Throughout the exercises, unless stated otherwise, S is a countable space, (X,,) is the
canonical Markov chain with transition kernel p, and Green function G. Notation for natural
numbers: N:={0, 1,2, ---}, and N*:= {1, 2, --- }.

Exercise 1. Let ¢ be a real-valued random variable with E(|¢|) < co. Let X be an S-valued
random variable. Let h: S — R be a mapping. Prove that

E¢|X)=nX), as. < FEE|X==x) =h(x), Vre S such that P(X =z) > 0.

Solution. “=" Let x be such that P(X = z) > 0. Since E[{ 1{x—p} | X]| = 1yx=0y F[{| X] =
1ix—ay M(X), we have E[{ 1x—y] = E[l{x=s} MX)] = h(x) P(X = x). Therefore,
Bl Lemn] _ hla) PY = )

BEIX =0 =55 -y = pix=n @)

“<” For any x € S, |h(z)] < E[|{|| X = z], so that E(|h(X)|) = >, cq|h(x)| P(X =
x) < E(€]) < oo. Since h(X) is o(X )-measurable, it remains to check that for any A € o(X),
we have E(h(X)14) = E(£14).

By definition, there exists B C S such that A = X Y(B). So 14 = 1p(X). Thus
B(A(X) 1y) = B(A(X) 15(X)) = Spep h(e) P(X = 2) = $pep B(E Liy—ay), which is =

E(€1p(X)) = E(E14). m
Exercise 2. Let n > 1 and f: S — R, := [0, 00). Let {iy, -+, i} < {0, 1, -+, n—1}.
Prove that

E[f<Xn+1)|Xi17 7X'

ik

Xol = Elf (Xng1) | Xal.

Solution. For any x € S,

P[Xn+1 =Y | XO? X17 ) Xn] = p(Xna y) = P[Xn+1 =Yy | Xn]
Therefore,
Elf(Xni1) [ Xo, Xu, oo Xo] = D f(y) p(Xn, y) = Elf (Xaa) | Xl
yeSs
If {iy, -+, i} {0, 1, -+, n—1}, then
E[f(Xn+1) | Xi17 e 7Xik7 Xn] - E{E[f(Xn+1) | XOa X17 T Xn] |Xi17 Tt 7Xik7 Xn}
= E{E[f(Xn+1) | Xn] |Xi17 e 7Xik7 Xn}a
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which is E[f(X,41) | X,], being itself o(X;,, -+, X

(7]

X, )-measurable. O

Exercise 3. Prove that there exists a probability space (€2, %, P) on which one can define

(U, n > 1), a sequence of i.i.d. uniform (0, 1) random variables.

Solution. Let  := [0, 1), endowed with the Borel o-field and with the Lebesgue measure.
For any w € Q = [0, 1) and integer n > 1, let

Y, (w) = |2"w]| — 22" 'w] € {0, 1}.

Then we have the (proper) dyadic development

Y, (w)
= E Q
w 2 T Yw € €,

as w— op_, T = ZeclZel ¢ o, L[, vn.

For any p and any iy, -, i, € {0, 1},
i oy 1
Mi=i, o Y=i)= Y 2.3+,
j=1 j=1
so that .
P(lell, ’}/;):Zp)zﬁ
Summing over possible values of Y7, we get P(Yy =i, -+, Y, =1,) = 2])%1, and by induction,

P(Y, =1i,) = 3. So

P(Yi=i1, - Y, =i)) = P(Yy =i1) - P(Y, = iy).

In other wods, (Y,, n > 1) is a sequence of i.i.d. random variables such that P(Y,, = 0) =
1=PY,=1).
Let ¢ : N* x N* — N* be injective. Then (& ; := Y, j), ¢, j > 1) is again a collection of

1.1.d. random variables. We set

iy ,
Ui = Z g, 7 Z 1.
j=1

It is clear that (U;, i > 0) is a sequence of i.i.d. random variables. For any m > 1, S.7 %

j=1 27
has the same distribution as ", ’2/—::; letting m — oo yields that each U; has the uniform
distribution on (0, 1). O



Exercise 4. Prove that in the proof of the Markov property, we only need to check that
E:[(1400,)15] = Eu[1p Px, (A)],

for B:={w € Q: Xo(w) = yo, Xi(w) =y1, -+, Xp(w) = yn} (for yo, y1, -+, yo € 5) and
any cylinder set A.

Solution. The Markov property is equivalent to the following: if Y : 2 — R, is measurable
and n > 0, then E,[(Y 06,)1p] = E.[15 Ex, (Y)] for any B € .%,.

By a usual argument (from indicator functions to simple functions, and then to non-
negative functions by means of the monotone convergence theorem), it suffices to prove the
theorem for Y = 1,4, where A € .#.

By the m-A theorem, it suffice to prove the theorem for A of the form (for some m € N

and g, T1, -+, Ty € S)

A = {xo} x{r1} x - x{zp} xS xS x---
= {weQ: Xo(w) =0, Xi(w) =21, -+, Xpn(w) =z},

because the family of all such sets A is a 7-system (i.e., stable by finite intersections) and
generates %, whereas the family of all sets A such that Y = 14 satisfies the desired identity
is a A-system.

Another application of the m-A theorem then tells us that we only need to check the

identity for the set B given in the exercise. O

Exercise 5. Let (Z,, n > 1) be a sequence of i.i.d. random variables defined on a certain
probability space, taking values in a measurable space (E, &). Let & : S x E — S be a
measurable mapping. Let y € S. We define (Y,,, n € N) by Y := y and Y, 1 := ®(Y,,, Z,11)

(for n € N). Prove that (Y,, n € N) is a Markov chain, and determine its transition

probability.
Solution. Let n € N and zg, x1, ---, ,, € S. We have
P{Yo =xg, -+, Yy =1z,}
= P{Yy =m0, ®(vo, Z1) = x1, ®(21, Z2) =29, -+, P(xy_1, Zy) = 20}

= 1{x0:y}P{q)<.§U0, Zl) = l‘l} P{(I)(.Th Zl) = 1'2} .. 'P{(I)(.Tnfl, Zl) = .’L‘n}
By taking q(u, v) := P{®(u, Z;) = v} for u, v € S, we have
P{}/O =Tog, ', Yn - :L‘n} - 1{:1:0:3/} Q(fEO, $1) Q(ffl, :L‘Q) T q(l‘n—la :L‘n)a
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which means (Y,,, n € N) is a Markov chain with transition probability g. O

Exercise 6. Let A C S. Let 74 :=inf{n > 0: X,, € A} (inf @ := 00). Let Y, := Xpnr,,

n € N. Prove that (Y, n € N) is a Markov chain, and determine its transition kernel.

Solution. By admitting that (Y, n € N) is a Markov chain, let us determine its transition

probability ¢: for z, y € S,

Q(xv y) = Px{Yi = y} = Px{Xll\TA = y}

If v € A, then 74 =0, so Po{Xipr, =y} = P{Xo =y} = 1y—p). If v € A%, then 74 > 1, s0
PAXirr, =y} = Po{ X1 =y} = p(z, y). Therefore, the transition kernel of (Y, n € N) is

CJ(IL', y) = ]—{mGA} 1{y::v} + 1{:1:€Ac}p(xa y)

It remains to check that (Y,,, n € N) is indeed a Markov chain. We have, for z, yq, - - -,
Yn, y € S such that P.(B,) > 0 with B, :={Yo =0, -+, Yo = yn},

PAY,i1=y| B} =PAYoi1=vy, Yo € A|B,} + PAYi1 =y, Y, € A°| B, }.

On the set {Y,, € A}, we have 74 < n, so that Y,,1 = Y, and thus P.{Y,.1 =y, Y, €
A|B,} = 1=y 1iy.cay- On the set {Y, € A}, we have 74 > n+1,s0 Y, = X,
and Y11 = X,41, which implies P {Y,11 = v, Y, € A°| %} = 1gy.cac) P(Un, ¥). As a

consequence,

PAYori =y Yo=v0, -+, Yo = Un} = Liy—y} Ligneay + Liyoeacy D(Wn, ¥) = ¢(Yn, ¥),

proving that (Y;,, n € N) is a Markov chain with transition kernel g. O

Exercise 7. To each probability o on {2, 3, - - - }, we associate a Markov chain (X,, n > 0)
taking values in {0, 1, 2, - - - }, with initial distribution dy (Dirac measure on 0) and transition

probability p defined by
p(0, i) =a(i+1), p@li-1)=1, 1>1.

Let T:=inf{n > 1: X,, = 0} (inf @ := oo0). What is the law of 77

Solution. The only possible way for the chain (X,,) to come back to 0 in k steps is to move
from 0 to k£ — 1 at the first step, and to move from k — 1 to k — 2, and from k& — 2 to k — 3,

4



-+, and from 1 to 0 in the next k — 1 steps. As such, the event {T" = k} is identical to
{X1=k—-1}. Wehave P(T =k)=P(X: =k —1) =a(k).
[So, all probability measure on {2, 3, - - - } can be considered as the law of the first return

time to the initial state for a certain Markov chain.] U

Exercise 8 (Transition kernel and Doob’s h-transform).

Question A. Let h : S — R, be a bounded mapping such that for any z € S,
(h(X,), n € N) under P, is a martingale with respect to the canonical filtration. For any z,
yeSh:={z¢eS: hiz) >0}, we define

__ h(y)
Pz, y) = %p(% y).

Prove that p” is a transition kernel on S”, and is called the h-transform of p.
Question B. We consider the example of simple random walk on Z, i.e., under P,

(X, n € N) is a simple random walk on Z with P,(Xo = z) = 1. Let T; := inf{n € N :
X,=i}fori€Z. For N>1and 1 <k <N —1, we write

PN = Py(- | Ty < Tp).

(B1) Prove that for N> 1and 1 <k <N —1,

k

f%(TN’<:16)3: 7?.

(B2) Prove that under PISN), (Xnary, n € N) is a Markov chain taking values in
{1, 2, -+, N}. Determine its transition kernel.

(B3) Find a function h : {0,1,2,---, N} — R, such that the transition kernel of

(XnaTy, n € N) under P,EN) is the h-transform of the transition kernel of (X, zyary, 7 € N)

under P.
Solution. (A) Let x € S*. Under P,, (h(X,), n € N) is a martingale, thus

h(z) = E[h(X1)] = > hy)plz, y) = > h(y) p(z, v),

yeSs yesh

which is equivalent to saying that ZyeSh p"(z, y) = 1. Since p"(z, y) > 0, this shows that
p” is a transition kernel on S”.

(B1) Write ay, := Py(Tn < Tp), for 0 < k < N. Of course, ap = 0 and ay = 1. By the
Markov property, ap = %a,k-_i_l + % ag_1 for 1 <k <N —1.

bt



It is easy to solve this system of linear equations: writing by == ar — ax_1, 1 < k < N,
we have by, 1 = by, V1 < k < N — 1. Since Zivzl b = ay — ag = 1, this yields by, = %,
Vi< k<N, ie, a,—ap_1= %, V1 < k < N. Consequently, ap = %, 0<k<N.

(B2) Let Y, := X7y, which, under PlgN), takes values in {1, 2, --- , N}. Let us compute

Py _a1y _ _
k {}/O_y07 7Yn_yn}_ ?Pk‘{}/o_y07 7Yn_yn7 TN <T0}7
for y; € {1, 2, ---, N} satisfying:(a) yo = k, (b) |yiz1 —wi| = 1ify; < N, (¢) if y; = N,

then y; = N, Vj > i. [If either of the conditions are violated, the probability in question
vanishes.]

We distinguish two situations.

First situation: y; < N, Vi < n. Then on the event {{Yy = yo, -+, Ys = yn}, we have
Ty > n, so Liry<nyy = Lyry <1y © On. By the Markov property,

PAYo=vo, -, Yo =Un, In <To} = Ep[l{xo=yo, Xn=yn} Py (Tn < Tp)]
Yn
= —P X = oo Xn = UYn
N k{ 0 Yo, ) Y }

_ U d
N 2n°
Therefore, in this case,
POOYo = g0, o Vo= ya} = 120 = o
Second situation: y, = N for some ¢ (while y,_; < N) and thus y; = N, ¥i > ¢. On
the event {{Yo = vo, --*,Yn = yn}, we have Ty = ¢, which is indeed smaller than Tj.
Accordingly,

1
Pk{Yb:yOa"'aYn:ynaTN<TO}:Pk;{X0:y0,"',Xg:yg}:?’

so that in this situation,

x1x---x1.

POy = yo, -+ Yo = yn} =

Conclusion: under P,iN), (Y., n € N) is a Markov chain with transition probability

z+1

1) = 1<zx<N-1
q(x7x+) 23:7 —x— b)
x—1
—1) = 2<x<N-1
Q<x7x ) 2(177 —x— M
q(N, N) = 1,

q(z,y) = 0, otherwise.



(B3) It is seen that (X,azyary, 7 € N) is a Markov chain, taking values in {0, 1, ---, N},

with transition kernel

1
plz, x+1) = 3 1<z <N-1,
1
plz,z—1) = 3 1<z < N-1,
p(N, N) = 1,
p(0,0) = 1,
plz,y) = 0, otherwise.
In view of the kernels pon {0, 1, ---, N} and gon {1, 2, --- | N}, let us define the function
h:{0,1,---, N} - R, by h(z) ==z for x € {0, 1, ---, N}. Since (X,rrorry, 7 € N)

under Py is a martingale (being a martingale stopped at a stopping time), it is immediate

that ¢ is the h-transform of p. O

Exercise 9 (Markov chains and martingales). Let 57 := {f : S — R bounded}. Prove
that there exists a mapping A : ¢ —  such that for any f € 52,

-1

Sy AR, (=0

=0
is a martingale with respect to the canonical filtration.

Solution. Assuming that such a mapping exists, what should it look like?
Let Y, := f(X,) = 3. Af(X;), n € N. Saying that (Y, n € N) is an (., )-martingale

means that Y,, is integrable, .%,-measurable, an F(Y, 41 |%#,) =Y,. Since
= B[f(Xon) | X Z Af(X

= > p(Xn, 9)fy) - ZAf(X

yes

= Yo+ ) p(Xa ) f(y) — F(X,) — Af(X,),

yes

this gives Af(X,) = Zyesp(X y)fy) — f(Xn).



So, by defining A : # — A by Af(z) == > cop(x, y)f(y) — f(z), Vo € S5, we
immediately see that Y,, is integrable and .%#,-measurable, and by the computations done
above, E(Y, 11| %#,) = Y,. In other words, (Y,,, n € N) is a martingale. O

Exercise 10 (Simple random walk on Z). For any x € Z, let P, denote the probability
on the canonical space, under which (X,, n € N) is a simple random walk on Z with
P.(Xo=1z)=1.

For a € N, we define 7, ;= inf{n € N: X,, — X, = a} (with inf @ := 00).

(i) Prove that for any = € Z, P,{7, < o0, Va € N} = 1.

(ii) Prove that (7,11 — 74, @ € N) under P, is a sequence of i.i.d. random variables.
Solution. (i) Under Py, simple random walk on Z is sum of ii.d. Bernoulli() random
variables. By central limit theorem (why?), limsup,,_, . % = oo Py-a.s., and a fortiori,
limsup,, . Xn = o© Fy-a.s. By symmetry, liminf, .. X,, = —oo FPy-a.s. Thus Fy-a.s.,
T, < oo for any a € N.

For x € Z, we note that P,{7, < oo, Va € N} = Py{71, < o0, Va € N} = 1.

(ii)) We work under P,. For any a > 1, 7,11 — 7, = 71 0 0,,. An application of the strong
Markov property at stopping time 7, tells us that 7,.; — 7, is independent of .%,,, and has
the law of 7.

For any n > 1, by an induction argument in n, we see that 7,,.1 —7,, 0 < a < n, are i.i.d.

random variables. U

Exercise 11. Let f: S — R,.
(i) Let u(z) :== > s G(x, y) f(y), x € S. Prove that

u(x) = f(z)+ Y pla, y)uly).

yeSs

(ii) Let v: S — Ry U{oo} be such that

o) = fl@) + Y ple yoly), Vees.

yeS
Prove that u(x) <v(x), Vx € S.

Solution. (i) It suffices to use G(z, y) = >, p"(z, y) and Fubini-Tonelli.



(ii) Let us check that v(x) > Y7 (>0 op'(, y)f(y), ¥n > 0. It is holds trivially for
n = 0 because v(z) > f(x) by definition. Assume this holds for n. Then

o) = fl2)+ ) ple, yu(y)

yes

> o)+ ol y)d D vy, 2)f(2)

yes 1=0 z€S
= f@)+ Y " 2)f(2),
z€S

so the inequality holds for n + 1 as well. By induction, it holds for all n > 0. By letting
n — 0o, we obtain v(z) > 377 30 o p'(, y) f(y) = D ,es G, y) f(y) = u(z). O

Exercise 12. (i) Let © € S. Let y be a recurrent state such that G(x, y) > 0. Is it true
that P,{N(y) = o0} =17

(ii) Give an example of z, y € S such that G(z, y) > 0, but G(y, ) = 0.

(iii) If G(z, y) = o0, is y necessarily recurrent?

(iv) If y is recurrent, is G(x, y) necessarily infinite?

(v) Is it possible to have 0 < G(z, y) < oo for a recurrent state y?

(vi) If G(x, y) = oo, what are possible values for G(y, z)?

(vii) Assume that for all z € S, the set B, := {y € S : G(x, y) > 0} is finite. Prove

that there are recurrent states.

Solution. (i) Not necessarily. Let y # x. We only have P,{T, < oo} > 0; so, on the set
{T, = oo} which can have positive P,-probability, we have N(y) = 0.

(ii) Any chain such that y is absorbing and that G(z, y) > 0. For example, a branching
process such that p(0) > 0, with z =1 and y = 0.

(iii) We know that G(z, y) < G(y, y). So G(x, y) = oo implies G(y, y) = oo, which
means ¥y is recurrent.

(iv) If P,{T, = oo} =1 (which is possible if = is transient), then G(x, y) = 0.

(v) If x = y, then saying that y is recurrent is equivalent to saying that G(y, y) = oo, so
it is not possible to have 0 < G(z, y) < oo in this case.

If © # y, then G(z, y) = G(y, y) P.{T, < oo}, with G(y, y) = oo, which implies that
G(z, y) is either 0 (if P,{T, < oo} = 0) or oo (if P,{T, < co} > 0). In any case, it is not
possible to have 0 < G(z, y) < co.

(vi) By (iii), G(x, y) = oo implies that y is recurrent, so G(y, ) = oo if z is recurrent

and in the same recurrence class as y and G(y, x) = 0 otherwise.

9



(vii) Let x € S. Under P,, the chain lies a.s. in B,, so that for any n € N,
dop'ay) = v, y) =1
yEBy yes
By summing over all n € N, we get

DY v, y) = oo

neN yGBz

However, on the left-hand side, > x> cp P, ¥) = > cp D enP™(2, y), which is
> yen, Gz, y). Since #B, < oo, there exists y € B, such that G(z, y) = oo, which

implies (see (iii)) that y is recurrent. O

Exercise 13. Let x, y, 2 € 5.
(l) Prove that Em(]-{Ty<oo} E;L.OZTy 1{Xn=2}) == Px<Ty < OO) G<y7 Z).

(ii) Assume y is a transient state. Prove that E,(1{7,<cc} EZO:Ty lix,=2)) = ggz; G(y, 2).

Solution. (i) By the strong Markov property,

E, <1{Ty<oo} Z 1{Xn:z}> = FE, (1{Ty<oo}(z 1{Xn=z}> o ‘9Ty>
n=0

n=Ty

= E:v (1{Ty<oo}EXTy (Nz)>
= PJ:(Ty < OO) G(yv Z)a

as desired.
(ii) Follows from (i) by recalling that in the class, we have proved that G(z, y) = P,(T, <
00) G(y; y)- m

Exercise 14 (A criterion for recurrence). Assume there exists w € S such that for all

x €S, G(w, z) > 0and P{T,, < oo} = 1. Prove that the chain is irreducible and recurrent.

Solution. Since P,{T,, < oo} = 1, w is by definition recurrent. For any = € S, since
G(w, z) > 0, z is also recurrent, and is in the same recurrence class as w: there is thus only

one recurrence class. U

Exercise 15. Let (Y,, n > 1) be an i.i.d. sequence of Bernoulli random variables of param-
eter 0 <p<1. Let Xg:=0and X, =Y, +---+Y, forn > 1. We observe that X,,,; > X,
a.s. for all n. Let T, :=inf{n > 0: X,, =y} (inf@ :=o00) forall y € {0, 1, 2, --- }.

10



(i) Prove that lim,_,., X,, = 0o a.s. and that Py(T, <oo)=1forally € {0,1, 2, ---}.

(ii) Prove that M, := X,, —np, n > 0, is an (.%,)-martingale, where for any n, %, =
o(Xi, 0<i<n).

(iii) By considering (M,ar,), compute Ey(T}).

(iv) Let N(y) :== > poolix,=y}- Compute lyx,—y for k < T,, T, < k < T,4; and
k > T,41, respectively.

(v) Prove that N(y) = T,41 — T}, a.s. Compute Ey[N(y)].

We notice that (X,,) is a random walk with transition probability p given by p(z, x) =
l—p,plx,x+1)=p,x€{0,1,2 -} (you are not asked to prove this).

(vi) Compute the law of X,, (for given n). Compute the law of T3.

(vii) Prove that N(y) has the same law as 7T7.

(viii) Compute the law of T},.

Solution. (i) The sequence of random variables (Y;,) being i.i.d. and Y; € L' with Ey(Y;) = p,
it follows from Kolmogorov’s law of large numbers that lim,, % = p > 0 a.s.; a fortiori,
lim,, 00 X,, = 00 a.s. Since X, — X,,_1 € {0,1} for all n, Xy = 0 and lim,,_,, X,, = 00 a.s.,
we see that (X,,) visits all sites y € {0, 1, 2, --- } and thus 7, < oo a.s.

(ii) The sequence M, := X, —np = Y " ,(Y; —p), n > 1, is a martingale, because
(Y; — p, i > 1) is a sequence of i.i.d. mean-zero random variables.

(iii) Since n A T} is a bounded stopping time, we have Ey(M,1,) = E(My) = 0, thus
Ey(nAT,) = Eo(Xuat,)/p- Since T, < oo and | Xya7,| < ¥ a.s., it follows from the dominated
convergence theorem that lim, . Eo(Xnar,) = Eo(X7,) = y. By monotone convergence,
this yields lim,_,o, Eo(n A Ty) = Eo(T,). So Ey(T,) =

(iv) Since X, 41 > X,, a.s. for all n, we have

Yy
e

lix,—yy =0, if k<T, or k>T,,

and
1{Xk=y} =1, if Ty <k< Ty+1.

(v) It follows from (iv) that N(y) = ZE};I 1 =T,y — T}, which yields

)

y+1 y 1
EO[N<y)] = E0<Ty+1 _Ty) == T — ]—9 — 5 .

(vi) It is clear that for any n, X, is a binomial random variable of parameter (n, p). To

determine the law of 77, we note that for n > 1,
P(Th=k)=FP(X1==X31=0,X3=1) = BY1=---=Y,1=0,Y,=1)
= (1-p"'p.

11



In words, T} has the geometric distribution of parameter p.
(vii) Let us compute Py(N(y) = k). By (iv),

N(y) = Ty+1 — Ty = Ty+1 e} eTy.
Applying the strong Markov property gives that
Po(N(y) =k) = F(Tys100rn, =k)

= Eo(Pxy, (Ty+1 =k))
= BTy =k)=P(Ty=k).

(viii) Let y > 2 and k£ > y. We have

P(T,=k)=P(Xe1=y—1, Xp=y)=FP(Xp1=y—1, Vp=1),

which is <§::1) pI(1 = p)t. C

Exercise 16 (Second moment for hitting numbers). The aim of this exercise is to find
an explicit formula for the second moment of N(y) in terms of the Green function. Assume
that the chain is irreducible and that G(z, y) < oo, Vz, y € S.

(i) For any mapping f: S — R, , we define Gf : S — R, by

Gf(z):=> Gz, »fy), (c0x0:=0)

yeS

Prove that for any x € S and any f: S — R,

B[S FX) F(X)] = Gyl

n=0 m=n

where g(y) := f(y)Gf(y), y € S.
(ii) Prove that for any z € S and any f: S — R,

B.[(315)) ] = 26(e) - Ghia).

where h(y) == f(y)?, y € S.
(iii) Prove that for any x, y € S,



Solution. (i) It follows from the Fubini-Tonelli theorem that E,[>">° > >*_ f(X,) f(X,,)] =
Yoo ELlf(X,) f(Xn)]. For m > n, the Markov property gives

Therefore, by Fubini-Tonelli again,

B[S 0 i06)] = X B0 B [ 3 1))

= YR GIX),
which is = > B, {g(X,)} = Gg(z).
(ii) We have
(S sea)] = 23 3 500 £6)] - B[S A6

— 26y(a) - B[ 3 h(X,)]

n=0

= 2Gg(z) — Gh(z).

(iii) Fix z, y € S. By definition, N(y) = > -, f(X,), where f := 1y,;. For this choice of
f, we have h = f? = f, so Gh(z) = G(z, y), whereas g(z) := f(2) Gf(z) = 1,-,G(z, y) =
1., G(y, y), which yields Gg(x) = >, s G(z, 2)9(z) = G(z, y) G(y, y). As a consequence,
E.[N(y)?] = 2G(z, y) G(y, y) — G(z, y), as desired. O

Exercise 17 (Irreducible chains). Prove that (X, n € N) is irreducible if and only if
there exists no A C S, with A # @ and A # S, such that p(z, y) =0, Vo € A, Yy € A“.

Solution. “=" Suppose there exists A C S, with A # @ and A # S, such that p(z, y) = 0,
Vr € A, Yy € A°.

Let x € A and y € A°. Since p(x, y) = 0 while the chain is irreducible, there exists n > 2
such that p™(z, y) > 0, and thus = =: xy, xs, - -+, x, := y € S such that p(z;, x;11) > 0 for
any 1 <7 <n—1. Let

kE:=max{i: 1<i<n-—1, z; € A}.
Then z € A, x441 € A°, and p(z, xk41) > 0, which is impossible.
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“<” By assumption, for any A C S with A # @ and A # S, there exist a € A and
b € A such that p(a, b) > 0.

For any x € S, let B, :={y € S: G(z, y) > 0} D {z}. We need to show that B, = 5.

Suppose B, # S. Then by assumption, there exist a € B, and b € B¢ such that
p(a, b) > 0. Since a € B,, we have G(z, a) > 0; so there exists n € N such that p"(x, a) > 0.
This implies p"*!(z, b) > p"(x, a) p(a,b) > 0; thus G(x, b) > 0, i.e., b € B,. Contradiction.
0

Exercise 18 (Wright—Fisher reproduction model). Let S := {0, 1,2, ---, N}, and
let . .
pli ) = Ok (Y (L= ).
N N

The chain describes, in an idealized model, the process of genetic drift in a population of
fixed size.

(i) Classify the states of (X,, n € N).

(ii) Prove, for any k € S, that (X,,, n € N) under Py is a martingale with respect to the

canonical filtration, and that the limit
Xoo = lim X,

exists P,-a.s. What is the law of X, under P,?

Solution. (i) Since p(0, 0) = p(N, N) = 1, 0 and N are absorbing, thus recurrent. For
ie{l,2,---, N—1}, we have p(i, 0) > 0; therefore, with positive P;-probability, the chain,
starting at ¢, never returns to ¢. Therefore, 1, 2, ---, N — 1 are transient states.
(ii) For any n € N, X,, is .#,-measurable, and Pj-integrable (being bounded). Moreover,
by the Markov property,
Ey(Xps1 | Fn) = Ep(Xng1 | Xn),

and given X,, X, has the binomial distribution of parameter (N, 32) (thus of mean
N x % = X,,), so that Ex(X, 1| X,) = X,. Therefore, (X,,, n € N) is a martingale.

A non-negative martingale converges a.s., so X := lim,,_,o, X,, exists Pj-a.s.

To determine the law of X, we observe that, the number of visits at a transient state
being finite, Xy takes values in {0, N}. Since (X,,) is a uniformly integrable martingale
(being bounded), it also converges to X, in L': thus Ex(X) = Ex(Xo) = k. This means

P.( X =N) = %; so the law of X, under P, is % on + (1 — %)50. O
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Exercise 19 (A random walk on Z¢ resembling simple random walk). Consider the

transition probability on Z4:

d
1
p(ﬂf, y) = @ H]‘{‘yi—xi\il]w T = ('xlu ) xd)a Y= (yh ) yd) € Zd-
i=1

(Classify the states of the chain.

Solution. We know that for random walks, since Green’s function depends only on x—y, there
are only two possible situations: either all states are recurrent, or all states are transient.
Our Markov chain under Py has the law of (Y}, - -+ | Y/9),.cn, where the processes (Y,!),en,
-+, (Y'%),,en are independent copies of the simple symmetric random walk on Z starting from
0 € Z. Therefore,

p"(0,0)=PY!=0,---,Y=0)= P! =0)"

n n

It is easy to compute P(Y,! = 0): the probability is 0 if n is odd, and if n = 2k, then

Ck
P(Yy, =0) = 272:
Therefore, for z € Z4,
o —, O 4
k=0 k=0
By the Stirling formula, when k£ — oo,
Ch. (2k)! (25)% (47k)"/? 1

22k — 22k (k12 92k [(BVE(2mk) /22— (mk)V/2’

So that G(z, z) = oo if d = 1 or 2, and G(z, ) < oo if d > 3. We conclude that in
dimensions d = 1 and 2, all states are recurrent, whereas in dimensions d > 3, all states are

transient. ]

Exercise 20 (Birth-and-death chain). Let S = N and consider the transition matrix

To Po 0 0 0
@ r1opr 00
q:= 0 @ m p2 O
0 0 g 73 p3
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where p; > 0 and r; > 0 (for ¢« > 0) and ¢; > 0 (for j > 1) are such that py + ro = 1 and
pj+ri+q; = 1 (fOI‘j > 1)
(i) Prove that (X, n € N) is irreducible.

(ii) Prove that the chain is recurrent if and only if

Z q1 -

i— P
Solution. (i) Let z, y € N. If x < y, then G(z, y) > 0 (because p; > 0, Vi > 0). If x > y,
then G(z, y) > 0 (because p; >0, Vj > 1). If z = y, then G(x, x) > p*(z, ) > ps qur1 > 0.
As a consequence, the chain is irreducible.

(ii) Since the chain is irreducible, either all states are recurrent or they are all transient.
It suffices to check for state 0. Since Po{Ty < oo} = ro + po Pi{To < oo}, we need to know
whether P {7 < oo} = 1.

Let M be an integer (at the end, M — o0), and let a; := P{mo < 7ps} for 0 < i < M,
where 7, ;= inf{n € N: X,, = z}. So ap = 1 and ay; = 0 while by the Markov property,
a; = q; aj—1+7; a;+p; a;pq for 1 <i < M—1, which becomes p;(a;11—a;) = g;i(a;—a;—1). Write
b :=a;11—a;, 0 <i< M—1, thenb; = I%’_ bi_1,1 <i< M-1,sothat b, = ﬁ bp. Summing
over i € [I, M —1]NZ, we get S0 by = b oM 7t But MM = ap —ag = —1,

=1 pi-p;
whereas by = a; — 1, we get

1
ZM_l q1-qi
=1 p1-p;

We let M T co. By the monotone convergence theorem, this gives

P1{7'0<7'M}:(1,1:]_—

1
P{Ty < oo} =1— =
21 piop,
which equals 1 if and only if > "%, Iq)i fj = 0. O

Exercise 21 (Kolmogorov’s condition for reversibility). Assume that (X, n € N) is
irreducible. Prove that the chain has a reversible measure if and only if the following two
conditions are satisfied:

(i) Vo, y €S, plz,y) >0 = py, x) > 0;

(ii) for any n and any xg, x1, - -+, T, 1= 29 € S, we have

p(%, $1)p($1, $2) - 'p($n—1, 9Cn) = P(ﬂfn, $n—1) - 'p($2, $1)p(9€1, 900)-

16



Solution. “=" Let p be a reversible measure for the chain. Let us first prove that u(z) > 0,
Vo e S.

Suppose there exists x € S such that u(z) = 0. Let y € S\{z}. Since the chain is
irreducible, there exist g = z, x1, -+, =, := y such that p(z;_1, ;) > 0, V1 < i < n. By
the definition of reversibility,

p(@n) p(an-1, ) = p(2) p(, Tp1) = 0,

so p(z,—1) = 0. By induction, this yields pu(x;) = 0, 0 < ¢ < n. In particular, u(x) = 0,
contradicting the choice of x.
Now that we know p(x) > 0, Va € S, we have, by reversibility,

- ()

, ) =—=p(x, y), YV, y € S.
p(y M@p( y) y

In particular, if p(z, y) > 0, then p(y, z) > 0.
To check (ii), we see that

Hp Ti— 171‘2 <ﬁ,u< )Hp Tiy Tj— 1

=1 ’u

which is [}, p(z;, z;_1) since [[}_, p(xi—1) = [, p(z;) (vecalling that zo = x,).
“<” Let us construct a reversible measure. Fix an arbitrary z € S, and let u(z) := 1.
Let y € S\{z}.
By irreducibility, there exist o = z, 1, - -+, x, := y such that p(z;_1, z;) > 0, V1 <i <
n. Since we also have p(x;, z;_1) > 0, we can define
- (i1, ;)
wmy) =\ 7
) H p(Ti, Tio1)
An elementary calculation tells us that u is well-defined, in the sense that it does not depend
on the choice of the path xo =z, x1, -+, z, == v.

Let us check that p is reversible. Let z € S, and we need to verify u(y)p(y, z) =

1(z) p(z, ).
If p(y, z) =0, then p(z, y) = 0, and the identity holds trivially.
Assume p(y, z) > 0. Then by using the path xy = z, 24, - - -, z,, := y connecting x to y,

and add a last element z, 1 := 2z, we have, by definition of p,

_Treen ) o ply, 2)
p(z) = l;[1 oo ) = M) oy
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giving again the desired equality. O

Exercise 22. Let 7 be an invariant probability for p such that 7(z) > 0 for all z € S.

Define
p(y, )7 (y)

@) x,y €S.

p*(z, y) =

(i) Prove that p* is a transition kernel on S and that 7 is an invariant probability for p*.
Give a necessary and sufficient condition for p* = p.

(ii) Let (X, n > 0) be the canonical Markov chain with transition kernel p. Fix N € N,
and define X* := Xn_,,, 0 < n < N. Compute P, (X} = g, -+, X}y = xy). Prove that
(X}, 0<n<N)is, under P,, a Markov chain with initial law 7 and transition kernel p*.

(iii) Let 0 < aw < 1, and let p be the transition kernel on N defined by

p(z, y) = aly—piy + (1 — @) 1y—o, z,y€N.

Find an invariant probability 7. Is 7 unique?

(iv) Compute p* and prove that
p*(ﬂf, y) = 1{y:a:—1} + 7T<y> 1{36:0}7 T,y € N.

Solution. (i) By definition, p*(x, y) > 0 for all z, y € S, and

(g ) = § P )7 (Y)
zy:p(hl/) zy: s

which is (because 7 is an invariant probability) = % = 1. So p* is a transition kernel.

Furthermore, for any y € S,
. _ ply, 1)7(y) _ _
S w(@)pi(ay) =D wl(x) R > oy, )wly) = 7(y),
z€S z€S x€S
which implies that 7 is invariant for p*.
We have p* = p if and only if 7(z) p(x, y) = p(y, =) 7(y) for all z, y € S, i.e., if and only
if 7 is reversible for p.
(ii) We have
PF(XSZ$07"'7XJ>;:$N) = PF(XOZxNa'”)XN:xO)

= W(SUN)Z?(JTN, ZUN71) e 'p(l’h 370) .
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Since 7(x;) p(x;, xi—1) = p*(xi—1, x;) m(x;-1), this yields

P.(X; =y, -+, Xy =2n)
= p(an_1, on) T(Nn_1) P(TN_1, TN_2) - P(T1, To)
= p*($N—1, !EN)p*(!EN—Q, $N—1) W(!EN—Q)p(xN—Q, IEN—s) o 'p(!ﬁ, $0)
= - =p(@n-1, 2N) P (20, 1) T(T0)

= 7T($0)P*($o, 961) .- -p*(xN_l, xN).

Therefore, (X, n € [0, N]) is, under P,, a Markov chain with initial law 7 and transition
matrix p*.

(iii) Consider the system of equations 7(y) = > _y7(x) p(z, y). For y = 0, this gives

7(0) =) w(@)plx, 0)=> w(z)(1-a)=1-a.

=0 =0
For y > 0,
w(y) =Y (@) plx, y) = an(y — 1),
=0

and thus by induction, 7(y) = a¥ 7(0) = (1—a) a¥, y > 1. In other words, 7 is the geometric
law of parameter o, and is clearly unique.
(iv) We have

~—

* ™Y —x
p (3:, y) = #p(y, SL’) = o’ (a 1{x:y+1} + (1 - Oé) 1{96:0}) = 1{21:96—1} + ﬂ-(y> 1{9&:0} )

~—

for all x, y € N. O

Exercise 23. Let (X,, n > 0) be a Markov chain taking values in S := {1, 2, 3} with

transition matrix

0 1 0
pi=11/2 1/2 0
1/3 1/3 1/3

(i) Determine the recurrent classes, as well as the transient states. Determiner all states
x such that G(z, x) = co. Determiner all states = and y such that G(z, y) = 0.

(ii) Prove that G = I + pG, where I is the 3 x 3 identity matrix. Compute G. Compute
E.(Ny) all all z, y € S, where Ny := >~ 1ix, 3.
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(iii) Let 77 := inf{n > 0 : X,, = 1} (with inf @ := 00), and let v(z) = E,(11). Prove
that
v(z) =14 pla, yly), ze{2,3},  v(1)=0.

yes
Compute E,(T) for all x € S.
(iv) Compute E,(T3) where T3 :=inf{n > 0: X,, = 3} (inf @ := 00).
(v) Give an invariant probability, and determine whether it is unique.
(vi) Let Th 9y :=inf{n > 0: X,, € {1,2}} (inf @ := 00). What is the law of T{; 53 under
P3?
(vii) Prove that E3(Ty12)) = E3(N3). What is the reason?

Solution. (i) State 3 leads to states 1 and 2, but neither state 1 nor state 2 lead to state 3,
so state 3 is transient.

State 1 leads to state 2 and state 2 leads to state 1. Since S is a finite set, there is at least
one recurrent state. So {1, 2} is a recurrent class, and is the only one, since 3 is transient.

Since states 1 and 2 are recurrent while state 3 is transient, we have G(1, 1) = G(2, 2) =
oo and G(3, 3) < oc.

Finally, since 3 cannot be reached from neither 1 nor 2, we have G(1, 3) = G(2, 3) = 0,
while all other G (7, j) are (strictly) positive.

(ii) Observe that Ny, = 1yx,—y} + N, 0 61, so by the Markov property,

Em(Ny | F1) = 1ixo=yy + EX1(Ny) .
Taking expectation with respect to P, on both sides gives that

Gz, y) = Lamyy + Eo(Ex, (Ny)) = 1{m:y}+2p(:p, 2)E.(Ny) = 1{m:y}+2p(:p, 2)G(z, y)

z€8 z€S
ie., G=1+pG. By (i), we have
00 00 0
G=|loo 0 ,
oo oo ((3,3)

whereas from the equation G = I + pG, we deduce that G(3,3) = 1+ p(3, 3)G(3,3) =
1+ £G(3, 3). Hence G(3, 3) = 2.

By definition, E,(N,) = G(z, y).

(iii) By defintion, v(1) = 0. Let « # 1. Then P,-a.s.,

Ti=inf{n>1:X,=1}=1+inf{j >0, X;,, =1} =1+T106,.
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Exactly as in (ii), we apply the Markov property to see that v(z) =1+ Zyesp(x, y)v(y).
Concretely, v(2) = 1+ £(v(1) +v(2)) and v(3) = 1+ 5(v(1) + v(2) + v(3)); solving the
system of linear equations (recalling that v(1) = 0) gives v(2) = 2 and v(3) = 5.
Conclusion: Eyi(Ty) =0, E5(Ty) =2 and E3(Ty) = 2.
(iv) We have T5 = 0 Ps-a.s., so E3(73) = 0. On the other hand, 3 cannot be reached
from 1 nor from 2, so T3 = co Pj-a.s. and Pr-a.s. In particular, F,(T3) = oo if x € {1, 2}.
(v) Let m be an invariant probability: 370 | 7(i) = 1 and 327, 7(i) p(i, j) = 7(j) for all
j € {1, 2, 3}. Solving the system of linear equations

(m(1), =(2), =(3))

Wi~ O

WM = =

w—= o O
I
—~
N
—~
—_
N~—
N
~—~
[\
N—
=
~—~
w
N~—
N~—
=
—~
—_
N—
+
=
~—~
[\
N—
+
N
—~
w
~—
I
[a—

we see that m(3) = +7(3), so m(3) = 0; whereas m(1) = 37(2), so m(1) = 1 and 7(2) =
1

3 %, 0). This system has a unique solution.

(vi) From state 3, the chain stays at 3 with probability

2.
g.
=

1

3 and enters {1, 2} with proba-

bility % So T71 2y under P3 has a geometric law of parameter %
(vii) We have E3(Tf121) = 3 = E3(N3). The reason is as follows: once leaving state 3,
the chain never comes back; so for any k, the events {Tf1 0, = k} and {Xo = X; = --- =

Xp—1 =3, X; #3,Vj > k} are Ps-a.s. identical, which leads to Ty 2y = N3 Ps-a.s. O

Exercise 24. A player visits 3 casino places, numbered as 1, 2 and 3. Every day, he chooses,
with equal probability %, to go to one of the two casino places he has not been the day before.
The initial day, day 0, the player chooses to go to one of the three casinos with probability
pwon S :={1,23}. Let X,, denote the number of the casino place where the player is at day
n.

(i) Prove that (X,, n > 0) is a Markov chain, and give its transition matrix p.

(ii) Compute p", as well as lim,,_,, p".

(iii) Compute lim,,_, P, (X, = j), for j =1, 2 and 3.

Solution. (i) By definition, the casino where the player is at day n + 1 depends only on the
casino where he was the day before (i.e., at day n). (X,, n > 0) is a Markov chain, with

transition matrix p := (p(zx, y), =, y € S := {1, 2, 3}) given by

0 1/2 1/2
p=1|1/2 0 1/2
1/2 1/2 0
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(i) Let M := . Since p = 5(M — I) (with I denoting the identity matrix

1
2

—_ = =
—_ = =
—_ = =

3 x 3), we have

i
o

I
2|
1

| =

Wl @

( Y Cﬁ(—1)"—k3’“> M + (—1)”[]

Il
—_

Il
M
AN

2" —(=1)")M + (—1)"]) :

Hence, [p"](i,7) = 25-(2" — (=1)"), if i # j, and -(2" + 2(—=1)"), if i = j. It follows that

1/3 1/3 1/3
lim p" =1 1/3 1/3 1/3
e 1/3 1/3 1/3

We have P,(X, = j) = [up"](j) = Zie{m,g} () [p"] (4, 7). So limy oo Pu(X, = Jj) = %v for
7=1 2o0r3. U

Exercise 25 (Existence and uniqueness of invariant measures). (i) Is there always an
invariant measure (not necessarily an invariant probability measure) for a transition kernel?!
(ii) Is there always an invariant measure for an irreducible transition kernel??
(iii) If there is an invariant measure, is it necessarily unique (up to a constant multipli-

cation)?

Solution. (i) Consider S := N and the kernel p(z,  + 1) = 1. The equation for invariant
measures says ((y) = > oy i(z) p(z, y) = p(y — 1) for y > 1 (so p(y) = p(0) for all y € N)
and p(0) = > -y u(x) p(x, 0) = 0, which is impossible. Conclusion: there is no invariant
measure for p.

(ii) Consider S = N and p(z, x + 1) = p, and p(z, 0) = 1 — p, for x € N, where p,,
x € N, are real numbers lying in (0, 1). The chain is irreducible.

The equation for invariant measures says p(y) = > oy p(x) p(x, y) = p(y — 1) py—1 for
y > 1,50 () = (po - - - pj—1) u(0) for j > 1. On the other hand, p(0) = >\ p(z) p(z, y) =

Hint: You can consider the chain p(z, z +1) =0 on S := N.
2Hint: You can modify the previous example by taking p(z, x+1) < 1 and adding p(z, 0) := 1—p(x, z+1).
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Zizo w1(2)(1 — p;), which yields
p(0) = p(0)(1—po) —l—Z,u (1—p;)
= #(0)(1 = po) +Z “pi—1) p(0)(1 = pi)

= u(0)(1 —po) + lim Z - pj—1) p(0)(1 — pi)

= lim p(0)[1 — popy - - ‘Pn]-

n—oo

If [T72ypi > 0, then p(0) = 0 and thus p(y) = 0, Yy € N, which is impossible. So there is no
invariant measure for the chain if [[;2 p; > 0.?

(iii) No uniqueness is guaranteed in general. For example, we have seen that for the
biased random walk on Z, both the counting measure on Z, and u(i) := (g)i, i € Z, are

invariant measures. U

Exercise 26 (Records). Consider an ii.d. sequence (X,, n > 0) of geometric random
variables variables of parameter 0 < p < 1. They are used to represent the lifetime of certain
lamps. The lamps are numbered from 0; they are all lit on at the same time, and X,, denotes
the lifetime of the lamp number n.

We define the times of successive records of lifetime of the lamps
70 := 0, Ty = inf{k > 7, : Xy > X }, n >0,

as well as the successive records Z,, := X, , n > 0. So Z,, is the n-th record of lifetime that
one sees at the sequence (X,,).

We assume that (X,,, n > 0) is a Markov chain taking values in S := N* := {1, 2, ---}
with transition probability

p(r,y)=¢"'p, 1z, yeN-

We fix an x € N*.
(i) Prove that under P,, X, n > 1, are i.i.d. geometric random variables of parameter
p. Are X,,, n > 0, independent? Are they i.i.d.?

3Since pop1 -+ pn = Po{Ty < To} — Po{Tp = oo}, the condition H;’io p; > 0 is equivalent to saying that
the chain is transient. On the other hand, if [[;°,p; = 0, then the chain is recurrent, so we know there are
invariant measures. Conclusion: there is no invariant measure for the chain if and only if H?io pi > 0.
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(ii) Compute P,(X; <z, -+, X1 <z, X} > y) for k, y € N* such that y > x.

(iii) Let 7 := inf{n > 1 : X,, > Xy}, inf @ := co. Compute P, (T =k, Xy > y) for k,
y € N* such that y > z.

(iv) Prove under P,, that 7 is a geometric random variable of which we will determine
the parameter, and that X, has the same law as = + X;. Are 7 and X, independent under
P,?

(v) Prove that 7(y) = ¢¥"'p, y € N*, is the unique invariant probability measure for p.

(vi) Prove that P,(7 < 00) =1 and that E.(7) = oc.

(vii) Prove that 7 is a stopping time.

For the rest of the exercise, we can use the fact that for (7,, n > 1) defined as above, we
have 7,41 = 7, + 7 0 0., and thus each 7, is a stopping time that is P,-a.s. finite.

(viii) Prove that (Z,, n > 0) is a Markov chain under P,, with respect to the filtration
(:Z.,). Compute its transition kernel and its initial law.

(ix) Let f : N* — R be bounded. Compute F,[f(Z,11 — Zn)|F,). Prove that under
P,, the sequence Z,, — Z,,_1, n > 11isi.i.d.

(x) Prove that 2= converges P,-almost surely when n — co, and determine the limit.

Solution. (i) Let us check that X,,, n > 0, are independent under P,. By definition, it
suffices to prove that for all n > 1, X, ---, X,, are independent. For all zq, ---, z,, € N*,

P:v<XO = Zg, " - 7Xn = xn) = l{m:xo} p(x07 1’1) s 'p(xnflwrn)

x1—1 Tn—1

= gy p-- @ P,

which means that X, ---, X,, are independent, that X, = x P,-a.s., and that Xy, ---, X,
are geometric random variables of parameter p.

Conclusion: Under P, X,,, n > 1 are i.i.d. geometric random variables of parameter p,
and X,,, n > 0 are independent, but not i.i.d.

(ii) Let k, y € N* such that y > x. We have

P(Xi<a -, Xp <2, Xp>y)=(1—¢)V ¢ =(1—q¢)Vg"¢"".
(iii) We have

Px(T:ka Xk>?/) - Pm(XISX()a"'7Xk‘—1§X07Xk‘>y)
- Pm(X1§x7”'7Xk—1§x7Xk‘>y)

= (1—¢")""¢"-¢"".
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(iv) Taking y = = in what we have obtained in (iii) yields
Py(r=k)=(1-¢")""q".
Summing over k > 1 gives that
PoXe>y) =) Pulr=k Xp>y) =) (1-¢)"'¢" - ¢/ " =¢""
k>1 k>1

Therefore, under P,, 7 is a geometric random variable of parameter ¢*, and X is distributed

as x + X;. For k, y € N* with y > z,
Pyt =k, X;>y)=P(r=k) P.(X: >y),

which means that 7 and X are independent under P,.

(v) A probability measure 7 on N* is invariant means that for all z € N*|

m(z)=>_ 7W)py. 2) = > 7W) ¢ 'p=q¢""p.

yeN* yeN*

This implies that 7(z) = ¢*"!p, 2 € N*, is the unique invariant measure. [For uniqueness,
we can also prove it by checking that the chain is irreducible and positive recurrent.|
(vi) We have

Pr(t <o0)= Y m(x) Po(r <o0) =Y m(x)=1.

[We have used the fact that under P,, 7 being a geometric random variable is a.s. finite.]

We also have

Ex(r)=) Ei(r)q"'p=) a "¢ 'p=oc.

z>1 z>1

(vii) We have {r =0} = @ € F, and for n > 1,
{r=n}={X1i < Xo, -+, Xim1 < Xo, X > Xo} € Z.

By definition, this means that 7 is a stopping time.

(viii) By the Markov property,
Elf(Xr ) | 7] = Eulf(Xr4r00,,) Liru<oo} | Fr,]

= Ex, (f(X7))
= Y (X +y)a .

y=>1
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where we have used the fact that X, has the law of x + X; under P,. As such,

E.lf(Zni1) | Z) = ZfZ +1)q vl Z fly yan

y>1 y>Zn+1

Therefore, (Z,, n > 0) is a Markov chain with transition kernel p? given by

PP, y) = Lysmy ¢~ p
(ix) Let f: N* +— R be bounded. By the strong Markov property,

El' [f(XTn+l - XTn) ‘ ng] = EJB [f(XTn+TO€Tn - XTn) 1{7'n<00} | Lg}n]
[

= EXTn f(X’T - XO)]

= > fwae 'y,

y>1

where we have once again used the fact that under P,, X, — z has the same law as X;. This

yields
Ef(Zns1 — Zu) | F5] = Z Fly) ¢!

y>1

Taking expectation on both sides with respect to P,, we obtain:

Em(f( n+l = Z f a:[f(Zn—i—l - Zn) | ﬁm] .

y>1

Therefore, for all bounded functions f : N* — R,

Eolf(Znia = Zn) | ] = Ealf(Znia = Z0)],

from which it follows that Z,, ;1 — Z,, is independent of .%, . Since Z;, — Z,_; = X, — X,,_,
is %, -measurable, this yields that Z; — Z;_1, i > 1, are mdependent. Furthermore, for all
1> 1, Z; — Z;_1 is a geometric random variable of parameter P, which yields that Z; — 7Z; 1,
1> 1, areii.d.

(x) Since Zy = Xy = = P,-a.s., we have, by induction,

Zn=x+Y (Zi—Zin),
=1

where Z;—Z;_1,1 > 1, arei.i.d. geometric random variables of parameter p. By Kolmogorov’s
law of large numbers, 2z = z 4 % Yow (Zi — Z;—y) converges P, to E,(Z) — Zy) = i, O

’on
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Exercise 27. Assume that p(z, ) < 1, Vx € S.

(i) Let T :=inf{n > 1: X,, ¢ Xy}, inf @ := co. Let x € S. Determine the laws of T’
and of X7 under P,.

(ii) Let Ty := 0 and T,,.1 := T,, + T o O,. Prove that for any = € S, (X,,, n € N) is an
increasing sequence of P.-almost surely finite stopping times with respect to the canonical
filtration (%, )nen.

(iii) Let Y, := X7, n € N. Prove that (Y,, n € N) is a Markov chain. Compute its
transition probability.

(iv) Assume that p is irreducible and recurrent, with an invariant measure u. Prove that
(Y, n € N) is irreducible and recurrent, and that v(z) := (1 — p(z, x)) u(x), x € S, is an

invariant measure for (Y,, n € N).
Solution. (i) By definition, for any n > 1,
Px{TZn}:Pm{x:XO:XIZI nfl}:p<x7 x>n717

which means 7" has a geometric distribution under P,, with P,{T < oo} = 1 (recalling that
p(z, ) < 1 by assumption).

Since T' < oo, P,-a.s., Xr is P,-a.s. well-defined, and its measurability is seen with the
writing Xr = > | X, Lir—py (Pp-a.s.). To determine the law of Xr, we first note that
X1 # x, Pp-a.s., and for any y # x,

PA{Xr=y} = Y PAT=n, X, =y}
n=1
= Y Ple=X1=- =X, 1, Xy =y}
n=1

= S pe 2)" pla, y)

@ y)
1—p(z, x)

(ii) We prove by induction (in n) that for any n and any z, 7, is P,-a.s. finite and is a

stopping time. For n = 1, this is already proved. Assume this holds for n. Then for any 7,

J—1 J—1
(T =3y = (T =3 Tu=i} = {Xi=Xin = = X;00, X; #X;, T =i},
i=1 i=1

For any i < j — 1, {T,, = i} € %, (since T, is a stopping time by induction assumption),
which, a fortiori, is an element of .%;, whereas {{X; = X;11 =--- = X1, X; # X;} € %
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by definition of .%#;. Therefore, {1, = j} € .%;, proving that T, is a stopping time. To
show the finiteness, we see that by the strong Markov property,

PAT, 11 <o} = PAT, < o0, Ty < 0}
= PAT,<oo, T,+Tobr <oo}
= Euo[l{1, <00} Py, (T < 00)].

We have proved in (i) that Px, (T}, < o00) = 1 P;-a.s., so P,{T,+1 < oo} = P, {T,, < oo},
which equals 1 by induction assumption.
As a consequence, for any n and any x, T, is P,-a.s. finite and is a stopping time. The

monotonicity of n — T, is obvious by definition (and by the a.s. finiteness of T,).

(iii) Let n € N and let z, yo, y1, -+ -, yn € S. We compute
(07% ::Pm{}/(]:ym Tty Yn:yn}
If yo # x, or if there exists i € {1, 2, --- ,n} such that y; = y;_1, then the probability is

obviously 0. So let us assume yo = x and y; # y;_1, Vi € {1, 2, --- ,n}. Then (ky :=0)

o= > > RYi=y Ya=y Ti=hy o To=k)
k1=1ka=k1+1 kn=kn_1+1
= Z Z Z P:v{ m{infl‘Fl =Xy 2= Xpm1 = Yim1, Xi, = y@}}
k1=1ko=k1+1 kn=kn_1+1 =1

= Z T Z Hp(yzeh yic) MR (g, w)

k1=1 kpn=11=1

_ ﬁ p(yH, y@)

211 = p(yi1, Yim1)

As a consequence, (Y, n € N) is a Markov chain, with transition kernel ¢(z, y) := £ (,y)
for y # x, and ¢(z, ) := 0.

(iv) Under P,, X; = Yy, _, forall ¢ € [T,,_1 + 1, T,,) € Z, which implies that the sites
visited by the new chain (Y, n € N) coincide with those visited by (X,, n € N). So if
(X,, n € N) is irreducible and recurrent, then so is (Y, n € N).
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Let v(x) := (1 — p(z, x)) p(z), = € S. We have

S vt y) = 3 (1= pe o)) R

yes yeS\{z} L=l 2)
= > @) px, )
yeS\{z}
— Zu(x)p(x, y) — p(z) p(z, x)
yeS

= w(x) — plz) plz, ),

which is v(z). So v is an invariant measure for g. O

Exercise 28 (Reflecting biased random walk on N). In this exercise, S = N and

pli,i+1)=p,  pli,i—1)=q=1-p, if i > 1,
p(0, 1) =1,

were 0 < p < 1 is a fixed parameter.

(i) Prove that the chain is irreducible.

(ii) Prove that the measure p, defined by pu(i) = (g)i (for @ > 1) and p(0) := 1, is
reversible.

(iii) Prove that the chain is positive recurrent if p < 1.
1

(iv) Prove that the chain is null recurrent if p = 3.

(v) Prove that the chain is transient if p > 3.
Solution. (i) For any = > 1, G(0, ) > p*(0, ) > p(0, 1)p(1,2)---Plx — 1, 2) =p® > 0
and G(z, 0) > p“(z, 0) > p(1,0)p(2, 1)--- P(x, z — 1) = ¢ > 0. Therefore, the chain is
irreducible.

(ii) We need to check, for = <y, that u(x) p(z, y) = u(y) p(y, x).

If y > =+ 2, the equality holds trivially (0 = 0). So we assume y = x + 1.

If 2 =0 (thus y = 1), u(0) p(0, 1) = p whereas u(1) p(1, 0) = £ ¢ = p: the equality is all
right.

Ifz>1, @) p(z, v+ 1) = (£)"p whereas p(z + 1), p(z + 1, z) = (%)qu = (2)" p: the
equality is fine as well.

Conclusion: p is reversible, and a fortiori, invariant.

(iii) If p < %, i is a finite measure; so there is an invariant measure for the irreducible

chain, which must be positive recurrent.
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(iv) If p = %, i is has infinite mass. The chain is irreducible. If we are able to prove
that the chain is recurrent, then we will have shown that the chain is null recurrent. Let
us prove that 0 is recurrent, which is equivalent to saying that P{Ty < oo} = 1 (since 0 is
reflecting). However, the value of P;{Ty < oo} does not change if we replace the reflecting
random walk by simple random walk, which is known to be recurrent (because the jump law
has 0 expectation). So Pi{Ty < co} = 1, and the reflecting random walk is null recurrent in

1

case p = 5.

(v) If p > 3, again by checking Pi{T, < oo} for random walk without reflection at the
origin (which is transient because the random walk has a non-centered jump law), we know

that P{Ty < oo} < 1: the chain is transient. O

Exercise 29. Consider an irreducible and aperiodic transition kernel on a finite state space.

Prove that there exists ny < oo such that p™(z, y) > 0, ¥n > ng, Vz, y € S.

Solution. An irreducible chain on a finite state space is recurrent. Since it is aperiodic, we
have seen in the class that for any z, y € S, there exists ng < oo such that p"(z, y) > 0,
Vn > ng. The assumption that #5 < oo yields that we can choose a common ny < oo for
all x and y such that p™(z, y) > 0, Vn > ny. O

Exercise 30 (Simple random walk on hypercube). In this exercise, S := {0, 1}¢. For
x:= (21, --,249) € Sandi € {1, ---, d}, we denote by 20 := (:cgi), e :L’Eli)) the unique
element of S whose components coincide with those of x except for the i-th: xl(:) = xy, for all

ke{l, -, d\{i} but 21 # ;. Let

o 5 if y = 2® for some i € {1, --- , d}
0 otherwise.

(i) Prove that p is a transition kernel on S.
(ii) Is the kernel irreducible?
(iii) Is the kernel aperiodic?

(iv) Compute the invariant distribution.

Solution. (i) Since p(z, y) > 0 for all z, y € S, and > op(z, y) =1forallz € S, pis a
transition kernel on S.
(ii) Yes. For any z € S, we see that G(0, z) > p"(0, ) > 0, where n := S0 |a;|:

it suffices to the chain to increase at each step a component by one (this happens with

30



probability é), and similarly, G(z, 0) > 0 by asking the chain to decrease at each step a
component by one.

(iii) The chain is irreducible, and recurrent (because #S < 00).

Consider the set I, := {n € N : p*(z, ) > 0} for « = 0. Clearly, 2 € I, (with
y = (1,0,---,0), we see that p*(0, 0) > p(0, y)p(y, 0) = 5 > 0) and for the same of
parity, n ¢ I, if n is odd, we conclude that dy = 2. So the period of the chain is d = 2: the
kernel is not aperiodic.

(iv) The chain being irreducible on a finite state space, there is a unique invariant prob-
ability measure.

Since the chain is a special case of simple random walk on a graph with A, =d, Vx € S,

we have seen in the class that pu(z) := #LA = é, Vo € S, is an invariant measure, so the

1

uniform distribution p(z) := %5 = 2%, Vr € 9, is the unique invariant probability measure.

O

Exercise 31 (Blocks of consecutive head runs in coin tossings). Let &,, n > 1, be
an i.i.d. sequence of Bernoulli random variables of parameter % Let N,, denote the number
of blocks of three successive zeros in &, 1 <i < n.*

Consider the Markov chain (X,, n > 0) taking values in S := {0, 1, 2, 3}, with ini-
tial state 0, which records the number of consecutive zeros in the sequence (&,, n > 1),
and which falls back to 0 after each counting of three successive zeros. For example, if
(&1, &9, &3, &4, &5, &6, &7, --+) = (0,1,0,0,0,0, 1, ---), then Yy = 0 (by definition) and
(Y1, Yo, Vs, Yy, Vs, Y5, Yo, o) =(1,0,1,2,3,1,0,---),and Ny =1 = 31 _, 1y,

The transition matrix p for (X,, n > 0) is given by

p(o, O) = p(07 1) =

p(27 O) = p<27 3) =

) p(l,O) :p(1,2) =

) p(370> :p<371) =

N — DN =
N — DN =

(i) Prove that (X,, n > 0) is irreducible and positive recurrent. Determine its invariant
probability.

(ii) Prove that &= converges a.s. and compute the limit.

Solution. (i) Since every state is connected to state 0 in both ways, the chain is irreducible.

The space S being finite, (X, n > 0) is irreducible and positive recurrent.

4We only count disjoint blocks, so the number of blocks of three successive zeros in 0, 0, 0, 0, 0, 1 is one,
and that in 0, 0, 0, 0, 0, 0, 1 is two.
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The equation 7(y) = > .o 7(x) p(z, y) leads to:

7(0) = 5m(0)+ gr(1) + 27(2) + 57(3)
w(1) = g(0) +5u(3)
7(2) = (),
7(3) = -m(2)
Since 7(0) + w(1) + 7(2) + w(3) = 1, it follows that
7(0) = %, (1) = %, 7(2) = 1, 7(3) = i
(ii) Writing N, = > ,_; 1{v,=s}, it follows from the ergodic theorem that lim,, ., % = 1—14
a.s. U

Exercise 32. Consider a Markov chain (X, n > 0) taking values in S := {1, 2, 3} with

transition matrix

0 1/2 1/2
p:=11/2 0 1/2
1 0 0

(i) Classify the states and determine all recurrence classes.

(ii) Compute an invariant probability and determine whether it is unique and if it is
reversible.

(iii) Let x € S, and let T}, :=inf{n > 1: X,, = 2} (with inf @ := c0). Compute E,(T).

(iv) Let 2 € S. Compute the period of z. What can be said about p"(z, y) when
n — 0o?

Solution. (i) State 1 leads to state 2, which leads to state 3, which in turn leads to state 1,
so any state x leads to any state y: the chain is irreducible. Since S is finite, all states are
recurrent; they form a single recurrence class.

(ii) A probability measure 7 on S is invariant if and only if

(r(1), 7(2),7(3))

—_No— O

O ON

O NN =
I
—~
=
—~
—_
SN—
=
—~
[\
SN—
=
—~
w
SN—
SN—
S|
—~
—_
SN—
+
S|
—~
[\
S—
+
S|
—~
w
S—
I
—_

with the condition that 7(z) > 0 for all € S. We find the solution 7 = (3, 2,

©Olw

).
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Since this is the unique solution for the system of equations, there is uniqueness of
invariant probability (which is also a consequence of the fact that the chain is irreducible on
a finite space).

The invariant probability 7 is not reversible: m(2)p(2, 3) = § # 0 =7(3) p(3, 2).

(iii) We have E,(T},) = ﬁ; so B\(Th) = 3, Ex(Tz) = § and F5(T3) = § = 3.

(iv) By irreducibility, the period is identical for all state x € S. For z = 1, we have
p*(1,1) > 0 and p3(1, 1) > 0; the greatest commun divisor of {2, 3} being 1, we see that

the chain is aperiodic. In particular, p"(z, y) — 7(y) for all z, y € S. O

Exercise 33 (Product of independent chains). Let X = (X,,) and Y = (Y,,) be two
independent canonical Markov chains taking values in SX and SY, with transition kernels
p~ and pY¥, respectively. Let Z, = (X,,, Y,,), n > 0, which is a Markov chain with transition
kernel

*( (v y),  waleSt, yyesh

P ((z, y), (@, ) =p~(z, 2)p

The chain (Z,) is called the product chain.

(i) Compute (p?)™ in terms of (p*)™ and (p*)".

(ii) Prove that if both (X,,) and (Y,,) are irreducible, positive recurrent and aperiodic,
then so is (Z,,).

(iii) Consider a checkerboard with 16 squares (4 x 4), numbered from 1 to 16 from left
to right and from top to bottom. The squares are of alternating black and white colour,
on which two mice move independently. Each mouse moves to one of the k neighbouring
squares with equal probability % (diagonal displacements being prohibited). Compute the

expected waiting time between two successive meetings at square 7.

Solution. (i) By definition,

P ((z, y), (@, ¢)) = @)z, ) P)" (W, ¥), 2 €S% y yes.

(ii) Since (X,) is irreducible with period 1, we have (p*)"(z, 2/) > 0 for all z, 2/ € S¥
and all sufficiently large n (Proposition 6.6). Something similar holds for (p¥)"(y, ¥') as
well. Therefore, (p?)"((z, y), (2, y')) > 0 for all sufficiently large n. This yields that (Z,)
is irreducible and aperiodic (if recurrent).

To see positive recurrence of (Z,), let 7% the (unique) invariant probability for (X,,), and
7Y be the invariant probability for (V,,), then 74 (z, y) := 7% (z)7¥ (y), (z, y) € S¥ x SY, is

an invariant probability for (Z,,).
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(iii) Let (X,, n > 0) be the sequence of numbers of the squares occupied by the first
mouse. It is irreducible, and positive recurrent because of the finite state space. Let us

compute its invariant probability measure. For obvious symmetry reason, write

a 7 (16),
b:=m%(12) =7%3) =7¥(5) =77(9) = 75 (14) = 7¥(15) = 75(8) = 7¥(12),

Il
3
>
=
Il
3
RS
w =
Il
3
b
—
&
Il

Equation Y _ox 7 (z) p* (2, o) = 7 (') for all 2’ € S gives
1 1
— —b4-b
S S
1 1 1
b — —a+-bo-
24301
1 1 1 1
— b4 -bt-ct-c.
c 3 +3 +4c—i—4c

Moreover, 4a + 8b + 4c = 1 because 7% is a probability measure. Il follows that

1 1 1
a= 21’ b= 6 c= 7
Let (Y, n > 0) be the sequence of numbers of the squares occupied by the second mouse.
Then 7Y := 7% is also the invariant probability for (Y,,), and 7%(z, y) = 7~ (z)7" (y),
(z,y) € SX x §Y, is the invariant probability for (Z, := (X,, ¥,), n > 0). The product
chain possesses two recurrent classes: class @ of pairs of squares with identical colours, and
class 65 of pairs of squares with different colours. The restriction of the chain to each of the
two classes is irreducible and positive recurrent, and has the restriction of 7% to the class as

an invariant measure. The invariant probability on % is given by

w4 (x,
le(ﬂf, y) = % = 27rZ(:c, Y), x, Yy € 6.

Indeed,

“@) = Y Pere=Yrw Y w=j

x,y of same colour y of the same colour as x

as the somme of 7% (y) over all black squares y is identical to the somme of 7% (y) over all
white squares y.
Finally,
E T = ———=——=172
eollan) =z =58 = 7
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which is the expected waiting time between two successive meetings at square 7. U

Exercise 34 (Metropolis algorithm). Assume S < oo, and p irreducible and symmetric®.
Let p be a probability measure on S such that p(x) > 0, Vo € S. Let

sy = [PEY) min{“4. 1} if y # x,
’ 1=3" covn P2, 2) min{ZE;;, 1} ify=u=x

(i) Prove that pu is reversible for g.

(ii) Prove that ¢ is irreducible.

(iii) From now on, we assume that there exist x # y such that pu(x) # p(y). Let
M ={x e S: p(xr) =maxyes pu(y)}. Prove that there exists g € .# such that p(zo, y) > 0
for some y € S\.#. Prove that q(x¢, z) < p(zo, z) for some z € S. Prove that q(zo, x¢) > 0.

(iv) Is ¢ aperiodic?

Solution. (i) Obviously, ¢ is a transition kernel. Let us check p(z)q(z, v) = u(y)q(y, x).

There is nothing to prove if x = y, so let us assume x # y. Then

w(z) q(z, y) = p(z, y) min{u(y), u(x)},  w(y)qly, ) = ply, ) min{u(x), p(y)},

so they are identical by the assumption that p(x, y) = p(y, ). As a consequence, y is
reversible for ¢, and a fortiori, invariant.

(ii) Let x # y € S. Since p is irreducible, there exist g = x, x1, - -+, x, = y elements of
S such that p(x;_1, ;) >0,Vi e {1, ---, n}.

By definition, p(z;_1, z;) > 0 implies g(x;_1, ;) > 0. So if we write G, for Green’s
function associated with ¢, then G,(z, y) > 0: ¢ is irreducible.

(iii) Suppose that p(x, y) =0, Vo € 4, Vy ¢ A . Then for all x € 4, we would have
P A{X, € #,Vn € N} = 1, which would contradict the irreducibility assumption (since .#
is a strict subset of S). Consequently, there exists xy € .# such that p(z, yo) > 0 for some

Yo ¢ M.
Since yo ¢ A, we have p(zo) > u(yo), so by definition,

q(zo, yo) = p(zo, Yo) 582; < p(z0, Yo).

Finally, since yy # xg, we have

q(zg, o) =1 — Z q(zg, 2) > 1 — Zp(xo, z) = p(xo, xg) > 0.

2#x0 z#x0

Definition of symmetry of p: p(z, y) = p(y, x), Vz, y € S.
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(iv) Since q(zo, xo) > 0, ¢ is aperiodic. O

Exercise 35. Assume that the chain is irreducible and positive recurrent, with invariant
probability measure 7. Let f : S — R and g : S — R be bounded functions. Let
hz) = > esp(@, y)g(y), Vo € S. We assume that f +h = g. Let v be an arbitrary
probability measure on S.

(i) Let S, := Y1, f(X;), n € N. Prove that lim,_,o = F,(S,) exists and determine its
value.

(ii) Let My := 0 and M,y == > [9(X;+1) — h(X;)], n € N. Prove that (M,, n € N) is
a martingale under P,, with respect to the canonical filtration (%, )en.

(iii) Prove that for all n € N,

n

B, (M2,) = B 3 o(Xiar) — (X1}

=0
(iv) Prove that
n—1
1
lim —EV{ g(XhLl)h(Xi)} :/h2 dm.
n—oo M, i—0 S
(v) Prove that
E,(M?
lim ( n)_/<g2 h2)dﬂ'
n—00 n 5

(vi) Prove that
E,(S?
lim £ (5,) = /(g2 — h*)dn.
S

n—o0 n

Solution. We assume in questions (i)—(v) without loss of generality that v = §, for some
x € S (otherwise, if need be, we apply the dominated convergence theorem). This is obvious
for questions (i)—(iv), but is also obvious for question (v) if we take the identity in (iii) into
account and apply the dominated convergence theorem.

(i) The chain being irreducible and positive recurrent, we know that + " | f*(X;) —
J ftdr. Since f is bounded, we can apply the dominated convergence theorem, to see that
L3 o ElfT(X;)] = [ fTdr. Exactly for the same reason, = Y% E,[f~(X;)] = [ f~ dm.
As a consequence, 1 E,(S,) — [ fdr.

(ii) For any n, M, is integrable and .%#,-measurable. Since E,[M, ., — M, |Z%,] =
Eulg(Xos) = h(X0) | ) = Bulg(Xus) | Z] — h(Xa) = h(X,) — h(X,) = 0, it follows
that (M,, n € N) is a martingale.

(iii) It suffices to check that for j > i, E,{[g(X;+1) — h(X;)] [9(Xit1) — R(X;)]} = 0.
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Since g(Xit1) — h(X;) is Z;-measurable, E.{[g(X;11) —h(X;)] [9(Xit1) — h(Xi)] | F;} =
9(Xit1) — h(Xy)] Ex{9(Xj41) — h(X;)|.%;} which vanishes, since we have noted that the
last conditional expectation is 0, P,-a.s.

(iv) Since E[g(X,11) — h(X,) | Z,] = 0, we have E[(g(X,4+1) — h(X,))h(X,)] = 0, so

%Ex{ §g<xi+1>h<xz>} = %Er{ §h<xi)2}’

which converges P,-a.s. to [ h?dr (as the chain is irreducible and positive recurrent).
(v) We have

) n—1 n—1 n—1
B Lp I3 g} 4 22 {3 hx} - 2803 a(xnx) )
i=0 i=0 i=0

On the right-hand side, the first term converges to [ ¢*dm, the third to 2 [ h*dx, whereas
the second (by question (iv)) to [h?dm. So %M%) — [¢*dr + [R*dr — 2 [R*dr =
[(g* = h?)dm.

(vi) In this question, we work under P, instead of P,.

By assumption, f =g —h, s0 S, = > 1 [9(X;) — h(X;)] = M1 + g(x) — 9(Xp41), and
thus

B, (Sy) _ EJ(Mi,) 1

o) _ 20 4 L {g(e) — (X)) + - Bu{2Milgle) — o(Xo)]}

We let n — co. On the right-hand side, the first term converges to [(g>—h?*) dr (by (v)). For
the second and third, we recall that ¢ is bounded by assumption, so there exists a constant
C' such that |g(x) — g(Xn11)] < C. The second term on the right-hand side thus tends
to 0, being bounded by % For the third, we note that by the Cauchy-Schwarz inequality
(or Jensen’s inequality), |E,{M,1lg(x) — 9(Xnt1)]} < C[E, (M2, )]V% So by (v) again,
s E2Mi[g(@) — 9(Xnsa)]} — 0.

Consequently, %S’%) — [(g* — h*)dn. O
Exercise 36 (Renewal theorem). Ken enjoys wine. One day, he makes a dream: at the
beginning, he has in the pocket an amount of money =z € N (in yuans); at each minute,
he drinks a glass of wine, which costs him a yuan; each time there is no money left in the
pocket, he finds a wallet containing a random integer number of pieces of one yuan each,
and he instantly restarts buying and drinking wine without losing a second. The dream goes

on, indefinitely.
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We modelize the capital X,, in Ken’s pocket at each time n € N by means of a Markov
chain (X,,, n > 0) taking values in N, with transition kernel
fly+1)  z=0,y=0,
p(z,y) = 1 x>0, y=x—1,
0 otherwise,
where f is a probability measure on N* := {1, 2, --- }. We assume that f : N* — (0, 1) with
Yoo, f(n) =1, such that f(y) > 0 for all y € N*,
If X; =y >0 at time ¢, then X;,; =y —1 at time ¢ + 1. If X; = 0 at time ¢, Ken finds
y > 1 yuans with probability f(y), and he instantly spends a yuan to buy wine, so at time
i+1, X;y1 =y — 1 with probability f(y).
Let T,” := 0 and let T\™ := inf{i > T,V : X; =0}, n > 1. In words, T," is the n-th
return to state 0.
(i) Prove that PO(TO(D =n)=f(n),n>1.
(ii) Classify the states, and determine all recurrence classes.

(iii) Let A\ be the measure on N given by

oo
Ma)= Y fly), =zeN.
y=z+1
Prove that A is the unique (up to a constant multiple) invariant measure for p.
(iv) Give a necessary and sufficient condition for (X,,) to be positive recurrent. Prove
that there is uniqueness of invariant probability if and only if

[e o]

m::an(n)<oo.

n=1
We assume m < oo in the rest of the exercise.
(v) Compute lim,, ., Pr(X,, =y), for all z, y € N.
(vi) Let u(n) := Py(X,, = 0), n > 1. Prove that {X, = X,, = 0} = U"_{Xo = X,, =
0, TO(I) = z}. Prove that

n

u(n):Zf(z)u(n—z) =:[f x u](n), n>1.

z=1

(vii) Define ¢; := To(i) — To(i_l), i > 1. Prove that under Py, (¢;, i > 1) is a sequence of
i.i.d. random variables. Compute Py(t; = n) for all n > 1.
(viii) Prove that Py(T\") = n) = f*(n), i > 1, where f* = f%---% f is the i-th fold

convolution of f.
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ix) Prove that {X, =0} = U T\ = n}. Prove that
( ) =0 0

u(n) = Zfl*(n), n > 1.

i=1

(x) Prove that

, 1
) =1
Solution. (i) By definition,
Po(TV =n) = Py( X, =0, Xp1=1,-, Xy =n—1)=Py(X; =n—1) = f(n).

(ii) State 0 leads to all state = > 0 because p(0, x) = f(x) > 0. All state z > 0 leads to
state x — 1, and thus to state 0 after x steps. The chain is thus irreducible.

By (i), PO(TO(D < o00) =Y f(n)=1; so that chain is (irreducible and) recurrent.

(iii) We have

S A@)plz, y)=fy+ DD f2)+ Y f2)= > flz)=\y),

zeN z=y+2 z=y+1

which means that A is invariant.

Let p is an invariant measure, so
ply) = (@) p(z, y) = fly+1) p(0) + p(y + 1),
€N

which yields

p(y) = p(0) = p(O)(f(y) + fly = 1)+ + f(1) = p(0) Y f(2) = u(0) \y),

z=y+1

as desired.
(iv) The chain (X,,) is positive recurrent if and only if co > E(T3") = S nf(n).
There exists an invariant probability if and only if ) . A(x) < oo; on the other hand,

SA =% 50 =350 1= 5 fe) =m.
=0 =0 z=z+1 z=1 =0 z=1

Hence, existence of an invariant probability is equivalent to m < oc.

(v) Since m < oo by assumption, the unique invariant probability is

ﬂ@:% S f),  weN.

z=x+1
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The chain is irreducible and positive recurrent, and is aperiodic because p(0, 0) = f(1) > 0.

Thus for all x, y € N,

. IS
lim Po(X, =y) =7(y)=— > f(2)
z=y+1
(vi) If Xo = X,, =0, then T Y e {1,---,n}, hence {Xy = X, =0} C U"_ {X, = X,, =
0, TO(I) = z}. The converse being trivial, we obtain {X, = X,, = 0} = U"_{X, = X,, =
0, TV = 2}.
(1)

Applying the strong Markov property at T;’ gives that

Py(X, =0) = Z Po(TV =z, X,, = 0)
— ZEO( {T(l) PXz(X — O))
- Z E(](T(J(l) = ’Z) P0<Xn*2 = 0) )

which is >0, f(2) u(n — z).
(vii) By definition, t;,1, = To(l) of
1 > 1, are i.i.d. under F,, and that

POk It follows from the strong Markov property that ¢,

Py(t; =n) = Py(ty =n) = By(T\Y =n) = f(n), n>1

(viii) Since T(i) =1t + - -+ t;, and (¢, ¢ > 1) is a sequence of i.i.d. random variables
under Py with common law f, we have PO(T( =n) = f*(n).

(ix) The sequence (73", i > 0) representing successive hitting times at state 0, it follows
that {X,, = 0} coincides with disjoint union U;;l{Téi) = n}; hence for all n > 1,

u(n) = Py(X, =0) = Z Py(Ty" =n) =" f*(n).

=1

() By (v). u(n) = Po(X, = 0) = m(0) = £ T, f(2) = L. a

Exercise 37 (A criterion for recurrence and transience). In this exercise, S = N. We
assume that the chain is irreducible.

Question A. Prove that for any x € S, limsup,,_, . X,, = 00, P,-a.s.
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Question B. Let f: S — R, be such that for some k£ € N,

> p(y) fy) < flx), Vo> k.
yes

Let 7 :=inf{n € N : X,, < k}. Prove that for all z > k, (f(X,r), n € N) under P, is a
supermartingale.
Question C. In this question (and only in this question), we assume that lim, ., f(x) = occ.

(C1) Prove that for all z € S, P.{T < o0} = 1.

(C2) Prove that for all z € S and all n € N, P,{T 00, < oo} = 1.

(C3) Let z € S. Prove that Y~ 1rx, <k} = 00, Pp-a.s.

(C4) Prove that the chain is recurrent.
Question D. In this question, we assume that f(z) > 0, Vo € S, and that lim,_,,, f(x) = 0.

(D1) Prove that lim, o, P,{7 < o0} =0.°

(D2) Prove that the chain is transient.
Question E. We apply our results to an example of birth-and-death chain. Assume p(0, 1) =
1 and for x > 1,

P ify=x+1,
p(x,y)=qa ify=z-1,
0  otherwise,

where p, > 0 and ¢, :=1—p, > 0, Vz.

(E1) Prove that the chain is irreducible.

(E2) We assume from now on that for some A € R, p, = 3 + (1 +£(x))2, where £(z) is
such that lim, ., e(z) = 0. Prove that for all a € R,

E.(X?) 2 1

(6%
-1+ S0 -+ D+ 2E, o

(E3) Prove that in case A < 1, the chain is recurrent.

(E4) Prove that in case A > 1, the chain is transient.

Solution. (A) If the chain is recurrent, then any state y is visited infinitely often P,-a.s.
by the chain, which implies limsup,,_,.. X, > y, P,-a.s. Since y is arbitrary, this means
lim sup,,_, o Xn = 00, P,-a.s.

If the chain is transient, then any state y € N is visited only finitely many times P,-a.s.,

which implies X,, — oo, P,-a.s.

Hint: You could start by studying E.[f(Xr) 1{r<sc}]-
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(B) This is essentially done in the class: for any n, since 7 is a stopping time, we deduce

that f(X,A,) is Z,-measurable, and by writing
f(X(n+1)/\T) - f(Xn+1) 1{T>n} + f(XT) 1{T§n} = f(Xn-i-l) 1{7—>n} + f(XnAr) 1{T§n}a

we see that Ea:[f(Xn-l—l) 1{T>n} | yn] = 1{T>n} Ex [f(Xn—i—l) | yn] = ]—{T>n} ZyES p(Xn7 y)f(y)a
and F,[f(Xuar) Lir<ny | Zn] = f(Xonr) 1iz<ny (by measurability), so

Ea: [f(X(nJrl)/\T) | <gﬁn] = 1{T>n} Zp(Xna y)f(y) + f(Xn/\T) 1{T§n}
yes
< 1{T>n} f(Xn) + f(Xn/\T) 1{T§n}
- f(Xn/\T)a

where, to get the inequality in the middle, we used the fact that X,, > k on the event
{r > n}. By induction, we get E;[f(Xnnr)] < E[f(Xoar)] = f(z), which proves that
f(Xunr) is Pe-integrable, and that (f(X,a,), n € N) is a supermartingale.

(C1) If z < k, then 7 =0, Pp-a.s., so P.{T < o0} = 1.

Assume now x > k. Since (f(Xpnar), n € N) is a non-negative P,-supermartingale, it
converges P,-a.s. to a finite limit, denoted by £. On the set {T = oo}, f(X,) = &, P,-as.
However, by assumption, f(y) — oo for y — oo, which yields that on the set {r = oo},
(X,) is Py-a.s. bounded. In view of Question A, this happens with P,-probability 0; i.e.,
PAr <oo} =1

(C2) By the Markov property, P,{7T 06, < oo} = Px, {7 < oo}, which is P,-a.s. 1 (see
(c1)).

(C3) Let A, := {7086, <o}, n €N, which is a non-increasing sequence of events, with
NnenAn = {0 Lix, <k} = 00}. By (C2), P,(A,) =1, Vn € N, so P,(NpenA,) = 1, which
means » .~ Lix, <k} = 00, Pp-a.s.

(C4) We have proved Y ° 1(x, <k} = 00, Pp-a.s. A fortiori, E, [y  1ix,<k}] = 00, ie.,
> yer G(x, y) = 0o. So there exists y € {0, 1, -+, k} such that G(z, y) = oo. A fortiori,
G(y, y) = o0, i.e., y is a recurrent state. Since the chain is irreducible, it is recurrent.

(D1) Let x € S. By Fatou’s lemma,

EL[f(X7) Lrcony] < liminf B[ f(Xnar) 1ircoo}),

n—oo

which is bounded by f(z) because (f(Xuar), n € N) is a P,-supermartingale (see Question
B).
On the other hand,
Ex[f(XT) 1{T<00}] > CPx{T < OO},
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where ¢ := ming<,<; f(y) > 0. Thus P,{7 < oo} < 1f(z)c. Letting z — oo gives the desired
conclusion.

(D2) If the chain were recurrent, we would have P,{7 < oo} =1, Vo € S, which would
contract what we have proved in (D1). Conclusion: the chain is transient.

(E1) For any = > 1, G(0, ) > p"(0, ) = p(0, 1) p(1, 2) --- p(x — 1, x) = pop1 * + * pu—1 >
0, and similarly, G(x, 0) > p*(x,0) > p(z,x — 1) - - p(2, D) p(1,0) = qu---q2q1 > O.
Therefore, the chain is irreducible.

(E2) For any =z > 1,

B (X =pa(x+ 1)+ g (z— 1D =2%p,(1 + 271 + ¢ (1 — 27 H].

Letting * — oo and making an asymptotic development (under the second order) of the

function s +— (14 s)® for s in the neighbourhood of 0, we get

Exs(ci(f‘) _ (1 N % N ala _21:2;— 0(1)> (% N (1+ Z(:U)))\)
+<1 B % N ala _le)j 0(1)) (% 1+ i(:z:)))\>
= 1+4a)\+a(a2—1)+o(1)’ T — 00.

(E3) If A < 1, then by choosing a > 0 such that a — {1 + ¢ < 0, we get E,(X) < 2
for all sufficiently large z, say V& > k. So the function f(x) := x“ satisfies the conditions in
Question C, which yields that the chain is recurrent.

(E4) If A > 1, then by choosing a < 0 such that a — 1 + % > 0, we get F,(X{) < 2
for all sufficiently large x, say Vo > k. So the function f(z) := x“ satisfies the conditions in

Question D, which yields that the chain is transient. O

Exercise 38 (Foster’s criterion). Assume that the chain is irreducible. The aim of this

exercise is to show that if there exist a > 0, a finite set A C S and f: S — R, such that

() D pla ) fly)<oo, VeeS; > pa,y)fy) < fla)—a, Vee A,

yes yeSs

then the chain is positive recurrent.

Notation: For any A C S, we write

T4 =inf{n e N: X, € A}, Ty:=inf{n>1: X, € A}, inf @ := oo.
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Question A. In this question, we assume that there exists a finite set A C S such that
E.(T4) < 00, Vx € A. Let 9o := 0 and

On41 ‘= Qn+TAoegna n €N

(A1) Prove that for all x € A and n € N, P.{o, < oo} = 1.

(A2) Let Y, := X,,, n € N. Prove that (Y, n € N) is a Markov chain, and determine
its transition probability g.

(A3) Prove that (Y,,, n € N) is irreducible and positive recurrent.

(Ad) Let z € A. Let T, :=inf{n >1: X,, =z} and T) :=inf{n >1: Y, = z}. Prove
that

T, = Z Liryspy Taob,,,
n=0

and that {T) >n} € Z,,.
(A5) Prove that for any x € A,

E.(T,) < max E,(T4) E.(TY).
yeA

T

(A6) Prove that (X, n € N) is positive recurrent.
Question B. In this question, we assume (x) for some a > 0, finite set A C S and f: S —
R, .

(B1) Let Z, := f(X,) + na, n € N. Prove that for all x € A°, (Zpr,, n € N) is a
P,-supermartingale with respect to the canonical filtration (%, ),en.

(B2) Prove that for all z € S, E,(14) < %

(B3) Prove that (X, n € N) is positive recurrent.
Solution. Several ingredients in the solution (to questions (A1), (A2) and (B1)) have been
seen in previous exercises, so we only make a sketch.

(A1) By induction and the strong Markov property. [More details in Exercise 27 (ii).]

(A2) Check by definition, discussing on the value of the stopping times. The transition
kernel is q(z, y) = P,{Xr, = y}. [More details in Exercise 27 (iii).]

(A3) Let © # y € S. Since (X,,, n € N) is irreducible, there exist xg := x, z1, -+, T, := ¥y
such that p(x;_q, z;) >0, Vi € {1,2, ---, n}. Let x;,, ---, x;, be the sequence of zy, -- -,
ZTp_1 lying in A. Then

Pf{Yl:xjN"'7Ym:xjm7Ym+1:y}ZPI{Xlth"'7Xn71:xn717Xn:y}>07
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which yields that (Y,,, n € N) is irreducible. Since the chain takes values in a finite space, it
is positive recurrent.

(A4) Let k > 1. The event 7Y = k means that on the occasion of its k-th return to A,
the chain (X,,) returns to x for the first time. So {TY =k} = {T, = ox}. Therefore, on the

event {TY =k}, we have

Ty =0k =) _(0n+1— 0n) ZTA 0 by, Z(TA ©0y,) Lisny,
n=0 n=0
giving the first desired equality.
Furthermore, {TY < k} = U*_ {T. = o0,}. Since {T, = 0.} € Z,, C F,, forn €
{0, 1, -+, k}, we have {TY <k} € Z,
(A5) By (A4) and then by the strong Markov property,

= Z Eo[(Ta00,,) Lipyspy] = Z E[1iry s Ex,, (Ta)).
—0

n=0

Since Ex, (Ta) < maxyea Fy,(T4), this yields

E,(T,) < max E,(T,) ZE [Lizy o).

ycA

It remains to note that Y " ) Ey[1(7vs,y] = E,(T)) by the Fubini-Tonelli theorem.

(A6) By (A3), (Y., n € N) is positive recurrent, so F,(TY) < oco. On the other hand, by
assumption, £, (T4) < oo, Vy € A. Since A is a finite set, this yields maxyc4 £,(T4) < co. So
by the inequality proved in (A5), we have E,(T,) < oo, Vo € A. Since the chain (X,, n € N)
is irreducible, this means it is positive recurrent.

(B1) By writing Zpiiyars = Znt1 Lzasn}y + Zry L{z4<n}, One checks, using assumption
(%), that (Z,ary, n € N) is a P,-supermartingale. [More details in Exercise 37, Question B.]

(B2) If x € A, the inequality holds trivially.

Assume now x € A°. Since (Zynr,, n € N) is a P,-supermartingale (see (B1)), we have
E [ Znnry] < Ex(Zo) = f(x), ¥n € N. On the other hand since Z,, > na, Vn € N, we have
E.[Zunry) = a Ex(n A Ta). Therefore, Ey(n A 7a) < f , Yn € N. An application of the
monotone convergence theorem yields the desired 1nequahty.

(B3) Let = € A. By definition, T4 = 1 4 74 0 #;. Hence

E.(Ta) =1+ Ey(1400,) =1 + E,[Ex, (14)].
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By (B2), Ex, (14) < ££9 50 that for all z € A,

«

pry <1+ PNy LS ) )
yeS

which is finite by assumption. So the condition of Question A is satisfied: we are entitled to

apply (A6) to conclude that (X, n € N) is positive recurrent. O

Exercise 39 (Branching processes). Let (Z,,, n > 0) be a branching process, defined by

0

Zn,
Zn+1 = Zgn,j ) (Z = 0)
j=1

j=1

where &, ;, for (n, j) € NxN*, areii.d. random variables taking values in N, whose common
distribution is denoted by &. We assume £(0) 4+ £(1) < 1 and £(0) > 0.

Let Z, =0(&,;; 1 <i<mn,j>1)and % = o(Xp).

Let

mi=> k&k),  olr)=> &kyF, relo,1].

Let ¢O(T) =T, and ¢n+1(r) = ¢n(¢(r))’ neN.

Question A. We assume Z; = 1 in this question.

(A1) Compute E(Z,.1|%,) and E(Z,) for alln > 0. Prove that forn € Nand r € [0, 1],
B 1| F,) = ()%

Compute E(r%»).
(A2) Determine the number of solutions of ¢(r) = r on [0, 1].
Let g be the smallest solution of ¢(r) = r on [0, 1]. Prove that ¢,(0) < ¢,+1(0) for all
n € N, and that ¢,,(0) — ¢, n — oo.
(A3) Let
T:=inf{n e N: Z, =0}, inf@ =o0.

Prove that {Z,, =0} C {Z,+1 = 0} for all n € N. Prove that
P(T <) =q.

We call the event {T" < oo} extinction, and the event {T" = oo} survival. We say that

the system is critical it m = 1, supercritical if m > 1, and sub-critical if m < 1.
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Find a relation between extinction/survival and supercritical /critical /sub-critical cases.

Question B (Martingales in the supercritical branching process). We assume Z; = 1
and m > 1 in this question.
(B1) Define M,, := ¢, n > 0. Prove that (M,, n > 0) is an (.%,)-martingale, and

study convergence (a.s., in L', in L for 1 < p < 00). Prove that

. T i
nhj&q 17—} =0 a.s.
(B2) Prove that
Lir—co} = Limy oo Zu=co} &S

Compute P(Z,, converges).
(B3) Let W, := Z2 n > 0. Prove that (W,, n > 0) is an (.%,)-martingale.

(B4) Assuming 02 := Y2 k*¢(k) — m? < oo, prove that for all n € N,
B(Z. | Fn)=m*Z2 + 0> Z, a.s.

Prove that sup,,cy E(W?2) < co. Prove that W, converges in L?, to a limit denoted by We.

(B5) Define L()\) := E(e™*"=), A > 0. Write a functional identity involving ¢, L and
m.

(B6) Prove that P(W,, = 0) = limy_, L(A).

(B7) We assume 0? < oo. Compute P(W. = 0). Prove that 1ip—o) = Ly, o a.s.
Prove that on the set of the system’s survival, Z,, grows at an exponential rate, and give an

equivalent.

Question C (Martingales in the critical /subcritical branching process). We assume

Zy =1 and m < 1 in this question.

(C1) Prove that W, converges almost surely, and study the limit.
(C2) Does W, converge in L'?

Question D (The branching process as a Markov process). Let x € N*.

(D1) Prove that (Z,, n > 0) is a Markov chain taking values in N. Compute its transition
kernel.
(D2) Classify the states, and determine the recurrence classes.
(D3) Prove that
P.(3neN: Z,=0, Van)—i—Px( lim Zn:oo> ~ 1.

n—o0
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Solution. (A1) We have

E(Zn+1 | yn) = <Z 1{Zn—k:} Z Sn J

keN

- Zl{Zn—k}ZE 5nj|</

keN

= Zl{Zn—k}ZE Snj

keN

= Z Liz,—k) km,

keN

#)

which is m Z,,. Taking expectation on both sides gives E(Z, 1) = m E(Z,). So by induction
and the fact that Z, = 1, we obtain F(Z,) = m", n > 0.
Let n € N and r € [0, 1]. Since r?" € [0, 1], it is integrable, and

E(rm | F,) = E( Z 1{Zn:k}7’2?21£"’j L%L)
keN
= Z Liz,=k) E('f’zf:lg"’j L%L> :
keN
Since E(rzﬁlfm Fn) = H?Zl E(réni) = ¢(r)*, it follows that
E(ro+ | .7, Z Liz,—ky &(r)* = ¢(r)” a.s.

keN

Taking expectation on both sides, and we obtain: E(rZ+') = E(¢(r)?"). Iterating the
procedure, and since Zy = 1, we get E(r?") = ¢,(r), for n € N and r € [0, 1].
(A2) The moment generating function ¢( - ) is a power series with radius of convergence

> 1. As a consequence, for all 0 <r < 1,
(r) = k(k = 1)¢(k) r* 2
k>2

and ¢"(r) > 0 for 0 < r < 1 since there exists k > 2 such that {(k) > 0 (recalling that
€(0) + £(1) < 1 by assumption). So the function r — ¢(r) — r is strictly convex. Since
m = ¢'(1—) (by the monotone convergence theorem when r 1 1), we see that ¢(r) — r is

strictly above the slope m at r =1 on (0, 1), and
o(r)y—r>(m-—1)(r—1)>0,
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if r € [0, 1) and m < 1. Since ¢(1) = 1, we conclude that in case m < 1, ¢ = 1 is the unique
fixed point of ¢ on [0, 1].

By assumption ¢(0) = £(0) > 0. If m > 1, then the slope of ¢(r) — r at 1 is negative,
so ¢(1 —e) — (1 —e) < 0 for some sufficiently small € > 0. The continuity of ¢ on [0, 1]
yields the existence of 0 < ¢ < 1 such that ¢(c) — ¢ = 0. By convexity, ¢ is unique. As a
consequence, in case m > 1, there are two fixed points of ¢ on [0, 1] given by ¢ = ¢ € (0, 1)
and 1.

Summarizing, we have ¢(r) > r if r < ¢, and ¢(r) < r if r > ¢, so the sequence
(¢,,(0), n > 0) is non-decreasing, and its limit is ¢, the smallest fixed point.

(A3) The inclusion {Z,, = 0} C {Z,41 = 0} is clear by definition. Since {T" < oo} =
U o{Z, = 0}, this yields

P(T < 00) = lim 1 P(Z, = 0).

n—ro0
On the other hand, ¢,(r) = E(r?") = E(1{z,=0}) + E(r?"1(z,>1}); in particular, ¢,(0) =
P(Z, = 0). By (A2), P(T < 00) = lim, o0 + ¢(0) = g.

We have seen in (A2) that ¢ < 1 if and only if m > 1; hence P(extinction) < 1 if and
only if m > 1 (critical).

(B1) For any n > 0, M,, is .#,-measurable, and integrable (because 0 < M,, < 1 a.s.);
moreover, E(M,,1|%,) = ¢(q)?" = ¢°» = M,. Consequently, (M,, n > 0) is an (.Z#,)-
martingale.

Since for any 1 < p < 00, sup,cy E(|M,|P) < 1 < oo, it follows that the (M, n > 0)
converges p.s., in L', and in LP for all 1 < p < oo, to a random variable M., taking values
in [0, 1].

Observe that

Munr = My Yir—ooy + Mpar Lir<oo) ;

taking expectation on both sides yields
E(MO) =q= E(Mn ]—{T:oo}) + E(Mn/\T 1{T<oo})

Since 0 < M,,r < 1 a.s., we are entitled to apply the dominated convergence theorem
to see that when n — oo, E(Munr 1ircoey) = E(Mrliresy) = P(T' < 00) = ¢, and
E(M, 1{r—o0}) = E(My 1{7-x}). Accordingly,

E(Maoo 1(r—ne}) = 0.

The a.s. non-negativity of the integrand yields that it vanishes a.s. Hence lim,, o0 ¢%* Lir—oo} =

0 a.s., as desired.
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(B2) For almost all w € {T = oo}, we have lim, ,o ¢**® = 0 (by (B1)), hence
limy, o Zn(w) = 00. This yields 1ip—ocy < lftim, o Zy=oo} @8- The converse being triv-
ial, we obtain 1yr—oy = 1flim, o Zu—oo} @.S., as desired.

In particular, almost surely on the survival of the system, the size of the population goes
to infinity, whereas on the extinction of the system, the size eventually vanishes by definition.
So P(Z, converges) = 0.

(B3) Clearly, (W,,, n € N) is (.%,)-adapted, with E(W,,) = 1, Vn € N (which is easily
seen by induction). We have seen in (A1) that E(Z,1|.%#,) = m Z,, which is equivalent to
saying that E(W,1|.%,) = W, (W,, n € N) is indeed an (.%#,)-martingale.

(B4) By definition,

E<ZEL+1 | Fn) = [Z Liz,=k) ( Z Xn ]) e%@}
keN

S ST 5 SERE NS
keN jrl jrl

S ST 35 SENE A
keN J1=1j2=1

— Y 1y (k(02 +m?) + k(k — 1)m2>,
keN

which is 02 Z,, + m* Z2, as desired.
Taking expectation on both sides and dividing by m?™ 1 we see that

0.2

m2+n :

E(W2,,) = E(W2) +

The sequence (up) defined by ug := 1 and un41 = u, + ~F (for all n € N) converges (to

1+ ( 1 ; recalling that m > 1 by assumption), and is thus bounded. In other words,
sup E(W?) < oc.

The martingale (W,,) being bounded in L?, it converges (a.s. and) in L2,
(B5) By definition,
Be ) = B[] = () = (6.

which is = ¢(Ele *%"/™"]) = ¢(E[e=*"*]). We let n — oco. By continuity of ¢ and the

dominated convergence theorem, we obtain: for A > 0,

LOm) = 6(L(V)).

20



(B6) We write
L(A) = E(1gwa—oy) + E(e M Liws0y),

and let A — oco. By dominated convergence, E(e ">~ 14y ~0) — 0, A = oo, so that
P(Wy =0) = limy 00 L(A).

(B7) Let ¢ := limy,o L(A). By (B5), ¢(f) = ¢ (recalling the continuity of ¢); hence
¢ € {q, 1} (recalling that m > 1 by assumption). However, ¢ cannot be 1 because (W,,) is
uniformly integrable (see (B4)) under the assumption 02 < oco. Therefore, P(W,, = 0) = q.

Let us prove lpy_ >0y = L{r=o} a.s. Since {Wy > 0} C {Z, — oo}, we have 1{p_o} —
lqw.>0p > 0 as. This non-negative random variable having expectation E(1{p—oc} —
Liw.s0y) = (1 —q) — (1 —¢q) = 0, it vanishes a.s., proving the desired almost sure identity.

On {T = oo} (which is a.s. {W > 0}), we have Z,, ~ m"W, as.

(C1) By assumption, m < 1, so T' < oo a.s. (see (A3)). This means that W,, = 0 a.s. for
all sufficiently large n. In particular, W, — W, := 0 a.s.

(C2) Since E(W) = 0 < E(W,), Vn, it follows that the martingale is not uniformly
integrable: there is no convergence in L' for (W,,).

(D1) Recall from (A1) that E(rZ+1|.%,) = ¢(r)?" as., i.e.,

ZTjE(l{Zn+1:j} | ﬂn) = ZTJ Z 1{Zn:k}aj(k) s

jeN jEN  keN

where (k) is the coefficient of 77 in the power series ¢¥. Consequently,
E(1{2n+1=j} | ﬁn) = aj(Zn) ) a.s.

By definition, ¢(r)k = EjEN *(j)ri, where £ is the k-th fold convolution of & (with
&% := 5y if k =0). Hence (k) = £**(j), and

E(l{Zn+1=j} | fn) - S*Zn (]) - p(va ]) :

In words, (Z,, n € N) is a Markov chain with transition kernel p(z, y) := £*(y), for z,
y € N, in agreement with what was seen in the class.

(D2) Let x € N*. We have P,(Ty < 00) > p(z, 0) = £(0)” > 0, so state = leads to state
0; on the other hand, state x is not accessible from state 0 which is absorbant. We conclude
that 0 is the only recurrent state (so {0} is the only recurrence class); all other states are
transient.

(D3) Starting from transient state x, consider Tp, the first hitting time of any recurrent

state. There are two possibilities.
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First possibility: 7Ty < oo, in which case the chain stays absorbed at state 0 after Tj:
Z, =0 for all k£ > Tj.

Second (and last) possibility: T, = oo, in which case the classification theorem tells us
that the chain, though never hitting 0, visits each of the transient states only a finite number
of times P,-a.s. So for P,-almost all w and for all N € N*, there exists ng(w) < oo such
that Z, ¢ {1,2,---, N}, Vn > ng(w). This yields that P,-almost surely on {7, = oo},
lim,,_, . Z,, = 00.

As a consequence,

P(EInEN,Van,Zkzo)JrP( lim Zn:oo) — 1,

n—o0

as desired. O

D2



