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1 Introduction

Let us pick a strictly positive integer M. An M-cookie random walk (also called multi-excited
random walk) is a walk on Z which has a bias to the right upon its M first visits at a given site
and evolves like a symmetric random walk afterwards. This model was introduced by Zerner
[20] as a generalization, in the one-dimensional setting, of the model of the excited random
walk studied by Benjamini and Wilson [4]. In this paper, we consider the case where the initial
cookie environment is spatially homogeneous. Formally, let (2, P) be some probability space
and choose a vector p = (p1,...,pa) such that p; € [%, 1) for all i = 1,..., M. We say that p;
represents the strength of the ¢ cookie at a given site. Then, an (M, p)-cookie random walk
(Xn, n € N) is a nearest neighbour random walk, starting from 0, with transition probabilities:

ifj=8{0<i<n, X;=X,} <M,

Di
P{X’IH-I = XTL +1 ’X()a s 7Xn} = { lJ otherwise.

2
In particular, the future position X,,41 of the walk after time n depends on the whole trajectory
Xo,X1,...,X,. Therefore, X is not, except in degenerated cases, a Markov process. The cookie
random walk is a rich stochastic model. Depending on the cookie environment (M,p), the
process can either be transient or recurrent. Precisely, Zerner [20] (who considered an even
more general setting) proved, in our case, that if we define

M

a=a(M,p) ¥ Z(Qpi -1) -1, (1.1)
=1

e if a <0, the cookie random walk is recurrent,

e if a > 0, the cookie random walk is transient towards +oo.

Thus, a 1-cookie random walk is always recurrent but, for two or more cookies, the walk can
either be transient or recurrent. Zerner also proved that the limiting velocity of the walk is well
defined. That is, there exists a deterministic constant v = v(M,p) > 0 such that

lim — = almost surely.

n—oo N
However, we may have v = 0. Indeed, when there are at most two cookies per site, Zerner proved
that v is always zero. On the other hand, Mountford et al. [11] showed that it is possible to
have v > 0 if the number of cookies is large enough. In a previous paper [3], the authors showed
that, in fact, the strict positivity of the speed depends on the position of @ with respect to 1:

o if a <1, then v =0,
e if > 1, then v > 0.

In particular, a positive speed may be obtained with just three cookies per site. The aim of this
paper is to find the exact rate of growth of a transient cookie random walk in zero speed regime.
In this perspective, numerical simulations of Antal and Redner [2] indicate that, for a transient
2-cookies random walk, the expectation of X, is of order n”, for some constant v € (%, 1)
depending on the strength of the cookies. We shall prove that, more generally, v = O‘T“
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Figure 1: Simulation of the 100000 first steps of a cookie random walk with M = 3 and p; =

pr=ps =32 (ie. a=1%andv=3).

Theorem 1.1. Let X be a (M, p)-cookie random walk and let o be defined by (1.1). Then, when
the walk is transient with zero speed, i.e. when 0 < a <1,

o Ifa <1, settingv = HTQ,
& ﬂ) <8V)—u

nY n—oo

where Sy, 1s a positive strictly stable random variable with index v i.e with Laplace transform
E[e %] = e~ for some ¢ > 0.

o If a =1, there exists a constant ¢ > 0 such that

logn

prob.
X, — c

n—o0

These results also hold with sup;<,, X; and inf;>, X; in place of X,.

In fact, we shall prove this theorem by proving that the hitting times of the walk 7,, = inf{k >
0, X = n} satisfy
I, v, g, if v <1,

Y oo
T, prob. . _
nlognnj0>06>0 ifvr=1.

Theorem 1.1 bears many likenesses to the famous result of Kesten et al. [9] concerning the rate
of transience of a one-dimensional random walk in random environment. Indeed, following the
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method initiated in [3], we can reduce the study of the walk to that of an auxiliary Markov
process Z. In our setting, Z is a branching process with migration. By comparison, Kesten et
al. obtained the rates of transience of the random walk in random environment via the study
of an associated branching process in random environment. However, the process Z considered
here and the process introduced in [9] have quite dissimilar behaviours and the methods used
for their study are fairly different.

The remainder of this paper is organized as follow. In the next section, we recall the construction
of the associated process Z described in [3] as well as some important results concerning this
process. In section [3] we study the tail distribution of the return time to zero of the process
Z. Section [4lis devoted to estimating the tail distribution of the total progeny of the branching
process over an excursion away from 0. The proof of this result is based on technical estimates
whose proofs are given in section [5. Once all these results obtained, the proof of the main
theorem is quite straightforward and is finally given in the last section.

2 The process 7

In the rest of this paper, X will denote an (M, p)-cookie random walk. We will also always
assume that we are in the transient regime and that the speed of the walk is zero, that is

O0<a<l.

Recall the definition of the hitting times of the walk:

T, < inf{k > 0, X}, = n}.
We now introduce a Markov process Z closely connected with these hitting times. Indeed, we
can summarize Proposition 2.2 and equation (2.3) of [3] as follows:

Proposition 2.1. There exist a Markov process (Zy, n € N) starting from 0 and a sequence of
random variables (K, n > 0) converging in law towards a finite random variable K such that,
for each n

n
Tnl“:”n+222k+f(n.
k=0

Therefore, a careful study of Z will enable us to obtain precise estimates on the distribution of
the hitting times. Let us now recall the construction of the process Z described in [3].

For each i = 1,2,..., let B; be a Bernoulli random variable with distribution
R . o o o Di iflSiSM,
P{B, =1} =1 P{BZ—O}—{é i M
We define the random variables Ag, A1,..., Ayp—1 by
i
Ay 1< i<y, Bi =0} where & Zinf (i 1,3 Bi=j+1). (2.1)
I=1
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Therefore, A; represents the number of "failures” before having j 4 1 ”"successes” along the
sequence of coin tossing (B;). It is to be noted that the random variables A; admit some
exponential moments:

E[s%] < 0o forall s € [0,2). (2.2)

According to Lemma 3.3 of [3], we also have

M
E[Ay_1]=2> (1-p)=M-1-o. (2.3)
=1

Let (&, i € N*) be a sequence of i.i.d. geometric random variables with parameter % (i.e. with
mean 1), independent of the A;. The process Z mentioned above is a Markov process with
transition probabilities given by

i—M+1

P{Zn1=7jlZn=1i} = P{]l{igM—l}Ai + Lgs -1y (AM—1 + Z §k) = j}- (2.4)
k=1

As usual, we will use the notation P, to describe the law of the process starting from x € N and
E.. the associated expectation, with the conventions P = Py and E = Ey. Let us notice that Z
may be interpreted as a branching process with random migration, that is, a branching process
which allows both immigration and emigration components.

o If Z, =ic {M/M+1,...}, then Z,,; has the law of - M ¢+ Ay, ie. M —1
particles emigrate from the system and the remaining particles reproduce according to a
geometrical law with parameter % and there is also an immigration of Ap;_1 new particles.

o If Z, =i €{0,...,M — 1}, then Z,; has the same law as A;, i.e. all the i particles
emigrate the system and A; new particles immigrate.

We conclude this section by collecting some important results concerning this branching process.
We start with a monotonicity result.

Lemma 2.2 (Stochastic monotonicity w.r.t. the environment and the starting point). Let
p = (p1,...,bpm) denote another cookie environment and let Z denote the associated branching
process. Assume further that p; < p; for all i. Let also 0 < x < Z. Then, the process Z starting

from x (i.e. under P, ) is stochastically dominated by the process Z starting from T (i.e. under
P;).

Proof. We first prove the monotonicity of Z with respect to its starting point. To this end, we
simply notice, from the definition of the random variables A;, that Ag < A; < ... < Aprq.
Since all the quantities in the definition of Z are positive, it is now immediate that, given x <y,
the random variable Z; under P, is stochastically dominated by Z; under P,. The stochastic
domination for the processes follows by induction.

Let ;1\ denote the random variables associated with the cookie environment p. It is clear from
the definition (2.1) that A; < A We deduce that Z; under P is stochastically dominated by
Zl under P, and therefore also by Zl under Pz for any 7 > z. As before, we conclude the proof
by induction. O
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Let us recall that we made the assumption that p; < 1 for all 4. This implies
P.{Zi=y}>0 forall z,y>0. (2.5)
Therefore, Z is an irreducible and aperiodic Markov chain. Moreover, for any k > M — 1,
E[Zy1—Zy|Zy, =k =E[Ay 1| —M+1=—qa. (2.6)

Since we assume that a > 0, a simple martingale argument now shows that Z is recurrent.
In fact, more is known: according to section 2 of [3], the process Z is positive recurrent and
therefore converges in law, independently of its starting point, towards a non-degenerate random
variable Z., whose law is the unique invariant probability for Z.

The study of Z, was undertaken in [3]. In particular, Proposition 3.6 of [3] gives the asymptotic
behaviour of the generating function G(s) o E[s?>] as s increases to 1:

1-G(s) ~

C(1—s)~ if € (0,1)
- o

C(1—s)|log(l—s)| ifa=1,

where C' = C(p) > 0 is a constant, the notation f ~ g meaning f = g(1 + o(1)).

We may use this estimate, via a Tauberian theorem, to obtain the asymptotics of the tail
distribution of Z, as stated in Corollary 3.8 of [3]. However, there is a mistake in the statement
of this corollary because (2.7) does not ensure, when « = 1, the regular variation of P{Z, > x}.
The correct statement given below follows directly from using Corollary 8.1.7 of [5].

Proposition 2.3 (Rectification of Corollary 3.8 of [3]). There exists ¢ = ¢(p) > 0 such that,

P{Zx >z} ~ c¢/z* when ac(0,1),
Tr—

o0

x
/ P{Zs >u}ldu ~ clogx when a=1.
0 T— 00

The result given above when o = 1 is weaker than that for the case o < 1. Still, in view
of Lemma [2.2, it is straightforward that Z., is also stochastically monotone in p. Therefore,
the estimate of Proposition 2.3 when « < 1 gives an upper bound for the decay of the tail
distribution of Z in the case a = 1. Indeed, given an environment p with a(p) = 1, for any
B < 1, we can construct an environment p with «(p) = (8 such that p; < p; for all i. Therefore,
when o = 1, we deduce

lim 2°P{Zy >} =0 forall g <1. (2.8)
r—00

Remark 2.4. In fact, when o = 1, the stronger statement P{Z. > x} ~ ¢/x holds. According
to the remark following corollary 8.1.7 of [5], it suffices to show that 1 —G(s) = C(1—s)|log(1—
s)|+C'"(1 —s)+ o(l —s). This improved version of the estimate (2.7) can be obtained by a
slight modification of the proof of Proposition 3.8 of [3] (namely a higher order in the Taylor
expansion). However, we shall only use, in the remainder of this paper, the weaker results stated

in (2.8) and Proposition|[2.3.
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Now let o denote the first return time to 0,
def .
o = inf{n > 1, Z, = 0}.

The process Z is a positive recurrent Markov chain so that E[o] < co. Moreover, using the well
known expression of the invariant measure (c.f. Theorem 1.7.5 of [12]), we have, for any non

negative function f,
o—1
> F(Z)
i=0

In particular, we get the following corollary which will be useful:

E — E[o]E[/(Zx0)]. (2.9)

Corollary 2.5. We have, for g >0,

o—1

S

1=0

E {<oo if B < a,

=0 ifB>a.

Proof. In view of (2.9), we just need to show that

PR el

This result, when « < 1, is a direct consequence of Proposition 2.3l In the case a = 1, it follows
from (2.8) that E[Z2] < oo for any 3 < 1 whereas, using Proposition 2.3, E[Zs] = Jo P{Zs >
u}du = oo. O

3 The return time to zero

We have already stated that Z is a positive recurrent Markov chain, thus the return time o to
zero has finite expectation. We now strengthen this result by giving the asymptotic of the tail
distribution of ¢ in the case a < 1. The aim of this section is to show:

Proposition 3.1. Assume that o € (0,1). Then, for any starting point x > 1, there exists

¢ =c(x) > 0 such that
c

P.{oc >n}

n—00 na+1 :

Notice that we do not allow the cookie environment to be such that a = 1 nor the starting point
z to be 0. In fact, these assumptions could be dropped but it would unnecessarily complicate
the proof of the Proposition which is technical enough already. Nevertheless, Proposition |3.1]
still yields the following corollary valid for all « € (0, 1] with initial starting point O:

Corollary 3.2. Assume that « € (0,1], then

E[0”] < oo forall0 < f < a+1.
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Proof. Lemma 2.2 implies that o, the first return to 0 for Z, is also monotonic with respect to
the cookie environment and the initial starting point. In particular, when o < 1, we get

&
na+1

P{o >n} <Pi{oc >n}~

and therefore E[0”] < oo for all 0 < 8 < a + 1. The case o = 1 is deduced from the case
a < 1, as for (2.8), by approximation, using the monotonicity property with respect to the
environment. O

The method used in the proof of the proposition is classical and based on the study of probability
generating functions. Proposition(3.1/was first proved by Vatutin [13] who considered a branching
process with exactly one emigrant at each generation. This result was later generalized for
branching processes with more than one emigrant by Vinokurov [15] and also by Kaverin [8].
However, in our setting, we deal with a branching process with migration, that is, where both
immigration and emigration are allowed. More recently, Yanev and Yanev proved similar results
for such a class of processes, under the assumption that, either there is at most one emigrant
per generation [18] or that immigration dominates emigration [17] (in our setting, this would
correspond to a < 0).

For the process Z, the emigration component dominates the immigration component and this
leads to some additional technical difficulties. Although there is a vast literature on the subject
(see the authoritative survey of Vatutin and Zubkov [14] for additional references), we did not find
a proof of Proposition 3.1 in our setting. We shall therefore provide here a complete argument
but we invite the reader to look in the references mentioned above for additional details.

Recall the definition of the random variables A; and &; defined in section 2. We introduce, for
s €10,1],

1
F(s) = E[s*]=
() % BlS] =51
8(s) £ (2- oM B[,
Hi(s) € (2—s)M17FE[sMV-1) —E[s?] for 1<k <M —2.
Let Fj(s) & Fo...oF(s) stand for the j-fold of F (with the convention Fy = Id). We also
define by induction

def
Yo(s) = 1,
def
Ynt1(8) = 0(Fn(s))vn(s)-
We use the abbreviated notations F} EF 5(0), & 1,(0). We start with a simple lemma.
1
Lemma 3.3. (a) I, =1— 5.
(b) Hig(1—s)=—H;(1)s+ O(s*) when s — 0 for all1 <k < M — 2.
(c) 6(1 —s) =1+ as+ O(s?) when s — 0.

(d) Y ~oo c1n® with ¢1 > 0.
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Proof. Assertion (a) is straightforward. According to (2.2), the functions Hj are analytic on
(0,2) and (b) follows from a Taylor expansion near 1. Similarly, (c¢) follows from a Taylor
expansion near 1 of the function § combined with (2.3). Finally, 7, can be expressed in the form

n—1 n
e
y=[10E) ~ e]] (1 + j> ~_an®,
7=0 J=1
which yields (d). O

Let Z stand for the process Z absorbed at 0:

Z, = Znlin<int(k>0, 2,=0)}-

We also define, for > 1 and s € [0, 1],

Jo(s) = ) P{Z 0}, (3.1)
=0

Gral(s) & Byls?,
and for 1 < k< M — 2,

Gho(s) = ZPJ:{Z = k}s'th
=0

Lemma 3.4. For any 1 <k < M — 2, we have

(a) sup,>q gre(1) < oo.

(b) for allx > 1, g; (1) < oo,

Proof. The value g, ;(1) represents the expected number of visits to site k before hitting 0 for
the process Z starting from x. Thus, an easy application of the Markov property yields

P.{Z visits k before 0} - 1 -
— 0.
P {Z visits 0 before returning to k} ~ Pr{Z; =0}

gk,a:(l)

This proves (a). We now introduce the return times oy < inf(n > 1, Z, = k). In view of the
Markov property, we have

Goo) = gro(D)+Eo| Y nlgz ]

n=1
= gk@(l) + ZPx{Uk =1, 0 < O'}E]€ [Z(l + n)]l{ank}}
i=1 n=0

= gk,x(l) +E, [Uk]l{ak<a}]gk7k(1) + Pﬂi{ak’ < U}Ek [Z n]l{Zn:k}:| :
n=0
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Since Z is a positive recurrent Markov process, we have E; |04 14, <o}] < Ez[o] < co. Thus, it

simply remains to show that Ej [ZZO:O nl ( Zn:k}} < o0. Using the Markov property, as above
but considering now the partial sums, we get, for any N > 1

N N
Z ”H{Zn:k}] = ZPk{Uk =i, 0 < 0}Eyp
n=1

=1

N—i
E;

D G+ ”)ﬂ{zn:k}]
n=0

< Ep [orxl{o <ot ] 9rk(1) + Pr{op < o}Ey

N
n=1

Since Py{or < o} < Pr{Z1 #0} <1 (c.f. (2.5)), we deduce that

N
Z nlz

n=1

E 1 1
B, < B (015, <ot ] Grk(1)
1-— Pk{Uk < (T}
and we conclude the proof by letting N tend to +oo

Lemma 3.5.

< 00

The function J, defined by (3.1) may be expressed in the form
M—-2

Jo(s) = Ju(s)+ > Jrals) forse[0,1),
k=1
where

~

e OO_ 1 - F Tygh ~ o OOi H F n
T e S (B k() S e He(F)s”

(1 - S) Zn:o 77'18” (1 - S) Zn:() 77’18”
Proof. From the definition (2.4) of the branching process Z, we get, for n > 0

Gn+1,w(s> = [ Zn [ ]}

M—-2 00
=P {Zy,=0}+ > Pu{Z, =k}E[s™]+ > Py{Z, = k}E[s M VE[s]
k=1 k=M-1
sAn-1 ~ M—2 ~ Ap— 1
_ Q_EEW>Px{Zn — 0} ;Px{Zn — kY Hi(s) + E B ZPI{Zn _ VB[S

Since E[s¢]

= F(s) and G, »(0)

+{Z» = 0}, using the notation introduced in the beginning
of the section, the last equality may be rewritten

M—2 _

P.{Z, = k}Hy(s).
k=1
Iterating this equation then setting s = 0 and using the relation Gg ,(F+1)

Gn+1,x(5) = 5(S)Gn,x(F( )) + (1 - 5

= (Fn‘f‘l)xa we
deduce that, for any n > 0,

n M-2 n
Gn+1,x(0) = Z(l_é(Fi))’YiGn*i,m(o) + '7n+1 n+1 Z ZPx{ani = k}’%H}g(Fl) (3.2)
=0

k=1 =0
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Notice also that PI{Zn # 0} =1— Gp2(0). In view of (3.2) and making use of the relation
(1 = 6(F3))vi = v — Vit+1, we find, for all n > 0 (with the convention ZO_I =0)

n—1
Po{Zy #0} = 71— (F)") + Y (v = Yir1)Pa{Zn1-i # 0}
i=0
M—-2n-1 N
k=1 i=0
Therefore, summing over n, for s < 1,
Jo(s) =Y Pp{Zy #0}s"
n=0
= Z’Yn(l - (Fn)x)sn + Z Z(V@ - 7i+1)P${Zn—i 7é O}Sn+1
n=0 n=0 i=0
M-2 co n _
+ Y N Po{Zni = K}y Hi(Fi)s™
k=1 n=0 =0
e %} M—-2 oo
= Z%“L(l — (F3)7)s" + Ju(s) Z(W’n - 7n+1)3n+1 + Z Ik,z(8) Z Yo Hy (Fp)s™.
n=0 n=0 k=1 n=0
We conclude the proof noticing that 00 (v, — Yn41)s" ™ = (s — 1) D02 o 7" + 1. O

Proof of Proposition|3.1. Recall that the parameter « is such that 0 < o < 1. Fix x > 1 and
1<k < M-—2. In view of (d) of Lemma [3.3] we have

~ €1 a+1
71—{—...—|—7nn_)0004+1n .

Therefore, Corollary 1.7.3 of [5] implies

> n cal(a+1)
ZO%S S (T = sye (3:3)

Using the same arguments, we also deduce that

AGNG

o
Hy(F,)s" ~
nE—:o% H(Fn)s 51— (1—s)

These two equivalences show that jkm(l) o limg_, ;- j;m(s) is finite. More precisely, we get

Tia(1) = — PeaDHD)

«

so that we may write

Tha (1) = Tral(s) _ <gk,x<1> —gk,x(s)> Jea(s) | gea()Bi(s)
1—s 1—s Grz(s)  (1—5)23 07 g ns™

(3.4)
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with the notation

By (s)

WSS S
T T a 0771 O'Yn k\Ln)s.
n= n=

The first term on the r.h.s. of (3.4) converges towards —g; (1)H,(1)/a as s tends to 1 (this
quantity is finite thanks to Lemma[3.4). Making use of the relation ;11 = §(F},,)vn, we can also
rewrite B in the form

) = 3ot [F 1ot ) =yt - B — o
With the help of Lemma [3.3] it is easily checked that
e | 0 = o) - a0 )] = 0 ().
Since a < 1, we conclude that
Bi(1) = Sl_i)r{lﬁ By(s) is finite. (3.5)
Thus, combining (3.3), (3.4) and (3.5), as s — 17,
T = Tia(s) _ 9raWBrD) | oty eq o1y, (36)

1—s  al(a+1)

x

We can deal with .J, in exactly the same way. We now find fx(l) = £ and setting

~

Bo(1)® Y gt [S(0(Fams) = 1) = 0(Fum) (1 = (F))| + = - 1, (8.7)
n=1

we also find that, as s — 17,

L)~ Juls) _ B.(1)
1—s al'(la+1)

(1-s)*"T+o((1-s5)*1). (3.8)

Putting together (3.6) and and using Lemma [3.5] we obtain

Jo (1) — Jy(s)

- = Cu(1—s)* 1+ o((1— s)a_l) (3.9)
with
def 1 ~ M2 -
Co = alfat 1) (Bm(D + 1;1 gk,m<1)Bk(1)> . (3.10)

Since x # 0, we have P,{Z, # 0} = P,{c > n} and, from the definition of J,, we deduce

3 ( Y Puo> k})s” - w (3.11)
n=0 k=n-+1
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Combining (3.9) and (3.11), we get

2 < > Pufo> ’f}>8" = Co(1—5)""Ho((1—9)*).

n=0 k=n+1

This shows in particular that C; > 0. Furthermore, Karamata’s Tauberian Theorem for power
series (c.f. Corollary 1.7.3 of [5]) implies

n

Z (kT P,{oc > k}) = F(;Ea)nla +o(n'™®).

Making use of two successive monotone density theorems (c.f. for instance Theorem 1.7.2 of
[5]), we conclude that

P.{o >k} = Ca} 0t + o(k™7h).

(1—a)
It remains to prove that C, # 0. To this end, we first notice that, for =,y > 0, we have
P,{Z) =2} >0 and

P,{oc >n}>P,{Z =2}P,{o >n—1}.

Thus, Cy > P, {Z; = 2}C, so it suffices to show that C; is not zero for some z. In view of (a)

of Lemma the quantity
M-2

Z gk,x(l)ék(l)

k=1

is bounded in z. Looking at the expression of C; given in (3.10), it just remains to prove that
B,(1) can be arbitrarily large. In view of (3.7), we can write

where
() 3 s | 6(Fue) - 1) = o) )
n=1

But for each fixed n, the function

T — 5(an1)%

decreases to 0 as x tends to infinity, so the monotone convergence theorem yields

S) 1 Y
n=1

r—o00 T

1
nlfa

= Ho0.

%2;1(5(an1) -1) ~ 032_:1

Thus, §$(1) tends to infinity as x goes to infinity, which completes the proof of the proposition.
O
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Remark 3.6. The study of the tail distribution of the return time is the key to obtaining condi-
tional limit theorems for the branching process, see for instance [8; 13; 15; 18]. Indeed, following
Vatutin’s scheme [15] and using Proposition|3.1, it can now be proved that Z, /n conditioned on
not hitting 0 before time n converges in law towards an exponential distribution. Precisely, when
a <1, foreachx=1,2,... andr € Ry,

Z,
lim Pz{ngr]0>n}:l—e_’".
n—oo n

It is to be noted that this result is exactly the same as that obtained for a classical critical Galton-
Watson process (i.e. when there is no migration). Although, in our setting, the return time to
zero has a finite expectation, which is not the case for the critical Galton-Watson process, the
behaviours of both processes, conditionally on their non-extinction, are still quite similar.

4 Total progeny over an excursion
The aim of this section is to study the distribution of the total progeny of the branching process
Z over an excursion away from 0. We will constantly use the notation

defa+1
UV =
2

In particular, v ranges through (%, 1]. The main result of this section is the key to the proof of
Theorem and states as follows.

Proposition 4.1. For a € (0,1], there exists a constant ¢ = c¢(p) > 0 such that
o—1
v
P {kZOZk > :c} o c/x”.

Let us first give an informal explanation for this polynomial decay with exponent v. In view
of Remark 3.6, we can expect the shape of a large excursion away from zero of the process Z
to be quite similar to that of a Galton-Watson process. Indeed, if H denotes the height of an
excursion of Z (and o denotes the length of the excursion), numerical simulations show that, just
as in the case of a classical branching process without migration, H ~ ¢ and the total progeny
Zz;(l) Zj. is of the same order as Ho. Since the decay of the tail distribution of ¢ is polynomial
with exponent a + 1, the tail distribution of ZZ;& Z. should then decrease with exponent O‘TH
In a way, this proposition tells us that the shape of an excursion is very ”squared”.

Although there is a vast literature on the subject of branching processes, it seems that there
has not been much attention given to the total progeny of the process. Moreover, the classical
machinery of generating functions and analytic methods, often used as a rule in the study of
branching processes seems, in our setting, inadequate for the study of the total progeny.

The proof of Proposition [4.1 uses a somewhat different approach and is mainly based on a
martingale argument. The idea of the proof is fairly simple but, unfortunately, since we are
dealing with a discrete time model, a lot of additional technical difficulties appear and the
complete argument is quite lengthy. For the sake of clarity, we shall first provide the skeleton
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of the proof of the proposition, while postponing the proof of the technical estimates to section

5.2.

Let us also note that, although we shall only study the particular branching process associated
with the cookie random walk, the method presented here could be used to deal with a more
general class of branching processes with migration.

We start with an easy lemma stating that P{EZ;(I) Zy, > x} cannot decrease much faster than
1

P.

Lemma 4.2. For any 8 > v, we have

E

= OQ.

(Sa)

Proof. When o = v = 1, the result is a direct consequence of Corollary 2.5 of section[2l We now
assume « < 1. Holder’s inequality gives

o—1 o—1
S zo < alfa(ZZn)a.
n=0 n=0

Taking the expectation and applying again Holder’s inequality, we obtain, for € > 0 small enough

o—1 o—1 q

E Z ch < E[O_l-i-a—a]% E (Z Zn) aq ’
n=0 n=0
with p = lJlrf‘;E and ag = IQJ:C;/_; Moreover, Corollary [2.5 states that E[ZZ;(I) Z%] = oo and,

thanks to Corollary 3.2, E[o'7*~¢] < co. Therefore,
o—1 ag o—1 yte!
(S| e[ (Ba)] -~

n=
This result is valid for any €’ small enough and completes the proof of the lemma. O

E =E

Proof of Proposition|4.1. In view of the Tauberian theorem stated in Corollary 8.1.7 of [5], it
suffices to show that

_axitiz] _ f G Ho(N) if o € (0,1),
E [1 e k=0 :| N s { C)\lOg)\—i-C/)\‘f—O(A) lfOé: 1’ (41)

where C' > 0 and C’ € R. Let us stress that, according to the remark following the corollary,
we do need, in the case o = 1, the second order expansion of the Laplace transform in order to
apply the Tauberian theorem.

The main idea is to construct a martingale in the following way. Let K, denote the modified
Bessel function of second kind with parameter v. For A > 0, we define

ox(z) = (VAz)VK,(VAz), for z > 0. (4.2)
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We shall give some important properties of ¢, in section 5.1. For the time being, we simply
recall that ¢, is an analytic, positive, decreasing function on (0,0c0) such that ¢, and ¢} are
continuous at 0 with

ox(0) =2""'T(v) and ¢\(0) =0. (4.3)

Our main interest in ¢, is that it satisfies the following differential equation, for z > 0:
— Azpy(z) — agh(z) + zds(x) = 0. (4.4)

Now let (Fy,,n > 0) denote the natural filtration of the branching process Z i.e. F, & (2,0 <
k < n) and define, for n > 0 and A > 0,

Wi % by (Z0) e Zhzo0 Zr. (4.5)

Setting
p(n) = E[W, — Wit | Fal, (4.6)

it is clear that the process
n—1
Yo EWn+ > u(k)
k=0
is an F-martingale. Furthermore, this martingale has bounded increments since
Y1 = Yol < (W = Wal + [p(n)] < 4][ox]]oo-

Therefore, the use of the optional sampling theorem is legitimate with any stopping time with
finite mean. In particular, applying the optional sampling theorem with the first return time to
0, we get

o—1
A(0)E[e 2520 %] = ,(0) — E[Y_ ulk)),
k=0

which we may be rewritten, using ¢,(0) = 2"~ I'(v), in the form:

o—1
Bl1 - e S = B ) (4.7)
k=0

The proof of Proposition [4.1 now relies on a careful study of the expectation of ZZ;& u(k). To
this end, we shall decompose p into several terms using a Taylor expansion of ¢y. We first need
the following lemma:

Lemma 4.3.

(a) There exists a function fi with fi(z) =0 for all x > M — 1 such that

E[Z,11— Zy | ] = —a+ f1(Zy).

(b) There exists a function fo with fo(x) = fo(M — 1) for all x > M — 1 such that

E[(Zny1 — Zn)? | Ful = 220 + 2f2(Zn).
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(c) Forp € N, there exists a constant D), such that

E[|Zns1 — ZolP | Fu] < Dy(2Z2/* + Iy z,—0})-
Proof. Assertion (a) is just a rewriting of equation

.6). Recall the notations introduced in
section 2. Recall in particular that E[Ay;_1] = M — 1 — «.. Thus, for j > M — 1, we have
E[(ZnJrl - Zn)2 | Zp = J}

E[(Avo1+ 6+ + & — i)

G—M+1 )
= B[(a+ Ay -BlAva)+ Y G- El)) ]
k=1
= o? + Var(AMq) + (] - M + 1)Var(€1)

27, + o 4+ Var(Ay_1) — 2(M —1).

This proves (b). When p is an even integer, we have E[|Z,+1 — Z,|P | Fp] = E[(Zn+1—Zn)P | Fo

and assertion (c) can be proved by developing (Z,,+1—Z,)? in the same manner as for (b). Finally,
when p is an odd integer, Holder’s inequality gives

P p
E[’Zn+1 - Zn’p | Zn :j > 0] < EHZTH—I — Zn’p+1 ’ Zn :j > O]ﬁ < DP+1Z2_

> Upt14n

yields

O
Continuation of the proof of Proposition|4.1. For n € [1,0 — 2|, the random variables Z,, and
Zn+1 are both non zero and, since ¢, is infinitely differentiable on (0,0), a Taylor expansion

¢)\(Zn+1) = ¢A(Zn) + (b/,\(Zn)(Zn+1 - Zn) + T,
where 7, is given by Taylor’s integral remainder formula

1
o (Zt — zn)2/ (1= L (Zn + t(Znsr — Zo))dt
0
Setting

def
0, =

S = S Gt — 7
1
(Zns1— Zn)? /0 (1= 1)(D5(Zn + t(Zns1 — Za)) — 5(Za))dt, (4.8)
we get .
Cb/\(ZnJrl) = ¢>\(Zn) + ¢/,\(Zn)(Zn+1 - Zn) + §¢/):(Z )(Zn+1 - Zn)2 + 0.

(4.9)
When n = o —1, equation (4.9) is a priori incorrect because then Z,, 1 = 0. However, according

to (4.3) and (4.4), the functions ¢,(t), ¢, (t) and t¢}(¢) have finite limits as ¢ tends to 0T, thus
4.9) still holds when n = o — 1. Therefore, for any n € [1,0 — 1],

E[e)‘Z”ng)\(Zn) — IA(Zny1) | Ful =
(6)‘2" 1)¢)\(Zn) - Cb,)\(Zn)E[ZnJrl — Zn | fn] - %QSK(ZH)E[(ZHJJ - Zn) | Fn] - E[en | }—n]
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In view of (a) and (b) of Lemmal4.3 and recalling the differential equation (4.4) satisfied by ¢y,
the r.h.s. of the previous equality may be rewritten

(M =1 = MZ0)oA(Zn) = O\(Zn) f1(Zn) = $3(Z0) fo(Zn) — Bl | o).
On the other hand, in view of and (4.6), we have
p(n) = e Zi=o A B[ 93 (Z,) = $r(Zni1) | Fl. (4.10)

Thus, for each n € [1,0 — 1], we may decompose j(n) in the form

(n) = i (n) + pa(n) + pis(n) + pua(n), (4.11)
where

w1 (n) def o= A k=0 Z’“(e’\Z" —1=AZn)oA(Zn)

p2(n) £ e A k0 Zkgbl/\(zn)fl(zn)

ps(n) R qus//((zn)ﬁ(zn)

pa(n) E —e A Xi=0ZeE[f, | F.

In particular, we can rewrite (4.7) in the form

B[l — e \Ei5 2 = Q_EF(V) (E[M(O)] n ZE[im(n)D . (4.12)

i=1
Note that we have to treat p(0) separately since (4.11) does not hold for n = 0. We now state

the main estimates:

Lemma 4.4. There ezist € > 0 and eight finite constants (C;,C},i = 0,2,3,4) such that, as A
tends to 0T,

@ Buo] = { V00 o yacy
(b) B[S52)m(m)] = oy Jor a e (0.1],
0 BlEtmin] -{ Sy S0
@ B[S ] = { G e o) e
CRI OIS e

Notice that the remainder term 6,, in the Taylor expansion of ¢5(Z,,) is not really an error term
since, according to (e) of the lemma, its contribution is not negligible in the case @ < 1. We
postpone the long and technical proof of these estimates until section5.2/and complete the proof
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of Proposition 4.1l In view of (4.12]), using the previous lemma, we deduce that there exist two
constants C,C’ such that

otz [ O+ oW if a € (0,1),
E{l c } {C/\log)\+C’/\+o(>\) if o = 1. (4.13)

with
O 217" ()Y (Cy + C2 + C5+ C4)  when a < 1,
T 24T (v) T H(Co + O + C3) when a = 1.

It simply remains to check that the constant C' is not zero. Indeed, suppose that C' = 0. We
first assume o« = 1. Then, from (4.13),

E [1 _ e Zk} = C'A+o())

which implies E[>9-} Zi] < oo and contradicts Corollary [2.5. Similarly, when a € (0,1) and
C =0, we get from (4.13),
E [1 — e Z’“] = o(AVT9).

This implies, for any 0 < ¢’ < ¢, that

E

o-1 v+e’
( Z Zn) < 00
n=0
which contradicts Lemma 4.2, Therefore, C' cannot be zero and the proposition is proved. [

5 Technical estimates

5.1 Some properties of modified Bessel functions

We now collect some properties of modified Bessel functions. All the results cited here are
gathered from [1] (section 9.6 and 9.7), [10] (section 5.7), [16] (section 7) and [6] (section 2). For
n € R, the modified Bessel function of the first kind I,, is defined by

def [T\ - (33/2)%
Iy(z) = (5) kzo I'(k+1)C(k+1+n)

and the modified Bessel function of the second kind K, is given by the formula

Iy(z)=Iy(x)
K, () 5 forn€R-Z,
lim,/_,,, K,y(z) for n e Z.

We are particularly interested in
F,(x) £ 2Ky (x) for x> 0.
Thus, the function ¢, defined in may be expressed in the form

ox(z) = F,(VAz). (5.1)
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Fact 5.1. For n > 0, the function F, is analytic, positive and strictly decreasing on (0,00).
Moreover

1. Behaviour at 0

(a) If n > 0, the function F, is defined by continuity at 0 with F,(0) = 2771T(n).
(b) If n =0, then Fy(z) = —logx + log2 — v+ o(1) as z — 0 where v denotes Euler’s

constant.
™
F ~ g —e™%.
() o ”2x€

In particular, for every n > 0, there exists ¢, € R such that

2. Behaviour at infinity

Ve >0 Fy(zr) < cnefz/Q. (5.2)

3. Formula for the derivative

Fy(z) = ¥ R (). (5.3)
In particular, F, solves the differential equation

cF) (z) — (2n — 1) F)(x) — 2Fy(x) = 0.

Concerning the function ¢y, in view of (5.1), we deduce

Fact 5.2. For each A > 0, the function ¢y is analytic, positive and strictly decreasing on (0,00).
Moreover,

(a) ¢x is continuous and differentiable at 0 with ¢5(0) = 27'T'(v) and ¢, (0) = 0.
(b) For x > 0, we have

H\(x) = —)\”:UaFl,,,(\f)\x),
M(x) = IE,(VAz) —aXz® 'Fi_, (V).

In particular, ¢ solves the differential equation

—AzdA(z) — ad)(z) + 2} (z) = 0.

5.2 Proof of Lemma 4.4

The proof of Lemma is tedious but requires only elementary methods. We shall treat, in
separate subsections the assertions (a) - (e¢) when o < 1 and explain, in a last subsection, how
to deal with the case a = 1.

We will use the following result extensively throughout the proof of Lemma [4.4.
Lemma 5.3. There exists € > 0 such that

E|o(1- e iz Z’“)} =0(\°) asA—0T.
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Proof. Let f < o < 1, the function z — z? is concave, thus
o—1 o—1
(22 > %
k=0 k=0

where we used Corollary 2.5 to conclude on the finiteness of ¢4. From Markov’s inequality, we
deduce that P {ZZ;& Zy > x} < 24 for all z > 0. Therefore,

def

<E =g < 00,

o—1
E |:1 . 67)\22;321@} < (1 _ ef)\x) —|—P{ ;)Zk > :L‘} < Az + $76

Choosing z = A~ T and setting ﬁ’ we deduce

e
E [1 _ e i zk} < (14 e\

According to Corollary 3.2, for § < a, we have E[O’1+6] < 00, so Holder’s inequality gives

5
E |o(1- e_AZZ;é Zk):| < E[Jl—&-é]ﬁE [(1 PSS v ! Z )1?} Tts
5145 Aol 7 T 88
< E[O'l"r ]1+5E [1 — e 2h—o k:| < C5)\1+5
which completes the proof of the lemma. 0

5.2.1 Proof of (a) of Lemma 4.4 when o < 1

Using the expression of p(0) given by (4.10) and the relation (5.3) between F,, and Fi_,, we

have
VAZy Z1
-E / Fl(z)dz| = \VE [/ Y Fy,(Vy)dy| .
0 0

Thus, using the dominated convergence theorem,

E[u(0)] = E[F,(0) — F,(VAZ1)] =

Fi_,(0)
1+«

Al
iny 35 B0 =B | [ Fi 0] - E[Z1%) £ ¢y < oo.
0

Furthermore, using again (5.3), we get

%E[H(o)]_oo) - E[/Z1 (Fl ,(0) — Fy_ u(ﬁy)> dy]

A vy
/ / x)dxdy

'S ydy} - et

Therefore, we obtain
E[p(0)] = CoA” + O(X)
which proves (a) of Lemma[4.4]

831



5.2.2 Proof of (b) of Lemma 4.4 when o < 1
Recall that
pi(n) = e A k=02 (Mn 1 — NZ)px(Zy) = e k=02 (M — 1 — NZ,)F, (VAZy).
Thus, pq(n) is positive and
pi(n) < (1 —e*n — AZ,e M) F,(VAZ,).

Moreover, for any y > 0, we have 1 — e ¥ — ye~¥ < min(1,y?), thus

IN

—N\Zn —\Zp,
pi(n) (1—e — NZne VE,(VAZy) (ﬂ{Zn>—3\>c>XgA}+ﬂ{Zn<—3\>(}gA})

IN

F,,(\/XZH) . >73\1/0ng + ||F, ||OO)\2 nﬂ{Z <73\1/0ng}
< ( SIOg)\) + HF ”OO>\2 ]l{Z < SIOg)\},

where we used the fact that F, is decreasing for the last inequality. In view of (5.2), we also
have F,(—3log\) < cy)\% and therefore

Z {Z <= Jlog/\}] . (5.4)

o—1
B Zm(n)] < A3 Elo] + X || E
n=1

On the one hand, according to (2.9), we have

Z n {Z <—3log)\}

On the other hand, Proposition 2.3 states that P{Z., > z} ~ -5 as  tends to infinity, thus

=E [Zgoll{zwg_g\%gx}] Elo]. (5.5)

cx

Z21 —2?P{Zo >z +1} +2) kP{Zs >k} ~ 2
E[Z Nz <n] ~ —o"P{ v+ 1)+ k§1 { Yooy
This estimate and yield
2 Z 29 - 142 2-a
)\ E Z Zn {Z <= 3\1/07g)\}] Ao+ CGA 2 | ].Og >\| . (56)

Combining (5.4) and (5.6), we finally obtain

o—1
E me] = o(M),
n=1

which proves (b) of Lemma (4.4
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5.2.3 Proof of (c) of Lemma [4.4) when o < 1
Recall that
pa(n) = —e M =0 Zkﬁbl)\(zn)fl(zn) = )‘VZSFlfV(\/XZn)fI(Zn)e_/\zzzo r.

Since fi(z) = 0 for # > M — 1 (c.f. Lemma |4.3)), the quantity |u2(n)|/A\” is smaller than
M| f1lloo||F1=v||oo- Thus, using the dominated convergence theorem, we get

o—1 o—1
im — = Ry, Z)| = R.
lim TE ;Mz(n) E T;Zn 1-(0)/1(Zn)| = C2 €
It remains to prove that, for ¢ > 0 small enough, as A — 0"
1 o—1
B (D nem)| - Caf = o(x7). (5.7)
n=1
We can rewrite the Lh.s. of in the form
o—1
B> Z2AZ)(F0) - Fio(VAZ,)
n=1
o—1
+E Z Zrozéfl(Zn)Fl—l/(\/XZn)(l - e_A k=0 Zk)] ’ (5'8)
n=1

On the one hand, the first term is bounded by

VAM
E < M| fill=Elo] / F () |de

o—1
> Za A Za) | (Fi-u(0) = Fioy(VAZ0))
n=1

VAM -
< MO‘HfllooE[U]HFuHoo/o RECT.
< 07)\171/’

where we used formula for the expression of Fy_,, for the second inequality. On the other
hand the second term of (5.8) is bounded by

o—1
E| " 201 fu(Za) | Fio (VAZ0) (1= e Zio Z6) | < M| ol oo | Py || oo E [0 (1— e 220 %))
n=1
S Cg)\6 (59)

where we used Lemma [5.3 for the last inequality. Putting the pieces together, we conclude that
(5.7) holds for € > 0 small enough.
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5.2.4 Proof of (d) of Lemma 4.4 when o < 1
Recall that

pa(n) = —e k0P (Z,) fo(Zn)
— e i Zefy(7,) (AFy(ﬁZn) - a)\”ZfL‘*lFl_l,(ﬁZn)) .

Note that, since a < 1, we have Z2~! < 1 when Z,, # 0. The quantities fo(Z,), F,(vV/AZ,) and
Fi_,(\V\Z,)) are also bounded, so we check, using the dominated convergence theorem, that

o—1
— cf
;\E%V 2“3 =ak zzlzs 1F1,,,(0)f2(Zn) = C3 e R.
n=

Furthermore we have

o—1

1

—E | usn)| -Cs = -ANTVE (5.10)
n=1

o—1
3 e A0 2 fy(2,) Fo(VAZy)
1

n—

o—1
—aE |3 207 fo(Z0) (Fiou(0) = Fiou(VAZ2))
n=1
o—1
—ob Z Z’r?_lf2(Zn)F1—y(\/XZn) (1 — e A 2k=o Zk)] )
n=1

The first term is clearly bounded by cgA!~”. We turn our attention to the second term. In view
of (5.3), we have

1o loo

YAz |1 loo
Fi_,(0) — Fi_,(VAZy) :/ 27 F, (z)dr < > S N
0

—2v 11—«

)\1 z/Zl a

where we used 2 — 2v = 1 — « for the last equality. Therefore,

o—1

> 23 o Za)(F1-0(0) = Frou(VAZ,))

n=1

[1Fo ool f2 0

R

£ lool f2llocElo] 10

l—«

e vlloll/2lI0 \I-vE

IN

’E

As for the third term of (5.10), with the help of Lemma 5.3, we find

o—1
E Zzs—lfxznmyMzn)(l—e—*EZoZk)]) < |1 allocl iy o B0 (1 -7 im0 22)
n=1
< 1o)X

Putting the pieces together, we conclude that

o—1
E|)  us(n)
n=1

= C3\” 4 o(\19).
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5.2.5 Proof of (e) of Lemma 4.4 when a < 1

Recall that
pa(n) = —e A Lk=0 K0, | Fp]. (5.11)

This term turns out to be the most difficult to deal with. The main reason is that we must now
deal with Z,, and Z, 41 simultaneously. We first need the next lemma stating that Z,,; cannot
be too "far” from Z,.

Lemma 5.4. There exist two constants Ky, Ko > 0 such that for alln > 0,
(a) P{Zn41 < 520 | Fu} < Ke 120,
(b) P{Z41>2Z, | Fp} < Kie K22n,

Proof. This lemma follows from large deviation estimates. Indeed, with the notation of section
in view of Cramér’s theorem (c.f. Theorem 2.2.3 of [7]), we have, for any j > M — 1,

1 . i

P{fl + ... +§j_M+1 < %} < K1€7K2j,

IN

where we used the fact that (&;) is a sequence of i.i.d geometric random variables with mean 1.
Similarly, recalling that A,;_1 admits exponential moments of order 5 < 2, we also deduce, for
j > M — 1, with possibly extended values of K7 and K that

P{Zni1 222, |Zn =} =P{Au 1+ &+ + & > 2}

3 .
<P{Ayo 2 3+ Pla+ g = ) < Kie ",

O

Throughout this section, we use the notation, for t € [0,1] and n € N,

def

Vn,t = Zn+ t(ZnJrl - Zn)

In particular V;,+ € [Zy,, Zp+1] (with the convention that for a > b, [a, b] means [b, a]). With this
notation, we can rewrite the expression of 6,, given in (4.8) in the form

On = (Zns1 — Zn)? /01(1 1) ($5(Vas) = 64(Z0) )t
Using the expression of ¢ and ¢/ stated in Fact (5.2), we get
E[0, | F] = /0 (=0 + ). (5.12)
with
L) & B [(Zuss = Z0)* (F(VAVag) = B (VAZa) ) | Fal

() % —aNE [(Zus — Za)* (Vier Fioo(VAVag) = 227 B (VAZ0)) | Fal.
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Notice that the interchanging of [ and E is correct since we have the upper bounds
(1= )(Zns1 = Za)* (Fo(VWVai) = Fo(VAZ0) )| < 201 Fulloo(Zuni1 = Z)?
and

‘(1 ) (Znsr — Zn)? (V;jglFl,y(fAVn,t) - Zf;—lFl,y(fAZn)) ‘
< (Zng1 = Zn)? 1Pl Z M (L= )21 + 1),

which are both integrable. We want to estimate

o—1 o—1 1
E|Y )| =B Ze—AEZoZk/O (1= 1L (t)dt
n=1 n=1
o—1 1
+E Ze—AZZoZk/ (1—t)1,3(t)dt].
n=1 0

We deal with each term separately.

Dealing with I': We prove that the contribution of this term is negligible, i.e.

E

o—1 1
Y e i / (1 —t)fg(t)dt] | < et (5.13)
n=1 0

To this end, we first notice that

INt)] < AZE [yzn+1 ~ Zy*  max |F)(VAx)| ‘ fn]
xe[Z7L7Zn+1]
- AE {]Z,H_l —Z,2 max (VAz)*F_, (V) ‘ fn}
xe[Zn7Zn+1]
< ¢ A\E [|Zn+1—Zn|3 max (ﬁm)ae*\/‘zxm Fn}, (5.14)
me[ZnaZ'nmkl}

where we used (5.2) to find ¢;_, such that F;_,(z) < cl,l,e_x/Q. We now split (5.14) according
to whether

1 1
(8) 370 < Zus1 S2Zn or  (0) Zuss < 5Zn 08 Znia > 27,

One the one hand, Lemma states that

P
E(|Zy1— Z,)P | Fu) < DyZ;  for all pe N and Z, # 0.
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Hence, for 1 <n <o — 1, we get

a Yz
E |Zn+1 — Zn|3xe[g§?z}i+ﬂ(ﬁx) e 2 ﬂ{%ZnSZn-HSQZn} ‘ fn]

<E

3 e
|Zn+l - Zn| $€[lInZaXQZ ](\/er)ae 2 ﬂ{%ZnSZnJrlSQZn} ) fn]
2 3] n

<E DZnH — ZoP(2VZy) e 1V

fn}
s (5.15)
S 012Z€ (\/XZn)ae_iﬁZ"

a— 3a o
= Cu)ﬁ'ﬁGZn‘1 (\/XZH)%B_i\/XZ"

3a—6 3
ar-u 4
<cisA 8 2yt

where we used the fact that the function z "1~ e~ 1 is bounded on R for the last inequality. On
the other hand,

Vz
E||Zpi1— Za]? max (VAz)% 2 1 ‘.7:
| ot n| xE[ZmZn-&-l}( ) {Z"+1<%Zn O Zp41>27,} n

3 _\/X"L'
<E ||Znt1 — Zn| ngg)((\ﬁ)\x)ae 2 ]l{Zn+1<%Zn OF Zp11>27n} ‘ fn]

=

1/2 1
< cuE [|Zny1 — Z,|° | Fo] 2p {Zn+1 < §Zn or Zni1 > 22y,

2
fn} (5.16)
3 K
< cZ2e” 2 n

< ci6.

Combining (5.14), (5.15) and (5.16), we get

3 3a+6 _3a 2-q _3a
[IL(t)] < croveigh? +cimpcizA™ s Zy' < cpAVTTE Z,0.

And therefore
3a

o—1
Sk

n=1

‘E

o—1 1
Z e*/\ZZ’;O Zk / (1 — t)I}L(t)dt] ’ < 617)\V+27TQE
n=1 0

3a
Corollary 2.5| states that E[Ez;i Zy' ] is finite so the proof of (5.13) is complete.

Dealing with I?: It remains to prove that

o—1

1
E|) e iz / (1 —t)I2(t)dt| = C4A + o(AVF9). (5.17)
n=1 0
To this end, we write
I2(t) = —aN (JL(1) + J2() + JE(0)), (5.18)
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with
T B |(Zan = Z0)* (P (VAV) = Fou(VAZ)Ze7 | Rl
RO B |(Zun - 20V = 2By (VAVa) = Fio(0)) | 7
B0 R OB [(Zuy - 202Vt = 227 | Fa).

Again, we shall study each term separately. In view of (5.17) and (5.18)), the proof of (e) of
Lemmal4.4, when o < 1, will finally be complete once we establish the following three estimates:

[o—1 1 1

E Ze—xzz_ozk/ (1—0Jidt| = on'F), (5.19)
Ln=1 0 -
[o—1 1 1

E|Y e EioZ / (1—0)2@0)dt| = o(x), (5.20)
Ln=1 0 -
[o—1 1 1

E ZeAZmoZk/ (1=t)J3(t)dt| = Ci+o(X). (5.21)
Ln=1 0 -

Proof of (5.19): Using a technique similar to that used for I', we split J' into two different
terms according to whether

1 1
(a) §Zn < Zn+1 (b) ZTH-I < §Zn

For the first case (a), we write, for 1 <n < o — 1, recalling that V,,; € [Z,, Zp11],

‘E [(Zn—i-l — Zn)? (Fl_y(an,t) - Fl—u(ﬁZn)) s VRN ‘ 7 "}

< A%E[|zn+1 ~ Z,PZ57" max |F{_,(VAx)| fn}

= ME[|Zus1 - Zof* | F] 257 max (Vi) F(VAa))

1 3 a—1 o Mz
< esNE [|Zni1 — Zal® | Ful Z5, max ((\5\5'3) e 2 )
x>5Zn

1 . 1 (5.22)
— s\ E [|Znsr — Zul? | Fo Z;l(iﬁ)—%—zﬁzn

< 01927%)\1%167%&2"

= clgAleaZT;% ((\F)\Zn)l_Tae_iﬁZ”)

< 620)\1%&%;%»

where we used (c) of Lemma 4.3 to get an upper bound for the conditional expectation.
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For the second case (b), noticing that V;,+ > (1 — t)Z,, and keeping in mind Lemma 5.4] we get

B[(Zass ~ 20 (FrulVAVi) ~ FuVAZ0)) 25 s a4

1 a— BN, v
<X (2o~ 2P 2 gy | Fa] e (VA0 e )

< e\ E [Zs+2]l{Zn+1<%Zn} | fn} AR (L—1)Z,

o 1 .
= CQQ)\ITng{ZnJrl < §Zn | fn}(l — t)_a (5 23)
< 023)\177(12267[(22"(1 — t)fa
11—«
§ 024>\T(1 — t)_a
Combining (5.22) and (5.23)), we deduce that, for 1 <n <o —1,
1 l—« Q
/ (1 —=t)|JE(t)|dt < cosA T Z,7 .
0
Moreover, according to Corollary 2.5, we have E [ZZ;% ZT;% ] < 00, therefore
o—1 . 1 o—1 .1 e
}E D e i Zk/ (1 —t)J (t)dt ‘ <E Z/ (1=t JL@)|dt| < coeh T (5.24)
n=1 0 n=1 0
which yields .
Proof of : We write
Ji(t) = B[Rn(t) | F]
with
Ro(t) ™ (Znsr = Z0)? (V071 = 2871 (Fl_y<ﬁvn7t) - Fl_y(0)> .
Again, we split the expression of J2 according to three cases:
JA(t) = E[Ru(t)1 5, , <17,y | Fal + B[RO N1z <7, <27,y | Ful
+E[Rn(t)]1{2n+1>2Zn} | fn] (5'25)

We do not detail the case 7,11 < %Zn which may be treated with the same method used in
5.23) and yields a similar bound which does not depend on Z,,:

BIRAO 7,1y | ] € AT (10

In particular, this estimate gives:

11—
E < cogN\ 2 . (526)

o—1 1
AR Z _
Z o 7 /O (1 t)E[Rn@)ﬂ{zm&n}\fddt]
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In order to deal with the second term on the r.h.s. of (5.25), we write

|E[Rn(t)ﬂ{%zngzn+1§2zn} | Fall
= [B[(Zur1 = 222Vt = 22 )P (VAVad) = oo (O) U1 5, <5, 02,7 | P

< cpE

2VAZ,
(Zu1 = Zal* max 2272 /0 P ()ldy | fn]

a:ZZQ—"
2V AZp
< c3E [\Zn_H — Zn? | fn] max xa2/ Yy~ “dy
0
l—« 1
<epA2 Z2.

According to Corollary 2.5, when 3 < a < 1, we have E [ZZ;% Z,i/z} < oo. In this case, we get

l—a
E <A (5.27)

o—1 1
n=1 0
When 0 < o < %, the function 2”4 e~ is bounded on R, so

1
e/\Zn/O (1—t)’E[Rn(t)]l{%anZn_‘_ngZn}|fn”dt < e\ T Z2eMon

2—3a

o Ba
= c31A1 0 (()\Zn) 1 67)\Z”)

o Ba
< egsAiZyt .

Therefore, when o < %, the estimate (5.27)) still holds by changing A2 to AE. Hence, for every
a € (0,1), we can find € > 0 such that

o—1

1
3 e Kio % /0 (= B[R ()1 7,<7,,1<22,) | fn}dt]

n=1

E S 834/\8. (528)

It remains to give the upper bound for the last term on the r.h.s. of (5.25). We have

E{Rn(t)]l{znﬂzgzn}‘fn} - E[Rn(t)ll

+E [Rn(t) 1

(220 <Zni1 <A1} ’ f"}
{Zn+1>max(>\_i,2Zn)} ‘ fn] '

On the one hand, when Z,, # 0 and Z,, ;1 # 0, we have ]Vnof;l—Z,OL‘_” < 2 thus, for1 <n <o-1,
we get
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‘E [Rn (t)

]I{QZWSZnHS)\‘zl;} ‘ fn}
B ’E [(Znﬂ - Zn)Q(‘/"O:f_l - Zﬁfl) (Fl—y(ﬁvn,t) - F1—u(0)> 1

F
(270 <Zpi1 <A1} ‘ n

- 2E[(Zn+1 B Zn)Q(/OﬁZnH m_aFy(gj)d:L'> 1 | fn}

1
{2Z7L<ZTL+1 SA_Z }
1

A4
< 035E[(Zn+1 - Zn)2</ $7adfc> Nz, 522y | fn:|
0
1-a
< g 1 E[(Zn—H - ZN)Q]I{ZTL+1>QZn} | ‘7:”}

1 1
< 036/\1%&E[(Zn+1 —Z) ]—“n] QP{ZnH > 27, | ]—"n}2
< 037/\1%&7

where we used (c) of Lemma (4.3 and Lemma|5.4 for the last inequality. On the other hand,

‘E[Rn(t)ll

{Zn+1>max(/\7%,2Zn)} ‘ fn}
- ‘E[(zn+1 — Z)2(VET = 28 (P (VAVay) — Fi_y(0))1

{Zps1>max(A" 1 ,22,)} | }—"}

2
< 2PllBZos = 2L, sz |

1 1
1 L 1
< CSSE[(ZnJrl — Zn)* Nz, 522} | fn} QP{ZnH > A1 | fn}2-

[N

1 1
< 038E[(Zn+1 —Z)8 | fn} 4P{Zn+1 > 27, | }‘n}4P{Zn+1 > AT fn} .

1
. 1
< 039Zn€_TQZ"P{Zn+1 >\7d | ]:n}2

0ol

A

N

_ Ko

< c39Zpe” 4 PP EZyi | Ful
K

< C39Zne_TZZH(Zn + C40)%)\%

< e s,
These two bounds yield

o—1

1
S e Nio % /0 (1= E[Rn(t) iz, ,,522,} Ifn]dt]

n=1

E < g\’ (5.29)

with 8 = min(17%, 1). Combining (5.26), (5.28) and (5.29), we finally obtain (5.20).
4 08

Proof of (5.21): Recall that

def

In(t) = FLoy(OE [(Znt1 = Zo)*(Viy ' = Z37Y) | Fa] -
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In particular, J3(¢) does not depend on A\. We want to show that there exist C4 € R and & > 0
such that

o—1 1
E e A lk=0Zr [ (1 — 1) J3(t)dt| = Cy + o(N9). 5.30
0 n
n=1

We must first check that
E

o—1 .1
Z/ (1- t)|J,f’;(t)|dt] < 0.
n=1"0
This may be done, using the same method as before by distinguishing two cases:
1 1
(a) Zn+l Z §Zn (b) Zn+1 < §Zn

Since the arguments are very similar to those provided above, we feel free to skip the details.
We find, for 1 <n <o -1,

1 1 o
/ (1 — t)|Jg(t)|dt S 04327? 2 + C44 S C45Z7§ .
0

(=1
2

Since E [ZZ;% Zn ] < o0, with the help of the dominated convergence theorem, we get

o—1 1 oc—1 .1
. A Z 73 _ 73 def
lim E D e ko k/o (1-t)J3t)dt| =E Z/O (1—t)J3(t)dt| = Cy € R,
n=1 n=1
Furthermore we have
o—1 1 o—1 1
E Ze"\zkozk/(l—t)Jg(t)dt A 2(1—6—*&0%)/ (l—t)Jf;’(t)dt]
n=1 0 n=1 0
. o—1 a_
< eB|(1— e iz %)y "7z |
n=1 |
Using Holder’s inequality, we get
o—1 ! o o—1 1 71 3a 2-
E|(1-e?Xi=0”)3 72| < E|(1-eZi=0)g3(Y Z,)3
n=1 n=1 4
2
s 1 o—1 30 3
< E[1- sy B | Y 2
n=1

=

IN

ey E {(1 — e A5 Z’“)U]

< )

where we used Lemma 5.3 for the last inequality. This yields (5.21) and completes, at last, the
proof of (e) of Lemma 4.4/ when o € (0, 1).
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5.2.6 Proof of Lemma 4.4 when o =1

The proof of the lemma when o = 1 is quite similar to that of the case @ < 1. Giving a complete
proof would be lengthy and redundant. We shall therefore provide only the arguments which
differ from the case a < 1.

For @ = 1, the main difference from the previous case comes from the fact that the function
Fi_, = Fj is not bounded near 0 anymore, a property that was extensively used in the course
of the proof when o < 1. To overcome this new difficulty, we introduce the function G defined
by

G(z) & Fy(z) 4+ Fi(z)log for x > 0. (5.31)
Using the properties of Fy and Fj stated in section [5.1] we easily check that the function G
satisfies

def

G(0) = lim,_,o+ G(z) = log2 — 7 (where v denotes Euler’s constant).

)
2) There exists cg > 0 such that G(z) < cge™*/? for all z > 0.
) G'(z) = —xFy(x)logx, so G'(0) = 0.
)

4) There exists cq > 0 such that |G'(z)| < cqry/ze*/? for all > 0.

Thus, each time we encounter Fy(z) in the study of ux(n), we will write G(x) — Fy(x)logx
instead. Let us also notice that F; and F] are also bounded on [0, c0).

We now point out, for each assertion (a) - (e) of Lemmal4.4, the modification required to handle
the case o = 1.

Assertion (a): E[u(0)] = CoAlog XA + CHA + o(N)

As in section [5.2.1, we have
E[(0)] = AE /0 - xFO(ﬁx)dx]
= AE :/()Zl xG(\FAm)dx] — A\E [/Zl 1 (Vz) log(ﬁx)d:ﬂ}

0

r rZ 1 Z1
= JAE / x (G(ﬁx) — B (Vz)log :c) dx} — iAlog AE [/ wFl(\FAm)dsc]
LJo 0
and by dominated convergence,

lim E [ /0 o (G(VAw) ~ Fi(VA) log) dx] _E [ /O - £(G(0) ~ F1(0)log a:)dx] .

A—0

Furthermore, using the fact that F] is bounded, we get

1 F1(0)
E[/O xFl(fAm)dx]— 12 E[Z7] + O(V)\)
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so that
E[1(0)] = CoXlog A + CyA + o( ).

Assertion (b): E[Y7_1 u1(n)] = o()\)

n—

The beginning of the proof is the same as in the case a < 1. We get

0<E
VA

o—1
Z#l(n)] < )\%CVE[O'] + )\2||F1,HOOE[0']E |:Z§O]1{ZOOS310g>\} .
n=1

According to (2.8), there exists cyg > 0 such that P{Z,, > z} < 04\/—9%. Thus

E[ZZ1 <] ~2"P{Zoo > w+ 1} +2> kP{Zs >k} < capa®?,

k=1

Iav]
T—00
and therefore,

00 Zoo < =228

AZE [22 1 _31@}] < c5oA1|log A2

for A sufficiently small. We conclude that

o—1
E Z,ul(n)] =o(\).
n=1

Assertion (c): E[Y.7_7 pua(n)] = CaAlog A + CHA 4 0())

n=

Using the definition of G, we now have
pa(n) = NZnFo(VAZy) fi(Zy)e k=0 2k
n 1
= AZnf1(Zy)e  Xi=0 %k [(G(ﬁzn) — FL(VAZy) log Zn) ~ 5 log AFl(fAZn)] .

Since f1(x) is equal to 0 for z > M — 1, we get the following (finite) limit

lim E
A—0

o—1
> Zufi(Zn)e ™ Eieo 2 (G(VAZ,) — Fi(VAZn) log Z, )
n=1

E

o—1
N Zufi(Z0) (G(O) — F,(0)log zn)
n=1

Using the same idea as in (5.8), using also Lemma and the fact that F] is bounded, we
deduce that

E —E +0(\)

o—1
Z anl(Zn)e_)\Zzzo ZkFl(\F)‘Zn))
n=1

o—1
S Zufi(Z2)FL(0)
n=1
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which completes the proof of the assertion.

Assertion (d): E[Y771 uz(n)] = CsAlog A + C4A 4 o(\)

As in (c), this assertion will be proved as soon as we establish that

lim E gfg(Zn)e_)‘ PHREL (G(ﬁzn) — Fy(V\Z,)(log Zn, + 1))
E Ui F2(Zn) (G(O) — Fy(0)(log Zy + 1)) (5.32)
and that -
E Uié fo(Zn)e * 2k=0 2k F (VA Zy,)) Z fa(Z )| 4 o(A%). (5.33)

Since the functions fs, G and Fy are bounded and E[log Zoo 17 +0y] is finite, equation (5.32)
follows from the dominated convergence theorem. Concerning the second assertion, we first
rewrite equation (5.33) in the form:

ng )(1 — e =02y (VIAZ,)) | + E ZfQ — F(VAZ,))| = o(X°).

We prove that the first term is o(A\®) using the same method as in (5.9)). Concerning the second
term, we write, with the help of (2.9),

E Zfz - Fi(VAZy) ||

E[0]E ||f2(Zo0)|(F1(0) = Fi(VAZ)) (M7 cx-1/a + Nz sn-vm)
< E[U]Hleloo(A”GHF{Hoo + 2/ Fi]looP{ Zoc > A7/}

< es AV,

using (2.8) with # = 1/2 for the last inequality.

Assertion (e): E[Y.7_1 pua(n)] = CHA + o(N)

It is worth noticing that, when a = 1, the contribution of this remainder term is negligible
compared to (a), (c¢), and (d) and does not affect the value of the constant in Proposition [4.1.
This differs from the case v < 1. Recall that

pa(n) = —e k=0 ZKE[f), | F],

where 6,, is given by (4.8). Recall also the notation V;, 7+ t(Znt1— Zy). Just as in (5.12)),
we write

1
B[, | 7, = /0 (1 - 0)(I(t) + T2(1))dt,
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with
() B [(Zar = Z0)* (B (VAVa) = F(VAZ,)) | 7
L) % =B |(Zun = Z)*(Fo(VAVai) = B(VAZ) | Fa

As in (5.14), we have

L] < AE || Zog1 — Zo*  max  VAzR(VAz) | Ful .
L IE[Z7HZTL+1}

In view of the relation
1
Fo(Vaz) = G(VAz) — Fi(VAz) log z — §F1(\533) log A,

and with similar techniques to those used in the case a < 1, we deduce

o—1 1
(E ZeAELoZk/ (1—t)I}L(t)dt] ‘ < e5908|log Al = o(A). (5.34)
n=1 0

It remains to estimate I2(¢) which we now decompose into four terms:
Li(t) = =A(Jn () + T3 (1) + J(8) + Ja (1)),
with
B E[(Zun - Z)XCWAV) - GIVAZ,) | 7
Rt L 108AE (i — 22 (R(VAV) ~ Fi(VAZ) | 72
Bt —E[(Zu — Z0)?log Zu(F(VAVa) — Fi(VAZW) | 7

Jit) = B |(Za — Z0)*(10g Vay — 0g Za)Fi(VAVa) | .

We can obtain an upper bound of order \*Z!~¢ for j% (t) by considering again three cases:

1 1
(1) 3%n < Zn+1 < 2Zn (2) Znt1 < 5%n (3) Zn+1 > 2Z,.

For (1), we use |G'(z)| < cqry/ze /2 for all z > 0. We deal with (2) combining Lemma, 5.4
and the fact that G’ is bounded. Finally, the case of (3) may be treated by similar methods to
those used for dealing with J2(t) in he proof of (e) when @ < 1 (i.e. we separate into two terms
according to whether Z, 1 < A~/ or not).

Keeping in mind that Fy is bounded and that [Fj(z)| = xFy(z) < c531/ze™", the same method
enables us to deal with J2(¢) and J2(¢). Combining these estimates, we get

E

o—1 1
AT Z _ 71 72 73 e
T /0 (1) (a0 + 20 + 7)) dt] — o(X°)
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for € > 0 small enough. Therefore, it simply remains to prove that

lim E

A—0*t 0

o—1 1
D e A XioZ / (1- t)jf;(t)dt] (5.35)

n=1

exists and is finite. In view of the dominated convergence theorem, it suffices to show that

E

o—1 .1
Z/ (1— t)E[(Zn+1 — Z,)?|1og Vit — log Zy,| .’Fn} dt] < 0. (5.36)
n=1"0

We consider separately the cases Z,y1 > Z, and Z,11 < Z,. On the one hand, using the
inequality log(1 + z) < x, we get

E []I{Zn+1>Zn}(Zn+1 - Zn)z‘ log Vy, ¢+ — log Zn|

HZnor — Zn
—E|lz, 1523 (Zni1 — Zn)?log (1 n (2)) ‘ fn} <t\/Zn

7

On the other hand, we find

E []I{ZMISZH}(Z,LH — Z,)?|1og Vi — log Zy|

t(Z -7 1) t
—E1 71— 7921 (1 n — Snt )’ }<7\/Z.
{Zn+1§Zn}( n+1 n) og + Zn _ t(Zn - Zn+1) ]:n =1_¢ n

7

Since E[>.7_] v/Z,) is finite, we deduce and the proof of assertion (e) follows.

6 Proof of Theorem [1.1

Recall that X stands for the (M, p)-cookie random walk and Z stands for its associated branching
process. We define the sequence of return times (o,,)n>0 by

def
op = 07
{ Ont1 4 inf{k > oy, , Z, = 0}.

In particular, o1 = ¢ with the notation of the previous sections. We write

on o1—1 on—1
ZZk:ZZk—I—...+ Z 2.
k=0 k=09 k=0n,_1

The random variables (3277 7! Z, i € N) are i.i.d. In view of Proposition the characteri-

k=o; r
zation of the domains of attraction to a stable law (c.f. Section 8.3 of [5]) implies

In Z . aw
ZZT/OV B2 S,  when o€ (0,1),

SOz oo (6.1)
k=0 — c when o = 1.
niogn  p—oo
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where S, denotes a positive, strictly stable law with index v and where ¢ is a strictly positive
constant. Let us note that may also be deduce directly from the convergence of the Laplace

1 .
transform of nl% Y r—oZ (resp. 222377 7)) using (4.1).
Moreover, the random variables (0,41 — 0y, n € N) are i.i.d. with finite expectation E[o], thus

T 22 o), (6.2)
The combination of (6.1) and (6.2) easily gives

ZicoZ 2 @i=3S,  when a € (0,1),

nl/v

Zn 7 n—oo
k—0 %k prob —1 .
wogn cE[o] when a = 1.

Concerning the hitting times of the cookie random walk T;, = inf{k > 0, X} = n}, making use
of Proposition 2.1, we now deduce that

Iy, =, 9E[0]+S, when a € (0,1),

nl/v n—00
T, — prob -1 _
nlogn o 2cE|[o] when o = 1.

Since T, is the inverse of supy<,, Xy, we conclude that

L supren X =, 27VE[0]S;¥  when a € (0,1),
- n—oo

logn
n

SUPg<p Xk n%o;;o (2¢)"'E[0]  when a = 1.

This completes the proof of the theorem for supj <, Xi. It remains to prove that this result also
holds for X, and for inf;>,, X3. We need the following lemma.

Lemma 6.1. Let X be a transient cookie random walk. There exists a function f : N — Ry
with limg o f(K) = 0 such that, for everyn € N,

— ] . < .
P{n Z'121r12an2>K}_f(K)

Proof. The proof of this lemma is very similar to that of Lemma 4.1 of [3]. For n € N, let
wx,n = (wxn(i,))i>1,zez denote the random cookie environment at time 7, "viewed from the
particle”, i.e. the environment obtained at time 7, and shifted by n. With this notation,
wx,n (i, z) denotes the strength of the i** cookies at site x:

ifj=i+8{0<k<ThXp=z+n} <M,

. _ ) Dy
WX,n(Za:L‘) - { L otherwise.

2
Since the cookie random walk X has not visited the half line [n, c0) before time T,,, the cookie
environment wy , on [0,00) is the same as the initial cookie environment, that is, for z > 0,

o1 <1<
wxn(i,x) = { i << M, (6.3)

5 otherwise.
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Given a cookie environment w, we denote by P, a probability under which X is a cookie random
walk starting from 0 in the cookie environment w. Therefore, with these notations,

P{n — 1>n7f X; > K} <E [Py, {X visits —K at least once}] . (6.4)

12Ty ’
Consider now the deterministic (but non-homogeneous) cookie environment wp 4 obtained from
the classical homogeneous (M, p) environment by removing all the cookies situated on (—oo, —1]:

wp+(i,z) =%, forallz <0andi>1,
wp+(1,2) =p;, forall z>0andi>1 (with the convention p; = % for i > M).

According to (6.3)), the random cookie environment wy ,, is almost surely larger than the envi-
ronment wp ¢ for the canonical partial order, i.e.

wx (i, ) > wpy(i,z) foralli>1, z € Z, almost surely.
The monotonicity result of Zerner stated in Lemma 15 of [19] yields
Py X visits — K at least once} < Py,  {X visits — K at least once} almost surely.
Combining this with (6.4), we get
P{n— 11>n71; Xi> K} <P, {X visits — K at least once}. (6.5)
This upper bound does not depend on n. Moreover, it is shown in the proof of Lemma 4.1 of
[3] that the walk in the cookie environment wjp 4 is transient which implies, in particular,

P, . {X visits — K at least once} — 0.

K—oo

O]

We now complete the proof of Theorem[1.1. Let n,7,p € N, using {T;1, < n} = {supy<, X >
r+p}, we get

{sup X, <7} C{inf Xy <7} C {supXx <r+p}U{ inf X, <r}
k<n k>n k<n k>Tyyp

Taking the probability of these sets, we obtain
P{sup Xy <r} <P{inf X <r} <P{sup Xy <r+p}+P{ inf Xj <7}
kf’n an kf’n kZTr+p

But, using Lemma [6.1) we have

p—00

. _ _ < .
PUE, X <) =Plrer— o K> p} < f0) 2 0

Choosing > 0 and r = [zn” ] and p = |logn], we get, for o < 1, as n tends to infinity,
inf X su X
lim P{menk <x} — lim P{p’fﬁnk <$}'
n—oo nv n— o0 nv

Of course, the same method also works when o = 1. This proves Theorem [1.1 for infy>, Xj.
Finally, the result for X,, follows from

inf X5 < X,, <supXg.
kzn k<n
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