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ABSTRACT. We give a new type of sufficient condition for the existence of
measures with maximal entropy for an interval map f, using some non-uniform
hyperbolicity to compensate for a lack of smoothness of f. More precisely, if
the topological entropy of a C! interval map is greater than the sum of the local
entropy and the entropy of the critical points, then there exists at least one
measure with maximal entropy. As a corollary, we obtain that any C” interval
map f such that hiop(f) > 2log||f’||cc /T pOssesses measures with maximal
entropy.

1. Introduction. Let f: X — X be a continuous map, where X is a compact
metric space with distance denoted by d. The (e, n)-ball around z is the set

B(z,n,e) = {y € X | VO <k <n, d(f*y, f*z) < e},
and, if S C X, r(e,n,S) is the minimum number of (¢,n)-balls the union of
which covers S. Recall that the entropy is a measure of dynamical complexity

(see [11] for background). Namely, the topological entropy of f: X — X counts
the number of orbits in the following way, according to Bowen’s definition [4]:

htop(f) = htOp (Xa f) = lim6—>0 htOp(Xa fa 6) with
1
htop (X, f, €) = lim sup — logr(e, n, X).
n—+oo M

The entropy hiop(S, f) of a (not necessarily invariant) subset S C X is defined in
the same way.

The entropy of an invariant and ergodic probability measure p of f is similarly
defined, according to Katok’s formula [17]: h(y, f) = lime_o h(u, f,€), with

1
h €) =limsup —log inf r(e,n,Y
(w, fr€) imsup = log inf | (e,n,Y)
where A is any number in (0,1).
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In this continuous and compact setting, it is well-known that the wvariational
principle holds (see, e.g., [25]): the topological entropy hiop(f) of f is equal to
the supremum of the metric entropies h(u, f) taken over all f-invariant probability
measures. A measure p such that h(u, f) = hiop(f) is called a mazimal measure.
Such measures, when they exist, are particularly interesting because they reflect
the whole topological complexity of the system, and they enable us to see where
this complexity concentrates.

However maximal measures do not always exist. Continuity and even mild differ-
entiability are insufficient to ensure their existence in contrast to the generality of
the variational principle. In fact, given r < 400 arbitrary large, there exist C" dif-
feomorphisms of compact 4-dimensional manifolds (constructed by M. Misiurewicz
[18]) as well as C™ interval maps [7, 22] (necessarily with an infinite critical set, see
below) which have no maximal measure.

There are mainly two types of situations when existence is known: i) when the
dynamics has some expansiveness (for example if the system is expansive, see e.g.,
[11], or in the case of uniform hyperbolicity, see e.g., [5]); ii) when the map is C™
[20]. In both cases, and in fact in all existence results we know of, one proves that
the metric entropy p — h(u, f) is upper semicontinuous and therefore reaches its
supremum by compactness (see e.g., [11]). The only exceptions are the abstract
characterizations of existence due to M. Denker [10] in a topological setting and to
S. Newhouse (Theorem 8 of [20]) for diffeomorphisms. These results are obtained by
establishing upper semicontinuity of the entropy on an appropriate compact subset
of measures.

Our goal is to show that non-uniform hyperbolicity and finite order differentia-
bility can be combined to get a criterion of existence of maximal measures. In
this paper, we focus on continuous interval maps f: [0,1] — [0,1] with non-zero
topological entropy.

Let C(f) denote the critical set of f, that is, the set of points which have no
neighbourhood on which f is monotonic (if f is C' then C(f) is contained in the
zeroes of f'). If C(f) is finite, f is a (continuous) piecewise monotonic map and for
such maps existence is known at least since Hofbauer’s paper [16]. The uniqueness
of the maximal measure was first shown for §-transformations by Takahashi [23]
(see also [15]), then Hofbauer extended the method — association of a Markov shift,
the Markov diagram, to the initial system — to general piecewise monotonic maps
[16]. He showed that these maps have a finite non zero number of ergodic maximal
measures as soon as their topological entropy is positive, and that the maximal
measure is even unique if in addition f is topologically transitive.

For continuous interval maps with an infinite critical set the situation is more
complex. Neither existence nor finite multiplicity of ergodic maximal measures are
guaranteed but we are going to give a sufficient condition in the form of a lower
bound on the topological entropy.

Two quantities play an important role. The first one is the topological entropy of
the critical set: its “smallness” can replace the finiteness of the critical set (which
was the required assumption in Hofbauer’s work). Namely, it was shown in [6, 7]
that a Markov diagram can be associated to any interval map f and, if heop(f) >
htop(C(f), f), then there is a bijection between the maximal measures of f and
those of its Markov diagram (see section 3). This is a decisive step because Gurevich
gave a necessary and sufficient condition for existence and uniqueness of maximal
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measures for transitive Markov shifts [13]. In many cases the condition hop(f) >
htop(C(f), f) can be checked using the fact that the topological entropy of the
critical set is bounded by log || f||co /7 for a C interval map f (if r is not an integer,
this means that f is C"! and the [r]-th derivative is (r — [r])-Holder); in particular
htop(C(f), f) is equal to zero for a C* map [6, 7]. Actually, for an interval map
that is C1T* a > 0, the condition hyp(f) > 0 is enough to have a bijection between
the maximal measures of f and those of a Markov shift provided one uses a variant
of the Markov diagram (see [9]).

The second key notion is that of local entropy. The notion of e-local entropy was
introduced by Bowen [3] to bound the difference between h(y, f) and the entropy of a
partition with diameter less than €, then Misiurewicz showed that local entropy (that
he called conditional topological entropy) bounds the defect in upper semicontinuity
of the metric entropy g — h(y, f) [19]. Hence if the local entropy is zero then there
exists some maximal measure.

We shall work with the following (equivalent) definition:

Definition The local entropy of a continuous self-map f: X — X of a compact
metric space is * hioc(f) = lime_0 hioc(f, €) where

1
hioe(f, €) = lim lim sup — log sup (4, n, B(z,n,€)).
0—0 nstoo M zeX

The local entropy is bounded by §log sup || f'|lc for a C™ map on a compact
manifold of dimension d. This was proved for a (slightly weaker) measure-theoretic
local entropy by Newhouse [20] and then for exactly the above notion by one of
us [7]. In particular it is zero for C* maps; notice that it is zero for piecewise
monotonic maps too.

Remark. Using Blokh’s spectral decomposition [1, 2] for a continuous interval map
f, it was shown in [6, 7] that there are only finitely many connected components in
the Markov diagram with entropy close to hiop (f) if htop(f) > hioc(f), each of which
supporting at most one ergodic maximal measure according to Gurevich [13]. Using
the above bijection between the maximal measures of f and those of the Markov
diagram, this implies that there are only finitely many ergodic maximal measures if

htop(f) > max(htop(c(f)a f); hioe (f)) (for Cclte maps, htop(f) > hloc(f) is in fact
sufficient using [9]).

Recalling that log||f'||cc/r bounds both hiec(f) and hiop(C(f), f) for a C™ in-
terval map f, we see that as soon as f satisfies log || f'||cc /7 < htop(f), then there
are only finitely many ergodic maximal measures. This condition is optimal in the
sense that there exist C" interval maps f with infinitely many ergodic maximal
measures satisfying the equality: hop(f) = log||f'|leo /T (see [7]).

The remaining open question therefore is that of existence of maximal measures
for interval maps with infinite critical set and finite smoothness. Indeed, existence
had only been proved when hjo.(f) = 0, which is known to be the case for piecewise
monotonic and C* maps. We give an answer to this question in the C* case:

Theorem 7 Let f: [0,1] — [0,1] be a C' map and C(f) the critical set of f.
Assume that hyop(f) > heop(C(f), f) + hoc(f). Then f admits a mazimal measure.

*Let us notice that in this definition the supremum over all points £ can be moved outside of
the limits on ¢, and n (see [3] or [11]).
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Moreover, the number of ergodic mazximal measures is finite and, if f is transitive,
the mazimal measure is unique.

Using the previously mentioned bounds on local entropy and entropy of the
critical set in terms of the differentiability of the map, we get a condition that is
easier to compute:

Corollary Let f: [0,1] — [0,1] be a C" map of the interval with r > 1.
If hyop(f) > 2l0g||f'llec/7, then f has a finite non-zero number of mazimal
measures.

Remark. This Corollary is relevant only for 7 > 2 because hop (f) < log||f'|| (see,
e.g., [11]).

The finiteness result in Theorem 7 was already proved in [6, 7] under weaker
hypothesis. We nevertheless include it for completeness and also because it is ob-
tained in a completely different way here, in fact as a slight variation of the proof
of existence.

For interval maps such that hiop(C(f),f) = 0, Theorem 7 is sharp: for all
1 <7 < 400 there exist C" interval maps that have no maximal measure and such
that hiop(C(f), f) = 0 and heop(f) = huoe(f) = Llog||f'llos (see [7, 22]). These
examples can be adapted to show that this Theorem indeed applies to maps such
that the metric entropy u — h(y, f) is not upper semicontinuous, in contrast to all
other existence results for interval maps. In fact, we get examples with the defect
in upper semicontinuity as large as hioc(f) = X log || /]| -

For interval maps with hop(C(f), f) > 0 we do not know whether the Theorem
is optimal. Actually, the above Corollary was conjectured, without the factor of 2
in [7]. We still believe in that conjecture. In fact, we make the bolder

Conjecture If f: [0,1] — [0,1] is a continuous interval map such that hyop(f) >
hioc(f) then f admits measures with maximal entropy.

A way to prove this, would be to establish that for interval maps, if 1, o, ... is
a sequence of invariant probability measures vaguely converging to some ., then:

liTILILSOIép h(pn, ) < max(h(ps, f), hoc(f))-

That is, the obvious bound with a sum could be replaced for interval maps by a
mazimum (this is obviously false in higher dimensions).

Remark. For interval maps with hop(C(f), f) = htop(f) which are not C*+*, a > 0,
the relevant dynamics may be completely missed by the Markov diagram. Hence
proof of the above conjecture in its full generality probably requires a different
method from the one used in this paper.

Outline of the paper. We begin by recalling the relevant theory of countable
Markov shifts. In the second section, we introduce the Markov diagram, i.e., a
countable Markov shift representing the interval map. In the third section we
prove that measures escaping to infinity in this Markov diagram have small entropy.
Finally we deduce the Main Theorem from the previous results.
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2. Background on Markov shifts.

2.1. Graphs and Markov shifts. Let G be an oriented graph with a countable
set of vertices. If u,v are two vertices, there is at most one arrow u — v. A path of
length n is a sequence of vertices (ug, - - - , u,) such that u; — u;y1 is an arrow in G
for 0 < ¢ < n. This path is called a loop if uy = u,. The graph G is called strongly
connected, if for all vertices u, v there exists a path in G from u to v. A connected
component G' is a strongly connected subgraph which is maximal for inclusion; two
connected components are equal or disjoint.
Let u be a vertex. In [24] Vere-Jones defines the following quantities.

e p%(n) is the number of loops (ug, - ,uy) such that ug = u, = u; Ry(Q) is
the radius of convergence of the series Y p& (n)z".
e f%(n) is the number of loops (ug, - - ,u,) such that ug = u, = u and u; # u

for 0 < i < n; L,(G) is the radius of convergence of the series 3 f&(n)z".

If G is strongly connected, then R,(G) does not depend on wu; in this case it is
denoted by R(G).

Let G be an oriented graph. X (G) is the set of one-sided infinite paths in G,

that is,

Y1(G) = {(vn)nen | ¥Yn € Nyu, = vp41 in G}.
o is the shift on ¥, (G), 0((vn)nen) = (Un+1)nen- The Markov shift on the graph
G is the system (X4 (G),0).

The set G is endowed with the discrete topology and X (G) is endowed with the
induced topology of GY, which has the product topology. The space ¥ (G) is not
compact unless G is finite. The system (X1 (G),0) is transitive if and only if the
graph G is strongly connected.

If S C G, the cylinder [S] is defined as

[S] = {(un)neN € X (G) | Ug € S}

2.2. Entropy and maximal measures. If G is an oriented graph, the Gurevich
entropy of G is defined as

h(G@) = sup —log R, (G).
u€eG

If G' is a connected component of G, then R,(G) = R(G') for all u € G', hence
h(G) = sup{h(G") | G' connected component of G}.
Moreover, the variational principle is still valid for the Gurevich entropy.
Theorem 1 (Gurevich [12]). Let G be an oriented graph. Then
h(G) = sup{h(p,0) | p o-invariant probability measure on X1 (G)}.
Moreover, the supremum can be taken on ergodic Markov measures only.

A mazimal measure is a o-invariant probability measure p on X4 (G) whose
entropy is maximal, that is, h(u, o) = h(G).

An ergodic measure on X4 (G) is necessarily supported by some X, (G"), where G’
is a connected component of G. Therefore an ergodic maximal measure on X (G)
is a maximal measure for a connected component G’ with h(G') = h(G).

A strongly connected oriented graph G is called transient, null recurrent or pos-
itive recurrent depending on the values of the series 3" f&(n)z" and its derivative
at point z = R(G) (see Table 1). This classification is due to Vere-Jones [24]. In
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transient null positive
recurrent | recurrent
> FEmR@G)" <1 1 1
n>0
Z nfém)R(G)" | < +oo +oo < 400
n>0

TABLE 1. classification of strongly connected graphs into transient,
null recurrent and positive recurrent graphs (it does not depend on
the vertex v).

[13] Gurevich shows that, if G is strongly connected, the Markov shift (X4(G), o)
admits a maximal measure if and only if G is positive recurrent, and in this case
this measure is unique and it is an ergodic Markov measure.

We sum up the results above in the next Theorem.

Theorem 2. Let G be an oriented graph.

i) If v is an ergodic mazimal measure on X4 (G), then v is supported by a con-
nected component of maximal entropy which is positive recurrent.

ii) If G is strongly connected then it admits at most one mazximal measure, and
when it exists it is an ergodic Markov measure.

Remark 1. Two-sided infinite paths (i.e. paths indexed by Z) are often considered
instead of one-sided infinite paths. Gurevich stated his results for such invertible
Markov shifts. However they are still valid in the non-invertible case that interests
us.

2.3. Almost maximal measures escaping to infinity. Let G be an oriented
graph and GU{oo} be its one-point compactification. The set 34 (G) C (GU{oo})N
is compact and so is the set of o-invariant measures on ¥, (G) [11]. Gurevich and
Savchenko showed that if G is either transient or null recurrent then any sequence
of ergodic measures (v,)n>1 whose entropy tends to h(G) converges to the Dirac
measure doo 0on Y4 (@) (for the weak-* topology). This is Theorem 6.3(1) in [14]
for a null potential, we restate the measure convergence in term of cylinders then

we generalise this result to all oriented graphs with no maximal measure.

Theorem 3 (Gurevich-Savchenko [14]). Let G be a strongly connected graph of fi-
nite entropy which is not positive recurrent. If (vn)n>1 is a sequence of ergodic
measures such that EIE h(Vn,0) = h(G) then for all finite subsets of vertices F

one has nll)r_ir}oo v ([F]) = 0.

Proposition 1. Let G be an oriented graph of finite entropy. Suppose that X (QG)

admits no mazximal measure. Then there exists a sequence of ergodic Markov mea-

sures (Vp)n>1 such that liril h(Vn,0) = h(G) and for all finite subsets of vertices
- n——+oo

F, nllg-loo v ([F]) = 0.

Proof. Suppose first that G has a connected component G' with h(G) = h(G'). By
Theorem 1 there exists a sequence of ergodic Markov measures (vy,),>1 on X1 (G')
such that lim,,_, o h(v,,0) = h(G'). The measures v, can be seen as measures on
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¥4+ (G). By assumption ¥, (G') admits no maximal measure thus G’ is not positive
recurrent by Theorem 2 and Theorem 3 applies.

Now suppose inversely that G has no connected component of entropy equal to
h(G). This assumption implies that there exists a sequence of distinct connected
components (Gp)n>o such that lim,_, . h(G,) = h(G). According to Theorem
1 there exists an ergodic Markov measure v on %, (Gg) such that h(vg,o) >
h(Gy) — %- This implies that limy_, o h(vg,0) = h(G). Moreover, if F is a finite
subset of vertices of G, there exists n such that F NJ,~,, Gx = 0, thus vx([F]) =0
for all k > n. - O

Proposition 2. Let G be an oriented graph of finite non-zero entropy. Suppose
that (vi)k>1 s a sequence of distinct ergodic mazimal measures for £ (G). Then
for all finite subsets of vertices F', one has lirf vp([F]) =0

n——+0oo

Proof. By Theorem 2, v, is supported by a connected component G, and all the
graphs G, are disjoint. Let F' be a finite subset of vertices. There exists an integer
N such that FNG, =0 for all n > N, thus v, ([F]) =0 for all n > N. O

3. The Markov diagram. This section is devoted to the reduction of the map on
the interval to a Markov shift.

This reduction was introduced by Hofbauer [16] for piecewise monotonic maps
(see also Takahashi for a special case [23]). We need the variant introduced in [6, 7]
for general interval maps. Let us recall its definition.

Consider f:[0,1] — [0,1] a C* map and let C(f) be the critical set of f, that
is, the set of points in a neighbourhood of which f is not monotonic. Let C, be a
finite subset of [0,1] and C = C(f) U C«. The additional set C, will be needed in
the proof of Theorem 6. It does not change anything to the construction and does
not affect the entropy of the critical set. Indeed,

htop(C; f) = max(hiop (C(f), f); htop(Cs; f)) = htop(C(f), f)- 1)

Let P be the collection of the connected components of [0,1] \ C and let P* be
the set of finite sequences A_,, ... Ag, where A; € P.
The set [Ag ... Ay]y is defined as

[o... Anly = {2 €[0,1]| fi(2) € 4,0 < i <n} =) F7i(4)
i=0

Lemma 1. Observe that:
o [Ag...A,]s is an open interval.
o " restricted to [Ao .. .An]f is a homeomorphism on its image.

o [Ao.. . An]s = ﬂ FTHA) if [Ao. .. Aly £ 0.
Say that A_,, ... Ay and B_,, ... By are equivalent if and only if there exists
0 < k < min(n, m) such that:
Ay...Ac=B ...By
FEUA k- Adly) = [ (A ... Adly)
f*(B_k...Boly) = f™([B_m .- -Boly)-
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We write in this situation A_,, ... A9 ~ B_,, ... By.

If k is minimal with the properties above, then A_j ... Ag is called the significant
part of A_,, ... Ag. Two elements of P* are equivalent if and only if they have the
same significant part. If « is the equivalence class of A_,, ... Ag, we define

(@) = "([An... Ady) = [ F(40).
i=0

Let D be the set of the equivalence classes o € P*/ ~ with (a) #0. If o, 8 € D,
there is an arrow o — ( if and only if there exist A_,,..., Ag, A1 € P such that «
is the equivalence class of A_,, ... Ag and § is that of A_,, ... AgA;. The countable
oriented graph D is called the Markov diagram associated to f with respect to C.
It defines a Markov shift (X4 (D), o) (see Section 2).

It is convenient to let D, be the collection of equivalence classes generated by
words of length at most n+ 1. We say that an element D of D, \ D,,_ has level or
height H(D) = n.

For a = (an)n>0 € X4(D), let A, be the element of P containing (o). The
sequence A is the projection or the itinerary of a. Define

r(a) € () Fo-—-Ady = () £ (En).

n>0 n>0

There is an arbitrary choice involved in the definition of 7(a) when this inter-
section is a non-trivial interval. Notice that this occurs only for countably many
a’s.

If v is an atomless o-invariant probability measure on X (D) then pu = m,(v) is
a f-invariant probability measure on [0, 1], defined by u(B) = v(n~!B). Moreover,
w is ergodic if v is ergodic.

Theorem 4. [7] Let f: [0,1] = [0,1] be a C' map that satisfies hiop(f) > hiop(C, f)
and let X (D), w be defined as above.

Then the map v — pu = 7. (v) is a bijection preserving entropy between the o-
ergodic measures v and the f-ergodic measures p such that h(v, o) > hyop(C, f) and

h(/.l/, f) > htop(ca f)
In particular, h(D) = hyop(f) and 7 induces a bijection between the mazimal

measures of f and X4 (D).
We shall need the following facts:

Lemma 2. If ag ..., is a path on D and if Ay, is the element of P containing
(ag), then

an 18 equivalent to B_,, ... BgAy... A,

for any B_,, ... By which is equivalent to oyg.

This is a rephrasing of Lemma 5.4 of [7]. We give a proof for completeness.

Proof. Suppose that B_,, ... By is the significant part of ag. Since ay — a,
there exist A_y, ..., Ag, A1 in P such that aq is equivalent to A_j ... Ag and a1 is
equivalent to A_g...AgAy. Thus, A_;...Ag = B_,, ... Bg. This implies £ > m,
A_m A() = B_m...BO and:

(o) = F*([A-k--- Ady) = f™([B-m---Boly)-
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It follows immediately that A_,, ... AgA; = B_,,, ... ByA; and:

FB o BoAdly) = i () FUBL) = 410 f({a))
=0

FE Ak ... AgAr]y).

ie, A_p...AgAy = B_,,...BgA;. Moreover (Oél) C A;.
The rest of the proof follows by induction. O

Lemma 3. Let o = (an)n>0 € X4(D) and © = w(a). If the significant part of a,
is A_g... Ao and if k <n, then f" Iz € A_; for 0 <j <k.

Proof. Let 0 < j < k. If ap,—; is the equivalence class of some B_ ... Bg then there
exist Bi,...,B; € P such that a,, is the equivalence class of B_;...ByB:...B;
(see Lemma 2). Therefore By...Bj = A_j...Ap. By definition of «, this implies
f"I(z) € A_; and proves the Lemma. O

Remark 2. Lemma 3 would be false if we had used Hofbauer’s Markov diagram.
Indeed, in Hofbauer’s Markov diagram, the vertices of the graph are not the se-
quences a € D as above but the intervals (@). But completely different words «
(sharing only their last symbol) may by coincidence give the same interval. These
words will give disjoint paths ending at the same vertex, in contradiction with the
Lemma.

Finally, we need that the transitivity of f implies that the Markov diagram is
essentially irreducible.

Lemma 4. If f is transitive then its Markov diagram contains at most one con-
nected component with entropy larger than hiop(C, f).

Proof. Let G1,G2 C D be two connected components with entropy larger than
htop(C, f). By symmetry, it is enough to build a path from G; — G to prove that
G1 - GQ.

Define P as the collection of disjoint open intervals [Ag ... An_1]f with A; € P.
If z € [0,1], let P*(x) denote the element of P™ that contains  when such an
element exists.

Let a9 € G1. Let I be the open, non-empty interval {ag). The set K =
U0 f™(I) is a union of intervals. By transitivity, f¥(I) NI # @ for some k so
that K is a finite union of intervals. Again by transitivity, K is dense in [0,1].
Hence [0,1] \ K is reduced to finitely many points.

Fix v, an ergodic and invariant probability measure on X (G3) with h(vs,0) >
hiop(C, f). Let po = m.(v2). Let us observe a number of generic properties:

e Ly is non-atomic so that us(K) = 1.

o 1(n(S4(Ga))) = 1.

o p2(Upmso [ "f™C) = 0. Otherwise p(f™C) = pa(f " f™C) > 0 for some
n,m > 0 but this would imply A(uz, f) < hop(f™C, f) = hiop(C, f). But
h(pz, f) = h(va, f) by Theorem 4, which leads to a contradiction.

o for uy-a.e. x, P"(x) is well-defined for all n > 1 and lim,,_, ; o, diam P"(z) = 0

From the properties above we deduce that there exists y € K N7(X4(G2)) such
that y & U, >0 f7"f™C and limy, o dlamP"(y) = 0. Let 8 € £, (G2) such
that y = 7(8), Bo being the equivalence class of some B_, ... By. Define J = (f,);
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this is an open interval containing y. Since y € K, there exist x € I and k > 0
such that y = f¥(x). Moreover, for all n > 0 there exists 4, € P such that
f™(z) € A,. Let ay, n > 1, be the equivalence class of A_,... A, for all n > 0,
where A_, ... Ag = ap. The set J' = (ay) is an open interval containing y.

By Lemma 2, 3, is the equivalence class of B_; ... BoAjyt1 - .. Aptn, With By =
Ag. One has P™(y) = [Ak .- . Ak+n—1]f, and its diameter tends to 0 by the choice
of y. Therefore there exists n > 0 such that [Ay ... Agtn]r C J' N J. One has

(ansr) = UHEP(AL, L Ap]p)
= fMUEP(A - Akl N Ak - Analy)
120 1 A Analy)
£ Ak - Angaly).
The same computation gives

Bn) = (TN [Ak- .. Anyrls) = [ ([Ak - Angrly)-

Therefore a1 = Bn, and a9 — -+ = Q@u4k iS a path between a9 € G and
ﬁn € Go. O

4. Entropy at infinity in D. In this section, we consider a sequence of ergodic
measures on % (D) which charge less and less any finite set of vertices and whose
entropy is bounded from below by hiop(C(f), f). We prove (Proposition 3) that
these measures escape to the high levels of the diagram. Then we show in Theorem 6
that, if C, = {kd | k=1,...,[671]} for small § > 0, such a sequence of measures
cannot have a large entropy.

To prove the Proposition we need the following result (which we restrict to in-
terval maps and ergodic measures).

Theorem 5 (Ruelle-Margulis inequality [21]). Let f: [0,1] — [0,1] be a C* map
and p a f-ergodic measure. The quantity

Az) = lim Llog|(f")(2)| = lim Zlogu (f*())]

n—+oco n n——+oo n

exists almost everywhere in [—00, +00) and is almost constant; let X\ be this constant.
Then h(u, f) < max(A,0).

Proposition 3. Let f: [0,1] = [0,1] be a C' map of the interval. Let C. be a finite
subset of [0,1] and consider the Markov diagram D associated to f with respect to
C = C(f)UCx. Let (Vm)m>1 be a sequence of invariant, ergodic measures on X4 (D)
such that h(Vm, o) > hiop(C(f), f) and suppose that for all finite subsets F C D,
lim, 400 Um ([F]) = 0. Then for all integers N, one has lim,,—, o0 vm([Dn]) = 0.

Let us remark that in the cases that are of interest to us, the sets Dy are not
finite.

Proof. Fix an integer N. If r is a positive number, we define the following subset
of the Markov diagram:

Fr={A_n...A0€D|n<Nand diam A_; >rforall 0 <k <n} CDy.

The set F,. is finite because only finitely many elements A € P satisfy diam A > r.
Therefore lim,;, 4 oo Vm ([Fr]) = 0 by assumption. By definition, C' = C(f) U C,,
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where C, is a finite set, and C(f) C (f')~'{0} thus there exists ro > 0 such that
forall r <rg and A € P,

diam A <r = Vz € 4,d(z, (f)"*{0}) <.

Let € > 0. Fix 0 < 8 < 1 such that % < x5+ By continuity of f' one can

choose r > 0 such that for all A € P with diam A < r,
Vz € 4,|f'(z)| < B. (2)

Choose myg such that for all m > mg, v, ([Fr]) < € and put gy = T (Vim); pm
is ergodic and, according to Theorem 4, hA(pm, f) = h(vm,0) > 0. Let A(z) =
limp 400 £ 34— log | f/(f*(z))|- Applying Theorem 5 we get that 0 < h(im, f) <
A(z) for pm-a.e. z. Consequently, there exists a vp,-generic point a = (an)n>0 €
¥4+ (D) such that, for z = 7(a),

n—1
lim %Zlog|f’(f’“(w))| > 0.
k=0

n—-+4oo

Let n be large enough so that 37— log |f'(f*(z))| > 0. Let
J={0<k<n| f¥@) € Awith A€ P and diam A <r}.
Using (2), one has

n—1

0< > loglf'(f*(2))l Y loglf (@I + Yo loglf'(F* (@)

k=0 ke ke[0,n)\J

< —#7-|log B+ nlog | f'lle.
hes log |
nlog oo ne
J < .
# |log 3] N+1

Let N < k < n be such that oy € Dy \ F, i.e., the significant part of oy, is of
the form A_;... Ap with 0 < ¢ < N with diam A_, < r for some 0 < p < g. Since
p < k, Lemma 3 applies and f*P(z) € A_,, thus k —p € J. Observe that for a
given k there are at most IV + 1 indices p as above, thus

1
~—#IN < D < #J.
NtV sk<nlax € Dy \Fr} < #J
This implies that
1 N (N+1)#J
luto<h<n|areny\7) < N O FV#
n n n
N
< —+te
n

and this inequality is valid for all integers n large enough. Moreover, the point « is
generic for v,,, therefore

1
Vm([DN\]:r]) = nll)I_}I_loo E#{O <k<n | oy, € DN\}—T} <e.

For m > myg, one obtains that v, ([Dn]) = vm([Dn \ Fr]) + vm([Fr]) < 2e. This
concludes the proof. O

We now turn to the
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Theorem 6. Let f: [0,1] — [0,1] be a C* map. Lety > 0. Then there exists § > 0
satisfying the following property. Define Cy, = {kd |k =1,...,[67 1]} and consider
the Markov diagram D associated to f with respect to C = C(f) U C,.

Let (Vm)m>1 be a sequence of ergodic measures on X (D) such that, for all finite
subsets F' C D one has

lim vy, ([F]) =0.

m——+00

Then
lim sup h(Vm, 0) < hiop(C(f), f) + hioc(f) + -

m——+00
For the proof of this Theorem, we need two more facts.
The first is a standard estimate. It derives from the Stirling formula.

Lemma 5. Let0 < a < 1/2 and € > 0. Define ¢(a)) = —aloga—(1-a)log(l—a).
Then for all integers n large enough one has

n ( n ) < e(¢(a)+e)n’
anj) —

and lim ¢(a) = 0.

a—0
The second fact follows from the definition of the local entropy and Katok’s
entropy formula.

Lemma 6. Let f: X — X be a continuous self-map of a compact metric space and
let p be an ergodic invariant Borel measure for f. Then for all € > 0,

h‘(/J’af) S h‘(/J’af7 6) + hloC(f: 6)'

Proof of the Theorem. Let € = v/(2+log(4]|f'|loc +5)). One can choose § > 0 such
that:

htop(o(f)a fa 5) < htOp(C(f)J f) +e
hloc(f, 46) < hloc(f) + €.

Let C. = {kd | 1 < k < [671]} and C = C(f) U Cs. One has r(§,n,C) <
r(d,n,C(f)) + #C, thus

htop(ca fa 6) S htop(o(f)a fa 6) < htop(c(f)7 f) + €.
There exists an integer Ny such that, for all n > Ny, r(8,n,C) < e(hep(C(H):f)+e)n,

Let C,, be a (d,n)-cover of C of cardinality r(d,n,C).
According to Lemma 5, there exist two integers M, N such that N > Ny and

n n en

Let (Vm)m>1 be a sequence of ergodic measures satisfying the assumption of
the Theorem. Observe that we can assume that h(Vy,0) > hyop(C(f), f) for all
integers m > 1. By Proposition 3, lim,;—, o Um([Pn]) = 0. Fix m > M such
that v, ([Dn]) < € and define v = v, and p = 7 (v). Theorem 4 says that
h(p, f) = hv, o).

By the ergodic Theorem, for v-almost every (an)n>0 € X4 (D), one has

lim l#{0 <k<n|ar €Dn}=v(Dn]) <e.

n—+oco n
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Consequently, there exist a set Sg C ¥, (D) and an integer T > M such that
v(So) > 0 and for all (an)n>0 € So andn > T,

1
H#{0§k<n|ak€DN}<e. (4

~

Let D € D such that v(So N [D]) > 0 and define S = Sy N [D]. One has u(n(S)) >

v(S) > 0. We are going to bound (44, n,w(S)), which will give a bound on h(v, o).
Let a = (ap)n>0 € S, z = n(a) and n > T. We define a finite set I = {1,...,j}

and disjoint integer subintervals [a;, b;),7 € I, satisfying the following properties.

i) [as,b;) C [-H(D),n) for all i € I (recall that H(D) is the height of D in the
graph D, see section 3).
ii) n; =b; —a; > N for all i € I.
i) # ([0,n) \ Useslai, b)) < en.
iv) There exists z; € C,, such that f%(z) € B(z;,n;,20) for all ¢ € I.

To define I = {1,...,j} and the subintervals [a;, b;), we set ap = n and proceed
inductively. Assume that a;_; is already defined. Let k be the largest integer such
that 0 < k < a;—1 and af € Dy. If there is no such k then we stop here setting
j =1 — 1. Otherwise, we let b; = k and a; = b; — H(ay,). Since H(ap,) > N by
choice of k, the induction ultimately ends.

We prove that these intervals have the stated properties. The significant part of
ag = D is some A_p(p)...Ao. By Lemma 2 there exist Ay, As,... € P, such that
ay is the equivalence class of A_g(py...AoA1 ... Ay for each k > 0. This implies
that H(ar) < H(D) + k. Therefore a; = b; — H(ap,) > —H(D); this is property

(i)

By definition, ap, € Dy, that is, H(ap;) > N. Since n; = b; — a; = H(ap,),
property (ii) holds.

Let J ={0 <k <n|ay € Dy}. Equation (4) says that #J < ne. If k satisfies
0<k<ajorb; <k<a; for some i € I, then oy, € Dy by definition of (b;);er.
Therefore

(O,Clj] U U(bi;aifl] C J.
iel
One has
[0,n)\ lai, b:) =1[0,a;) U | J[bi, ai1).
iel i€l
Moreover, #[a,b) = #(a, b], hence

# ([O,TL) \ U[a,-, bz)> = # ((O,Gj] U U(bi,ai_1]> < #J < ne.

iel i€l

This is property (iii).

Finally, we show that property (iv) holds. Let i € I and let A_,... Ay be the
significant part of a,,. Using Lemma 2 there exist A;,..., A, € P such that a, is
the equivalence classof A_p,... AgA; ... A,,. But the significant part of as, is some
B_,, ...By (recall that n; = H(ay,)). Therefore, by definition of the equivalence,
Ao...An, = B_,, ... By. By definition of the significant part, we have

P (Bt - Bolg) 2 S (B - Boly)-
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By definition,
ng
fY(Boni---Boly) = [) (B
k=0

= fY(Bon) N H([B-ni41--- Boly),
thus f(B_p;) 2 f™ "([B_n;+1---Bols), which implies that

f(B-n;) 2 [B-nit1 - Boly. (5)
In addition, [B_,; ... Bg]y # 0 so that
F(B ) A [B et - Boly #0. 6)

f is monotonic on B_,, and by Lemma 1 the set [B_p,41...Bo]s is an interval;
combining this with (5) and (6), it follows that there exists z € dB_,,; such that
f(2) € [B_pn;41...Boly. In other words, f¥(z) € B_,,, 1 for k=0,...,n;.

H(ow,) = n; and b; = a; + n;, hence foi—(ni—k)(g) = feitk(y) ¢ B_, . for
k =0,...,n; according to Lemma 3. Moreover the diameter of P is at most § by
the definition of C. Therefore f%(x) € B(z,n4,d). Since z € 0B_,,, C C, there
exists z; € Cp, such that z € B(z;,n;,d). Thus f%(x) € B(z;,n;,28) and property
(iv) is satisfied.

A description of x up to time n is a sequence of points (zx)o<k<n such that
o T4 = fF(z)ifi€Tand 0 <k < ny,
o x4 € Cy and |f¥(z) — 24| < 26 if k & U, [ai, bi)-
Notice that these conditions imply that |f*(z) — 2| < 26 for 0 < k < n. Let us
bound the number of distinct possible descriptions.
Firstly, #I < %(D) and, when j = #1I is already fixed, there are at most
n+ H(D)
2j
Hence the total number of choices of the intervals [a;, b;) is bounded by

+ H(D) + H(D) o
: N (Z(nn+ H(D))/N) <€

) choices for the positions of the integers a;,b; (i € I) in [-H(D),n).

the inequality being implied by (3).
Secondly, for each i € I, there are at most #C,, < elhwer(CU1):H)+ni choices of
z; € Cp, because n; > N > Ny. Thus the number of choices of (z;);cr is bounded
by
He(htop(c(f),f)-i-e)ni < e(hon (C(£): F)+e)n
icl
Thirdly, consider & € [0,n) \ U;¢ [as, b;). If & = 0 then the number of choices of
xo is at most #C, < 6 L. If k > 0 then

|2k = f(@r—1)] |z = £F(@)| + 1 (2) = f(@r-1)]
26 + | Hz) — 2l ll
3 (201" loo +2) -

Thus the number of possible x; € C, is at most 4| f'||o +5 if the points zg, ...,z 1
are already chosen. Moreover, # ([0,n) \ U, lai, b;)) < en because the intervals

IANIAIA
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[ai,bi), i € I satisfy property (iii). Therefore, the number of choices of zy, k €
[0,n) \ U;¢/lai, bi), is bounded by

57 (4l f lloo +5)"
Finally, the number of distinct descriptions is at most

Ny = 6~ 1elhian(C(1) D) +etelog(dl | +5)n.

If z,y admit the same description then |f*(z) — f*¥(y)| < 46 for all 0 < k < n.
Therefore there exists a (49, n)-cover of m(S) of cardinality at most Ny, that is,
r(46,n,m(S)) < Na. But h(u, f,46) < limsup,,_,, ., +logr(46,n,7(S)) because
u(m(S)) > 0, hence

h(p, £,46) < huop(C(f), f) + € + log(4]| f'll o + 5).

According to Lemma 6 and the choice of §, one has

h(p, f) < h(p, f,46) + hoc(f,40)
< heop(C(f)s f) + hioe(f) + €(2 + log(4lf'llo + 5))
< hop(C(f)s f) + hioc(f) + -
Since h(v,o) = h(u, f), this concludes the proof. O

5. Existence of maximal measures. In this section, we prove the main Theorem
by combining the results of the previous sections.

Theorem 7. Let f:[0,1] — [0,1] be a C* map and C(f) the critical set of f.
Assume that hyop(f) > hrop(C(f), f) + hoc(f). Then f admits a mazimal measure.
Moreover, the number of ergodic mazximal measures is finite and, if f is transitive,
the mazimal measure is unique.

Proof. Let € > 0 such that hiop(f) > htop(C(f), f) + Moc(f) +€. Let § > 0 be given
by Theorem 6 with D the corresponding Markov diagram. By Theorem 4, one has
h(D) = hiop(f). Suppose that (D) has no maximal measure. By Proposition 1,
there exists a sequence of ergodic measures (v,)n>1 such that h(v,,o0) = h(D) =
htop(f) and for all finite subsets F' C D, v, ([F]) — 0. By Theorem 6, one has

limSUPh(Vn:U) < htop(C(f)af) + hIOC(f) +e< htop(f)=

n—-+oo

which is a contradiction. Consequently X, (D) has a maximal measure, and so has
f by Theorem 4, proving the first claim of the Theorem.

Suppose now that there is a sequence (f1n)n>1 of distinct ergodic maximal mea-
sures for f. Let v, be the ergodic measure on X (D) that corresponds to u, by
7 (Theorem 4). The v, are distinct ergodic maximal measures, thus for all finite
subsets F' C D, one has v,([F]) — 0 by Proposition 2. As previously, this leads to
a contradiction by Theorem 6, proving the finiteness claim.

Finally, suppose that f is transitive. Then by Lemma 4, D has a unique connected
component of large entropy and therefore admits at most one maximal measure by
Theorem 2. Thus, f has at most one maximal measure by Theorem 4. O
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