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ABSTRACT. Let V be a two sided random walk and let X denote a real
valued diffusion process with generator e'ls] £ (e~ Vsl L) This pro-
cess is the continuous equivalent of the one dimensional random walk
in random environment with potential V. Hu and Shi (1997) described
the Lévy classes of X in the case where V behaves approximately like
a Brownian motion. In this paper, based on some fine results on the
fluctuations of random walks and stable processes, we obtain an accu-
rate image of the almost sure limiting behavior of X when V behaves
asymptotically like a stable process. These results also apply for the
corresponding random walk in random environment.

RisuME: Etant donnée une marche aléatoire V, on considére une diffu-
sion aléatoire réelle X de générateur %ev[f] % (eiV[m] %). Ce processus
est I’équivalent continu de la marche aléatoire en milieu aléatoire au plus
proche voisin en dimension 1. Hu et Shi (1997) ont déterminé les classes
de Lévy de X lorsque V se comporte approximativement comme un mou-
vement Brownien. Dans cet article, une étude fine des fluctuations du
potentiel V nous permet d’obtenir des résultats précis sur le comporte-
ment limite presque-siire de la diffusion lorsque V est dans le domaine
d’attraction d’une loi stable. Ces résultats se transposent également au
cas discret de la marche aléatoire en milieu aléatoire.

MSC 2000. 60K37, 60J60, 60G52, 60F15.

1. INTRODUCTION

Let (V,,z € R) be a cadlag, real-valued locally bounded stochastic process
on some probability space (€2, P) with Vj = 0 almost surely. Let also (X;)¢ >0
be the coordinate process on the space of continuous functions C([0, c0))
equipped with the topology of uniform convergence on compact set and the
associated o-field. For each realization of V, let Py be a probability on
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C([0,00)) such that X is a diffusion process with Xy = 0 and generator

1y d [y d
2° dx (e dx) '

It is well known in [13] that X may be constructed from a standard Brownian
motion through a change of scale and a change of time. We consider the
annealed probability P on ©Q = Q x C(]0,00)) defined as the semi-direct
product P = Px Py. X under P is called a diffusion in the random potential
V. This process was first studied by Schumacher [19] and Brox 6] who proved
that, when V is a Brownian motion, X;/log?t converges in law as t goes to
infinity to some non-degenerate distribution on R. Extension of this result
when V is a stable process may be found in [7, 15, 19]. In this paper, we are
concerned with the case where V is a two sided random walk. More precisely,
(V, , z € R) satisfies:

V is identically 0 on (—1,1),

Vis flat on (n,n+ 1) for all n € Z,

V is right continuous on [0, c0) and left continuous on (—oo, 0],
(Vi1 — V) )nez is a sequence of i.i.d. variables under P.

Our goal is to describe the almost sure asymptotics of Xy, sup, <, Xs and
supg < ¢ | Xs|. This has been done by Hu and Shi [12] in the case where V
behaves roughly like a Brownian motion. We will instead consider the more
general setting where a typical step of the random walk is in the domain
of attraction of a stable law. Precisely, we make the following assumption
which is similar to that of Kawazu, Tamura and Tanaka [15].

Assumption 1. There ezists a positive sequence (ay),, > o such that

Yo low o

Ay M—00

where S is a random variable whose law is strictly stable with index o € (0, 2]
and whose density is everywhere positive on R.

This implies of course that V_,/a, converges in law toward —S. It is
known that the norming sequence (a,) is regularly varying with index 1/«
and we can without loss of generality assume that (a,) is strictly increas-
ing with a; = 1. We will denote by a(-) a continuous, strictly increasing
interpolation of (a,) and a~! (-) will stand for its inverse. It is to be noted
that a (-) and a~! (-) are respectively regularly varying with index 1/« and
a. Let p denote the positivity parameter of S and ¢ its negativity parameter,
namely:

p=P(S>0=1-P(S<0)=1-—q.
The assumption that S has a positive density in the whole of R implies
that p,q € (0,1). More precisely, for & > 1 it is known in [22] that 1 —
1/a < p,qg < 1/a. In any case, we have

0<ap,ag<l.
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Note also that the Fourier transform of S is well known to be
E (ei/\g) _ ef'y\)\p(l—iﬁ tan(ﬂ'a(pf%))) (1'1)

where «y is some strictly positive constant. Let us now extend S into a two
sided strictly stable process (S, , € R) such that S; has same law as S. By
two sided, we mean that the processes (S; , ¢t > 0) and (=S_; , ¢t > 0) are
independent, both cadlag, and have the same law. Notice in particular that,
when o = 1, S is a symmetric Cauchy process with drift, whereas for a = 2
we have p = 1/2 and S is a Brownian motion. Furthermore, the extremal
cases ap = 1 (resp. ag = 1) can only happen when « > 1 and are equivalent
to the assumption that S has no positive jumps (resp. no negative jumps).
When S has no positive jumps, it is known that the Fourier transform can
be extended such that

E (1) = ¢ for all A > 0 (1.2)

where +' is a positive constant that we will assume to be 1 (we can reduce
to this case by changing the norming sequence (a,)). Similarly, when S has
no negative jumps, we will assume E (exp(—AS;)) = exp(A®) for all A > 0.
Let E, denote the Mittag-Leffler function with parameter a:

x
E.(z) = — fi R.
() nZ:;JF(oqul) orz €

Define —p;(«) to be the first negative root of E, and —p2(«) to be the first
negative root of axE!(z) 4+ (o — 1)E! (). The first result of this paper is a
law of the iterated logarithm for the limsup of the diffusion X in the random
environment V.

Theorem 1. We have, almost surely,

I Xy 1
im su =
tqoop a=1 (logt)logloglogt  K#

where K7 € (0,00) is a constant that only depends on the limit law S and is
given by

1
K# = — lim glogP( sup (S, —Sy) gl).

t—oo 0<u<v <t

Furthermore, when S is completely asymmetric, the value of K# is given by

K p1(a) when S has no positive jumps,
| p2(a) when S has no negative jumps.

Note that X; and sup, ¢, Xs have the same running maximum, hence
Theorem 1 also holds with sup < ; X in place of X;. A symmetry argument
yields

. —infs tht 1
lim sup

t—oo a1 (logt)logloglogt TR a5
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where K# = — limy_.» log P (SUPg < w < v <t (S—v —S—u) < 1) /t. Hence,

lim su s < ¢ 1| = L a.s
t_mp a~!(logt)logloglogt  K# AK#
In the case where o = 2, we have E,(—x) = cos(y/z) for all > 0, therefore
K# = K# = 7%/4, and we recover the law of the iterated logarithm of
Theorem 1.6 of [12].

Let T,, denote the n*® strictly descending ladder time of the random walk
V, formally,

TO = 07
Tn+1 = min (]{7 >T,, Vi< VTH) .
Since V is oscillatory, T, is finite for all n. Theorem 4 of [18] states that T

is in the domain of attraction of a positive stable law with index ¢. Moreover,
T is in the domain of normal attraction of this distribution if and only if

o0

P(V, <0) -
Z—( n<07a (1.3)
n

n=1
Let (by,) denote a (strictly increasing) sequence of norming constants for T
and b (-) will stand for a continuous, strictly increasing interpolation of this
sequence. The function =1 (-) is therefore regularly varying with index gq.
The next theorem characterizes the liminf behavior of supg 4 Xs.

Theorem 2. For any positive, non-decreasing function f define

b (a7 (logt)/f(1)) dt
J(f)—/ b=1 (a1 (logt)) tlogt -

We have, almost surely,

o f(t 0
hgégfal((lo)gt)ssi%st{ 00 <:>J(f){

In particular, with probability 1,

. (loglogt)” _fo. ifB<1/g
Bt T og ) M2 = U, #8>1/q. (14)

Notice that (1.3) holds whenever Vy is strictly stable or when E (V1) < oo
(according to Theorem 1 of [10], p 575). In those cases, V; is also in the
domain of normal attraction of S so that we can both choose a(x) = z/®
and b(z) = £/7 and the last theorem is simplified:

t > dt =
lim inf /) sup Xz = 0 <:>/ —_— >
t—oo (log?)* s <t o0 fi(t)tlogt | < oo.
In particular, the liminf for the critical case f = 1/¢ in (1.4) is infinite.
We are also interested in the asymptotic behavior of the bilateral supre-

mum sup; ¢ ;| Xs|. We already mentioned that the limsup behavior of this
process may be deduced from Theorem 1. Although we were not able to deal
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with the general case (as it seems that many different behaviors may occur
in the completely asymmetric case, depending on the distribution tail of V1),
we can still obtain, when the limiting process has jumps of both signs, the
following integral test:

Theorem 3. When the limiting stable process S has jumps of both signs, we
have, for any non-decreasing positive function f, almost surely,

1 f——7 X, = -

e g (logt) SipJ | o tf(t)?logt | < oo.
In particular, with probability 1,

log log t)ﬁ

lim inf ( sup | Xs| =

t—oo a~!(logt) s<t

0, #B<1/2,
oo, if f>1/2.

Notice that in this case, the limiting behavior does not depend on the
symmetry parameter and notice also that this behavior is quite different
from the Brownian case (Theorem 1.7 of [12]). This may be informally
explained from the facts that when the limiting process has jumps of both
signs, typical valleys for the diffusion are much deeper than in the Brownian
case.

Although we are mainly concerned with the almost-sure behavior of X,
our approach also allows us to prove a convergence in law for the supremum
process.

Theorem 4. There exists a non-degenerate random variable = depending
only on the limiting process S such that under the annealed probability P,

sups <+ Xs law

a1t (logt) t—oo

[

Moreover, when S has no positive jumps the law of = is characterized by its
Laplace transform,

E (e*qE) =T (a+1) gigg; forq >0,

and in the case where S has no negative jumps, we have

E (equ) =(a—1) Eala) for g > 0.
aqEf(q) + (o — 1) E(q)

This paper is organized as follows: in Section 2, we prove sharp results on
the fluctuations of the potential V as well as on the limiting stable process
S. These estimates, which may be of independent interest, ultimately play
an important role in the proof of the main theorems. In Section 3, we reduce
the study of the hitting times of X to the study of some functionals of the
potential process V. This step is similar to [12], namely, we make use of
Laplace’s method and the reader may refer to [20] for an overview of the
key ideas. The proofs of the main theorems are given in Section 4. We shall
eventually discuss these results in the last section, in particular, we show
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that Theorems 1 — 4 still hold when V is a strictly stable process. We also
explain how similar results can be obtained for a random walk in a random
environment with an asymptotically stable potential.

2. FLUCTUATIONS OF V AND S

In this section we prove several results about fluctuations of the random
walk V. Some of these estimates will be obtained via the study of the limiting
process S. In the first subsection, we recall elementary properties of the stable
process S as well as a result of functional convergence of the random walk
toward the limiting stable process. In the following, for any process Z, we
will use indifferently the notation Z, or Z(x).

2.1. Preliminaries and functional convergence in D. We introduce the
space D(R4, R) of cadlag functions Z : Ry — R equipped with the Skorohod
topology. Let 6 stand for the shift operator, that is, for any Z € D(R;,R)
and any zg = 0, we have

(020 2)g,x 2 0) = (Zgsmy — Zzy,x = 0). (2.1)

Since our processes are double-sided, we will also need the space D(R,R) of
functions f : R — R which are right continuous with left limits on [0, c0)
and left continuous with right limits on (—oo, 0] considered jointly with the
associated Skorohod topology. Recall that S and V have paths on D(R,R).
We will be interested in the following functionals: for any a € R and for any
Z € D(R,R) we define (we give two notations for each definition):

SUPye(0,a] Ly for a > 0,

Z7 _ —
Za = F(2) = {supye[aO]Zy, for a <0,

infyco,q) Zy, fora >0,
infycrq0 2y, fora <o,

z. - P2 - {
{

g3 _ [ supyepaplZyl, fora >0,
Za Fa (Z) Supye[a 0] |Z ‘ fOI“ a < 0’
7R = FM2) = Z,-
ZEk >
7zt = FPz) - { zzpo<y<azy  forazo
Pa <y <o or a <0,

. (6) . inf(x >0, 2, >a), fora=>0,
oz(a) = Fa'(2) = { inf (x > 0,Z,<a), fora<D0,
- - (7) - inf (z >0 Z_w >a), fora>0,
oz0) = F(2) = { inf(x>0,2Z_5,<a), fora<0,
Uz(a) = F2Z) = a—Zoz(a)), fora >0,

= Z(oz(a)), >0,
Gyla) = FI'2) = Uy(Za)V Z¥, fora>0.
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Let Dj(a) for i € {1,---,10} denote the set of discontinuity points in D(R, R)

of /Y and for v > 1 let V) = (Vyz/a(v) , 2 € R). From a theorem of
Skorohod [21], Assumption 1 implies that (V(*) | v > 1) converges in law
in the Skorohod space towards S as v — oo. It remains to check that the
previously defined functionals have nice continuous properties (with respect

to S) in order to obtain results such as Y (V@) — &) (S) in law as v — oo.
For Z € D(R,R) and a € R, we will say that

Z is oscillating at o= if Ve >0, inf Z<Z,_ < sup Z,

(a—¢,a) (a—e,a)
Z is oscillating at a™ if Ve >0, inf Z < Z,, < sup Z.
(a,a+e) (a,a+e)

The following lemma collects some easy results about the sample path of S.

Lemma 2.1. We have

(1) Sup[o,00) S = SUP(_0o 0] S = 00 almost surely.

(2) With probability 1, any path of S is such that if S is discontinuous at
a point x, then S is oscillating at x~ and x™.

(3) For any fized a € R, S is almost surely continuous at a and oscillating
at a” and a™.

Proof. (1) and (2) come from Lemma 3.1 of [15], p531. As for (3), it is well
known that S is almost surely continuous at any given point and the fact that
it is oscillating follows from the assumption that |S| is not a subordinator. I

Note that (2) implies that, almost surely, S is continuous at all its local
extrema. (2) also implies that, with probability 1, S attains its bound on
any compact interval. These facts enable us to prove the following:

Proposition 2.2. For any fited a € R and i € {1,---,10}, we have
P (S € Di(a)) = 0.

Proof. Let a be fixed. The functionals Fél),i € {1,2,3,4,5} are continuous
at all Z € D(R,R) such that Z is continuous at point a (refer to Proposition
2.11 on p305 of |14] for further details) and the result follows from (3) of the
previous lemma. It is also easily checked from the definition of the Skorohod
topology that the functionals Fél),i € {6,8} are continuous at all Z which
have the following properties:

(a) oz(a) < oo,

(b) Z is oscillating a oz(a)+,

(¢) Z attains its bounds on any compact interval.
Using again the previous lemma, we see that (a) and (c) hold for almost any
path of S. Notice that, from the Markov property, part (3) of the lemma is
unchanged when a is replaced by an arbitrary stopping time. Hence, (b) is

also true for almost any path of S. The proof for Féi),i € {7,9} is of course
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similar. Finally, the result for Fém) may easily be deduced from previous
ones using the independence of (S, , z > 0) and (S_, , z > 0). O

(

We will also use the fact that the random variables Fai) have continuous
cumulative functions (except for the degenerated case a = 0).

Proposition 2.3. For alla # 0 and b€ R and i € {1,---,10}, we have
p (FU) S) = b) ~0.

a

We skip the proof as this may be easily checked from the facts that S has
a continuous density and the assumption that it is not a subordinator.

Finally, throughout the rest of this paper, the notation C; will always
denote a finite strictly positive constant depending only on our choice of
P. In the case of a constant depending on some other parameters, these
parameters will appear in the subscript. We will also repeatedly use the
following lemma easily deduced from the Uniform Convergence Theorem for
regularly varying functions ([4], p22) combined with monotonicity property.

Lemma 2.4. Let f : [1,00) — Ry be a strictly positive non-decreasing
function which is regularly varying at infinity with index B8 > 0. Then, for
any € > 0 there exist Cy. y,Co. ¢ such that for any 1 <z <y,

B+e B—e
() el cenn(s)”

2.2. Supremum of the reflected process. We now give some bounds and
asymptotics about V#. These estimates which may look quite technical will
play a central role in the proof of Theorem 1. This subsection is devoted to
the proofs of the following three propositions.

Proposition 2.5. We have

-1
im g p (Vf < a;) = —K*#

r—00 v

v/a~(x)—o00
where K# = —lim,_, oo %logP (Sv# < 1) 18 strictly positive and finite.

Proposition 2.6. For all 0 < b < 1, there exists Czp, > 0 such that for all
x large enough (depending on b) and all v > 0,

Cs,P (Vf < :c) <P (fo‘ <V, < bx) <P (V# < 93) .

Proposition 2.7. There exists C4 > 0 such that for all x large enough and
all vi,v9 > 0,

CiP (VE <) P (VH <o) <P (Vi <2).
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Notice that using Proposition 2.6 we deduce that Proposition 2.5 is un-
changed if we replace P(VZ?E < z) by P(VZ?E <z,V, <bz) forall b > 0.
The proof of the first proposition relies on the following lemma;:

Lemma 2.8. There exists a constant K7 € (0, 00) such that, for any a,c > 0
and any b > 0,

«
lim aTlogP<Sfé<a,St< —b,St—$t<c> — _K#,
— 00

In particular K# = —lim,_o log(P(S¥ < 1)).

Proof. Using the scaling property, we only need to prove the lemma in the
case a = 1. For the sake of clarity, let

a={sf<1.8<-b,8-8<c},

and let f(t) = log P(SZéé < 1). Using the Markov property of the stable
process S, we deduce that f(t+ s) < f(t) + f(s) for any s,¢ > 0. Since f is
subadditive, elementary analysis shows that the limit K# = — lim; .o f(t)/t
exists and furthermore K# € (0,00]. In order to prove that K# < oo, note
that {SZéE < 1} O {S} < 1/2} which implies f(t)/t > logP (S} < 1/2) /t.
Using Proposition 3 of [1|, p220, the r.h.s. of this last inequality converges
to some finite constant when ¢ converges to infinity. Therefore K# must be
finite. So we have obtained

1 1
limsup ~ logP (&) < lim —f (t) < — K%,
t—o00 t t—oo ¢

It remains to prove the lower bound. Let 0 < ¢ < min (¢, 1) and let ¢ > 1.
Define

& = Sﬁlg—s},
& ={01S)f <e, (B1S), < —b- 1}.
We have £ D & N E&. Since S has independent increments, & and & are

independent. Therefore P (£1) > P (&2) P (£3). Furthermore, using scaling,
P(&)=f({(t—1)/(1 —¢e)*). Hence

%logP &) > logpt(&”) + %f <(1_t€)a) , (2.2)

and P(&) = P(Sf’E <e,S; < —b—1) does not depend on ¢ and is not zero
(this is easy to check since S is not a subordinator). Taking the limit in (2.2)
we conclude that

1 1 t —K#
liminf — log P > lim - = .
Pt (€1) 0 tf <(1 —5)a> (1—-¢)e
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Proof of Proposition 2.5. Let us choose € > 0. The previous lemma and the
scaling property of S7 give

1 1
K# = — lim — logP <S7f < >
“ Yy

Yy—ooy

Hence, we can choose yo > 0 such that log P(S;fE < 1/yo) < — (K7 —e)yg.
Combining results of Proposition 2.2 and 2.3 for the functional F®), we get

1 1 1
lim log P (Vk# < > =logP <S1éﬁ < > < - (K# —5) Yo -
k—o0 Yo Yo

a(k)
Therefore, for all k large enough,
1 1
logP | —V# < —) < — (K# —2¢) 5. 2.
0og (a(k) k y0> < E) Yo ( 3)

Let us choose k = [a~! (zyo)]+1, thus (2.3) holds whenever z is large enough.

Notice that
[v/k]—1

{vi<ahc N {ouai <2},

hence, using the independence and stationarity of the increments of the
random walk at integer times, we obtain

P (Vz% < x) < (P <Vk# < m)) 2 (2.4)
Since a(+) is non-decreasing, our choice of k implies z/a(k) < 1/yo, therefore
#
Vi« ).
a(k) ~ yo
Combining this inequality with (2.3) and (2.4) yields

log P (V# < m) < - [%} ye (K# - 25) .

It is easy to check from the regular variation of a~!(-) with index « that
[v/k]ys ~v/a"t(z) when z and v/a~!(x) both go to infinity, hence

P (v <az) <P(

-1
limsupa (z) logP<VZfE <a:) < — K#,
v

The proof of the lower bound is quite similar yet slightly more technical.
Using Lemma 2.8 and the scaling property, we can find yg > 0 such that
l1—¢ 2 € ) S K#yg

S < ——, 8 -8 < — —_—
Yo ! Yo LT (1—2¢)

N

log P (Sf < (2.5)

Let us set

“ ) :{a<k:>< W Ak S W el S

Vi _1-c ¥, _ 2% Vk—Vk<e}
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Using Proposition 2.2 and 2.3, we check that

1_
tm PE®) =P (st S s < - 55 <0,

Yo Yo
Hence for all k large enough, it follows from (2.5) that
—K#y
log P (&4 (k) > ——2. 2.6
0og ( 4 ( )) (1 — 35) ( )

We now choose k = [a~! (zy0)]. Notice that 1/yg < x/a(k) < 2/yo for all =
large enough, thus

54(k)C{Vk#<(1—€):):,yk< —ex,Vk—ykgax}.

One may check by induction that
[v/k]
{V# < x} D ﬂ { nkV S =gz, (BnV), < —ew,

(gnkV)k - (enkV)k < 533}7
hence, using independence and stationarity of the increments of V at integer
times, we get
” # [#]+1
P(VU gx) > P<Vk <(l-¢e)x,V, < —ex, V-V, §€x>
> P&k

Combining this inequality with (2.6), this shows that for all = large enough,

o (1 <2) > 5 (] 1)

Notice that ([v/k] + 1)y§ ~ v/a=(z) as x and v/a~!(z) go to infinity
simultaneously, which completes the proof. ([l

Proof of Proposition 2.6. The upper bound is trivial. Let 0 < b < 1, define
v1 = [a~!(x)] and set ¢ = (b — 1),

{V# z,V, bx} D {V# z,V, bx,UV(c)gvl}

v

P P
> P(V < ba,V, \)P(Vfgx).
Just like in the previous proof, we see that P(Vfﬁ1 < bx,V, < c) converges

when x goes to infinity toward P(S1 < b,S; < b—1) and this quantity is
strictly positive since [S]| is not a subordinator. ]
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Proof of Proposition 2.7. Notice that

{Vfﬁvz S "’3} = {thlﬂvzm < x}

5 {Vl 0,Vy—V; < 0}

# X
n{6V)h <z, V) - B:2V), <5}

2 S— T
{(HQHMV)M] T Oz V) S 5}'

Using the independence and stationarity of the increments of V at integer
time and setting Cs = P(V; < 0) > 0, we see that P(Vfiw2 < x) is larger
than

2 # X # — X
CIP (VE <o, Vi =Yy < 5) P (VE, <2, Vo < 5).

Time reversal of the random walk V shows that
# # v
P (V| <2,V - Yy, <2/2) =P (V) <2, <2/2),
hence, using Proposition 2.6,

P(VF,,. <z) > (Cy1C;5)°P (V#

v1+v [v1
> (Cy1Cs)?P (VH <) P (VE < x) .

O

2.3. The case where S is a completely asymmetric stable process.

One may wish to calculate the value of the constant K# that appears in the

last section. Unfortunately, we do not know its value in general. However,

the completely asymmetric case is a particularly nice setting where calcula-

tions may be carried out to their full extend. We now assume throughout

this section that the stable process (S, , > 0) either has no positive jumps

hence the exponential moments of S are finite and (1.2) holds (recall that we

assume ' = 1) or S has no negative jumps and E (exp(—\S;)) = exp(t\%)
for all t, A > 0. For a,b > 0, define the stopping times:

7, = inf(t>0,S; > b)=o0s(b),
= if(t >0, SF >b) = ogx(b),
Tap = inf(t>0,S; notin (—a,b)).
Recall that E, stands for the Mittag-LefHler function with parameter a.

Proposition 2.9. When S has no positive jumps, we have

E (e*fﬁfv = Eal(q)’

and when S has no negative jumps, we have

et _ B aq(E(q))?
B (6 ) = Falg) agqE!(q) + (o —1)E/(q)
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This proposition is a particular case of Proposition 2 of [17], p191. Still,
we give here a simpler proof when S is stable using the solution of the two
sided exit problem given by Bertoin [2].

Proof. We suppose that S has no negative jumps. Let 77(q) be an exponential
random time of parameter ¢ independent of S. Let also a,b be strictly
positive real numbers such that a+b = 1. We may without loss of generality
assume any path of S attains its bounds on any compact interval and is
continuous at all local extrema (because this happens with probability 1
according to Lemma 2.1). Thus, on the one hand, the event {7‘1# > n(q)}
contains

(s> n@}u ({ms <nt@) . 8e, < —ab {0, 9%, . <1}).

a,

Using the strong Markov property of S, the lack of memory, and the in-
dependence of the exponential time, it follows that P(Tl# > n(q)) is larger
than

Pﬁib>mw)+P(ﬂ¢<n@%Sﬂb<—ﬂ)PGf>nwD,

therefore

P (e > (o) > P (1 > 1) 7)

Ti-p (T;,b <n(q) , S, < = a).
On the other hand, one may check that the event {7’1# > n(q)} is a subset of
{rin=n@ o ({ms<n@ 8, < —afn {697, . <b}).

and similarly we deduce
P(ﬁ¢>n@»
1-P (T[f,b <n(q) , S, < — a) .

P0f>mm)< (2.8)

Obviously le# converges to 7'1# almost surely as b converges to 1. Combining

this observation with (2.7) and (2.8), we find

P (rf >n() = P (i > 10)
N _bgil—P L S <b—1)
Tl—b,b X 77(‘1) ) Tl*—b,b S

(2.9)
The probabilities of the r.h.s. of this equation have been calculated by
Bertoin [2]:
b1 E! (gb®
P (714, > 1(0)) = 1= Ea(t*) + "2 (Bu(q) = 1), (210)

* b>L1E! (qb™
P (Tlfb,b < U(Q) ) STf_b’b < b— 1) == # (211)
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Taylor expansions of E, and E! near point ¢ enables us to calculate the
limit in (2.9) in term of E, and its first and second derivatives. After a few
lines of elementary calculus, we get

aq(£,(9))*
aqEf(q) + (o — 1) EL(q)

We complete the proof using the well known relation E(exp(—qu# ) =1-—

P (Tl# > n(q)> =1-Ea(q) +

P(Ti# > 1(q)). The proof in the case where S has no positive jumps is similar
(and the calculation of the limit is even easier). We omit it. ]

Corollary 2.10. Recall that —p1(«) is the first negative root of E, and
—p2(a) is the first negative root of axEl(x) + (o — 1)E.,(x). The constant
of Proposition 2.5 is given by

K p1(a) when S has no positive jumps,
| p2(a) when S has no negative jumps.

Proof. Recall that K7 = — lim; .o, P(Sf < 1)/t. Using the same argument
as in Corollary 1 of [2], we see that K# = pj(a) when S has no positive
jumps. Similarly, when S has no negative jumps —K# is equal to the first
negative pole of

a(E}(x))? _
arEl@) + (o= DEL(z)  Lo@) —B (e ) '

Let —zg be the first negative root of E/,. Since E/ (0) > 0, this implies that
E, is strictly increasing on [—xo, 0]. Notice also that x — —E(exp(—le#))
is increasing on (— K7, 0], thus g(z) is strictly increasing on (—(K# Axg),0].
Since g(—z¢) = g(0) = 0 (this holds even when —xg is a zero of multiple
order) we deduce from the monotonicity of ¢ that K# < xq and this shows
that the first negative pole of g is indeed —pa(a). O

g(z) =

We conclude this subsection by calculating the Laplace transform of Tl# A
7p. This will be useful for the determination of the limiting law in the proof
of Theorem 4.

Corollary 2.11. For 0 < b < 1, when S has no positive jumps

E (e*lJTl#/\‘rb> _ Ea(Q(l - b)a),
Ea(q)
and when S has no negative jumps
aq k7, (gb™) EX(q)
aqEy(q) + (o — 1) EL(q)

Proof. Let n(q) still denote an exponential time with parameter ¢ indepen-
dent of S. Suppose that S has no negative jumps, using the Markov property

E <€—q7—1#/\7'b> — Ea(qba) _ ba—l
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and the lack of memory of the exponential law, we get

P (Tl# ATy > n(Q)) = P (Ti"_b,b <n(q);Sr_,, <b— 1) p (Tl# > n(q))
+P (1145 > 1(q)) -

The r.h.s. of the last equality may be calculated explicitly using again (2.10),
(2.11), and Proposition 2.9. Hence, after simplification,

1 oqEL(gb)Ey(q)
P(T#/\Tb> q)zl—E qb®) + b1 - o :
£ Am =) ) B @) + (0 - DEL
The no positive jumps case may be treated the same way. ([

2.4. The exit problem for the random walk V. Let us define for x,y > 0
the following events:

Az,y) = {(Vy), > ¢ hits (y,00) before it hits (—oo, —z)},
AN (z,y) = {(Vy), > o hits [y, 00) before it hits (—oo, —z|},
N(z,y) = {(V_y), > o hits (—oo, —y| before it hits [z, 00)}.

We are interested in the behavior of the probabilities of these events for large
x,1y. In the case of a fixed z, when y goes to infinity, this study was done
by Bertoin and Doney [3]. Here, we need to study this quantities when both
x and y go to infinity with the ratio y/x also going to infinity. We already
defined the sequence (T;), >0 of strictly descending ladder times, we now
consider the associated ladder heights:

H,=-Vg, forn=>0.
We will also need the sequence (M,,),, > 1:
M,, = max (Vk +H,1,T,1<k< Tn) .

Note that the sequence (Typ41 — Ty, Hpp1 —Hy, M,y,), > is independent
and identically distributed. We know that T'; is in the domain of attraction of
a positive stable law of index ¢ with norming constants (b,,). Now, Corollary
3 of [8] states that P (M > x) is regularly varying with index —aq. More
precisely, it gives
Cs

#=o0 b1 (a1 (x)
In particular, this shows that M;j is in the domain of attraction of a positive
stable law when ag < 1 and that M, is relatively stable when ag = 1
(relatively stable means that m Dk <n M}, converges in probability to

P (M > ) (2.12)

some strictly positive constant).

For H;, using Theorem 9 of [18]|, we see that H; is in the domain of
attraction of a positive stable law with index agq when aq < 1 and that H;
is relatively stable in the case ag = 1. Furthermore, the lemma of [8], p358
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shows that we can choose a (b(n)) as norming constant for H; in any of
those two cases, thus

some constant Cr, in probability when ag =1,

converges to { a positive stable law of index aq otherwise.

H,
a(b(n))
When ag < 1, this shows that (2.12) holds with H; in place of M; (for
a different value of Cg). Unfortunately, in the case g = 1, the relative
stability of Hy does not imply the regular variation of P (H; > x) (look at
the counter example in [18|, p 576). However, we can still prove a smooth
behavior for the associated renewal function

R(z)=> P(H,<z).
n=0

Lemma 2.12. There exists a constant Cg > 0 such that
R(z) ~ Cgb! (a_l (z)).
T— 00

Proof. When aq < 1 we mentioned that P (H;y > z) ~ Co/b™! (a™! (z))
where Cg is some strictly positive constant. In this case, the asymptotic
behavior of R follows from the Tauberian Theorem as in the lemma on p446
of [10]. We now consider the case ag = 1. Let L()\) = E (e"*H1) stand for
the Laplace transform of H;. We know that

Hn Prob.

_—

a(b(n)) no
Therefore, for any A > 0 and when n ranges trough the set of integers, we

e (L (a(bA(n))))n — e, (2.13)

Since L is continuous at 0 with L(0) = 1, setting A = 1 and taking the
logarithm in (2.13) give

n (1 L <a(bl(n))>> — (2.14)

Using the monotonicity of L and a (b(+)), it is easy to check that (2.14) still
holds when n now ranges trough the set of real numbers, thus

1 Cr
1-L{(-) ~ ———————. 2.15
() e 21
Let us now define R(y) = Jo° e ¥*R (dz). The well-known relation R(y) =

1/ (1 — L(y)) combined with (2.15) shows that R is regularly varying near 0,
hence we can use Karamata’s Tauberian/Abelian Theorem to conclude the
proof. O

7.

Proposition 2.13. There exists C1g such that when z — oo and y/x — o0,

b=t (ail (:U))
bt (et (v +y))

P (A (z,y)) ~ Cio
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This result also holds for P(N (z,y)) and P(A (z,v)).

Proof. The two processes (V)s >0 and (—V_g)s > o have the same law, hence
P(A (z,y)) = P(A (z,y)). We also have the trivial inclusion A (z — 1,y) C
A (z,y) C A(z,y — 1), so we only need to prove the proposition for A (z,y).
The first part of the proof is borrowed from Bertoin and Doney [3], p2157.
The probability P(A(z,y)) is equal to

o)
P (M >y) + ZP<M1 Sy+Ho, - My <y+Hi,
k=1

Hy < z,Mgi1 >y + Hk>, (2.16)

thus

o0
P(A(z,y) < P(Mi>y)+> P(Hp <z, My >y+Hyg)
k=1

< P(M1>y)+ZP(Hk<$,Mk+1>y)
k=1
< P(M; > y) R(z).

Using (2.12), Lemma 2.12, and the equivalence P(M; > y) ~ P(M; > z+vy)
when x and y/z go to infinity, we obtain the upper bound with Cyyp = CgCs.
We now prove the result pertaining to the lower bound. Let ky € N*. From
(2.16), we see that P(A(z,y)) is bigger than

oo
P(M; >y)+> P(M; <y, M <y, Hy <, Mgy > 2 +y)

k=1
ko
>P(My>a+y) (14 P(Mi <y My <y Hp <)),
k=1

hence
P(A(@,y) 2P (M >z +y) (R(2)~ Ry (@) = Wi, () ), (217)

with

Ry, (2) = Y P(Hp<a),
k=ko+1
ko

Wko(y) = ZP(Ml >yor --- OI‘Mk>y),
k=1

On the one hand, using (2.12) and Lemma 2.12, for y large enough,

K
Wi, (y) < D kP (Mg > y) < k5P (My > y) <
k=1

Ciik?
R(y)
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On the other hand,

oo
Ry, () = Y P (Hppur + (Hiprort — Hggpr <))
k=0

< Z P (Hgikg+1 — Hiogr1 < 2) P (Hy 1 < 7)
k=0
< R(z)P (Hy, <z).

Combining these two bounds with (2.17) yields, for all z,y large enough,
Cu1kE
P (A(5,y) > P(My > 2+ y)R(x) (1-P (Hy, <o) — =10 ),
(R ()
It only remains to show that for a good choice of ky = ko(z,y), we have
Ci1k?
17102 — 0
(R (y))” @ -0

Let ko = [b~! (a™! (zlog (y/x)))]. Note that ko is such that ko — oo, when
x and y/x go to infinity simultaneously, and we know that

P(Hko < $)—|—

Hko la_w) J
a(b (ko)) ko—o0 o
where J, is either a positive stable law (g < 1) or a strictly positive
constant (ag = 1). In either cases P (J =0) = 0. Since z/a(b(ko)) — 0
when z and y/z go to infinity simultaneously, we deduce that

H,, €z
P (Hy, <) =P (a(b (ko)) a(b(ko») By

Finally, using Lemmas 2.4 and 2.12, we also check that

Cuk Cu <R(wlogz>)2

(R () vt—e C3 \ R(y)

F3

— 0.

z,%—o0

O

2.5. Other estimates. We conclude the section about the fluctuations of
V by collecting several results on the functionals V and V. We start with a
reflection principle for V.

Lemma 2.14. There exists Cio such that for all v,z > 0,
P (V,>z) < Ci2P (V, 2 2),

similarly

P(y < —.’L‘) §012P(VU§ —1‘).

v
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Proof. We only need to prove the first inequality (the second inequality can
be obtained in the same way, with a possibly enlarged value for Cj2).

P(V,2z) = P(ov(z) <))
< P (ov(z) <[v], Vi < z) +P(V, > )

[v]
Y P(oy(x)=k,Vy <z)+P(V,>z).
k=1

N

From the Markov property, we check that P(oy(z) = k, V},) < ) is equal to

P (oy(x) = k) / P (Viyy <2 — ) P (Vo) = dylo () = k)

Yy

< Poy(zx)=k)P (V[v}—k < O) .

Our assumption on V implies that lim,, ..o P (V, <0) =P (S<0)=¢ < 1.
Thus, there exists C13 > 0 such that sup,, P (V,, < 0) = Cy3 < 1. Therefore

[v]

P(V,>2z) < 013ZP(JV($) =k)+P(V, > z)
k=1
< Cui3P (oy(z) <v)+P(V, > 2)
1
< P(V,>z).
=Gyt (Vo2 )

O

We now estimate the large deviations of P (V,, > x). Using the character-
ization of the domains of attraction to a stable law (see Chapter IX, Section
8 of [10]), Assumption 1 implies

_ Cy4 >0 if S has positive jumps
1 14 p J ps,
a (m)P (V1> ) xj(;o { 0 otherwise. (2.18)
Similarly,
1 Ci5 > 0 if S has negative jumps,
o (2)P (V1 < —2) wjo)o { 0 otherwise. (2.19)

Proposition 2.15. There exists Cig > 0 such that for all v > 1 and all
z>1,

v
PV <C . 2.20
( ’U>x) 16(1_1(.%') ( )
Moreover, if S has positive jumps,
P (VU > 1’) ) :JOO vP (Vl > iL‘) ) :OO CMa_l(:L‘) (2.21)
a”l@) a”l@)

There is of course a similar result for P (V, < —x).
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Proof. Result (2.21) is already known and is stated in [5], yet we could not
find a proof of this result in English. A weaker result is proved by Heyde
[11] but a slight modification of his argument will enable us to prove the
proposition. Let us choose 1/2 < § < 1 and set z = (z/a(v))’a(v). Define
for k > 1,

C _ Vk — Vk,1 if ’Vk - kal‘ <z
k.2 0 otherwise.
Let € > 0 and define

& = {Vk —Vi—1 > (1 — €)x for at least one k in {1,..., [v]}},
& = {Vk — Vi1 > z for at least two k’s in {1,..., [v]}},

E = {Cl,z +...+ C[v},z > EJ?}.

We see that {V, >z} C & N & N Er, hence

P(V,>xz) <P (&)+P (&) +P(&r). (2.22)
We deal with each term on the r.h.s. of (2.22) separately. Let us choose
C > Cy4 if S has positive jumps and set C' = 1 otherwise. We now assume
that v and a~!(x) /v are very large. According to (2.18) and using the regular
variation of a~!(-), we get

C v

(1—-e)*a!(z)
We now deal with P (&). Let n > 0. Lemma 2.4 gives for all v and a~!(z) /v
large enough,

P (&) <P (V) > (1-e)z) < (2.23)

2
_ ) [ ataw)
(@ 1(2))? T o ()

e

Since § > 1/2, we can assume 7 small enough such that 26 (a—n)—(a+n) > 7.

Thus, we have , ;
< () 220

therefore, using (2.18) and (2.24), we get

P (&) <’P(Vy > 2)2 < C LENP YO (a(”))n. (2.25)

(@ '(2)? = TaMz) \ @
Turning our attention to P (£7), we deduce from Tchebychev’s inequality
that

1 9 v 9 v? 2
P (57) X 2 ((Cl z -+ C[v},z) ) < EQ?E (Cl,z) + EQ?E (Cl,z) .

E“T
(2.26)
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Let f(z) = E ((¢1,2)?) = 7, y*P (V1 € dy). This function is non-decreasing
and non-zero for z large enough. It is also known from the characterization
of the domains of attraction (c.f. (8.14) of [10], p304) that the norming con-
stants (a,) are such that nf(ay,)/a? — Ci7 > 0, hence f(z) ~ C1722/a"1(2)
as z goes to infinity (f is regularly varying with index 2 — «v). Therefore, for
v and a~!(z)/v large enough, we have

e o v 1)

v E ((¢1,.)°) = 5 < 18’6a—1(aj) o) < Clg’ga—#(w)' (2.27)

g22

We can sharpen this estimate when a < 2. Indeed, in this case, f is regularly

varying with index 2 — o > 0. Thus, using Lemma 2.4 and setting ' =
(1-6)(2-a)/2

i ()= () ()

x
When a < 2, we therefore obtain

v v a(v)\"
@E((Cu) < Cls,aCL_l(:C)< (x)> - (2.28)
Let g(z) = E(G.) = [°_yP (Vi €dy). Since Vy is in the domain of
attraction of a stable law, it is known that the centering constants c(n)
such that V,,/a(n) — ¢(n) converge to a stable law may be chosen to be
c(n) = ng(a(n))/a(n) (see [10], p305), but the main assumption of this pa-
per states that the sequence c¢(n) may also be chosen to be identically 0.
This implies in particular that the sequence ng(a(n))/a(n) is bounded. So
we deduce that there exists Ci9 > 0 such that

lg(2)] < CmL for all z > 1.

16)
Using this inequality, we get for v and a~!(x)/v large enough,

2 2.2

v
E(G.)? < Coe

2272

< C20 15

< C20,€(1—1L(x) (CL(U))” ; (2.29)

where we used (2.24) for the last inequality. Putting the pieces together,
(2.22)-(2.23)-(2.25)-(2.26)-(2.27) and (2.29) yield (2.20). Moreover, when S
has positive jumps, we have o < 2, hence we can use (2.28) instead of (2.27)
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and we deduce that

-1
Jimn sup a ()P (V, > x)

v — o0 v
a”l@)

< Cuy.
— 0o

It remains to prove that the lower bound holds. Assume that S has positive
jumps and notice that the event {V, > x} contains
[v]-1

N {VZ <ex, Vi = Vi > (1 +20)z, (Oea V) < 59”} :
k=0

Moreover, the events of the last formula are disjoints. The independence and
the stationarity of the increments of the random walk V yield
[v]—1
P(V,>2) > P (Vi <za)P(Vi > (1+20)2)P(Viy oy <22)

> pP(V; < ex)2P(V1 > (1+2¢)2).

From (2.18) and the regular variation of a=!(-) we see that

Ciyv

[O]P (V1 > (1 + 2¢)x) ~ (1+2¢)%1(x)

as v and a~!(z)/v both go to infinity. We also know from the results of
Section 2.1 that V¥ /a(v) converges in law towards S}, therefore

lim P(V;j < 5;3) = lim P & < 5L =1
v — 00 v — 00 a(v) CL(U)
@ s a”l@)
We conclude that
-1
i @ ()P (V, > x) S Cis .
v — 00 v (1 =+ 2€)a

—1
a” " (x)
W T >®

O

Corollary 2.16. By possibly extending the value of Cig, the equation (2.20)
also holds with V,,, -V, Vi and V3, in place of V.

Proof. The results for V,, and —V, are straightforward using Lemma 2.14.
As for V* and V#, simply notice that {VfE >2r} C{Vi >z} c{V, >z}U
{=V, >z} O

Corollary 2.17. For any 0 < § < «, we have

(5 o) s e

v,

a(v)
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Proof. Tt follows from the last corollary and the regular variation of a=1(-)
with index « that for any 0 < § < «,

sup B ((T))é) <o

The family ((V,/a(v))’,v > 1) is therefore uniformly integrable for all 0 <
§ < a. We also know that V,/a(v) converges in law toward S; as v goes to
infinity. These two facts combined yield the first assertion. The proof of the
second part of the corollary is similar. ]

Proposition 2.18. For all 0 < § < q (recall that q is the negativity param-
eter of S) there exists Co1 5 such that, for all v,z > 1,

a_l(x)>6.

P(-V,<z) <Cy; <
We have a similar result for P (VU < x) when changing the condition § < q
by 0 < p.

Proof. We only prove the result for V,. By possibly extending the value of
Ca1 5, it suffices to prove the inequality for x and v/a~!(z) large enough.
Let us choose ¢’ such that § < §’ < ¢ < 1 and notice that for any y > 0,

{_yv < I’} - A(.ﬁ,y) U ({_yv < ZL'} N A(xay)c)
C A(ﬂf,y)U{Vf <:c+y},
thus

P(-V, <) <P(A(5,y) +P (VF <aty). (2.30)

On the one hand, for = and y/x large enough, using Proposition 2.13 and
Lemma 2.4, we get

P(A(z,y)) < Cg

» (%)6 (2.31)

On the other hand, for x4y and v/a~!(z+y) large enough, using Proposition
2.5, we obtain

K# v
P(V# < < S — 2.32
(VU x—i—y) exp< 5 a—l(x—i—y)) (2.32)
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Let us choose y = a (WM) — x. It is easy to check that (2.31) and

(2.32) hold whenever x and v/a~!(x) are large enough, thus, (2.30) yields

P(-V,<a) < Cuy <K2# 5’(@1@ (l"gaf@)))y”y)

a1(z)\°
< C24,5'< v( )>

3. BEHAVIOR OF X

In this section, we now study the diffusion X in the random potential
V. We will see that the behavior of this process depends strongly on the
environment. In order to do so, we will adapt the ideas of Hu and Shi [12]
to our setting, in particular, we will show that Lemma 4.1 and Lemma 4.2
of [12] still hold with a slight modification.

Recall the well known representation of X (c.f. |6, 12, 13|) which states
that we can construct X from a Brownian motion through a (random) change
of scale and a (random) change of time, hence we will assume that X has
the form:

Xy = A" (Br-1qy) (3.1)

where B is a standard Brownian motion independent of V and where A1
and T~! are the respective inverses of

Ax) = /0 eVvdy for x € R,

¢
T(t) = / e Va1 ds for t > 0.
0

Note that our assumption on V implies with probability 1 that A is an
increasing homeomorphism on R and that T is an increasing homeomorphism
on R, thus A~! and T~! are well defined. Let v > 0 and recall the definition
of o given in Section 2.1. Using (3.1), we have

ox(v) =T (o (A(v))) .

Let (L(t,z),t > 0,2 € R) stand for the bi-continuous version of the local
time process of B. The last equality may be rewritten:

op(A(v))
ox(v) = / e Va1 ds
0

A(v)
= [ e Leaaw) o

—00

_ / e Vv L(op(A(v)), Aly))dy

—00
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where we have used the change of variable x = A(y). Let us now define I;
and 1o,

Li(v) = /0” e L(op(A(v)), Aly))dy, (3-2)
Iv) = /000 e L(op(A(v)), A(~y))dy. (3-3)

Using the definition of ox, we get
{Xi > v} ={L(v) + L(v) < t}. (3.4)

The next two propositions show the connection between V and X. These
estimates will enable us to reduce the study of the limiting behavior of X
to the study of some functionals of the potential V. The streamline of the
proofs is the same as that of Lemmas 4.1 and 4.2 of [12] and one should refer
to the proof of these two lemmas for further details.

Proposition 3.1. There exists Co5 such that for all v large enough
Vf_% — (logv)* < logI1(v) < V¥ + (logv)* on &),
where Eg(v) is a measurable set such that
P (E5(v)) < Coge(080)*,
Proposition 3.2. There exists Cog such that for all v large enough
logL(v) < Uy (Vy + (log v)4) on Ey(v),
logIr(v) > Uy (VW% — (log v)4> on E(v) N {V%% > (log U)4} ,

where U was defined in Section 2.1 and where E9(v) is a measurable set such
that ,

P (£9(v)) < Coge 18V,
Proof of Proposition 3.1. For v > 0, let R? be defined as:
L(op(A(v)),A(v) — tA(v))

A(v)

Let R be the positive root of R2. Just as in [12], p1498, we see that, using
Ray-Knight Theorem and the scaling property of the Brownian motion, for
any fixed v the process (R(¢),0 < ¢t < 1) has the law of a two dimensional

Bessel process starting from 0. Moreover, R is independent of V. We can
now rewrite (3.2) as

Ii(v) = A(v) /Ov e Vs R2 (W) ds.

R2(t) = for 0 <t < 1.

Let us define

=< su RO v
f10= {O<t21 \/tlog(8/t) S \[} '
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Using Lemma 6.1 p1497 of [12], we get P (£5,) < Care™"/2. On &1, we have

v /0 "V (Aw) — A(s)) log (W) ds,

hiv) o)~ As)

N

and for all s <wv
e Vs (A(v) — A(s)) = / eVvVsdy < eVt

This implies

# v 8A(v) .
Ii(v) < v?e’ /0 log <A(v) — A(s)) ds. (3.5)
We also have

A(w) = / ¢Veds <ve™  and  A(v) — A(s) = / vy > (v — s)ele,
0 S

thus

/Ovlog(m>ds < U(VUVU)+/OU10g(U8_US>ds

< o(Vy -V, +1+410g(8)).

Combining this with (3.5) yields log(I1(v)) < Vi + log (Vy — V) +4log(v)
for all v large enough. We now define &1 = {log (V, - V,) < log3(v)}. On
E10 N &11, for all v large enough, we get the upper bound,

log(I1(v)) < V# +log(v).

Notice that {V,—V, > a} C {V¥ > a/2}. Thus, using Corollary 2.16 and the
regular variation of a~!(-), it is easily checked that P (£f;) < exp(—log*(v))
for any v large enough. We now prove the existence of the lower bound. For
the sake of clarity, we will use the notation | = log(v) and § = exp(—I?).
For v > 1/2, there exist two integers 0 < k- < < wv— % such that

Vf_; = Vi+ — V. Let us define the sets:
2

E12 = { inf R(A(v)_A(S)>>5 A(v)—A(k:—)}7

k= <s<k +3

&3 = {Vf_l>3l2}.
2

Using again Lemma 6.1 p1497 of [12] combined with the independence of R
and V, we get

2
P ((£12N&13)°) <P (E5) + 26+ 2E (6—2J<v>1513) , (3.6)

where J is given by
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On the one hand, we have
1
2

v kt+2 1
Alw) —Ak™) = / eVsds > / eVsds = ek,
ket 2

On the other hand, since k™ is an integer and V is flat on [k~,k~ + 1), we

also have
1 k=+1 1
A (k:_ + 2> —AkT) = / eVsds = ievk*.

This implies J(v) > exp(Vf_1 /2). Using this inequality combined with (3.6),
we get

P ((£12N&13)) < P (&) + 26 + 2exp(—6% exp(31%) /2).

Hence, we have P ((€12 N &13)¢) < P (Ef3)+3 exp(—(?) for all v large enough.
Using Proposition 2.5, it is easily seen that P (€f;) < e for all large enough
v’s. Let us finally set & = 19 N E11 N E12 N E13. We have proved that there
exists Caz > 0 such that P (£§) < Casexp(—12). Notice that

L) = A@) /Oye_VSR2 <‘W> ds

> A(v)e Vi- /k+in2 (AWA(S)> ds,

therefore, on &,

-
a8 [ a0 - A s

but for all s such that &~ <s< k™ + % we also have

v k‘++% 1
/ eVy dy > / eVy dy = —evk-‘r’
1 k 4

Aw)-A(s) > A0)-4 (K +) = - -

4

hence

k*-&% 1 V.
/ (A(v) = A(s)) ds > g€+

We finally get

2 y#
L(v) > 16¢ "=z  on &.
We conclude the proof of the proposition by taking the logarithm. O

Proof of Proposition 3.2. For v > 0, we define the process Z by
L(op(A(v)), —tA(v))
A(v)

Using Ray-Knight Theorem and the scaling property of the Brownian mo-
tion, we see that for any fixed v the process Z has the law of a squared Bessel

Z(t) = for t > 0.
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process of dimension 0 such that Z(0) has an exponential distribution with
mean 2. Moreover, Z is independent of V. We can now rewrite (3.3):

I(v) = A(v) /0 Yoz (‘igljﬁ) s,

We know that 0 is an absorbing state for Z. Let ( =inf (s > 0, Z5 = 0) be
the absorption time of Z and let us also define

¢(v) = inf (3 >0, 2 (_igv_)s)> :o) .

We can now write

L(v) = A(v) /0 g <‘f§§;)8>> ds.

We keep the notation I = log(v), note that A(v) = [; e"*ds < exp(V, +1),
therefore

I(v) < eV”HC(v) sup (e_V*S) sup Z(s)
0<s < Cw) 520

< ((v) sup Z(s)e VO],
s2>20

Let us define £14 = {sup, 5 ¢ Z(s) < exp(i?)}. Using Lemma 7.1, p1501 of
[12], we get P(Ef,) < 4exp(—I?). Thus, on E14, we have

I(v) < ((v)eX* HV@)=¥(=CW), (3.7)
Let &5 = {C(v) < oy (VU + 14) + %} and notice that for all a > 0,
CA(—
(w>a = {5 <c}.

Therefore

—A(=oy (V,+1H) -1
P(5f5)=P< SsalUiss 2)<<>,

but
- — 1 _EV(§'U+l4) 1 _
—A <—Uv(VU +14) — ) > / eVeds > =Vt
2 ~&y (Vo)1 2

and we have already seen that A, < exp(V, + ). Combining this two
inequalities yields for all v large enough,
A (T e
A(v)

hence
13

P (&) <P(C>els) <e ",
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where we have used Lemma 7.1 on p1501 of [12] for the last inequality. On
E14 N &5, for v large enough, we deduce from (3.7) that

I(v) < C(v)e2 V@) -V(=5v (Vo) +3)

But V(v) —V(—av (V, + %) +3) = Uy (Vy +14) — 1* (recall that V is flat on
(—=n —1,—n] , n € N). Therefore, on £14 N &5,

L(v) < ¢(v)e PHTv(Vottt),

Let &1 = {&V(Vv + l4) + % < exp(lS)}. On &7 = E14 N E15 N E16, we have
¢(v) < exp(I?). Hence, on £17 and for all v large enough,

log (Ix(v)) < Uy (V, +log*v).
This gives the upper bound on £;7. Let us check that
P (£5;) < Casexp(—12). (3.8)
We have P(£5) < P (av(Vy, + 1) > exp(1%)/2), thus
— 1 — = 1
P (&) <P <V(—2€l3) < 2V(v)> +P (V(—2e13) < 2z4> .
We also have

P (V(—;e“”) < 2V(v)> <P (V(—;el?’) < el5/2> +P (V(v) > ;*’“) .

Using Corollary 2.16 and the regular variation of a='(-), for all v large

enough,
— 1
P <V(v) > 26l5/2> <e

Recall that (V(z),z > 0) and (—V(—z),z > 0) have the same law, thus
Proposition 2.18 yields

P <V(—;el3) < 2l4) <P (V(_;(?ﬁ) < 6l5/2) < 6_12_

These inequalities give P (€f;) < 3¢, hence P (&f7) < 8e . We now
prove the lower bound. Notice that

oy(V(v—3))+5 -
A(v) > / T eVeds = %ew“_%), (3.9)

0 _
—A(—z) = / V@) ds < V)5, (V). (3.10)

Thus, for all z < 5v(V(v — 3) —1*) we have —A_, /A, < exp(—1*)5v(V,).
Let &5 = {ov(V,) < exp(l®)}. As for the estimate of P (£f4), it is easily
checked that for all v large enough, P (£f5) < 3exp(—I?). Moreover, on the
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set €1s, combining (3.9) and (3.10), we have —A(—z)/A(v) < e~2! for all
0 <z <av(V(v—3)—1%). Let us now define

819 = inf L Z(S) = €_l2 .
0<s <67§l4

Using Lemma 7.1 on p1501 of [12], we see that P(&fy) < 2¢~*. Recall that

L(v) = A(v) /OOO e Vs Z <_1‘§§U_)S)> ds

Fv(V(v—3)—1%) —A(—s)
> Av / e Vs 2Z () ds,
“J, A()

therefore, on &g = E18 N &1,
L(v) > &y (V(U — é) — l4)A(v)e*y(*a\’(m”*%)*14))*12'

Using (3.9) again, on &y,

B > (T by - )Te by
1. /— 1 T (T(v—L)14) 11412
> §UV<V(U — 5) — l4>eUV(V( 3) =)+

Notice that on {V(v—1/2) > *}, we have v(V(v—1/2) —*) > 1 (because
V is identically 0 on (—1,0]). This implies that on £ N {V(v — 1/2) > I},

IQ(U) > 66V<V(U—%)—l4)’

which yields the lower bound by taking the logarithm. Finally, let & =
Eop N €17, we have

P (£5) < P (&) + P (E5) < 13e~ogv)*
for all large enough v’s and the upper bound holds on & as well as the lower
bound on & N{V(v—1/2) > I*}. O
4. PROOF OF THE MAIN THEOREMS

4.1. Proof of Theorem 1. We first state two lemmas before we give the
proof of the theorem:.

Lemma 4.1. For any cy > 0, we have

i log P (X¢ > copa™! (logt)logloglogt)
lim sup

< - K#7
t—00 logloglogt 0

where K# was defined in Proposition 2.5.
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Proof. Let v = coa™ ! (logt)logloglogt, using (3.4) and Proposition 3.1 we
get for all ¢ large enough,

P(X;>v) < P((L(v)<t)
< P (Vf_l < logt + (log v)4> + Cas exp (—(log 0)2) .
2

Using Proposition 2.5, for any € > 0 and for all ¢ large enough (depending
on €), we obtain

—1/2
P(V* | <logt+(logv)*) < —(K* - -
( -3 508 + (logv) ) P ( ( 2 a~!(logt+ (logv)t)

< exp <—00(K# — 2¢) log log log t)

where we used the regular variation of a=!(-) to check that a~'(logt +
(logv)*) ~ a~1(logt). Therefore, for all ¢ large enough,

P(X;>v) < exp <—co(K# — 2¢) log log log t) + exp (—(logv)?)
< 2exp (—Co(K# — 2¢) loglog log t) .
(]

Lemma 4.2. For any co > 0 and for all t large enough (depending on cp)
we have

5
~ (logt logt
ﬂ{Uv (f) <2g}ﬂ521(71)

where v = coa~ ' (logt) logloglogt and where E21(v) is a measurable set such
that

{Yt > v} D {V# < logt — +/logt V, < logt}

P (£5,(v)) < Cage (080,

Proof. Using (3.4) combined with Proposition 3.1 and 3.2, for ¢ sufficiently
large,

{Yt > v} = {Li(v)+ I2(v) < t}
S {ei\/f—&—(logv)‘l + eﬁv(Vqu(logv)‘l) < t} N 521(,0)

with &1 (v) = E(v)NEy(v), thus P (€5 (v)) < Cage108)* Notice also that
t
{VU# < logt — \/logt} C {Vf +log*v < log2} .
Hence, {Yt > v} contains

{V# < logt — \/@} N {ﬁv (Vo + (logv)*) < log (;) } N&y(v). (4.1)
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We also have {VU < lngt} C {VU + (logv)* < lﬂTgt}, therefore

— logt ~ [logt logt ~ logt
{7, <980 0y (20 < 2B < {5 (7, + ogyt) < 51}

This inclusion combined with (4.1) completes the proof. O

Proof of Theorem 1. As we already mentioned in the introduction, X and
X have the same upper function so we only need to prove the theorem for
X. Let us choose K such that K < K# and £ > 0. Define the sequence
t; = exp(exp(ei)). We also use the notation f(x) = a~*(log ) logloglog x.
Using regular variation of a(-) we easily check that f(¢;)/f(tit1) converges
to exp(—ae). Thus, for all ¢ large enough

p <Xti+1 S f(ti)) <P <Xti+1 > f(ti+1)> .

K e K

Using Lemma 4.1, we get

- 1 ~ f(t) K#

| —1 PlXy, > < - .

e Tog(e(i + 1)) < < T K e*K
Since K < K7, we can choose ¢ small enough such that K# /(K exp(2¢)) < 1
and we deduce from the last inequality that the sum Y P(Xy,,, > f(t;)/K)
converges. Using Borel-Cantelli’s Lemma, with probability 1, for all ¢ large
enough Xy, | < f(t;)/K. For t € [t;,t;11], using monotonicity of f and X,
< f(t:) < f)
i+1 K K
This holds for all K < K#. Hence, we proved that

e Xe 1
imsup —— < — a.s.
2Py S K
We now prove the lower bound. Choose K > K# and change the sequence
(t;) for t; = exp(expi). From Lemma 4.2, for i large enough,

(x> B S /) n et

where €1 was defined in Lemma 4.2 and where E22(7) = E23(7)NE24 (1) NEx25(7)
with

X: < Xy

Eaz(i) = {ﬁv (ei/4) < ei/Q} ,
824(i) = {V?é(tl)/[( < ei _ ei/2} 7
E5(1) = (V@) <e'/5}.

Moreover, > P(&S5,(f(ti)/K)) < oo. So it only remains to prove that the
events E92(7) happen infinitely often almost surely. It follows from the results

of Section 2.1 that lim;_..o P(E23(i)) = P(Us(1/4) < 1/2) and it is clear that
this quantity is not 0. Since £24(i) NE25(7) and E23(7) are independent events
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P(E22(1)) = C30P(E24(i) N Eg5()) for all i large enough. Thus, we deduce
from Proposition 2.6 that for all large enough ’s, we have

C31P (E24(7)) < P (E22(1)) < P (E24(7)) . (4.2)
We now use Proposition 2.5 to check that
K# f(ti) K#*

log (P (E24(7))) TR m T K log i, (4.3)

where we used the regular variation of a(-) for the last equivalence. In
particular, combining this with (4.2) and the fact that K#/K < 1, we see
that >, P(£22(i)) = oo. We now estimate P(&22(2) N E22(j)) for i large
enough and for 5 > .

522( )ﬂggz( ) C 524(i) ﬂ524( )
C Eul)n {(9f<t i) F() /K= F )/ K \ej_em}'

Hence, from the independence and the stationarity of the increments of V
(at integer times), combined with Proposition 2.7, for all i large enough (i.e.
all j large enough), we get

P (Ex2(i) NExn(j) < P (E4()P <V#(tA)/K ok < _ej/z>
Cay P (&4(i ))P(524( )

P (Vi <&/ =)

<

Using Lemma 2.4, one may check after a few lines of calculus that for all ¢
sufficiently large, exp(j) —exp(j/2) = a~'(f(t;)/K) whenever j —i > logi,
thus

V#
# <el— 32\ > ft:)/K <
P (Vi <& =) 2P| Cr g <1

Since the r.h.s. of the last inequality converges to P(S’fk < 1) # 0 as i goes

to infinity, we deduce that for all ¢ large enough and all j — ¢ > log1,

# j /2
P (Vf(ti)/K <é — e/ ) > Cs3 > 0.

Finally, for all ¢ large enough and for all j > 4,

P (&22(7)), it0<j—1i<logi,
P (E22(7) N E22(y)) < { 034]?,2(522(1-))13(524(].))7 if j _5 > logi. &
(4.4)
Combining (4.2),(4.3) and (4.4), we see that

hnrllgf Z P 522( 0522 /(Z P 522 > < Css.

,j<n i<n
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The Borel-Cantelli Lemma of [16] yields P (£22(i) i.0.) > 1/C35. We now use
a classical 0-1 argument (compare with [12], p1511 for details) to conclude
that P (£22(7) i.0.) = 1. Hence, with probability 1,

li X 5 1
imsup — > —;.

Moreover, the value of K7 when the process V is completely asymmetric
was calculated in Corollary 2.10. O

4.2. Proof of Theorem 2.

Lemma 4.3. Let p > 0, for all t large enough (depending on p) and all
1 < A < (loglogt)?, we have

— a (o b1(a"1(lo A
(=) o g

Proof. We use the notation v = a~*(logt)/), the bounds on \ give

“logt
o (logt) < 4 L(logt).
(loglog t)r

We assume that ¢ is very large, hence v is also large. From (3.4) combined
with Proposition 3.1 and Proposition 3.2, we deduce that

P(Xi<v) < P (Il(v) > ;) +P (IQ(U) > ;)

< P (VE> g ) one’)
(T t
+P (UV(VU + (IOg 0)4) > log 2) + Cg7ef(logv)2'

Remind that b~!(-) is regularly varying with index ¢ < 1. Therefore, using
Corollary 2.16 and Lemma 2.4,

t 1
P (Vf > log 5 (log U)4> < P (V# > 5 logt>
< C—7—F5
a1 (logt)
b~ (v)
< C .
P71 (a1 (log1))

It is also easy to check from the bounds on v and the regular variations of
a~'(-) and b~1(-) that

N

b~ (v)

o—(logv)? '
b= (a=(logt))

N
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We still have to prove a similar bound for P(Uy(V, + (logv)?) > log(t/2)).
Notice that for any y > = > 0, {Uy(z) > y} = A'(z,y — z). Hence, using
Proposition 2.13 and the independence of (V). >0 and (V_3), >0, we get

2
b~ (a L (V, + (log v)“)))
b—l(a—l(log%))
b=1(v) b= (a7 (Vy + (logv)*))
b1<a1<10g5>)E< ety ) 49

Let us pick € > 0. We now use Lemma, 2.4 for the regularly varying function
b=1(a71()) to check that (4.5) is smaller than

() Vo + (logv)\ "
Cuie b 1(a L(log %))E << a(v) ) + 1) .

Finally, since ¢ < 1, we can choose € small enough such that ag + ¢ < a,
therefore Corollary 2.17 implies

() ([

We conclude the proof noticing that b~ (a™'(log £)) ~ b~'(a"!(logt)). O

P (ﬁwv + (log)*) > log t)

< CyE <

< Cyo

Lemma 4.4. Let p > 0, for all t large enough (depending on p) and for all
1 < A< (loglogt)?, we have

{Xt < a_l()l\ogt)} >, {ﬁv(a(v)) > logt} N{V,/2 = 2a(v)} N&(v),

with v = a~(logt)/\, and where Ey(v) was defined in Proposition 3.2 and
satisfies
P(Sg(v)c) < CQﬁGfﬂOgv)Q.

Proof. Recall that Relation (3.4) gives {X; < v} = {I1(v) + I2(v) > t} and
notice that I (v) > 0 for all v > 0, thus, {X; < v} D {I>(v) > t}. We now
use Proposition 3.2 to see that for all ¢ large enough (i.e. v large enough),
the event {X; < v} contains

{ﬁV(VU_% — (logv)*) > log t} N {§U_% > (log v)4} N&y(v)

5 {Ty(Voyz — aw)) > logt} 1 {T,5 > 2a(v)} 0 Eo(v)
5 {ﬁw(a(v)) > logt} N {T,)2 > 2a(v)} N & (v),

where we used the fact that z — ﬁv(x) is a non-decreasing function and the
trivial inequalities V,, ;5 < V,_; /5 and (log v)* < a(v) which hold for all large
enough v’s. O
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Proof of Theorem 2. For any positive non-decreasing function f, recall that

b @ (log )/ £(1))dt
J(f) —/ b=(a"t(logt))tlogt

(we do not specify the lower bound for the integral since we are only con-
cerned with the convergence of J(f) at infinity).

Let us first prove the theorem when J(f) < oo. Since f is non-decreasing,
it is clear that f(t) — oo as t — oo. Thus, f(t) > e>* for all ¢ large enough.
Let fo(t) = (loglogt)?/?, we have J(fy) < co. It is known that we may
assume without loss of generality that

F(t) < fo(t) = (loglog t)>?  for all large ¢ (4.6)

(compare with the argument given in the beginning of the proof of Theorem
1in [9]). Let us set t; = exp(expi). Since a~!(-) is regularly varying with
index «, for all 7 large enough, we have

a t(logtit1) < e**a"(logty). (4.7)
Hence, Lemma 4.3 yields, ¢ still being very large,
~ _ a '(logtit1) — _ a '(logt;)
p(x, <2 o8t} o plx, 2 o8k
( ") ) ( " ehf(ti))
b~ ! (e**a" (log t:)/ f(t:))
b=1(a"1(logt;))
o, @ (ogtio1)/f (1)
43 1,1
b—(a=(logt;))

bt a Y (logt)/ f(t))dt
< Cys /til b_1(a—1(10gt))tlogt )

< Css

<

where we used again (4.7) and the regular variation of b~! for the third
inequality and the monotonicity of a=',b~' and f for the last inequality.
Since J(f) < oo, we conclude that Y, P(Xy, < a '(logtit1)/f(t:)) < o0
and Borel-Cantelli’s Lemma implies that, almost surely,

~ - a '(logtit1)
BTt
But for ¢; < t < tip1, we have a !(logt;11)/f(t:) > a='(logt)/f(t) and
X: > Xy, therefore, with probability 1,

lim inf ﬂ
t—oo a~1(logt)

for all ¢ large enough.

X >1as. (4.8)

Changing f for C'f for any C' > 0 does not alter the convergence of J(f).
Thus, the liminf in (4.8) is in fact infinite.

We now prove the second part of the theorem. Let f be a positive, non-
decreasing function such that J(f) = oco. Again, we may without loss of
generality assume that (4.6) holds (compare with the argument given in the
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proof of Theorem 3 in [9]). Moreover, notice that the theorem is straight-
forward for any bounded function f provided that we prove the theorem for
at least one function h going to infinity with J(h) = oo (we may choose for
example h(t) = (loglogt)!/(29)). Thus, we can also assume that f(t) — oo
as t — co. We use the notation v; = a=(logt;)/f(#;). Our assumptions on
f yield the following estimates:

a”'(logt;)

(loglog )2/ v; < a” *(logt;) for i large enough, (4.9)
oglogt;
and .
li ;= lim ———— = 0. 4.1
oo £ 0 im00 G L(logt;) =0 (4.10)

From now on, we assume that ¢ is very large. Using Lemma 4.4, we get
— a 1(logt; )
{th. < f((ti)} D) 59(7),') N 526(1)7
where 526( ) 527( ) N 528(') with
Ex1(i) = {Uv(a(v)) > log(t:)},
Ex(i) = {Vy 2 = 2a(vi)}.
Since P(Ey(v;)¢) < Cagexp(—log?wv;), it is easy to check from (4.9) that

> P(&(v3)¢) < oo. So it only remains to prove that P(Ex(i) i.0.) = 1.
Since v; — 00 as ¢ — o0, results of Section 2.1 imply that

Jlim P(Ex(i)) = P(Sy /9 > 2) > 0.

Therefore, the independence of £27(7) and E5(7) yields
Cu3P (£27(1)) < P (Ea6(2)) <P (Ex0(7))- (4.11)

Recall that {Uy(a(v;)) > log(t;)} = A(a(v;),log(t;) — a(v;)). Keeping in
mind (4.10), we can estimate P (£27(7)) using Proposition 2.13:
b~ (v;) b~ (vi)

<C .
T T(logt) ~ ) S O T g 1)
Combining the inequalities (4.11) and (4.12), the assumption that J(f) = oo

implies
Z P(&x%(i)) =
We now estimate P(&6(7) N 526( ). Let g(i) = log(t;) — a(v;). It is easy to

check from (4.10) that g is ultimately increasing. Let us pick j > i. We can
rewrite

Cyu

(4.12)

Exr(i) N Exr(j) = X' (a(vi), 9(D)) N X' (alw:). 9()))
There are two cases (which are not disjoint):

(1) (V_p)n >0 hits (—oo, —g(j)] before hitting [a(v;),00). Using Propo-
sition 2.13, we can check that the probability of this case is less than

Cusb™(vi) /b~ (a (logt))).
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(2) (V_p)n >0 hits (—oo, —g(i)] before hitting [a(v;),00) (i.e. Er(i)
happens) and also the shifted random walk (V_z, (4(v;))—n)n >0 hits
(—00, —g(j)] before hitting [a(v;), +00) (the probability of this event
is clearly smaller than P(&27(j))). Using the Markov property for

the random walk (V_,,),, > o we conclude that the probability of this
case is smaller than P(E27(7))P(E27(7)).

Combining (1) and (2) we deduce that P(Ey7(i) N E27(j)) is smaller than
bil('l)i)
b=1(a"(logt;))

“L(a(logt;
P (&Ex(0) P (E27(7)) + gii (E27(7)) Zlgalgogij)); ’

P (&27(7)) P (E27(4)) + Cus

where we used (4.12) for the second inequality. Finally, using Lemma 2.4
and (4.11), we conclude that for all ¢ large enough and all j > i,

P (Ex6(1) NE26(5) < P (E2r(i) NE2r(5))
< Cur (P (Ex5(0) P (Ea6(7)) + P (Ea6()) O

hence

hnnllorolf Z P 526( ﬂggﬁ /( Z P 526 )2 < Cyr.

ij <n i<n

Just like in the proof of Theorem 1, we apply the Borel-Cantelli Lemma, of
[16] and a standard 0-1 argument to conclude that P(&a6(i) i.0.) = 1. Since
this result still holds when changing f for C f for any C' > 0, we have proved
that, with probability 1,

hm 1nf — =0.

100 f()
O

4.3. Proof of Theorem 3. Just like the previous two theorems, the proof
is based on the following two lemmas.

Lemma 4.5. Let p > 0, for all t large enough and all 1 < A < (loglogt)”?

we have
. _a(logt) Cug
P (Xt <= > <53
Proof. We use the notation v = a~*(logt)/\. Let Y = —X, it is clear

from a symmetry argument that Y is a diffusion in the "reversed" random
environment W = (V_,, x € R). Let us notice that

P(X/<v) = P(X;<v,Y;<v)
< P(Xi<v,Vy,<V_))+P(Yi<v, W, <W_,).



DIFFUSION IN A RANDOM ENVIRONMENT 39

Let us also note that all the assumptions we made on V also hold for W.
Hence, we only need to prove the upper bound for the first member on the
r.h.s. of the last inequality. According to (3.4)

{Yt < U} = {Il(v) + IQ(U) > t},

thus,
P (X <v,V,<V.,)
1 _
<P (4 logt <V, < VU> (4.13)
t — logt
+P (Il(v) >3V < Of) (4.14)
t — = = logt
+P IQ('U) 2 §7VU < V—”LMV'U < T . (415)

We deal with each term separately. First, using independence of (V;); >0
and (V_z)z >0 we see that (4.13) is smaller than
— 1 — 1 C
P (VU > 4logt> P <V_v > 4logt> < /\;429,
where we used Corollary 2.16 for the last inequality. We now turn our
attention to (4.14). Using Proposition 3.1, we check that for ¢ large enough,
this probability is smaller than

t — 1
P <Vv# > log 5~ logtv , V, < 1 log t> + C25e_1°g2”.
For ¢ large enough, using the Markov property,

t — logt
P(VZ?E > logi—log4v , V, < og)

4
<P (VU# > 18t g, < 10gt>
4
log t #  logt
<P oy~ =F) <o (0, V)] =2
( ) 2
oo 5)r(e5)
Cso
<V7

where we used again Corollary 2.16 for the last line. It is also clear from
our bounds on \ that e~ los"v < 1/X2 for all t large enough. This gives
the desired bound for (4.14). It remains to prove the existence of a similar
inequality for (4.15). We first use Proposition 3.2 to see that, for all ¢ large
enough, (4.15) is smaller than

S ¢ 1
P(UV(VU +loghv) > log 5, Vo < Vo, Vo< g 1ogt) 4 Coge 108",

2
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We can rewrite:

o 1
{UV(VU+log4v)>log YV, <V, .V, <flogt}

t
2
{UV(V +logv —log = )<O’V V + log? v) ,

Fv(Vy) <v, V, < Zlogt}
c {av(— bﬁ) <&y (Vo +loghv) , 59(V,) < v}

({0 <ovm <o)

u{av () <y ( - lngt) <&y (V, +1loghv) }.

Notice that on the event {ov(—(logt)/2) < ov(V,) < v}, the process
(V_z)z >0 hits (—oo, —(logt/2)] before time v, and then hits [0, 00), again
before time v. The Markov property with the stopping time oy (—(logt)/2)
and Corollary 2.16 yield

p (50 (-12) <7 )

logt — logt C51
<P(V_, < ——|P(V_,>2—] < .

It is also easy to check from the Markov property of (V_;), >0 applied
to the stopping time oy (V,) that the probability of the event {ov(V,) <
av(—(logt)/2) < oy (V, + log? v)} is smaller than the probability that the
random walk (V_,), > ¢ hits (—oo, —(logt)/2] before it hits [log* v, 00). Us-
ing the estimate for the exit problem (Proposition 2.13) and the regular
variation of b=!(a~!(-)), for t large enough, we obtain

P (&V(Vv) <&y (-102gt> <&y (Vo + 10g4v)>
b1 (0! ((log o)) 1

[\)

< C < NOX
e ()
2
so we conclude that (4.15) is smaller than Cs3/)\2. O

Lemma 4.6. Let p > 0, for all t large enough and all 1 < X\ < (loglogt)?,
we have

~L(logt
{Xt* < a()\og)} D {VU_% > 2logt , V_U_% > 210gt} N Exy(v),

with the notation v = a~(logt)/\ and where P (Ex9(v)©) is a measurable set
such that

P (529(1))0) < 0546710g2v.
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Proof. Recall that X is given by the formula
X; = A7 (Br-1y) s

where B is a Brownian motion independent of V. Let B = —B and let L
denote the bi-continuous version of the local time process of B. Recall also
that W stands for the reversed process (V_,z € R). In the beginning of
Section 3, we proved that

ox(v) =I1(v) + I2(v) for all v > 0. (4.16)
It is easily checked, using similar arguments, that
ox(—v) = L(v) + L(v) for all v > 0, (4.17)
with
i) = [ e Eop(R). A)ds
W) = [T LopEw). Ay,
and where

&(m):/ eVvdy.
0

Thus, I and I are given by the same formulas as I; and I by simply
changing the process B for B and changing V for W. Notice that Bis again
a Brownian motion independent of W and that W fulfills all the assumptions
we made on V. Therefore, Propositions 3.1 and 3.2 also hold for I, and
I, with W instead of V (with different events and different values of the
constants). In particular, we deduce that for all v large enough

log I1(v) > Viﬂ/z — (logv)* on E(v), (4.18)

where E30(v) is a measurable set such that P(£5,(v)) < Cssexp(—log®v).
We also know from Proposition 3.1 that

log I (v) > fol/Q — (logv)* on &(v). (4.19)

Let Ex(v) = Es(v) N E30(v), then P (£5(v)) < Csyexp (—log?v). Combin-
ing (4.16),(4.17),(4.18) and (4.19), we get

{Xi <o} = {ox(v) >t} n{ox(-v) >t}
5> L) >t}n{L(v) >t}
D {Vf_lﬂ > logt + log4v}

m{ViHm

{Vf_yg > 2logt} N {Viﬂ/z > 2logt} N Ex(v)

{VU—I/Q > 210gt} N {V—’U—l-l/Q > 210gt} N 529(1}).

> logt + log* v} N Ey»(v)
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Proof of Theorem 3. This theorem is an easy consequence (using similar
technics as in the proof of Theorem 2) of the last two lemmas and of Propo-
sition 2.15 (when the limiting process has jumps of both signs). We feel free
to omit it. [l

4.4. Proof of Theorem 4.

Proposition 4.7. We have

1 ~ Prob.
i _y#
a(0) <1ogax(v) V7 \/UV(VU)> f 0.

The proof of this Proposition is very similar to that of Proposition 11.1 of
[12| using the estimates for I; and Ip obtained in Propositions 3.1 and 3.2,
we therefore skip the details.

Proof of Theorem 4. Let A > 0 and let v be a large number,

P (a_ldg(:gm > /\) = P (logax(/\a_l(logv)) < logv)
_p (logax(aj) < 1 >7
c(x) A/«
with the change of variable x = A\a~!(logv) and where
c(x) = A a(z/N) ~ a(z). (4.20)

Results of Section 2.1 ensure that (VI V Uy(V,))/a(x) converges in law as

x — oo towards Sf\/ﬁg (S1) whose cumulative function is continuous. Hence,
it follows from Proposition 4.7 and from (4.20) that

. yv # ~ = 1
v > — < — .
5T <a_1(logv) o A) i (Sl VU1 < »/a)

We have proved the convergence in law of X, /a~!(logv) towards the non-

degenerate random variable = = (Sf V Us(S1))™®. Let us calculate the

Laplace transform of this law when S is completely asymmetric. Recall the

notation 7 and 7 defined in Section 2.3. Let also r; be the stopping time:

rp =inf (z > 0, (S—¢)¢ > 0 hits (—oo, —(1 — z)) before it hits (z,00)).
From the scaling property of S,
P(stvisE))™<A) = P(stvisE)>1)
= P<7’f§é/\7}n1 é)\),
therefore = and T# A Tr, have the same law. Let us first assume that S has

no positive jumps and recall that (—=S_; , ¢ > 0) and (S; , ¢ > 0) have the
same law. It follows from the well known solution of the exit problem for a
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completely asymmetric Levy process via its scale function W (c.f. [1] , p194)
that

P(ri>z) = ((S +)¢ >0 hits (z, 00) before it hits (—oo, —(1 — x)))
= 1—P((St)t >0 hits (1 — x,00) before it hits (—oo, —))
W

w(L)’

and it is known that in our case W(x) = 2% !/T'(a). Hence, the density of
ryis
a—1
P(r €dzx) = J/‘Qﬁdaz for x € (0,1).

Using Corollary 2.11 and the independence of (S¢);>0 and (S_¢)¢ >0, we
have, for ¢ > 0,

1
E <€fq‘rl#/\‘rrl> _ / E (efq‘rl#/\fz) a2— 1dx
0 ree

_a-—1 VEa(q(1 —2)®)
 EBalq) /0 P

a—1 e q" /1 (1 _ x)om
Eu(q) nzo T(1+an) )y a2 O

but
1 'l—2)m  T(a-1)
(1 + an) / x2-o do = I(a(n+1))
hence
—q7’1#/\7'r1 — P(a) — qn
B = B & Tt 7 1)
_ Ey(9)
= T(a+ 1)Ea(q)'

We now assume that S has no negative jumps. Just like in the previous
case, we can calculate the density of 1 from the scale function and we find
P(ry € dzr) = (a — 1)/(1 — x)>~ for x € (0,1). Thus, using Corollary 2.11
we get

1
E (e_qu# ATm) — / E (e—qﬁ# AT-T) S L
0 ree
1
B (qz®
= - [
0o (1—x)*«

El (¢)a(a—1)q /1 ma*IE&(qu‘)d

- x.
agBy(q) + (a =1)Ey(q) Jo (1 —=z)*

We already calculated the first integral'

/01 T / EaldC =) 4, - T+ D o)
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As for the second integral,
1 a—lEl o 00 1 n 1 Ot(’n-l-l)—l
/ z a(zq:v )dm:Z (n+1)q / e a,
o A—ape T LTam+ )+ -2 e
and it is known that

/1 go(nt)-1 p T'(a(n+1))I(a—1)
0

1-22°" " Tlan+2)—1)

hence
/1 ()
0o (1—xz)r«

n

Mla—1) & q
T a nz:()l“a(n+2)—1)

[e's)
2 2) —1)q
n—O n—|—2)—|—1)

n+1 )(n+2)q" Rl (n+2)g"
-1) -1
(a ( n—|—2)—|—1)+(a );F(a(n—l—@—l—l)
MNa—-1) " y a—1
=— E - 1)E -——.
- <qa L)+ (o~ DEL) - [
Putting the pieces together, we conclude that
—rt (o = 1) E,(q)
E qT{ NTr — o] .
() = Sma T @ B

5. COMMENTS

5.1. The case where V is a stable process. In the whole paper, we
assumed V to be a random walk in the domain of attraction of a stable
process S. Let us now assume that V itself is a strictly stable process (such
that |V| is not a subordinator) and let us explain why Theorems 1 — 4 still
hold in this case. It is clear that all the results dealing with the fluctuations
of V remain unchanged (in fact, they even take a nicer form since we can
now choose a(x) = % and b(x) = 29). Notice also that we did not use the
fact that V was a random walk in the proofs of the theorems in Section 4.
Indeed, the only time we really used the assumption that V was flat on the
intervals (n,n+1) , n € Z was in the proofs of Propositions 3.1 and 3.2 (we
needed to make sure that V spends “enough” time around its local extremas).
Looking closely at those two proofs, we see that they will still hold if we can
show that there exists a measurable event £3;(v) such that:

a) there exists Csg such that P (E31(v)¢) < Csgexp(— log? v).
(a) p(— log
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(b) On &31(v), any path of V is such that for all z € [—ay(V,+log*v), v],
we have |V, — V.| < 1 either for all y in [z, 2 + exp(— log®v)] or for
all y in the interval [z — exp(—log®v), z].
Let us quickly explain how we can construct this event. Define the sequence
of random variables (v, )nez:
Yo = 07
Vg1 = 1nf(t > v, , [Vi =V, | > 1) for n > 0,
Yem—1 =inf(t <y_p , Ve =V, | > %) for n > 0.

Let us set
Exn(v) = {%‘H -y > 2e~ 1987 for all —e2108°v < < e%IOg%} :
— 10g5/2 ) 10g5/2 v
Ez(v) = {’Yf[e%logsv] > e Y pressy > € 7
Eza(v) = {Ev(VU +log*v) < ebgmv} :

Exn (’U) = &3 ('U) N 533(1}) N 534(U>.

It is clear that (b) holds for £;. We now assume that v is very large. We
have

P (E32(v)%) < 2¢2 108" VP (’Yl < 2¢ 108 U) < Cyre 2102’7,

where we used the relation P(y; < z) = P(VZ > 1) and Corollary 2.16 for
the last inequality. Using Cramer’s large deviation theorem, it is easy to
check that P (€33(v)¢) < e~ (in fact, we can obtain a much better bound).

We also have P(E34(v)¢) < 3¢~ °8” ¥ (compare with the proof of the inequal-
ity (3.8) for details). Thus, (a) holds.

5.2. Non-symmetric environments. In the whole paper, in order to avoid
even more complicated notations, we assumed that the processes (V, , x > 0)
and (—=V_, , x < 0) have the same law. However it is easy to see that this
assumption can be relaxed. Indeed, we may swap Assumption 1 for the
following assumption.

Assumption 2. (Vy,)n, >0 and (V_p,)n >0 are independent random walks
and there exists a positive sequence (ay),, > o Such that

Vo low -V_, law
25 St and —2 =5 S?,
ap N—00 an, n—oo

where S' and S? are random variables whose laws are strictly stable with
respective parameters (o, p1) and (o, p2) and whose densities are everywhere
positive on R.

It is crucial to assume that the norming sequence (a,) may be chosen to
be the same for both random walk (in order to keep the results of functional
convergence of Section 2.1) but the positivity parameters p; and ps need not
be the same. Theorem 1-4 must be adapted in consequences. For example,
Theorem 1 now takes the form:
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Theorem 5. Under the annealed probability P, almost surely,

I Xy 1
im su =
t_mp a=1 (logt)logloglogt  K#!1’

where K#1 depends only on S' and is given by

1
— lim logP( sup (S —S,) < 1> :
t—oo t 0<u<o <t

K#»l —
Furthermore, when S is completely asymmetric, K% is given by
L _ p1(a) when S' has no positive jumps,
~ 1 p2(@) when S' has no negative jumps.

Let now (T),) stand for the sequence of strictly ascending ladder indices
of the random walk (V_z)z > o:

TO = 07
Tn+1 = min (k >T, ,V_.> V—Tn) .

Hence, T is in the domain of attraction of a positive stable law with index
p2 and we choose b(-) to be a continuous positive increasing function such
that (b(n)), >1 is a norming sequence for T;. Theorem 2 now takes the
form:

Theorem 6. For any positive, non-decreasing function f define

bt (e (logd) /£ (1)) dt
K= [ i et

We have, almost surely,

liminf —2 sup X, = { 0 <=>K<f){

t—oo a~l(logt) s <t 00 < 00.

In particular, with probability 1,
log log t)” -
lim inf 1081980 0y { 0, #B<1/p, (5.1)

t—oo a~!(logt) s<t oo, if B> 1/ps.

Theorems 3 and 4 must be adapted similarly. Notice that like in Theorem
4, we can again calculate the Laplace transform of the limiting law when S!
and S? have both completely asymmetric laws.

5.3. Random walk in random environment. Let us recall the connec-
tion between the diffusion in random potential and the model of Sinai’s
random walk in random environment. Let w = (w;);ez be an i.i.d. family
of random variables in (0,1) and define for each realization of this family a

Markov chain (Z,)n >0 by Zp =0 and
Wy ife=1,
1—w, ife=-1.

P (Zn+1 - Zn +e | Zn =z, (wi)iEZ) = {

(Zy) is a random walk in the random environment w. We now define the
associated two-sided random walk (V,,),ez by Vo = 0 and V41 — V,, =
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log (1 — wy,)/wy,) for all n € Z. Let X still denote the random diffusion in
the random potential V. The following result from Schumacher [19] relates
the two processes X and Z.

Proposition 5.1. Define the sequence (in)n >0 by

{ po =20

Hn+1 = inf (t > fn |Xun+1 - X#n| = 1) :

Under the annealed probability P, the sequence (pn41— pin)n >0 18 i.i.d. and
w1 18 distributed as the first hitting time of 1 of a reflected standard Brownian
motion. Moreover, for each realization of the environment w, the processes
(Xpn)n >0 and (Zyp)n >0 have the same law.

Using this proposition, we can easily adapt Theorem 1-4 for the random
walk in random environment Z in the case where Vi = log ((1 — wp)/wo)
satisfies Assumption 1 (see Section 10 of [12]| for details). For example,
Theorem 3 for Z takes the form:

Theorem 7. When S has jumps of both signs, we have, with probability 1,
for any non-decreasing positive sequence (¢p)n >0,

Cn =0
limi fi Z| = —

e a— L(logn) g SUP’ Kl = { 00 Z (cn) inogn{ < 0o0.
In particular, almost surely,

(loglogn)” w1741 = 0, fB<1/2,
k oo, if 3>1/2.
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lim inf
1TLIEIOO a 1(logn)
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