). Since z is a fixed point for
/P, Lemma implies that z belongs to w(xy, fP™) for all n > 1, in particular
z € w(x1,g). Thus there exists j > 1 such that ¢7(x1) < x1 (by choosing ¢’ (x1)
close enough to z). This implies that there exists k € [2, j] such that

g"(x1) <x; and Vi€ [l,k—1], g'(z1) > 2
(notice that k =1 is not possible because g(x1) = z). We deduce that
(4.32) 1 € [¢"(21), g ()]

The interval g*~'([x1,20]) contains the points ¢g"~'(x¢) = ¢g*(z1) and ¢F='(zy).
Thus g*~([z1, x0]) also contains z; by (4.32)). This implies that ¢g*([zy,x¢]) con-
tains g(z1) and ¢*(z1) with g(x1) = 2o and ¢*(z1) < 21, so

(4.33) 9" ([z1, @o]) O [z1, o).
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On the other hand, g([z,x1]) D [2,x0] D [2,x1]. Thus there exists zo € (2, 21)
such that g(x2) = x1, and we have

(4.34) 9([z2, 21]) D [x1, z0].

As above, since z € w(z1, g*) a_nd z < 9, there exists j > 1 such that ¢ (z1) < zo.
Then ¢* ([z1,20]) contains ¢*/(x1) < x5 and it also contains x by (4.33). Thus

(4.35) gkj([xl,xo}) D [x9, o] = [®2, 1] U [21, 20].

Let J := [x9,21] and K := [z1,20]. The coverings given by (4.34) and (4.35) are
represented in Figure

J K
K_/

g

R ngj

FIGURE 1. The coverings between the intervals J := [22, 2] and
K := [z, z0].

If we consider the following chains of coverings:

kj kj kj kj
J L KK 25 J L KIS KISK,
kj kj kj kj
K257 K25, K25 7% K25 K,
we see that J, K form a horseshoe for g' T2k = fp(1+2kj) O

According to Propositions [£:20] and [£:23] the existence of a homoclinic point
implies that f™ has a horseshoe for some n; and if f™ has a horseshoe, then f has
an eventually periodic homoclinic point. This leads to the following theorem.

THEOREM 4.24. Let f be an interval map. The following are equivalent:
1) htop(f) > 0;
ii) f has an eventually periodic homoclinic point,
iii) f has a homoclinic point.

PrOOF. The implication (ii)=-(iii) is trivial. According to Misiurewicz’s The-
orem the topological entropy of f is positive if and only if there exists n > 1
such that f™ has a horseshoe. Then the implications (i)=-(ii) and (iii)=(i) follow
straightforwardly from Propositions and respectively. O

Remarks on graph maps. The notions of an unstable manifold and a homo-
clinic point can be extended with no change to graph maps. In view of the definition
of horseshoe for graph maps, it is natural to think that Proposition [4.20] can be
generalized to graph maps. Indeed, Makhrova proved that a tree map of positive
entropy has a homoclinic point [120} Corollary 1.2]; and Ko¢an, Korneckd-Kurkova
and Malek showed the same result for graph maps [I03], Theorem 1]. Recall that a
graph map f has positive topological entropy if and only if f™ has a horseshoe for
some n by Theorem [4.12
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THEOREM 4.25. Let f: G — G be a graph map of positive topological entropy.
Then f has an eventually periodic homoclinic point.

The converse of Theorem holds for tree maps [120], Corollary 1.2] but not
for graph maps [103], Example 3].

THEOREM 4.26. Let f: T — T be a tree map. If f has a homoclinic point, then
htOP(f) > 0.

PROPOSITION 4.27. There exists a circle map f: S — S of zero topological
entropy having an eventually periodic homoclinic point.

4.4. Upper bounds for entropy of Lipschitz
and piecewise monotone maps

An interval map can have an infinite topological entropy, as illustrated in Ex-
ample However Lipschitz (in particular C!) interval maps and piecewise
monotone interval maps have finite topological entropy.

ExAMPLE 4.28. We choose an increasing sequence (ay,)n>0 Wwith ag := 0 and
lim,, 00 @np, = 1. Let a_q := 0. Weset I, := [an—1,a,] for all n > 1. We consider a
continuous map f: [0, 1] — [0, 1] which is rather similar to the map of Example m
but with 2n + 1 linear pieces in I,,. This map is represented in Figure More
precisely, f is defined by

Vn >0, folan):=an, f(1):=1

. . Qp — Gp_1 an_o if 7 odd,
> _ = e
VYn > 1, Vi e [1,2n], f (an_l +1i o T 1 > { ey if i even,

and f is linear between these points.

The map f clearly has a (2n + 1)-horseshoe in I, for every n > 1, Therefore,
hiop(f) = 400 by Proposition Moreover, the same arguments as in Exam-
ple 2.36] show that f is topologically mixing.

The next result is a particular case of [T3] Proposition (14.20)], which states
that, if (X, f) is a topological dynamical system with X C R? and if f is A-Lipschitz
for some A > 1, then Ao, (f) < dlog .

PROPOSITION 4.29. Let f: I — I be an interval map and X > 1. If f is
A-Lipschitz, then hiop(f) < log .

PROOF. Let e > 0and n > 1. Let E = {z; < 22 < -+ < x5} be an (n,¢)-
separated set of cardinality s := s,(f,e). For every ¢ € [1,s — 1], there exists
k € [0,n — 1] such that | f*(x;11) — f*(x;)| > e. Since f is A-Lipschitz with A > 1,

[P (@ipn) = R @) < M zigr — ] < Nz — i
Thus ;41 —x; > A" and x4 —x1 > (s — 1)A""e. Since z; — 21 < |I|, this implies
that s
s < u)\" + 1.
€
Finally, htop(f) < log A by Bowen’s formula (Theorem [4.5)). O

In [132], Misiurewicz and Szlenk showed that the topological entropy of a
piecewise monotone interval map f is equal to the exponential growth rate of the
minimal number ¢, of monotone subintervals for f”. Furthermore, hiop(f) is less
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~
(3]

0 I

FiGUurE 2. This map is topologically mixing and its topological
entropy is infinite.

than or equal to % log ¢, for all n > 1, which may be useful to estimate the entropy
of a given map since we may not know ¢, for all n. We first state two lemmas
before proving this result.

DEFINITION 4.30. Let f be a piecewise monotone map. A monotone cover
(resp. partition) for f™ is a cover (resp. partition) C such that, for all C' € C, C' is
an interval and f™|c is monotone.

LEMMA 4.31. Let f be an interval map. If A and B are monotone covers for fm
and f* respectively, then AV f~"(B) is a monotone cover for f"+*. In particular,
if A is a monotone cover for f, then A™ is a monotone cover for f™ for allm > 1.

ProOOF. Let J € Aand K € B. We set g := f™|;. Since g is monotone, the set
g~ (K) = JN f~"(K) is an interval. Moreover, f™ | ;o ¢y = f¥|x 0 glg-1(x) is
monotone as a composition of two monotone maps. This implies that AV f~"(B)
is a monotone cover for f?+*. The second assertion of the lemma trivially follows
from the first one. O

The next result is stated in [I132] Remark 1].

PROPOSITION 4.32. Let f: I — I be a piecewise monotone interval map and
A a monotone cover. Then hiop(f) = hiop(A, f).

PROOF. Let U be an open cover, and let ¥V be the open cover composed of
the connected components of the elements of &4/. We fix an integer n > 1 and an
element A € A”. Weset V"NA:={VNA|V eV} Foralliec[0,n—1], A
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is a subinterval of an element of A%, and thus f?|4 is monotone because A’ is a
monotone cover for f* by Lemma Thus, for every U € V, AN f~4(U) is an
interval (note that this interval may not be open because A is not assumed to be
open). This implies that all elements of V" N A are subintervals of A. Moreover,
their endpoints are in the set

n—1

U U oans ().

i=0 UeV

Therefore the number of endpoints of the elements of V"N A is at most 2n#). Since
a nonempty interval is determined by its two endpoints and by its type (open, close,
half-open, half-close), we deduce that # (V" N A) < 4(2n#V)? = (4n#V)2. Let V),
(resp. Ay) be a subcover of minimal cardinality of V™ (resp. A™). We then have

Vo < ) #VnNA) < #(A) (An#V)>.

Ae A,

It follows that

log N,,(V, f) <log N,,(A, f) + 2log(4n#V).
Dividing by n and taking the limit when n goes to infinity, we get

htop(v7 f) S htop(-Aa f)

Moreover, hiop(U, f) < hiop(V, f) because V < U. Since what precedes is valid for
all open covers U, we deduce that hiop(f) < hiop(A, f). It remains to show the
reverse inequality.

We fix n > 1. Let B:= AV f*AV--- Vv f~=D A From now on, we work
with the map g := f" and the iterated covers (like B¥) will be relative to g. By
Lemma [£:31] B is a monotone cover for g. Let € > 0 be such that

e < min{|B| | B € B, B non degenerate}.
Let £ := Upcp OB be the set of endpoints of B. We define the open cover
U={Int(B)|BeB}U{(x—¢c,x+e)NI|x € E}.

For every x € E, the interval (z — ¢,z + ¢) meets at most three elements of B (one
of them may be reduced to {z}) because of the choice of e. Thus, for all U € U,
#{B € B|UNB # 0} < 3. This implies that

VE>1,YV eUu* #{BeB*|VnB#0} <3k
Consequently, if U, is a subcover of minimal cardinality of U*, we have
Ni(B,g) < Z #{B € B*|VNB#0} <3 #U. =3"N;(U,g).
Veﬁk
Dividing by nk and taking the limit when k goes to infinity, we get
1 1 log3d 1 log 3
(436) ﬁhtop(B,g) < Ehtop(uvg) + T < Ehtop(g) +—

Since Lhuop(B, f") = hiop(A, f) and Lhiop(g) = huop(f), we deduce from (4.36))
that hop(A, f) < heop(f) + %. Finally, taking the limit when n goes to infinity,
we conclude that hyop(A, f) < hiop(f). O
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PROPOSITION 4.33. Let f be a piecewise monotone interval map and, for all
n > 1, let ¢, be the minimal cardinality of a monotone partition for f™. Then

1 1
htop(f) = ngrfoo ﬁ log Cp = 'rltgfl E log Cn.

ProOF. For every n > 1, let A,, be a monotone partition for f” with minimal
cardinality, that is, #A4, = c¢,. By Lemma A, V f7"(Ag) is a monotone
partition for f"** and thus, by definition of ¢, 4y,

Cntk < HFH(ARV T AR)) < #A, - # AL = ¢ - cke

This means that the sequence (logcy)n>1 is sub-additive. Thus, by Lemma
limy, 5400 %10g ¢y, exists and is equal to inf,, > % log ¢,,. Applying Proposition
to f and A, we get hiop(f™) = hiop(An, ). Since hiop(An, f*) < log N(A") =
log #A™ (see Section , we have hyop(f™) < log #A,, = logec,. Consequently,

1
hiop(f) < lim —logec,.

n—+oco n

It remains to show the reverse inequality.

We fix n > 1. From now on, we work with the map g := f", and (A,)* will
denote the iterated partition relative to g. By Lemma m (A,)* is a monotone
partition for ¢*, so c,x < Nip(Ap,g). Dividing by nk and taking the limit when k
goes to infinity, we deduce that

. 1 1
kgr_ir}oo e log cnp < Ehtop(Ana g)-

According to Proposition [4.32} hiop(As, g) = Riop(g). Thus

1 1 1
1 —_— frng 1 —_— < —_ n — .
ml—lf-r&-loo m log em kggloo nk og ety < nhwp(f ) hwp(f)

This concludes the proof. O

REMARK 4.34. The bounds of Propositions[4.29 and [£:33] are optimal since they
can be reached: the map 7T}, in Example is p-Lipschitz and has a p-horseshoe,
and thus hep(T,) = logp by Proposition and Moreover, it can be easily
computed that, for all n > 1, the minimal cardinality of a monotone partition for T
is ¢, = p™. Therefore, the inequality hiop(T,) < %log ¢, given by Proposition
is an equality for all n in this example.

4.5. Graph associated to a family of intervals

4.5.1. A generalization of horseshoes. The existence of a horseshoe im-
plies positive entropy because an exponential number of chains of intervals of a
given length can be made by using the intervals forming the horseshoe. This idea
can be generalized by counting the number of chains within a family of closed in-
tervals. A convenient way to determine the possible chains of intervals is to build
a directed graph. This idea is originally due to Bowen and Franks [61] and was
improved by Block, Guckenheimer, Misiurewicz and Young [36].

DEFINITION 4.35. Let f be an interval map and let Iy,..., I, be non degen-
erate closed intervals with disjoint interiors. The graph associated to the intervals
I,..., I, is the directed graph G whose set of vertices is {I1,...,I,} and, for all
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i,7 € [1,p], there are exactly k arrows from I; to I; if k is the maximal integer
such that I; covers k times I;.

If P={py <p1 <--+ < pp}is a finite set containing at least two points,
the P-intervals are [po,p1], [p1,P2)s---,[Pn—1,pn]. The graph associated to the
P-intervals is denoted by G(f|P) and its adjacency matrix by M (f|P).

REMARK 4.36. If P = {z; < ... < z,} is a periodic orbit, the graph G(f|P)
contains the graph of the periodic orbit introduced in Definition These two
graphs coincide if f is monotone on every P-interval.

The next result follows easily from the definitions.

PROPOSITION 4.37. Let f be an interval map and let Ir,...,I, be non de-
generate closed intervals with disjoint interiors. Let G be the graph associated to
I,...,I,. Then, for every n-tuple {i1,...,in} € [1,0]", (Liy, Ly, - - -, Li,,) 15 a chain
of intervals if and only if there is a path I;, — I;,, — --- = I; inG.

We are going to show that the topological entropy of an interval map is greater
than or equal to the logarithm of the spectral radius of the adjacency matrix of
the graph associated to a family of intervals. We need some more definitions and
results about matrices. One can refer to [152] Chapter 1] or [102], §1.3] for the
proofs.

PROPOSITION 4.38. Let M be a square matrix of sizenxn. A complex number
A is an eigenvalue of M if and only if X is a root of the characteristic polynomial
of M, which is xp(X) := det(M — XI1d), where Id is the identity matriz of size
n xn.

DEFINITION 4.39 (spectral radius). Let M be a square matrix. The spectral
radius of M is
A(M) := max{|\| | A eigenvalue of M}.
The next results can be easily proved by using the Jordan normal form of a

square matrix.

PROPOSITION 4.40 (Gelfand’s formula). Let M be a square matriz. Then
AM) = lirf || M™
n—-+0oo

1
n

LEMMA 4.41. Let A, B be two square matrices of the same size. Then \(AF) =
M(A)® for all positive integers k.

PrOOF. According to Proposition [4.40)

m(145%) " = M)

. nnL
AR = T (AR = T

li
n—
the last equality comes from the facts that (kn),>1 is a subsequence of N and the
map ¢ — t* is continuous. O

DEFINITION 4.42. Let A = (a;5)1<i,j<p be a square matrix. The matrix A is
non negative, or equivalently A > 0, if a;; > 0 for all 4, j € [1,p], and positive, or
equivalently A > 0, if a;; > 0 for all 4, j € [1, p]. If B is another matrix of the same
size, then A < B (resp. A < B) means that B — A >0 (resp. B— A > 0).

For all integers n > 1, let (a?jhgi,jgp be the coefficients of A”. The matrix A
is called:
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e irreducible if for all i,j € [1,p], there exists n > 1 such that aj; > 0,
e primitive if there exists n > 1 such that A™ > 0.

LEMMA 4.43. Let A be a non negative square matriz. Then there exists a
permutation matriz P such that M := P~1AP is equal to

M; O o .- 0
x My, 0 - 0
(4.37) M=| * * My -0
* * * .- M

where, for every i € [1,k], M; is either an irreducible square matriz or is equal to
the 1 x 1 matriz (0), and the x’s represent possibly non zero submatrices.

In particular, if G is a directed graph, the vertices of G can be labeled in such
a way that the adjacency matriz of G is of the form given by .

THEOREM 4.44 (Perron-Frobenius). Let A be an irreducible non negative square
matriz.

i) A(A) is a positive eigenvalue, which is a simple root of the characteristic
polynomial of A. If in addition A is primitive, then |u| < A(A) for every
eigenvalue p # M(A).

ii) If B is another matriz of the same size such that 0 < B < A and B # A,
then A(B) < A(A).

COROLLARY 4.45. Let A be a non negative square matriz. Then A(A) is a
non negative eigenvalue and |u| < A(A) for every eigenvalue p; N(A) is called the
maximal eigenvalue of A.

PROOF. According to Lemma [4:43] there exists a permutation matrix P such
that M := P71AP is of the form given by Equation . Let i € [1,k]. If M;
is the 1 x 1 null matrix, then 0 is its only eigenvalue, that is, A(M;) = 0. If M; is
irreducible, then, by Theorem A(M;) is a positive eigenvalue of M; and every
eigenvalue p of M; satisfies |u] < A(M;). Let A := max{A\(M1), A\(Ma), ..., A(M)}.
The set of eigenvalues of M is equal to the union of the sets of eigenvalues of the
matrices (M;)1<i<x. Moreover, the set of eigenvalues of A is equal to the set of
eigenvalues of M. Consequently, A(A) = A, X is an eigenvalue of A and, if p is an
eigenvalue of A, then |u| < A. O

We are now ready to prove the result stated at the beginning of the section.
Its proof is given by Block, Guckenheimer, Misiurewicz and Young in [36] with few
details.

PROPOSITION 4.46. Let f be an interval map and let I, ..., I, be non degen-
erate closed intervals with disjoint interiors. Let G be a subgraph of the graph as-
sociated to Iy,. .., I, and M the adjacency matriz of G. Then hiop(f) > log A\(M).

PROOF. According to Lemma we may re-label the intervals Iy,..., I, in
such a way that the adjacency matrix of G is of the form given in . We set
A := A(M). By Corollary A is an eigenvalue of M. We assume that A > 0,
otherwise there is nothing to prove. We keep the notation of . Since A is
the maximal eigenvalue of M, it is also the maximal eigenvalue of M, for some
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p € [1,k]. Let Z be the finite set of indices supporting M,,. For all integers n > 1,
we write (Mp,)" = (m}};)ijez. Then, by Propositionm7

1
lim — log Z mg; | =log A

n—+oo N =
i,J€ET

Thus, by Lemma there exist two indices 49, jo € Z such that

n
toJo

1
(4.38) lim sup — logm

n—+oo T

=log A.

According to Proposition for all 3,5 € Z and all n > 1, m}; is equal to
the number of paths of length n from I; to I; in the directed graph G. Since M,
is irreducible (notice that M, # (0) because A(M),) > 0), there exists ny > 1 such
that m}? > 0. Thus there exists a path A of length ng from I;, to I;, in G. For
every path B of length n from I;, to I;,, the concatenated path BA is a path of
length n + ng from I;, to itself. Therefore, the number of paths of length n + ng
from I;, to itself is greater than or equal to the number of paths of length n from
I;, to Ij,. In other words, m%‘f" >mj ;. foralln > 1. Combined with 7 this
implies:

lim sup 1 logmg ;> log A.
n—+oco N

We fix € € (0, A) and a positive integer n such that
(4.39) % logm; ;. > log(A —¢).
Then N := mf, is the number of paths of length n from I;, to itself in G
and, by Proposition there exist N distinct chains of intervals of the form
(Lig, Liy s - -, I;,,) with 4 fixed, i, = ip and i¢; € T for all j € [1,n — 1]. Then,
according to Lemma [L.13(iii), there exist N closed subintervals Ki,..., Ky with
pairwise disjoint interiors such that, ¥j € [1,N], K; C I, and f"(K;) = I,,.
Thus (K,...,Kxn) is an N-horseshoe for ™, which implies that hiop(f™) > log N
by Proposition Then, since hiop(f) = %htop(f”) by Proposition and
Llog N > log(A — ) by (£39), we deduce that hiey(f) > log(A —€). Finally,
letting e tend to zero, we get huop(f) > log A. O

REMARK 4.47. If (Iy,...,I,) is a p-horseshoe, then the graph associated to
(I1,...,I,) contains a subgraph whose transition matrix is M = (m;)1<i,j<p With
m;; =1 for all 7,5 € [1,p]. Moreover, *(1,1,...,1) is clearly an eigenvector of M
for the eigenvalue p, so A(M) > p. This shows that Proposition is a particular
case of Proposition [4.46

4.5.2. The connect-the-dots map associated to a finite invariant set.
When considering the graph associated to P-intervals, a particularly convenient
case is when P is a periodic orbit, or more generally a finite invariant set. Knowing
only the values of f on P is sufficient to determine a subgraph of G(f|P). This
subgraph is intimately related to the “connect-the-dots” map fp associated to f
on P (for all z € P, plot the points (z, f(x)); then connect linearly the dots to get
the graph y = fp(z)).

DEFINITION 4.48. Let f: I — I be an interval map and let P = {py < p1 <
-+ < pg} be a finite subset of I with & > 1. The map f is P-monotone if f(P) C P,
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I = [po,px] and f is monotone on every P-interval [pg,p1],-- ., [Pk—1,Pk]. The map
f is P-linear if in addition f is linear on every P-interval.

If P is an invariant set, let fp: [po,pr] — [Po,pr] denote the unique P-linear
map agreeing with f on P. The map fp is called the connect-the-dots map asso-
ciated to f|p: P — P. For short, we write G(fp) and M (fp) instead of G(fp|P)
and M(fp|P).

Let P = {pp < p1 < -+ < pr} be a finite invariant set with & > 1 and, for
every i € [0,k], let o(i) € [0,k] be such that f(p;) = p(;)- The graph G(fp) is
determined by the values of f on P. Indeed, for every i € [0,k — 1], there is an
arrow [pi, pit1] = [pj, pj+1] in G(fp) if and only if [pj, pj11] C (Do), Po(i+1))s i,
either 0(i) <j<j+1<o(i+1)oro(i+1) <j<j+1<o(i). Notice that, if f
is P-monotone, then G(f|P) = G(fp).

The next lemma follows trivially from the definition.

LEMMA 4.49. Let f be an interval map and P a finite invariant set. Suppose
that f is P-monotone. Then, for every P-interval J, either f is constant on J or
f(J) is a nonempty union of P-intervals.

REMARK 4.50. If P = {py < p1 < -+ < pr}, amap f: I = I is Markov with
respect to the pseudo-partition [pg,p1],. .., [Pk—1,Pk] if I = [po,px] and, for every
P-interval J, f|; is monotone and f(J) is a union of P-intervals. This notion is
very close to P-monotonicity. Indeed, f is Markov with respect to the P-intervals
if and only if f is P-monotone and f(p;) # f(pi+1) for all i € [0,k — 1] (i.e., f is
non constant on every P-interval). The main additional property of Markov maps
is that, for every point z € I, there exists an infinite path A9 — A; — A —
-+« Ay — -+ in G(f|P) such that f"(x) € A, for all n > 0.

LEMMA 4.51. Let f be an interval map, P a finite invariant set and n a positive
integer. Then M(f™|P) > M(fp)™.

PRrROOF. Let I1,...,I; be the P-intervals. We write M (fp)"” = (aij)1<i,j<k-
By Proposition [T.16} a;; is the number of paths of length n from I; to I; in the
graph G(fp). Each path is a chain of intervals for fp, and also for f, which implies
that I, covers I a;; times for f. This exactly means that the (i, j)-coefficient of
M(f™|P) is greater than or equal to a;;. Hence M(f"|P) > M(fp)". O

The next result was first stated by Coppel in [68]. It shows that the graph
associated to a P-monotone map represents well the dynamics from the point of
view of entropy.

PRrROPOSITION 4.52. Let f: I — I be an interval map and let P be a finite
invariant set. If f is P-monotone, then

hiop(f) = hiop(fp) = max(0,log A(M (fp)))-

PROOF. Let A be the family of all P-intervals. This is a cover of I. Let C C A
be the family of P-intervals on which f is constant. For every n > 1, we set

n—1
BI = {m fﬁZ(Il) | IO - L—=---—=1, 1isa path in C;(fp)7 1,1 ¢ 6}7
=0

k
B, = {ﬂf‘l(L) | ke0o,n—1], Ip = -+ — Ij is a path in G(fp), I EC},
i=0
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and B, := B} UB, . We are going to show that B, is a subcover of A". It is clear
that B C A", and the elements of B;, of the form (/' f~*(I;) are in A" too. Let
J e B, with J = mf:o f7%(I;) and k < n—1. By definition, f(I}) is reduced to one
point {x}. Since A is a cover, there exist Iy;1,..., I, 1 € Asuch that f(z) € I,
for all i € [1,n — 1 — k. We have J = ﬂ?;ol f7%(I;), so J € A™. This proves that
B, C A". We now show that B,, is a cover of I by induction on n.

e B; = Ais a cover.

e Let n > 2. We have B, , C B,. Let J € B | with J = (/=) f~*(L;). By
definition, I,,_o ¢ C, so f(I,,—2) is a nonempty union of P-intervals by Lemma
say f(In—2) = A1 U---UA; with A;,...,A; € A. Then, for every i € [1,]],
Iy — I, o — A; is a path in G(fp), J; := J N f~""V(4,) is an element of B,
and J = Jy U---UJ;. Therefore, if B,,_; is a cover of I, then B, is a cover too.
This ends the induction.

Since B,, is a subcover of A", we have N, (A, f) < #B,. By Proposition
|M(fp)¥|| is the number of paths of length k in G(fp). Thus

n—1
#B, <> IM(fp)kl,
k=0
and hence
1 1 1 .
—log Np(A, f) < —log#B, < —log (n  max [[M(fp)"|| ).
n n n k€[0,n—1]

If the sequence (|[M(fp)*|), ., is bounded, then

k>0

1
lim —1 M(fp)*||) =0
nSteon 8 (n keﬁ%,%il] M (/) H) ’

and thus hiop(A, f) = 0. Otherwise, there exists an increasing sequence of integers
(n:)i>o0 such that | M(fp)™| = maxgefo,n, [|M(fp)¥| for all i > 0. This implies

that
. 1
htop(Aa f) = ngr—ir-loc n log Ny, (-’47 f)
. 1 . 1
< limsup —log (n|[M(fp)"[|) = limsup —log(|[M(fr)"||)
n n—+oco N
< logA(M(fp)) by Proposition[4.40

Since A is a monotone cover, we have hyop(f) = hiop(A, f) by Proposition SO
hiop(f) < max(0,log A(M(fp))). Proposition and the fact that hyp(f) > 0
imply the converse inequality hiop(f) > max(0,log A(M(fp))). We conclude that
hiop(f) = max(0,log A(M(fp))). O

The converse of Proposition does not hold in general: there exist interval
maps f with a finite invariant set P such that hiop(f) = heop(fp) although f is not
P-monotone and is not constant on any subinterval. See Figure [3| for a counter-
example. However, we shall see later that it does hold for transitive maps, i.e., a
transitive interval map f such that hyop(f) = heop(fp) is necessarily P-monotone

(Proposition [4.74)).
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FIGURE 3. The set P = {pg, p1,p2,p3} is invariant and it is easy
to show that hyop(f) = hiop(fp) =1og2, but f is not P-monotone.

For every finite invariant set P, G(fp) is a subgraph of G(f|P), and thus
Proposition [4.46] implies that hsep(f) > hiop(fr). The next proposition shows that
the entropy of f can be approached arbitrarily close in this way. This result was
first stated by Takahashi [167], but it appears that this proof is valid only for
piecewise monotone maps, as noticed by Block and Coven, who gave a complete
proof in [35]. See also the extensive paper of Misiurewicz and Nitecki [129].

PRrROPOSITION 4.53. Let f be an interval map. Then

hiop(f) = sup{hiop(fp) | P finite invariant set}
= sup{huop(fp) | P periodic orbit}.

PRrROOF. The inequality hiop(f) > sup{hiop(fp) | P finite invariant set} follows
from Propositions and and the inequality

sup{htop(fp) | P finite invariant set} > sup{hsop(fp) | P periodic orbit}

is trivial. We are going to show that hiop(f) < sup{hiop(fp) | P periodic orbit}
when hyop(f) > 0 (if hyop(f) = 0, there is nothing to prove). Let A, A be such that
0 < A< XN < hp(f). By Misiurewicz’s Theorem there exist an arbitrarily
large integer N and a strict p-horseshoe for fV such that 10% > ). We denote by
I < I <--- < I, the intervals composing this horseshoe and we set g := fN. By
applying Lemma ii) to the chain of intervals

ILy—=-5L == = —=I,_1—=1 —
IQ—>Ip—>I3—>Ip—>"'—>Ip,1—)Ip—>I27
we can build a periodic point x of period 4p — 8 for g such that

e forall i =0,...,p— 3, g*(x) belongs successively to I, I5,...,I,_1 and
¥+ (z) belongs to I1; we set y; = g% (z);
e foralli=p—2,...,2p— 5, g*(z) belongs successively to I, I3,...,I,_1
and g%t (x) belongs to I,; we set z; := g% (z).
Let Q := Oy4(z). For every i € [2,p — 1], I; contains only two points of @,
namely y;, z;, and thus (y;, z;) is a Q-interval. Moreover, g(y;) € I and g(z;) € I,
which implies that (g(y;), g(2;)) contains IoU- - -UI,_1 by connectedness. Therefore,
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the intervals ((y;, 2;))2<i<p—2 form a (p—2)-horseshoe for the map g¢g, which implies
that hiop(gg) > log(p — 2) by Proposition We set Mg := M(gq).

Now we come back to the map f. Let P := Oy(x). Since z is periodic for
g = f, it is also periodic for f. Moreover, @ is a periodic orbit for the map (fp)V
because fp and f coincide on the set P D ). Therefore,

htoy((fP)N) > max(0,log A(Mq)) = htop(9q)
by Propositions and and thus

oo ) = eheon((7p)Y) > - Toa(p — 2).

Since 4 logp > X', we have hy,(fp) > N — % log %. If N is large enough, then
+1og2 < X — X and p can be arbitrarily large. In particular, p% <2if p>4,so
% log p% < % log2 < X —\. We thus have hy,(fp) > A. We deduce the required
result by taking A tending to hep(f). O

Remarks on graph maps. The notion of graph associated to a family of
intervals is meaningful for graph maps provided Definition [I.14]is used for covering,
and Proposition holds for graph maps with no change.

For graph maps, one can define P-monotone maps when the finite invariant set
P contains all the branching points of the graph (which requires that the orbit of
every branching point is finite), and there is no difficulty to extend Proposition m
to P-monotone graph maps in this case (see, e.g., a remark in [I5]). However, the
connect-the-dots map associated to a finite invariant set P is not well defined in
general (it is well defined when the space is a tree and P contains the branching
points).

DEFINITION 4.54. Let f: G — G be a graph map and let P be a finite invariant
set containing all the branching points and all the endpoints of G. A P-basic
interval is any connected component of G \ P. The map f is called P-monotone
if f is monotone in restriction to every P-basic interval. If f is P-monotone, let
M(f|P) denote the adjacency matrix of the graph associated to the family of all
P-basic intervals.

ProproOSITION 4.55. Let f: G — G be a graph map and let P be a finite in-
variant set containing all the branching points and all the endpoints of G. If f is

P-monotone, then hiop(f) = max(0,log(A(M(f|P)))).

In [5], Alseda, Juher and Mumbri showed that an equality similar to Propo-
sition holds for graph maps; an inequality was previously proved by Alseda,
Maifiosas and Mumbrd [I5]. Since connect-the-dots maps cannot be defined, it is
necessary to introduce an equivalence between actions on a pointed graph, in order
to be able to tell when a P-monotone map is a “good” candidate to replace the
connect-the-dots map. The next definition follows [L5].

DEFINITION 4.56. Let G be a topological graph and let B(G) denote the set
of all branching points of G. Let A be a finite set of G. Let G4 denote the graph
G deprived of the connected components of G\ (AU B(G)) containing an endpoint
of G. Let r4: G — G4 denote the retraction from G to G4 (that is, r4 is the
identity on G4 and, if C is a connected component of G\ G4 and = € C, then
r4(z) is the unique point in C N (AU B(G))). Let f: G — G and g: G — G
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be two graph maps and assume that A is both f-invariant and g-invariant. Set
fi=ra0fla, and §:=r40gla,. Then one writes (G, A, f) ~ (G, A, g) if there
exists a homeomorphism ¢: G4 — G 4 with ¢p(A) = A such that fand ptogoy
are homotopic relative to A.

THEOREM 4.57. Let f: G — G be a graph map, and let B(G) and E(G) denote
respectively the set of branching points and endpoints of G. For every finite f-
invariant set A, there exists a map ga: G — G such that
P := AU B(G)U E(G) is ga-invariant,
ga is P-monotone,

(G7 Ang) ~ (Ga A7 f);
htop(ga) < heop(f)-

Furthermore, hiop(f) = sup{hiop(ga) | A is a periodic orbit of f}.

4.6. Entropy and periodic points

4.6.1. Equivalent condition for positive entropy. We are going to show
that an interval map has positive topological entropy if and only if it has a periodic
point whose period is not a power of 2. This relation between entropy and periods is
one of the most striking results in interval dynamics. This result can be expressed
in term of types for Sharkovsky’s order: an interval map has positive entropy if
and only if it is of type n with n <12°°. This explains why Coppel calls chaotic an
interval map having a periodic point whose period is not a power of 2 [68], [41], the
type 2°° being the “frontier” between chaos and non chaos.

This result was proved in several steps. First, Sharkovsky showed in 1965 that
an interval map f is of type n <1 2° if and only if f* has a horseshoe for some k
[155]; see [158] for a statement in English. The same result was re-proved by Block
[33]. Then Bowen and Franks stated that the presence of a periodic point whose
period is not a period of 2 implies positive entropy [61]. This result relies on the
observation that horseshoes imply positive entropy (Proposition [4.6). Finally, the
last step is due to Misiurewicz and Szlenk for piecewise monotone maps [132] and
Misiurewicz for all interval maps [125), 127]. This is a corollary of Misiurewicz’s
Theorem (Theorem 4.7)), proved in the same papers, stating that an interval map
with positive entropy has a horseshoe for some iterate of the map.

THEOREM 4.58. For an interval map f, the following assertions are equivalent:
i) the topological entropy of [ is positive,
il) f has a periodic point whose period is not a power of 2,
iii) there exists an integer n > 1 such that f™ has a strict horseshoe.

PROOF. If hiop(f) > 0, then, according to Misiurewicz’s Theorem there
exists a positive integer n such that f™ has a horseshoe. Therefore f™ has periodic
points of all periods by Proposition [3.31} and thus f has a periodic point whose
period is not a power of 2. This shows (i)=(ii).

If f has a periodic point of period 2¢¢, where ¢ is an odd integer greater than 1
and d > 0, then f2d has a periodic point of period ¢ and thus, by Propositionm
£2°"" has a strict horseshoe. That is, (if)=(iii).

If f™ has a horseshoe, then, according to Proposition Piop(f) = Ehiop(f™) =
1982 (. Hence (iii)=(i). 0
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4.6.2. Lower bound for the entropy depending on Sharkovsky’s type.
The relation between the entropy of an interval map and its type is much more
accurate than the one stated in Theorem |4.58, and one can give a lower bound
for the entropy depending on the periods of the periodic points. First, Bowen and
Franks proved that, if f has a periodic point of period n = 2%¢, where ¢ > 1 is odd,
then hop(f) > %1og2 [61]. Then Stefan improved this result and showed that,

under the same assumption, hop(f) > 10327;/5 [166]. Finally, Block, Guckenheimer,

Misiurewicz and Young gave an optimal bound by proving that, under the same

assumption, e, (f) > 1o§d/\ !

1 [36]. Actually, the value 105% already appears in Stefan’s proof, where Aq is
proved to be greater than v/2. Moreover, there exist maps of type 2%¢ whose
entropy is equal to loid/\q
[36].

We start with a lemma, which is the key point of the proof.

, where ), is the maximal real root of X7 —2X972 —

. Examples of such maps were given without details in

LEMMA 4.59. Let f be an interval map having a periodic point of odd period
greater than 1. Let p be the minimal odd period greater than 1, let G\, be the graph
of a periodic orbit of period p and M, its adjacency matriz. Then M, is a primitive
matriz and A\(M,) is equal to the unique positive root A\, of XP — 2XP~2 — 1.
Moreover, for all odd p > 1,

1
\/§</\p+2<)\p<\/§+W.

PROOF. According to Lemma [3.17] the graph G, is of the form:

Q Js J3 J

1

T ! b

This gives the following adjacency matrix:

1
10 0 0
1 . 1
(4.40) M, = o .
0 R
1 0
More precisely, if M, = (m;),, j<p_1» then

e on the diagonal: my; =1 and Vi € [2,p — 1], m;; = 0,
e below the diagonal: Vi € [1,p — 2], m;11; = 1,
e last column: Vi € [1,p — 1], myp_1 = { (1) i; 1: Z\(}i;

e for all other indices, m;; = 0.
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We write (M)" = (m}})1<i,j<p-1 for all n > 1. Then mj; is the number of paths

of length n from J; to J; in G, (Proposition|1.16). For all ¢,j € [1,p— 1], the path

Ji—>Ji+1—>"'—)J1—>J1—)"'—)J1—)J2"'—>Jj

1+j—2 arrows

is a path from I; to I; of length 2p — 2. Thus (M,)?’~2 > 0 and M,, is primitive.

In order to find the maximal eigenvalue of M,,, we compute the characteristic
polynomial x,(X) := det(M, — X1Id) (see Proposition [£.38). We develop it with
respect to the first row (the coefficients left blank are equal to zero):

-X 0
. 1 -X
1 . 1
0 1
xp(X) = (1-X) -
-X
1 1
1 —-X
= Qp—2(X)

We get xp(X) = (1 — X)Qp—2(X) — 1. It remains to compute Q(X) for all odd
k. If we develop twice the determinant Q(X) with respect to the first row, we get
Qr(X) = X?2Qk—2(X) + X. We have Q; = —X and an easy induction gives

k=3

for all odd k >3, Qr(X) = -XF + ZX21'+1.

1=0
Therefore
p—3
for all odd p > 3, xp(X) = X771 = XP72 = 3 "(=X)".
=0

We set Py(X) := (X 4+ 1)xp(X). A straightforward computation gives
Py(X) = XP —2XP~2 1.

We do a short study of the polynomial function z — P,(x) on R*. Its differential
is

Py(x) = paP ™t —2(p — 2)aP 7> = a7 (pa® — 2(p - 2)).

Thus, for x € (0,+00), Py(z) > 0 2 > x) := @. This implies that P, is

decreasing on [0, ,] and increasing on [z, +00), and also that x, < v/2. Moreover,
P,(0) = —1, and limg 4o Py(z) = +00. We deduce that there exists a unique
Ap > 0 such that P,(\,) = 0. Since ), is the maximal real root of P,, it is also the
maximal real root of x, = Xle. By Corollary this implies that A(Mp) = Ap.

Now we are going to bound \,. Since P,(z) = zP~%(2* — 2) — 1, we have
P,(v2) = —1, and thus )\, > /2 (recall that P, is increasing on [r,,+00) D
[v2,+00)). Moreover, since

—2/y2 —
AB2()2 _9) = 1,
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we have Ab(A2 — 2) = A2 > 2, which implies P,y2(),) > 0. Therefore, A\y1o < Ay
for all odd p > 3. We set y,, := V2 + W We have
1
+

1
2 _
Yp = 24 op+1 (\/i)p_g

and y, > V2. Therefore

_ _ 1 1
Polyp) =y (g =2) =1 = yp° (2P+1 - (\/i)p—2> -

> 0.
We deduce that \, < y, = v2 + W This concludes the proof. O

THEOREM 4.60. If an interval map f has a periodic point of period 2%q with
d>0,q>1,q odd, then hiop(f) > logd)“‘, where Ay is the unique positive root of
X9 —-2X972 1.

Moreover, for all integers d > 0 and all ¢ > 1 with q odd, there exists an
interval map with a periodic point of period 2%q and whose topological entropy is

log A
equal to =272,

PRrOOF. First we suppose that d = 0 and that ¢ is the minimal odd period
greater than 1. Let G, be the graph of a periodic orbit of period ¢q. According to
Lemma the spectral radius of the adjacency matrix of Gy is equal to A;. Thus
hiop(f) > log Aq by Proposition [4.46]

Now we suppose that z is a periodic point of period 2%¢ with ¢ > 1, ¢ odd. The
point x is periodic of period ¢ for fzd. Let p be the minimal odd period greater
than 1 for the map f2d. What precedes shows that htop(fzd) > log Ap. Since p < ¢,
Lemma [.59 implies that A, > Ay, and thus

1 a log A
htop(f) = ﬁhtop(f2 ) > 72d 4.
For the sharpness of the bound, see Examples and below. O

EXAMPLE 4.61. Let n be a positive integer and p := 2n + 1 (i.e., p is an
odd integer greater than 1). We consider the map f,: [0,2n] — [0,2n] built in
Example We already proved that it is topologically mixing and that its type
for Sharkovsky’s order is p. We recall that the map f,, (represented in Figure [4)) is
linear between the points 0,n — 1,n,2n — 1,2n, and

o Vk e [1,n], fp(n—k)=n+k,
o Vke[0,n—1], fuln+k)=n—k—1
We set P:={0,1,2,...,,2n} and, for all k € [1,n],
Jok1:=n—kn—k+1 and Joy:=[n+k—1,n+k].

Then P is a periodic orbit of period p and the graph associated to P is:

Q Js J3 J

1

w L |
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0 n—-1 n n+l 2n-1 2n
Don-1 NS ) Jon

FIGURE 4. This interval map is of type p = 2n + 1, it is topologi-
cally mixing and its topological entropy is equal to log A,,.

Moreover, f, is P-linear and the matrix M, = M(f,|P) is exactly the one given
by in the proof of Lemma Hence A\(M,) = Xy, where ), is defined in
Theorem [£.60} By Proposition top( fp) =log A,. This proves that the bound
of Theorem [4.60] is sharp for d = 0.

Finally, we remark that, for p = 3, we get a map of type 3 with no horseshoe
because hiop(f3) < log2. This shows that the converse of Proposition does not
hold, as said in Chapter

EXAMPLE 4.62. Our goal is to show that, for all integers d > 0 and all p > 1
with p odd, there exists an interval map of type 2%p such that its topological entropy
is equal to log,f‘ 2. where ), is defined in Theorem This will prove that the
bound of Theorem is optimal.

In Example we defined the square root of an interval map and showed
that the square root of a map of type n is of type 2n. We recall this construction.
If f:[0,b] — [0,0] is an interval map, the square root of f is the continuous map

g: [0,3b] — [0, 3b] defined by

o Vo € 0,8 9(x) == f(z) + 20,
o Yz € [2b,3b], g(x) :=x — 20,
e g is linear on [b, 2b].

The graphs of g and g2 are represented in Figure
Suppose that f is P-monotone with P = {zg < 1 < --- < zp}, o = 0 and
xp =b. We set

Q = {zo,...,zp,x0+2p,x1 +2p,..., 2, + 2p}.

By definition of g, it is obvious that g is @Q-monotone. The matrix A := M (f|P)
is of size p x p. Let B := M(g|Q), with the convention that the Q-interval [b, 2b]
corresponds to the last column and row. The matrix B is of size (2p+1) X (2p+1)
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graph of f

|

|

|

|

I
0 b 2b 3b
FIGURE 5. The left side represents the map g, which is the square

root of f; the topological entropy of g is h’%(f) The right side
represents the map gz.

and, looking at Figure [5] it is clear that B is of the form

Opxp A 0p
B = Id, Opxp 0p
* tlp 1

(where 0,x, denotes the p x p null matrix and x, denotes the 1 x p matrix with all
coefficients equal to x) and thus

, A Opxp Op
B = Opxp A 0p
* * 1

We deduce that A\(B?) = A\(A) provided A\(A) > 1. According to Propositionm
hiop(f) = max(0,log A(A)) and hiep(g) = max(0,log A(B)). Since A(B?) = \(B)Z,
we get htop(g) = %htop(f)'

We fix an odd integer p > 1. Starting with the map f, of type p and topological
entropy log A, defined in Example and applying inductively the square root

construction, we can build an interval map of type 2% and topological entropy
log A\p
2d

for any integer d > 0. This completes the construction.

4.6.3. Number of periodic points. We have seen that the knowledge of
the periods of the periodic points gives a lower bound on the entropy. Conversely,
the entropy gives some information on the number of periodic points. The next
result, due to Misiurewicz [127], is a straightforward consequence of Misiurewicz’s
Theorem Recall that P, (f) is the set of points = such that f™(z) = .

PROPOSITION 4.63. If f is an interval map of positive topological entropy, then

lim sup 1 log #P,(f) > hiop(f)-

n—+oo T



90 4. TOPOLOGICAL ENTROPY

PROOF. Let 0 < A < hyop(f). According to Theorem for all integers
N, there exist integers n > N and p > 2 such that f™ has a strict p-horseshoe
(Ji,...,Jp) and Llogp > A In particular, f*(J;) D J; for all i € [1,p], and
thus there exists € J; such that f"(z) = z by Lemma Since the intervals
Ji,...,Jp are pairwise disjoint, this implies that #P,(f) > p, so

1
limsup — log #P,(f) > A

n—+4oo 1

Since A is arbitrarily close to hyop(f), this gives the required result. O

The next proposition follows a theorem of Stefan [166], which strengthens a
previous result of Bowen and Franks [61].

PRrROPOSITION 4.64. Let f: I — I be an interval map. If f has a periodic point
of period 2%q with d > 0 and q an odd integer greater than 1, then

1
liminf — log #{x € I | 2 periodic point of period 2%n} > log \,,

n—+4+oco N
where A\, is the unique positive root of X9 —2X972 — 1.

Proor. We first assume that d = 0. Let p be the minimal odd period greater
than 1. We fix P as a periodic orbit of period p and we denote G by the graph
associated to P. For all n > 1, let N,, be the number of primitive cycles of length n
in G. According to Lemma [3.16] for every primitive cycle Iy — I} — --- I, = I in
G, there exists a periodic point y of period n such that f(y) € I, for alli € [0,n—1].
The periodic points y, 3y’ corresponding to two different primitive cycles are different,
except maybe if y,y’ are endpoints of one of the P-intervals, which implies that
they are of period p. Therefore,

(4.42) Vn # p, #{x € I | z periodic point of period n} > N,,.

Let M be the adjacency matrix of G. We write M"™ = (mj})1<i j<p—1 for every
n > 1. By Proposition the number of cycles of length n in G is equal to
Zf;ll mp: = Tr(M™). By Lemma M is primitive and its maximal eigenvalue
is Ap. Let (Ap, pt2,. .., tp—1) be the set of eigenvalues (with possible repetitions
corresponding to the size of the generalized eigenspaces) of M. According to the
Perron-Frobenius T heorem |pi| < Ap foralli € [2,p—1]. By triangularization
of M, the matrix M™ is equivalent to

)\Z * ke *
0 0 i - =«
0 0 0 - puiy

We deduce that

p—1 n
(443)  Tr(M™) = Xl i o+l = A (1 3 (ﬁ) ) .
P

=2
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We fix n # p. If a cycle of length n is not primitive, then it is a multiple of a
primitive cycle of length k for some k dividing n with £ < n. Therefore
Te(M™) =N, + > N

k|n
k<n

(where k|n means that k divides n). Moreover, N;, < Tr(M") because Tr(M¥) is
the number of cycles of length k. Thus
(4.44) Ny > Te(M™) = Y~ Tr(M").

k|n
k<n

Let k be an integer dividing n such that k < n. Necessarily, k < n/2 and thus, by

[@43), Te(M*) < (p— 1)AE < (p— 1)Ap/?. Combining this with (@44) and [@E43),

we get
p—1 M n n
> n i . R n/2
Ny > A (HE(AZJ)) (p=1)5 ()
p—1 L n n
> n Hi 1\ -n/2 |
>\ <1+2(A) (012 0) )

Since A, > 1 and |p;]| < A, for all ¢ € [2,p — 1], we have

lim (Mz) =0 and lim ﬂ(,\p)—”ﬂ:o,

/\p n—-+4oo
SO

1
liminf — log N,, > log A,.

n—4+oco n

Thus, by (4.42)
1
(4.45) liminf —log #{x € I | « periodic point of period n} > log A,,.
n—+oo n

We now suppose that f has a periodic point of period 2%¢ with d > 0 and ¢ > 1,
q odd. Then the map ¢ := f2d has a periodic point of period ¢ (Lemma 1))
Let p be the minimal odd period greater than 1 for g. Since a periodic point of
period 2%n for f is a periodic point of period n for g, implies that

1
liminf — log #{z € I | z periodic point of period 2¢n for f} > log Ap-

n—+oo N

Moreover A, > A\, by Lemma This concludes the proof. O

Remarks on graph maps. Llibre and Misiurewicz showed that Proposi-
tion is also valid for graph maps [114]. The technique is similar.

For graph maps, there exist conditions equivalent to positive entropy in terms
of sets of periods, but they cannot be expressed in such a simple dichotomy as the
equivalence (i)<(ii) in Theorem

Optimal lower bounds on entropy are known for circle maps, in the same vein
as Theorem The results for circle maps of degree different from 1 are mainly
due to Block, Guckenheimer, Misiurewicz and Young [36]. When the degree is 0 or
—1, one essentially has the same results as for interval maps. Several papers deal
with entropy of circle maps of degree 1. In particular, Ito gave an optimal lower
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bound on entropy when there exist two periods p,q > 1 such that ged(p,q) = 1
[90]. The lower bound stated below in Theorem which is the most precise
one, depends on the rotation interval; it is due to Alseda, Llibre, Mafnosas and
Misiurewicz [12]. The reader is advised to refer to [I4] Section 4.7] for an extensive
exposition on circle maps. Recall that the possible sets of periods of circle maps

were given in Theorems and [3:26]

PROPOSITION 4.65. Let f:' S — S be a circle map of degree d with |d| > 2.
Then f admits a |d|-horseshoe and hiop(f) > log |d|.

PROPOSITION 4.66. Let f: S — S be a circle map of degree 0 or —1. The
following assertions are equivalent:
o hiop(f) > 0.
e f has a periodic point whose period is not a power of 2.
Moreover, if a lifting of f has a periodic point of period 2%q with d >0, ¢ > 1, ¢
odd, then hiop(f) > %, where \, is the unique positive root of X9 —2X972 — 1.

THEOREM 4.67. Let f: S — S be a circle map of degree 1, and let [a,b] be its
rotation interval. The following conditions are equivalent:

o hiop(f) > 0.

e There exists two integers m,n with 1 < n < m such that f has two periodic
points of periods n,m respectively and m/n is not an integer.

o [Lither a < b, or there exist p € Z and q € N with ged(p, q) = 1 such that
a=>b=p/q and f has a periodic point whose period is not of the form
2¢q, d > 0.

Moreover, if a <b, then hiop(f) > log Bap, where By is the largest root of

1

79— —

2 3
(p,q)€ZxN, 2 €(a,b)

and for all real numbers a < b, there exists a circle map of degree 1 and topological
entropy log Bq.p-

The set of periods implied by the existence of a given periodic orbit depends
on its pattern, that is, the relative position of the points within the orbit, and not
only on its period. For an interval map f, a periodic orbit P has a division if there
exists a point y ¢ P such that,

Vee P x<y= f(z)>yand x >y = f(z) <y.

A periodic orbit of odd period p > 1 has clearly no division; this fact is important
(although hidden) when proving that an odd period greater than 1 implies a cofinite
set of periods (a subset of N is cofinite if it contains all but at most finitely many
integers), which is a part of Sharkovsky’s Theorem On the other hand, an
interval map can have a periodic orbit with a division but a set of periods which
is not cofinite (e.g., the set of all even integers and 1). The notion of division was
extended to tree maps by Alseda and Ye, and led to the following results [19], 172].
Since the definition of division for tree maps is more technical than for interval
maps, we do not give it here and we refer the interested readers to the cited papers.
See also Blokh’s paper [54] for results about periods and entropy of tree maps.

THEOREM 4.68. Let f: T — T be a tree map. The following assertions are
equivalent:
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i htop(f) > 0.
o There exists n € N such that f™ has a periodic orbit of period greater than
1 with no division.

Moreover, if f has a periodic orbit with no division, then hiop(f) > e(lT) log 2, where

e(T) denotes the number of endpoints of T

Finally, the next theorem holds for any graph map. It was first shown by Blokh
by the means of spectral decomposition [53], then Llibre and Misiurewicz gave a
more direct proof [114].

THEOREM 4.69. Let f be a graph map. The following assertions are equivalent:

L htop(f) > 0.
e There exists p € N such that the set of periods of f contains pN.

4.7. Entropy of transitive and topologically mixing maps

A transitive interval map always has a positive entropy. Moreover, this entropy
can be uniformly bounded from below. The lower bound of entropy of transitive
interval maps (resp. transitive interval maps with two fixed points) is classical,
as well as the examples realizing the minimum. Entropy of topologically mixing
interval maps can also be bounded from below, but the infimum is not reached.

In the next proposition, statement (i) was first stated by Blokh [44] (see [55]
for the proof) and was also proved by Block and Coven [34]; statement (ii) was
shown by Block and Coven [34]; statement (iii) follows from a result of Bobok and
Kuchta [56] (it can also be seen as a consequence of Theoremand Lemma.
Notice that, in (ii), a transitive interval map with two fixed points is necessarily
topologically mixing by Theorem [2.19]

PRrROPOSITION 4.70. Let f: I — I be an interval map.
i) If f is transitive, then hyop(f) > 10%2.
ii) If f is transitive and has at least two fived points, then hiop(f) > log2.
iii) If f is topologically mizing, then hyop(f) > 10%2.

PRrOOF. First we prove (iii). Suppose that f is topologically mixing. Then f has
a periodic point of odd period greater than 1 by Theorem According to
Proposition there exist two intervals J = [a,b] and K = [¢,d] with b < ¢,
a # minl, d # maxI and such that (J, K) is a strict horseshoe for f2. We set
A :=[a,d] and L := [b,c]. By the intermediate value theorem, f%(.J) D A because
f2(J) > JUK. Similarly, f?(K) > A. The map f is topologically mixing and
the non degenerate closed interval L does not contains the endpoints of I, thus
there exists a positive integer n such that f2"(L) D A by Theorem Applying
Lemma iii) to the family of chains of intervals

{oy-- -y In_1,A) | Vi€ [0,n—1],1; € {J, K}},
we see that there exist 2" closed intervals (L;)1<;<2n» with pairwise disjoint interiors
such that L; C JUK and f?"(L;) D A=JULUK for all i € [1,2"]. We deduce
that (L, Lo, ..., Lan, L) is a (2" + 1)-horseshoe for f2". Thus, by Proposition

1 log(2™ +1) _ log2
hiop(f) = %htop(fzn) > (2n > 5

This is (iii).
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Now we suppose that f is transitive. If f is topologically mixing, then it follows
from (iii) that hep(f) > 10%2. If f is transitive but not topologically mixing, then,
according to Theorem there exists a fixed point ¢ in the interior of I such
that, if we set J := [min/, c] and K := [¢,max I], then both maps f?|; and f?|x
are topologically mixing. The point c is also fixed for the map f2|;, and c is not
in the interior of J. Therefore, f2|; has a horseshoe by Lemma and hence
hiop(f%) > log2 by Proposition Thus hiop(f) = hiop(f?) > 10%2, which
gives (i).

Finally, (i) follows straightforwardly from Lemma|3.35/and Proposition[d.6} O

The bounds given in the preceding proposition are sharp. In Example
below, two maps realizing respectively the equalities in Proposition i)—(ii) are
exhibited. In Example [£.61] we saw that, for every odd integer p > 1, there exists a
topologically mixing map f,, whose entropy is equal to log \,,, where )\, is the unique
positive root of X? —2X?P~2 — 1. According to Lemma lim, o0 A\p = V2.
Combining this with Proposition [£.70(iii), this shows that

log 2

inf{hiop(f) | f topologically mixing interval map} = 5

EXAMPLE 4.71. We are going to exhibit a transitive map S of topological

entropy 1052 and a transitive map T with two fixed points of topological entropy
log 2. We define T5: [0,1] — [0,1] and S: [-1,1] — [-1,1] by
1 o
Vo€ (0,3], Ta(e) =2, yrelb ool S)i=ar+2,
Vo e [3,1], Ta(x) =2(1—2) Vo € [-3,0],  S(z):= -2,
b S ’ Vo € [0,1], S(z) = —=x
These two maps are represented in Figure [6] See also Figure [2] page [20] for the

graph of S2.

I
I
I
I
|
| 0 [~ - XN -—~——-- !
I
I
I
I
I
|

I
I
I
I
I
:
1

FIGURE 6. The map on the left (the tent map) is transitive with
two fixed points and its topological entropy is log2. The map on
the right is transitive with a unique fixed point and its topological

-, log?2
entropy is —5—.

It was proved in Example 2.13] that T% is topologically mixing. Since T is 2-
Lipschitz, its topological entropy is less than or equal to log2 by Proposition |4.29
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Moreover, Ty has two fixed points (0 and %), and thus hyep(T2) > log 2 by Propo-
sition ii). Consequently, hiop(T2) = log2.

The map S was proved to be transitive in Example Thus htep(S) > 1052

by Proposition i). Moreover, S? is 2-Lipschitz, and thus hy,(5?) < log2 by

Proposition We deduce that hyop(S) = 1262

The two maps in the preceding example have a common property: they are
P-linear for some finite invariant set P. Coven and Hidalgo proved that a tran-
sitive interval map f satisfying hiop(f) = hiop(fp) for some finite f-invariant set
P is necessarily P-monotone [69]. This implies that there is little freedom for
maps realizing the bounds in Proposition [£.70{i)-(ii). In particular, Bobok and
Kuchta showed that there is a unique transitive interval map of entropy 10%2, up
to conjugacy [56, Theorem 4.1].

Before proving these results, we are going to show that a transitive map f
satisfying hiop(f) = hiop(fr) cannot have non accessible endpoints. We shall use
the next lemma, which is an easy corollary of the Perron-Frobenius Theorem [£.44]
several times.

LEMMA 4.72. Let B be a positive n x n matriz. Let E be a nonempty subset of
[1,n] and let B' denote the matriz obtained from B by removing the rows and the
columns with indices i € E. Then AM(B) > A(B’).

ProoFr. It is sufficient to prove the lemma for £ = {1}. We set

00 --- 0

0
A=

: B’

0
that is, A is the matrix obtained from B by filling the first line and the first column
of B with 0’s. Then 0 < A < B and A # B because B > 0. Thus A\(A) < A(B)
by the Perron-Frobenius Theorem ii). Moreover, the set of eigenvalues of A is
equal to the set of eigenvalues of B” union {0}, and hence A(B’) = AM(A) < A\(B). O

LEMMA 4.73. Let f: [a,b] — [a,b] be a topologically mixing interval map with
a non accessible endpoint.

i) For every finite invariant set P, hiop(f) > hiop(fp).
ii) If f has a horseshoe, then hiop(f) > log?2.

PROOF. Let E denote the set of non accessible endpoints of f. By Propo-
sition there are four cases: either E = {a} and f(a) = a, or E = {b} and
f(b) =b, or E = {a,b} and both a,b are fixed, or E = {a,b} and f(a) =, f(b) = a.

Let P = {pg < p1 < --- < pr} be a finite invariant set. By Proposition m
hiop(fr) = max(0,log A(M(fp))). It is sufficient to consider the case A(M(fp)) > 1
because hiop(f) > 0 by Proposition[£.70] The set P’ := P\ E is invariant too. First
we are going to show

(4.46) AM(fp)) = MM (fp)).
We split the proof into four cases.

Case PN E = 0. Then P=P'.
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Case PN E = {a}. Then f(a) = a = pp, and the matrix M(fp/) is obtained
from M(fp) by deleting the first row and the first column. Moreover, a does not
belong to f([p:, pi+1]) for any i € [1,k — 1], which implies that the first column of
M(fp)is *(10---0). Then det(M(fp) — XId) = (1 — X) det(M (fp/) — X1d). Since
MM (fp)) > 1, we have A(M(fp)) = AN(M(fp)) by Proposition [4.38]

Case PN E = {b}. This case is similar to the previous one.

Case PN E = {a,b}. Either both a and b are fixed or {a,b} is a periodic
orbit of period 2. In both cases, f%(a) = a = po and f?(b) = b = p,. We have
{a,b} N f([pi, pi+1]) = 0 for all ¢ € [1,k—2]. This implies that, for all ¢ € [1,k —2],
there is no path of length 2 from [p;, p;+1] to [a, p1] or to [pg—1,b] in G(fp), and thus
the first and last columns of M (fp)? are respectively *(10---0) and *(0- - - 01) (recall
that, by Proposition @ the (4, j)-coefficient of M (fp)™ is the number of paths
of length n from [p;, pi41] to [pj,pj41] in G(fp)). Moreover, the matrix M (fp/)?
is obtained from M (fp)? by deleting the first and last rows and the first and last
columns. As in the second case, this implies that A(M(fp)?) = AN(M(fp/)?), so

MM (fp)) = A(M(fp+)) by Lemma [L47]

Now we are going to show that hep,(f) > log A\(M(fp)). According to , we
can assume that PNFE = () (otherwise, we replace P by P’). Moreover, since E # 0,
we can assume that a € E (the case b € F is similar). If b € E, then f%(b) = b
by Lemma If b ¢ E, then there exists = € (a,b) such that f(x) = b, which
implies that f2(b) # a, otherwise a would be accessible. In both cases, f2(b) # a.
We set ¢ := min f2([po,b]). Then ¢ > a because a is non accessible and f2(b) # a,
and ¢ < pg because [pg,b] is not f2-invariant (otherwise, it would contradict the
fact that f is topologically mixing). If b € E, we set d := max f?([a, px]), and
a similar argument implies that pp < d < b. If b ¢ E, we set d :=b. Let Q :=
PU{c,d} (this may not be an invariant set). Then ¢ = min @ (because f2([po,b]) D
?([po,pr]) © P), and similarly d = max Q. According to Proposition there
exists a positive integer n such that, for all Q-intervals J, f™(J) D [¢,d]. Thus
the matrix B := M (f™|Q) is positive. We remove from B its first line and column
(corresponding to the @Q-interval [c,po]) and, if b € E, its last line and column
(corresponding to [px,d]); we call B’ the resulting matrix. Then B’ = M (f™|P).
By Proposition hiop(f™) > log A(B), and by Lemma A(B) > XB).
Moreover, B’ > M(fp)" by Lemma [£.51] which implies that A(B") > A(M(fp)")
by the Perron-Frobenius Theorem [£:44] Combining these inequalities with the fact
that A(M(fp)") = (MM (fp)))" (Lemma [4.41)), we get

hop(f) = %hto,,(f”) > %log AB) > %log MB) > log AM (fp)).

This proves (i).

Now we assume that f has a horseshoe. According to Lemma there exist
three points u,v,w in [a,b] such that f(u) = f(w) = u, f(v) = w and, either
u<v<w,oru>v>w Theset P:= {u,v,w} is invariant and M (fp) is the

matrix of a 2-horseshoe:
1 1
M(fP) = < 1 1 ) .

Thus A(M (fp)) = 2 and hyop(fp) = log M(M(fp)) = log 2 (Proposition[4.52). Since
hiop(f) > heop(fp) by (1), we get hiop(f) > log 2, which gives (ii). 0O
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PROPOSITION 4.74. Let f: [a,b] — [a,b] be a transitive interval map and P a
finite invariant set. If hiop(f) = hiop(fp), then f is P-monotone.

PRrROOF. Recall that hiop(f) > 0 because f is transitive (Proposition, and
thus hiop(f) = log A(M(fp)) by Proposition [4.52]

The first step of the proof consists of showing that the endpoints a, b belong to
P. Suppose that f is topologically mixing. If a ¢ P, we set @ := PU{a}. According
to Lemma i), f has no non accessible endpoint and thus, by Proposition [2.30),
there exists an integer n > 0 such that, for all Q-intervals J, f*(J) = [a,b]. Thus
the matrix B := M(f"|Q) is positive. Let B’ be the matrix obtained from B
by removing the first line and the first column, that is, B = M(f"|P). By
Lemma AB) > A(B'). Moreover, B" > M(fp)” by Lemma and
hence log A(B’) > log A(M (fp)"™) = nlog A(M(fp)) by the Perron-Frobenius The-
orem ii) and Lemma [£.41] Furthermore, hop(f™) > log A(B) according to
Proposition m These inequalities imply hyop(f) > log A\(M(fp)), a contradic-
tion. We deduce that a € P. Similarly, b belongs to P too. We have proved:

(4.47) hiop(f) = htop(fp) and f topologically mixing = a,b € P.

Suppose now that f is transitive but not topologically mixing. According to
Theorem [2.19] there exists ¢ € (a,b) such that

(4.48) f(c) =c, f(la,c]) = [c,b], f([c,b]) = [a,c], and f?|(4,), [*|(c,p) are mixing.
If ¢ ¢ P, we set P := P U {c} and we consider p := max(P N [a,c¢)) and ¢q :=
min(P N (¢, b]) (these points exist by and the f-invariance of P). According
to (4.48), f(p) > ¢ > p and f(¢g) < ¢ < g. This implies that fp is decreasing on
[p,c]Ule,q] = [p,q]. Thus fps is P-monotone and, according to Proposition
hiop(fP) = hiop(fpr). If we prove the proposition for P’, this will imply that the
proposition holds for P too. Therefore, we may assume that ¢ € P (otherwise we
replace P by P’). We set P, := PN |a,c], P, :== PN|c,b] and g := f2. Then the
family of P-intervals splits into P;-intervals and Ps-intervals.

One can show that hiop(gp) = hiop(9p,) = hop(gp,) by using Bowen’s formula
(Theorem , the uniform continuity of f and the fact that f swaps the intervals
[a,c] and [c,b] by (4.48). Moreover, implies that f2 = gp. Since hiop(f) =
hiop(fp) by assumption, and hiop(g) = 2htop(f), We get htop(g) = hiop(gp) and

htop(g) = htop(g|[a,c]) = htop(g [c,b]) = htop(gPl) = htop(ng)-
Moreover, according to Proposition
(4.49) MM (fp)?) = X(M(gp,)) = MM (gp,))-

Applying (4.47) to gl and gli. s, We see that a,b € P. Moreover, f has no non
accessible endpoint by Lemma applied to g|[4,q and g|(c,p)- This concludes the
proof of the first step, that is:

hiop(f) = hiop(fp) and f transitive = a,b € P.

In the second step, we are going to show that f is P-monotone. Suppose on
the contrary that there exists a P-interval I such that f|; is not one-to-one, that
is, there exist two points u < v in I such that f(u) = f(v). Since f is transitive,
f([u,v]) is not degenerate, and thus

(4.50) either max f([u,v]) > f(u),
or min f([u,v]) < f(u).
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We assume we are in case (4.50), the other case being similar. Let w € (u,v) be
such that f(w) = max f([u,v]), and let U be an open interval containing w such
that f(z) > f(v) for all z € U.

By Proposition [2:15] the set of periodic points is dense, and thus we can choose
a periodic point py € U such that w ¢ Os(po). Let p1,p2 be the two points in
Oy (po) such that p1 < w < py and there is no point of Of(py) between w and p; for
i € {1,2} and let p € {p1, p2} be such that f(p) = max{f(p1), f(p2)}. It is possible
that either p; or po does not exist: if O(po) > w (resp. Of(po) < w), then there is
no py (resp. p2); in this case p is just equal to the unique existing p;. Since py € U,
at least one of the points p1, p2 belongs to U, and hence f(p) > f(v). In the sequel,
we assume p = p1, the case p = py being symmetric. We define

z:=min{z € [w,v] | f(z) = f(p)}.

This point is well defined because f(v) < f(p) < f(w), and z > p. Moreover,
Of(p)N(w, z) = 0 according to the choice of p and z. The set @ := PUO;(p)U{z}
is a finite invariant set, and [p, z] is a Q-interval. Moreover, fg is constant on
[p, 2] because f(p) = f(z), and thus the row of M(fg) corresponding to [p, 7] is
(00---0). Then, according to Proposition hiop(fQ) = hiop(fp) (because P is
fo-invariant) and hep(f) > hiop(fo)- Since hiop(f) = hiop(fp) by assumption, we
have

(4.51) htop(f) = htop(fQ)'

We split into two cases, depending on f being mixing or not.

e If f is topologically mixing, then, by Proposition [2.30] there exists an integer
n > 0 such that, for all @Q-intervals J, f*(J) = [a,b] (recall that we have shown
that f has no non accessible endpoint). Therefore B := M (f™|Q) is a positive
matrix. Moreover, B > M(fg)" (by Lemma and M(fg)™ # B because the
row of M (fg)™ corresponding to [p, z] is (0---0). Thus A(B) > A(M(fg)™) by the
Perron-Frobenius Theorem [4.44(ii).

e If f is transitive but not topologically mixing, then we are in the situation de-
scribed in . As in the first step, we can assume that ¢ € P and we set g := f2.
By Proposition there exists an integer £ > 0 such that, for all @Q-intervals
J1 C la,d], ¢*(J1) = [a, ], and for all Q-intervals Ja C [c,b], g*(J2) = [c,b]. There-
fore the matrix B := M (g*|Q) is of the form

(B 0 .
B—( 0 B2> with By > 0, By > 0.

Moreover, B > M (gg)* (by Lemma |4.51)) and

_( M(gp,)* 0
M(QQ)k —< QOP M(gp2)k )

We deduce that By > M(gp,)* and By > M(gp,)*. Moreover, the mixing case
above implies that, if [p, 2] C [a,c] (resp. [p,z] C [c,b]), then By # M (gp,)* (resp.
By # M(gp,)*), so

A(B1) > MM (gp,)*)  (vesp. A(Bz) > A(M(gp,)"))

by the Perron-Frobenius Theorem ii). Combining this with (4.49), we get
A(B) > A(M(fQ)*).
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In both cases (f topologically mixing or not), there exists n > 0 such that
AM(f™Q)) > AMM(fg)™). Recall that A(M(fg)™) = A(M(fg))™. This leads to

o) = ~haop(") =+ 1og XM (71Q)) > log (M (f)) = huop(f) = huop()

(the last equality comes from (4.51])). But this is a contradiction. We conclude
that f is one-to-one on every P-interval. Since a,b belong to P, we deduce that f
is P-monotone. ]

In the next proposition, the first assertion is due to Bobok and Kuchta [56]
Theorem 4.1].

PROPOSITION 4.75. Let f: [a,b] — [a,b] be a transitive interval map.

o If hyop(f) = 1°§2, then f is topologically conjugate to the map S defined

in Ezample [{.71]
o If f has at least two fized points and hiop(f) =log 2, then f is topologically
conjugate to the tent map Ty defined in Exzample [[.71]

PRrROOF. Let f: [a,b] — [a,b] be a transitive interval map such that hy,(f) =
k’%. By Proposition iii), f is not topologically mixing. Thus, by Theo-
rem there exists ¢ € (a,b) such that
(452) f(C) = f([&, C]) = [Ca b]a f([C, b]) = [CL,CL and fQ‘[a,c]a f2‘[c,b] are lelng

Moreover, f2|[a,c] has a horseshoe by Lemma |3.35 Thus f2|[a7c] has no non acces-
sible endpoint by Lemma ii). This implies that there exists d # ¢ such that
f(d) = ¢, that is,

(4.53) either d € [a,c) and f(d) = ¢,

(4.54) or d € (¢,b] and f(d) = c.

Assume that (4.53)) holds, the case (4.54]) being symmetric. Let m := max f([d, c]).
Then m € [¢,b] and f([d,c]) = [¢,m] by (4.52)). Suppose that

(4.55) min f([c,m]) < d.

Then f([c,m]) D [d,c], so f2([d,c]) = f([c,m]) D [d,c]. Thus there exists e in [d, ]
such that f2(e) = d. See the positions of these points in Figure m

mi - T T TN T T~ - - - -
o N — — - — — |
' : |
: | 1o
cr-d-r- X i
I : | 1o
ro | o
ro | o
ro | o
ro | o
ro | o
Ny | o
I | 1o
df—pebmmmmme - - -
L ! L
a d e c fle) m b

FIGURE 7. The positions of the various points in the case (|4.55|).
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We set P := {d,e,c, f(e)}. Then P is invariant and hip(fp) > % because
([d, €], [e, c]) is a horseshoe for fZ. Since hiop(fr) < htop(f) by Proposition [4.53
we have hiop(fr) = hiop(f) = 1052. Thus f is P-monotone by Proposition [4.74
which implies that d = a. But this contradicts the fact that min f([c,m]) < d. We
deduce that does not hold, that is, min f([c,m]) > d. Then f([c,m]) C [d, ]
and f([d,m]) = f([d,c]) U f([e,m]) C [c,m] U [d,c] = [d,m]. Therefore the interval
[d, m] is invariant, which is possible only if d = a and m = b because f is transitive.
Since f is onto, there exists e’ € [c,b] such that f(e) = a. Let e € [a,c] be such
that f(e) = ¢. We set Q := {a,e,c,e’}. Then @ is invariant (recall that a = d
and f(d) = f(c) = ¢) and hyop(fo) > % because ([a, €], [e, ¢]) is a horseshoe for
fé As above, Proposition |4.53 implies that huop(fo) = hop(f) = %. Thus f is
@-monotone by Proposition 4.74] This implies that ¢’ = b. The map f looks like
the one represented on the left of Figure[8l Notice that the case leads to the
reverse figure (central symmetry) by exchanging the roles of a and b.

y=5(x)

12 f---1---

_ === =

a=d e c b=m=e’ 0 1/4 172

FIGURE 8. On the left, the map f is @-monotone with @ :=
{a,e,c,b}. It is conjugate to the map S, on the right.

Now we consider g: [a,b] — [a, b] a transitive interval map with two fixed points
such that huop(g) = log2. Then g is topologically mixing by Theorem and
g has a horseshoe by Lemma According to Lemma there exist points
a’ < ¢ < b such that

(4.56) either g(a’) = g(v') = a’ and g(c) =V,
(4.57) or g(a') =g(¥') =b" and g(c) = d'.

Therefore, the set P := {a’, ¢,b'} is invariant, and hiop(gp) = 1og2 = hypp(g). Thus
g is P-monotone by Proposition which implies that @’ = a and b" = b. The
map g looks like the one represented on the left of Figure |§| in case , and the
reverse figure (central symmetry) in case (4.57).

It remains to show that f and g are topologically conjugate to S and 15 respec-
tively. This can be seen as a consequence of the following general result of Parry:
every transitive piecewise monotone interval map is conjugate to a piecewise linear
map such that the absolute value of its slope is constant [I41]. This result is easier
to prove for P-monotone maps. We are going to give a proof in the case of the map



4.7. ENTROPY OF TRANSITIVE AND TOPOLOGICALLY MIXING MAPS 101

a=a’ c b=b’ 0 1/2 1

FIGURE 9. On the left, the map g is P-monotone with P :=
{a,c,b}. Tt is conjugate to the tent map T5, on the right.

g, which is the simplest one. The conjugacy between f and S can be defined in a
similar way.

We may assume that g satisfies (otherwise, we conjugate g by ¥: [a,b] —
[a,b], () := b+ a— z in order to get a map satisfying ([£.56)). We set Jy := [a, ]
and Jy := [¢,b]. Then, since g is P-monotone, g is increasing on Jy, decreasing on
J1, and g(Jy) = g(J1) = [a,b]. For all n > 1 and all («ag,...,an—1) € {0,1}", we
define

n—1
(458)  Jag.an = {r € [a,b] | Vi€ [0,n—1], ¢'(z) € Jo,} = m 97" (Ja)-
=0

This definition implies that, for all n > 2 and all («ag, ..., a,—1) € {0,1}",
(459) g(JOCOH-Olnfl) =Jor..an_1-

Facr 1. Letn > 1.

1) (Jao...an—1) (a0, san_1)e{0,1}» is a cover of [a,b].
i) (Jag...an_1) (@0, an_1)ef0,1}n 5 a family of nonempty compact intervals
with pairwise disjoint interiors.
i) ¢"[Juy. w,_, 18 @ homeomorphism from Jo,. . a4, , to [a,b].

Assertion (i) follows straightforwardly from the fact that, for all « € [a,b] and
all i € [0,n — 1], there is a; € {0,1} such that g*(z) € Ja,.

We prove (ii)-(iii) by induction on n.

e For n =1, the sets are Jy, J1, and (ii)-(iii) are satisfied.

e Suppose that (ii)-(iii) are satisfied for n > 1. Fori € {0,1}, themap g; := ¢
is a homeomorphism from J; to [a,b]. We can write Ju,.. q, a8

Jao...an = {x 6 JO(() | g(x) 6 JO(l...Oén} = nggol(Jal...an)-

This is a nonempty compact interval because ﬁ;ol is continuous and J,,. o, is a
nonempty compact interval by the induction hypothesis.

Let (Bo,--.,0n) # (g, ..., an). If By # ap, then
JO(Q...OLn C Jozoa Jﬁo--ﬁn C Jﬁo

Ji
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and Int (J,,) NInt (Jg,) = 0. If By = g, then (By,..., B) # (a1, .., an),

~1 ~1
Jao...an = Ya, (Ja1~~an)7 Jﬁouﬂn = Ya, (Jﬁlmﬁn)

and these sets have disjoint interiors because g,, is a homeomorphism and by the

induction hypothesis for Jy, .. .a,,J5:...8, -

Finally, g"\‘]aohﬂn is a homeomorphism from Jyo,. o, C Jag...a,,_; to its image
by the induction hypothesis, and ¢"(Ja,...a, ) = Ja,, by 4.59)). Thus

9" Mg o = (9150) © (910 o)

is a homeomorphism from Jy, , to [a,b]. This ends the induction and the proof
of Fact 1.

o, for Ty, starting with J§ := [0, 3]
and Jj := [%,1]; at level n — 1, we get the cover ([ﬁ, ?Tl])o<i<2"' The idea is
to build a map ¢: [a,b] — [0, 1] such that the image of every interval of the form
Jog...o,_1 18 T,

QQ...0pn 1"
We set Rog..an 1 = Jag..an_, \ MinJo, o, , (half-open interval). For all
n > 1, we define the staircase function ¢, : [a,b] — [0,1] by:
* on(a) =0, pn(b) =1,
e V(ag,...,an—1) € {0,1}", @, is constant on Raq. ., _;;
e ¢, is non decreasing and every step is of high -

In a similar way, we define intervals .J,

on
(see Figure [10)).
| e i B P
A S S
K e e o
1 ] . I
BRI :
V2 p-m—-— !
Lo i :
1 N . | N
Vab— o |
= |
O0¢ " | : ; I
T | Ib
a v .
ooy :
Jll JlO

FIGURE 10. The map ¢3: the interval [a,b] is divided into 23 = 8
subintervals (Jagayas) (ag,a1,a2)€{0,1}3; ¥3 is a non decreasing stair-
case function and takes its values in {% | i € [0,8]}.

FACT 2. The sequence (¢n)n>1 uniformly converges to a map ¢: [a,b] — [0, 1].
Moreover, ¢ is an increasing homeomorphism.

First we show that (¢,)n>0 is a Cauchy sequence for the uniform distance.
Let ¢ > 0 and N € N such that 5% < e. Let n > m > N. Note that ¢,(a) =
©m(a) = 0. Let z € (a,b]. There exists (ag,...an—1) € {0,1}" such that  belongs
to Ray...an_y C Rag...an,_1» and there is ¢ € [1,2™] such that ¢, is equal to QL
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on Ryy...a,,_,- Moreover, ¢, is equal to a constant ¢ € (12;,,}, 5] on Reg..a,_y DY

construction. Therefore
1
(4.60) Vo € [a,b], |on(x) — pm(z)| < om <e.

This shows that (¢n)n>0 is a Cauchy sequence, and thus it uniformly converges
to a map ¢: [a,b] — [0,1]. We are going to show that ¢ is continuous, onto and
increasing.

In (4.60), we take n — +oo0. We get
(4.61) Vo € [a,b], |o(x) — om(x)| < e.

Ifz € Int Raomamfl), there exists a neighborhood U of x such that U C Ra,...a,, 1,
and thus (4.61]) implies that, for all y € U,

lp(z) =@ < lo@) = em (@) + [om(@) — @m )] + lom(y) — e (y)
< e4+04¢e=2e.

If £ = max Ro,..q,,_, (resp = a), there exists (5o,...,Bm-1) € {0,1}" and a
neighborhood U of x such that U C Ra,..a,,_, U Rg,...8,,, (resp. U C {a} U
Rg,. 6., ,)- There exists i € [1,2™] such that ¢,, takes only the values ’;} and
2% on U. Thus (4.61]) implies that, for all y € U,

lp(z) =@ < o) = em (@) + [om(2) — em )] + lom(y) — ¢ (y)

1
< €+27m+€<3€.

This proves that ¢ is continuous on [a,b]. By definition of (¢,)n>1, ¢(a) = 0 and
©(b) = 1, which implies that the map ¢ is onto. Moreover, ¢ is non decreasing
because, if z <y, then ¢, (x) < ¢, (z) for all n, which implies p(z) < p(z).

Now we are going to show that ¢ is increasing. For every & = (ay)n>0 €
{0, 1327 we set

—+oo
Ja = ﬂ Jog..an_1-
n=1

This is a decreasing intersection of nonempty compact intervals, so J5 is a nonempty
compact interval. According to the definition of ¢, the map ¢ is constant on an
interval J if and only if J C J5 for some & € {0, 1}Z+. Moreover, implies
that g"(Jgz) C J,, for all n > 1. On the other hand, for every non degenerate
interval J, there exists n > 1 such that ¢"(J) = [a,b] because g is topologically
mixing and has no non accessible endpoint (Proposition . This implies that
Js is degenerate, hence reduced to a single point for every a € {0, 1}Z+. The map
¢ is non decreasing and it is non constant on any non degenerate interval. Thus ¢
is increasing, which implies that ¢ is a homeomorphism. This concludes the proof
of Fact 2.

Fact 3. For all (o, ... ,0n—1) € {0,1}" (n> 1), ©(Jag...an) = Jho...c, -

We fix n > 1 and (g, ...,an—1) € {0,1}". By construction of the sequence of
maps (‘pm)lea

Vm 2 n, me(Rao-uan—l) = ‘](/)zo...an \InlIl Jtlxo...an'

Taking the limit when m tends to infinity, we get

<)0(R(10---Oén—1) = Jc/xo...an \mln Jézo...ozn'
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Since ¢ is continuous and increasing by Fact 2, ¢ sends inf Ra,...a,,_, tominJ;, |
and hence ¢(Jug...0r,) = J

«@Q...0p "
It remains to show that ¢ is a conjugacy between g and T5, that is, 75 =

pogop~!. First note that pogop=1(0) = pogop (1) =0, pogop~!(3) =1 and

1

pogop~!is increasing on [0, 5] (resp. decreasing on [3, 1]) because g(a) = g(b) = a,
g(c) = b and g is increasing on Jy = [a,c] (resp. decreasing on J; = [c,b]). Let
(ag, ..., an—1) € {0,1}". Then J, , . is an interval of length 5. Moreover,

Fact 3 and (4.59) imply that J., . | = ©(Jag..a,_,) and

(462)  wog00™ (Joy 0y ) =0 9(Jageanr) = P(arans) = oy o,
Thus

_ 1
(1.63) 009007 apan )l = oo = 2oy
Now we consider a point zg € dJ),, . - If ap = 0 (which implies that zo € [0, 1]),
then [0, xo] is the union of intervals of the form Jy, 5, and the length of [0, zo] is

equal to the sum of the lengths of these intervals. We have pogoo™'(Jis, 5 )=

Th,.pn, DY ([(62) and |pogop™ (Jog,...6,1 )| = 2|Jog,...6,.| by ([£63). Moreover,
the intervals (Jg, 5 )(s.....5,_1)e{0,1}»—1 have pairwise disjoint interiors. Thus

(4.64) 00 go@™([0,20])| = 2/[0, zo]| = 2zo.

Since ¢ o g o ! fixes the point 0 and is increasing on [0, 3] D [0, 2], we have
wogoe 1([0,z0]) = [0, 090 (zp)]. Combined with (4.64)), this implies that
(4.65) V2o € 0Jba, . a._,» POgo@ (z0) =230 = Ta(z).

If ap = 1 (which implies that g € [$,1]), one can show with similar arguments
that |¢ o g o o™ ([zo, 1])| = 2|[z0, 1]| = 2(1 — x¢), and thus

(4.66) Vg € 6‘]{@1...%,17 wogop Hxg) = Ta(xg).
The set

{6‘]&0..4,%71 |n>1,(,...,an-1) € {0, 1}"} = {;n |n>0,i€ [[O,Q"H}

is dense is [0, 1]. Since @ is continuous according to Fact 2, (4.65)) and (4.66) imply
that

Vo € [0,1], pogoyp™(z) = Ta(a),
that is, g and T, are conjugate by . O

Remarks on graph maps. There exist results similar to Proposition for
circle and tree maps. For transitive circle maps, the lower bound on the entropy
depends on the degree, the interesting cases being the degrees —1,0,1. Indeed,
we saw that, if f is a circle map of degree d with |d| > 2, then hp(f) > log|d|,
regardless of whether f is transitive or not (Proposition . Moreover, for every
integer d € Z\ {—1,0, 1}, there exist transitive circle maps of degree d realizing the
equality, for example, the map S — S, x — dx mod 1. The cases of transitive circle
maps of degree 0 or —1 were dealt with by Alseda, Kolyada, Llibre and Snoha [11].
Notice that transitive circle maps of degree 0 are very similar to transitive interval
maps with two fixed points. In particular, the map T in Example [£.71] can be seen
as a circle map by identifying the two endpoints of the interval.



4.8. UNIFORMLY POSITIVE ENTROPY 105

PROPOSITION 4.76. Let f: S — S be a transitive circle map of degree d.
o Ifd=0, then hyop(f) > log2.
o Ifd=—1, then hip(f) > &2
Moreover, there exist transitive circle maps with the prescribed degree realizing the
equalities.

Irrational rotations provide examples of degree 1 circle maps that are transitive
and have a null entropy. This is actually the only possibility, up to conjugacy. More
generally, Blokh proved that a transitive graph map has positive entropy except if it
is conjugate to an irrational rotation [52]. Recall that a transitive graph map with
no periodic point is conjugate to an irrational rotation on the circle (Theorem.

THEOREM 4.77. Let f: S — S be a transitive graph map. If f has periodic
points, then hyop(f) > 0.

For circle maps, this is the best possible lower bound: there exist transitive
degree 1 circle maps with arbitrarily small positive topological entropy. This is a
folklore result; see [10] for a proof.

For tree maps, a lower bound depending on the number of endpoints was found
by Alseda, Baldwin, Llibre and Misiurewicz [3].

PROPOSITION 4.78. Let f: T — T be a transitive tree map. Let e(T) denote

the number of endpoints of T. Then hyop(f) > L‘E%

This is the best lower bound for star maps. However, this is not the case in
general. The next proposition, due to Alseda, Kolyada, Llibre and Snoha [10],
states more specific bounds in the case of star maps.

PROPOSITION 4.79. Let f: S, — S, be a transitive map, where Sy, is an n-star,
n > 2. Let b denote the unique branching point of S,,.
o If f(b) =0, then hiop(f) > 10%2. Moreover, equality is possible.
o If f(b) #b, then hiop(f) > 1052 (it is not known whether this is the best
lower bound).

Proposition [£.74] holds for tree maps, with only obvious changes in its proof:
if f: T — T is a transitive tree map such that hiop(f) = hiop(fp), where P is a
finite invariant set containing all the branching points of 7', then f is P-monotone.
However its interest is limited since the assumption implies that every branching
point has a finite orbit under f.

4.8. Uniformly positive entropy

The following notion was introduced by Blanchard [30], by analogy with K-
systems in ergodic theory.

DEFINITION 4.80 (uniformly positive entropy). A topological dynamical system
(X, f) has uniformly positive entropy (upe) if every open cover of X by two non
dense open sets has a positive topological entropy.

A topologically mixing interval map has positive entropy by Proposition [£.70]
The next theorem states that it has the stronger property of uniformly positive
entropy.
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THEOREM 4.81. Let f: I — I be an interval map. The following assertions are
equivalent:
i) f is topologically mizing,
ii) f has uniformly positive entropy.

PROOF. We first assume that f is topologically mixing. Let U = (Uy,U;) be
an open cover of I such that Uy, U; are not dense. Since Uy \ U; is a nonempty
open set, there is a non degenerate closed interval Iy C Uy \ Uy such that Iy does
not contains any endpoint of I. Similarly, there is a non degenerate closed interval
I, C Uy \ Uy containing no endpoint of I. According to Theorem there exists
an integer k > 0 such that f*(Io)N f*(I;) D IyUI;. Weset g := f*. Let n > 1 and
(£0,---,6n—1) € {0,1}". By Lemma [1.13]i), there exists a non degenerate closed
interval J such that ¢"(J) C J., for all i € [0,n — 1]. Consequently, for every
n-tuple (g, ...,en—1) € {0,1}", the set

IEO n g_l(‘]fl) n---N g_(n_l)(‘jﬁnfl)

is nonempty and
er n g_1<U€1) n---n g_(n_l)(UEnfl)
is the unique element of UV g~ (U) V- - -V g~ () that meets (actually contains)

)
this set. This implies that N, (U, g) > 2" for all n > 1, 50 hyop (U, g) > log 2. Finally,
we have

1 _ (ke 1 log 2
htop(uvf) = Ehtop(u\/ f 1(“) Vo \/f (k 1)(1/{)»9) > *htop(uvg) > &

2 i > 0.

This proves (1)=-(ii).
Now we are going to show that, if f is not topologically mixing, then it does
not have uniformly positive entropy. This will prove (ii)=(i) by refutation.
Suppose that f is not transitive. This means that there exist two non degen-
erate closed intervals Iy, I; such that

(4.67) Yn >0, f(I) NI = 0.

We set U; := I\ I; for i € {0,1}. Then U := (Up, U;) is an open cover of I by two
non dense sets. We see that (4.67)) implies

(468) Vn >0, Iy C fﬁn(Ul)

Let € I and n > 0. If fi(z) ¢ Iy for any i € [0,n — 1], then = € (/= f~*(Up).
Otherwise, let k be the minimal non negative integer such that f*(z) € Iy. By

([:68), we have f*(z) € MNiso f7%(Uy), and thus
k—1 ) n—1 .
ze ()W) ) fH ).
=0 i=k

This implies that N, (U, f) < n+1 for all n > 0. We deduce that hop (U, f) =0,
so f does not have uniformly positive entropy.

Suppose now that f is transitive but not topologically mixing. Then, by Theo-
rem there exist two non degenerate closed intervals J, K with disjoint interiors
such that I = JUK, f(J) = K and f(K) = J. We choose two non dense open
sets Uy, Uy such that J C Uy and K C U; and we set U := (Up,Uy). For all n > 0,
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2 (J) C Uy and f2"+1(J) C U;. Similarly, for all n > 0, f*(K) C U; and
f2"*t1(K) C Uy. This implies that I is covered by the two sets

+o0 iy
720 (70 and - () 72400 0 () £+ (W0).

i=0 i>0 i=0 i>0
This means that N, (U, f) < 2 for all n > 1. Thus, hp(U, f) =0, and f does not
have uniform positive entropy. This concludes the proof. O

REMARK 4.82. Theorem above can be seen as a consequence of results
about general dynamical systems. Indeed, it is proved in [30] that a topological
dynamical system with the specification property has uniformly positive entropy,
and uniformly positive entropy implies topological weak mixing. For interval maps,
topological mixing implies the specification property (Theorem|3.4)), and topological
weak mixing is equivalent to topological mixing (Theorem This implies that
an interval map is topologically mixing if and only if it has uniformly positive
entropy.

Remarks on graph maps. Theorem [4.81]is valid for graph maps in view of
Remark [£.82] and Theorem B.5






CHAPTER 5

Chaos in the sense of Li-Yorke, scrambled sets

5.1. Definitions

In [113], Li and Yorke showed that, if an interval map f has a periodic point

of period 3, there exists an uncountable set .S such that, for all distinct points z,y
in S,

limsup | f"(z) — f*(y)| >0, liminf|f"(z) — f"(y)| =0,

n—-+oo n—-+00

and Vz periodic point, limsup|f™(z) — f™(z)| > 0.
n—-+4oo

They called this behavior chaotic, without formally defining what chaos is. This
leads to the following definitions.

DEFINITION 5.1 (Li-Yorke pair, scrambled set, Li-Yorke chaos). Let (X, f) be
a topological dynamical system, x,y € X and 6 > 0. The pair (x,y) is a Li- Yorke
pair of modulus § if
(5.1) limsupd(f™(z), f"(y)) > and liminfd(f"(z), f"(y)) =0,

n——+00 n—+00

and (x,y) is a Li-Yorke pair if it is a Li-Yorke pair of modulus § for some ¢ > 0.
A set S C X is a scrambled (resp. d-scrambled) set if, for all distinct points x,y in
S, (z,y) is a Li-Yorke pair (resp. a Li-Yorke pair of modulus §).

The topological dynamical system (X, f) is chaotic in the sense of Li-Yorke if
there exists an uncountable scrambled set.

The next proposition is straightforward (the second assertion uses the fact that
f is uniformly continuous because X is compact).

PROPOSITION 5.2. Let (X, f) be a topological dynamical system, S C X and
0 >0.

o If S is a scrambled (resp. d-scrambled) set for f™, then it is also a scram-
bled (resp. d-scrambled) set for f.

o IfS is a scrambled (resp. 6-scrambled) set for f, then it is also a scrambled
(resp. &'-scrambled for some §' > 0) set for f™.

REMARK 5.3. The definition of a scrambled set is not unified in the literature.
In particular, in the spirit of the properties exhibited by Li and Yorke, some people
say that S is a scrambled set if, for all distinct points x,y in S,

(5.2) limsup d(f"(2), *(y)) > 0, liminfd(f*(z), f"(y)) =0,
(5.3) Vz periodic point, limsup d(f™(x), f"(z)) > 0,
n——+oo

109
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and the same properties with “> §” instead of “> 07 in and ) for 6-
scrambled sets. Actually, it makes no difference for chaos in the sense of L1 Yorke,
nor for existence of an uncountable §-scrambled set for some § > 0. More precisely,
if S is a scrambled set, then all but at most one point of S satisfy , and if S is
an uncountable d-scrambled set, then there exists an uncountable set S’ included in
S such that, for all z € S and all periodic points z, limsup,,_, . d(f"(x), f"(z)) >
0/2. These results are consequences of Lemmas and below; they were first
noticed by Jiménez Loépez [94] p 117-118], [95] Proposition 1.2.2].

DEFINITION 5.4. Let (X, f) be a topological dynamical system. A point x is
approximately periodic if, for all ¢ > 0, there exists a periodic point z such that

ligiupd(f"(w), fr(z)) <e

LEMMA 5.5. Let (X, f) be a topological dynamical system and x,2’ € X. Sup-
pose that x and x' are approzimately periodic. Then

cither I _d(f"(@). /@) =0 or lminfd(f(z). /(=) >0

In particular, if S is a scrambled set, then S contains at most one approximately
periodic point.

PROOF. Suppose that

(5.4) liminf d(f™(z), f*(z")) =0

n—4oo

Let € > 0. By definition, there exist two periodic points z, 2z’ and an integer N such
that

Vn >N, d(f"(x), f"(2)) <e and d(f"(2'), ["(z")) <e
Let p be a multiple of the periods of z and z’. By continuity and , there exists
M > N such that d(fM+i(z), fM+i(a’)) < e for all i € [0,p—1]. Let n > N
and let i € [0,p — 1] be such that n — M = i mod p. Since f"(z) = fM+i(z) and
(2" = fmti(2"), we have

d(f* (@), [*(2") < d(f™(2), ["(2) + A7) M (@)
(M (), [ ()
Hd(fM (), fUTED) + d( (D, (@)
< be.
This implies that lim,,_, 1o d(f™(x), f*(2")) = 0. This proves the first statement of
the lemma, which straightforwardly implies the second one. O

LEMMA 5.6. Let (X, f) be a topological dynamical system, S C X and 6 > 0.
Suppose that

Va,y € S, x #y, limsupd(f"(z), f"(y)) = ¢
n—-+4oo
Then there exists a countable set C C X such that, for allz € S\ C and all periodic
points z € X, limsup,,_,, . d(f"(z), f*(z)) > 3.
PROOF. Let C be the set of points in S such that, for all x € C, there exists a

periodic point z, € X such that limsup,,_,, o d(f"(z), f"(2z)) < . Suppose that
C' is uncountable. Since C is the countable union of the sets

{oesmspatr @), ) < g -t e

n—-+4oo -2
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one of these sets is uncountable. Moreover, the set of periods of the points z, is
countable. Therefore, there exist an uncountable subset R C C, a number € > 0
and an integer p > 1 such that

Vo € R, fP(z:) = 2z, and limsupd(f™(x), f"(z,)) < = —e.

n—-+o0o

| >

Since X is compact, f is uniformly continuous and there exists 7 > 0 such that
Yo,y € X, dlx,y) <n=Vie[0,p—1], d(f'(z), f'(y)) <e.

Since X is compact and R is infinite, the family (z;).cr has a limit point. Thus
there exist two distinct points @, 2’ in R such that d(z;, z,») < n (the case z, = 2,
is possible). Then d(f%(z,), f*(24)) < € for all i € [0,p — 1]. We have

Vn >0, d(f"(x), f"(2") < d(f"(x), ["(2)) +d(f"(2"), " (22))
+ max d(f"(zw),fi(zw)),

i€[0,p—1]
S0
limsupd(f™(x), f*(z") < (6/2 —¢)+ (§/2 —¢) + e < é.
n—-+oo
This contradicts the fact that z, 2’ are two distinct points in the set S. We conclude
that C' is countable. O

5.2. Weakly mixing maps are Li-Yorke chaotic

It is easy to see that every topologically weakly mixing dynamical system (X, f)
has a dense Gs-set of Li-Yorke pairs. Indeed, every (z,y) € X? with a dense
orbit is a Li-Yorke pair of modulus ¢ := diam(X). Using results of topology (e.g.,
[106] Theorem 22.V.1]), this implies that the system has an uncountable diam(X)-
scrambled set (called an extremally scrambled set [99]). This result was first stated
for interval maps by Bruckner and Hu [62]. More precisely, they showed that a
topologically mixing interval map f: [0,1] — [0,1] admits a dense uncountable
scrambled set S such that, for all distinct points z,y in S, the sequence (f"(x) —
f™(y))n>0 is dense in [—1,1]. Then Iwanik proved a stronger result, valid for any
topologically weakly mixing dynamical system, which implies the existence of an
extremally scrambled set [91], [92]. Iwanik’s results rely on Mycielski’s Theorem
[136], that we restate under weaker hypotheses in order not to introduce irrelevant
notions. We recall that a perfect set is a nonempty closed set with no isolated point;
a perfect set is uncountable.

THEOREM 5.7 (Mycielski). Let X be a complete metric space with no isolated

point. For all integers n > 1, let r, be a positive integer and let G, be a dense
Gs-set of X™ such that

G” ﬁ {(xla e axTn) S XTn ‘ Eljvk S [[1,7’n]], j # k) z] = .Ik} = @
Let (Uy,)n>1 be a sequence of nonempty open sets of X. Then there exists a sequence
of compact perfect subsets (Kp)n>0 with K, C Uy, such that, for all k > 1 and all
distinct points 1, ..., Ty, N U:z K, (x1,...,2,) € Gy.
THEOREM 5.8. Let (X, f) be a topological dynamical system. If (X, f) is topo-
logically weakly mizing, then there exists a dense set K C X which is a countable

union of perfect sets and such that, for all n > 1, for all k > 1 and all distinct
points x1,...,x, in K, the orbit (f*(x1),..., fi¥(x,))is0 is dense in X™.
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PROOF. Let n, k be positive integers. By Proposition [2.6and Theorem [2.7] the
system (X7, f¥ x ... x f¥) is transitive. Let G¥ be the set of points of dense orbit
in this system. According to Proposition i), GF is a dense Gs-set and X has no
isolated point (note that (X, f) cannot be weakly mixing if X is finite). Moreover,
if the n-tuple (z1,...,z,) € X™ has two equal coordinates, then its orbit is not
dense. Finally, the conclusion is given by applying Mycielski’s Theorem with
the countable family (G’fL),,qul and (U;);>0 a countable basis of nonempty open
sets of X. O

COROLLARY 5.9. Let (X, f) be a topological dynamical system. If (X, f) is
topologically weakly mizing, then there exists a dense set K C X which is a countable
union of perfect sets and such that, for all distinct points x,y € K and all periodic
points z € X,

limsup d( " (x), £ (y)) = diam(X), ~ Tminf d(f"(x), f"(3)) = 0

n—+o0o
i X
and limsup d(f™(z), f"(z)) > diam(X) )
n—-+4o0o 2

In particular, K is a §-scrambled set for § := diam(X).

PrOOF. Let K be the set given by Theorem By compactness of X, there
exist xg, yo € X such that d(zg,yo) = diam(X). Let z,y be two distinct points in
K. Since the orbit of (x,y) under f x f is dense in X2, there exist two increasing
sequences of positive integers (i, )n>0 and (jn)n>0 such that

tim (£ (2), £ () = (v0,90) and T (7 (@), 7 (1) = (w0, 0)

n—-4o00o
Thus
lirﬁilif d(f*(z), f*(y)) = diam(X) and  liminfd(f"(z), f*(y)) = 0.

Let z € X be a periodic point (if any) and let p be its period. By the triangular
inequality, there exists 2/ € {zo,yo} such that d(z,z’) > d“%m. Since x has
a dense orbit under f? by definition of K, there exists an increasing sequence of

positive integers (k,),>0 such that fP=(x) tends to 2. Thus

limsup d(/" (@), /() > lmsup d(/7 (z), 750 (=) = dz, ) > T2E)

n—-+o0o n—-+00 2

O

REMARK 5.10. A set K satisfying the conclusion of Theorem [5.8]is called totally
independent [91]. If a dynamical system (X, f) has such a set, then (X x X, f x f)
has a point of dense orbit, and thus (X, f) is topologically weakly mixing. Therefore,
the existence of a totally independent set is equivalent to topological weak mixing.

The next proposition, due to Bruckner and Hu [62], is in some sense the con-
verse of Corollary for interval maps.

PROPOSITION 5.11. Let f: [0,1] — [0, 1] be an interval map. Assume that there
exists a dense set S C [0,1] such that

Vr,y € S, x #y, limsup |f"(z) — f"(y)| = 1.

n—-+oo

Then f is topologically mizing.



5.3. POSITIVE ENTROPY MAPS ARE LI-YORKE CHAOTIC 113

PROOF. Let € > 0. The assumption implies that f is onto. Thus there exists
0 € (0,¢) such that f([d,1 —6]) D [e,1 —¢]. Let J be a non degenerate subinterval
of [0,1]. Since S is dense, there exist two distinct points x,y in J N S. Let n be an
integer such that |f™(x) — f"(y)| > 1 —d. Then f*(J) D [0,1 — §], which implies
that both f*(J) and f*+1(J) contain [, 1 —¢] (recall that § < ¢). Either n or n+1
is even, and thus there exists m > 1 such that f2"(J) D [¢,1 — ¢]. This implies
that f? is transitive, so f is topologically mixing by Theorem m ([

5.3. Positive entropy maps are Li-Yorke chaotic

The original result of Li and Yorke (period 3 implies chaos in the sense of Li-
Yorke [113]) was generalized in several steps. Nathanson stated the same result
for periods which are multiple of 3, 5 or 7 [137]. Then, simultaneously, Butler and
Pianigiani [63] and Oono [138] proved that an interval map f with a periodic point
whose period is not a power of 2 (i.e., the period is 2™¢ for some odd ¢ > 1) is chaotic
in the sense of Li-Yorke. Actually, this result can be derived from Li-Yorke’s result
using Sharkovsky’s Theorem, but these authors were not aware of Sharkovsky’s
article. Later, Jankovd and Smital proved a stronger result: an interval map with
positive entropy (or equivalently with a periodic point whose period is not a power
of 2, see Theorem admits a perfect d-scrambled set for some § > 0 [93]. The
proof we shall give follows the spirit of [93], although it is slightly different.

Block [33] showed that, if an interval map f has a strict horseshoe, then there
exists a subsystem which is semi-conjugate to a full shift on two letters, and the
semi-conjugacy is “almost” a conjugacy. This semi-conjugacy with a full shift,
stated in Proposition below, is a key tool in several results.

REMARK 5.12. In [133] Theorem 9], Moothathu stated that, if the entropy of
f is positive, there exist n > 0 and an invariant set on which the action of f2" is
conjugate to a full shift. Having a conjugacy rather than a semi-conjugacy would
make some arguments easier. Unfortunately, there is something wrong in the proof;
Li, Moothathu and Oprocha built a counter-example [L09].

DEFINITION 5.13. Let ¥ := {0, 1}Z+, endowed with the product topology; this
is a compact metric set. The shift map o: ¥ — ¥ is defined by o((an)n>0) =
(ant+1)n>0.  Then (¥,0) is a topological dynamical system, called the full shift
on two letters.

LEMMA 5.14. Let (X, f) and (Y, g) be two topological dynamical systems, and
let o: X =Y be a semi-conjugacy. For every x € X, p(w(zx, f)) = w(e(x),g).

PROOF. Let x € X and y := p(z) € Y. We are going to show that p(w(z, f)) C
w(y,g) and w(y, g) C p(w(x, f)), which gives the equality of the two sets.

Let 2’ € w(z, f). There exists an increasing sequence of integers (ny)g>o such
that limg_, oo f™ (2) = 2’. By continuity of ¢, limg_, o ©(f™* (2)) = p(z'). Since
¢ is a semi-conjugacy, ¢(f"*(z)) = g"*(p(x)) = g"*(y). Thus ¢(z’) € w(y,g).
This implies that p(w(z, f)) C w(y, g).

Let y' € w(y, g) and let (ng)x>0 be an increasing sequence of integers such that
limg_ 400 g™ (y) = y'. Since X is compact, there exist a subsequence (ny,);>o and
a point 2’ € X such that lim; ,; o f™i(x) = 2/, and hence 2’ € w(x, f). Then
o(a') =y because  is continuous. This implies that w(y, g) C p(w(x, f)). O
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PROPOSITION 5.15. Let f: I — I be an interval map and let (Jo, J1) be a strict
horseshoe for f. There exist an invariant Cantor set X C I and a continuous
map ¢: X — % :={0,1}2" such that ¢ is a semi-conjugacy between (X, f|x) and
(3,0); the system (X, f|x) is transitive and there exists a countable set E C X
such that ¢ is one-to-one on X \ E and two-to-one on E.

Moreover, there exists a family of nonempty closed intervals

(Jozo-»»an—l)nzl,(aor.-,anf1)6{071}"

such that, for alln >1 and all (ag,...,an-1) € {0,1}",

(55) Jao___an_l n Jﬁo Bn_1 — @ lf (ao, ey Oén—l) 7& (Bo, e ,ﬂn_l),

(5.6) Jag.om1 C Jag.an_o f 0 >2,

(57) f(Joco...an,1> = Joq Qp—1 and f( Q.. Oy — 1) = aJal...a,Lfl an > 2a
(5.8) {z € X | p(x) begins with ag ...cn—1} =X N Jay..an_1

and, for all (an)n>0 € B\ ¢(E),
(5.9) lim |Ja0--<an71‘ =0.

n—-+4oo

PROOF. First, we show by induction on n that there exists a family of nonempty
closed intervals satisfying , and

e For n = 1, the intervals Jy, J; satisfy (5.5 and there is nothing more to prove.

e Suppose that , , are satisfied for some n > 1. Fix (ag, ..., ap)
in {0,1}"*1. If n = 1, we apply Lemma 1.13(i) to the chain of intervals (Ju,, Ja, )
and we obtain a closed interval Jo,a, With Joga, C Jags f(Japes) = Ja, and
f(0Jagar) = 0Jay- I n 22, f(Jag.ans) = Jaranoy a0d Jay e, C Jas.an
by the induction hypothesis. Thus we can apply Lemma 1.13(i) to the chain of
intervals (Jay...an_15 Jos ..o, ) @aid we obtain a closed interval Jo, . o, With Ju, .o, C
Jao.. an o FJagan) = Jag.ian, a0d f(0Jng..a,,) = OJay...a,- In both cases, we
get (5.6) and . ) for n + 1.

Let (ag,...,a,) and (Bo,...,Bs) be two distinct elements of {0,1}7*!. If
(g, .. yan—1) # (Bo,-.-,Bn-1), then Joy. a0, , N Js,..5, , = O by the induc-
tion hypothesis, which implies that Jo,..a, N Ja,..5, = 0 because of (5.6).
(g, ... an—1) = (Bo,--.,Ln-1), then o, # B, and hence Jyu, ., NJs,. 5, =0 by
the induction hypothesis. According to ,

f(Jao...an) n f(‘]ﬁomﬁn

) =
which implies that Ja,. ., NJa,..3, = 0. This proves (5.5) for n+ 1 and this ends
the induction.

Ot1 OénﬁJ[ﬁ B = ®7

For every & = (an)n>0 € X, we set

This is a decreasing intersection of nonempty compact intervals, and thus J5 is a
nonempty compact interval. According to (5.5)), we have

(5.10) Va,BeX, a#B= JanJz=0.



5.3. POSITIVE ENTROPY MAPS ARE LI-YORKE CHAOTIC 115

We set

“+o00
Yy = ﬂ U Jagcn_, and Y =Y\ U Int(J).
n=1 o; € {0,1} aexn
i€ [0,n—1]
The sets Yy and Y are compact. One can see that Yo = ey, Ja, and (Ja)acs are
the connected components of Yy. This implies that Y is totally disconnected and
Y = Uzex 0Ja, which is a disjoint union by .
Recall that o((an)n>0) = (@nt+1)n>0. We are going to show that

(5.11) Va € X, f(aJ@) = aJU(&),

which implies that f(Y) =Y.
Notice that if z € 0J5, then
e either z = min J5 and x = lim,,_, o min Jo,. .0,
o or x =maxJs and x = lim,_, 4o max Jo,. .0, 15

because J; = ﬂ:z Jao...7,_, 1s a decreasing intersection of nonempty compact
intervals.

Let @ € ¥ and « € 0J;5. What precedes shows that there exists a sequence of
points (z,,)n>1 such that © = lim, 4o ©, and @, € Jyy...a,_, for all n > 1. Then
f(zn) € 0Juy ..o, DY . Moreover, there is an increasing sequence (ng)g>o0
such that, either f(z,,) = minJy, q,, , forallk >0, or f(zn,) = maxJo, . .a,,
for all k > 0. Thus limg 1o Ty, is equal to minJ,4) or maxJ, ), because
Jo(a) = ﬂ;ﬁ Ja, ..., is a decreasing intersection of nonempty compact intervals.
Since f is continuous, f(x) = limy_ o f(n, ), and thus f(z) € 0J,(5). This shows
that f(0Js) C OJ(,(@).

Let y € 0J,@&). As above, there exists a sequence of points (yn)n>1 such
that y = lim, 400 Yn and y, € 0Ja,. .o, for all n > 1. By , there exists
Xy € OJayg...a,, such that f(z,) = y, for alln > 1. Then the same argument as above
shows that there is an increasing sequence (ny)g>o such that limy_, 4o z,, =
with € 0J5. Thus f(x) = limg— 400 f(Tn,) = limg— 400 Yn, = y. This shows that
0Jy(a) C f(0Ja), and this ends the proof of (6-11).

We define the map

p:'Y — X
r — aifzedy
The map ¢ is trivially onto according to the definition of Y. Let A be the collection
of & € ¥ such that J5 is a non degenerate interval. Then A is countable, and

F = U 0Js = ¢ H(A)
acA
is a countable subset of Y. It is clear that, if @ ¢ A, then there is a single point
x €Y (with J5 = {z}) such that p(z) = &; and if @ € A, there are exactly two
distinct points 1,22 € Y (with 0J5 = {x1, z2}) such that ¢(z;) = @. This shows
that o is one-to-one on Y\ F' and two-to-one on F.
Let §,, be the minimal distance between two distinct intervals among

(Jao...an,l)(ozo ..... an—1)€{0,1}n-

Then §,, > 0 because these intervals are compact and pairwise disjoint by (5.5).
Let z,y € Y. If |z — y| < dyp, then = and y are in the same interval Jo, .4, ,
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for some (ag,...,a,—1) € {0,1}™. This means that both ¢(x) and ¢(y) begin
with ag . ..a,—1, which implies that ¢ is continuous. Moreover, (5.11]) implies that
po f(x) =0cop(x) for all z € Y, that is, ¢ is a semi-conjugacy.

It is easy to see that (X, o) is transitive and that ¥ is uncountable. By Propo-
sition [2.3{(i), there exists a dense Gs-set of elements & € ¥ such that w(a, o) = X.
Thus there exists @ € ¥ \ A such that w(@,0) = X because A is countable. Let
o € Y be the unique point such that p(z¢) = @ and set X := w(xo, f). The
set X is closed and invariant by Lemma i), and X C Y. By Lemma m
o(w(zg, f)) = w(@,0) = X. Thus ¢|x: X — ¥ is onto. This implies that ¢|x is a
semi-conjugacy between (X, f|x) and (X, 0). Moreover, there exists a countable set
E C F such that ¢ is two-to-one on E and one-to-one on X \ E. Since p(X) =3
and ¢~ 1(@) = {x0}, the point 2o belongs to X, and the set X is infinite. According
to Proposition the fact that X = w(xo, f) implies that (X, f|x) is transitive
and X has no isolated point. Moreover, the set X is totally disconnected because
Y is totally disconnected, and thus X is a Cantor set.

By definition of ¢, is satisfied. Finally, if @ = (ay,)n>0 does not belong to
A, the fact that Jg is reduced to a single point implies that

nEIJIrloo ‘Jaoman—1| =0,

which is (5.9)). This concludes the proof. O

For the following result of topology, one can refer, e.g., to [106, Theorem 37.1.3].

THEOREM 5.16 (Alexandrov-Hausdorff). Let X be a topological space. Every
uncountable Borel set contains a Cantor set.

THEOREM 5.17. Let f be an interval map. If hiop(f) > 0, there exists a 0-
scrambled Cantor set for some § > 0. In particular, f is chaotic in the sense of
Li-Yorke.

Proor. By Theorem there exists an integer p such that fP has a strict
horseshoe (Jy, J1). Let 6 > 0 be the distance between Jy and J; and g := fP. Let
X,E and ¢: X — X be given by Proposition [5.15] for the map g. We fix an element
@ = (wWn)n>0 in X\ p(E). We define ¢: ¥ — X by

Y((an)n>0) == (wo @ Wow1 QO - .. WQ - .. Wp—1 QOOT « .. A1 - - ).

This map is clearly continuous and one-to-one. For every & € 3, we choose a point
75 in @ toy(a) and we set S := {r5 € X | @ € X}. According to Proposition [5.15
the set ! o 9)(&) contains two points if (&) € ¢(F) and is reduced to a single
point if (&) ¢ ¢(E). Thus there exists a countable set F© C X such that S =
(Pt op(D))\ F.

Let @, 8 be two distinct elements of ¥, and let k& > 0 be such that aj, # Si. By
definition of v, there exists an increasing sequence of integers (n;);>o such that the
n;-th coordinates of (&) and (3) are equal respectively to aj, and S, and hence
are distinct. Then, by Proposition either g"(z4) belongs to Jo and g™ (wp)
belongs to J;, or the converse. In particular, |g"(za) — g™ (z5)| > 0. This proves

that, for all distinct points z,z’ in S,

limsup [g"(z) — g" (2')] > 6.

n—-+oo
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According to Proposition and the choice of @,

liIJIrl diam{z € X | p(x) begins with wy...wp,_1} = 0.
n——+00o

By definition of ¢, there exists an increasing sequence of integers (m;);>o such
that, for every a € X, o™i (y)(@)) begins with (wp...w;—1). Since o™i (YP(@)) =
e(g™ (z45)), we get

va,p e X, liminf|g™(z5) — g"(25)| = 0.

Therefore, S is a d-scrambled set for g. Moreover, by Theorem there exists
a Cantor set K C S because S = (¢~ o(X)) \ F is an uncountable Borel set.
We have proved that g = fP admits a d-scrambled Cantor set, so K is also a
d-scrambled set for f by Proposition [5.2 (]

Remarks on graph maps and general dynamical systems. Proposi-
tion can be generalized to graph maps (actually to any dynamical system
having a horseshoe made of two intervals). Theorem remains valid for graph
maps, and the same proof works because, according to Theorem if a graph
map f has positive topological entropy, f™ has a strict horseshoe for some n. The
proof that a graph map of positive entropy is chaotic in the sense of Li-Yorke does
not appear in the literature, this result being a consequence of the next theorem,
which is due to Blanchard, Glasner, Kolyada and Maass [32].

THEOREM 5.18. Let (X, f) be a topological dynamical system with positive topo-
logical entropy. Then it admits a §-scrambled Cantor set for some § > 0.

This theorem is a remarkable result and answers a longstanding question. Its
proof is much more difficult than the proof in the interval case.

REMARK 5.19. In [32], the main theorem states the existence of a scrambled
Cantor set, but the proof actually gives a d-scrambled Cantor set.

5.4. Zero entropy maps

The converse of Theorem [5.17|is not true: there exist zero entropy interval maps
that are chaotic in the sense of Li-Yorke; we shall give an example in Section [5.7]
A zero entropy map that is chaotic in the sense of Li-Yorke is sometimes called
weakly chaotic (e.g. in [78]). In [162], Smital proved that a zero entropy interval
map that is chaotic in the sense of Li-Yorke has a J-scrambled Cantor set for some
6§ > 0, as it is the case for positive entropy interval maps. He also gave a necessary
and sufficient condition for a zero entropy interval map to be chaotic in the sense of
Li-Yorke in terms of non separable points (condition (iv) in Theorem below).
This condition looks technical, but it can be useful to show that a map is chaotic
in the sense of Li-Yorke or not; in particular, it will be needed for the examples in
Section

DEFINITION 5.20 (f-non separable points). Let f be an interval map and let
agp, a1 be two distinct points. The points ag, a1 are f-separable if there exist two dis-
joint intervals Jy, J1 and two positive integers ng, ny such that a; € J;, f*(J;) = J;
and (f*(.J;))o<k<n, are disjoint for i € {0,1}. Otherwise they are f-non separable.

THEOREM 5.21. Let f be an interval map of zero topological entropy. The
following properties are equivalent:
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i) f is chaotic in the sense of Li-Yorke,

ii) there exists a §-scrambled Cantor set for some § > 0,

iii) there exists a point x that is not approzimately periodic,

iv) there ezists an infinite w-limit set containing two f-non separable points.

Before proving this theorem, we need an important number of intermediate
results. Some of them have an interest on their own.

The next lemma is stated in the case of zero entropy interval maps in [162].
We give a different proof.

LEMMA 5.22. Let f be an interval map such that f? has no horseshoe. Let x
be a point with an infinite orbit, and x,, := f™(xg) for alln > 1. Suppose that there
exists ko > 2 such that either xp, < xo < x1 or T, > xo > 1. Then there exist a
fixed point z and an integer N such that

Vn>N, z,>z<= x,41 < 2.
ProoOF. All the points (z,),>0 are distinct by assumption. Let
U:={z,|n>0,2p41 >2,} and D:={z,|n>0,2,11 <Zp}

The map f has no horseshoe (because f2 has no horseshoe either), and thus
Lemma [3:33] applies: there exists a fixed point z such that

(5.12) U<z<D.

By assumption, there exist couples of integers (p, k) with p > 0, k > 2, such that,
either x,11 < Tp < Tpt1, OF Tpyk > Tp > Tpy1. We choose (p, k) satisfying this
property with & minimal. We are going to show that k& = 2. Suppose on the
contrary that £ > 3. We may assume that x,1, < z, < 2,41, the case with reverse

inequalities being symmetric. The minimality of k and the fact that £ > 3 imply
that 2,42 > ), and that we do not have x,11 < Tpr1 < Tp42. Thus

(5.13) Tppk < Tp < Tpp2 < Tpt1-

Then z, < z < xp41 by (5.12). Let ¢ € [p+ 1,p+ k — 1] be the integer such that

x, >z foralln € [p+1,q] and z441 < 2. By (5.12), g2 > z¢41 and zp41 <
for all n € [p+1,q]. If 2g41 > Tptr, then z, 1 < g1 < Tq42, which contradicts
the minimality of k. Therefore the points are ordered as follows:

Tyl STpig <Tp <2< Tg < Tgo1 <+ < Tpyo < Tpy1.

If g =p+1, then 242 < zpyp < 2p < Zpt1, which contradicts the fact that
Ty < Tpyo by (513). Thus ¢ > p+ 2. Let Iy := [z, 34] and I} := [z4, Tp41]. Then
f([()) B} [l‘q+1,$p+1] D Iy Ul and f(]1) D) [$q+1,dfp+2] D Ip. This implies that
(Io, I1) is a horseshoe for f2, which is a contradiction. We deduce that k = 2, that
is, there exists an integer p such that

(5.14) either Tpio < Tp < Tpy1 OF Tpyo > Tp > Tpii.

Now we are going to show that there exists an integer N such that, for all
1> N, x; >z < x;41 < z. Assume that the contrary holds, which implies the

following by (5.12)):
(5.15) Yn >0, i > n, either x; < z;41 <z or 2z> T4 > T4

For every n > 0, let i(n) be the minimal integer ¢ satisfying this property. Among
all integers p satisfying (5.14)), we choose p such that i(p) — p is minimal and we
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set i == i(p). In (5.14), we assume that z,4o < 7, < 11, the case with reverse
inequalities being symmetric. Then z, < z < zp41 by , which implies that
i > p+ 2. First we suppose that i = p + 2, that is, zp412 < 2p43 < 2. If we
set J := [zp12,7,] and K := [z,,2], then f(J) D [zpi+3,2pi1] D 2, so f2(J) D
[Tp42,2] D JUK and f3(K) D [zp42,2] D JUK. Therefore J, K form a horseshoe
for f2, which is a contradiction. We deduce that i > p + 3.

If nisin [p+1,i], then n does not satisfy , otherwise i(n)—n = i—n < i—p,
which contradicts the choice of p. Thus

(5.16) Vn € [p+1,4], x, is not between x,4+1 and 2, 2.
We show by induction on n that, for all n € [[p + 2,4] with (n — p) even, we have:

Tp42 < Tptd < Tptp < -+ < Tp—2 < Ty

5.17
( ) <2< Tp-1 <Tp-3<- < Tpt3 < Tpt1-

e We have seen that x,42 < 2 < xpy1, which is forn=p+2.

e Suppose that holds for some n € [p+2,i—2] with n—p even. Then z, 1 >
z, by (5.12), and z,, > @42 by (5.16). Moreover, z,41 > 2, otherwise we would
have x,, < z,41 < 2z, which would contradict the minimality of ¢ — p. Furthermore,
ZTp—1 cannot be between z, and x,41 by , and z,_1 > z according to the
induction hypothesis. In summary, these inequalities give z,, < 2 < Tp4+1 < Tp_1.
Similarly, z,42 < 2,41 by and 2,42 < z by (5.16)+(5.12)); thus z,, < 2,42 <
z. This shows that holds for n + 2, which ends the proof of (5.17).

Now we show by induction on n that z, < x, for all n € [p+2,i] with (n —p)
even.
e We know that x40 < ).
e Suppose that the statement holds for n but not for n+2, for some n € [p+2,i—2]
such that (n — p) is even. This means that z,, < z, < Zp42. Combining this
with , we get Tpio < xp < Tp < Tpyo < 2. We set J = [z,,2,] and
K =[xy, Tni2]. Then f2(J) D [#pr2, Tnia] D JUK and f2(K) D [Tpt2, Tnial-
- If n+4 <4, then x,14 > 2542 by (5.17)).
- Ifn+4=i4+1, then z;_1 < 2 b and x; > z by minimality of
1 —p, 50 2 < Tiy1 < x; according to the definition of ¢. This implies that
Tp4d = Til > 2 > Tp42.
- Ifn+4=1i+42, then z; < ;41 < 2z by definition of ¢ and , and thus
Tpya = Tiga > Tip1 by and we get Tp44 > T = Tpia.
In the three cases, we have 2,,,4 > T, 12. This implies f2(K) D> JUK, so (J,K)
is a horseshoe for f2, which is a contradiction. We deduce that, if z,, < x,, then
Zpt2 < Zp too. This completes the induction.

We end the proof by showing that is absurd. We set j := ¢ if i —p is even,
and j :=i—1ifi—pisodd. Let J' := [z}, 2,] and K’ := [z, 2] (recall that =, < z).
If j =4, then x; < ;41 < z (by nd B17) and f(J') D [Tig1, 2pt1] D 2,
so f2(J") D [xpt2,2] D J'UK' by (5.17). If j =i — 1, then z < z;41 < z; (by
(5.15) and again) and f2(J') D [zps2, is1] D J UK’ by (5.17). Moreover,
J2(K") D [xpt2,2] D J'UK'. Therefore, (J',K’) is a horseshoe for f2, which is
not possible. The lemma is proved. ([l

The following result is due to Sharkovsky [156, Corollary 3]. The proof we give
relies on Lemma [5.22] above.
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PROPOSITION 5.23. Let f be an interval map of zero topological entropy and
let © be a point. If w(x, f) is infinite, then w(x, f) contains no periodic point.

PRrROOF. The point x is not eventually periodic because w(z, f) is infinite. Thus
all the points (f™(x))n>0 are distinct. Moreover,

w(w, f) N (minw(z, f), maxw(z, f)) £ 0
because w(z, f) is infinite, and thus there exists an integer p such that minw(z, f) <
fP(x) < maxw(z, f). If fPT(z) > fP(x), then there exists ¢ > p such that f9(z)
is arbitrarily close to minw(z, f), in such a way that f9(x) < fP(z) < fPHi(x).
Similarly, if fP™(z) < fP(x), then there exists ¢ > p such that f9(x) > fP(z) >
fPH1(x). Since f2 has no horseshoe by Proposition Lemma applies: there
exist a fixed point z and an integer N such that

VYn >N, ["(z) <z <= f"TH(2) > 2

We define either y := fV(z) or y := fN*1(2) in order to have y < z, and we set
yn = f™(y) for all n > 0. In this way, w(y, f) = w(z, f) and

(5.18) Vi >0, yoi < 2 < Y2i41-

First we prove that w(zx, f) contains no fixed point. Suppose on the con-
trary that there exists an increasing sequence of positive integers (n;);>o such
that lim; 4o yn, = @ with f(a) = a. By continuity, (yn,+1)i>0 tends to a too.
The set {n; | ¢ > 0} contains either infinitely many odd integers or infinitely
many even integers, and thus there exists an increasing sequence (k;);>o such that
a = lim; 400 yor;, = lim; 5400 Yor,41. Then implies that @ = 2. Hence
z € w(y, f). Let g :== f2. The map g* has no horseshoe (by Proposition again),
and w(y, g) is infinite (by Lemma [L.3|vi)). Thus we can apply Lemma to g
and y: there exist a point 2’ and an integer N’ such that g(z’) = 2z’ and

(5.19) Vi > 0, YoN'+4i < 7 < YN/ +4i+2 < 2

(the last inequality follows from ([5.18))). Since z is in w(y, g), there exists a sequence
(m;)i>0 such that gN/J””'i (y) = yan/+2m, tends to z. By (5.19), m; must be odd
for all large eoough 7. By continuity, gN/'*‘m”‘l(y) converges to z too, and at the
same time g% Tt (y) = yanriom, 12 < 2’ < 2, which is absurd. We deduce that
w(x, f) contains no fixed point.

Let n > 1. According to Lemma w(z, f) = Uigl w(fi(z), £2") and the set

w(fi(x), f*) is infinite for every i € [0,n — 1]. Applying the previous result to f",
we deduce that w(z, f) contains no periodic point of period n. O

The next proposition states that an infinite w-limit set of a zero entropy interval
map is a solenoidal set, that is, it is included in a nested sequence of cycles of
intervals of periods tending to infinity. This is a key tool when studying zero entropy
interval maps. This result is implicitly contained in several papers of Sharkovsky,
and stated without proof in a paper of Blokh [43]. A very similar result, dealing
with infinite transitive sets of zero entropy interval maps, was proved by Misiurewicz
[126]. The formulation we give follows Smital’s [162], except the property that the
intervals can be chosen to be closed, which is due to Fedorenko, Sharkovsky and
Smital [78]. Although the result is mostly interesting for infinite w-limit sets, the
proposition below also deals with finite w-limit sets because this case will be used
in the sequel.
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PROPOSITION 5.24. Let f be an interval map of zero topological entropy and
let o be a point. If w(xg, f) is a periodic orbit of period 2P for some p > 0, set
T :=[0,p]. If w(wg, f) is infinite, set T := ZT. There exists a (finite or infinite)
sequence of closed intervals (Ly)kez such that, for all k € T,

D) (L, f(Li),- .., f2=Y(Ly)) is a cycle of intervals, that is, these intervals
are pairwise disjoint and f2k (L) = Ly,
i) Vi,j € [0,2F — 1], i # j, there is a point z between f*(Ly) and f7(Ly)
such that 2" (2) = 2,
i) Ly U f2 (Lpt1) C Ly provided k+1 € T,
2k—1

iv) w(zo, f) C U fH(Ly),
=0

v) fY(Ly) is the smallest £2" Linvariant interval containing w(fi(xo), f2k),
vi) ifk+2€Z,IN >0, ¥n> N, f"(zo) € (L)

Moreover, if w(xo, f) is infinite, then f is of type 2°° for Sharkovsky’s order.

PROOF. According to Theorem [£.58] the period of any periodic point is a power
of 2, so the map f is of type >2°°. If w(xq, f) is infinite, the fact that f is of type
2% follows from the existence of the infinite sequence of intervals (Lj),>0. Indeed,
if Ly, satisfies (i), then there exists € Ly such that ka(x) =z (by Lemma ,
and z is of period 2% because Ly, f(Ly),. .., f2k*1(Lk) are pairwise disjoint; thus
the set of periods of f contains {2* | k > 0}. The rest of the proof is devoted to
the definition and the properties of (Lg)rez.

Let £k € Z. We set g := ka,

I}, := [minw(xg, gx ), max w(xg, g)]
and L = | (gx)"(Ix).
n>0

Trivially, gi(Lx) C Li. For all n > 0, the set (gx)"(Ix) is an interval containing
w(zo, gx) because gi(w(zo, gr)) = w(zo, gx) by Lemma [1.3(iii), so (gr)" (Ix) D Ik.

Thus Ly, is an interval and g (L) = Lg. Therefore

(5.20) Ly, is the smallest gj-invariant interval containing w(xo, gi ).

Let i € [0,28 —1]. Tt is clear that f?(Ly) is a gj-invariant interval containing
fi(w(zo,gr) = w(fi(xo),gr) (by Lemma iii)). Let J be a gg-invariant in-
terval containing w(f*(z0), gc). Then f2~1(J) > w(/® (z0).48) = w(xo,5) (by

Lemma [L3|iv)+(ii)). Thus £2~1(J) > Ly by (5.20), so g(J) O fi(Ly). This
implies that, for all 4 € [0,2F — 1],

(5.21) fY(Ly) is the smallest gg-invariant interval containing w(f*(xo), gx)
which is (v). Moreover, by Lemma v),
2k —1 2k —1

w(eo, /) = | @(Fi@o)g) ¢ | £,
=0

=0
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which gives (iv). If k + 1 belongs to Z, the interval I;; is included in I}, because
w(zo, (9x)?) C w(xo,gr). Thus

Ly Uge(Lir1) = | (96)2 (Tep) U [ (92 Tiyr) € | (90)" k) = L,
n>0 n>0 n>0

which is (iii).

We are going to prove (ii) by induction on k. This will show at the same time
that the intervals (f*(Ly))g<i<or are pairwise disjoint, which in turn implies (i) in
view of the fact that Ly is strongly invariant under gj.

e There is nothing to prove for & = 0.

e Suppose that & := 1 belongs to Z. If #w(xo, f) = 2, then w(xg, f) is a
periodic orbit of period 2 and the interval I; is reduced to a single point {y}
satisfying f?(y) = y and f(y) # y; moreover, L1 = {y} and f(L1) = {f(y)}. Then
F{y, f(¥))) D {(y, f(y)), which implies that there exists a point z € (y, f(y)) such
that f(z) = z, and z is different from y, f(y). This proves (ii) for £ = 1 in this case.
From now on, we suppose that #w(zg, f) > 3 and we set g := g1 = f2. We write
I; = [a,b] and Ly = [¢,d]. We have I} C Ly, that is, ¢ < a < b < d. Since w(x, f)
contains at least 3 points,

w(zo, f) N (minw(xo, f), maxw(zg, f)) # 0,

and thus there exists n > 0 such that minw(xo, f) < f"(z9) < maxw(zg, f). If
" (zo) > f(x0), there exists j > 1 such that f"*J(xq) is arbitrarily close to
minw(xg, f), in such a way that f"*(xg) < f*(z0) < f""(z0). Similarly, if
o (xg) < f™(w0), there exists j > 1 such that f7(zg) > f™(x¢) > ™ (z0).
Since f has zero topological entropy, f has no horseshoe by Proposition Ac-
cording to Lemma there exist a point z and an integer N such that f(z) = z
and

(5.22) either Vn > N, f2"(zg) < z < f2"T(zp),
or  Vn >N, f2(zg) >z > f2" 1 (z0).
We assume that we are in case , the other case being symmetric. This implies
that b < z. We are going to show that z > d. Suppose on the contrary that
(5.23) z € [b,d].

Since z is a fixed point, we can define 2’ := min{z € [b,d] | g(x) = z}. Since
b € w(xo,g), we have g(b) € w(xg,g); moreover b is not a fixed point for g (by
Lemmal[L.4when w(zo, g) is finite, and by Proposition [5.23|when w(zo, g) is infinite).
Hence

g(b) <b< 2
(recall that w(zg, f) C [a,b]). Since 2’ is the minimal fixed point for g greater than
b, this implies that

(5.24) Vr € [b,2), glx) < .

See Figure ]

Let v := maxg([c,b]). Then v > b because g(w(zg,g)) = w(zo,9), and v < d
because g(L1) C Ly. Suppose that v < z’. Then g([b,v]) C [c,v] by (5.24), and
g([e,v]) = g([e, b]) U g([b,v]) C [e,v] U le,v] = [e,v]. Thus [c,v] is a g-invariant
interval containing I;. But this is a contraction to (5.20) because [c,v] # Li. We
deduce that max g([c,b]) > 2/, and thus there exists y € [c, b] such that g(y) = 2/
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O(x0.2) ) .

d

I N Al

C a

i
Z’
FIGURE 1. The points a, b, ¢, d, 2’ and the set w(xg, g) (represented
by a zigzag).

We choose y maximal with this property; y < b by (5.24). Let = € (y,2’). The
maximality of y and imply that g(x) < 2’. If g(x) <y, then g(z) <y <z <
2" = g(y), and thus [y, z], [z, 2] form a horseshoe for g, which contradicts the fact
that hiop(f) = 0 by Proposition Therefore,

(5.25) Vo € (y,2'), y < g(x) < 2.
Using (5.25) and the fact that g(y) = g(2') = 2’ > y, we get
w = 1inf g((y,2")) = ming([y, 2']) > y.

Thus [y, w] is mapped into [w,2'], and [w, 2'] is g-invariant (see Figure [2). We are

| A ¥ ' |
c y w a U @ d

FIGURE 2. The interval [y, w] is mapped into [w, 2/], and [w, Z’]
(hatched) is g-invariant.

going to show that w < a. Recall that y < b < 2/, so [y, 2] is a neighborhood
of b. Since b € w(w,g), there exists i such that ¢g*(zo) € [y, 2] = [y, w] U [w,2’].
Thus ¢/ (z0) € [w, 2] for all j > 4 + 1, which implies that w(xg,g) C [w, 2']. Since
a € w(xg, g), this implies

w < a.

Therefore, [w, 2] is a g-invariant interval containing I; = [a, b], but this is a contra-
diction to because [w, 2] does not contain L;. We deduce that is false,
that is, z > d = max L;. According to , we have 2z < w(f(zo), f*). Moreover,
z does not belong to f(L;) because f?(L;) = Ly and z ¢ L;. Since f(L;) is an
interval containing w(f(xo), f?), we conclude that L; < z < f(L;). This ends the
step k = 1.

e Let k£ > 1 such that k + 1 € Z and suppose that (ii) is satisfied for k. Let
i,j be such that 0 <4 < j < 21 If j — i # 2%, then, according to the induction
hypothesis, there exists a point z between f*(Ly) and f7(Ly), satisfying f2k_1 (z) =
z. Thus z is also between f*(Lyy1) and f7(Lyy1) because Ly 41 C L. If j = i+ 2%,
then, using , we can apply the case k = 1 to the map g and the point f%(z¢):
there exists a point z strictly between f*(Lgy1) and f7(Lgy1) = gr(f*(Lg+1)) such
that f2" (z) = z. This completes the induction.
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It remains to show (vi). Let & > 0 be an integer such that k+2 € Z. Then Ly
contains the four disjoint intervals Lk+2,f2k(Lk+2),f2k+1(Lk+2),f2k+2 (Lk42) by
(iii). One of these intervals is included in Int (L ). Moreover, this interval contains
w( 2" (zq), F25+2) for some i € [0, 3]; thus there exists an integer N > 0 such that
fN(x) € L. Since L;, is a 2F-periodic interval containing w(zo, fgk)7 this implies
that N is a multiple of 2%, so fN(Ly) = Ly. Therefore f"(z) € f"(Ly) for all
n > N. This concludes the proof of the proposition. [l

LEMMA 5.25. Let f be an interval map of zero topological entropy. If J is a
nonempty (non necessarily closed) interval such that fP(J) = J and (f(J))o<i<p
are pairwise disjoint, then p is a power of 2.

Proor. If J is reduced to one point, then it is a periodic point and thus p is
a power of 2 by Theorem From now on, we assume that J is non degenerate,
which implies that f(.J) is a non degenerate interval for all n > 0. Since fP(J) = J,
there exists x € J such that fP(x) = x by Lemma By Theorem the period
of x is equal to 2% for some k > 0, and thus there exists m > 1 such that p = m2F.
If x € J, then (f%(z))o<i<p are pairwise distinct, so p = 2*.

Suppose that z € 8.J and m > 3. The point z = f2* (z) belongs to £ (J).
Since f2°(J) N J = 0, this implies that x is an endpoint of f2"(J). We also
have x = f2k+1(a:) € f2k+1(j), which implies that z € 92" (J). But this contra-
dicts the fact that J, fzk (J), f2k+l (J) are pairwise disjoint non degenerate intervals.
Therefore, if x € 3J, then m =1 or 2 and p is a power of 2. O

The next lemma states that two points in the same infinite w-limit set are f-
separable if and only if they are separable by intervals in the family (f¢(L)) given
by Proposition

LEMMA 5.26. Let f be an interval map of zero topological entropy and let ag, aq
be two distinct points in the same infinite w-limit set w(xg, f). Let (Ly)n>0 be the
intervals given by Proposition[5.24 Then the following assertions are equivalent:

i) ap,a; are f-separable,
ii) there exist n > 1 and i,j € [0,2" — 1] such that i # j, ag € f*(Ln) and
ale.ﬂ(Ln)

ProOOF. The implication (ii) = (i) is trivial. Suppose that the points ag and
ay are f-separable. By definition, there exist an interval J and an integer p > 1
such that ag € J, a1 ¢ J, fP(J) = J and (f*(J))o<i<p are pairwise disjoint. By
Lemma [5:25 p is a power of 2, that is, p = 2" for some n > 0. Since ag is in
w(zg, f) C Uflal fi(Ly), there exists i € [0,2" — 1] such that ag € fi(L,). We
set K := f/(L,)NJ. Then f2"(K) C fi(L,)NJ = K (recall that f2"(L,) = Ly,).
Therefore, the interval K contains the three points ag, f2" (ag),f2"+1(a0), which
belong to w(xo, f) (by Lemma iii)) and are distinct by Proposition [5.23] This
implies that Int (K) Nw(xo, f) # 0, and thus there exists an integer m > 0 such
that f™(z¢) € K. Hence

2" —1

(5.26) w(zo, f) C U fYE) and w(f™(x0), f*") c K.
k=0



5.4. ZERO ENTROPY MAPS 125

According to Proposition f(Ly) is the smallest f2"-invariant interval con-
taining w(f*(xo), f2"). Therefore, and the fact that K C f(L,,) imply that
K = fi(L,). Since a; € w(xo, f), there exists j € [0,2" —1] such that a; € f/(L,).
We are going to show that j # i. Suppose on the contrary that j = 4, that is,
a; € fY(L,) = K. This implies that a; is an endpoint of f*(L,) because a; ¢ .J
and J D K. Let ay denote the other endpoint of f*(L,). There are two cases:

e Case 1: K = fi(L,) \ {a1}.

e Case 2: K = fi(L,) \ {a1,az}.
Recall that f2"(K) C K and f2"(f(L,)) = f*(L,). In Case 1, this implies that
f?"(a1) = a;. In Case 2, this implies that f2"(a;) € {ai,as} and f2"(as) €
{a1,a2}. In both cases, f?"(ay) is a periodic point, which is impossible by Propo-
sition @ because f2"(a1) € w(xg, f). We conclude that i # j, which proves the
implication (i) = (ii). 0

REMARK 5.27. In the previous proof, we saw that J N fi(L,) = f*(L,). There-
fore, if J is any periodic closed interval containing ag with ag € w(zxo, f), then J
contains f*(L,,) for some integers n,i such that ag € f*(Ly,).

LEMMA 5.28. Let f be an interval map of zero topological entropy and let xq
be a point such that w(xg, f) is infinite.

i) If J is an interval containing three distinct points of w(xo, f), then J
contains a periodic point.

i) If U is an open interval such that U Nw(xo, f) # 0, then there exists an
integer n > 0 such that f™(U) contains a periodic point.

PROOF. i) Let J be an interval and let z; < z2 < 23 be three points in
JNw(zo, f). Let (Ly)n>0 be the intervals given by Proposition for w(xg, f).
Suppose that, for every integer n > 0, there is 4,, € [0,2™ — 1] such that 21,23 €
fin(Ly). Since z3 € (21, 23) Nw(xo, f), there exist two positive integers m > k such
that the two points f™*(z¢), f™(z0) belong to (z1,23). Since [21, 23] C fi»(L,),
this implies that f™(zo) € fF+(L,) N fi»(L,) for all n > 0. On the other
hand, f**i(L,) N fin(L,) = 0 if 2" > k because the intervals (f*(L,))o<k<an
are pairwise disjoint; we get a contradiction. We deduce that there exist n > 0
and i,j € [0,2" — 1] such that i # j, z; € f(L,) and 23 € f/(L,). We know by
Proposition that there exists a periodic point z between f¢(L,) and f/(L,),
S0 z € [21,23] C J.

ii) Now we consider an open interval U such that U N w(zg, f) # @ and let
y € UNuw(xg, f). If U contains a periodic point, the proof is over. From now
on, we suppose that U contains no periodic point. Let L D U be the maximal
interval containing no periodic point. Since U is open and contains y € w(zo, f),
there exist integers k > 0 and ny > ny > 0 such that the points f*(zq), f¥+"1 (2)
and f¥t"2(z4) belong to U. The points y, f™ (y) and f"2(y) belong to w(wxo, f)
(by Lemma [.3(iii)), and they are distinct by Proposition If y, f™ (y), f*2(y)
belong to L, then L contains a periodic point by (i), which contradicts the definition
of L. Thus there exists i € {1,2} such that f™(y) ¢ L. The interval f™(U)
contains both f&7i(zg) and f™(y), with ¥+ (2¢) € L and f™(y) ¢ L, and thus
the maximality of the interval L implies that f™i(U) contains a periodic point. O

Proposition below was shown by Smital [I62] in the case zg = z1. It
states that, if ag, a; belong to the same infinite w-limit set and are f-non separable,
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where f is a zero entropy interval map, then f admits a d-scrambled Cantor set
with § = |a1 — ag|. The next lemma is the first step of the proof of this result.

LEMMA 5.29. Let f be an interval map of zero topological entropy and let
X, T1, g, a1 be four points such that w(xg, f) and w(x1, f) are infinite, ag € w(xo, f)
and a1 € w(z1, f). Let (Ly)n>0 denote the intervals given by Propositionfor
w(xg, f). Suppose that, for alln > 0, w(xy, f) C Uzal fi(Ly) and there emists
in € [0,2" — 1] such that both points ag,a; belong to J,, := fin(L,). Let Ao, Ay be
two intervals such that ag € Int (Ag) and a1 € Int (A1). Then there exists m > 0
such that f2" (Ag) N f2" (A1) D Jp.

PRrROOF. By Lemma ii), there exist ng and ny such that ™0 (Ag) contains
a periodic point yo and f™(A;) contains a periodic point y;. According to Theo-
rem the periods of yg, y1 are some powers of 2. Let 2P be a common multiple of
their periods and let ¢ be such that ¢ > p and 2¢ > max{ng,n,}. We fix j € {0,1}
and we set y; := f¥ 7" (y;). Then fzp(yé) = y; and y; € f*(A;). Moreover,
Y; & Jy because J, = fia(L,
(5.27) y; < Jg,
the case with the reverse inequality being symmetric.

Let g := f?'. Then 9(y;) = yj. The intervals Jg41 and g(Jg41) are disjoint,
9*(Jg41) = Jgy1 and Jyp1 U g(Jy11) C Jy. Moreover,
(5.28) {vj:9(a;)} C g(4;) and g(a;) € g(Jgt1).

We consider two cases.
Case 1. If g(Jy41) > Jgy1 (Figure[3), then, by connectedness, g(A;) D Jgt1

by (5.28) and (5.27). Thus g*(A4;) D g(Je+1) U{y}} and, by connectedness, g*(A;)
contains Jy11. This implies that g*(A;) D Jyt1.

) is a periodic interval of period 27 > 2P. Suppose that

Jq

i
J Jq+] g((llj) g(.]q+])

FIGURE 3. Relative positions in Case 1 of the proof of Lemma[5.29]
The interval g(A;) contains y; and g(a;), so g(A;) D Jyy1.

Case 2. If g(Jy11) < Jg41 (Figure [4), then g?(A;) contains the points g*(a;)
and y} by (5.28). Since a; € Jg11, the point g*(a;) belongs to Jy41 too. Thus, by
connectedness, g*(A;) contains g(Jy41) by (5.27). Then ¢*(A;) D Jyq1 U {y}}, so

Jq

I
8(Jg+1) g2(aj) Jg+1

FIGURE 4. Relative positions in Case 2 of the proof of Lemmal5.29
The interval g*(A;) contains y} and g*(a;), so g°(4;) D g(Jy41)-

3*(A;) D g(Jy41) by connectedness, and finally g*(A;) D Jyt1.
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We conclude that g*(A;) D Jy41 D Jyqo for j € {0,1}. This is the required
result with m := g+ 2. ([

PrOPOSITION 5.30. Let f: I — I be an interval map of zero topological entropy
and let xo,x1,a0,a1 be four points such that w(xo, f) and w(xz1, f) are infinite,
ap € w(zo, f), a1 € w(x, f) and ag # a1. Let (Ly,)n>0 denote the intervals given by
PTopositionfor w(xg, f). Suppose that, for alln >0, w(xy, f) C Uzgl fi(Ly)
and there exists i, € [0,2" — 1] such that both points ag,a; belong to fin(L,).
Then [ has a §-scrambled Cantor set with ¢ := |ay — ag|. Moreover, if Ko, K1 are
disjoint closed intervals such that a; € Int (K;) for i € {0,1}, then there exists an
increasing sequence of integers (ng)k>o such that

(5.29) Y(ap)kso € {0,1}%7, Az €1, Vk > 0, f™(2) € Ka,.

PROOF. For every n > 0, we set J,, := fi»(L,,). According to Proposition
the intervals (f*(J,))o<i<2n are disjoint, 2" (J,) = Jn and J 11U f2 (Jnug1) C -

First we build by induction two sequences of integers (n(k))r>0 and (m(k))x>o0
and a family of closed subintervals {I,, o, | ¥ > 0,a; € {0,1}} satisfying the
following properties for all k > 0 and all (g, ..., axs1) € {0, 1}F+2:

1) Iao...akak+1 C Iao...ak7

i) Ing..ap N1gy.., = 0if (ao,...,ar) # (Bo,--.,Bk), where (Bo,...,Bk) €
{071}k+1’

iii) fn(k) (Iaomllk> = Jm(k)7

iv) m(k) > k and n(k + 1) — n(k) = 2mF+1),

v) for i € {0,1}, "™ (Ing...api) C lai — £,ai + 1] .

Step k = 0. Let ¢ € (0,3). We set 4; == [a; —¢,a;, + ] NI for i € {0,1}.
According to the choice of ¢, the intervals Ay, A; are disjoint. By Lemma
there exists an integer m such that f2" (A4g) N 2" (A1) D J,. Thus there exist
closed subintervals Iy C Ag and I; C Ay such that f2"(I;) = J,, for i € {0,1}
(Lemma [T.13[(i)). Letting m(0) = m and n(0) = 2™, this ends the construction at
step k = 0.

Step k+1. Suppose that n(k), m(k) and (1ag...a1 ) (ac,...,ar)e{0,1}+1 are already
defined. Let € € (O,min{k%‘_17 $}). We set B; := [a; —e,a; +¢] N1 for i € {0,1}.
According to the choice of ¢, the intervals By, By are disjoint.

We set g = f2m(k). The interval J,,(x) contains the four disjoint intervals
(9" (Jm(k)+2))o<i<s. We order these intervals from left to right, and we call J:n(k)”
the second one. Let j € [0, 3] be such that gj(J;n(k)H) = Jm(k)4+2- Fori € {0,1},
Lo such that ¢7(a}) = a;. It is clear that, for all n > 1, the
points af, a} are in the same interval among (f*(Ly))o<k<2n—1, otherwise it would
be false for ag,a;. Moreover, the points af, aj belong to Int (Jm(k)) according to
the choice of J;n(k)

let a; be a point in J}

42

Since B; is a neighborhood of a;, the set g~/ (B;) is a neighborhood of a) for
i € {0,1}. Let U; be the connected component of g=/(B;) containing a}. Then
Uo N (k) and Uy N Jp, () are a connected neighborhood of aj and a respectively.
Thus, according to Lemma [5.29] there exists an integer ¢ > 0 such that, for ¢ €
{0,1}, 2" (Ui 0 Jory) D fP(Lg), where p € [0,279 — 1] is the integer such that
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ag, a) € fP(Lg). Since g7 (Us N Jpyy) C Bi N o), we have

(5.30) f2q (Bi n Jm(k)) D f2q (gj(Ui n Jm(k))) D gj(fp(Lq)).
Moreover, g/ (fP(L,)) contains ag = ¢’ (ag) and a3 = g’(a}), which implies that
(5.31) 9 (fP (L)) = Jq

because (f*(.J;))o<r<20-1 is a cycle of intervals and J, is the unique interval
of this cycle containing ag,a;. We choose m(k + 1) > max{q,k + 1}. Then

fzm(k+l)’2q(Jq) = Jg, and thus, by and (5.31)),

f2M<k+1>(Bi n Jm(k)) S fgm(k+1)_2q (gj(fp(Lq))) _ fzm(k+1)_2q (Jq) _ Jq B Jm(k+1)~
Then, for i € {0, 1}, there exists a closed subinterval F; C B; N Jy, ) such that
F2rE) = m(k+1) (by Lemma 1)) Let (ag,...,a;) € {0,1}*+1 and
i € {0,1}. Since f"*) (I a0.) = m(k) Dy the induction hypothesis, there exists
a closed subinterval I, a,i C lag...ap such that k) (Iag...ari) = Fi. By choice
of F;, this implies that fr®+2" " (1, ) = Jos1). We define n(k + 1) =
n(k) + 2™+ Tt is clear that properties (i), (iii), (iv), (v) are satisfied. The
intervals In,..q,0 and Iy, .1 are disjoint because their images under f”(kH) are
included respectively in By and B;y. Moreover, Ing..araws:s N 180008001 = 0 if

(a(),...,ak;) 7& (607"'7516) because I&o...akak+1 C Iao‘..aka Iﬁo...ﬁk6k+1 C Iﬁoﬁk
and these sets are disjoint by the induction hypothesis. This gives (ii) and the

induction is over.

Now we prove the proposition. Let ¥ := {0, 1}Z+, endowed with the product
topology. For every @ = (an)n>0 € X, we set

+o0
Is =) Lag..cn-
n=0

By (i), this is a decreasing intersection of nonempty compact intervals, and thus
I5 is a nonempty compact interval. Moreover, Iz NIz = ODifa+#pB, a,BeX. We
define

E :={a € X | I is not reduced to a single point}.
The set E is at most countable because the sets (I5)ack are disjoint intervals and
they are non degenerate by definition. We set

+oo
X=N U ITopa |\ Mt Ts).

n=0 «; € {0,1} ackE
i€ [0,n]

This is a totally disconnected compact set. We define

p: X — X
r — a ifzel;.

The map ¢ is well defined and is clearly onto. Let §,, be the minimal distance
between two distinct intervals of the form I,, . .,. Clearly 4, > 0 because these
intervals are closed and pairwise disjoint. Let z,y € X and (an)n>0 = ¢(2),
(Bn)nz0 = @(y). If |z — y| < 0y, then necessarily ag ..., = fo ... By, and thus ¢
is continuous.
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Let Ky, K; be two disjoint closed intervals such that a; € Int (K;) for ¢ €
{0,1}. Then there exists a positive integer N such that [a; — %, a; + %] C K; for
i €{0,1}. Let @ = (an)n>0 € ¥ and x € (). Then, according to (v), for every
k>N, f"®(z) € f*® (1o, ap..) C Kay,,. This proves statement in the
proposition (with the the sequence (nyir)k>0)-

We define ¢: ¥ — X by

Y((an)n>0) == (0ap00apa; ... 0"apary ... tp—1...) where 0" =0---0.

n times

The map 9 is clearly continuous and one-to-one, and thus ¥ (X) is compact and
uncountable. For every & € 3, we choose z5 € X such that p(zs) = ¥(@) and
we set S = {zg € X | @ € }. If ¥(a) ¢ E, there is a unique choice for
Zq, and if (@) € E, there are two possible choices. Therefore, S is equal to
0 1(1(X)) deprived of a countable set, and thus it is an uncountable Borel set. By
Theorem [5.16] there exists a Cantor set C' C S.

Let @, 3 be two distinct elements of ¥, and let i > 0 be such that a; # 5.
According to the definition of 1, for every N > 0, there exists £ > N such that
the (k + 1)-th coordinate of (&) and 1(3) are equal respectively to ; and 3;,
and thus they are distinct. Using (v), this implies that either f*(*)(z4) belongs
to [ag — £, a0 + 7] and f”'(k)(xg) belongs to [a1 — 1,a1 + 1], or the converse. In
particular, |f**)(z4) — f”(k)(zg)\ > 0 — £, which implies that

for all z,2" € S, z # 2/, limsup |f™(x) — f™(a")| > 4.
n—-+oo
By definition of 9, for every N > 0, there exists k > N such that, for all @ € X, the
(k + 1)-th coordinate of ¢)(@) is equal to 0. Using (v), we have that, for all @ € %,
") (25) € [ap — £, a0 + £], and hence

/ : : n _fm / —
for all z,2" € S, nglﬂéf‘f (x) — f*(z")] = 0.
We deduce that S is a §-scrambled set, and thus C' is a d-scrambled Cantor set. [

In the next proposition, assertion (ii) is stated in [162, Theorem 2.4]. In view
of Lemma|5.5] it implies that, if f is a zero entropy map admitting no pair of f-non
separable points in the same infinite w-limit set, then f is not chaotic in the sense
of Li-Yorke.

REMARK 5.31. In [162], it is claimed without explanation that, for every € > 0,
there exists n > 0 such that max;efoon_1]|f"(Ln)| < &, where (L, )n>0 are the
intervals given by Proposition [5.24] It is not clear to us whether this property does
hold. The weaker assertion (i) below is sufficient to prove Theorem See also
Lemma for a refinement.

PROPOSITION 5.32. Let f be an interval map of zero topological entropy.

i) If w(z, f) is infinite and contains no f-non separable points, then

lim  max diam(w(fi(z), f2")) = 0.

n—+00;€[0,2"—1]

i) Suppose that all pairs of distinct points in an infinite w-limit set are f-
separable. Then every point x is approximately periodic.
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PROOF. i) Suppose that w(x, f) is infinite and contains no f-non separable
points. We set a?, := minw(f*(z), "), b, := maxw(f*(z), f2") and I}, := [a’,, b’ ]

for all n > 0 and all i € [0,2" — 1]. Then by Lemma[L.3] a,, b} € w(z, f) and
(5.32) vie[o,2" —1], I, uIt3 c 1.

Suppose that there exists ¢ > 0 such that, for all n > 0, there is ¢ € [0, 2" — 1] with
|Ii| > €. Using (5.32)), we can build a sequence (iy),>0 such that

¥n >0, i, € [0,2" — 1], I C It and |[Iin] > e.

n
We set J := (), >, Iin. Since it is a decreasing intersection of compact intervals, .J
is a compact interval and |J| > ¢. We write J = [a,b]. Then

a= lim al» and b= lim b’
n—-+oo n——+o0o

Since w(z, f) is a closed set (by Lemma [I.3{i)), the points a,b belong to w(z, f).
The intervals (L,),>0 given by Proposition are defined in such a way that
I c fY(Ly) for all n > 0 and all i € [0,2" — 1]. Therefore a,b € fi(L,) for
all n > 0. Then Lemma [5.26] implies that a,b are f-non separable, which is a
contradiction (notice that a # b because b — a > ¢). We deduce that, for all ¢ > 0,
there exists m > 0 such that |I{ | < e for all i € [0,2™ — 1]. Combined with the
fact that these intervals are nested, this gives (i).

ii) Let = be a point and € > 0. We split the proof into two cases depending on
w(x, f) being finite or not.

First we suppose that w(z, f) is infinite. The intervals I’ are defined as above.
It was shown in the proof of (i) that there exists an integer m such that |I¢,| < ¢ for
all i € [0,2™ — 1]. Moreover, there exists a point z € I9, such that f2”(z) = z and
fi(z) € I, for all i € [0,2™ —1] (Lemmal|l.13(ii)). Since f is uniformly continuous,
there exists § > 0 such that

vy, o' ly =y | <8 =Vie 0,2 1], [f'(y) - f'(y)] <e.
Let N be a positive integer such that, for all k¥ > N, there exists a point ay
in w(z, f2") with |f*"(x) —ax| < 6. For all i € [0,2™ — 1], the two points
fi(2), fi(ax) belong to I? , so
[ ) = R < I @) = )]+ 1 () = f1(2)] < 2
We get: ¥Yn > N2™ | f™(z) — f(z)| < 2e.

Now we suppose that w(zx, f) is finite. By Lemma the set w(z, f) is a
periodic orbit. Let p be the period of this orbit and z := lim, o f™P(z); the
point z is periodic and fP(z) = z. Since f is continuous, there exists § > 0 such
that _ ‘

Vy, ly— 2| < 6= Vie [0,p—1], |fi(y) - Fi()] <=
Let N be an integer such that |f™?(z) — z| < § for all n > N. Then
Ym > Np, |f"(z) — [T (2)] <e.
This completes the proof of (ii). O

Now we are ready to give the proof of Theorem [5.21] which follows from Propo-
sitions and For clarity, we recall the statement of the theorem.

THEOREM [5.21] Let f be an interval map of zero topological entropy. The
following properties are equivalent:
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i) f is chaotic in the sense of Li-Yorke,
ii) there exists a d-scrambled Cantor set for some ¢ > 0,
iii) there exists a point = that is not approximately periodic,

iv) there exists an infinite w-limit set containing two f-non separable points.

PROOF. If (iv) does not hold, then, according to Proposition [5.32[(ii), all points
x are approximately periodic. By refutation, we get (iii)=(iv).

Suppose that (iv) holds, that is, there exists an infinite w-limit set w(zo, f)
containing two f-non separable points ag, a;. Then, according to Lemma [5.26] and
Proposition [5.30] applied with z; = xg, there exists a d-scrambled Cantor set with
d := |a1 — ap|, which is (ii). Obviously, (ii)=-(i).

Suppose that (iii) does not hold, that is, every point is approximately periodic.
Then Lemma [5.5] implies that there is no Li-Yorke pair. By refutation, we get
(i)=(iii). O

5.5. One Li-Yorke pair implies chaos in the sense of Li-Yorke

Kuchta and Smital showed that, for interval maps, the existence of one Li-Yorke
pair of points is enough to imply the existence of a d-scrambled Cantor set [104].
We give a different proof, suggested by Jiménez Lépez, which follows easily from
Theorem (.21

PROPOSITION 5.33. Let f be an interval map. If there exists one Li- Yorke pair,
then there exists a §-scrambled Cantor for some 6 > 0.

PROOF. If hiop(f) > 0, the result follows from Theorem F We assume that
hiop(f) = 0. Let (z,y) be a Li-Yorke pair. By Lemma either x or y is not
approximately periodic. Therefore, the result is given by the implication (iv)=-(ii)
in Theorem [5.211 O

As a corollary, we get the following summary theorem. We shall see another
condition equivalent to chaos in the sense of Li-Yorke in the next section.

THEOREM 5.34. Let f be an interval map. The following properties are equiv-
alent:

i) there exists one Li-Yorke pair,
ii) f is chaotic in the sense of Li-Yorke,
iii) f admits a 0-scrambled Cantor set for some § > 0,

iv) there exists a point x that is not approzimately periodic.

PROOF. The first three assertions are equivalent by Theorem According

to Lemma [5.5, we have (ii)=>(iv). If hsop(f) = 0, then (iv)=>(ii) by Theorem
If hiop(f) > 0, then the equivalence follows from Theorem [5.18] O

Remarks on graph maps. A key tool to generalize the results of the last
two sections to graphs is the topological characterization of w-limit sets of graph
maps, which was given by Blokh [46], [51]; see also the more recent paper of Hric
and Mélek [89] (the classification of w-limit sets in [89] is equivalent to the one in
[46), [51], although the equivalence is not straightforward and does not seem to be
explicitly proved in the literature). We rather follow Blokh’s works.

THEOREM 5.35. Let f: G — G be a graph map of zero topological entropy and
x € G. If w(z, f) is infinite, it is of one of the following kinds:



132 5. CHAOS IN THE SENSE OF LI-YORKE, SCRAMBLED SETS

e Solenoidal: there exist a sequence of subgraphs (Gn)n>1 and an increasing se-
quence of positive integers (kn)n>1 such that (f'(Gyn))o<i<k, is a cycle of graphs
and, for alln > 1, Guy1 C Gy, kny1 18 a multiple of k,, and w(fi(x), f*) c f{(G,)
for alli € [0, k, — 1] (which implies that w(x, f) C Uf;gl fi(Gy)).

e Circumferential: w(z, f) contains no periodic point and there exists a minimal
cycle of graphs (f1(G'))o<i<k such that w(z, f*) C G’ (which implies that w(z, f) C
UiZ £1(G).

Notice that a solenoidal set cannot contain periodic points, and thus, for a zero
entropy graph map, any infinite w-limit set contains no periodic point. That is,
Proposition [5.23]is valid for graph maps too.

Blokh [48], [49] showed that, in the case of a circumferential w-limit set, f*|q
is almost conjugate to an irrational rotation, that is, semi-conjugate by a map that
collapses any connected component of G\ w(z, f¥) to a single point. In particular,
this implies that a tree map has no circumferential set.

THEOREM 5.36. Let f: G — G be a graph map and x € G. Suppose that
w(z, ) is circumferential, and let (f'(G’))o<i<k denote the minimal cycle of graphs
containing w(z, f), with G’ > w(x, f¥). Then there erxists an irrational rotation
R:S —'S, and a semi-conjugacy p: G' — S between | and R such that

o p(w(z, f*) =S8,
e Vy €S, o 1(y) is connected,
o Vy €S, ¢ y) Nuw(z, ) =9~ (y).

In [150], the author and Snoha studied chaos in the sense of Li-Yorke for graph
maps. We present the main ideas. Suppose that (z,y) is a Li-Yorke pair for the
graph map f. We showed that neither w(x, f) nor w(y, f) can be circumferential
[150] proof of Theorem 3]. Moreover, it is easy to see that either w(x, f) or w(y, f)
is infinite. Therefore, if hop(f) = 0, one of these w-limit sets is solenoidal. If
w(x, f) is solenoidal, with the notation of Theorem then for all large enough
n, there exists i > 0 such that J := f%(G,,) is an interval (because the graph has
finitely many branching points, and thus one of the graphs (f*(G,))o<i<k, contains
no branching point if k,, is large enough). We have w(f!(z), f¥#) C J; in addition,
it is possible to show that one can choose n,i such that fi(z), f'(y) € J. Thus
(fi(x), fi(y)) is a Li-Yorke pair for f*=|;, and we come down to the interval case.
On the other hand, Theorem applies when hyp(f) > 0. These ideas make it
possible to show the following result [I50, Theorem 3].

ProroSITION 5.37. Let f: G — G be a graph map. The following properties
are equivalent:
i) there exists one Li-Yorke pair,
il) f is chaotic in the sense of Li-Yorke,
ili) there exists a §-scrambled Cantor set for some § > 0.

REMARK 5.38. Contrary to what happens for graph maps, there exist topolog-
ical dynamical systems admitting a finite (resp. countable) scrambled set but no
infinite (resp. uncountable) scrambled set [31].

5.6. Topological sequence entropy

Any positive entropy interval map is chaotic in the sense of Li-Yorke (Theo-
rem [5.17), but the converse is not true (see Example below). We are going
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to see that an interval map is chaotic in the sense of Li-Yorke if and only if it has
positive topological sequence entropy.

5.6.1. Definition of sequence entropy. The notion of topological sequence
entropy was introduced by Goodman [84]. Its definition is analogous to the one of
topological entropy, the difference is that one considers a subsequence of the family
of all iterates of the map. The definition we give is analogous to Bowen’s formula
(Theorem , but topological sequence entropy can also be defined using open
covers in a similar way as topological entropy in Section

DEFINITION 5.39. Let (X, f) be a topological dynamical system and let A =
(an)n>0 be an increasing sequence of non negative integers. Let ¢ > 0 and n € N.
A set E C X is (A, n,e)-separated if for all distinct points z,y in E, there exists
k € [0,n — 1] such that d(f**(z), f**(y)) > e. Let s,(4, f,€) denote the maximal
cardinality of an (A, n,e)-separated set. The set E is an (A, n,€)-spanning set if for
all z € X, there exists y € E such that d(f* (z), f** (y)) < ¢ for all k € [0,n — 1].
Let r,,(A4, f,e) denote the minimal cardinality of an (A, n, ¢)-spanning set.

The topological sequence entropy of f with respect to the sequence A is

1 1
ha(f):=lim limsupﬁ log sn(4, f,e) = lim 1imsupﬁ logrn (A, f,€).

e—=0 n 3100 e—=0 n 3100
REMARK 5.40. As in Lemma [£.4] we have
e if 0 <&’ <eg, then s, (A, f,e') > sn(A4, f,e) and r, (A, f,&') > rn(A, f,e),
o (A foe) <sn(A fie) <ra(A f,5).
This implies that the two limits in the definition above exist and are equal. There-
fore, ha(f) is well defined.

According to the definition, hep(f) = ha(f) with A := (n),>o0.

5.6.2. Li-Yorke chaos and sequence entropy. The rest of this section will
be devoted to proving the following theorem, due to Franzova and Smital [80].

THEOREM 5.41. Let f be an interval map. Then f is chaotic in the sense of
Li-Yorke if and only if there exists an increasing sequence A such that ha(f) > 0.

The “only if” part can be easily shown by using previous results in this chapter;
this is done in Proposition Before proving the reverse implication, we shall
need to show several preliminary results; this will be done in Subsections [5.6.4] and
0.0.9

5.6.3. Li-Yorke chaos implies positive sequence entropy.

PROPOSITION 5.42. If an interval map f: I — I is chaotic in the sense of
Li-Yorke, there exists an increasing sequence A such that ha(f) > 0.

ProOOF. If f has positive topological entropy, then h(f) = hiop(f) > 0 with
A = (n)p>0. From now on, we assume that h.p,(f) = 0. According to Theo-
rem there exist two f-non separable points ag, a; belonging to the same infi-
nite w-limit set. Let Jy, J; be two disjoint closed intervals such that a; € Int (J;)
for i € {0,1}. By Lemma and Proposition there exists an increasing
sequence of positive integers A = (ng)r>o such that

Va = (ox)rs0 € {0,1}2", Fzg € I, Yk >0, [ (25) € Jo,.
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For all n > 1, we set
B = {Z(a)is0 | Yk > 1,1 = 0 and g, ..., a1 € {0, 1}}.
Let 6 > 0 be the distance between Jy and Ji. Then E,, is an (A, n,e)-separated

set for all € € (0,0), and #E = 2™. Thus s, (4, f,e) > 2" for all € € (0,9), and so
ha(f) >log2>0. O

5.6.4. Preliminary results on w-limit set. In this subsection, we are going
to show several results concerning the w-limit set of an interval map. These results
are due to Sharkovsky [I57]; see also [41], Chapter IV] (in English). In [119], Mai
and Sun generalized these results to graph maps. For Lemma [5.44] we follow the
ideas of Mai and Sun [119], Proposition 2], whose proof is simpler. Recall that the
w-limit set of a map f: I — I is

w(f) = |Jw(z, f).
xel

REMARK 5.43. In the previous version of this book (v4 on arxiv) as well as in
[157] and [41], Proposition IV.6], Lemma [5.44] was stated without the part (i)-(ii),
and its proof was split into two cases, the second one being more difficult to deal
with. In the previous version of this book, the main part of the second case was
isolated in Lemma 5.43, whose assumptions were the following ones.

Let f: I — I be an interval map and ¢ € I\ {maxI}. Let Jy := [c,c] for some
c > c. Suppose that:

(5.33) Vn>1, Vd>e¢, [e,d] ¢ f"(Jo),

(5.34) Vn>1, f*(c) & Jo.

Let V.. := {U nonempty open subinterval | U C Jy,inf U = ¢}. Suppose that
(5.35) YU eV, 3k>1, Un fHU) #0.

Actually, one can show, by using the proof of Lemma, that these assump-
tions are never satisfied, and thus the second case of the previous proofs was void.

LEMMA 5.44. Let f: I — I be an interval map and ¢ € I\ {maxI} (resp.
¢ € T\ {minl}). Suppose that for every nonempty open interval U such that
infU = ¢ (resp. supU = ¢),

(5.36) 3k >1,UnN fHU) #0.
Then ¢ € w(f). Moreover, one of the following statements holds:
i) There exists x > ¢ (resp. © < c) and an increasing sequence of positive
integers (my)k>0 such that for all k > 0, f™(z) > ¢ (resp. f™(z) <c)
and limg_, o, f™ (z) = c.
ii) ¢ is a periodic point.
PrOOF. We deal only with the case ¢ € I \ max{I} and inf U = ¢, the other
case being symmetric. First we suppose

(5.37) Ve >0,3a,b€e (c,c+¢e] witha <b, Id>c,In > 1, f*([a,b]) = [c,d].

A straightforward induction shows that there exist decreasing sequences of points
(ak)k>0, (br)r>0 and a sequence of positive integers (nx)r>o such that, for all & > 0,
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¢ < ap < by, limgp_ 100 b = ¢ and f™ ([ag, bg]) D [ak+1,bk+1]- Thus we have the
following coverings:

(5.38)  [ao; bo] o [a1, b1] o [az, ba] T <o lag, by T [aky1,brga] -
Using inductively Lemma [1.13] we can build a sequence of closed intervals (Ix)r>0
such that

(539) I() = [(107170], Ik+1 C Ik and Vk > 07 fn0+m+nk (Ik) = [ak+1,bk+1].

Let « be in (> Ix (this set is nonempty because it is a decreasing intersection
of nonempty compact sets). For all k& > 0, we set my := ng + --- + ng. Then
f™(x) € [ag+1, br+1] for all & > 0. Thus limg_ 1o /™ (x) = ¢, which implies that
¢ € w(x, f). Moreover, f™(x) > ¢ for all k > 0 and statement (i) holds.

From now on, we assume that does not hold. We are going to show that
¢ is a periodic point, that is, statement (ii) holds, which implies that ¢ € w(c, f).
Assume on the contrary that ¢ is not a periodic point. The negation of
means that there exists € > 0 such that:

(5.40) Va,b € (c,c+¢] with a < b,Yd > ¢,Vk > 1, f*([a,b]) # [c, d].
We set J := [¢, ¢+ €]. We first prove the following fact:
(5.41) Ym > 1,36, >0, (c,c+6n) N 7 (J) = 0.

Suppose that the contrary holds, that is, there exists m > 1 such that, for all
>0, (c,c+0)N f™(J) # 0. This implies that ¢ € f™(J), and thus ¢ € f™(J)
because f™(J) is compact. Let ¢ € (¢,c + &) N f™(J). Then [¢,d] C f™(J)
because f"(J) is connected. We choose a sequence of points y, € (¢, ) such that
lim,, 400 Yy = ¢. For all n > 0, there exists z,, € J such that f™(z,) = y,. By
taking a subsequence, we may assume that the sequence (z,),>0 converges to a
point z, and 2 € J by compactness. Then f™(z) = ¢ by continuity, « # ¢ because
¢ is not periodic by assumption, and for all n > 0, © # z,, because f™(z,) # c.
Since lim,_, 400 T, = & > ¢, there exists n > 0 such that x,, > c¢. We set

¥ = max{t € [z,z,] | f"({t)=c} ifz<ax,
' = min{t € [z,,2] | () =c} ifz>a,.

Then f™({x,2")) > ¢ by definition of 2’ and continuity of f. Moreover, f™({x,z'))
contains both f™(z') = ¢ and f™(x,) = yn > c. Thus there exists d > ¢ such that
fm(z,2")) = [c,d]. We set {a,b} := {z,2'} with a < b. Note that a > ¢ because
x > cand z, > c. Then f™([a,b]) = [¢,d] with a,b € J\ {c¢} = (¢, ¢+ €], which
contradicts . This proves that the fact holds.

We set
(5.42) Y= ().
n=1

According to the assumption , for all ¢’ € (0,¢], there exists an integer k > 1
such that (c,c+¢") N fF((c,c+¢€’)) # 0. Thus for all & € (0,¢], (c,c+&)NY # 0,
which implies that ¢ € Y. On the other hand, the fact implies that ¢ ¢ Y.
Thus ¢ € Y \ Y. Moreover, according to the assumption , there exists k > 1

such that (c,c+¢)N f*((c,c+€)) # 0, and thus J N f¥(J) # 0. This implies that Y’
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has at most £ connected components and that Y\ Y is a finite set. By definition,
Y = f(Y)U f(J). Thus, since J is compact, Y = f(Y) U f(J). Moreover,

(5.43) Y\Y = (f)Uf)\Y,

(5.44) = f(Y)\Y because f(J)CY,
(5.45) c fW)\ f(Y) because f(Y) CY,
(5.46) c fY\Y).

Since Y\ Y is finite, (5.46) implies that Y\ Y = f(Y'\Y) and all points in Y \ Y are
periodic. Since ¢ € Y'\Y/, this contradicts the fact that c is not periodic. Conclusion:
if (5.37) does not hold, then ¢ is periodic. This concludes the proof. O

The next result gives a characterization of the points in the w-limit set. Note
that its statement is not optimal since one can replace the bound 4 by 3 in .
Since the value of this bound has no consequence on the other results of the book, we
have chosen to give a simple proof with a non optimal bound. To prove this result
with the bound 3, one can either use additional lemmas about interval maps (which
gives a longer proof) as in [41] Proposition V.11], or use Sierpinski’s Theorenﬂ
(which gives a short but non elementary proof) as in [I19, Theorem 2].

PROPOSITION 5.45. Let f: I — I be an interval map and ¢ € I. Then ¢ € w(f)
if and only if

(5.47) for every neighborhood U of ¢, 3x € I, #{n >0,| f"(z) e U} > 4.

PROOF. If ¢ € w(f), there exists x such that ¢ € w(zx, f), and we trivially have
#{n >0,| f"(z) € U} > 4 for every neighborhood U of c.
Assume that (5.47)) holds. For every set U C I, we define

U ={zeU|xz<c} and UT:={ze€U|xz>c}.
We assume
(5.48) 3U neighborhood of ¢, Vk > 1, U~ N f¥(U~) =0 and UT N fHUT) = 0.

Let U be such a neighborhood. We also assume that ¢ ¢ w(c, f) (otherwise there
is nothing to prove). In this way, we may replace U by a smaller neighborhood in
order to have

(5.49) VE>1, f*(c) ¢ U.

By assumption 7 there exist a point x and positive integers p < ¢ < r such
that z, fP(x), f4(x), f"(x) € U. By , the point z is not equal to ¢ because
fP(x) € U. Thus z € U~ UUT. We suppose x € U™, the case z € U~ being
symmetric. Similarly, implies that fP(x) # ¢ because f1P(fP(x)) € U; and
f9(z) # ¢ because f79(f%(c)) € U. Since fP(x) € fP(U') and fP(z) € U \ {c},
we have fP(z) € U~ by . The same argument with the points z, f9(x)
(resp. 2’ := fP(z), f7P(z') = fi(x)) leads to fi(x) € U~ (resp. fi(z) € UT),
which is impossible. Thus does not hold. It is easy to see, by considering
the neighborhoods (¢ — ey, ¢+ €x) N I, where (ex)k>0 is a decreasing sequence of
positive numbers tending to 0, that there exists s € {4, —} such that, for every
neighborhood U of ¢, there exists k > 1 such that U* N f*(U*®) # (). Then ¢ € w(f)
according to Lemma O

1Sierpiﬁski’s Theorem: If (Fy)p>0 is a pairwise disjoint closed cover of the compact connected
Hausdorff set S, then there exists n > 0 such that F,, = S. See e.g. [77, Theorem 6.1.27].
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COROLLARY 5.46. Let f: I — I be an interval map. The set w(f) is compact.

PROOF. Let (¢n)n>0 be a sequence of points in w(f) that converges to some
point ¢. Let U be a neighborhood of ¢. There exists n > 0 such that U is a
neighborhood of ¢,,. Thus, according to Proposition there exists a point z
such that #{n > 0,| f"(x) € U} > 4. Then, by Proposition ¢ € w(f). This
shows that w(f) is closed, and hence compact because I is compact. ]

By definition, for every open set U containing w(f) and every point z, all but
finitely many points of the trajectory of = lie in U. The next result states that the
number of points of the trajectory of z falling outside U is bounded independently
of z.

COROLLARY 5.47. Let f: I — I be an interval map. For every open set U
containing w(f), there exists a positive integer N such that, for all points x € I,

#{n=0]f"(x) U} <N.

PROOF. Let U be an open set containing w(f). Let y € I\ U. According to
Proposition [5.45] there exists an open set V,, containing y such that V,, contains
at most three points of any trajectory. Since I\ U is compact, there exist finitely
many points y1,...,%, € I \ U such that I\ U C V,, U---UV,, . Therefore, the
open set V :=V, U---UV, contains at most 3p points of any trajectory. This
gives the conclusion with N = 3p. O

5.6.5. Positive sequence entropy implies Li-Yorke chaos. We are going
to show several preliminary results about interval maps that are not chaotic in the
sense of Li-Yorke. Then we shall be able to show that such a map has zero sequence
entropy for any sequence.

The next lemma is a refinement of Proposition i).

LEMMA 5.48. Let f be an interval map that is not chaotic in the sense of Li-
Yorke and let xo be a point. Suppose that w(xo, f) is infinite and let (Ly)n>0 be
the intervals given by Proposition[5.2] Then

li di Y(Ly) N =0.
n—l>I-&I-looie[[IOI,123;1X—l]] fam(f*(Ln) Nw(f))

PROOF. Recall that the intervals (L, )n>o satisfy: for all n,i > 0, f*(L,41)
and f7+2"(L,41) are included in f*(L,,), and (f*(L,))o<i<2» is the smallest cycle
of intervals of period 2" containing w(zxo, f). Suppose that the lemma does not
hold; this implies

(5.50) 36 >0, Vn >0, Ji € [0,2" — 1], diam(f*(L,) Nw(f)) > 6.
Using (5.50)), one can build a sequence (i,,)n>0 such that
Vn >0, f+1(Lyy1) C f(Ly,) and diam(f™ (L,) Nw(f)) > 0.

We set J,, := fin(L,). For every n > 0, let b,, ¢, be two points in .J,, Nw(f) such
that |b, —cp| > 8. By compactness, there exist two points b, ¢ € I and an increasing
sequence of integers (ng)r>o such that limy_, 4o by, = b and limg_, 4o ¢y, = c
Since w(f) is closed by Corollary the points b, ¢ belong to w(f). Moreover,
[b—c| > 0 and b, ¢ belong to J,, for all n > 0 (because (J,)n>0 is a decreasing
sequence of closed intervals).
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According to Proposition i), diam(J, Nw(zo, f)) tends to 0 when n goes
to infinity. Thus there exists a unique point a € w(zg, f) such that

ﬂ Jn ﬁw(anf) = {a}

n>0
because this is a decreasing intersection of nonempty compact sets. By the triangu-
lar inequality, either |a—b| > % or la—c| > %. With no loss of generality, we suppose
la —b] > %. For every n > 0, the point b is in the interval J,,, which belongs to a
periodic cycle of intervals of period 2". This implies that the points (f*(b))r>0 are
all distinct. Therefore, since b € w(f), there exists a point z1 such that b € w(xy, f)
and w(z1, f) is infinite. Moreover, since b, f2" (b), f2"" (b) are three distinct points
in the interval J,,, one of them is in Int (J,,), and thus there exists k£ > 0 such that
f¥(x1) € J,. The periodicity of .J,, implies that w(f*(x1), f>") C J,. Then, by
Lemma [T.3] we get

2m 1

Vn >0, w(zy, f) C U FH(Ly).
i=0

Since f is not chaotic in the sense of Li-Yorke by assumption, we have hop,(f) =0
by Theorem Then the assumptions of Proposition are fulfilled (with
ag = a,a; := b), and this proposition implies that f is chaotic in the sense of
Li-Yorke, a contradiction. This ends the proof of the lemma. O

The next result is due to Fedorenko, Sharkovsky and Smital [78] Theorem 2.1].
Recall that the notion of an unstable point is defined in Definition [2.37}

PROPOSITION 5.49. Let f be an interval map that is not chaotic in the sense
of Li-Yorke. Then f|,s) has no unstable point, that is,

Va € w(f), Ve >0, 30 >0, Vb e w(f), [a—b <d=Yn>0, |f"(a) — f"(b)| <e.

PRrROOF. According to Theorem hiop(f) = 0. We fix e > 0 and a € w(f).
Let xg be a point such that a € w(zg, f). We split the proof depending on w(xg, f)
being finite or infinite.

First we suppose that w(zg, f) is infinite. Let (L,)n>0 be the closed intervals
given by Proposition foralln,i > 0, f*(Ln41) and fi*2" (L, 1) are included in
JH(Ly), and (f*(Ly))o<i<2n is the smallest cycle of intervals of period 2™ containing
w(xo, f). By Lemma there exists n > 0 such that

(5.51) Vi € [0,2" — 1], diam(f*(L,) Nw(f)) < e.

We set J := fI(L,), where j € [0,2" — 1] is such that a € f(L,). Since the
four intervals (f7+%2"(L,12))o<i<3 are pairwise disjoint and included in J, one of
them is included in Int (J). Since a is in one of these four intervals, there exists
i € [0,3] such that o’ := f"(a) belongs to Int(J). Let § > 0 be such that
() —6,d +6) C J. Let b € w(f) be such that |’ —b| < §. Then b belongs
to J Nw(f), so f¥(b) € fX(J)Nnw(f) for all k > 0 (the set w(f) is invariant by
Lemma Vi)). Using and the fact that f2"(J) = J, we get

VE >0, |fF(d) = fFb)| <e.

We deduce that a is not e-unstable for the map f|,s). Consequently, a is not
e-unstable for the map f|, (s by Lemma iii), and this holds for any € > 0.
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Now, we suppose that w(xg, f) is finite, that is, a is a periodic point (by
Lemma . Let p denote the period of a and ¢g := fP. In this way, a is a
fixed point for g. We are going to prove that a is not unstable for g|, 4, which is
enough to ensure that a is not unstable for f |w( ) according to Lemma Wii) and
the fact that w(f) = w(g) (Lemma (vii)). Since g is uniformly continuous, there
exist €1, such that 0 < g9 < g1 < € and
(5.52) Va,y, [t —y| <e1 = Vie[0,3], |¢'(z) — g'(y)| <e,

(5.53) Vr,y, [t -yl <ex = Vie[0,3], ¢'(z) —g'(y)| < e
Let b be in w(g) N (a — e2,a + e2). If g?(b) = b, then (5.53)) implies

Vn >0, Vi€ {0,1}, [¢*" T (a) — ¢*" T (D)| = |g'(a) — ¢'(D)| < &1 < €.
From now on, we suppose that g2(b) # b. Let 2; be a point such that b € w(z1, g);
by assumption, w(x1,g) contains more than 2 points. Then, according to Propo-
sition there exists a closed interval Lo such that (g°(L2))o<i<s is a cycle of

intervals of period 4 for g and w(z1,g) C U?:o g*(L2). We can choose La such that
b€ Ly. By (5.53), la—g'(b)| < &1 for every i € [0,3], so ¢'(La)N(a—e1,a+e1) # 0.
Since the four intervals (¢g%(L2))o<i<3 are pairwise disjoint, there exists ig € [0, 3]
such that g"(Ly) C (a—e1,a+e1). Then implies that g7 (Ls) C (a—¢,a+¢)
for all j € [0, 3]. Since Ly is a periodic interval of period 4 for g, we get

Yn >0, ¢g"(L2) C (a —¢e,a+¢).

Moreover, g"(b) is in g"(L2), so |a — g"(b)| < € for all n > 0. We deduce that a is
not e-unstable for gl (4), for any € > 0. This concludes the proof. O

The next lemma is due to Fedorenko, Sharkovsky and Smital [79]; see also
[I59, Theorem 3.13] for a statement in English.

LEMMA 5.50. Let f be an interval map that is not chaotic in the sense of
Li-Yorke. Then every point in w(f) is almost periodic, that is,

Yy € w(f), YU neighborhood of y, Ip > 1, Yn >0, f"P(y) € U.

PROOF. Let y belong to w(zg, f) for some point xqg. If w(xg, f) is finite, then y
is periodic (Lemma and the conclusion is trivial with p the period of y. Suppose
that w(xg, f) is infinite and let U be a neighborhood of y. For every k > 0, we set

I = |minw(f* (z0), ), maxew(f* (zo), 1))
where i is an integer such that y € w(f* (x0)7f2k) (such an integer exists by
Lemma [1.3(iv)). According to Theorem and Proposition [5.32{(1),
lim ‘Ik| =0.

k— o0

for all k. Moreover, fgk(w(fi’f(xo),fgk)) = w(fik(sr:o),ka) (Lemma i)), so

This implies that there exists k& > 0 such that I, C U because y belongs to I
fm2"(y) € Iy C U for all n > 0. This is the expected result with p := 2. O

The next lemma will be a key tool in the proof of Theorem [5.53} it is due to
Franzova and Smital [80].

REMARK 5.51. In the proof in [80], the fact that the open sets must satisfy
(5.55)) is omitted, although the proof does not work without this condition.
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LEMMA 5.52. Let f be an interval map that is not chaotic in the sense of Li-
Yorke. Let ¢ > 0. Then there exist finitely many points yi,...,y, in w(f) and an
open set U containing w(f) such that, for every point x satisfying

3N, N1 € Z*, No < Ny, Vn € [No, N1], f"(x) € U,
then there exists i € [1,7] such that
Vn € [No, N1, [f"(z) = f"(yi)| < e.

PROOF. According to Proposition for every x € w(f) there exists a con-
nected neighborhood W(x) of x such that

(5.54) VzeﬂdmﬂwULVnzo,Uﬂw—fﬂd|§§

Since w(f) is compact by Corollary there exist finitely many distinct points
Z1,...,%s in w(f) such that w(f) C W(x)U---UW (). We would like these sets
not to overlap too much, so we replace them by smaller but more numerous sets.
We define inductively on k € [1,s] a family of connected open sets (W} )1<j<a,
that are subsets of W (xy), and points (x'li)lgjguk such that xi € W,g Nw(f).

Construction at step k € [1, s]. Suppose that (W})1<j<q, and (2))1<j<a,
have been defined for all ¢ < k — 1 (for k = 1, these two families are empty). We
consider all the connected components C' of

W () \ {z] |i € [1,k—1],j € [1,a:]}
such that

C\ U w7 ]nwn#0
i€[1,k—1],5€[1,c:]
We call them W, ..., W (notice that W(zy) \ {z] | i € [1,k —1],j € [1, ]}
has finitely many connected components because W (xy) is connected and the set
{«] ]ie[l,k—1],j € [1,;]} is finite). For every j € [1, ], we choose a point
J o
x7, in

Wi\ U Wi | | new(s).
i€[1,k—1],5€[1,0:]
This ends the construction at step k. Note that

k
U winw) = W) nwp).

ie[Lk]g€lL 0] i=1

To simplify the notation, we call V1,...,V, and y1,...,y, the family of sets
(W))iep,s].je1,0,] and the associated points (7)ic[1,s],j[1,a:], and we order them
in order to have y; < yo < --- < y,. Then V; is a connected open set containing
y; € w(f), Vi is included in W (x;) for some j € [1,s], and w(f) C Vi U---UV,.

Moreover, the construction above ensures that:
Vi,j € [Lr],i#4,VinV; C (yi,y5)
because V; (resp. Vj) is an interval and does not contain y; (resp. y;). This implies

that V; NV, = 0 if |i — j| > 2 (that is, only intervals corresponding to consecutive
points may intersect).
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We modify once more these sets by an inductive construction fori =1,...,r—1:
o if V; N V41 is not included in w(f), we choose a point x € (V; N Vi41) \ w(f) and
we replace V; and Vi41 by V; N (—o0,x) and V41 N (z, +00) respectively; we still
call these sets V; and V4 1;
o if V;NV;11 Cw(f), we do not change the sets at step i.

At the end of this construction, we get intervals Vi,... V, that are open set
and satisfy:

w(f)cViu--V,
Vi e [1,7], yi € V;nw(f),
Vioj e [Lr], i #j, VinV; Cw(f).

This last condition implies:

(5.55) Vo € OVi, r¢w(f)=3Nie[lr], zeV,.

i=1

Moreover, since V; C W (z;) for some j € [1, s], the triangular inequality and (5.54)
imply:

(5.56) Vi e [1,7], Yy,z € V;Nw(f), YVn >0, |f(y) — f"(2)| <e.

Let i € [1,r] and z € V; Nw(f). According to Lemma there exists a positive
integer p;(z) such that

(5.57) vn >0, fPiE(2) e V.

‘We can assume that

(5.58) p;i(z) is a multiple of p;(y;).

Since f is continuous, there exists an open neighborhood U;(z) of z such that:
Ui(z) CV;

(5.59) fFEU(2) C Vi

(5.60) Vn € [0, pi(2)], diam (f™*(U;(2))) <e.

We set .
U, := U Ui(z) and U := U U;.

zew(f)NV; i=1
The sets U; are open and satisfy:
(5.61) Vi e [1,r], UiNw(f) =V;Nw(f).
Indeed, the inclusion U; Nw(f) C V; Nw(f) is trivial because U; C V;. Conversely,
if z€ V;Nw(f), then z € U;(z) CU;, so V; Nw(f) CU; Nw(f).
By definition, the set U is open and contains w(f). Let g € U and N > 0 be
such that

(5.62) Vn € [0, N], f™(x0) € U.
We are going to show by induction the following:

FacT 1. There exist integers k > 0 and iy € [1,r] and finite sequences of
points (zn)o<n<k and (Tn)o<n<k Such that, for all n € [0, k],

zn €W(f)NVig, an €Uiy(2n);, Tny1 = fp’io(z")(scn).
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If we set go == 0 and g, = p;,(20) + - - -+ Piy(2n—1) for alln € [1,k+1], the integer
k is such that gz < N < Q1.

e According to the definition of U, there exists ig € [1,7] and z¢ € w(f) NV,
such that zo € U;,(20). If ¢1 := pi,(20) > N, then the construction is over with
k:=0.

e Suppose that the points (z,)o<n<; and (zy)o<n<; are already defined up to
some integer j with g;41 < N. We set x4 := fPio(%i)(z;). Thus 241 = f%+(z).
Then ;11 € U by because ¢;+1 < N. Since z; € U;,(2;), we have xj41 € Vj,
by . If 2;41 € w(f), then z;11 € U;, by , and we set zj11 = Tjq1;
trivially zj41 € Uy (2j41). If 2541 ¢ w(f), the fact that x;4; € U implies that
there exists ¢ € [1,7] such that x;41 € U; C V;. Necessarily, i = iy because
of (5.55). Thus there exists zj41 € w(f) N U;, such that zj41 € Us(zj41). If
Gj+2 = qj+1 + Pio(2j41) > N, then the construction is over with k := j + 1.

Since all the integers p;,(z) are positive, the sequence (g,,) is increasing, and
thus the construction finishes. This ends the proof of Fact 1.

Let xo satisfy (5.62) and n € [0, N]. We keep the notation of Fact 1. Let
J € [0,k + 1] be such that ¢; <n < gj41. We have

(5.63) [ /™ (o) = f™ (yio)]
<[TE (o)) = U2+ 1T (z5) = (Y (i)

Since n — ¢; < gj+1 — q; = Pio (%), the fact that the points z; = f% (z9) and z;
belong to U, (z;), combined with (5.60), implies that

[f"7 0 (9 (o)) — [TV (7)) < e

By (5.57)+(5.58) and the f-invariance of w(f), the point f% (y;,) is in Vi, Nw(f).
Moreover, z; belongs to Vi, Nw(f). Therefore, (5.56) implies that

|79 (z5) = S (f 9 (o)) < €.
Inserting these inequalities in 7 we get
(5.64)  if xg satisfies (5.62)), Jig € [1,7],Vn € [0, N], |f"(x0) — [ (yi,)| < 2e.
Now, let  be a point and let Ny < N; be integers such that
Vn € [No, N1], f*(z) € U.
We apply to xg := fNo(z) and N := N; — No:
(5.65) Jig € [1,7], Yn € [0, N], |f™(z0) — f™(yiy)| < 2e.

Since f(w(f)) = w(f), there exists y € w(f) such that fNo(y) = y,,, and this point
satisfies: Vn € [0, N1], f™(y) € w(f) C U. Thus we can apply (5.64)) to zg := y and
N := Ny:

(5.66) Ji € [1,r], Vn € [0, N1], [f"(y) — f"(y:)] < 2e.
Combining and , we get, for all n € [Ny, N1]:
[F (@) = Ml < @) = 7N (o) + 1 (i) — 7 (90)]

= [N (@o) — N (yio) |+ [ () — 7 (i)
< 26+ 2e = A4e,

which gives the expected result. (I
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At last, we are able to show the following result, which is the “if” part of
Theorem [5.41} Together with Proposition this finally proves Theorem [5.41
and concludes this section.

THEOREM 5.53. Let f: I — I be an interval map. If there exists a sequence A
such that ha(f) > 0, then f is chaotic in the sense of Li-Yorke.

PRrROOF. Suppose that f is not chaotic in the sense of Li-Yorke. We are going
to show that h(f) = 0 for every increasing sequence of non negative integers A,
which proves the theorem by refutation.

Let e > 0. Let U and %,...,y, be given by Lemma Let (X;)rt+1<i<s
be pairwise disjoint nonempty sets such that diamX; < ¢ for all ¢ € [r + 1, s] and
X1 U---UX, DT\ U. We choose a point y; € X; for every i € [r + 1, 5].
According to Corollary there exists an integer N > 0 such that

Vo el, #{n>0| f(z) ¢ U} < N.

Let z be a point in I. Let n1 < ng < -+ < nps be the integers such that f™i(x) ¢ U;
we have M < N. We set

Toi_1:= {nl} for all i € Hl,M]],

Toi := [[ni +1,n;,1 — 1ﬂ for all i € [[1,M — 1]],
Zo:=[0,n —1], Zop:={n|n>M+1}.

The sets (Z;)o<i<2m form a partition of ZT into intervals of integers; the point
f™(x) belongs to U if and only if n € Z; for some i even. According to Lemma[5.52]
for every i € [0, M], there exists ja; € [1,7] such that

Vn € Ty, ‘fn(x) - fn(yjzi)
For every i € [1, M], let ja;—1 be the integer in [r+ 1, s] such that " (z) € X;
We then have

<e.

2i—1"°

Vi e [0,2M], Vn e Z;, |f™*(x) — f"(y;,)] <e.

We associate to z a sequence C(x) = (Cp(x))n>0 € [1, s]Z" coding the trajectory
of z and defined by

Vi € [[O,QMH, Vn € Z;, Cn((E) = J;.

Let A = (an)n>0 be an increasing sequence of non negative integers. If x,y satisfy
Cr(z) = Cr(y), then |f*(z) — f*(y)| < 2¢. Thus it is easy to see that r,(A, f, 2¢)
is bounded by the number of different sequences (Cy, (z))o<i<n when z varies in I.
We are going to bound this number.

For a given point z, the sets ({k € [0,n — 1] | ax € Z;})y<,;<2ps form a partition
of [0, n—1] into 2M +1 intervals of integers; some may be empty. We call 71, .., Jm
the nonempty sets among them, with m < 2M 41 < 2N + 1. To determine the sets
(Ji)1<i<m, it is sufficient to give the positions of the first integer of each J;; the
number of such choices is bounded by (7?1) Then for every i € [1,m], there exists
Ji € [1, s] such that Cy, (x) = j; for all k € J;; the number of choices of (j;)1<i<m
is bounded by s™. Therefore we have

2N+1 ON+1 T
B I SIS S

m!

A

m=0 m=0

(2N + 2)n2N+12N+1,

IN
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This implies that lim, o = logr, (4, f,2¢) = 0. We deduce that hu(f) = 0 for
any sequence A. O

Remarks on graph maps. Theorem [5.41] was generalized to circle maps by
Hric [88] and to some star maps by Cénovas [65].

THEOREM 5.54. Let f: S — S be a circle map. Then f is chaotic in the sense
of Li-Yorke if and only if there exists an increasing sequence A such that ha(f) > 0.

THEOREM 5.55. Let f: S, — S, be a continuous map, where n > 3 and
Sp:={2z€C| 2" €[0,1]}. Suppose that f(0) =0. Then f is chaotic in the sense
of Li-Yorke if and only if there exists an increasing sequence A such that ha(f) > 0.

5.7. Examples of maps of type 2°°, Li-Yorke chaotic or not

According to Theorem [5.17} all interval maps of positive entropy are chaotic in
the sense of Li-Yorke; positive entropy interval maps are exactly the maps of type
2"q for some odd ¢ > 1 by Theorem [£.58] On the other hand, an interval map of
type 2™ for some finite n > 0 has no infinite w-limit set by Proposition [5.24] and
thus it is not chaotic in the sense of Li-Yorke according to Theorem [5.21} What
about maps of type 2°°7 There exist maps of type 2°° that are not chaotic in the
sense of Li-Yorke; some have no infinite w-limit set, such as Example [3.23] whereas
some have an infinite w-limit set as in the example built by Smital [162]. On the
other hand, there exist zero entropy interval maps that are chaotic in the sense of
Li-Yorke, as it was shown simultaneously by Smital [162] and Xiong [170]. We
are going to give two examples of maps of type 2°° with an infinite w-limit set, the
first one (Example is not chaotic in the sense of Li-Yorke and the second one
(Example is chaotic in the sense of Li-Yorke.

EXAMPLE 5.56. We define the map f: [0,1] — [0, 1] by
f(0):=2/3,

2 1 1 2
VnZl,f(l—?)n> =g and f<1—3n)::3n+17

and f is linear between two consecutive points among the values we have just
defined; see Figure [6} Finally, f(1) := 0. It is clear that f is continuous at 1, and
thus f is continuous on [0, 1].

Let us give the idea of the construction. The map f swaps the intervals [0, 1/3]
and [2/3,1], and we “fill the gap” linearly on [1/3,2/3] to get a continuous map
(we shall see that the core of the dynamics is in [0,1/3] U [2/3,1]). More precisely,
f sends [0, 1/3] linearly onto [2/3,1] and it sends [2/3,1] to [0,1/3] in such a way
that f2|[2/371] is the same map as f up to a rescaling. On the graph of f, it means
that, if one magnifies the square [2/3,1] x [0,1/3] (bottom right square among the
9 big squares in Figure, then one sees the same picture as the graph of the whole
map.

This map appears in [72], where Delahaye proved that it is of type 2°° and has
an infinite w-limit set. We are going to show in addition that f is not chaotic in
the sense of Li-Yorke. We follow Smital’s ideas [162], although the construction is
slightly different from the one in [162].
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2/3

1/3

FIGURE 5. This map f is of type 2°°, the set w(0, f) is infinite but
f is not chaotic in the sense of Li-Yorke.

We set I¢ :=[0,1] and, for all n > 1,

1 2 2 1 1
0._ _ _ — _ = _ 1._ _
Iy = 1= oy 3n], Ly : [1 a1 3n], Il [1 Sn,l}.

It is clear that

Vn>1, IPUL,UIL =1} | and |12 =|L,|=|I}| = 3%
Moreover, one can check from the definition of f that, for all n > 1,
(5.67) f2"71|12 is linear increasing and f2n71(I2) =1,
(5.68) f2n71|Ln is linear decreasing and f2"71(Ln) > L,Ul},
(5.69) ) =10

Then f2"(I}) = I! by and (5.69). Moreover, the intervals (f(I}))o<i<on are
pairwise disjoint, they have the same length 3% and, if we set
2" -1
Vn >0, K,:= (] f/(I}) and K:=[)K,,
i=0 n>0
then K is the triadic Cantor set (see Example in the Appendix).

First we are going to show that f is of type 2°° and that all but finitely many
trajectories eventually fall in Of(I}). We fix n > 1. Since f2" (L) D L, by
, there exists a point z, € L,, such that f2"71(zn) = z, (Lemma . The
period of z, is exactly 2"~ ! because L,, C I} _; and the intervals (f*(I}_;))g<icon—1
are pairwise disjoint. Moreover, using and the fact that |L,| = |I}], we see
that sIope(an_1|Ln) < —2. This implies that, if z, £ ' (2),..., f¥2" () are in
L,, then |f(k+1)2"_1(x) — 2zp| > 2%z — z,|. Therefore, for all x € L, \ {z,},
there exists k > 1 such that f*2" ' (z) ¢ L,. Thus the point f*2" ' (z) belongs to



146 5. CHAOS IN THE SENSE OF LI-YORKE, SCRAMBLED SETS

FIGURE 6. Orbits of I! for n = 1,2,3. An arrow means that an
interval is sent onto another. The arrows are solid when the action
of the map is linear increasing, dotted otherwise.

I9 U I} because Ly, is included in I} |, which is f2" ' -invariant. Using the fact
that 2" (I%) = I}, we see that for all n > 1 and all z € I} | \ {z,}, there exists
k > 0 such that fk( ) € Il. Starting with I} = [0,1], a straightforward induction
shows that

Vo € [0,1], Op(z)N{zy |n>1} =0 =Vn>1, Ik >0, f¥x) eIl

This implies that, for all z € [0,1], either w(z, f) = Of(z,) for some n > 1, or
w(z, f) € K. Thus

(5.70) all infinite w-limit sets are included in K.

Moreover, K contains no periodic point because, for all n > 1, K is included
in Of(I}), which is a cycle of intervals of period 2" (and thus Of(I}) contains
no periodic point of period less than 2™). Therefore, the only periodic orbits are
(O¢(2n))n>1, and f is of type 2°°.

Now we are going to show that w(0, f) = K. For all n > 1, f2" ' (minI?) =
min I} by (5.67). Since min I = minI}_; and min I} = 0, we get

n 1
(5.71) Vn>1, f2710) = mln]l—l—g—n
Let z € K and € > 0. We fix n > 1 such that F < €. By definition of K, there

exists i € [0,2" — 1] such that = € f(I}). The point f2"~1*9(0) belongs to f*(I})
by (5.71), so |f2"~1*1(0) — x| < |f'(1})| = 5= < e. Since ¢ is arbitrarily small and
n is arbitrarily large, this implies that € w(0, f), that is, K C w(0, f). We deduce
that w(0, f) is infinite, and w(0, f) = K by -

Finally, we are going to show that f is not chaotic in the sense of Li- Yorke Let
x,y be two distinct points in K and let n be a positive integer such that 55 < |z—y].
There exist i,j € [0,2" — 1] such that x € fi(I}) and y € fI(I}). Because of the
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choice of n, the integers 7 and j are not equal. Thus z,y are f-separable. Since K
contains all infinite w-limit sets, Theorem implies that f is not chaotic in the
sense of Li-Yorke.

REMARK 5.57. Let ¥ :={0,1}%" and let A: ¥ — ¥ be the map consisting in
adding (1,0,0,...) mod 2 with carrying. More formally,

A((@n)ns0) = (Bu)nso  with By = { l—a, #UVie]o,n—1],q; =1,

o, otherwise.
For instance A(0,0,1,0,0,...) = (1,0,1,0,0,...) and A(1,1,0,0,...) = (0,0,1,0,...).
The map A is called the dyadic adding machine.

Let f, K, and K be as defined in Example Let h: K — ¥ be the
map defined by h(x) = (an)n>0 such that: if C,, is the connected component of K,
containing x, then «,, = 0if x is in the left connected component of K,, 1, contained
in Cy, and «,, = 1 otherwise (recall that each connected component of K, contains
two connected components of K,;1). One can show that h is a homeomorphism
and that it is a topological conjugacy between (K, f|x) and (¥, A).

The readers interested in the dynamics of adding machines and their relations
with interval maps can look at [37, B8], [39]. The adding machine belongs to the
wider family of dynamical systems called odometers, see e.g., the survey [75].

REMARK 5.58. The map in Example is made of countably many linear
pieces. The Feigenbaum map is another example of completely different nature,
since it is C'™ and unimodal. Recall that the Feigenbaum map fj,. is a map of
the logistic family fy: [0,1] — [0,1],2 — Az(1 — z) (see Remark [3.24). The map
fagee 1s of type 2°°, it has an infinite w-limit set S (which is a Cantor set) and
it is not Li-Yorke chaotic. Moreover, the restriction of fy,.. to S is topologically
conjugate to the dyadic adding machine. See e.g. [87, Theorem 11.3.11].

EXAMPLE 5.59. We are going to build a zero topological entropy interval map
g that is chaotic in the sense of Li-Yorke. This map will look like the map f of
the previous example, except that the intervals I, I} are rescaled in such a way
that the set K = (0,50 Oy(I) is not a Cantor set any more, its interior being
nonempty. This example is inspired by Smital’s [I62]. We shall first define g, then
prove several lemmas in order to show the expected properties.

Let (an)n>o0 be an increasing sequence of numbers less than 1 such that ag = 0.

We define I} := [ag, 1] and, for all n > 1,

I} = lagn—2,a2n 1], Ln = [azn—1,0a24], I, := [azn, 1].
It is clear that IS U L, UI! = I} ;. We choose (an)n>0 such that the lengths of
the intervals I?, I'l satisfy:

n’ n

1 2
1% = —1} 4|, |} =(1—=)|I}! ,| ifnisodd,
n 3gn!n 1 n 3n n—1

2 1
o] = <1 - 37,) L], L] = 37|171L_1| if n is even.

This implies that |L,| = 35 |I}_,| for all n > 1. Note that |I}| — 0 when n goes to
infinity, that is, lim,, o @, = 1; hence U, 5, (1) U L,) = [0, 1).
Foralln > 1, let ¢, : IS — I} be the increasing linear homeomorphism mapping

I0 onto I}; its slope is slope(yp,,) = % We define the map g: [0,1] — [0, 1] such

n?
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that ¢ is continuous on [0,1) and
(5.72) Vn > 1, Vo e I, glz) :=pitopsto-ropt op,(2),
(5.73) Vn > 1, gL, is linear,
g(1):=0.

Note that g| ro is linear increasing. We shall show below that g is continuous at 1.

Let us explain the underlying construction. At step n = 1, the interval I? is
sent linearly onto Ij (hence g|;0 = 1) and we require that g(I{) C I} (i.e., the
graph of g| s included in the gray area in Figure . Then we do the same kind
of construction in the gray area with respect to I3, I3 C I}: we rescale I3, 13 as
o7 HI9), o7t (I3) € IV (on the vertical axis), then we send linearly I9 onto @7 *(13)
and we decide that g(I3) C ¢~ !(I9); in this way, gl;0 = @} ' © o (which is (5.72)
for n = 2) and the graph of ¢| s included in the black area in Figurem We repeat
this construction on I3 (black area), and so on. Finally, we fill the gaps in a linear

way (which is (5.73])) to get the whole map, which is represented on the right side
of Figure [7]

(.

FIGURE 7. On the left: the first steps of the construction of g. On
the right: the graph of g.

We introduce an auxiliary family of intervals. We set JJ := [0,1] and, for all
n > 1, the subintervals JO, J} C JO_, are defined by
L0 _ 1 0 [l L :
min J,, =0, maxJ, =maxJ,_; and o = T for i € {0,1}.
‘Jn—1| |In—1|
We have
o Ty 1L 2 I
m=ly = 1 (=g) 15
7 i
i=1 ke [1,n] k€ [1,n]
k even k odd
In this product, we bound by 1 all the factors except the last one, and we get
1
(5.74) |J| <

- 3n—1 )
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To show that g is continuous at 1, it is enough to prove that max(g|;1) — 0
when n goes to infinity. For all n > 1, we have

on(maxI?) = maxI} =1=minl} | +|I}_,]
Ynly 0 pn(maxy) = minl, , + I, |slope(o; ;)
min I, 5 + |1,y [slope(;, L)

entyopntiopn(max ) = minl)_, + |I}_|slope(p;t,)slope(p; L))

n—1
prlopyloop,lopy(max ) = minl) + || [] slope(p; ).
i=1

We have max I = 1, slope(p; ') = }ﬁ} and |I}| = 1. Thus
- - o TT 2L _ 0
$1 © P2 O"'O<Pn—1050n(maXIn):H u—l | :‘Jn—1|'
i=1 171
Consequently
(5.75) g(max I?) = |J°_,| = max J_,.

According to the definition of g, max(g|;_ ) = g(max I)), so max(g|;1 ) = [J_4].
By (5.74), limp, 4 oo max(g|;1 ) = 0; therefore g is continuous at 1.

The next lemma describes the action of g on the intervals (J%), (I%), and
collects the properties that we shall use later. As in Example the interval I}
is periodic of period 2" and the map ¢2"  swaps I° and I'; Figure |§| is still valid,
except that the intervals have different lengths. However, we prefer to deal with
JY = g(I,) instead of I; this will simplify the proofs because g|;1 is not monotone,
whereas g’ o is linear for all i € [1,2" — 1] (assertion (iii) in the lemma below).

LEMMA 5.60. Let g be the map defined above. Then for allm > 1:

i) g(Ip) = Jy.
i) g(Iy) = T,
iii) g'| o0 is linear increasing for all i € [1,2" —1],
iv) ¢ SR = I and 7 HD) =1,
v) ¢"(J9) Cc Ui, I} for alli € [0,2™ — 2],
vi) (gi(JS))OSKZn are pairwise disjoint.
Moreover, the previous assertions imply:

vii) 92,7%1(']2) = Jrlu

viti) g2 (J9) = J2,

ix) g2 |10 is linear increasing and ¢ U0 =12,
x) ¢* (1) = I,
xi) (g°(I9))o<ican are pairwise disjoint and g*" (I}) = I}.

PROOF. According to (5.75)),
(5.76) max(g|s1) = g(max I ;) = |J2| = max J.

Moreover, min(g|;1) = g(1) = 0 = min.J). Thus g(I}) = J by the intermediate
value theorem; this is (i).
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According to the definition of g,

n—1
II0
=1

Moreover, g(max I®) = max J?_, = max J} by (5.76), so g( IS) = Jﬁb. This is (ii).
We show by induction on n that assertions (iii) and (iv) are satisfied.

e This is true for n = 1 because JY = I?, g(I?) = I} and glro = 1 is linear

increasing.

e Suppose that (iii) and (iv) are true for n. Since J.,; C J;, the map gi\Jo+1 is

linear increasing for all ¢ € [1,2" — 1], and ¢2"~*(J%,,) C I}. Moreover, the facts

that 92"_1|.]3 is linear increasing and ¢2" ~1(J9) = I! imply

(5.77) mingQu_l(Jg_H):minan_l(JO) min /), = min Y,
and
- 8 S 12|

L3 lg>" (D) T3]

n 0
Then (5.78) implies that [¢* ~*(J),1)| = |19, | because l‘ljjg‘ll = | (}Tl‘ Combined
with (5.77), we get 2" ~1(J0,4) = I9,,. Then ¢*"(JO,,) = J} ., by (ii). Since
J! i1 C JO, the induction hypothesis implies that g¢| I, is linear increasing for all
i€[1,2" — 1] and gzn_l(JlH) C I}. Moreover,

max g2 (J,H_l)—maxg YJp) =1=maxI} 4,
and by linearity

/Y [ i €900 | R YR 90
] P C I I Vi T

By the same argument as above, we get 2" ~1(J;}, ) = I}, ;. Since g*" e I ) =
g?"~1(J}L,), this shows that (iii) and (iv) hold for n + 1. This ends the induction
and proves (iii) and (iv).
Now we prove (v) by induction on n.

e This is true for n = 1 because J{ = I}.
e Suppose that (v) is true for n. Since JO+1 c JY, it follows that g (J0+1) C Ur_, Y
for all i € [0,2" — 2]. Moreover, g2 (JO_H) = I, by (iv) and ¢*"(J2,,) =

g(Id, ) = J,H_1 by (ii). Since Ji,; C J2, we can use the induction hypothesis
again, so g2 *(J0, ;) C Up_, I? for all i € [0,2" — 2]. This gives (v) for n + 1.
This ends the induction and proves (v).

Next we prove (vi). Suppose that g*(J2)N g7 (J2) # 0 for some i, j € [0,2" —1]
with i < j. Then g° ~'=9(g"(J9)) N g* ' (g7 (J7)) # 0. But ¢*" ' (J}) = I, by
(iv) and g2"~1=U=9(J%) C [0,max I] by (v), so these two sets are disjoint, which
is a contradiction. We deduce that (g*(J2))o<i<2n are pairwise disjoint.

Finally we indicate how to obtain the other assertions. Assertions (vii) and
(viii) follow respectively from (iv)+(ii) and (iv)+(i). Assertion (ix) follows from
(iii)+(iv). Assertion (x) follows from (i)+(iv). Assertion (xi) follows from the
combination of (i), (iv) and (vi). O
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We define
2" —1 ) +oo
Vn >0, K, :=0,(I}) = | ¢'(J)), K:=[()K, and Bg :=Bda(K),
1=0 n=0

that is, Bi is the boundary of K for the topology of R (i.e. the points 0,1 are
not excluded). According to Lemma K, is the disjoint union of the intervals
(g"(J2))o<i<an—1. The set K has a Cantor-like construction: at each step, a middle
part of every connected component of K, is removed to get K, 1. However we shall
see that K is not a Cantor set because its interior is not empty (see Lemma ,
contrary to the situation in Example [5.56] The next lemma states that g is of type
2°°. Next we shall show that the set w(0, f) contains Bx. Then we shall prove that
g is chaotic in the sense of Li-Yorke.

LEMMA 5.61. Let g be the map defined above. Then g is of type 2°°.

PROOF. The same arguments as in Example [5.56] can be used to show that g is
of type 2°°. We do not repeat the proof, we just check that the required conditions
are satisfied:

e By definition of g, the map gz, is linear decreasing, so g(L,) C [0, g(max I2)].
Moreover, g(max I9) = maxJ?_; by (5.76), so g(L,) C J9_;. Thus g
linear decreasing by Lemma [5.60{(iii).

e The map an71|12 is linear increasing and g2n71(12) = I! by Lemma ix),
so ¢>" '(min L,) = max I! = 1. Moreover, g2"  (I}) = I° by Lemma [5.60(x), so
927L71(maXLn) € I0. This implies that 92”71([/”) D L, UIL. Since |L,| <|I}], we
have slope(g2" '|1.) < —2.

. 92"71(12) = I! by Lemma iX).

e g2 (I}) = I} and (g*(I}))o<i<2n are pairwise disjoint by Lemma [5.60|(xi). O

L, is

Since min J? = 0, the orbit of 0 obviously enters g*(J2) for all n > 0 and all
i € [0,2™ — 1], which implies that w(0, g) meets all connected components of K.
The next lemma states that w(0, g) contains By ; the proof relies on the idea that
the smaller interval among J?,, and J}_, contains alternatively either min J? or
max .J?, when n varies, so that both endpoints of a connected component of K can
be approximated by small intervals of the form g*(J?).

LEMMA 5.62. Let g and K be as defined above. Then Bx C w(0,g). In
particular, w(0, g) is infinite.

PrOOF. According to the definition of K, the connected components of K
are of the form C := (1, -, Cy, where C), is a connected component of K, and
Cr41 C C,, for all n > 0. That is, the connected components of K are exactly the
nonempty sets of the form C := (122 g/ (J2) with 5, € [0,2" — 1], and

3 — ] ] Jn 0 — 3 Jn 0
(5.79) mmC—nEr_irrloomlng (J;) and maxC—nll)r_{loomaxg (J,)

because C is a decreasing intersection of compact intervals. Moreover, B is equal
to the union of the endpoints of all connected components of K. Let y € Bg. By
(5-79), there exists a sequence of points (y,)n>0 such that y = lim,_, 4y, and
Yn € Og7n (J2) = {min g/~ (JO), max g/~ (JO)} for all n > 0, where j,, € [0,2" — 1] is
such that y € g/ (J2). Let ¢ > 0 and N > 0. Let n be an even integer such that
:w% < e and |y, —y| < ¢, and let k > 0 be such that k2" > N.
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First we suppose that y,, = min g/ (J2). The point 0 belongs to J2,; and, by
Lemma m(viii)7 ¢>" " (J9.,) = JO,,. Thus g*2""+in(0) belongs to g/ (JO, ).
According to Lemma iii), yn, = min g7» (JY, ) and

97" ()| _ gl _ gl 1

g (I 1R R 3
Therefore [gF2"" i (0) — y,| < eg (JO)| < e.
Secondly we suppose that y, = max g’~(J?). The point gh?" " (0) belongs to
i(

Jy o and g2"+1(J2+2) = J}, 5 by Lemma [5.60(viii) and (vii) respectively, so

<eE.

n+2 | ontl | on | : n -
g TR REI(0) € g7 (U 4)-

According to Lemma iii)4(vii),
2"+ jn (Jl

max g nt2) = maXQTﬂ"(JgH) = manj"(JrILH) = maxgj"(Jg) = Un.

Moreover, by Lemma vii),
9 (Jnsa) C¢° (Joi1) = Jpyr C 0

Thus, using the linearity given by Lemma iii) and the definitions of (J£) and
(1),

97 o)l 167 Uheo)| 19 U)Wl 1 (-5%).
g7 (I9)] R Ve Oy R VT T S T

Consequently, y, € g% T (J!,,) and
n+2  ont+l  on | + . n
|gh* TR AR (0) — | < g7 (Jnpa)| <o
In both cases, there exists p > N such that |g”(0) —y,| < €, so |¢P(0) —y| < 2e.
This means that y € w(0,g), that is, Bx C w(0,g). Finally, for every n > 0, K,
has 2" connected components, each of which containing two connected components

of K,,4+1; thus K has an infinite number of connected components, which implies
that By is infinite. O

In the proof of the next lemma, we shall first show that K contains a non
degenerate connected component C'; then we shall see that the two endpoints of C
are g-non separable.

LEMMA 5.63. Let g and K be as defined above. Then By contains two g-non
separable points and g is chaotic in the sense of Li-Yorke.

ProOF. First we define by induction a sequence of intervals C,, := g~ (J?) for
some %, € [0,2™ — 1] such that

2
Yn>1, C, CCph_y and |Cp| = (1 — 3n> |Cr—1]-

e We set ip := 0 and Cy := Jy = [0, 1].
e Suppose that C,,_; = gi»-1(JO_,) is already built. If n is even, we set i, := i,
and Cy, := g" (J})). The map g'~*[;0_ is linear increasing by Lemma W(iii) and
JOcCJY_y, so
Gl 1,2
Cot] 013
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If n is odd, we set iy, :=i,_1 +2""! and C,, := g (J?). By Lemma iii)+(vii),
the map g*»~*| ;o is linear increasing and C,, = g*~*(.J}), so
o
Cl _ 1, 2
[Cral [0l 3n

Weset C' :=(1,,>( Cn- It is a compact interval, and it is non degenerate because

2
log |C| = log |Co| + Zlog (1 — n) > —00;

3
n>1

the last inequality follows from the facts that log(14-z) ~ z whenz — 0 and }_ 5% <
+00. Moreover, C' is a connected component of K, so 0C C Bgi. Let ¢y := minC
and ¢ := maxC. By Lemma the points ¢g, ¢; belong to w(0, g), which is an
infinite w-limit set. Suppose that cg, ¢ are g-separable and let Agy, A; be two disjoint
periodic intervals containing respectively cg, c¢1. Let k be a common multiple of their
periods. We choose an integer n such that 2™ > k. Then there exists ¢ € [0,2" —1]
such that C' C ¢*(J?). Since ¢*(J?) N g***(J?) = ) by Lemma vi)+(viii), we
have ¢g*(C) NC = (. Suppose for instance that g*(C) < C. Then A; = gF(4;)
contains both ¢; and ¢*(c;), and we have g¥(c;) € ¢*(C) < ¢y < ¢1. Thus ¢
belongs to A; by connectedness, which is a contradiction. The same conclusion
holds if g¥(C) > C. We deduce that co, ¢; are two g-non separable points in w(0, g).
By Theorem we conclude that g is chaotic in the sense of Li-Yorke. 0

According to Lemmas and the map g is of type 2°° (and thus has
zero topological entropy by Theorem [4.58) and is chaotic in the sense of Li-Yorke.
These are the required properties for the map g. We show one more property for
further reference.

LEMMA 5.64. Let g be the map defined above. Then g|w(0,g) 18 transitive and
sensitive to initial conditions.

PRrOOF. The point {0} = (/=5 JO is in By, so 0 € w(0, g). This implies that
0 has a dense orbit in w(0, g), that is, gl,(0,4) is transitive.

We consider (i,)n>0 and cg,c¢; as in the proof of Lemma Let € > 0.
Let n > 0 be such that |J2| < e. Since Bx C w(0,g) by Lemma m the
points cg, 1 belong to g'»(J2) Nw(0,g). Since J? is a periodic compact inter-
val (Lemma vi)—+(viii)) and w(0, g) is strongly invariant (Lemmal[L.3|i)), there
exist xg, 71 € JY Nw(0,g) such that g’ (x¢) = co and g'*(x1) = ¢;. Moreover,
g'(0) € JO. Then the triangular inequality implies that, either |gi~ (0) — g*» (zg)| >
w, or |gi(0) — g (x1)| > @ This implies that the point 0 is §-unstable

with § := @ for the map g|,(0,4). Since glu(0,9) is transitive, the map gl 0,
is $-sensitive by Lemma iv). O

REMARK 5.65. As in Example the map in Example[5.59]is made of count-
ably many linear pieces. There exist completely different examples. Indeed, there
exist C*° weakly unimodal maps of zero topological entropy and chaotic in the sense
of Li-Yorke; an interval map f: [0,1] — [0, 1] is weakly unimodal if f(0) = f(1) =0
and there is ¢ € (0, 1) such that f[o ¢ is non decreasing and f/j 1] is non increasing.
See the articles of Jiménez Lépez [96] or Misiurewicz-Smital [130]+[97, p674] ([97]
contains a correction concerning [130]).






CHAPTER 6

Other notions related to Li-Yorke pairs:
generic and dense chaos, distributional chaos

6.1. Generic and dense chaos

6.1.1. Definitions and general results. Let (X, f) be a topological dynam-
ical system. We recall that (z,y) € X? is a Li- Yorke pair of modulus 6 > 0 if

limsupd(f™(z), f*(y)) > and liminfd(f"(z), f"(y)) = 0,
n— oo n—-+00

and (x,y) is a Li-Yorke pair if it is a Li-Yorke pair of modulus § for some ¢ > 0.
Let LY(f,9) and LY(f) denote respectively the set of Li-Yorke pairs of modulus &
and the set of Li-Yorke pairs for f.

The definition of generic chaos is due to Lasota (see [143]). It is somehow a
two-dimensional notion since the Li-Yorke pairs live in X?2. Being inspired by this
definition, Snoha defined generic d-chaos, dense chaos and dense §-chaos [163].

DEFINITION 6.1 (generic chaos, dense chaos). Let (X, f) be a topological dy-
namical system and § > 0.

e f is generically chaotic if LY (f) contains a dense Gs-set of X2.

e f is generically §-chaotic if LY (f,§) contains a dense Gs-set of X2.
e fis densely chaotic if LY (f) is dense in X?2.

e fis densely d-chaotic if LY (f, ) is dense in X?2.

Some results hold for any dynamical system. Trivially, generic d-chaos implies
both generic chaos and dense §-chaos; and generic chaos (resp. dense d-chaos) im-
plies dense chaos. In [135] Murinovd showed that generic §-chaos and dense d-chaos
are equivalent (Proposition. Moreover, topological weak mixing implies generic
d-chaos for some § > 0 (Proposition ; and dense d-chaos implies sensitivity to
initial conditions (Proposition . We start with a lemma; then we prove these
three results.

LEMMA 6.2. Let (X, f) be a topological dynamical system and 6 > 0. Let
AW) = {(w,y) € X* | Tmsup d(f"(2), (1)) > 6),
B(6) = {(z,y) € X* [l inf d(f" (x), /"(y)) < 6}.
Then A(0) and B(9) are Gs-sets.
PROOF. Let

A. = {(e.y) € X |d(e,y) <e} and B = {(a,y) € X2 | d(a,y) <e}.

155
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Then A, is open and A, is closed. For every integer n > 0 and every € > 0, we set
An(e) == {(m,y) € X* | Fi > n, d(f'(2), f'(y)) > e} = [J(f x 1) T/(X*\ Ao).
i>n
Since f x f is continuous, the set A, (g) is open. Moreover,
=) () 46— 1/k).
k>1n>0
Thus A(J) is a Gs-set. Similarly, we set
B.(e) = {(.) € X* | T = . d(f'(2). () <) = J(F < )7 (A,
i>n
The set B, (g) is open, and thus B(J) is a Gs-set because
=) [ Buld+1/k).
E>1n>0
(Il

PROPOSITION 6.3. Let (X, f) be a topological dynamical system and 6 > 0.
Then f is generically d-chaotic if and only if it is densely §-chaotic.

PROOF. It is sufficient to notice that LY (f,d) = A(§)NB(0), and thus LY (f, J)
is a Gs-set by Lemma [6.2] O

PROPOSITION 6.4. Let (X, f) be a topological dynamical system. If f is topo-
logically weakly mizing, then it is generically d-chaotic with ¢ := diam(X).

PRrOOF. By assumption, the system (X x X, f x f) is transitive. Let G be the
set of pairs of dense orbits in X?; it is a dense Gs-set by Proposition Since X
is compact, there exist x1, 25 € X such that d(z1,22) = 0, where 6 = diam(X).
Then, for every (z,y) € G, there exist two increasing sequences of integers (n;);>o
and (m;);>o such that

Jm (f*(2), f"(y)) = (21,22) and - lim (f™(2), f™(y)) = (21,21).

i—o00
Therefore

limsup (/" (). () 28 and Hminf d(f" (). " (3) =0
that is, G C LY(f,9). d

PROPOSITION 6.5. Let (X, f) be a topological dynamical system and § > 0. If
f is densely 0-chaotic, then f is e-sensitive for all € € (0, g)

Proor. We fix € € (0, %) Let z € X and let U be a neighborhood of z. By
density of LY (f,6) in X2, there exists (y1,%2) in U x U such that
fim sup d(f"(y1), f"(y2)) = 6 > 2e.
n—-+0oo

Using the triangular inequality, we see that there exist n > 0 and i € {1,2} such
that d(f™(x), f*(y;)) > €. Thus z is e-unstable. O

REMARK 6.6. The same argument as in the proof of Proposition [6.5] leads to
the following result: if f is densely chaotic, then every point x is e-unstable, for
some € > 0 depending on z.
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6.1.2. Preliminary results. In this section, we state several lemmas for
densely chaotic interval maps. They will be used to study both generic chaos
and dense chaos.

LEMMA 6.7. Let f be a densely chaotic interval map.

i) If J is a non degenerate interval, then f™(J) is non degenerate for all
n > 0.
ii) Let Ji,...,J, be disjoint non degenerate intervals such that f(J;) C Jit1
for alli e [1,p—1] and f(J,) C J1. Then either p = 2 and J1, Jo have
a common endpoint, or p = 1. If the intervals (J;)i1<i<p are closed, then
p=1.
iti) If J,J' are non degenerate invariant intervals, then J N J' # .

PROOF. i) Let J be a non degenerate interval. By density of LY(f), there

exists (z,y) € J x J such that

limsup |f"(x) — f"(y)| > 0.

n—-+00
Thus f™(J) is non degenerate for infinitely many n. Since the image of a degenerate
interval is degenerate, f™(.J) is non degenerate for all n > 0.

ii) Let Jq,...,J, be disjoint non degenerate intervals such that f(J;) C Jiy1
for all i € [1,p — 1] and f(J,) C Ji. Suppose that there exist two integers ¢,j €
[1,p] such that the distance ¢ between J; and J; is positive. Since f is uniformly
continuous, there exists n > 0 such that

Vx,y, |£L’7y| <n = Vk € [[Oap]]a |fk(x) - fk(y)| <4

Let (z,y) € Ji x J;. Then (f*r(z), f*(y)) € J; x J; for all k > 0, and thus
|fEP(x) — f*P(y)| > 6. Thus |f™(x)— f™(y)| > n > 0 for all n. > 0, which contradicts
the fact that I; x J; contains Li-Yorke pairs. Therefore, the distance between any
two intervals J;, J; is null. If the intervals Ji,...,J, are closed, this implies that
p = 1. Otherwise, this implies that p = 1 or p = 2; and, if p = 2, then J; and J5
have a common endpoint.

ili) Let J,J' be two non degenerate invariant intervals. Since LY (f) is dense,
there exist (z,2') in J x J’ such that liminf, ;o |f™(z) — f*(2’)| = 0. By com-
pactness, there exist an increasing sequence of integers (n;);>0 and a point z such
that

3 g — N Ni () —

Since J and J’ are invariant (and hence closed), the point z belongs to JNJ'. O

LEMMA 6.8. Let f be a densely chaotic interval map. Suppose that there exists a
sequence of non degenerate invariant intervals (Jy,)n>0 such that lim, 4 |J,| = 0.
Then there exists a fized point z in (), Jn. Moreover, there exists a sequence of
non degenerate invariant intervals (J!)n>o such that lim,,_, « |J,| = 0 and, for all
n >0, J) . is included in the interior of J), with respect to the induced topology
on Jj.

PROOF. First we are going to show that

+oo
(6.1) () Jn #0.

n=0
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If the interval ﬂfj:o Jp is nonempty for all N > 0, then Ii% Jn # 0 by compact-
ness. Otherwise, let N be the greatest integer such that ﬂﬁ;o Jp, is non degener-
ate. Then the interval K := ng:o Jy, is closed, non degenerate and invariant. By
Lemma (iii)7 Jni1 N K # 0, and thus the set Jy11 N K is reduced to one point
z according to the definition of N. Then, again by Lemma iii), J, N K # 0 and
Jn N JIny1 # O for all n > 0. Thus z belongs to J,, by connectedness. We deduce
that z € (725 Jn. This proves (6.1). The set ()25 J, is reduced to {z} because
lim,, s 4 oo |Jn| = 0. Moreover, f(z) = z because, f(J,) C J, for all n > 0.

Either there exist infinitely many integers n such that J, N (z,4+00) # 0, or
there exist infinitely many n such that J, N(—oo, z) # . Without loss of generality,
we may suppose that the first case holds, that is, there exists an increasing sequence
(ni)i>o such that, Vi > 0, J,,, D [z, 2z +¢;] for some g; > 0. We set K, := (- Jn,
for all m > 0. Then K,, is a non degenerate invariant interval and K,,11 C K,,.
We split the end of the proof into two cases.

Case 1. There exists an increasing sequence (m;);>o such that K, , C
Int (K,,) for all i > 0. Then we define J/ := K,,, and we get a suitable sequence
of intervals.

Case 2. Suppose that the assumption of Case 1 is not satisfied. Then there
exists M > 0 such that K,, ¢ Int(Kjs) for all m > M. Since (Kp)m>0 is a
sequence of nested intervals, this implies that

(6.2) either Vm > M, min K,;, = min K;, or Vm > M, max K,,, = max K.

Since limy,— 400 |[Km| = 0, there exists an increasing sequence of integers (m;);>o
with mo = M such that |K,,, | < |Kpn,| for all i > 0. Together with (6.2), this
implies that K, , is included in the interior of K, for the induced topology on
K. Then J] := K,,, gives a suitable sequence of intervals. d

The next lemma will be an important tool. It gives a sufficient condition for a
densely chaotic map to be generically §-chaotic for some d > 0.

LEMMA 6.9. Let f: I — I be a densely chaotic interval map. Suppose that there
exists € > 0 such that every non degenerate invariant interval has a length greater
than or equal to €. Then there exists § > 0 such that f is generically §-chaotic.

PROOF. Suppose that
(6.3) Vo >0, 3J non degenerate closed interval such that ¥Yn >0, |f"(J)| < 4.

We are going to show that this is impossible. We fix § € (0, ). Let J be a non
degenerate closed interval such that |f™(J)| < § for all n > 0. There exists a
Li-Yorke pair in J x J, which implies that
(6.4) limsup | f™(J)| > 0.

n—-+oo
Thus there exist positive integers N, p such that f~V(J) N fN+P(J) # 0 (otherwise,
all (f™(J))n>0 would be disjoint, and could not hold because I has a finite
length). Let X :=J,~n f"(J). The set X has at most p connected components,
which are cyclically mapped under f. Moreover, the connected components of X are
non degenerate by Lemma [6.7)(i). Thus, according to Lemma ii), X has either
one connected component or two connected components with a common endpoint.
In both cases, X is an interval.
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Suppose that there exist a point z and an integer ng > N such that f2(z) =
z and z € f0(J). Then z € fmo+2k(J) for all k > 0. By assumption on .J,

|f™(J)] < for all integers n > 0, which implies that ’Ukzo frot2k( 1) < 26 and
Ukso [T ()] < 28 (these two sets are intervals containing respectively z and

f(2)). Let Y := U5, f*(J) = fr=N(X). Then Y is a non degenerate closed
interval, f(Y) C Y and |Y| < 44. Moreover, |Y| > € according to the hypothesis of
the lemma, which is a contradiction because § < /4. We deduce that

(6.5) X contains no point z such that f%(z) = z.

Let X be the connected component of X containing fV(J). We set g := f2.
Then g(Xo) C Xo (because X has at most two connected components) and g|x,
has no fixed point by (6.5). By continuity, either

(6.6) Vo € Xo, g(x) < z,

or
Ve e Xo, g(x) > .

We assume that holds, the other case being symmetric. Let a := inf Xy. The
fact that g(Xo) C Xo combined with implies that g(a) = a (and a ¢ Xj).
Let b := max fV(J). We set b,, := max g"([a, b]) for every n > 0. Then, for every
n > 0, there exists z,, € [a,b] such that ¢" ™ (z,) = by41. Thus, by (6.6), bps1 =
9(¢g"(xn)) < g"(xn) < by. Therefore, the sequence (by,),>0 is non increasing, and
thus has a limit in Xy. We set by, := lim,, 1o b,. Note that by, € Xo U {a}
because a < boo < b and b € X;. We have

(1 9" (a,0]) = [ [a,b4] = [a, bs]

n>0 n>0
and
ﬂ g"([a, b)) = g( ﬂ 9" ([a,b])) because the intersection is decreasing
n>0 n>0

= g([a,;b]) O [a, g(bo)]-
Hence g([a,bso]) = [a,bso]. Thus there exists x € [a,bs] such that g(x) = beo,
which implies that g(x) > z. According to , this is possible only if z = a, and
hence by, = g(a) = a. Since [¢" N (J)| < |b, —al, we have lim,, 1 o [g" TV (J)| = 0.
By continuity of f, this implies that lim,—, 4 | f™(J)| = 0, which contradicts (6.4).
We conclude that does not hold, that is, there exists ¢ > 0 such that

(6.7) for every non degenerate closed interval J, In >0, |f"(J)| > 4.

Let J be a non degenerate closed interval. Then the closed interval f™(J) is also
non degenerate by Lemma i). Thus, according to (6.7)),

(6.8) limsup | f"(J)| > 6.
n——+oo

We define
Ap(n) = {(z,y) e I X I | Ji >k, [f'(x) = f'(y)] > n}

A@) = () ) Ar(d = 1/n) = {(z,y) € I x I | limsup | f*(x) — f*(y)| > 6}.

n>1k>0 k—+o00
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We are going to show that Ay (n) is dense for all n < ¢ and all k£ > 0. Let Jq, J be
two non degenerate closed intervals. We consider two cases.
e For some m > 0, f™(J;) C f™(J2). By (6.8), there exists n > max{k, m} such
that | f™(J1)| > § > n, thus there exist z, 2’ € J; such that |f™(z)— f™(z’)| > n and
there exists y € Jo such that f*(y) = f"(z’). Consequently Ag(n) N (J1 X J2) # 0.
e For all m > 0, f™(J1) \ f™(J2) # 0. By (6.8), there exists n > k such that
|f™(J2)| > & > n, thus there exist z,z’ € Jy such that |f"(z) — f"(2’)| > . By
assumption there exists y € J; such that f(y) ¢ f™(J2). Since f™(J2) is an interval
containing z, 2’ but not y, we have either | f™(y)— f™(z)| > nor |f*(y)—f"(z")] > n.
Consequently Ag(n) N (J1 x J3) # 0.

The sets Ag(n) are open and dense in I x I. Thus, according to the Baire
category theorem, A(0) is a dense Gs-set. Moreover, the set

B(0) = {(zy) € T x T | lnninf | f"(2) = f" ()] = 0}

is a Gs-set by Lemma [6.2) and it is dense because f is densely chaotic. Therefore
the set LY (f,d) = B(0) N A(J) is a dense Gs-set and f is generically d-chaotic. O

6.1.3. Generic chaos and transitivity. Using the structure of transitive
non mixing interval maps (Theorem , one can show that Proposition im-
plies that any transitive interval map is generically d-chaotic for some § > 0. The
converse is not true (see Example below), yet it is partially true since a gener-
ically d-chaotic interval map has exactly one or two transitive intervals, as it was
shown by Snoha; he also proved that for an interval map, the notions of generic
d-chaos, generic chaos and dense §-chaos are equivalent (Theorem below).

We shall need the Kuratowski-Ulam Theorem [140], [105].

THEOREM 6.10 (Kuratowski-Ulam). Let X,Y be complete metric spaces. If G
is a dense Gg-set in X XY, then there exists a dense Gg-set A C X such that, for
all z € A, the set {y € Y | (x,y) € G} is a dense Gs-set.

The next theorem is due to Snoha [163].

THEOREM 6.11. Let f be an interval map. The following properties are equiv-
alent:

i) f is generically chaotic,

i) f is generically d-chaotic for some 6 > 0,

iii) f is densely d-chaotic for some § > 0,

iv) either there ezists a unique non degenerate transitive interval, or there
exist exactly two non degenerate transitive intervals having a common
endpoint; moreover, if J is a non degenerate interval, then f(J) is non
degenerate, and there exist a transitive interval Iy and an integer n > 0

such that f™(J)NInt (1) # 0.
Moreover, (ii) and (iii) hold with the same §.

PRrROOF. The implication (ii)=-(i) is trivial and the equivalence (ii)<(iii) with
the same § is given by Proposition [6.3] We are going to show the implications
(i)=(ii) and (iii)=(iv)=-(ii).

(1)=(ii).

Assume that f is generically chaotic. Suppose that there exists a sequence
of non degenerate invariant intervals (J,)n>0 such that |J,| — 0 when n goes to
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infinity. We are going to show that this situation is impossible. According to
Lemma we may assume that J,11 C Int (J,) for the induced topology of Jy.
From now on, we work in Jo; notice that f|s,: Jo — Jo is a generically chaotic
interval map and LY(f|s,) = LY(f) N (Jo x Jo). By compactness, (), ~oJn is
nonempty, and hence is reduced to a single point {z}. N

The set LY (f) N (Jo x J,) is a dense Gs-set in Jy x J,,. Thus, by Theorem [6.10]
there exists a dense Ggs-set A,, in Jy such that for all x € A,,, there exists y € J,
with (z,y) € LY(f). According to the Baire category theorem (see Corollary [3.53)),
A:=),>0 An is a dense Gs-set in Jy. Let € A and n > 0. There exists y € Jp, 41
such that (z,y) € LY(f); in particular liminfy_, . |f*(z) — f*(y)| = 0. Since
Jn+1 is included in Int (J,) and the intervals (J,,),>o are invariant, this implies
that there exists p > 0 such that fP(z) € Int(J,), and hence f*(z) € J, for all
k > p. Since this is true for all n > 0, we have limj_, o f¥(z) = 2 (recall that
Ni>o Jn = {2}). On the other hand, A x A is a dense Gs-set in Jy x Jy, and thus
(Ax A)NLY(f) # 0. This leads to a contradiction because

V(z,2') € Ax A, lim fF)= lim fFa') =z,
k— 400 o]

n—-+4

and thus (z,2’) is not a Li-Yorke pair. This shows that there exists ¢ > 0 such that
if J is a non degenerate invariant interval, then |J| > ¢.

Then Lemma applies: the map f is generically d-chaotic for some 6 > 0.

(iii)=(iv).

Suppose that f is densely d-chaotic. According to Proposition[6.5] the map f is
sensitive to initial conditions. By Proposition there exist some non degenerate
closed intervals I, ..., I, such that f(I;) = Ii41 mod p for alli € [1, p] and f|1,u...u1,
is transitive; by Lemma ii), we have p = 1, that is, the interval I is transitive.

Suppose that I is another non degenerate transitive interval. Then I; NIy # 0
by Lemma If Int (I; N I) # 0, then Iy = Iy = Of(I; N I); otherwise I N I3 is
reduced to a single point. Since the ambient space is an interval, we conclude that
either there is a unique non degenerate transitive interval or there are exactly two
non degenerate transitive intervals which have a common endpoint.

Finally consider a non degenerate interval J. According to Lemmal[6.7(1), f(J)
is non degenerate. Since (J x J)NLY(f,0) # 0, we have limsup,,_, . [f"(J)| > 9,
which implies that there exist some integers i, p > 0 such that f¢(J) N fi+P(J) # (.
Let X := >0 f™"(J). The set X has at most p connected components, which
are non degenerate closed intervals and are mapped cyclically under f. Thus, by
Lemma [6.7|(ii), X is an interval. Moreover, f(X) C X and f|x is sensitive. Thus,
by Proposition and Lemma ii), there exists a non degenerate invariant
interval K C X such that f|x is transitive. According to the definition of X, there
is some integer n > 0 such that f™(J) NInt (K) # 0.

(iv)=(ii).

First we show the following fact.

FAcT 1. Suppose that the image of a non degenerate interval is non degen-
erate, that there exist two non degenerate invariant intervals Iy, Iy such that f|,
is topologically mixing for ¢ € {1,2} (I; = I is allowed) and that, for every non
degenerate interval J, there exist n > 0 and 7 € {1,2} such that f™(J)NInt (1;) # 0.
Then f is generically d-chaotic with ¢ := min{|I1|, |I2|}.
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Let i,5 € {1,2}. Both f|r, and f|;; are topologically mixing, thus (f x f)[7, 1,
is transitive by Proposition Let G;; be the set of points (z,y) € I, x I;
whose orbit is dense in I; x I;. According to Proposition G;j is a dense G-
set in I; x I;. By Lemma (iii)7 there exists a point z in Iy N Is. We choose
(x1,22) € I; x I such that |x1 — z2] = §. For every (z,y) € G;, there exists
a subsequence of (f™(z), f"(y))n>0 that converges to (z,z) and another one that
converges to (x1,x2); thus (x,y) is a Li-Yorke pair of modulus §. It is clear that
(f x )7ILY(f,6) C LY(f,6), and thus we get

G= |J UUxHGy) cLY(f,0).
i,j€{1,2} n>0
Then G is a Gs-set (see Propositions and [8.72)). We are going to show that G
is dense.

Let U,V be two nonempty open intervals. By assumption, there exist integers
N,M >0andi,j € {1,2} such that f¥(U)NInt (I;) # 0 and fM(V)NInt (1;) # 0.
Let Uy C U and Vi C V be nonempty open subintervals such that f~ (Uy) C I; and
fM(Vo) C I;. If n == max{N, M}, then f*(Up) C I; and f(Vy) C I; because Iy, I
are invariant. Since the intervals f™(Uy), f™(Vy) are non degenerate by assumption,
there exists (z,y) € (f"(Uo) x f*(Vo)) N Gi;; in other words,

(Uo x Vo) N (f x f)7"(Gij) # 0.
Therefore the set GG is dense and f is generically §-chaotic. This proves Fact 1.

Now we assume that (iv) holds with no additional hypothesis. If there is a
unique non degenerate transitive interval I, then, by Theorem either f|7, is
topologically mixing or there exist two non degenerate closed intervals J, K such
that I; = JU K and f?|;, f?|x are topologically mixing. In the first case, Fact 1
gives the conclusion (taking I := I;). In the second case, Fact 1 applied to f?
(with I; := J and I, := K) shows that f? is generically J-chaotic, and thus f
is generically d-chaotic too. If there are two different non degenerate transitive
intervals Iy, I then, by Lemma iii), I1 N Iy # 0, and this intersection must be
reduced to a single point because I; # Is; we call z this common endpoint. Since
f(z) € L1 NI, = {2z}, we have f(z) = z. Thus, by Theorem both maps f|r,
and f|, are topologically mixing. Consequently, Fact 1 applies and f is generically
é-chaotic. O

REMARK 6.12. As indicated by Snoha (see [135]), there is a misprint in the
statement of Theorem 1.2 in [I63], where the condition “if .J is a non degener-
ate interval, then f(J) is non degenerate” in point (h) (equivalent to our Theo-
rem iv)) is omitted.

REMARK 6.13. In [I63], Snoha gave several other properties equivalent to
generic chaos for an interval map f, in particular f is generically é-chaotic if and
only if, for every two non degenerate intervals J, J’, one has

liminf d(f™(J), f*(J')) = 0 and limsup |f"(J)| > 6.

n—4o0o n——+oo
Murinové proved that this result is still true in more general spaces except that the
equivalence does not hold with the same ¢ [I35]. She also built a continuous map
on a compact subset of R? which is generically chaotic but not generically 6-chaotic
for any § > 0.
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EXAMPLE 6.14. Figure [l represents an interval map f: [0,a] — [0, a] (for some
fixed a > 1) which is generically chaotic but not transitive. The restriction of f
to [0,1] is the tent map T, (Example . Thus flo,1) is transitive and f is not
transitive. The interval [1,a] is mapped linearly onto [0,1] (thus, for every non
degenerate interval J C [1,a], f(J) is non degenerate and f(J) C [0,1]). It is
then clear that condition (iv) of Theorem is satisfied, and thus f is generically
chaotic.

ar—-——————————-— 1
|
|
|

| A T T

! |
! |
! |
! |
! |
! |
! |
! |
0 1 a

FiGURE 1. This map is generically chaotic but not transitive.

6.1.4. Dense chaos. For interval maps, generic §-chaos, generic chaos and
dense d-chaos are equivalent and imply dense chaos; but the reverse implication
does not hold, as shown in Example Next we shall give a result on the
structure of densely, non generically chaotic interval maps: in this situation, there
exists a decreasing sequence of invariant intervals, and each of them contains a
horseshoe for the second iterate of the map (Theorem [6.16)).

EXAMPLE 6.15. We are going to exhibit an interval map that is densely chaotic
but has no non degenerate transitive interval, and hence is not generically chaotic
according to Theorem [6.11] By Proposition [2.40} this map is not sensitive either.
This example is originally due to Mizera (see [163]). For all n > 0, we set
—3%, by, :zl—ﬁlrkl, Cn ::1—% and J, := [an, 1].
These points are ordered as follows:

a, =1

a=0<by<cp<ar<bhh <cana<a<---<a,<b,<cp<apy1 <---<1L.
Then we define the continuous map f: [0,1] — [0,1] by
Vn >0, flay) = an, f(bn):=1, f(cn) :=an,
f1) =1,

and f is linear on the intervals [an,by], [bn,cn] and [cn, ani1] for all n > 0; see

Figure
It is clear from the definition that J, is invariant and ([an,by], [bn,cn]) is a
horseshoe for all n > 0. Thus, f|;, is chaotic in the sense of Li-Yorke by Theorems

and In particular,
(6.9) Vn >0, LY(f) N (J, x Jp) # 0.
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Jo

FI1GURE 2. This map is densely chaotic but not generically chaotic.

A straightforward computation shows that the absolute value of the slope of f is
equal to 4 on each linear piece. Let J,J’ be two non degenerate intervals. By
Lemma there exists n > 0 such that f™(J) contains three distinct points in
{ag, bk, cx, | k > 0}, which implies that f**!(J) D J, for some p > 0. Similarly,
there exist m,q > 0 such that f™*1(J’) > J,. Let N := max{n + 1,m + 1}
and k := max{p,q}. Then fN(J)n fN(J') D Jy because J, C J, N J, and
f(Jx) = Ji. It is obvious that (f x f)~N(LY(f)) € LY(f). Thus implies
that (J x J)NLY(f) # 0. In other words, f is densely chaotic.

Let J be a non degenerate invariant interval. Then, as shown above, there
exist n,k > 0 such that f™(J) D Jx. Moreover, Ji strictly contains the invariant
interval Ji41. Thus f|; is not transitive. We conclude that f has no non degenerate
transitive interval.

The next result is due to the author [148].

THEOREM 6.16. Let f be a densely chaotic interval map that is not generically
chaotic. Then there exists a sequence of non degenerate invariant intervals (Jpn)n>0
such that lim,, oo |Jn| =0, Juy1 C Jp and f2|;, has a horseshoe for all n > 0.

PROOF. According to Lemmal6.9] for every e > 0, there exists a non degenerate
invariant interval J such that |J| < e. Thus there exists a sequence of invariant
non degenerate closed subintervals (I,,),>0 such that lim,_, |I,| = 0. Then, by
Lemma there exists a sequence of invariant non degenerate intervals (J,,),>0
such that lim, o |Jn| = 0 and J,41 C Int (J,) with respect to the induced
topology on Jy for all n > 0; moreover, there is a fixed point z such that (), <, Jn =
{z}. From now on, we consider Jy as the ambient space; in particular, when
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speaking about the interior of a set, it is with respect to Jy. We fix an integer
no > 0. We are going to show that f2| Jn, has a horseshoe. Assume on the contrary
that f2| Jn, has no horseshoe. We set

P={x ey |Ip> l,ngrfoo f"P(x) exists}.

If 2,y € P, then (z,y) is not a Li-Yorke pair. Thus the set J,, \ P is not empty
because the map f|;, is densely chaotic. Let zg € Jy, \ P; we set z,, := f"(z0)
for all n > 1. Since zo ¢ P, the sequence (z,)n>0 is not eventually monotone.
Thus, according to Lemma there exist a fixed point ¢ and an integer N such
that zy42, < ¢ < Tn4on41 for all n > 0. We assume ¢ < z, the case ¢ > z being
symmetric. Since zg ¢ P, the sequence (zn+2,)n>0 is D0t eventually monotone, so
there exists i > 0 such that

TNt2i42 < Tng2; <c < z.

By continuity, there exists a non degenerate closed interval K containing xno;
such that z ¢ K and

(6.10) vy e K, f*(y) <v.
Since z € nkzo Ji and limg_, 4 |Jk| = 0, there exists kg > ng such that
(6.11) K < J,.

The set K x K contains a Li-Yorke pair because f is densely chaotic. Thus
limsup,, _, o |f™(K)| > 0 and there exist positive integers p, ¢ such that f9t?(K)N
fUK) #0. Let L:=J,5, f"(K). The set L is invariant, and the same argument
as for X in the proof of Lemma shows that L is a non degenerate interval.
Moreover, L N Jj, # @ for all k > ng by Lemma [6.7(iii). Since Ji,11 C Int (Ji,),
this implies that there exists n > 0 such that f™(K) NInt (Jx,) # 0. Thus there
exists a non degenerate closed subinterval K’ C K such that f*(K’) C Ji,. We
set g = f2|Jn0 and we fix mg > n/2. For all y € K’ and all m > myg, we have

g™ (y) € Jy, because Jy, is invariant. Hence, by and ,

(6.12) Vm > mo, g(y) <y <g™(y).

This implies that there exists j € [1,mg — 1] such that ¢7(y) < ¢’*1(y). Let
Uly) :={y" € Og(y) | 9(¢') > ¢/'},
D(y) :={y" € Oy(y) 1 9(v') <y'}.

We have y € D(y) by (6.12) and ¢7(y) € U(y) according to the choice of j. By
assumption, the map g has no horseshoe. Thus, according to Lemma [3.33]

(6.13) U(y) < D(y).

Moreover, for all m > mg, y < g™ (y), so ¢™(y) € D(y) by and because y €
D(y). This implies that g™*!(y) < g™ (y). Therefore, the sequence (9™ (¥))m>mo
is non increasing, and hence convergent. But this implies that K’ x K’ contains no
Li-Yorke pair, which contradicts the fact that f is densely chaotic. We conclude
that f2| Jn, has a horseshoe for every integer ng > 0. g

Consider a densely, non generically chaotic interval map f, and let (J,)n>0
be the decreasing sequence of invariant intervals given by Theorem [6.16] By
Lemma the intersection (-, Jn is reduced to a fixed point z. Figure [2]is
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an example of a such a map when z is an endpoint of all intervals J,,. Figure [3]
illustrates what the graph of f may look like when z is in Int (J,,) for all n: in one

case, the left and right parts of J,, are exchanged under f; in the other case, the
left and right parts of J,, are invariant (left and right parts are with respect to z).

N

! |
! I
|
| | |
| | | | 7
! I | I d
: | Z | I 7/
N Ji
Jo Jo

FIGURE 3. The map f on the left is the square root of the map
represented in Figure The map on the right is f2. Both are
densely, non generically chaotic.

Using the structure of generically chaotic interval maps and densely non generi-
cally chaotic interval maps, it is possible to have information on the entropy and the
type of a densely chaotic interval map. Notice also that a densely chaotic interval
map is chaotic in the sense of Li-Yorke by Theorem

COROLLARY 6.17. If f is a densely chaotic interval map, then f? has a horse-
shoe. Moreover, hiop(f) > 1052 and f is of type n for some n <6 for Sharkovsky’s
order (i.e., f has a periodic point of period 6).

PRrROOF. If f is generically chaotic, then f2 has a horseshoe by Theorem
and Proposition m Otherwise, f? has a horseshoe by Theorem In both
cases, according to Propositions and hiop(f) > 10%2 and f2 has a periodic
point of period 3. Thus f has a periodic point of period 3 or 6, and hence the type
of f is <6 by Sharkovsky’s Theorem [3.13] O

Equalities are possible in Corollary the map S in Example is transi-
tive, and hence densely chaotic by Theorem its entropy is equal to 10%2 and,
since S is not topologically mixing, it is of type 6 by Proposition [3.36

Example [6.15 shows that there exists densely chaotic maps that are not generi-
cally chaotic. The next result states that such a map cannot be piecewise monotone
nor C'. The fact that a densely chaotic piecewise monotone map is generically

chaotic is due to Snoha [164].

PROPOSITION 6.18. Let f be a densely chaotic interval map. If f is piecewise
monotone or C*, then f is generically chaotic.
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PROOF. Suppose that f is not generically chaotic. According to Theorem [6.16}
there exists a sequence of non degenerate invariant intervals (J,)n>o such that
limy, 400 [Jn| = 0 and Jp41 C Jy, for all n > 0. Moreover, (,,~o Jn = {2}, where
z is a fixed point, by Lemma We write J,, = [an, b,] for all n > 0. Thus

(an)n>0 is non decreasing, (by)n>o is non increasing,
w1 = e I = 2

First we assume that f is piecewise monotone in a neighborhood of z. Then there
exists k > 0 such that both f|(,, .; and f][.;,] are monotone. If z = ax or z = by,
we set J := Jj, and thus the map f2|; is non decreasing because the endpoint z
is fixed. If ap < z < by, the fact that J is invariant implies that either f|,, . is
non decreasing and f([ax, z]) C [a, 2], or f|[a,,-] is non increasing and f([ax, z]) C
[z, br]; the symmetric statement holds for [z, by]. Therefore, there exists an interval
J among [ay, z] and [z,by] such that f2(J) C J and f?|; is non decreasing. In
all cases, we get a non degenerate f2-invariant interval .J such that f2|; is non
decreasing. We are going to show that

(6.14) Vx € J, the sequence (f%"(z))n>0 converges.

Let P, be the set of fixed points of f2; this is a closed set. For all 2 € P,, the
sequence (f2"(x))n>0 is stationary, and hence convergent. Suppose that J\ Py # ()
and let U be a connected component of J \ P,. Either infU € P, and hence
f?(infU) = inf(U), or inf U = minJ and hence f2(infU) > inf U because J is
f?-invariant. Similarly, sup U belongs to P, U {maxJ}, and f2(supU) < sup(U).
This implies that f(U) C U because f2|; is non decreasing. Moreover, the fact
that U N Py = ) implies, by continuity:

either Vo € U, f*(z) > ,
or Vo € U, f*(z) < x.

Therefore, for every x € U, the orbit of z is included in U and (f™(x)),>0 is either
non decreasing or non increasing, and thus it converges. This proves . But
this implies that J x J contains no Li-Yorke pair, which is a contradiction. We
conclude that f is not piecewise monotone in a neighborhood of z.

Secondly we assume that f is C'. If f’(z) # 0, then f is monotone in a
neighborhood of z and the previous case leads to a contradiction. Thus f/(z) = 0.
Then there exists & > 0 such that

N |

/
<
max | f'(z)] <
We recall the mean value inequality: Let ¢: I — R be a differentiable map
(where I is an interval) and let M € R be such that |f'(z)] < M for all z € I.
Then for all z,y € I, |f(y) — f(z)| < M|y — x|.
Since f(Jg) C Ji and f(z) = z, the mean value inequality implies that

1
Ve € Ji, Yn >0, |f*(z) — 2| < 2—“|ac— z|.

Therefore, for all x € J; the sequence (f"(x))n>0 converges, and thus Ji x Jy
contains no Li-Yorke pair, which is a contradiction.
Conclusion: if f is piecewise monotone or C, then it is generically chaotic. [
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REMARK 6.19. In Proposition [6.18] we get the same result if we only assume
that f is piecewise monotone or C! in the neighborhood of every fixed point.

6.2. Distributional chaos

In [I51], Schweizer and Smital defined lower and upper distribution functions
of two points in a dynamical system, and studied them for interval maps.

DEFINITION 6.20. Let (X, f) be a topological dynamical system and z,y € X.
For allt € R and all n € N, set
(fowymit) = #{i € [0,n = 1] | d(f'(2), f'(y)) < t}.
The lower and upper distribution functions Fi,, Fy,: R — [0, 1] are defined respec-
tively by:

1
Vt € R, Fgy(t) =liminf —&(f,z,y,n,t),

n—+oco N

me(t) = lim sup Eg(fa z,y,n, t)

n—-+4oo

The next properties are straightforward from the definition.

PROPOSITION 6.21. Let (X, f) be a topological dynamical system and x,y € X.
o Vt <0, Fyy(t) = Fy,(t) =0 and Vt > diam(X), Fy,(t) = F;,(t) = 1.
o The maps Fyy, and F;y are non decreasing and Fy, < F;y

The notion of distributional chaos was introduced in [151] (although the name
“distributional chaos” was given later). Three variants of distributional chaos are
now known in the literature (see, e.g., [23]). Distributional chaos of type 1 is
considered as the original definition of distributional chaos.

DEFINITION 6.22. Let (X, f) be a topological dynamical system. Then (X, f)
is called distributionally chaotic of type 1, 2, 3 respectively (for short, DC1, DC2,
DC3) if the condition (DC1), (DC2), (DC3) respectively is satisfied:

(DC1) 3z,y € X, 36 >0, Vt € (0,9), Fpy(t) =0 and Vt >0, Fy (t)
(DC2)  Jw,y€ X, 30>0, VL€ (0,0), Fuy(t) <1and ¥t >0, FJ (1)
(DC3) Jz,y € X, 30 <a<b, Vt € (a,b), Fuy(t) < Fy,(t).

)

1
L,

Notice that, if condition (DC2) holds for some z,y, then (x,y) is a Li-Yorke
pair of modulus §. Therefore, DC2 is a refinement of the definition of Li-Yorke pair.
It is clear that (DC1)=-(DC2)=(DC3). In [151], Schweizer and Smital showed
that, for interval maps, DC1, DC2 and DC3 coincide and are equivalent to positive

entropy (Corollary below).
We start with the case of zero entropy interval maps. The proofs of Lemma [6.23

and Theorem follow the ideas from [151].

LEMMA 6.23. Let f: I — I be an interval map such that hiop(f) = 0. For all
x € I and all € > 0, there exist a periodic point z and a positive integer K such
that

1
(6.15) Vk > K, Vt > ¢, %g(f,x,z,k:,t) >1—c.
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PROOF. Let 2z € I and £ > 0. We split the proof depending on w(z, f) being
finite or infinite.

First we suppose that w(zx, f) is finite, that is, there exists a periodic point
z of period p such that w(z, f) = Of(z) (Lemma [L4); we choose z such that
limy, 100 f™(x) = z. Thus, by continuity, there exists an integer N such that
|f™(x) — f*(2)| < e for all n > N. Then

Vn >N, Vt > ¢, &(f,x,2,n,t) = §(f,2,2,N,t) + (n — N).

This implies that lim, s %f(f,x,zm,t) = 1. Therefore holds for some
integer K.

Now we suppose that w(z, f) is infinite. Let (L,)n>0 be the sequence of in-
tervals given by Proposition We fix a positive integer n that will be chosen
later. Since f2"(L,) = L,, there exists a point z € L, such that f2"(z) = z
(Lemma. Let N be an integer such that fi(z) € f%(L,) for all i > N (such an
integer N exists by Proposition @(Vl)) Thus, if i > N, both points fi(z), fi(z)
belong to f(L,), which is an interval of the family (f/(L,))o<j<on. Let k > N;
we write k = N + k'2" 4+ r with ¥’ > 0 and r € [0,2™ — 1]. Since L,, is a periodic
interval of period 2™, we have

#i € [N k=111 () = f1() 2 e} <#{i € [Nk = 1] | [f'(Ln)| = €}
< #lie o =1 [ (L)l > e} + K4 € [0,2" = 1] | | (Ln)] > €}
< (K +D)#{ € [0,2" 1] |1 (Ln)| = €}

Among the intervals (f*(Ly,))o<i<2n, at most ‘Eil have a length greater than or equal
to € because these intervals are pairwise disjoint. Thus

) i i E+ 1|1
i € IN K111 (2) - F()] 2 <} < @D,
and hence
f(f,fL',Z,k,E) 2 #{ZGHN,I{—]_]]||fl(.’£)—fl(z)|<5}
/
> (k,N),w:k,N,ﬂ,k/ﬂ_
5 € €
Thus we have
1 N+ 4 K 1]
- > — e _ L2
k.g(f7zvzak’€) - 1 kj N+kl2n+T £
]
LN
- k AL

We choose n such that QlTIL < % s 2" > %, and we choose K > N such that

N+
K

< % Then

1
Vk2K7 th&‘, %g(fax7zak7t)z g(fvxazvkag)zl_ga

| =

which concludes the proof. (I

LEMMA 6.24. Let (X, f) be a topological dynamical system and let z,z’ be pe-
riodic points. Then F,, = F*

2z
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PrOOF. Let p € N be a common multiple of the periods of z and z’. For all
integers k,i > 0, we have fkPTi(z) = fi(2) and f*+i(2’) = fi(2’). Let n be a
positive integer and t € R. We write n = kp + r with & > 0 and r € [0,p — 1].
Then

g(f7 Z7zl7n7 t) = ké‘(f? Z? Z/7p7 t) + é-(f7 Z’ Zl7r7 t)'
This implies that lim, .o %f(f,z,z’,mt) exists and is equal to %f(f,z,z’,p, t).
Hence F,./(t) = Fr,.(t) = %g(ﬁ z,2',p,t) for all t € R. O

THEOREM 6.25. Let f: I — I be an interval map of zero topological entropy.

Then, for all points x,y in I, ||Fyy — Fi |1 =0, where || - ||y is the L' norm, that

+oo
is, [lolly = / (b)) dt.

—0o0

Proor. We fix two points x,y in I and a positive number . According to
Lemma there exist periodic points z, 2z’ and an integer K such that

(6.16) Vk> K, Vt>e¢, &(f,x,2,k,t) > k(1 —¢) and £(f,y, 2, k, t) > k(1 —¢).
We set

T o= {i € [0,k = 1] | |f'(2) = f(2)] < e and [f'(y) = f'(z)] < e}.
Then (6.16) implies that #Z;, > k(1 — 2¢) if £ > K. For all integers ¢, we have
(6.17)  [f'(2) = F@I < 1f (@) = FI+ () = N+ 1 (W) = £
If i € Zy, and |fi(2) — fi(2")| < t — 2, then |fi(x) — fi(y)| < t by (6.17). Thus, for
all k> K and all t > ¢,

E(f,myykt) > #L ey ||fi(2) - fi(Z)] <t—2¢}
> k(1 —2e)&(f, 2,2 k,t —2¢).
Dividing by k and taking the limit inf, we get
Vit > e, Fpy(t) > (1 —2e)F,./(t —2¢) > F,./(t — 2¢) — 2.

As in (6.17)), we have:

[f1(2) = 1 < U (@) = FL @)+ 1 (@) = Fw)l + 1 () = £
Similar arguments as above (with ¢ + 2e and lim sup instead of ¢ and lim inf) give

Vt>e, F7/(t+2e) > Fp(t) — 2.

According to Lemma [6.24] F... = F},,. Thus
Vt>e, Fopo(t—2e) —2e < Fyy(t) < F),

Ty(t) < FL (t + 25) + 2e.
Wz, (8) = Foy (1)) dt and Fr, (t) — Fyy (t) <

By Proposition|6.21} || F;, — Fryll1 =
1 for all ¢ € [0,¢]. This implies that

11|
(618) ||F;y_ ;cy”l SE—F/ (Fzz/(t+2€)—Fzzl(t—2€))dt+4€|f|.
€

We set
|1
A= / (Fow(t+2e) — F, (t — 2¢)) dt.
1>
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By Proposition [6.21} F,..(t) =0if t <0 and 0 < F,,/(t) <1 for all ¢. Thus

|I]|+2¢ |I|—2¢
/ F..(u)du— / F..(u)du
3

£ —€

A

I} 1]
< / F,.(u) du—|—25—/ F..(u)du+ 2 = 4e.
0 0

Including this result in (6.18), we have || F;, — Fiyll1 < &(5+4/I]). Taking the limit
when € — 0, we get ||F;, — Fiyll1 = 0. O

The next theorem deals with positive entropy interval maps. The proof is
different from the one in [I51]; it uses the semi-conjugacy of a subsystem with a
full shift, and the arguments are similar to the ones in the proof of Theorem [5.17}

THEOREM 6.26. Let f: I — I be an interval map of positive topological entropy.
Then there exist a Cantor set K C I and a positive number § such that, for all
distinct points x,y in K,

vt €[0,9), Fuy(t) =0 and Vt>0, F; (t)=1

Proor. By Theorem there exists an integer r such that f" has a strict
horseshoe (Jo, J1). Let X, E, ¢: X = ¥ and (Jag...an_1 )n>1,(a0,..;an_1)e{0,1}» D€
given by Proposition for the map g := f".

We set 4" := .-~ if v € {0,1}. We first prove the following fact:

n times

(619) nll)l}_loo |J0n]| =0.

By Proposition :lr:i Jon is a decreasing intersection of nonempty compact
intervals (this intersection may be a non degenerate interval because (0000...) may
be in ¢(E)). Thus (min Jyn ), >0 is a non decreasing sequence that converges to some
point z1, and (max Jyn),>0 is a non increasing sequence that converges to some
point xo. One has z1,29 € ﬂ:iol Jon and 27 < zo. Let € > 0 and let N > 1 be
such that

(6.20) Yn > N, |x1 —minJon| <& and |zg — max Jon| < €.

Let n > N. The intervals Jyn1 and Jgn+:1 are disjoint and included in Jyn, and
x1,x2 belong to Jyn+1. This implies that

e either Jony < Jynt1 and Jonq C [min Jon, 21] (see Figure [d] on the left),
e or Jon1 > Jogn+1 and Jonq C [22, max Jon] (see Figure [d] on the right).

In both cases, |Jon1| < € according to (6.20). This proves (6.19).

i
|
0" x X

FIGURE 4. The two cases Jon1 < Jgn+1 and Jong > Jgn+1.
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Let (ng)r>0 be a sequence of positive integers increasing fast enough to have

=
6.21 lim — ;= 0.
(6:21) 2
In particular, (6.21]) implies that
k

(6.22) lim — =0

k—+o00 N
(6.23) and  lim — % — =1,

For all i > 1 and all @ = (ay,)n>0 € X, we set W; := 0711 and
Bi(a) == Wy, (ag)™ i+ ()™ 42 . (@—1)"hit,
where (k;);>1 is the sequence defined by k1 = 0 and k;11 = k; +4 + 1 (in this way,
B;(&) ends with (a;—1)™ i+ and B;11(&) begins with W,
We define ¢: ¥ — X by
V(@) = (Bi(@)Bx(@)Bs(a)...)
= (W (00)™ Wy, ()™ (1) Wi (a0)" (1) (a2)"™ . .)
The map 7 is clearly continuous. For every & € X, we chose a point z4 in o~ Lo (&)
and we set S = {x5 € X | @ € ¥}. According to Proposition the set
o~ tor(a) contains two points if 1(a) € ¢(E) and one point if (&) ¢ ¢(E). Thus
there exists a countable set F' C X such that S = o to¢)(3)\ F.

ki+i+1)'

We fix & = (an)n>0 and 8 = (B )n>0 two distinct elements of X.
Let ¢t > 0. Since f is uniformly continuous, there exists € > 0 such that

V.’E,yEI, \x—y| <e=Vie [[0,7'—1]], ‘fl(x)_fl(yﬂ <t.

According to , there exists a positive integer N such that |Jyn-11| < € for all
n > N. If j > 0 is such that both o7 (¢)(a)) and o7 (1(5)) begin with W,, with
n > N, then |¢7(za) — ¢/ (x5)| < € because both points ¢/ (x5), ¢’ (x3) belong to
Jon-11. We set

ki
m; = Z ng.

k=0
The integer m; is the length of the sequence B1(@) ... Bj—1(@)W,, . Then, by the
definition of v, for all ¢ such that ng, > N,

Vj € [[Nv nk?i]]? |gmi_j(x@) - gm’i_j(xﬁ)l <e.

This implies that {(g, za, 75, mi,€) > ng, — N and £(f, xa, 5, 7.m4, ) > 7(ng, — N).
According to (6.23)), lim; o0 nkmfN =1, and hence F;_, (t) =1.

Since & # f, there is an integer ¢ such that a, # ;. Let D > 0 be the distance
between Jy and Ji, and let § > 0 be such that

V!L‘/yEI, |$—y|<6:>Vi€[[07T—l]]7 |fz(x)_fl(y)|<D

We set p; :=m;+ (ki +1)+...+ (ki +q). If ki1 —k; > g+ 1, then p; is the length
of the sequence

Bi(a)... Bi—1 (@)W, ()™ .. (0g—1) ™%,
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and o ((&)), o (1(5)) begin respectively with (ag)™*i+e+t and (5,)"*i+e+*. Then
Vj € [0, nk, g1 — 1], 197 (wa) — ¢ (25)| > D
because either gPi™7(z5) € Jy and gp”‘j(xg) € Ji, or the converse. This implies
that g(ga $a7$5>pi + Nk;+q+1, D) S Di and g(f» Tay mE’T(pi + nki+q+1)a 6) S T.pi-
One can compute that p; = m; + qk; + %. Thus
pi o Pi _mitakitqlgt1)/2
Di + Nyrgr1 — M1 Nk +1
This last quantity tends to 0 according to (6.21) and (6.22)), and hence
i Pi

lim —————

i=+00 Pi + Mgy 4q+1
We deduce that Fy ;,(t) = 0 for all t € [0,6). Finally, by Theorem [5.16] there
exists a Cantor set K C S because S = ¢t o(X) \ F is a Borel set. d

=0.

COROLLARY 6.27. Let f be an interval map. The following properties are
equivalent:
e fis DCI,
o fis DC2,
e fis DCS,
L4 htop(f) > 0.

PROOF. It is clear than DC1=DC2=DC3. Theorem [6.25 implies that, if
hiop(f) = 0, then f is not DC3. By refutation, we get DC3 = hyop(f) > 0.
Finally, if h¢op(f) > 0, then f is DC1 by Theorem |

Remarks on graph maps and general dynamical systems. The results
of Schweizer and Smital on distributional chaos was generalized to graph maps by
steps, first to circle maps [121], 122], then to tree maps [64), [66] and finally to
general graph maps. The next result is due to Hric and Mélek [89].

THEOREM 6.28. Let f: G — G be a graph map. The following properties are
equivalent:
o fis DC2,
i htop(f) > 0.

For general dynamical systems, Downarowicz showed the following implica-
tion [76].

THEOREM 6.29. Let (X, f) be a topological dynamical system. If f has positive
topological entropy, then f is DC2.

The equivalence of the three types of distributional chaos is not true for general
dynamical systems. On the one hand, Pikuta showed that positive topological
entropy does not imply DC1 [142]. On the other hand, Balibrea, Smital and
Stefankova, exhibited a dynamical system which is DC3 and distal (i.e., for all
x # y, liminf, o d(f™(z), f"(y)) > 0) [24], and thus DC3 does not even imply
the existence of Li-Yorke pairs (recall that, on the contrary, positive entropy implies
Li-Yorke chaos according to Theorem . Therefore, DC1, DC2 and DC3 are
distinct notions in general. Moreover, DC3 is not invariant by conjugacy [24],
whereas DC1 and DC2 are.






CHAPTER 7

Chaotic subsystems

7.1. Subsystems chaotic in the sense of Devaney

In [74], Devaney mainly studied maps on the interval or on the real line. Ob-
serving some chaotic behavior, he introduced a definition of chaos. For Devaney,
chaos is seen as a combination of unpredictability (sensitivity) and regular behaviors
(periodic points), transitivity ensuring that the system is undecomposable.

DEFINITION 7.1 (chaos in the sense of Devaney). A topological dynamical sys-
tem (X, f) is chaotic in the sense of Devaney if
e f is transitive,
e the set of periodic points is dense in X,
e f is sensitive to initial conditions.

For interval maps, transitivity is enough to imply the other two conditions, as
it was pointed out by Silverman [160] and Vellekoop and Berglund [168]. Tt is a
straightforward corollary of Propositions [2.15] and [2:39]

PROPOSITION 7.2. An interval map is chaotic in the sense of Devaney if and
only if it is transitive.

Devaney was actually interested in systems having a chaotic subsystem. Shihai
Li showed that, for interval maps, this is equivalent to positive entropy [110].

THEOREM 7.3. Let f be an interval map. The following are equivalent:
1) htop(f) > O;
ii) there exists an invariant set X such that (X, f|x) is chaotic in the sense
of Devaney,
iii) there exists an infinite invariant set X such that (X, f|x) is transitive and
X contains a periodic point.

PROOF. First we suppose that hi,(f) > 0. By Theorem there exist two
closed intervals Jy, J; and an integer n > 1 such that (Jy, J1) is a strict horseshoe
for f™. Let X, E and ¢: X — ¥ be given by Proposition [5.15] for the map g := f™.
Then (X, g|x) is transitive and X is a g-invariant Cantor set. We are going to show
that (X, g|x) is sensitive to initial conditions and has a dense set of periodic points.

We define the following distance on X: for all @ = (o )n>0,8 = (Bn)n>0 in X,

ﬁn_ n
Zl

(see also Definition in the Appendlx). Since X is compact, the map ¢ is
uniformly continuous and there exists § > 0 such that

(7.1) Ve, y € X, |z —y[ <6 = d(e(z),e(y)) <1

175
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Let zp € X and € > 0. The Cantor set X has no isolated point and ¢ is at
most two-to-one, thus there exists y € X such that |xo —y| < e and ¢(y) # p(z0).
Let & = (an)n>0 = @(x0) and 5 = (Bn)n>0 = ©(y), and let k > 0 be an integer

such that oy # Bx. Then 7d(ok(d),ak(ﬁ_)) > 1. Since ¢ is a semi-conjugacy,

k(@) = p(g*(z0)) and o*(B) = v(g*(y)). According to (7.1]), this implies that
|g%(z0) — g*(y)| > §. This proves that (X, g|x) is é-sensitive.

Let zp € X \ E and € > 0. Let (ay)n>0 := ¢(0). Since x¢ ¢ E, there exists
an integer k such that

(7.2) diam{x € X | ¢(z) begins with ag...ax_1} < €.

Let 8 = (Bn)n>0 € X be the periodic point such that Sy...0k—1 = ag...0k_1
and o*(3) = B (i.e., B is the infinite repetition of ag...a_1). Since ¢ is onto
and at most two-to-one, there exist two (possibly equal) points y;,y2 in X such
that »=1(3) = {y1,v2} (one has y; = vy if B ¢ p(E)). Then, for i € {1,2},
@(9" (1)) = 0" (p(yi)) = o*(B) = B, and g*(y;) € ¢~ (B) = {1,y2}. This implies
that either g?*(y1) = y1 or g?*(y2) = yo. Thus there is a periodic point among
y1,y2; we call it y. By , |zo — y| < € because ¢(y) = B. Thus the set of
periodic points is dense in X \ E. This implies that the set of periodic points
is dense in X because X is an uncountable set with no isolated point and E is
countable.

We set X' := X U f(X)U--- f*"1(X). Then X’ is closed, f-invariant, and
(X', flx) is chaotic in the sense of Devaney. Thus (i)=>(ii).

The implication (ii)=-(iii) is trivial (notice that a sensitive system is necessarily
infinite).

Now we suppose that there exists an infinite f-invariant set X such that f|x is
transitive and X contains a periodic point. By Proposition X has no isolated
point and there exists € X such that w(z, f) = X. If hwop(f) = 0, then, by
Proposition the set w(z, f) contains no periodic point, which contradicts the
fact that X contains a periodic point. We conclude that hy,(f) > 0, that is,
(iii)=(i). O

Remarks on graph maps and general dynamical systems. The results
of this section are still valid for graph maps. The generalization of Proposition [7:2]
is given by Theorem [2.45] Corollary[2.46]and the fact that a rotation is not sensitive
to initial conditions. The proof of Theorem for graph maps is the same since
Propositions and remain valid for graph maps (see “Remarks on graph
maps” at the end of Sections and .

It was shown simultaneously in several papers that there is a redundancy in the
definition of chaos in the sense of Devaney, sensitivity being implied by the other
two conditions [25], 160, [83].

THEOREM 7.4. Let (X, f) be a topological dynamical system where X is an
infinite compact space. Suppose that f is transitive and that the set of periodic
points is dense. Then f is sensitive to initial conditions, and thus f is chaotic in
the sense of Devaney.
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7.2. Topologically mixing subsystems

Xiong showed that an interval map f has an infinite mixing subsystem in which
the set of periodic points is dense if and only if f has a periodic point of odd period
greater than 1 [I71]. The “if” part, which is a variant of Proposition relies
on the fact that f has a subsystem “almost” conjugate to the subshift associated
to the graph of a periodic orbit of odd period p > 1, and this graph is known when
p is minimal. The “only if” part can be strengthened: the existence of an infinite
subsystem on which f2 is transitive is sufficient to imply that f has a periodic point
of odd period greater than 1.

REMARK 7.5. According to Xiong’s terminology [I71], an interval map f is
called strongly chaotic if there exists an invariant subset X such that (X, f|x) is
topologically mixing, the set of periodic points is dense in X and the periods of
periodic points in X form an infinite set.

Much can be said about subshifts associated to a directed graph, which belong
to the class of subshifts of finite type (see, e.g., [102]). We just give the definition;
we shall not explicitly use the properties of such systems.

DEFINITION 7.6. Let G be a directed graph and V its set of vertices (recall
that directed graphs are defined in Section [L.5). Let I'(G) denote the set of infinite
paths in G, that is,

I'G) := {(an)n>0 € vz | ¥n > 0, ap, — g1 is an arrow in G}.

The set VZ' is endowed with the product topology (where V has the discrete
topology) and T'(G) C VZ" is endowed with the induced topology. The shift map
o: I'(G) = T'(G) is defined by o((en)n>0) := (n+1)n>0. Then (I'(G), o) is a topo-
logical dynamical system, called the subshift (or topological Markov shift) associated
to the graph G.

THEOREM 7.7. Let f: I — I be an interval map. Assume that f has a periodic
point of odd period greater than 1. Then there exists an uncountable invariant set
X such that f|x: X — X is topologically mizing and the set of periodic points is
dense in X. Moreover, the set of periods of periodic points in X is infinite.

ProOOF. Let p be the smallest odd period greater than 1, and let G, be the
graph of a periodic orbit of period p given by Lemma [3.17 According to Proposi-
tion for every n-tuple of vertices (ag,...,n—1), if g > 1 = -+ = @p_1 i
a path in Gp, then (ap, @1, ...,a,—1) is a chain of intervals for f. For every n > 0,
let I',, denote the set of paths of lengths n in G,. We apply Lemma iii) to
the family of chains of intervals (ao, @1)(ag,a,)er,» and we obtain non degenerate
closed subintervals with disjoint interiors (Jaoai)(ao,al)el“l such that Jy,q, C o
and f(Joga,) = 1. Using Lemmainductively, we define non degenerate closed
subintervals (Ju,...a, ) (ag,....an)er, Such that, for all (ao, ..., an), (Bo,. .., Bn) in Tyt

(7'3) Jao...an C Jao..ianfla
f(JOt()-A.OZn,) = JOLL..ana
(7.5) (g, ... an) # (Bo, .., Bn) = Int (Jogy...a,) NInt (Jg,.. 5,) = 0.
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For every @ = (an)n>0 € I'(G,), we set

—+oo
Ja = ﬂ Jagu.an'
n=0

This is a decreasing intersection of nonempty compact intervals, so J5 is a nonempty
compact interval too. Moreover, ([7.5) implies that

Va, B € T(Gp), a# = 1Int(Js) NInt (J5) = 0.

Now we are going to show that

+oo
(7.6) Va eT(Gp), f(Ja) = ) f(Jag.an)-
n=0

The inclusion C is obvious according to the definition of J5. Let y be a point in
MNiso f(Jag...an) and, for every n > 0, let x, € Ju,..a, be such that f(z,) = y.
By compactness, there exist an increasing sequence of positive integers (ni)i>o and
a point x such that lim;_, | x,, = . Moreover, x € ﬂ;i% Jag...a, because this is
a decreasing intersection of compact sets; and f(z) = y by continuity of f. This

proves that (7 f(Jao...an) € f(Ja), and thus holds. Then and
imply that
(7.7) Va e T(Gp), f(Ja) = Jo(a)-
Let
E:={a eT(G,) | Ja is not reduced to one point}.
By definition, we have

(78) V(an)nzo S F(Gp) \ E, lim |Jao...an| =0.

— 00
The set E is countable because the intervals (J5)acr are non degenerate and have
disjoint interiors (see Lemma [1.5)). Moreover, (7.7) implies that o(I'(G,) \ E) C
I'(Gp) \ E. We define the map
p: T(G)\E — I

a +— x such that J; = {x}.

It is easy to show that this map is continuous using and (7.8), and poo = fop
by (7.7). Moreover, ¢ is at most two-to-one. Indeed, if (ats)n>0, (Bn)n>0, (Yn)n>0
are three distinct elements of I'(G,,) \ E, there exists n > 0 such that (ao,..., o),
(Bos -+ Bn)s (70, - --7n) are not all three equal to the same (n+ 1)-tuple, and thus
implies that Jo,...a,, N J3g,...8, N Jrg...n,, 15 empty.
We set
Xo:=¢([(Gp) \E) and X :=X,.

These sets satisfy f(Xo) C Xo and f(X) C X because o(I'(Gp) \ E) CT'(Gp) \ E.
Moreover, X, and X are uncountable because ¢ is at most two-to-one and I'(G,,) \ E
is uncountable. Looking at the graph G, described in Lemma we see that there
exists k > 0 (k := 2p — 3 is suitable) such that, for all vertices a, 8 of G,

(7.9) there exists a path (wy”,...,wi?) € [y such that w$” = @ and W’ = 3.
We are going to show that
(7.10) Vi >0, Y(ag, ..., ) €Ty, fH*(Jay 0, NX) = X.
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We fix (ap,...,q;) in I';. Let e > 0. Let y € Xo and (Bn)n>0 € I'(Gp) \ E be
such that ¢((Bn)n>0) = y. By (7.8)), there exists ¢ > 0 such that |Jg,.., | <e. We
define the map ¢: I'(G,) = I'(Gp) by

P((Yn)n>0) == (a0 - .. aiwi“ﬁ“ . .wg‘iﬁf’ﬂo . qufq% .. .w,’f"_vlo’yg’yl Y ),
where wglﬁo ...wg"ﬂo (resp. wgﬂo ...wf‘ﬂo) is the path from «; to Sy (resp. from

B4 to 7o) defined in (7.9). The map 1 is one-to-one. Since I'(G,) is uncountable and
E is countable, there exists ¥ € I'(G),) such that ¢¥(7) ¢ E. Let x := po9(¥) € X.
Then @ € Joy..a; and fiT%(z) € Jg,..5,, so |[fT*(z) — y| < e. Since this is true
for any ¢ > 0, this implies that the set f**(J,, ., N Xo) is dense in X. By
compactness, we get fi+k(Ja0mai N X) = X; this is .

Finally we are going to show that f|x: X — X is topologically mixing and
that the set of periodic points is dense in X. Let U be an open set of I such that
UNX # (. By denseness of X in X, there exists y in U N Xo. Let (a)n>0 €
I'(Gp) \ E be such that ¢((on)n>0) = y. Since limy 400 [Jag...an| = 0 by (7.8),
there exists an integer ¢ such that Ju,..a, , C U. Then fIFUNX) = X by
(7.10). Therefore, f|x is topologically mixing. Let ¥ = (,)n>0 be the periodic
sequence of period ¢ beginning with (ag...c4—1), that is, v, = o, if n = pg+r
with r € [0,¢ — 1]. The difficulty to find a periodic point in U N X is that 7 may
belong to E (if ¥ ¢ E, then we have z := ¢(3) € XoNU and f9(z) = z). For every
n > 0, there exists z, € (Jy,..4, N Xo) \ J5. Let (n;);>¢ be an increasing sequence
of integers such that (z,,);>0 converges, and let z denote the limit. The point z
necessarily belongs to 0.J5 because (1,5 J~o...yn = J5 is a decreasing intersection
of intervals and z, ¢ J5. Moreover, z € X because X is closed. For every n > g,
T zn) € Jygoyn_y, \ Jy because 09(%) = 7. Therefore the sequence (f7(2n,))i>0
converges to the point f9(z) by continuity, f4(z) € X because X is invariant and
f%(z) € dJ5 for the same reason as above. Similarly, f?4(z) € dJ5 N X. The
three points {z, f(z), f%4(z)} belong to d.J5, and thus two of these points are
equal. Therefore, either z or f9(z) is a periodic point and belongs to U N X. This
shows that the set of periodic points is dense in X. Finally, the facts that f|x is
topologically mixing and has a dense set of periodic points ensure that the set of
periods of periodic points in X is infinite (if the set of periods is finite and if N is
a common multiple of all the periods, then fV|y is the identity map by denseness
of the set of periodic points, and thus f|x is not mixing). O

THEOREM 7.8. Let f be an interval map. The following are equivalent:

i) f has a periodic point of odd period greater than 1,
ii) there exists an infinite f-invariant set X such that (X, f?|x) is transitive.

PROOF. The implication (i)=-(ii) is given by Theorem

We suppose that there exists an infinite f-invariant set X such that f2|x is
transitive. Let y € X be a point whose orbit under f? is dense in X. Since
X is infinite, the points (f™(y))n>0 are pairwise distinct. We may assume that
min X < f(y) < max X (otherwise, we can replace y by some iterate). We also
assume that f(y) < f2(y), the case with reverse inequality being symmetric. Since
O¢2(y) is dense in X, there exists n > 2 such that f*(y) € [min X, f(y)). Thus we
have f2"(y) < f(y) < f?(y). According to Proposition applied to the point
x := f(y), there exists a periodic point of odd period greater than 1. That is,
(i))=(1). O
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According to Theorem [£.58] an interval map has positive entropy if and only if
it has a periodic point of period 2"p for some n > 0 and some odd p > 1. Therefore
the next corollary follows straightforwardly from Theorems [7.7 and

COROLLARY 7.9. Let f be an interval map. The following are equivalent:

i) htop(f) > O;

ii) there exist a positive integer m and an uncountable f™-invariant set X
such that (X, f™|x) is topologically mizing and the set of periodic points
is dense in X,

iii) there exist a positive integer n and an f™-invariant set X such that
(X, f™x) 1is topologically mizing,

iv) there exist a positive integer n and an infinite f™-invariant set X such
that (X, f*|x) is transitive.

REMARK 7.10. A result similar to, but weaker than, the equivalence (1)< (iii)
in Corollary was stated by Osikawa and Oono in [139]: they proved that an
interval map f has a periodic point whose period is not a power of 2 if and only if
there exists a mixing f™-invariant measure for some positive integer n. The proof
relies on the construction of a set X such that f*(X) C X and (X, f"|x) is Borel
conjugate to the full shift on two symbols (i.e., the conjugacy map is only Borel and
may not be continuous); in particular, X may not be closed in this construction.

Remarks on graph maps. For graph maps, there is no simple relation be-
tween positive entropy and the periods of periodic points. Moreover, an irrational
rotation is totally transitive but not topologically mixing and has zero entropy;
thus there is no way to get a result similar to Theorem However, Corollary
can be partially generalized to graph maps. Indeed, a graph map f has positive
entropy if and only if f™ has a horseshoe for some n (Theorem, which implies
that there exists an f™-invariant set X such that (X, f™) is “almost” conjugate to
the shift (X, o) (Proposition . Moreover, the properties of w-limit sets for zero

entropy graph maps (Theorems and [5.36]) imply that a zero entropy graph
map admits no topologically mixing subsystem. This leads to the following result.

THEOREM 7.11. Let f be a graph map. The following are equivalent:
1) htop(f) > O;
ii) there exist a positive integer n and an uncountable f™-invariant set X
such that (X, f™|x) is topologically mizing and the set of periodic points
is dense in X,
iii) there exist a positive integer n and an f"-invariant set X such that
(X, f|x) 1is topologically mixing.

7.3. Transitive sensitive subsystems

One may consider a variant of Devaney’s definition of chaos by omitting the
assumption on periodic points. What can be said about interval maps having tran-
sitive sensitive subsystems? By Theorem a positive entropy interval map has
a transitive sensitive subsystem. The converse is not true: the map built in Exam-
ple has zero entropy but has a transitive sensitive subsystem by Lemma
We are going to show that the existence of a transitive sensitive subsystem implies
chaos in the sense of Li-Yorke. The converse is not true either: a (rather compli-
cated) counter-example is given in Subsection It follows that, for interval
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maps, the existence of a transitive sensitive subsystem is a strictly intermediate
notion between positive entropy and chaos in the sense of Li-Yorke. These results
were shown by the author in [149].

REMARK 7.12. A topological dynamical system (X, f) is sometimes called
chaotic in the sense of Auslander-Yorke or chaotic in the sense of Ruelle and Tak-
ens if it is transitive and sensitive to initial conditions [20, 147], and chaotic in
the sense of Wiggins if there exists an invariant set Y C X such that (Y] f|y) is
transitive and sensitive to initial conditions [81].

7.3.1. Transitive sensitive subsystem implies Li-Yorke chaos. The next
result is [149] Theorem 1.7].

THEOREM 7.13. Let f be an interval map. If Y is an invariant set such that
fly is transitive and sensitive to initial conditions, then f is chaotic in the sense
of Li-Yorke.

PROOF. We show the result by refutation. Suppose that f is not chaotic in the
sense of Li-Yorke. By Theorem the topological entropy of f is zero. Consider
an invariant set Y such that f|y is transitive. If Y is finite, then f|y is not sensitive.
If Y is infinite, there exists yo € Y such that w(yo, f) = Y (Proposition 1))
By Theorem Y does not contain two f-non separable points. Let ¢ > 0.
According to Proposition m(i), there exists an integer n > 1 such that

: i 2"
x| diam(u(£ (). ) <.
We set I; := [minw(f*(yo), f2"), maxw(f*(yo), f>")] for all i € [0,2" — 1]. Then
f(YNIL) = Y NIt mod 2n because f(w(fi(yo), f27)) = w(fT1mod 2" (), £2") and
Y =Uicpozn 1@ (f*(50), f*) by Lemma Moreover the intervals (I;)o<i<an—1
are pairwise disjoint by Proposition Let § > 0 be such that the distance
between two different intervals among (I;)o<i<2n—1 is greater than ¢. Let z,y € Y
be such that | — y| < §. Then there exists ¢ € [0,2™ — 1] such that x,y € I; and,
for all k > 0, f*(z), f*(y) € Litk mod 27, 50 | f¥(z) — f¥(y)| < . We conclude that
f|y is not sensitive to initial conditions. ]

7.3.2. Li-Yorke chaos does not imply a transitive sensitive subsystem.
The aim of this subsection is to exhibit an interval map h: [0,3/2] — [0,3/2] that
is chaotic in the sense of Li-Yorke but has no transitive sensitive subsystem. This
example is taken from [149]. Let us first explain the main underlying ideas of
the construction of h. This map is obtained by modifying the construction of the
map g of Example [5:59] The maps h and g have the same construction on the
set U,,>; I9 — which is the core of the dynamics of g — but the the lengths of the

intervals (12),,>1 are not the same and the definition of h on the intervals (L, )n>1
is different. For g, we showed that K :=[), -, Uial g*(J2) has a non degenerate
connected component C' and that the endpoints of C' are g-non separable. The same
remains true for h with C' := (), 5, I} = [a, 1] (the fact that a, 1 are h-non separable
will be proved in Proposition [7.17)). For g, we proved that Bdg K’ C w(0, g), hence
0C C w(0,g). For h, it is not true that C C w(0, h) because the orbit of 0 stays
in [0,a]. The construction of & on the intervals L, allows one to approach 1 from
outside [0, 1]: we shall see in Proposition [7.17] that w(3/2, k) contains both a and 1,

which implies chaos in the sense of Li-Yorke because a and 1 are h-non separable.
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On the other hand, the proof showing that gl,(o,q) is transitive and sensitive fails
for h because w(0,h) does not contain {a,1}, and w(3/2,h) is not transitive. We
shall see in Proposition [7.20] that ~ has no transitive sensitive subsystem at all.

Let (an)n>o0 be an increasing sequence of numbers less than 1 such that ag = 0.
We set I := [ag, 1] and
Vn 2 ]-7 1—2 = [a2n727a2n71]a Ln = [a2n717a2n]7 I»rll = [a2n7 1]

It is clear that IS U L, UI! = I} . We fix (a,)n>0 such that the lengths of the
intervals satisfy

1 2
V2 L 1 = Ll = gl and (2= (1= 5 ) ikl

Let a := limy, 4 oo @n. Then |J,,5, (I U L,) = [0, a). Moreover, a < 1 because

log(1 — a) Z log (1 — ) —00,

the last inequality follows from the facts that log(l + ) ~ x when z — 0 and
1
zn < F00.
37].

NoTATION. If T is an interval, let mid(I) denote its middle point (that is,
mid([b, c]) = 2£<). For short, we write 1 (resp. |) for “increasing” (resp. “decreas-
ing”).

Foralln > 1,let ¢, : I? — I} be the increasing linear homeomorphism mapping
I? onto I'. We deﬁne the map h [0,3/2] — [0,3/2] such that h is continuous on
[0,3/2] \ {a} and

h(z) =i opy2o---optiopn(x) forallz € I, n>1,
h is linear 1 of slope A, on [min L,,, mid(L,)] for alln > 1,
h is linear | on [mid(Ly), max L,,] for all n >1,
h(z) =0 for all z € [a, 1],
h(z)=2—1 forall z €[1,3/2],
where the slopes (),,) will be defined below. We shall also show below that h is

continuous at a. The map h is represented on Figure ]
We set J§ := [0,1] and, for all n > 1, we deﬁne JO, J} as subinterval of JO_;

dls = ol for i e 0,1}, We

such that min JS =0, maxJ! = max J?_; and
also set M,, := [max JO, min J}].

Notice that on the set Un>1 n, the map h is defined similarly to the map g of
Example m (the reader can refer to Figure page and the explanations of the
underlying construction of g on this set). Therefore, the assertions of Lemma m
remain valid for h, except the point (i) and its derived results (viii), (x), (xi).

LEMMA 7.14. Let h be the map defined above. Then, for allmn > 1,
i) (1) = Jy.,
ii) h'|jo is lmearT for all i € [0,2™ — 1],
iii) A2" 1—1(.]0) =1° and h¥"~1(J9) = I},
iv) hZ(JO) cUp 1Ik for all i € [0,2™ — 2]],
v) (h'(J9))o<i<an are pairwise disjoint,
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32

0 a1 T 32=1+x,
oL
R 5 Ing 121

FIGURE 1. The graph of h; this map is chaotic in the sense of
Li-Yorke but has no transitive sensitive subsystem.

vi) h2n_1|12 is linear T and h?" " (I%) = I2,
vii) h2" =Yy s linear 1 and h? ~Y(M,,) = Ly,
viii) h(min L,) = min M,,_1,

ix) 2"’ (min Ly,) = min L,,_;.

PROOF. For the assertions (i) to (vi), see the proof of Lemmal[5.60{(ii)- (vi)+(ix).

According to (i), the map h2" —1| M, is linear 1 because M, is included in
JO_,. Since M,, = [max JQ, min J}!] and L,, = [max I?, min I}], the combination of
(i), (ii) and (iii) implies that h2" (M) = Ly,; this is (vii).

The map hjo is increasing and min L,, = max Ij). Hence, according to (i), we
have h(min L,,) = max J} = max J?_; = min M,,_1; this is (viii).

Finally, (ix) follows from (vii) and (viii). O

For all n > 0, we set z, := mid(M,,4+1), that is, =, = %H?:ll 3—11 It is a
decreasing sequence and xzg = 1/2. Therefore h(1 + x,,) is well defined and equal
to x,, for all n > 0.

For all n > 0, let t,, := slope (h2n’1|J2); by convention, h° is the identity map,

sotyg=1. We fix \; := ‘QL”“'lll and we define inductively (\,,)n>2 such that

n n—2
| Ly
(7.11) TgAigti = .

By convention, an empty product is equal to 1, so ([7.11]) is satisfied for n =1 too.
The slopes (Ap)n>1 are such that A2" ([min L,, mid(L,)]) = [1,1 + z,], as
proved in the next lemma. This means that, under the action of h2n_1, the image
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of L, falls outside of [0,1) but remains close to 1. We also list some properties of
h on the intervals Ly, I! and [1,1 + x,].

LEMMA 7.15. Let h be the map defined above. Then

1) h?"|[1, 144, i linear 1 and h*" ([1,1+ 2,]) = [min IS, ;, mid(Ly41)] for all
n >0,

ii) h2n_1|[min Lo, mid(L,)] 18 linear 1 and A2 ([min Ly, mid(Ly)]) =[1,1 + ]
foralln>1,

on+1 . on+1 1

iii) h° " | 14a,) 8 T and h® 0 ([1,14m,)) = I, U1, 1+2,44] foralln > 1,

iv) h(I}) C [0,mid(M,)] for alln > 1,

v) A" (Imin I}, 14 ,]) C [min I}, 1+ 2,] and h*([min I}, 1 +2,]) C [0,1] for
alln>1 and all i € [1,2™ —1].

PROOF. The map hl[1,144,) is linear T and h([1, 142,]) = [0, mid(M,,41)] C J2,
thus h?"| (1,144, is linear 1 by Lemma (ii). Moreover h?"~1(0) = min 2, , and
R ~Y(mid(M,,11)) = mid(L,1) by Lemma ii)+(iii)+(vii); this implies (i).

Before proving (ii), we show some intermediate results. Let n,k be integers
with n > 2 and k € [2,n]. Then

n n—2
[ 11+
i=1 =0
k—1 k—3
e
i=1 =0

Tn . |Lk71|

= o by (7.11))

Thk—1
B ﬁ 11 3n
- 23 — 2 k-1
i=k+1 3 i=k—1 1 3¢ 3
n—1
1 1
= 3n—k+1 H 39
i=k—1
and so
(7.12) Ao At tpo . o < 1.

By definition, h|pmin 1, mia(z,)) i linear 1 and A(mid(L,)) = h(min L) + A, 52l

By 1D,

L x
N
tno [[ X [t
i=1 =0
- Ty |Ly—1]
N 2$n71tn72
1 |Mn—1|.

o 3l 2
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the last equality is because JO o D M, _1, 0 t, o = ‘L"*ll" by Lemma [7.14{vii).

|Mn—
Therefore Ll Mol
)\n n n—1 )
2 < 2
Moreover, h(min L,,) = min M,,_; by Lemma [7.14 M(viii hence
(7.13) h([min L,,, mid(L,,)]) C [min M,,_1, mid(M,,—1)] for all n > 2.

FactT 1. For all k € [2,n],

o the map h2" “F2" 7" ++2" ys Linear 4 of slope Ap ... Astn—2...th_2 on

[min L,,, mid(L,,)] and sends min L,, to min Ly_1,
e hi([min L,,mid(L,)]) C [0,1] for alli € [0,272 4+ 2n=3 4 ... 4 2k=2],

We show this fact by induction on k, where k£ decreases from n to 2.
e By (7-13) we have h([min Ly, mid(L,,)]) € My _1 C J2_5, 50 h2" " fmin L., mid(L)]
is hnear 1 of slope A\ptn,_o. By Lemma n(ix) h2" "’ (min L,,) = min L,_;. Then

and Lemma [7.14} n(ul (iv) imply that h*([min L,, mid(L,)]) C [0,1] for all
i€ [1 2"=2]. This is Fact 1 for k = n.

e Suppose that Fact 1 holds for some k € [3,n]. By (7.12)), we have

L Ly_
Moo s -tn_g.--tk—2% = %
so that
hzn-2+2n_s+...+2k—2([min Ly, mid(L,)]) C [min Ly_1, mid(Ly_1)].

The map h is of slope Ag_1 on this interval, h(min Ly_1) = min Mj_» according to
Lemma [7.14] -(V111 and h([min Ly_1, mid(Lg—1)]) C My—2 by (7.13)). Since My_o C

JY_,, the map h2" 2"~ 2828 e liear 1 of slope A .. b1tz .- trs
on [min L,, mid(L,)], and it sends min L,, to min Ly_o by Lemma ix). More-
over, h*([min L,,, mid(L,)]) C [0,1] for all i € [0,2772 + 273 4 ... 4 2k=2 4 2k=3]

by Lemma iv) and the induction hypothesis. This is Fact 1 for k — 1. This
ends the induction and proves Fact 1.

For k = 2, Fact 1 implies that h2" “++2° = p2" '~1 i5 linear increasing of
slope [T\, A ]_L 0 % ¢; on [min Ly, mid(L,)], with

2" 1_1(mim L,) =min L
and h2" ~'([min Ly, mid(L,)]) C [min Ly, mid(Ly))].

The map h is of slope A1 on this interval, hence, according to the definition of (A,,),
(ii) holds for all n > 2; it also trivially holds for n = 1. Fact 1 for k = 2 also shows
that

(7.14)  A*([min L,, mid(L,)]) € [0,1] for all i € [0,2"! — 1] and all n > 1.
Then (iii) follows from (i), (ii) and Lemma vi).

We have I} = ;> (I} U Ly) U [a,1]. From the definition of &, we can see
that
max{h(z) | x € I{ U L} = h(mid(Ly)),
so h(I} U Lg) C [0, mid(Mjy_1)] by (7.13). Hence

(7.15) h(I}) C [0, mid(M,)] = J° U [min M,,, mid(M,,)];
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this is (iv).

According to Lemma [7.14(iii)+ (vii),

h"=1(J%) = I} and h2" ! ([min M,,, mid(}M,,)]) = [min L, mid(L,)],
and by (i), b2 ([min L,,, mld(Ln)]) = [1,1+ 2,,]. Combined with (7.15), we get
(7.16) I c TIEUL, 1+ 2.
Moreover, hi(J2) C [0,1] for all i € [0,2" — 2] and A*([min M,,, mid(M,,)]) C [0,1]
for all i € [0,2"~! — 2] according to Lemma [7.14(iv). In addition,
h2" " i1 ([min M,,, mid(M,,)]) = h'([min L, mid(L,)]) C [0, 1]

for all i € [0,2"~! — 1] by Lemma (Vii) and (7.14). Therefore,
(7.17) RY(I}) C [0,1] for all i € [0,2™ — 1].

Finally, since h([1,1 + z,]) = [0, mld(MnH)] C JO statement (i) implies that

n7

h?" (1,1 + z,]) C I!. Combined with (7.17), (7.16) and Lemma -(1v thls

implies (v).

Now we show that h is continuous at the point a as claimed at the beginning
of the section.

LEMMA 7.16. The map h defined above is continuous.

PrOOF. We just have to show the continuity at a. It is clear from the definition
that h is continuous at a™. According to Lemma (iv), we have h(I}) c JO_;.
By definition, h(a) = 0 and a = max I} for all n. Moreover, by definition of the
intervals (J? )n>0,

lim maxJ? = lim |J°| =0,
n—-+o0o n—-+4o0o
and thus lim maxh(I}) = 0. This implies that h is continuous at a~. O

n—-+oo

PROPOSITION 7.17. Let h be the map defined above. Then the set w(1+xg, h) is
infinite and contains the points a and 1, which are h-non separable. Consequently,
the map h is chaotic in the sense of Li-Yorke.

PrROOF. Lemma iii) implies that h2n+1(1 +xp) =1+ x4 for all n > 0.
Since x,, — 0 when n goes to infinity, this implies that 1 belongs to w(1 + xq, h)
(recall that w(1 + xg,h) is closed by Lemma [L.3i)). Moreover, Lemma i)
implies that h?"(1) = minI,,; = ag, for all n > 1, so a belongs to w(l,h) C
w(l + o, h).

Suppose that A1, As are two periodic intervals such that a € A; and 1 € A,,
and let p be a common multiple of their periods. Since h(a) = h(1) = 0, it follows
that hP(a) = h?(1) € A1 N Az, so A1, Ay are not disjoint. This means that ¢ and 1
are h-non separable.

A finite w-limit set is a periodic orbit (Lemma|1.4]). Therefore, if yo,y1 are two
distinct points in a finite w-set, the degenerate intervals {yo}, {y1} are periodic and
Yo, y1 are h-separable. This implies that w(1 + xo, h) is infinite. We deduce that
the map h is chaotic in the sense of Li-Yorke by Theorem [5.21] O

The next lemma is about the location of transitive subsystems.
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LEMMA 7.18. Let h be the map defined above and let Y be an invariant set with
no isolated point such that h|y is transitive. Then
i) Y C[0,al,
2" -1
i) Y C U RY(JY) for alln > 1,
i=0
iii) K(JONY) =Rr{(JO)NY = A ™42 (JOYNY for alli >0 and all n > 0.

PROOF. Since f|y is transitive, there exists yo € Y such that w(yo,h) =Y by
Proposition in particular, the set Y/ := Oy (yo) is dense in Y and y € w(y, h)
for all y € Y'. Note that Y’ is infinite, otherwise Y would be a finite set and would
contain isolated points.

Let n > 0. By Lemma iii), hznﬂ([l, 1+z,]) = I}Hrl U[1,1+ zp41]). Thus
Lemma (V) implies that, for all k € N, h¥2" " ([1,1+z,]) C I} UL 1+ 2]
and h¥([1,1+ z,]) C [0,1] for all i > 2"*! such that i ¢ 2"T!N. This implies that

RY((1 4 zpy1, 1+ 2,]) C[0,1 4 2,41] for all 4 > 27T,

Consequently, there is no y € (1,3/2] = U,,>o(1 + @n41,1 + ] such that y is in
w(y,h). So Y’ N (1,3/2] = B, and thus Y N (1,3/2] = () because Y is dense in Y.

Since h?"~1(0) = ag, by Lemma ii)—l—(iii), the point 0 is not periodic, so
hE(0) ¢ [a,1] for all k > 1. If y € (a, 1), then h(y) = 0 and h*(y) ¢ [a, 1] for all
k > 1, which implies that y ¢ w(y,h). Consequently, Y N (a,1) = §. We have
shown that Y C [0,a] U {1}; in addition, 1 ¢ Y because Y has no isolated point;
this proves (i).

Let n > 1. Since minL,, = max[} and max L, = minI?_, it follows that
h(min L,) = max J} and h(max L,) = minJ} , according to Lemma [7.14(i), and
thus h(max L,) < h(min L, ). Moreover, h|min ., mid(z,)] 18 T and hlimida(z,,),max L..]
is linear |, so there exists ¢, in [mid(L,,), max L,] such that h(c,) = h(min L,,).

Since h([¢,, max L,]) = [minJ},,, maxJ}] is included in the interval Jo_,,

the map R iy, max L,,] 18 linear | by Lemma ‘7.14(ii). Moreover, M, is included
in A([cn, max Ly]), so h2n_1([cn,max L,)) contains L,, by Lemma [7.14(vii). Thus
there exists a point z, in the interval [c,, max L,] such that h2"" (zn) = 2zn
(by Lemma and we have sIope(hQn_li[cmmaan]) < —2. Then for every
T € [en, max L,,] with  # z,, there exists k > 1 such that h*2" ' () ¢ [¢,, max Ly,).
By Lemma@ v), we have h2" ' (I:_ | U[1,1+2,_1]) C I:_,U[1,142,_1], which
implies that

(7.18)  Vz € [cp,max Ly), © # 2z, Ik > 1,

thnil(aj) € I°U[min Ly, c,)UTL U1, 1+ 2, 4]

We show by induction on n that
(7.19) Yn>0, Y NI!#0.

This is true for n = 0 because Y C [0,1] = I} by (i). Suppose that there exists
y € Y' NI | for some n > 1. We write I} | = I U L, UI}; to prove that
Y’ N I! # 0, we split into four cases according to the position of y.
e If y € I}, there is nothing to do.

o If y € IV, then h2" ' (y) € I} by Lemma [7.14{vi) and h2" " (y) € Y.
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e If y € [min L,,, ¢,)], then A(y) € h([min L,,, mid(L,)] and h2" ' (y) € [1,1 + z,] by
Lemma i), which is impossible because Y C [0, a] by (i).
o If y € [cn, max Ly,], then y # 2, because Y’ is infinite. In addition h/(y) € [0, 1]
for all j > 0 according to (i). Then ([7.18) states that there exists j > 1 such that
h7(y) belongs to I U [min L,,, c,] U I} and one of the first three cases applies with
y =hi(y) eV’

We have h(I}) C J2 U [min M, mid(M,)] by Lemma iv), and also

%" =1 ([min My, mid(M,,)]) = 22" ([min L,,, mid(Ly,)]) = [1,1 + 2]

by Lemmas vii) and [7.15((ii). Combined with (i) and the f-invariance of Y,
this implies that

(7.20) hY NIk cJo.
We have Y C O (I}) by (7.19). Combined with (7.20) and Lemma i)+(iii),
we get
"1
yc | foraln>1;
i=0

this is (ii).

Furthermore, Y N h*(J0) = Y N h* ™4 2" (%) for all 4 > 0. Since h(Y) =Y, it
is clear that h*(JONY) C R (J9) NY and that h2" (h*(JO)NY) C 2" (JO)NY.
Thus

RIONY) =h(JO)NY = ™42 (J9NY forall i >0,
which is (iii). O

The next lemma is the key tool in the proof of Proposition [7.:20] It relies on

the knowledge of the precise location of h*(J2) in (J;_, I9.

LEMMA 7.19. Let h be the map defined above. Then slope (hQn’17k|hk(J2)) >1
for allm > 1 and all k € [0,2™ —1].

PRrROOF. A (finite) word B is an element of N” for some n € N. If B € N,
the length of B is |B|:=n. If B=1by...b, and B’ =} ...}, are two words, then
BB’ denotes the word obtained by concatenation, that is,

BB’ :=by...b,b}...b, € N™T"

An infinite word is an element of N,
We define inductively a sequence of words (By,)n>1 by:

L Bl = 1,
o Bn = nBlBg RN Bn—17
and we define the infinite word & = («(%));>1 by concatenating the B),’s:
@Z:BlBgB3...Bn....

A straightforward induction shows that |B,| = 2"~ 1; thus |By|+|Ba|+- -+ |Bx| =
2% — 1 and, in &, the word By starts at the index 2¥, which gives

(7.21) a2F) =k +1,

(7.22) a2 +1)...a2" 1) =By ... B =a(l)...a(2" - 1).
We prove by induction on k£ > 1 that

(7.23) h=HIR) C I,y forall n >k and all i € 1,2 — 1].



7.3. TRANSITIVE SENSITIVE SUBSYSTEMS 189

o Case k=1: J) C I} = I foralln > 1.

e Suppose that holds for k and let n > k+1. Since J) C JJ, |, Lemma/7.14iii)
implies that h2*~1(J9) C 12, ,, and thus /2" (J9) € JL, | C J? by Lemma [7.14{i).
According to the mductwn hypothe51s we have h*=1(J2) c I? a(i) forall i € [1,2° —
1], and (7.22) ylelds a(i) = a(2® + i) for all i € [1,2¥ — 1]. Consequently,
R2*H=1(J0) ¢ for all i € [1,2% — 1]. Together with the induction hy-

a(2 +1
pothesis, this gives for k + 1.

Let gy, := slope(h|o). By definition of h, we have

slope(¢y,)
[T/ slope(y:)

It is straightforward from ([7.23) that

n =

(7.24) Vk € [2,2" — 1], slope(h*™!|0) H fai)-

By Lemma [7.14(ii)+(iii), the map h?"~!| o is linear and h?"~1(J9) = I}. Thus

2n 1 1l ppl-a
slope(h™ ~*[0) = 170] = II T
]

: i 1-5
Since slope(y;) = 77 =~ we get
i 37
2" —1 n
(7.25) slope(h 1|J0 H (i) = H slope(y;).

We show by induction on n > 1 that for all k € [1,2" — 1]

k
(7.26) H Pa(i) = H slope(ip;)¥%™)  for some (i, k,n) € {0,1}.

® fiq(1) = p1 = slope(i1); this gives the case n = 1.
e Suppose that (7.26) holds for some n > 1. Since pig2n) = pint1 by (7.21), we
have

2" 271
H,U/a(i) = H Ha(i) - Hn+1
i=1 i=1
— [[slope(ps) - opelentl) o )
- Hi:l slope(¢;)
= slope(pnt1).

This is (7.26) for n + 1 and k = 2™ with €(i,k,n + 1) = 0 for all ¢ € [1,n] and
en+1,kn+1)=1
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Next, a(2" +1)...a(2"™ — 1) = a(1)...a(2" — 1) by (7.22); so, if k is in
[2" + 1,27+ — 1], then

k 2" k—2"
H/la(i) = Hﬂa (2) H Ha(i) = slope L)OTLJrl H Ha(i)
i=1 i=1 i=2n41

= slope(pni1 Hslope )e(lk 2"n)

=1
That is, (7.26) holds with (i, k,n + 1) = e(i,k — 2™,n) for all ¢ € [1,n] and
e(n+1,k,n+ 1) = 1. This concludes the induction.
Equations (7.24)), (7.25) and (7.26) imply that, for all k € [1,2"™ — 1],

(7.27) slope( hk|J0 Hya(z) = Hslope DGR for some (i, k,n) € {0,1}.

Since B
slope(h*" | o)

slope (hzn_l_k|hk(Jg)) = Slope(7"] o)

(7-25) and (7.27) imply that slope (h2"~2~*|,x(;.)) is a product of at most n terms
of the form slope(y;). This concludes the proof of the lemma because slope(yp;) > 1

for all 7 > 1. O

PROPOSITION 7.20. Let h be the map defined above. Then there exists no
invariant set Y such that fly is transitive and sensitive to initial conditions.

PROOF. Let Y be an invariant set such that hly is transitive. If Y has an
isolated point, it is easy to see that f|y is not sensitive to initial conditions. We
assume that Y has no isolated point.

The sets (h*(J2 mY))OSzSQ"fl are closed and, by Lemma [7.14{v), they are
pairwise disjoint; let §,, > 0 be the minimal distance between two of these sets. If
z,2’ € Y and |z — 2’| < d,, then there is ¢ € [0,2" — 1] such that 33 J: € h'(J2)
and h¥(x), h*(2') € hithmod 2" (JO) for all k > 0 by Lemma - (ii)+(iii). We set

8y = max{diam(r*(J2)NY) | i € [0,2" — 1]}.
Lemma implies that diam hk JO)NY) < diam(h?"~1(J2) NY) for all integers

k in [[0,2" —1]. By Lemma [7.14{iii), h*>"~1(J9) = I}; and by Lemma [7.18(i),
I! NY C lagn,al. Thus 6, < dlam(l1 NY) < a — aay,. This implies that

lim §, =

n—+o0o
This shows that hly is not sensitive to initial conditions. O

Propositions [7.17] and [7.20] show that the map h is chaotic in the sense of Li-
Yorke but has no transitive sensitive subsystem. At last this example is completed.



CHAPTER 8

Appendix: Some background in topology

The aim of this appendix is to recall succinctly some definitions and results in
topology. For details, one can refer to [67, 58l [106], 134, [140] (and also [145] for
topological notions related to analysis).

8.1. Complement of a set, product of sets
DEFINITION 8.1 (complement of a set). Let X be a set and ¥ C X. The
complement of Y in X is X \Y :={z e X |z ¢ Y}.
LEMMA 8.2. Let X be a set and A, B C X.

e X\(AUB) = (X\ 4)N(X\B),
e X\ (ANB)=(X\A)U(X\B).
These two properties remain valid for a countable union or intersection.
DEFINITION 8.3 (product of sets). Let X7, X be two sets. The (Cartesian)
product of X7 and X5 is the set X1 x X := {(x1,22) | 1 € X1,22 € X5}. One can

define similarly the product X7 x Xs x -+ x X,;. When X; = Xo =--- = X,, = X,
let X™ denote X x --- x X.
————

n times

The set XZ" is the countable product of copies of X, that is,

X2 = {(2n)nz0 | Vn € ZF, 2, € X},

8.2. Definitions in topology
8.2.1. Distance, limit.
DEFINITION 8.4 (distance, metric space). Let X be a set. A distance on X is

amap d: X x X — [0,+00) such that, for all z,y,z € X:

o d(z,y) = d(y, ),
o d(z,y) =0 z=y,
o d(z,z) <d(x,y) +d(y, z) (triangular inequality).

The set X endowed with a distance is called a metric space.

The distance will be denoted by d in any metric space, except when several
distances are involved.

ExAMPLE 8.5. In R, the usual distance is given by d(z,y) := |y — z|.

191
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In R™ (n > 2), there are several usual distances. If x = (z1,...,2,) and
y = (y1,...,yn) are elements of R™,

doo(x7y) = maxﬂyi - x2| | (XS IILnH}a

di(z,y) =Y |y — il
=1

n

Z(% —x;)? (Euclidean distance).
i=1
ds,dy and dy are three distances in R™. They are said to be equivalent because,
for all ¢,5 € {1,2, 00}, there exist positive real numbers m, M such that
V%y € Rna mdz(xay) < dj(ir?y) < Mdl(mvy)

DEFINITION 8.6 (limit). Let X be a metric space. A sequence (), >0 of points
of X converges (or tends) to x € X if lir_~1_1 d(xyn,x) = 0, that is,
n—-+00

Ve >0, AN € N, Vn > N, d(z,,x) < e.

Then z is called the limit of (x,,),>0, and one writes lim =z, = x.
- n—-+o0o

8.2.2. Open and closed sets, topology; limit point of a set.

DEFINITION 8.7 (open and closed balls). Let X be a metric space. If z € X
and 7 > 0, the open ball of center z and radius r is B(z,r) := {y € X [ d(z,y) <r},
and the closed ball of center  and radius r is B(z,r) :={y € X | d(x,y) <r}.

DEFINITION 8.8 (open and closed sets). Let X be a metric space and Y C X.
The set Y is open if
VeeY, Ir >0, B(xz,r) CY.
The set Y is closed if X \'Y is open.
The family of all open sets of X defines the topology of X.

ExaMPLE 8.9. In R"”, the three distances d, d1, d2 define the same topology,
that is, the same open and closed sets. The notion of convergence of a sequence of
points is also the same for these three distances.

DEFINITION 8.10 (discrete topology). Let E be a set endowed with the distance:

1if x ,
Va,y € E, d(z,y) :{ Oifxig.

The topology corresponding to this distance is called the discrete topology. This
topology is the usual topology for finite or countable sets (e.g. {0,1} or Z). For
the discrete topology, every singleton {z} is both open and closed.

PROPOSITION 8.11. Let X be a metric space.

Any (finite or not) union of open sets is open.

Any finite intersection of open sets is open.

Any (finite or not) intersection of closed sets is closed.
Any finite union of closed sets is closed.

DEFINITION 8.12 (limit point of a set). Let X be a metric space and ¥ C X.
A point x € X is a limit point of Y if for every r > 0, B(z,7)NY # (). Equivalently,
x is a limit point of Y if there exists a sequence of points of Y that converges to x.
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PROPOSITION 8.13. Let X be a metric space and Y C X. The following asser-
tions are equivalent:
e the set'Y is closed,
e all limit points of Y belong to Y,
o for every sequence (yn)n>0 of points of Y, if there exists x € X such that
lim y, ==z, thenx €Y.

n—-+4oo

8.2.3. Neighborhoods; interior, closure and boundary of a set.

DEFINITION 8.14 (neighborhood). Let X be a metric space and z € X. A
neighborhood of x is a set U containing an open set V such that x € V. Equivalently,
U is a neighborhood of z if there exists r > 0 such that B(z,r) C U.

DEFINITION 8.15 (interior, closure, boundary of a set). Let X be a metric space
and Y C X.

e The interior of Y, denoted by Int (Y), is the set of points = such that
there exists a neighborhood of z included in Y. It is the largest open set
contained in Y.

e The closure of Y, denoted by Y, is the set of points = such that every
neighborhood of = meets Y. It is the smallest closed set containing Y.
Equivalently, Y is the set of all limit points of Y.

e The boundary of Y is BA(Y) := Y \ Int (V).

PROPOSITION 8.16. Let X be a metric space and A, B C X such that A C B.
Then Int (A) C Int (B) and A C B.

PRrOPOSITION 8.17. Let X be a metric space andY C X.
e X\Y =Int(X\Y),
e X\Int(Y)=X\Y.

8.2.4. Basis of open sets.

DEFINITION 8.18 (basis of open sets). Let X be a metric space. A basis of
open sets of X is a family B of nonempty open sets of X such that every open set
can be written as a (finite or not) union of elements of B. It is also called a basis
of the topology of X.

EXAMPLE 8.19.
e In a metric space X, the open balls form a basis of open sets.
e In R, the family {(a,b) | a,b € Q,a < b} is a countable basis of open sets.
e In a set F endowed with the discrete topology, the family ({z}).cg is a basis of
open sets.

8.2.5. Distance between two sets, diameter.

DEFINITION 8.20 (distance between two sets). Let X be a metric space and
A, B C X. The distance between the sets A and B is

d(A, B) := inf{d(a,b) | a € A,b € B}.

DEFINITION 8.21 (diameter, bounded set). Let X be a metric space and Y a
nonempty subset of X. The diameter of Y is diam(Y") := sup{d(z,y) | z,y € Y}.

The set Y is bounded if there exist z € X and r > 0 such that Y C B(z,r).
Equivalently, ¥ is bounded if diam(Y") < 4o0.
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8.2.6. Dense sets, Gs-sets.

DEFINITION 8.22 (dense set). Let X be a metric space. A set Y C X is dense
in X if Y = X. Equivalently, Y is dense in X if

Vee X, Ve>0, yey, dz,y) <e.
DEFINITION 8.23 (Gs-set). A Gs-set is a countable intersection of open sets.
PROPOSITION 8.24. A countable union of Gs-sets is a Gg-set.
8.2.7. Borel sets.

DEFINITION 8.25 (o-algebra). A o-algebra of a set X is a collection A4 of subsets
of X such that:
e e A,
o if Ac A then X\ A€ A,
e if A, € A for all n > 0, then

UAnEA andﬂAnEA.

n>0 n>0

DEFINITION 8.26 (Borel set). Let X be a metric space. A Borel set is any
subset of X that can be formed from open sets (or, equivalently, from closed sets)
through the operations of countable unions, countable intersection and complement.
Equivalently, the family of all Borel sets is the smallest o-algebra containing all open
sets of X.

8.3. Topology derived from the topology on X

DEFINITION 8.27 (induced topology). Let X be a metric space and ¥ C X.
The restriction of the distance d to Y xY is a distance on Y, and the topology given
by this distance is called the induced topology on Y. Equivalently, a set A C Y is
open (resp. closed) for the induced topology on Y if there exists an open (resp.
closed) set A’ C X such that A=A'NY.

DEFINITION 8.28 (product topology). Let X, Xs be two metric spaces. The
product topology on X; x X is generated by the basis of open sets of the form
Uy x U, where U; is a nonempty open set of X; for ¢ € {1,2}.

If the distances in X7, X5 are respectively di, ds, one can define a distance d
on X1 X X2 by

doo (71, 72), (Y1, y2)) = max(di(z1,y1), d2(22, y2)),

and the product topology on X; x X5 is the topology given by this distance.
One can define similarly the product topology on X7 x Xo x --- x X,.

DEFINITION 8.29 (product topology on XZ+). Let X be a metric space. The
product topology on X L' ig generated by the basis of open sets of the form

UgxUp x -+ xUp_1 X X”Zk = {(mn)nzo S )(ZJr ‘ Vn € [[O,k — 1]],xn S Un},

where Uy, ...,U; are nonempty open sets of X and k£ € N. If dx denotes the
distance on X, one can define a distance d on X z* by

“+o0
d((xn)nzm (yn)nz()) = Z W

n=0
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(if diam(X) = 400, one should replace dx (xy,yn) by min(dx (2, yn),1))-
The product topology on X Z" is the topology given by this distance.

ExAMPLE 8.30. Let E := {0,1} endowed with the discrete topology. The set
{0, 1}Z+ is the set of all infinite sequences of 0 and 1. This is a metric space. The
family

{(zn)n>0 € {0, I}Tr | Vn € [0,k —1], 2z, = an}, where k € N,ag,...,ar—1 € {0,1},

is a countable basis of open sets of {0,1}%" .

8.4. Connectedness, intervals

DEFINITION 8.31 (connected set). Let X be a metric space. A set Y C X
is disconnected if there exist disjoint open sets U,V C X such that Y C UUV,
YNU#Dand YNV # Q. Otherwise Y is called connected.

PROPOSITION 8.32. Let X be a metric space and let (C;)icz be a (finite or
infinite) family of connected sets in X. If there exists a point x such that x € C;

for alli € Z, then \J;c7 Ci is a connected set.

DEFINITION 8.33 (connected component). Let X be metric space, Y C X and
y € Y. The connected component of y in Y is the largest (for inclusion) connected
set C containing y such that C' C Y. The connected components of two points are
either equal or disjoint. The connected components of all points of Y are called the
connected components of Y.

DEFINITION 8.34 (interval). A (real) interval I is a subset of R of one of the
following forms:
e/ =[a,b] ={x €R|a<2a<b} withabeR,a<b(if a =0, then
1= {a}),
e/l =(a,b)={x €eR|a<z<b} withaeRU{—c0},b € RU{+o0},
a<b(if a=—00 and b = +oo, then I = R; if a = b, then I = (),
e [=[a,b)={zeR|a<z<b}withaeR,beRU{+o0}, a<b,
e I=(a,b)={xeR|a<z<b} witha e RU{—0},beR, a<bh.
If I is an interval, a subinterval of I is an interval included in I.
THEOREM 8.35. When X is a real interval, the connected sets in X are ex-

actly the subintervals of X. In particular, the connected sets in R are exactly the
intervals.

PROPOSITION 8.36. Let (I,,)n>0 be a (finite or infinite) sequence of intervals
m R. Then

® (>0 In is an interval (maybe empty).
o If there exists a point x such that x € I, for all n > 0, then U, ~ In is
an interval containing x (this is a particular case of Proposition .
8.5. Compactness

8.5.1. Definition and equivalent conditions.

DEFINITION 8.37 (open cover). An open cover of a metric space X is a family
of open sets (U;)iez such that X = J,.7 U;.
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Notice that the set of indices is arbitrary in the previous definition. For exam-
ple, if » > 0, (B(z,7))zex is an open cover of X.

DEFINITION 8.38 (compact set). A metric space X is compact if every open
cover (U;)iez of X admits a finite subcover, that is, there is a finite set of indices
J C T such that X = {J,;.; Us.

A subset Y C X is compact if Y is compact for the induced topology on Y.

DEFINITION 8.39 (subsequence, limit point of a sequence). Let X be a metric
space and (z,),>0 & sequence of points of X. A subsequence of (xy)n>0 is a se-
quence of the form (z,,)i>0, where (n;);>o is an increasing sequence of non negative
numbers. A point x € X is a limit point of (x,)n>0 if there exist a subsequence of
(xn)n>0 that converges to .

THEOREM 8.40 (Bolzano-Weierstrass theorem). A metric space X is compact
if and only if every sequence (xy)n>0 of points of X admits a limit point.

THEOREM 8.41. Let X be a compact metric space. A subset Y C X is compact
if and only if Y is closed in X.

PROPOSITION 8.42. A set X C R™ (n € N) is compact if and only if X s
closed and bounded for the distance doo (or equivalently for di or ds).

8.5.2. product, intersection of compact sets.

THEOREM 8.43. Let X1, Xs be compact metric spaces. Then X1 x Xo is a
compact metric space.

PROPOSITION 8.44. Let X be a metric space. Let (Y, )n>0 be a sequence of
nonempty compact subsets of X such that Y,11 C Y, for alln > 0. Then ﬂ:i% Y,
is a nonempty compact set. If in addition lim,,_, 1 diam(Y,,) = 0, then j,:a Y,
is a singleton (i.e., it contains a single point).

8.5.3. Cauchy sequence, complete space.

DEFINITION 8.45 (Cauchy sequence). Let X be a metric space and (z,,)n>0 be
a sequence of points of X. Then (z,)n>0 is a Cauchy sequence if

Ve >0, AN >0, Vn>m > N, d(z,,zn) <c.

PROPOSITION 8.46. Let X be a metric space. If (xn)n>0 is a sequence of points
of X that converges, then it is a Cauchy sequence.

DEFINITION 8.47 (complete space). A metric space X is complete if every
Cauchy sequence converges.

PROPOSITION 8.48. A compact metric space is complete.
8.5.4. Countable basis of open sets.

PROPOSITION 8.49. A compact metric space admits a countable basis of open
sets, that is, there exists a family (Up)nen of nonempty open sets of X such that,
for every open set U C X, there exists T C N such that U = |J,,c7 Un. The sets U,
can be chosen to be open balls.
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8.5.5. Lebesgue number.

ProrosITION 8.50 (Lebesgue’s number Lemma). Let X be a compact metric
space and (U;);ez an open cover of X. There exists § > 0 such that

Ve e X, JieZ, B(z,d) CU.
Such a number § is called a Lebesgue number of this cover.
8.5.6. Baire category theorem.

THEOREM 8.51 (Baire category theorem). Let X be a complete metric space
and (Up)n>0 a sequence of dense open sets. Then ﬂn>0 U, is a dense Gs-set.

COROLLARY 8.52. Let X be a nonempty complete metric space and (Fp,)p>0 @
sequence of closed sets such that X = UnZO F,,. Then there exists an integer n > 0
such that Int (F,,) # 0.

PROOF. Suppose on the contrary that Int (F,) = 0 for all n > 0. We set
U, :=X\F,. By Lemma

)(\ r] Un, = LJ()(\ZLJ = LJ F,=X,
n>0 n>0 n>0
which implies that (1,~, Uy is empty. On the other hand, U,, = X \ Int (F,,) = X
by Proposition [8.17] and thus U, is a dense open set for every n > 0. There-
fore (,,>o Un is dense according to the Baire category Theorem which is a
contradiction. We conclude that there exists n > 0 such that Int (F),) # 0. O

COROLLARY 8.53. Let X be a complete metric space and (Gp)n>0 @ sequence
of dense G-sets. Then ngO G, is a dense Gg-set.

PROOF. For every n > 0, one can write G,, = (5, UF¥, where U} is an open

no

set. Since G,, is dense and G,, C UT’;”' for all £ > 0, the sets (U,]f)n,kgo are dense open
sets. The Baire category Theorem states that (1), ;> UF is a dense Gs-set.

n

Finally, we have (1,50 Gn =\, x>0 Un- O

8.6. Cantor set
8.6.1. Definitions.

DEFINITION 8.54 (isolated point). Let X be a metric space and ¥ C X. A
point y € Y is an isolated point in Y if B(y,r) NY = {y} for some r > 0. If there
is no such point in Y, one says that ¥ has no isolated point.

DEFINITION 8.55. Let X be a metric space and Y C X. The set Y is said to
be totally disconnected if for every y € Y, the connected component of y in Y is
reduced to {y}.

DEFINITION 8.56 (Cantor set). Let X be a metric space. The set X is a Cantor
set if it is nonempty, compact, totally disconnected and has no isolated point.

PrOPOSITION 8.57. Let X be a complete metric space and Y C X. IfY is
nonempty, closed and has no isolated point, then Y is uncountable. In particular,
a Cantor set is uncountable.
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8.6.2. Examples of Cantor sets.

ExXAMPLE 8.58. The set {0, 1}Z+, endowed with the product topology given by
the discrete topology on {0, 1}, is a Cantor set.

EXAMPLE 8.59 (triadic Cantor set). We are going to build by induction on n
a family of intervals (1o...a,_1 )(ao,....an_1)ef0,13» 10 [0, 1] such that, for all n € N,
® (Log...on—1)(ao...an_1)e{0,1}» are pairwise disjoint closed intervals,
o lng.ani]| = 3= for all ag,..., a1 € {0,1},
® Inoonron, Clag...a,_, forall ag,...,a, € {0,1}.
See Figure [I] for the first steps of the construction.

o At step 0, we start with I = [0, 1].
e At step 1, we cut I in three equal parts and we remove the open interval (%, %)
in the middle. There remain two intervals Iy := [0, 3] and I := [2,1].

o At step n > 1, we cut every interval I,, ., , into three equal parts and
we remove the open third in the middle. If I, ., _, = [a,b], there remain two
intervals Io,..a,_,0 = [a, 2%2] and Iog..a,_ ;1 := [“522,0]. Trivially, these two
intervals are disjoint, they are included in I,,. 4, ,, and their length is equal to
%|Iao,__a%1 |, and so their length is 3% by the induction hypothesis. Moreover, the

sets (Lag...an ) (ao,....,an)e{0,1}n+1 are pairwise disjoint by construction.

Ky |
0 1
Ky { f {
0 I, 113 23 I 1
L | | [ e |
00 Ioy Iy Iy
Ky o (Rp— (Rp—— (R
Iooo Toor  Toro on Loo Lor 1y Iy,

FIGURE 1. The first steps of the construction of the triadic Cantor set.

Let Ko := [0, 1] and, for all n > 1, let K, be the union of the intervals I, . qa,_,

for all (ag,...,an—1) € {0,1}". Then K, is a compact set with 2" connected
components of length 3% and K,4+1 C K,. Let K := ﬂn>0 K,. Then K is a

nonempty compact set by Proposition One can show that K is a Cantor set.
The set K is called the triadic Cantor set.

EXAMPLE 8.60. On can construct other sets in a similar way as in Example[8.59]
by varying the size and/or the number of the gaps. More precisely,
o At step 0, we start with a non degenerate compact interval Kj.
e At step n > 1, for every connected component C' of K, _1, we choose p disjoint
non degenerate closed subintervals of C' (with p = p(C') > 2) such that one contains
min C' and another one contains max C. We call K,, the union of all these intervals.
Finally, K := (,,> K7 is a nonempty compact set with uncountably many
connected components and no isolated point. All the Cantor sets included in R can
be obtained by this construction. But notice that the sets obtained in this way are
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not all Cantor sets. Indeed, let ¢,, := max{|C| | C' connected component of K, };
then K is a Cantor set if and only if lim, . ¢, = 0, otherwise K has a non
degenerate connected component (e.g., the set K built in Example is not a
Cantor set; see Lemma.

A classical family of Cantor sets in R is obtained by fixing a ratio r € (0,1/2)
and constructing the intervals such that all connected components of K,, have the
same length ¢,, with ¢, = rl,_; (e.g., r = ﬁ in Example .

PROPOSITION 8.61. Let R be the ambient space and X a Cantor set included
in R. Then Int (X) = 0.

PrOOF. Every nonempty open set in R contains a nonempty open interval. On
the other hand, every connected component of X is reduced to a single point. This
implies that Int (X) = 0. O

THEOREM 8.62. Fvery Cantor set K is homeomorphic to 0,1}Z+, that 1is,
there exists a homeomorphism ¢: X — {0,1}2" (see Definition |8.69 below for the

definition of homeomorphism).

8.7. Continuous maps
8.7.1. Definitions.

DEFINITION 8.63 (image, preimage of a set). Let f: X — Y be a map. The
image of aset A C X under fis f(A) := {f(x) | z € A}. The preimage (or inverse
image) of a set B CY under fis f~Y(B):={z € X | f(x) € B}.

DEFINITION 8.64 (continuity). Let X,Y be metric spaces endowed with the
distances dx, dy respectively. A map f: X — Y is continuous if one of the following
equivalent assertions is satisfied:

i) Vo € X,Ve > 0,36 >0, Vo' € X,dx(x,2") <= dy(f(x), f(z)) <e,
ii) for all open sets U C Y, f~1(U) is open,
iii) for all closed sets F C Y, f~1(F) is closed,
iv) for all # € X and all sequences (z,)n>0 of points of X converging to z,

lim f(z,) = f(x).

n—-+4oo

REMARK 8.65. Let X,Y be metric spaces and f: X — Y a continuous map.
If X’ C X, then f|x: X' = Y (restriction of f to X’) is also a continuous map.

ProrosITION 8.66. Let X,Y, Z be metric spaces. If f: X =Y andg: Y — Z
are continuous maps, then go f: X — Z is a continuous map. In particular, if
f: X = X is a continuous map, then f": X — X is a continuous map for every
n €N, where f":= fofo---of.

—_—

n times

DEFINITION 8.67 (one-to-one and onto map, bijection). Let X,Y be metric
spaces and let f: X — Y be a map.
e [ is one-to-one (or injective) if, for all z, 2’ € X, x # 2’ = f(x) # f(2).
e fis onto (or surjective) if f(X) =Y.
e fis a bijection (or a bijective map) if it is one-to-one and onto. In this
case, the inverse map of f is the map f~!: Y — X satisfying f(v) =y &

r=f"(y).
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ProprosITION 8.68. Let f: I — J be a continuous onto map, where I,J are
two nonempty real intervals. Then f is a bijection if and only if

e cither f is increasing, that is, Vx,y € I, x <y = f(z) < f(y),
e or f is decreasing, that is, Vex,y € I, x <y = f(x) > f(y).

DEFINITION 8.69 (homeomorphism). Let X, Y be two metric spaces. A map
f: X =Y is a homeomorphism if f is continuous, bijective and f~! is continuous.

DEFINITION 8.70 (uniform continuity). Let X,Y be metric spaces endowed
with the distances dx,dy. A map f: X — Y is uniformly continuous if

Ve > 0,36 > 0,Vz, 2’ € X,dx(z,2') < 6 = dy(f(z), f(2')) <e.
8.7.2. Inverse image of an intersection.

PropPOSITION 8.71. Let X,Y be metric spaces and let f: X —Y be a map. If
(Yo)n>o is a family of subsets of Y, then fﬁl(ﬂnZO Ya) =MNu>o fFHY,).

PROOF. A point z belongs to f~'(,>o Yx) if and only if f(z) € (), Yn,
that is, f(z) € Y,, for all n > 0. Since f(z) € Y,, & z € f~1(Y,,), we get

ze N\ Ya)=ae ) (Vo)
n>0 n>0
O
PRrOPOSITION 8.72. Let X,Y be metric spaces and let f: X — Y be a contin-
uous map. If G CY is a Gs-set, then f~1(G) is a Gs-set in X.

PROOF. One can write G = ﬂnzo U, where U, is an open set of Y for every
n > 0. Then f~1(U,) is an open set of X because f is continuous, and f~1(G) =
Npso f 1 (Uy) by Propositionm Therefore, f~1(G) is a Gs-set. O

8.7.3. Continuity and denseness.

THEOREM 8.73. Let X,Y be metric spaces and D a dense subset of X. Let
f: X =Y, g: X =Y be two continuous maps. If f(x) = g(x) for all z € D, then
f(z) =g(z) forallz € X.

8.7.4. Continuity and connectedness.

THEOREM 8.74. Let X,Y be metric spaces and f: X — Y a continuous map.
If C C X is a connected set, then f(C) is connected.

The intermediate value theorem is a corollary of Theorem [8.74] for real maps.
See Theorem [I.9] in Chapter [I}

8.7.5. Continuity and compactness.

THEOREM 8.75. Let X,Y be metric spaces and f: X — Y a continuous map.
If K C X is a compact set, then f(K) is compact.

PrOPOSITION 8.76. Let X,Y be metric spaces with X compact, f: X =Y a
continuous map and A C X. Then f(A) = f(A).
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PRrOOF. The set A is compact by Theorem and thus f(A) is compact by
Theorem m Trivially, f(A) C f(A), which implies that f(A) C f(A).

Let = be a point in A. Then there exists (zn)n>0 a sequence of points of A
that converges to z. Since f is continuous, lim,_, . f(2,) = f(z). This implies

that f(z) € f(A), and hence f(A) C f(A). We conclude that f(A) = f(A). O

PRrROPOSITION 8.77. Let X,Y be metric spaces and f: X — Y a continuous
bijection. If X is compact, then f is a homeomorphism.

PROPOSITION 8.78. Let X,Y be metric spaces and f: X — Y a continuous
map. If X is compact, then f is uniformly continuous.

THEOREM 8.79. Let f: X — R be a continuous map, where X is a compact
metric space. Then f admits a mazximum and a minimum, that is,

Jzp € X, flan) =sup{f(z) |z € X},
rm € X, f(an) =inf{f(x) |z € X}.

COROLLARY 8.80. Let X be a metric space and A, B C X. If A, B are compact,
then d(A, B) and diam(A) are reached, that is,
o there exist a € A,b € B such that d(A, B) = d(a,b),
o there exist a,a’ € A such that diam(A) = d(a,a’).

PRrROOF. Let f: X x X — R defined by f(z,y) := d(z,y). One can easily show
that f is continuous.

The set A x B is compact by Theorem Thus f|axp admits a minimum
by Theorem that is, there exists a couple of points (a,b) in A x B such that
d(a,b) = inf{d(x,y) | (z,y) € A x B}; the last expression is the definition of
d(A, B).

Similarly, the set A x A is compact, and thus f|4x4 admits a maximum, that
is, there exist (a,a’) € A x A such that d(a,a’) = sup{d(z,y) | (z,y) € A x A}; the
last expression is the definition of diam(A). O

8.7.6. Uniform convergence of a sequence of real maps.

DEFINITION 8.81. Let F be the space of all maps f: [0,1] — [0, 1]. The uniform
distance on F is defined by deo(f,9) := sup{|g(z) — f(x)| | = € [0,1]}, where
figeF.

Let (fn)n>0 be a sequence of maps of F. Then (f,)n>0 uniformly converges to
f € Fif it converges to f for the distance do,, that is,

Ve > 0,3N > 0,Vn > N,Vz € [0,1], |fu(z) — f(z)| < e.
THEOREM 8.82. The space F endowed with the distance do, defined above is a

complete space.

8.8. Zorn’s Lemma

A partially ordered set is a set endowed with a binary relation that indicates
that, for certain pairs of elements, one of the elements precedes the other. Such a
relation is called a partial order to reflect the fact that not every pair of elements
need be related, contrary to a total order. The formal definitions are given below.

DEFINITION 8.83 (partial and total order). A partial order on the set E is a
binary relation < such that, for all a,b,c € F,
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®a<a,
e if a <band b < a, then a = b,
e ifa<band b<c, thena<ec.
Such a set E is called partially ordered. If a < b or b < a, the elements a, b are said
to be comparable.
A total order on E is a partial order such that all pairs of elements are compa-
rable. Such a set E is called totally ordered.

DEFINITION 8.84 (lower and upper bound). Let E be a partially ordered set
and F C E. An element b € E is a lower bound (resp. upper bound) of F if x > b
(resp. x <b) for all z € F.

DEFINITION 8.85 (minimal and maximal element). Let E be a partially ordered
set. A minimal (resp. mazimal) element of F is an element m € E that is not
greater (resp. smaller) than any other element in E, that is, if m > x (resp. m < x)
for some x € E, then m = x.

THEOREM 8.86 (Zorn’s Lemma). Let E be a nonemptly partially ordered set.
Suppose that every nonempty family of elements of E that is totally ordered has
a lower (resp. upper) bound in E. Then E contains at least one minimal (resp.
mazimal) element.

Zorn’s Lemma is equivalent to the axiom of choice; it is a result of set theory
(see e.g. [106]). However it can be used in topology by considering the partial
order given by the inclusion: the set E is a family of subsets of some space X, and
A< Bif AC B, where A,B€ FE.
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dense §-chaos,

dense chaos, [T55]

dense set,
diam(Y"),
diameter of a set, m @
directed graph, [9]
disconnected set,




212

discrete topology, [192]
distance, [191

distance between two sets, @
distributional chaos, [T63]
division,

dynamical system,

endpoint of a topological graph, |§|
endpoints of an interval, ]

entropy, [B7]

equivalent distances, [192)

eventually periodic homoclinic point, @
eventually periodic point, [3]

expanding,

extremally scrambled set,

Feigenbaum map,

finer cover, @

finite word, [T88

fixed point,

full shift,

fundamental cycle (in the graph of a

periodic orbit),

G(11P),

Gs-set, [194]

generic d-chaos, [T55]

generic chaos, [155]

graph (directed), [9]

graph (topological), |§|

graph associated to a family of intervals, [76]
graph map, [6]

graph of a periodic orbit,

ha(f),

homeomorphism,

homoclinic point,

horseshoe,

horseshoe for graph maps, @
hiOP (f )7

htOP (U o )>

image of a set under a map, [199
increasing, [5]

induced topology, @

infinite word, @

injective map, [[99]

Int (),

interior of a set, EI, m
Intermediate value theorem, [§]
interval,

interval (P- ),

interval in a topological graph, |§|
interval map, [

interval of integers,

invariant set, [2]

inverse image of a set under a map, [[99

irrational rotation,
irreducible matrix,

isolated point,

Lebesgue number,
length of a word,
length of an interval, [4]

leo, [21]

Li-Yorke pair,
lifting of a circle map,
limit in a metric space, [[92]
limit point of a sequence, [196
limit point of a set,
linear (P-),

linear map, E]

locally eventually onto,
logistic family,

lower bound, @

LY (f,8), LY(f), [[55

M(fIP),

Markov map,

Markov shift,

maximal eigenvalue, [T§]
maximal element, |202]

mean value inequality,
metric space, [197]

minimal element, m
Misiurewicz’s Theorem,
mixing, [I2]

mod n, m

monotone, [5]

monotone (P-),

monotone (for graph maps), |6
monotone graph map (P- ),
Mycielski’s Theorem, [111

N, [

NU),

neighborhood, @

Nn(U, f),

no division,

non decreasing,

non degenerate graph/tree, IEI
non degenerate interval, [4]
non negative matrix, [77]

non separable (f- ),

norm of a matrix, [T0]

odometer, [T47]
0;(2), 04 (E);
one-to-one map, [T99]
onto map, [I99]

open ball, [T} [T92]
open cover, [57} [[95]

open set, [T92]
orbit, E

P-interval, [T7]

P-linear map,
P-monotone graph map,



P-monotone map, [79]

partial order/partially ordered set,
partition, [57]

path in a directed graph,
perfect set, m

period of a cycle of graphs, [6]
period of a cycle of intervals,
period of a periodic point/obit,
periodic interval,

periodic orbit, El

periodic point, [2]

Perron-Frobenius Theorem,
piecewise linear map, [

piecewise monotone map, |§|

Pu(f),

positive matrix, [77]

preimage of a set under a map, [199|
primitive cycle in a directed graph, m
primitive matrix, [7§]

product of sets, [191

product topology, [[94]

o[

R
real interval,

rescaling (of an interval map),
restriction of a map,
r(f,¢€),

r'ﬂ(Av f7 6)7

rotation, [20]

scrambled set,

scrambled set (extremally),
semi-conjugacy, [

sensitive (to initial conditions),
sensitivity, 2]

separable (f- ),

separated set ((A,n,¢)- ), [133]
separated set ((n,e)- ),
sequence entropy, [I33]
Sharkovsky’s order, [41]
Sharkovsky’s Theorem,
shift,

simple directed graph, [I0]
slope (of a linear map),
slope(f),

sn(f,e),

Sn(Av f, 5)7

solenoidal w-limit set, [T20] [[32]
spanning set ((4,n,¢)- ), [133
spanning set ((n,¢)- ),
specification,

spectral radius, @

square root of a map,
stable point,

star, [B]

Stefan cycle,

strictly monotone,
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strong transitivity, 22]

strongly invariant set, |2|
sub-additive sequence,

subgraph (of a topological graph), |§|
subinterval, [I95]

subsequence, @

subshift associated to a graph,
subshift of finite type, @
subsystem, [2]

surjective map, [I99]

tent map, [I6]

topological conjugacy,
topological dynamical system, [2]
topological entropy,
topological graph, [6]

topological Markov shift,
topological sequence entropy, m
topologically exact,
topologically mixing, [[2]
topologically weakly mixing,
topology, [T92]

total order/totally ordered set,
totally independent set, [T12]
totally transitive,

T (tent map), Tp,

trajectory, 2]

transitive map, [T1]

transitive set, [IJ]

tree, [6]

tree map, [0]

triadic Cantor set, m
triangular inequality, m
turbulent, @

turning points, [

type (for Sharkovsky’s order), @I

Ue(f),

U, BT

uniform convergence of a sequence of maps,
uniform distance, [201]

uniformly continuous map, @

uniformly positive entropy, [L05]

unimodal map,

unstable manifold of a periodic point, @
unstable point,

upe, [109]

upper bound,

V(=),[67

vertex, vertices (in a directed graph), EI

weak mixing, [[2]
weakly unimodal,

word, [I8§|
W (z, f7),[67

9,
Zorn’s Lemma, @






Notation

[n, m]: interval of integers,

#FE: cardinality of a set,

f|y: restriction of a map,

|J|: length of an interval, [4]

(a,b): interval [a,b] or [b, a],@

X <Y, X <Y': inequalities between
subsets of R, [4]

— (e.g. J — K): covering of intervals,

— (e.g. w — v): arrow in a directed graph,
)

[ - |I: norm of a matrix,

<, >, 4, B>: Sharkovsky’s order,@

2°°: a type for Sharkovsky’s order, [6]

V: refinement of covers,

<, >=: C < D if D is finer that C, where
C,D are covers, 57|

U =uUv Uy v---v == ), 1

A > 0: non negative matrix, [77]

A< B B—A2>0 (where A, B are
matrices),

A > 0: positive matrix, [77]

A< B << B—A>0 (where A, B are
matrices),

fp: connect-the-dots map associated to
f|P7

kln: k divides n,

T increasing,@

1: decreasing, [I82]

|BJ: length of a word,

= {0,137, [113]

o: shift map on X,

w(z, f): w-limit set of a point,
w(f): w-limit set of a map,

By (x,€): Bowen ball,

G(f|P): graph associated to P-intervals,

G(fp) :== G(fp|P),[80]

htop(U, f): topological entropy of a cover,

htop(f): topological entropy of a map,

ha(f): topological sequence entropy of a
map with respect to a sequence, [133]

LY(f,9), LY(f): set of Li-Yorke pairs, m

M(f|P): adjacency matrix of G(f|P),
M(fp) = M(fp|P),[80]
mod n: integer modulo n,
N(U): minimal cardinality of a subcover of
u, 67
N, f) == N :u"),[57
Of(z),0O¢(E): orbit of a point/set,
P, (f): set of points s.t. f(z) ==z,
R : rotation of angle «,
rn(f,€): minimal cardinality of an
(n, €)-spanning set,
rn(A, f,€): minimal cardinality of an
(A, n,e)-spanning set,
slope(f): slope of a linear map,
sn(f,€): maximal cardinality of an
(n, €)-separated set,
sn(A, f,e): maximal cardinality of an
(A, n,e)-separated set,
U:(f): set of e-unstable points,

V(z): family of neighborhoods of z, |67
W*(z, fP): unstable manifold of z, [67]

Notation of topology

Y: closure of a set,

Int (Y): interior of a set,

Bd(Y): boundary of a set, [1}

0J: endpoints of an interval/graph, El |§|

X \Y: complement of Y in X,

X1 X Xg: product of sets, m

Xm:=X x -+ x X,[19]]

d(z,y): distance between 2 points, [1} [191

d(A, B): distance between 2 sets,

B(z,7), B(z,7): open/closed ball of center
x and radius r, [T} [[92]

diam(Y'): diameter of a set,

Sets of numbers

: set of complex numbers,
: set of natural integers, |I|

: set of rational numbers,
: set of real numbers, |I|

: set of integers,
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