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ABSTRACT

For a continuous map on a topological graph containing a unique loop
S it is possible to define the degree and, for a map of degree 1, rotation
numbers. It is known that the set of rotation numbers of points in S is
a compact interval and for every rational r in this interval there exists
a periodic point of rotation number r. The whole rotation set (i.e., the
set of all rotation numbers) may not be connected and it is not known in
general whether it is closed.

The graph sigma is the space consisting in an interval attached by one
of its endpoints to a circle. We show that, for a map of degree 1 on the
graph sigma, the rotation set is closed and has finitely many connected
components. Moreover, for all rational numbers r in the rotation set, there

exists a periodic point of rotation number r.

1. Introduction

In [2] a rotation theory is developed for continuous self maps of degree 1 of
topological graphs having a unique loop, using the ideas and techniques of
[4, 3]. A rotation theory is usually developed in the universal covering space by
using the liftings of the maps under consideration. The universal covering of
a graph containing a unique loop is an “infinite tree invariant by translation”
(see Figure 1). It turns out that the rotation theory on the universal covering
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of a graph with a unique loop can be easily extended to the setting of infinite
graphs that look like the space G from Figure 2. These spaces are defined in
detail in Section 2.1 and called lifted graphs. Each lifted graph 7" has a subset
T homeomorphic to the real line R that corresponds to an “unwinding” of a
distinguished loop of the original graph. In the sequel, we identify T with R.

G T

Figure 1. G is the graph o, its universal covering is 7.

G

Figure 2. The graph G is unwound with respect to the bold
loop to obtain CA;, which is a lifted graph.

Given a lifted graph T and a map F from T to itself of degree one, there is
no difficulty to extend the definition of rotation number to this setting in such
a way that every periodic point still has a rational rotation number as in the
circle case. However, the obtained rotation set Rot(F') may not be connected.
Despite this fact, it is proven in [2] that the set Rotg(F') corresponding to the
rotation numbers of all points belonging to R has properties which are similar
to (although weaker than) those of the rotation interval for a circle map of
degree one. Indeed, this set is a compact non-empty interval; if p/q € Rotg(F)
then there exists a periodic point of rotation number p/q, and if in addition
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p/q € Int (Rotr(F)) then for all large enough positive integers n there exists a
periodic point of period ng of rotation number p/q.

We conjecture that the whole rotation set Rot(F’) is closed. In this paper, we
prove that, when the space T is the universal covering of the graph ¢ consisting
in an interval attached by one of its endpoint to a circle (see Figure 1), then
the rotation set is the union of finitely many compact intervals. Moreover, all
rational points r in Rot(F) are rotation numbers of periodic points. It turns
out that the proofs extend to a class of maps on graphs that we call o-like maps,
which are defined in Section 2.3.

The paper is organised as follows. In Section 2, we give the definitions of
the objects we deal with: lifted graphs, maps of degree 1, o-like maps, rotation
numbers and rotation sets. In Section 3, we recall the notion of positive covering
and state some of its properties, which are key tools to find periodic points. In
Section 4, we first partition the space T" according to some dynamical properties,
then we prove the main result, which is done is several steps.

2. Definitions and elementary properties

2.1. LIFTED GRAPHS. A (topological) finite graph is a compact connected
set G containing a finite subset V' such that each connected component of G\ V
is homeomorphic to an open interval.

The aim of this section is to define in detail the class of lifted graphs where
we develop the rotation theory. They are obtained from a topological graph
by unwinding one of its loops. This gives a new space that contains a subset
homeomorphic to the real line and that is “invariant by a translation” (see
Figures 1 and 2). In [2], a larger class of spaces called lifted spaces is defined.

Definition 2.1: Let T be a connected closed topological space. We say that
T is a lifted graph if there exist a homeomorphism h from R into 7', and a
homeomorphism 7: T — T such that
(i) 7(h(z)) = h(x +1) for all z € R,
(ii) the closure of each connected component of T\ h(R) is a finite graph
that intersects h(R) at a single point,
(iii) the number of connected components C' of T \ h(R) such that
C N h([0,1]) # 0 is finite.

The class of all lifted graphs is denoted by T°.
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To simplify the notation, in the rest of the paper we identify h(R) with R
itself. In this setting, the map 7 can be interpreted as a translation by 1. So,
for all x € T' we write z + 1 to denote 7(z). Since 7 is a homeomorphism, this
notation can be extended by denoting 7 (z) by x + m for all m € Z.

Because of (ii), not all infinite graphs obtained by unwinding a finite graph
with a distinguished loop are lifted graphs. The essential property of this class
is the existence of a natural retraction from 7 to R.

Definition 2.2: Let T € T°. The retraction r: T'— R is the continuous map
defined as follows. When = € R, then r(x) = x. When x ¢ R, there exists a
connected component C' of T'\ R such that z € C and C intersects R at a single
point z, and we let r(z) = z.

It can be easily shown that the retraction r is a continuous map.

2.2. MAPS OF DEGREE 1 AND ROTATION NUMBERS. A standard approach to
study the periodic points and orbits of a graph map is to work at lifting level
with the periodic (mod 1) points. The results on the lifted graph can obviously
be pulled back to the original graph. Moreover, the rotation numbers have a
signification only for maps of degree 1, as in the case of circle maps. In this
paper, we deal only with maps of degree 1 on lifted graphs.

Definition 2.3: Let T € T°. A continuous map F': T — T is of degree 1 if
Flx+1)=F(@)+1forallzeT.

A point z € T is called periodic (mod 1) for F' if there exists a positive
integer n such that F™(z) € x + Z. The period of z is the least integer n
satisfying this property, that is, F™(x) € # +Z and F'(z) € z + Z for all
1<i<n—-1.

The next easy lemma summarises the basic properties of maps of degree 1
(see, for instance, [1, Section 3.1]).

LEMMA 2.4: Let T € T® and F: T — T be a continuous map of degree 1. The
following statements hold forn e N, k € Z and x € T':
(i) F*(x + k) = F"(z) + k.
(ii) (F+k)"(z) = F"(x)+ kn.
(i) If G: T — T is another continuous map of degree 1, then F o G is a
map of degree 1. In particular, F" is of degree 1 for all n > 1.
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We define three types of rotation numbers.

Definition 2.5: Let T € T°, F: T — T be a continuous map of degree 1 and

z €T. We set
Fr(x) —
p (z) = liminf ro Ft(@) — ()
F n—-+o0o n
and
Fo(z) —
p,(x) = limsup ro (@) T(:E)
n——+o0o n
When p () = p,.(z), then this number is denoted by p, F(z) and called the
rotation number of z.

We now give some elementary properties of rotation numbers (see [2, Lemma
1.10]).

LEMMA 2.6: Let T € T°, F: T — T be a continuous map of degree 1, v € T,
ke€Z andn € N.
(i) o @+ k) = p, (a).
(i) p,,,,, (@) = p,(2) + k.
(ii) p,., (2) = np, ().
The same statements hold with p instead of p.

An important object that synthesises all the information about rotation num-
bers is the rotation set (i.e., the set of all rotation numbers). Since we have
three types of rotation numbers, we have several kinds of rotation sets.

Definition 2.7: Let T € T° and F: T — T be a continuous map of degree 1.
For S C T we define the following rotation sets:

Rot# (F) = {p, (x) | = € S},

Rotg (F) = {p, (x) | 7 € )

Rotg(F) = {p.(z) | x € S and p, (z) exists}.
When S = T, we omit the subscript and we write Rot*(F), Rot™ (F) and
Rot(F) instead of Rot.(F), Roty(F) and Rotr(F), respectively.

2.3. SIGMA-LIKE MAPS. Let T € T® and F': T — T be a continuous map of
degree 1. Define
Te = | J Fr(R)

n>0
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and Xp =T\ Tk Nr~1([0,1)) (see Figure 3). Then Tk € T° (by Lemma 5.2 in
[2]), XF is composed of finitely many finite graphs and T = Tgr U (Xp + Z).

If T is the lifting of the graph o (see Figure 1), then Xy is either empty, or
an interval with an endpoint in Tr. Maps with the same property will be called
o-like maps.

Figure 3. Illustration of the sets Tg (in bold) and Xp (thin
line). This is a o-like map.

Definition 2.8: Let T € T° and F: T — T be a continuous map of degree 1. If
X is either empty, or an interval such that Xy N7 is reduced to an endpoint
of Xr, we say that F' is a o-like map and we write F' € C{(T).

Remark 2.9: If F is a o-like map, then so is F'™, because Xp»n C Xp.

This paper is devoted to the study of the rotation set of o-like maps when
Xp # 0. The study of the rotation set Rotr, (F') has already been done in [2].

3. Positive covering

Let F' € CY(T). The interval Xp, when it is not empty, may be endowed with
two opposite orders. We choose the one such that min Xy is the one-point
intersection Xg N Tr. The retraction map rx: T — Xpg can be defined in a
natural way by rx(z) =z if z € Xy and rx(z) = min Xp if © € Tg.

The notion of positive covering for subintervals of R has been introduced in [2].
It can be extended for subintervals of any subset of 7' on which a retraction can
be defined. In this paper, we shall use positive covering on X . All properties of
positive covering remain valid in this context. In particular, if a compact interval

I positively F-covers itself, then F' has a fixed point in I (Proposition 3.5).
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Definition 3.1: Let T € T°, F € C{(T), I, J be two non-empty compact subin-
tervals of Xp, n a positive integer and p € Z. We say that I positively
F"-covers J + p and we write I F—t> J + p if there exist * < y in I such that
rx(F"(xz) —p) < minJ and rx(F"(y) —p) > maxJ. In this situation, I + ¢
positively F™-covers J + p + ¢ for all g € Z.

Remark 3.2: If F"™(x) € Tg and J C X, then the inequality rx (F"(x) — p) <
min J is automatically satisfied. We shall often use this remark to prove that

an interval positively covers another.

We introduce some definitions in order to handle sequences of positive cover-
ings.

Definition 3.3: Let T € T° and F € C{(T). If we have the following sequence

of positive coverings:
+ + +
C:lo+po——hh+pr—>Ia+pa-- oo Ig—1 +pr—1—> Ix + pr
M Fn2 Fre

(where Iy, ..., I; are non-empty compact subintervals of Xpg, ni,...,n; are
positive integers and po, ..., pr € Z), then C is called a chain of intervals for F'.
Its length is Lp(C) = ny + - - - + ny, and its weight is Wr(C) = pr — po (notice
that a weight can be negative). A point x follows the chain C if F™*+ 7 (z) €
I +p; forall 0 <i<k.

If ¢ € Z, the chain C + i is the translation of C, that is

Cti:lo+po+i—li+p+is-
Fr1 Fr2
e Toet + Pt +iF—-:]c)Ik + i, + i
If C' is another chain of intervals beginning with I + p for some p € Z, then

CC' is the concatenation of C and (C' —p+py). If I}, = Iy, then C™ is the n-times
concatenation C---C if n > 1 and C° is the empty chain.

The next properties are straightforward.

LEMMA 3.4: Let T € T° and F € C{(T).

e [fC is a chain of intervals for F™, then it is also a chain of intervals for
F and Lp(C) = nLp(C) and Wg(C) = Wgn(C). Since the weight is
independent of the power of the map, we shall denote it by W (C).
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e IfC,C’ are two chains of intervals for F that can be concatenated, then
Lrp(CC)=Lp(C)+ Lr(C") and W(CC) = W(C) + W(C").

The next proposition is [2, Proposition 2.3] (rewritten in some less general
form).

PROPOSITION 3.5: Let T € T°, F € C{(T) and C be a chain of subintervals of
X such that C starts with some interval Iy and ends with a translation of I
(i.e., In+ p for some p € Z). Then there exists a point x, following the chain C
such that FL#(©)(zq) = zo + W(C).

The next lemma says that if two intervals I, J both positively cover trans-
lations of I and J, then every rational number in the rotation interval corre-
sponding to this “horseshoe” can be obtained as a rotation number of a periodic
(mod 1) point. This will be a key tool.

LEMMA 3.6: Let T € T°, G € C{(T), I,J be two non-empty compact subin-
tervals of X¢ and my, mo € 7Z such that

I%Ierl and I%)Jerl,

J%.nrmg and J%J+m2.

Suppose that my < msg. For every p/q € [my,ms], there exists C a chain
of intervals for G in which all the intervals are translations of I and J, and
p/q=W(C)/Lg(C). Moreover, there exists a periodic (mod 1) point z € I U J
such that p.(x) = p/q.

Ifp/q # ma, then C can be chosen such that the first interval is I and the last
interval is a translation of I, and the periodic (mod 1) point x can be chosen in
1.

Proof. By considering G — m; instead of G, we may suppose that mq = 0 (use
Lemma 2.6). Since p/q € [0,mz], we have 0 < p < maq. If p/q = ma, we
take C: J % J + mso. By Proposition 3.5, there exists a point € J such that
F(z) = x + mq, and hence pg(x) = mao.

If p=0, we take C: I%)I. If1<p<moqg—1, we take

Ci (=5 1y 2 (155 ) 55 T 4 o)™ (50 T+ o).
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In these two cases, it is straightforward that W (C)/La(C) = p/q. By Proposi-
tion 3.5, there exists a point = € I such that GL©)(z) = z + W(C), and so
is periodic (mod 1) and p, (z) = W(C)/La(C) = p/q.

4. Study of the rotation set of F'

Let T € T° and F € C{(T). Since T = Tr U (Xr + Z), it is clear that
Rot(F) = Rotr, (F) U Rotx, (F), and the same holds with Rot* and Rot™.
The rotation set Rot, (F') has been studied in [2]. Consequently, it remains to
study Rotx,. (F'). The next theorem summarises the main properties of Rotg (F')
(see Theorems 3.1, 3.11, 5.7 and 5.18 in [2]).

THEOREM 4.1: Let T € T° and F: T — T be a continuous map of degree 1.
Then Rotr(F') is a non-empty compact interval and, if Tk is defined as above,
Rotr, (F) = Roty, (F) = Roty, (F) = Rotg(F). Moreover, if r € Rotg(F) N Q,
then there exists a periodic (mod 1) point « € Tg such that p,(z) = 7.

4.1. PARTITION OF Xp. If F™(z) € T for some n, then p,(z) € Rotrp, (F).
Therefore, it is sufficient to consider the points € X whose orbit does not fall
in TR, or equivalently the points in Xoo ={z € Xp |Vn > 1,F"(z) € Xp +Z}.

Our first step consists in dividing Xz according to the translations of the
images with respect to Xp + Z. If F(x) € Xp + p and F(y) € Xr + p' with
p # p’, then necessarily there is a gap between x and y by continuity. Thus we
can include the points {z € Xp | F(x) € Xp + Z} in a finite union of disjoint
compact intervals such that, for each I among these intervals, there is a unique
integer p satisfying F'(I) N (Xr +p) # 0.

LEMMA 4.2: LetT € T® and F € C{(T). There exist an integer N > 0, disjoint
non-empty compact subintervals X;,..., Xy of X and integers py,...,pn In
Z such that

(i) X1 < X2 <--- < Xn (for the order on Xr),
(i) F(Xi) C (XF+p))UTg forall 1 <i< N,
(iii) F(min X;) =min Xp +p; forall 1 <i < N,
(iv) pig1 #pi forall1 <i< N —1,

(v) FIXp\ (X1 U---UXN)N(Xp+Z)=0.

F
F

Proof. It F(Xp) N (Xp + Z) = 0, we take N = 0 and there is nothing to do.
Otherwise, we can define a; = min{z € Xp | F(z) € Xr +Z} and p; € Z such



284 S. RUETTE Isr. J. Math.

that F'(a1) € Xr + p1. We define
by = max{z € [a1,max Xp| | F(z) € Xp+p; and F([a1,z]) C (XFr+p1)UTR},

and X1 = [a1,b1]. Then X; satisfies (ii). Moreover, F'(min Xp) € Tg because
min Xz € Tg, which implies that F([min X, a1]) contains min X + p;. Thus
F(a1) = min Xz + p; by minimality of aq, which is (iii) for X;.

We define Xs,..., Xy inductively. Suppose that X; = [a;,b;] and p; are
already defined and that b; verifies

b; = max{z € [a;,max Xp] | F(z) € X +p; and F([a;,z]) C (Xr + pi) UTR}.

If F((b;,max Xp|)N(Xp+Z) =0, then we take N =4 and the construction is
over. Otherwise, we define

(1) ai+1 = inf{x € (b;,max Xr] | F(z) € Xp + Z}.

We first show that a;41 is actually defined by a minimum in (1). By definition,
there exists a sequence of points x,, € (b;, max Xr| tending to a;+1 and such
that F(x,) € Xp + Z. Let m,, € Z such that F(x,) € Xp + m,. By continuity
of roF, lim, ior0F(x,) =70F(a41). Since ro F(z,) = r(min Xr) + my,,
this implies that the sequence of integers (my)n>0 is ultimately constant, and
equal to some integer p;y1. Then F(a;+1) = lim, oo F(2n) € Xp + piy1. By
continuity, F([ai+1,zn]) C (XF + pitr1) U TR for all n large enough. Moreover,
F((bi,ai41))N(XF +7Z) = 0 by definition of a;11. If p;11 = p;, then, for n large
enough, we would have

F(z,) € Xp+p; and F([b,x,]) € (X +p;) UTE,

which would contradict the definition of b; because z,, > b;. Hence p; 11 # p;.

This implies that a; 1 > b;. Since F((b;,a;+1)) is non-empty and included in

Tg, necessarily F(a;4+1) is equal to min X g + p; 41 by minimality of a;41.
Finally, we define

bit1=max{r€[a;+1, max Xp|:F(z)€ Xp+pit1 and F([ai+1, 2]) (X p+pit1)ITR},

and X;11 = [@i+1,bi+1])- Then X,;11 > X; and (ii), (iii) and (iv) are satisfied.

By uniform continuity of ro F' on the compact set X, there exists § > 0 such
that, if z,y € X with |z — y| <, then |r o F(z) — 70 F(y)| < 1. This implies
that |a;41 — b;| > 0, which ensures that the number of intervals X is finite, and
the construction ultimately stops. By construction, (v) is satisfied.
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Remark 4.3: e The fact that the sets X1, ..., Xy are intervals is very im-
portant because it will allow us to use positive coverings. Notice that
we cannot ask that F(X;) C (X + p;), even if we do not require that
Pir1 # pi- Indeed, if min Xp is a fixed point, the map F' may oscil-
late infinitely many times between Xp and 7w in any neighbourhood
of min X, and in this case the number of connected components of
F(XFr)N Xp is infinite.

e In the partition of Xp into X1,...,Xn, Xr \ (X1 U---U Xy), the set
Xr\ (X1 U---UXy) plays the role of “dustbin”, and we can code the
itinerary of every point in X, with respect to Xi,..., Xny. More pre-
cisely, if F"(x) € Xp\(X1U---UXN)+Z, then 2 ¢ X. Therefore, for
every ¢ € Xoo, Yn > 0,3w,, € {1,..., N} such that F"(x) € X, + Z.
The rotation number of x can be deduced from this coding sequence
because Vn > 0, F"(x) € Xu,, + Puo + -+ + Pun_y-

e It can additionally be shown that F(max X;) = min Xp + p; for all
1<i< N—1and, for i = N, either F(max Xy) = min Xr + py, or
max Xy = max Xp.

4.2. PERIODIC (mod 1) POINTS ASSOCIATED TO THE ENDPOINTS OF ROTATION
SETS. When proving that every rational number in the rotation set is the rota-
tion number of a periodic (mod 1) point, we shall make a distinction between
the interior and the boundary of the rotation sets (the same distinction is nec-
essary to deal with Rotg(F') [2]). For rational numbers in the boundary, harder
to handle, we shall need Lemma 4.5, which is analogous to [2, Lemma 5.16] in
our context. We first prove a technical but key lemma.

LEMMA 4.4: Let T € T® and F € C{(T). Let Y be a compact interval included
in Xp and Yo = {z €Y |Vi > 1,F'(x) € Y +Z}. Suppose that for all integers
i>1,

(2) if v € Yo and F'(x) € Y + k with k <0, then F'(z) — k < z.

Then there exists an integer My such that, if x € Y, verifies VO < i < M,
Jk; <0, Fi(x) € X + k;, then M < M.

Proof. Let X1,..., Xy and p1,...,pny be the intervals and integers given by
Lemma 4.2, and let d denote a distance on T. We are going to prove by
induction on n decreasing from N to 1 that there exists an integer M, such
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that
N

(3) if 7 € Voo verifies VO < i < M, Jk; <0, Fi(x) € | X + ki,
j=n

then M < M,,. This property for n = 1 is the statement of the lemma (notice
that Fi(x) € Y +k; implies that F(z) € Ujvzl X, +k; because = € Yoo C Xoo).

First, let us prove the induction property for n = N. Let x € Y, such that
V0<i< M, Fi(x) € Xy + k; with k; < 0. According to the definition of Xy
and py, this implies that for all 0 < ¢ < M, k; = ipy and py < 0. Because
of (2), (F(x) — ki)o<i<m is a decreasing sequence in Y. Then the induction
property for N is given by the following fact.

Fact: There exists an integer My such that, if (F*(x)—k;)o<i<nm is a decreasing
sequence in Y with x € Yoo and k;y1 < k; for all0 < i < M —1, then M < M.

Proof of the Fact. For all integers k < 0, we define
0 = inf{d(z, F(z) — k) | € Yoo, F(x) € Y + k}.

According to (2), for all z € Yo, F(x) — k # x. Since F is continuous and Y
is compact, this implies that Vk < 0, d; > 0. Moreover, the set of integers k
such that F(Y)N (Y + k) # () is finite, and thus

d=inf{d; | k<0, FY)N(Y +k)#0}>0.
Consequently, (F'(z) — ki)o<i<n is a decreasing sequence in Y and, for all
0 S ) S M — 1, d(Fl(IZ?) - ki,FiJrl(IE) - kiJrl) Z 6. Since

M-1
d(z — ko, FM (2) — kar) = D d(F' () — ki, F' (@) = Kiga),
i=0
this implies that diam(Y) > MJ. This proves the fact if we take
My > diam (Y) /6.

Now, suppose that the induction property holds for n+1 with 2 <n+1 < N,
and let x satisfy (3) for n. We can assume that there exists ¢ € {0,..., M} such
that F(z) € X,, + k; (otherwise x already satisfies (3) for n + 1). Let

io =min{i € {0,..., M} | Fi(z) —k; € X,,}.
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By choice of ig, F — ki, € X, and Y0 < i <o — 1, Fi(z) € U}, ., X, + ki.
Thus ig — 1 < M, 41 by the induction property for n + 1. We split the proof
into two cases depending on p,.

CasSE 1: p, < 0. If Fi(x) € X,, + k;, then F'*l(z) € X + k;1 1 with
kiv1 = ki + pn < k;. According to (2), F**1(z) — kix1 < Fi(x) — k;, and thus
F*(z) — kiy1 € X, because X; > X, if j > n. This implies that, for all
ip <i < M, Fi(z) — k; belongs to X,,, and (F'(x) — k;)i,<i<nm is a decreasing
sequence in Y with k; 11 < k; for all ig <i < M — 1. Then the fact above says
that M —ig is bounded by My. Hence M = ig+(M —ig) < Mp41+Mpy+1. This
proves the induction property for n in this case if we take M,, > M, 1 +Mpy+1.

CASE 2: p, > 1. Let K =max{k > 0| F(Y)N (Y — k) # 0}. First we show
by induction on 4 that for all ¢ € {ig,..., M},

(4) ki > ki, — K.

This is trivially true for ¢ = 49. Suppose that (4) is true for ¢. If k; > k;,, then
kivi > ki— K > kjy— K. If k; < k;,, then F'(x)—k; < F(x)—k;, by (2), and
thus F(z) — k; € X,, by definition of n. Hence k; 1 = k; +pn > ki > ki, — K.
Therefore, (4) is true for all ig <i < M.

Let A be the number of integers & < 0 such that Y + k contains some point
of (F(z))i,<i<m. Equation (4) implies that A < —k;, + K + 1. Moreover,
—kiy < (io — 1)K and i9g — 1 < M, 4. Thus, if we set Ag = (Mp+1 + 1)K + 1,
we have A < Ay, with Ay a constant independent of z,ip, M. By Dirichlet’s
drawer principle, there exists an integer k such that Y + k contains ¢ points
points among (F*(z));,<i<am with ¢ > (M —ig)/Ao.

We are going to show that this implies that M — iy is bounded, using an
argument taken from the proof of [2, Lemma 5.17]. Let i1 < ia < --- < 4 be
the integers among {ig,..., M} such that Fii(z) € Y +k forall 1 < j < gq.
According to (2), (F (z))1<;<4 is a decreasing sequence in Y + k. This implies
that
~1
() d(F's(x), F*" (x)) = ) d(FY(z), FU* (x)).

1

Q

J

Forj=1,...,q—1, weset Aj =ij41 —i;. We also set
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There are ¢ — 1 — ¢ integers j such that A; > 24,4+ 1, and for the rest we have
Aj; > 1. Thus we have

M—-iy>ig—i1=A14+--+A;1>c+ 24+ 1)(¢g—1—0).

Hence 4 ) )
02(2 0+1)(q_1)_(M_ZO)zq—l—M_ZO.
2A0 2AO
Since g > MAfoi“, we get that
M —ig
6 > -1
(6) ©Z 94,

Let d(i) = min{d(F'(z),z) | € Yoo, F'(x) € Y}. For every i > 1, d(i) > 0
because Vz € Yoo, F'(x) # x by (2). We have d(F'+(x), F'i(z)) > d(A;). In
Equation (5), there are ¢ integers j such that A; < 24,. Thus we get that
d(Fia(x), F(x)) > eD, where D = min{d(1),...,d(24¢)} > 0. It follows that
diam (X)) > ¢D and thus, by (6),

di X
M—i0§2A0< lanll)( )—|—1>

Finally,
diam (X)
D

This proves the induction property for n in case 2, and this concludes the proof

Mi0+(Mz‘0)§MN+2AO< +1>+1.

of the lemma.

The next lemma is aimed to be applied first with 77 = Tr, ¥ = Xp and
7 = X7, where X is defined in Lemma 4.2. After dealing with X7, an induction
will be done to deal with Xs,..., Xy, that is why the lemma is stated with

general notations.

LEMMA 4.5: Let T € T® and F € C{(T). Let T’ be a closed connected subset
of T such that T CT', T'+1 =T and F(T') C T'. Let Y denote the compact
subinterval of X equal to T\ T' Nr~1([0,1)) and define

Yoo={2z €Y |VYn>1,F"(z) €Y +Z}.
Let Zbe a compact subinterval of Y such that F'(min Z)€T" and F(Z)N(Z+Z)F0.
Assume that inf Rotzny, (F) > p/q with p € Z and q € N, and

Vo e | JFMZ)+Z) N Yo, Vn>1, F™(z) # z + np.
n>0
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Then inf Rotzny,, (F') > p/q.

Proof. We note zp = minY and Y’ = {J, - (F*(Z) +Z)NY. For all n > 1,
F"(min Z) € T’ (because T" is F—invariant),_which implies that (F"™(Z)+Z)NY
is either empty, or an interval containing zo. In addition, Z N (F(Z) 4+ Z) is
non-empty by assumption, and thus Y’ is a non-empty compact subinterval of
Y containing x¢. Moreover, (F(Y')+Z)NY CY’, and thus

Y NYo={2z €Y' |Vn>1,F"(z) €Y' +Z}.

Let Y = U,,>o(F™"(Z2)+Z)NY . Since p,.(x) = p,. (F™(x)+k) foralln > 0 and
k € Z, it is clear that Rotzny._ (F) = Roty~ny. (F). The set Y” is an interval
and Y\ Y"” is either empty, or reduced to {maxY”’}. If Y\ Y” is non-empty, it
can be shown that maxY” is a fixed (mod 1) point and that there exists a point
z € Z whose orbit is attracted by maxY”’, and hence p,(z) = p,(max¥’). The
proof is not straightforward, but it is identical to the proofs of Lemma 5.3 and
Theorem 5.5 in [2], and thus we do not repeat it. As a consequence, we get that
ROtZﬂYm (F) = ROty/mym (F)

Let x € Y/ N Yy, and for all i > 1 let k; € Z such that Fi(z) € Y + k;.
Suppose that F"(z) — k,q > x. Then, using that Fi(zo) € 7" and Fi(z) € Y
for all ¢ > 0, we get

[0, @] — o, F(2)] 4k — - =0, F™7 @)] + kng—1 —[20, 2] + kng-

According to Proposition 3.5, there exists y € [z, z] C Y’ such that F"(y) =
Y+ kng and VO < i < ngq, F'(y) € Y + Z. Hence y € Y’ NYs. By assumption,
knq cannot be equal to np. Moreover, p,(y) = kng/ng € Rotzny, (F), thus
kng > np. Therefore, if we set G = F'9 — p, we have, for all n > 1,

ifz €Y' NYy and G"(z) €Y + k with k£ < 0 then G™(z) — k < z.

We can apply Lemma 4.4 to the map G and the interval Y’, and we get that

there exists an integer M; such that

(7)

if € Y'NYy verifies V1<n <M, Ik, <0,G"(x) €Y +k,, then M < M;.
Now let x € ZN Y. For all n > 0, G"(z) € Y’ + Z. According to (7), there

exist an increasing sequence of positive integers (n;);>1 and integers (k;)i>1

such that

V’LZ ]., Gnl(lﬂ) EY/+I€Z', Ni4+1 — Ny SMl and ]{i+1 Zk1+]~
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This implies that p_ (z) = gp, (x) —p > 1/M; > 0. This concludes the proof of
the lemma.

Let us restate Lemma 4.5 when 77 = Tk, ¥ = Xp and Z = X;: if
inf Rotx,nx.. (F) = p/q and F(X1) N (X1 + Z) # 0, then there exist a point
z € U,>o(F™(X1) + Z) N X such that « is periodic (mod 1) and pr(z) = p/q.
Notice that the assumption F (X1) N (X1 +Z) # 0 is fulfilled as soon as
Rotx,nx (F) # 0. Indeed, if F(X1)N(X1+2Z) =0, then F(X1)N(Xr+Z) C
[min Xz, min X;), and thus X; N X = 0.

4.3. ROTATION SET OF X;. In the sequel, we shall heavily use the fact that X g
is an interval with an endpoint in Tg. By definition, min X belongs to Tg and
Tk is invariant by F. Hence F(min Xp) € Tg. Therefore, if I is a subinterval of
X such that min 7 = min Xy and F(I) N Xg # 0, then necessarily F(I) N Xp
is an interval containing min Xp. This simple observation allows us to study
the rotation set of the interval X; defined in Lemma 4.2. This is done in
Proposition 4.7, by considering 7/ = Tk and Y3,...,Yy = X1,..., Xy. When
this is done for X7, the idea is to proceed by induction for the rotation sets of
Xo, ..., Xn, which is why the proposition is stated with more general notations.
In the proof of Proposition 4.7, we shall need the next, technical lemma.

LEMMA 4.6: Let (ng)r>0 be a sequence of real numbers bounded from above
by some constant C'. Let € > 0,

L = limsup mo e ko
k—+o00 k

and | < L —¢. Then there exists an integer k > 1 such that "°+”‘Ij"’“*1 >L—c¢
and ng # 1.

Proof. Let K be an integer such that C/K < /2. Let

n0+...+nk

E{keZ*\ k1

2L5/2}.

The set F is infinite by definition of L. We are going to do a proof by contra-
diction. We assume that

(8) ng =1 for all k € F such that k > K.



Vol. 184, 2011 ROTATION SET FOR MAPS OF DEGREE 1 291

If E contains all integers n > N for some N, then L = [, which is absurd. Thus
there exists an integer k > K such that k € F and k — 1 ¢ E. We have

no+ -+ ng k ng+ -+ nkp_1 1

k+1 " k+1 k k1
By definition of F,
n0+“.+nk2L—€/2 and n0+”.+nk_1<L—5/2.

E+1
Moreover, n =1 < L —¢/2 by (8). Thus
ng+ -+ ng k 1
L—¢/2)=L—-¢/2
k+1 Skt k+1( #/2) £/2
which is a contradiction. Therefore, (8) does not hold, and there exists k € E
such that & > K and nj # [. Moreover,

no+--tng-1 k+1 no+---+ng  ng
k Tk k+1 ok
no+---+nx C
k+1 K

>L—¢/2—¢/2=L—c¢.

k

(L—¢/2)+

Such an integer k is suitable.

PROPOSITION 4.7: Let T € T® and F € C{(T). Let T" be a connected sub-
set of T such that Tk C T', T+ 1 = T’ and F(T') C T'. Let Y denote
the compact subinterval of Xr equal to T\ T" Nr~1([0,1)) and define Y, =
{zeY |Vn>1,F"(z) € Y +Z}. Let Y1,...,Yy be disjoint compact subin-
tervals of Y and q1,...,qy € Z such that:

(a) i <--- <Yy,

(b) F(Y;) C (Y +¢)UT' forall1 <i< M,

(¢) F(minY;) = minY (mod 1),

(d) FIY\(WVU---UYn)N (Y +2Z)=0.
Assume that Y1 N Y., # (). Then there exists a compact interval I C R such
that:

(i) Roty,ny,. (F) = Roty: 4y, (F) = Roty, ny_(F) =1,

(i) I contains q1,
(iii) there existsa € Y1NYy such that F'(a) = a+q and [min Y7, a)NYo = 0,
(iv) ifr € Int (I) NQ then there exists a periodic (mod 1) point x € Y1 NY

with p.(x) = r.
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(v) if »r € OI N Q then there exists a periodic (mod 1) point
z € U,so(F"(Y1) +Z) N Yoo with p,(z) = 1.

Proof. We first prove (iii) under an additional assumption:
9) If Jyo € Y7 such that ¥n > 1, F"(yo) € Y1 + Z, then (iii) holds.

Let yo satisfy (9), G = F —¢1 and ap = minY;. Then G(Y1) C YU T".
For all n > 0, G"(yo) € Y1, and in particular G™(yo) > ag. We define induc-
tively a sequence of points (a;);>1 such that a; € [a;—1,y0], G'(a;) = ap and
[ag,a;) N Y =0 for all 4 > 1.

e Since G(ap) = minY (by assumption (c)) and G(yo) > ag, we have
ag € G([ao,yo]) by continuity. Thus there exists a1 € [ag, yo] such that
G(a1) = ap. We choose a; minimum with this property, which implies
that G([ag,a1)) NY; = 0. Hence [agp,a1) N Yoo = 0.

e Assume that ag,...,a; are already defined. Since G'*'(a;) = G(ag) =
minY and G*1(yy) > ap, the point ag belongs to G***([a;, yo]) by
continuity. Thus there exists a;11 € [a;,yo] such that G**1(a;4q) =
ag. We choose a;41 minimum with this property, which implies that
G ([ai,a;11)) NYy = 0. Hence [a;,a;11) N Yo = . This concludes
the construction of a;41.

The sequence (a;);>0 is non-decreasing and contained in the compact interval
Y;. Therefore, a = lim;_, 4 a; exists and belongs to Y. Since G(a;+1) = a,
we get that G(a) = a. In other words, F(a) = a+¢;. This implies that a € Y.
Moreover, [ag, a) = J;50lai, @it1), and thus [ag, a) N Ys = 0. This proves (9).

We split the rest of the proof into two cases.

Case 1: F(Y1) N (Y; +Z) =0 for all 4 > 2 (this includes the case M = 1).
Then F(Y1NYsy) C Y1 +¢1 and F*"(Y1 NYy) C Y1 + ngi. Thus, for all
x € Y1 N Yy, the rotation number p, (x) exists and is equal to ¢;. We take
I ={q1} and we get (i) and (ii).

Since Y1 NY,, is not empty, there exists a point y such that ¥n > 0, F"(y) €
Y1 4+ Z. Then (9) gives (iii), which implies (v) in the present case, and (iv) is
empty.

CASE 2: there exists ¢ > 2 such that F(Yy) N (Y; +Z) # 0.

Since F(Y1) C (Y + ¢1) U T, this implies that there exists € Y; such that
F(z) € Y; + ¢1, and thus F(z) > max(Y; + ¢1) because Y; < Y;. Moreover,
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F(minY7) = minY + ¢; by assumption. Hence
(10) Y; %) Yi+aq.

By Proposition 3.5, there exists y € Y7 such that F(y) = y + ¢1. Thus we can
use (9) to get (iii).

Let z € Y. By assumption (d), for all n > 0, there exists w,, € {1,..., M}
such that F™(z) € Y., +Z. The sequence (wy,)n>0 is called the itinerary of .
The next two results are straightforward.

(11) Vn = 0, Fn(‘m) EYwn T quwo TG Tt Qo
wo T Quwr T+ GQun s
p,(z) =limsup oo T4 q and
n——+o0o n
(12) Guo T Guy T+ Gu, 4 .

P, (z) =liminf

n—-+oo n ’
if the limit exists, it is p, ().

Let S = sup Rot%ﬁyw (F). Necessarily, S > ¢ because ¢1 € Roty,ny.. (F)
by (iii). We are going to show that [¢1,5] C Roty,ny,, (F). If S = ¢ there is
nothing to prove, and so we suppose that S > g;. Let k be an integer such that
S > q1 + 1/k. Let yx be a point in Y3 N Y, such that p_(yx) > S —1/2k, and
let (wp)n>0 denote the itinerary of yi. By (12),

. Qoo T Guy T+ -+ Qo g

lim sup = p,. (yk)-

n—+o0o n
Applying Lemma 4.6 with L = p_(yx), | = q1 and € = 1/2k, we get that there
exists an integer n such that
Guo + Gy T+ Gu,_y

n

By (11), F™(yx) € Yo, + Quwo + Qu, + -+ + Qu,_,- Since w, # 1, we have
Y., > Y1, and thus F™(yx) — (quwo + G, + *** + qu,,_,) > maxY;. Moreover,
F*(minY;) € F*~Y(T") C T’ by assumption (c) and invariance of T". If we let
I, = min Y1, yx], Nk = Guo + -+ - + qu,,_, and ng = n, we have then

(13) >p (yk) —1/2k>S —1/k>q and w, #1.

(14) I Fim + Np.
"k
Since I), C Y1, Equations (10) and (14) give
I, =51+ Ny and I —>Y; + Ny,
F’Vlk Fnk

(15)
Y, Finglk +nrqn and Y; P%;Yl + ngqr.
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Let r € [g1,5) N Q. By (13), there exists an integer k such that Ny /nj; > r.
We apply Lemma 3.6 with I =Y1, J = I, G = F™, mj; = niq1, me = Ny, and
p/q = rng € [q1ng, Ni):

JC, a chain of intervals for F' whose first and last intervals are

16
(16) translations of Y7, such that r = W(C,.)/Lr(C;),
and
there exists a periodic (mod 1) point x € Y7 with
(17)

1
pr(x) =~ ppm(z) =1
o
We need to show that z € Y. This is a consequence of the following fact.

FacT: Let x € Yy such that F™(x) € Y1 + Z for infinitely many n. Then
either x € Y, or there exists n such that F™(z) is a fixed (mod 1) point in
YiNnY,NT'.

Proof of the Fact. 1f¥n >0, F"(z) € T’, then = € Y, by assumption (d) of the
proposition. Suppose on the contrary that there exists ng such that F™0(z) € T".
Hence F™(x) € T’ for all n > ng. Let e = minY. By definition of Y, the set
Y NT' is included in {e} (we have not supposed that T” is closed, and thus Y NT’
may be empty). Notice that Y1 N T is empty if minY; > e. By assumption,
there exists n1 > ng such that F™ (z) € Y1 +Z. Hence F™'(z) € (Y1 +Z)NT".
This implies that F™!(x) is equal to e (mod 1), minY; = e, and e € T'. By
assumption (c) of the proposition, F(minY;) = e (mod 1). Thus, e is a fixed
(mod 1) point in Y7, and so e € Y. This ends the proof of the fact.

Now, let a € [¢1,5]. To show that there exists x € Y1 N Yy with p,(y) = «a,
we use the same method as in the proof of [2, Theorem 3.7]. We choose a
sequence of rational numbers 7; in [¢1,5) N Q such that lim;, . 7; = «. For
all i > 1, let C,, be the chain of intervals given by (16). We define

D, = (Crl)il (Crz)i2 T (Cm)in-

Let A, be the set of points that follow the chain D,,. This set is compact by
definition, and it is not empty because it contains at least a periodic (mod 1)
point by Proposition 3.5. Moreover, 4,11 C A,. Therefore, A =(,,~; An # 0.
In the proof of [2, Theorem 3.7], it is shown that if the sequence (En)n21 in-

creases sufficiently fast and (|r;, — a|)n>1 is non-decreasing, then for all z € A,
Pr (:17) =
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Moreover, the fact above implies that for every x € A there exists n
such that F"(x) € Y1 NYs. Obviously, p.(z) = p.(F"(x)). This proves
that [q1,sup ROt)thw (F))] is included in Roty,ny,, (F); in addition, (iv) holds
for all rational numbers r € [g1,sup Rot;r,myoo (F)) by (17). We can apply
the same method to [inf Rot™ Y1 NYo(F),q1]. Finally, if we define I =
[inf Roty, ny_ (F),sup Roty, oy (F)], we get that I C Roty,ny..(F), ¢ € I
(which is (ii)) and (iv) holds for all r € Int (1) N Q. Since Roty; y (F) and
Roty. ny_ (F') both contain Roty,ny., (#') and are included in I, this gives (i).

Now we prove (v) for minI (the case with the maximum is symmetric,
and OI is reduced to two points). Suppose that minRoty,ny, (F) = p/q.
We apply Lemma 4.5 with Z = Y; and T’. Since (iii) is fulfilled, the set
F(Z)N (Z + Z) is not empty. By refutation of Lemma 4.5, we get that there
exists © € |J,,»o(F™(Y1) +Z) N Y such that z is periodic (mod 1) for F' and
p-(x) =p/q. This gives (v) and concludes the proof of the proposition.

Example 4.8: The periodic (mod 1) point « given by Proposition 4.7(v) may
not be in Yj.

Let T be the universal covering of the graph o, and let F': T — T be the
continuous map of degree 1 such that F|g = Id and F is defined on the branch
of T by:

e Fla)=F(c)=a, F(b)=e, F(d)=a+1, F(e) = e+ 1,

e F' is affine on each of the intervals [a, b], [b, |, [c,d], [d, €],
where [a,e] is a branch of T with ¢ € R and a < b < ¢ < d < e. See Figure 4
for the picture of the map F'. This entirely determines F' because it is of degree
1.

X is equal to [a,e] and the intervals given by Lemma 4.2 are X; = [a, (]
(with p; = 0) and X5 = [d, e] (with po = 1). F is an affine Markov map and the
restriction of its Markov graph to X7, X5 is given in Figure 5. See [2, Section
6.1] for general results on Markov maps in this context, and in particular how
it is possible to deduce periodic (mod 1) points and rotation numbers from the
Markov graph.

It can easily be deduced from the Markov graph of F' that Rotx,nx_ (F) =
[0,1] and the unique periodic (mod 1) point © € Xp such that pp(x) = 1 is
x = e, which does not belong to Xj.

In addition, we notice that Rotg(F) = {0}. Thus Rot(F) = [0,1] and
Rotgr(F') is not a connected component of Rot(F).
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e=F(b) et+t1=F(e)

—e
X5
14 7
Xp /—\
—“+c
Yo
a atl a a+l

Figure 4. The action of F' on the branch Xp.

sz
0 Q u Q !
Figure 5. The Markov graph of F' restricted to the vertices

X, and X5 (actually, Xy represents the two vertices [a, b] and
[b,c]). An arrow A —= B means than F(A) D B +i.

4.4. ROTATION SET OF F. Now, we are ready to prove that the set Rot(F)
is closed and has finitely many connected components, and that every rational
number in Rot(F) is the rotation number of some periodic (mod 1) point. Notice
that in the following theorem, the intervals Iy, ..., I; may be not disjoint; in
particular, Iy = Rotgr(F) may not be a connected component of Rot(F) (see
Example 4.8).

THEOREM 4.9: Let T € T°, F € C{(T) and
Xow={z€Xp|Vn>1F"(x) € Xp+17Z}.
Then there exist an integer k > 0 and compact non empty intervals Iy, ..., Iy
in R such that:
e Rot(F) =Rott(F) =Rot™ (F)=IpU---UI,
e Iy = Rotr(F) = Rotr, (F),

o V1<i<kVrel,NQ, there exists a periodic (mod 1) point x € X
with p.(z) =r,
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e V1<i<k I,NZ#0.
Moreover, if N is the integer given by Lemma 4.2, then k < N.

Proof. Consider X,..., Xy and p1,...,pny given by Lemma 4.2. We define
inductively T1,..., Ty C T and I1,...,In C R such that:

(a) T; is a connected subset of T such that T; + 1 = T3, F(T;) C T; and, for
al2<i< N, T, ,UX;1 CTi

(b) either I; is empty, or I; is a compact interval containing p; such that,
for all r € I, N Q, there exists a periodic (mod 1) point z € X, with

(c) Rotr,ux, (F) = Rotr,(F)UI;, and the same equality is valid with Rot™
and Rot™;

(d) if ¢ > 2, Rotr, (F) = Roty,_,ux,_, (F), and the same equality is valid
with Rot™ and Rot™.

Let Th = Tr. It satisfies (a). If X; N X = 0, we take I; = (). Otherwise,
we apply Proposition 4.7 with 7/ = T1, Y = Xp and X3,..., X in place of
Yi,...,Yy. It provides a compact interval Iy = I = Rotx,nx. that satis-
fies (b). Moreover, Rotr,ux, (F) = Rotr, (F) U Rotx,nx., (F), and the same
equality is valid with Rot™ and Rot ™. Hence (c) is satisfied for i = 1.

Let 7 > 2. Suppose that T; and I; are already defined for all 1 < j <i—1,
and satisfy (a)—(d). Define

A; = [min Xp, min X; 1)U X;_, U (( U X + Z) N XF).
n>1

For all n > 1, F™(min X;_1) € Tg, and thus (F"(X;_1) + Z) N XF is either
empty, or a compact subinterval of X containing min Xp. Therefore, 4; is a
subinterval of X containing min X and X; 1. Let T; = T;_1 U (A; + Z). Tt is
a connected subset of T, T; +1 = T; and T;_1 U X;_1 C T;. Let us show that
F(T;) C T;. Let x € T;_1 U A;. We distinguish 3 cases.

o If v € T;_; then F(x) € T;_1 by invariance of T;_;.

e If z € [min X, min X;_1), then either x € X; U--- U X; o C T;—1 and

F(z)eTiq,orx € Xp\(X1U---UXy) and F(z) € Tk.
o If z € (U,>oF"(Xi-1) + Z) N Xp, then either

F(z)e (|JF"(Xis)+Z)N(Xp+2Z) CAi+Z, or F(x)€Tk.
n>0
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Consequently, F(T;) C T;, and (a) is satisfied. Moreover, what precedes also
shows that

ROtTi (F) = I%OtTF1 (F) U I{OtXF1 (F) = ROtTi,luXi,l (F),

and the same equality holds with Rot™ and Rot ™, which is (d) for i.

If F(X;) C T;, we take I; = () and (b)—(c) are clearly satisfied. Otherwise,
let b € X; such that F(b) ¢ T;. Let Y = T\T, N Xp and
Yoo ={z €Y |Vn >1,F"(z) € Y+ Z}. The set Y is a compact subin-
terval of Xp and Y NT; = {minY}. Since F(b) ¢ T;, we have b € Y by
invariance of T;, and F'(b) € Y + p; because F(X;) C (X + p;) U Tk.

Let ¢ = max(min X;, minY"). We can define ¢ = min{x € [a,b] | F(z)eY+Z}
because b > a. Moreover, F(a) € T; because F(min X;) € Tg and F(minY') €
F(T;) C T;,. Therefore, F(¢) = minY (mod 1) by minimality. Let X/ =
[c, max X;] C X;. We apply Proposition 4.7 with 77 = T; and X/, X;41,..., XN
in place of Y7,...,Yy. We obtain a compact interval I; = I = ROtX{me (F)
that satisfies (b) for 4.

We have

XINYso ={z€X;|VYn>0,F"(z) € Int (T})}.
Therefore, Rotr,ux, (F) = Rotr, (F') U Rotx/ny,, (F)) = Rotr, (F)) U I;, and the
same equality holds with Rot™ and Rot™. Hence (c) is satisfied for 7. This
concludes the construction of T; and I;.

Now, we end the proof of the theorem. Since X1U---UXy C TnyUXy, we have
F(T\(TnUXy)) C Tk C T, and thus it is clear that Rot(F) = Rotr,ux,y (F).
Combining this with (c¢) and (d), we get that

Rot(F) =Rotryuxy (F)
=Rotry (F) U Iy
=Rotry_,uxy_ (F)UIN
=Rotry_,(F)UIn_1Uly

=Rotr (F)UL U---Uly

and the same equalities hold with Rot™ and Rot™. Let Iy = Rotg(F). By
Theorem 4.1, Iy is a non-empty compact interval and Iy = Rotp (F) =
Rot}'m (F) = Rotg (F'). To conclude, it remains to remove the empty intervals

among Iy,...,In.
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If the empty rotation intervals are not removed in the proof of Theorem 4.9,
then the theorem can be stated as follows:

THEOREM 4.9": Let T € T° and F € C¢(T). Let Xi,...,XnN, p1,-..,pN be
given by Lemma 4.2 and Xoo = {z € Xp | Vn > 1,F"(x) € Xp + Z}. Then
there exist compact intervals Iy, ..., Iy in R such that:

e Rot(F) =Rot™(F) =Rot™ (F)=IyU---UI,
[ I() = ROt]R(F) = ROtTR(F),
e foralll <i< N, either I; = ) or p; € I,

e V1<i<N,Vrel,NQ, there exists a periodic (mod 1) point z €
Unso(F™(Xi) +Z) N Xoo with p,(x) = r; if, in addition, r € Int (I;),
then x can be chosen in X; N X .
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