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Abstract

We solve a long standing problem in the theory of Siegel’s E-functions, initi-
ated by Lang for Bessel’s function Jj in the 60’s and considered in full generality by
G. Chudnovsky in the 80’s: we prove that irrational values taken at rational points
by E-functions with rational Taylor coefficients have irrationality exponent equal
to 2. This result had been obtained before by Zudilin under strong assumptions
on algebraic independence of E-functions, satisfied by Jy but not by all hyperge-
ometric E-functions for instance. We remove them using a new generalization of
Shidlovskii’s lemma, analogous to zero estimates on commutative algebraic groups
in which obstructions come from algebraic subgroups.

1 Introduction

In rational approximation, a landmark result is Roth’s theorem [31], proved in 1955: if
¢ € R\ Q is an algebraic number, then

Ve>0 3¢>0 V(pq) €ZxN 'g—g‘zq;ﬁ. (1.1)

This measure of irrationality is optimal in the following sense: it would be false with € =0
and ¢ = 1, as can be proved using continued fractions or Dirichlet’s pigeonhole principle.
With respect to Lebesgue measure, almost all £ € R\ Q satisfy (1.1). A folklore belief is
that classical transcendental constants coming from analysis should satisfy (1.1); but this is
known for very few of them, even amongst the most important ones. For instance, (1.1) is
known for £ = 7 only in a weaker form, with 2 in the exponent of ¢ replaced with 7.1033
(Zeilberger-Zudilin [37]); in other words, the irrationality exponent of 7 is at most 7.1033.
For log(2) the situation is analogous: its irrationality exponent is at most 3.5746 (Marcov-
ecchio [26]). In both cases, this exponent is currently best known and it comes after many
successive improvements.

The situation is different for the values of the exponential function: it is well known
that (1.1) holds with £ = " for any r € Q* (see the introduction of [5] or [23]). This result
opens the way to a possible generalization to F-functions, a class of functions defined by
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Siegel [33] in 1929 to extend Diophantine properties of the exponential function. In this

paper Q is seen as a subset of C.

Definition 1. A power series F(z) = o7 a,2"/n! € Q[[2]] is an E-function if
(1) F is solution of a non-zero linear differential equation with coefficients in Q(z),
and there exists C' > 0 such that:

(i1) for any o € Gal(Q/Q) and any n >0, |o(a,)| < C™.

(ii1) there exists a sequence of integers (dp)n>0, with 1 < d,, < C™ for any n > 0, such
that d,a.,, are algebraic integers for all 0 < m < n.

Siegel’s original definition is more general: in (i) and (¢ii), he required bounds of the
form “for all € > 0, ... < n!® for any n > N(g)” instead of “... < C"*! for any n > 0”.
E-functions in the sense of Definition 1 shall be called E-functions in the strict sense. Note
that () implies that the a,’s all lie in a certain number field K. An E-function is an entire
function; it is transcendental unless it is a polynomial.

Amongst the simplest examples of E-functions, we mention exp(z) = Y >~ ;2" /n! and
Bessel’s function Jy(z) := > 7 (iz/2)*"/n!?. Both are specializations of the generalized
hypergeometric function
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where ¢ > p > 0 and we define the Pochhammer symbol (a), :=a(a+1)---(a +n —1)
for n > 1, (a)o := 1. Siegel has proved that when ¢ > p > 0, the parameters a; and b;
are in Q (with the restriction that b; ¢ Z<o so that (b;), # 0 for all n > 0) and ¢ € Q,
then ,F,[a1,...,a;b1,...by;cz97P1] is an E-function. However, the Q-algebra generated
by such hypergeometric F-functions is not large enough to contain all E-functions, as
recently shown by Fresén-Jossen [20]. We also point out that values of E-functions at
algebraic points are closely related to exponential periods, see [19].

The Diophantine theory of the values taken at algebraic points by E-functions has a long
history with classical results due, in chronological order, to Siegel, Shidlovskii, Nesterenko,
André and Beukers in particular. We refer to their original works [33, 32, 28, 3, 9] as well
as to [10, 18, 38] for precise statements of these results and others.

Our purpose is to prove the following result, namely: (1.1) holds for all irrational values
of E-functions with rational Taylor coefficients at rational points (see [1, Theorem 1] for a
consequence on the complexity of basis expansions).

Theorem 1. Let f € Q[[z]] be an E-function and let r € Q. Then either f(r) € Q, or for
any € > 0, there exists a constant ¢ > 0 depending on f,r, e such that for any p € Z and

any q € N*, we have

c

‘f(r) = g‘ > (1.2)




Theorem 1 was announced in 1984 by Chudnovsky [11, p. 1926, Theorem 1 and Corol-
lary] for E-functions in Q[[2]] in Siegel’s original sense and in a stronger form, namely a
measure of linear independence. However, as explained in [12, p. 245], the proof contains a
gap in the zero estimate. Zudilin [38] succeeded in filling this gap, thereby proving Theo-
rem 1 (in an even more precise form, namely with a decreasing function of ¢ instead of ¢),
but under additional assumptions on f and r and for E-functions in the strict sense. Pre-
cisely, let m be the minimal order of a non-trivial inhomogeneous differential equation with
coefficients in Q(z) satisfied by f. Then Zudilin assumes that either m < 2 (Corollary 1 on
page 583) or that f, f/,..., f™~ 1 are algebraically independent over Q(z) (Corollary 1 on
page 557). In both cases, he also assumes that r is not a singularity of the equation. In the
present paper, we use a different approach to zero estimates (see below), which enables us
to prove Theorem 1 without any additional assumption on f. We shall first give the proof
of Theorem 1 for E-functions in the strict sense, using a new zero estimate, various lemmas
in Zudilin’s paper [38] and results by André and Beukers in the theory of E-operators for
FE-functions in the strict sense. Then we shall explain in §4.4 the changes that must be
made to the proof to obtain Theorem 1 for F-functions in Siegel’s sense.

As just explained, the interest of Theorem 1 is that it applies to all E-functions with
rational coefficients, for instance to all generalized hypergeometric E-functions of the form
pFylar, .. ap; b, .. by cz7PT] with ¢ > p > 0, ¢ € Q and rational parameters a; and b;,
whereas Zudilin applies his results to them only under some assumptions on the parameters,
in particular to Jo(z) = 1 F[1;1,1;(i2/2)%. This enabled Zudilin to answer positively a
question formulated by Lang [24], namely if Theorem 1 holds for Jy and all » € Q*. The
E-function g(z) := 1F»[1/2;1/3,2/3; 2?] does not fall under the scope of Zudilin’s results
because a minimal inhomogeneous differential equation satisfied by g is 922¢" (2)+929" (z)—
(3622+1)g'(2) —3629(z) = 0 of order m = 3 while g(2)?>—¢'(2)?/4+92%(49(2)—¢"(2))*/4 =
1; on the other hand, g(r) ¢ Q for all r € Q* (see [17, §7] for details) so that (1.2) holds
for all these values. See below for non-trivial examples of transcendental | F; series with
rational parameters taking a rational value at a non-zero rational point, showing that it
is not possible to exclude a priori the “f(r) € Q” possibility even in the hypergeometric
case.

Another interesting example is the generating E-function of Apéry numbers Ay o(2) :=

DN O Py (Z)2 ("Zk)z)z”/n' We proved in [18] that for any r € Q*, Ay 5(r) has irrational-
ity exponent at most 5 (because we are not able to check that the additional conditions of
Zudilin’s result are met). Using Theorem 1 we deduce the optimal measure (1.2) immedi-

ately for Ay (7).

A different problem, very interesting but not studied in this paper, is to know in the
setting of Theorem 1 whether f(r) is rational or not when f € Q[[z]] is transcendental (if f
is a polynomial, obviously f(r) € Q for all » € Q). Beukers’ linear independence theorem
[9, Corollary 1.4] provides a sufficient condition: given 7" p;(2) f9(z) = q(z) a non-
trivial inhomogeneous equation satisfied by f transcendental of minimal order m > 1 with
polynomial coefficients, if r € Q* is such that p,,(r) # 0 then f(r) ¢ Q. If p,,,(r) = 0, it can
be decided algorithmically whether f(r) € Q or not, see [2, 10]. Of course there are trivial
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examples of transcendental E-functions such that f(r) € Q for some r € Q*, for instance
(z —1)e* at z = 1. But there are also non-trivial examples such as | F[5;7/3; —2/3] =
5/27 and 1 F1[6; —2/5; —12/5] = 1309/625; see [10, §4.2] for more “exotic” evaluations of
hypergeometric E-functions at rational points.

As a consequence of [15, Theorem 4], if f is an E-function with rational Taylor co-
efficients such that f(1) = e for some o € Q, then a € Q. (The proof of this result
is an immediate adaptation of that of [14, Proposition 2], which is due to the referee of
that paper.) In particular, Theorem 1 does not apply directly to numbers such as e‘/i, for
which (1.2) is conjectural. (1)

It would be very interesting to generalize Theorem 1 to any E-function f in K[[z]]
evaluated at any a € K*, where K is a given fixed number field of degree d over Q. To
our knowledge, as a consequence of [18, Theorem 1], the current best upper bound in
this generality for the irrationality exponent of f(a) (when it is irrational) is d(m + 1)@
where m > 1 is the minimal order of a non-trivial inhomogeneous differential equation with
coefficients in Q(z) satisfied by f. Moreover, under further assumptions on f and « (similar
to Zudilin’s), this bound can be largely improved using the Lang-Galochkin transcendence
measure; see [12, Theorem 5.29 and remarks]. Even more specifically, Kappe [23] has
obtained the upper bound 4d? — 2d for the irrationality exponent of e for all o € @* of
degree d.

The proof of Theorem 1 is based on Chudnovsky’s construction, i.e. on graded Padé
approximation. Actually Zudilin used the same construction as Chudnovsky (and he pro-
vided all necessary details); so do we. The first new feature of Theorem 1 is that we do
not have to exclude the case where r is a singularity of a differential system, because we
use (variants of) results of André and Beukers on E-operators and E-functions. The sec-
ond, and main, new feature is that no assumption is needed on f in Theorem 1. Actually
Zudilin had to make very strong assumptions in order to prove the zero estimate (namely,
that a matrix consisting of values of polynomials has maximal rank — see Proposition 3
in §4.2 below). In the present paper, we prove this result using a new generalization of
Shidlovskii’s lemma, based on the multiplicity estimate of [16] which relies on the approach
of Bertrand-Beukers [7] and Bertrand [6], generalized in [13]. The important feature of this
multiplicity estimate is that it takes into account the possibility that some exceptional so-
lutions of the underlying differential system have identically zero remainders. Since we
make no assumption on f in Theorem 1, this could a priori happen and it would make it
impossible to prove that the matrix we are interested in has maximal rank.

We carry out in §3 a general approach to tackle this problem, in a way reminiscent
of obstruction subgroups to zero estimates in commutative algebraic groups. We call
non-degenerate a setting in which there is no obstruction, and prove a generalization of
Shidlovskii’s lemma under this assumption. We prove in §4.6 that this property holds in
the setting of the proof of Theorem 1, using an auxiliary result proved in §5.

INote however that Zudilin’s theorem can be applied to the E-function f(z) := V2" + ¢~ V2* € Q[[z]]:

the number f(1) has irrationality exponent 2, so that eV? has irrationality exponent at most 4, which seems
to be the best known upper bound (see [23] and [18] for proofs of the upper bounds 12 and 8 respectively).
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Let us also mention that all constants in the proofs of intermediate results are effective
and could in principle be computed, and consequently the same can be said of the constant
¢ in Theorem 1.

The structure of this paper is as follows. We gather in §2 the auxiliary results we shall
need: a property of the minimal inhomogeneous differential equation of an E-function and
a desingularization lemma, adapted from results of André and Beukers respectively. We
state in §3 the multiplicity estimate proved in [16], and derive from it new generalizations
of Shidlovskii’s lemma. Then §4 is devoted to the proof of Theorem 1, using an auxiliary
result stated and proved in §5. The case of E-functions in Siegel’s sense is dealt with in
§4.4.

2 Prerequisites

To begin with, we recall that the Nilsson class at 0 is the set of functions

F(2) =Y hei(2)2"(log 2)!

ecFE iel

where &/ C C and I C N are finite subsets, and the functions h.; are holomorphic at 0. If
such a function f(z) is not identically zero, we have E # () and we may assume that for
any e € FE there exists ¢ € I such that h.;(0) # 0; then the generalized order of f at 0,
denoted by ordgf, is the minimal real part of an element e € £. When Y : C — C? is a
vector-valued fonction, it is said to be Nilsson at 0 if its ¢ coordinates are.

Thoughout the paper, we shall denote by M, (F) and M,, ,,(F) the sets of n xn matrices
and of n X m matrices over a given field F, typically C or C(z).

2.1 Inhomogeneous differential equation of minimal order satis-
fied by an E-function

Let f be a transcendental E-function with coefficients in a number field K. Consider
fi(z) = fU=Y(z) for any j > 1, and denote by m > 1 the largest integer such that 1,
f1(2), ..., fm(2) are linearly independent over K(z). Then f,,.1(2) = f0™(2) is a K(z)-
linear combination of these functions: f is solution of a inhomogeneous linear differential
equation of order m. This equation has minimal order amongst all inhomogeneous linear
differential equations satisfied by f. Note that we consider homogeneous equations to be
special cases of inhomogeneous equations for which the constant term is equal to 0, and it
may happen that an inhomogeneous equation of minimal order for one of its solutions is
in fact homogeneous.

Proposition 1. The point 0 is either a reqular point, or a regqular singularity, of any
imhomogeneous linear differential equation of minimal order satisfied by a transcendental
E-function.



André has proved this result for the homogeneous linear differential equation of min-
imal order (and even a more precise one, see [3, Théoreme de pureté, p. 706]). In this
proposition, it is understood that an inhomogeneous equation is regular or regular singular
at 0 if the companion differential system Y’ = AY with solution (1, f, f/,..., f™™ ) is.

Proof. Let f be a transcendental E-function solution of a non-trivial homogeneous dif-
ferential equation Ly = 0 of minimal order r > 1, where L € C(z)[d/dz]. A minimality
argument implies that a non-trivial minimal inhomogeneous equation satisfied by f has
order r or r — 1 (see [2, §4]).

In the former case, this inhomogeneous equation is then simply equal to L up a non-
zero rational function factor, and the claim follows because, by André’s above-mentioned
theorem, 0 is a regular point or a regular singularity of L.

We now deal with the case of order » — 1 which is more complicated. In this situation,
there exists R € C(z) \ {0} such that L*R = 0, where L* is the adjoint of L (?) and a
minimal inhomogeneous equation satisfied by f is of the form

Y (V) = (2.1)

where )
d [« @’
0

The rational function R can be explicitly determined from L, and then Eq. (2.2) enables
to determine suitable p; € C(z) from R and L (first p,_;, then p,_o, etc). Finally, the
constant ¢ is computed by determining the constant term in the Laurent series expansion
of the left-hand side of (2.1). See [10, §2.4] for more details. By minimality of L, ¢ # 0 and
without loss of generality we can assume that ¢ = 1. Since f is transcendental, we have
r > 2. Let f5,..., f, be other local solutions of Ly = 0 at z = 0 such that f; := f, fo, ..., [-
make up a C-basis of the vector space of solutions of Ly = 0: by André’s theorem, each
fr is in the Nilsson class at z = 0 because 0 is at worst a regular singularity of L. From
Eq. (2.2), we observe that

diz (im(z)f,i”(z)) = R(z)Lfr(z) =0 for any k € [1,r]
§=0
so that

> (i) =

for some ¢, € C (and ¢; = 1). Up to reordering the basis fi, fo, ..., fr and multiplying
each fr by a non-zero constant, we can and shall assume without loss of generality that

2Given a different?al operator L=3%7_, q;(d/dz)7 € C(z)[d/dz], its adjoint L* € C(z)[d/dz] is defined
by L*y = 37 _o(=1)7 (g;9)"7; see [30, p. 38].



fi,-.., fs are such that ¢, = 1 for k = 1,...,s and feyq,..., f are such that ¢, = 0
for kK = s+ 1,...,r, for some s € [1,7]. We now write the inhomogeneous equation
Z;;é pi(2)y¥(z) = 1 satisfied by f as a companion differential system Y’ = AY where
A € M,(C(2)), with the vector solution (1, f,..., f"~?). From what precedes, it turns
out that in fact

1 e 1 0 .. 0
. fl fs fs+1 fr
AP fR D A

is a fundamental matrix solution of Y/ = AY. (By definition, if s = r, there are only 1’s
on the first line of U). Indeed, the columns of U are solutions of Y’ = AY and they are

C-linearly independent because on the second line fi,..., f, are C-linearly independent,
so that U is invertible. Since the entries of U are in the Nilsson class at z = 0, it follows
from [34, p. 81] that 0 is a regular point or a regular singular point of Y’ = AY". ]

2.2 A version of Beukers’ desingularization lemma

Beukers’ desingularization lemma [9, Theorem 1.5] is very useful when dealing with E-
functions, since it enables one to get rid of all non-zero singularities of the underlying
(homogeneous) differential equation. In this section we state and prove a non-homogeneous
version of this result that incorporates several additional features: the coefficients lie in a
fixed number field (as in [18, Proposition 2]), and two useful properties are preserved (the
value at 1 of the first E-function, and the property that 0 is a regular singularity). These
properties will be very important in the proof of Theorem 1.

Proposition 2. Let g1, ..., gn be E-functions with coefficients in a number field K,
such that 1, g1, ..., gm are linearly independent over C(z). Assume that the column
vector (1,g1,...,9m) is solution of a first-order differential system Y' = SY with S €
M1 (K(2)).

Then there exist E-functions fy, ..., fm with coefficients in K such that:

e The functions 1, fi, ..., fm are linearly independent over C(z).

o There exist polynomials Q;,(z) € K[z] such that g;(z) = > ", Q;.i(2) fi(z) for any
J € [1,m], where we let fo(z) = 1.

The column vector (1, f1,..., fm) is solution of a first-order differential system Y’ =
SY with S € My41(K[z,1/2]).

If 1(1) is transcendental then g1(1) = f1(1).

If 0 is a regular singularity of the system Y’ = SY, then it is also a regular singularity
of the system Y' = SY .



Proof. Tt follows closely that of Beukers, or more precisely the version over a number field
K given in [18, Proposition 2| (see also [10]). This approach consists in finitely many
steps. At each step, one obtains a K-linear combination of 1, g1, ..., g,, that vanishes
at some non-zero algebraic point a; then one replaces one of the functions by this linear
combination, and divides by z — «a if & € K (by the minimal polynomial of « over K in
the general case). The point is that the above-mentioned linear combination is never just
the function 1, since 1 does not vanish at a. Therefore the function 1 can be preserved
at each step. Moreover it is clear from the proof that 0 being a regular singularity holds
throughout the procedure. This proves Proposition 2, except for the property ¢;(1) = f1(1).
However, if g1(1) = >, Q1,4(1) fi(1) is transcendental then there exists Iy € [1,m] such
that Q4 (1) # 0. Replacing fi,(z) with > " Q1:(1)fi(z) does not change the other
properties of the functions fi, ..., f,, and provides g;(1) = fi,(1). Up to a permutation
of fi, ..., fm this concludes the proof of Proposition 2. O

3 A new version of of Shidlovskii’s lemma

In this section we state and prove a new version of Shidlovskii’s lemma, that we shall use
in the proof of Theorem 1 (see §4.6). The original result of Shidlovskii [32, Chapter 3, §7,
Lemma 10] has been generalized, with a different proof, by Bertrand-Beukers [7] using dif-
ferential Galois theory and a generalization of Fuchs’ relation on exponents of a differential
equation. Further generalizations allow vanishing conditions involving several solutions at
several points (see [6, 13, 16]).

In the present paper we are interested in the case where the remainders of many solu-
tions Y of a differential system Y’ = AY vanish at 0 with high multiplicity. The difficult
point is that some of these remainders may be identically zero. We have tackled this prob-
lem in [16], but this result (stated in §3.1 below) is not ready-to-use because it involves
a condition on the polynomials P;, on which no information is available in general. In
this section we state and prove two versions of Shidlovskii’s lemma that can be used much
more easily in practice. The first one (see §3.2) involves obstructions, and is reminiscent of
zero estimates in commutative algebraic groups. The second one (see §3.3) deals with the
case where no such obstruction exists; we call non-degenerate such a situation. We shall
prove in §4.6 that the setting of the proof of Theorem 1 is non-degenerate over Q, using
an auxiliary result proved in 5.

3.1 Setting and known results

Let ¢ > 1, A € M,(C(z2)), n > 0, and Py,...,P, € C[z] be such that deg P, < n for
any ¢. We identify tuples in C? with column matrices in M, (C). Then with any solution
Y = (y1,...,y,) of the differential system Y’ = AY is associated a remainder R(Y") defined
by

R(Y)(2) = Z Fi(2)yi(2).



The derivatives of such a remainder can be written as [32, Chapter 3, §4]

R(Y)*1(z) = Z Bri(2)yi(2), (3.1)

where the rational functions Py ; € C(z) are defined for £ > 1 and 1 <i < ¢ by
Py P

:(d%wA)kl P . (3.2)

Prq q
Obviously the poles of the Py ; of M are amongst the singularities of the differential system
Y' = AY.

The main new feature of the multiplicity estimate proved in [16] is that it takes into
account the possibility that R(Y")(z) is identically zero for some non-zero solutions Y(z) of
the differential system Y’ = AY. To state this result (in the special case we are interested

in), we denote by o > 0 the dimension of the C-vector space of solutions Y such that
R(Y)(2) is identically zero.

Theorem A. There exists a positive constant ¢y, which depends only on A, with the
following property. Let (Y;)jes be a family of solutions of Y' = AY such that the functions
R(Y;), j € J, are C-linearly independent and belong to the Nilsson class at 0. Assume that

> ordg(R(Y;)) = (n+1)(g— o) — T (3.3)
jed
for some T € Z. Then:
(i) We have T > —c;.

(73) If 0 < 7 < n—c then for any o € C* which is not a singularity of the differential
system Y' = AY, the matriz (Py;(a))i1<i<gi<k<rter € Myrie,—1(C) has rank at least
q—0.

In this setting, under the assumptions of (i7), the matrix (Py;(«)) has rank equal to
g—o. Indeed, there exist ¢ C-linearly independent solutions Y such that R(Y) is identically
zero. For each of them, we have Y7 | P ;(a)y;(a) = R(Y)* ! (a) = 0 for any k > 1: since
« is not a singularity, this provides o linearly independent linear relations between the rows
of the matrix (P ;(«a)).

We remark that Theorem A would not hold if the linear independence assumption
were on the Y; rather than on the R(Y;). Indeed, for instance if R(Y;) were identically
zero for some j € J, then ordy(R(Y;)) would be infinite and Eq. (3.3) would hold for any
T € Z. Moreover, solutions Y such that R(Y') is identically zero are taken advantage of
in Theorem A: each such solution (in a linearly independent family) provides the same
benefit in Eq. (3.3) as an additional function Y; such that R(Y;) would vanish to order
n+ 1.

Remark 1. Following the proof [16] of Theorem A and using the results of [8] shows that
c1 can be effectively computed in terms of A.
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3.2 A multiplicity estimate with obstruction

In this section we state and prove a new multiplicity estimate, namely Theorem 2, remi-
niscent of those on commutative algebraic groups (see below).

Let g > 1, A€ M,(C(2)),n >0, and Pi,..., P, € C[z] be such that deg P, < n for any
1. We denote by S the set of solutions of the differential system Y’ = AY, and by R the
set of all Y € S whose remainder R(Y)(z) = > 7, P;(2)vi(2) is identically zero.

Theorem 2. There exists a positive constant ¢y, which depends only on A, with the fol-
lowing property. Let co, T > 0 and F be a subspace of S such that for any Y € F, the
associated remainder R(Y') belongs to the Nilsson class at 0 and vanishes at 0 with order
at least T'. Assume that

(n+1)(¢ —dimR) < T(dim F — dim(F NR)) + ca. (3.4)
Then:
e We have c3 > —cy.

o [f co < n — ¢y then for any a € C* which is not a singularity of the differential
system Y' = AY, the matriz (Py;(a))i<i<gi<k<cites € Myeites—1(C) has rank equal
to ¢ —dimR.

In this result the constant ¢; is the same as in Theorem A. We notice that Eq. (3.4)
can be written as
(n+1)dim(S/R) < T dim F/(FNR) + cs.

It is similar to the inequalities that appear in zero estimates on commutative algebraic
groups (see for instance [27, 29, 36]), where S corresponds to an algebraic group G, F to
an analytic subgroup W (along which derivatives are taken) or a discrete subgroup I' (i.e.
points at which values are taken), and R to an algebraic subgroup of G. In this setting an
algebraic subgroup of GG constitutes an obstruction if it contains “more elements” of I' or
W than it should (in terms of its dimension).

Proof of Theorem 2. We write p = dim R, x = dim(F NR), and § = dim F. There exists
a basis (Y7,...,Yp) of F such that (Y3,...,Y)) is a basis of F N'R. Then we claim that
R(Y\11),...,R(Yp) are linearly independent over C.

Indeed, let Ay41, ..., Ag € C besuch that A\, 11 R(Y,11)+. ..+ o R(Yy) is identically zero.

Then Y = A\ 1Y 41 + ...+ AgYp belongs to F NR: it can be written as \Y; + ...+ A, Y,

for some Ay,..., A\, € C. This implies Y7 + ... + A\ Y, = A 11Yop1 — ... — AgYyp = 0 s0
that all A; are zero: the claim is proved.
We let

7 =max(0,(n+1)(¢ — o) = T(6 — x))
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so that Eq. (3.4) yields 7 < ¢ since ¢; > 0. Since ordg(R(Y;)) > T for any j we have

> ordo(R(Y;) = (0 = X)T = (n+1)(g — 0) = 7,

J=x+1

and the functions R(Y;), x +1 < j < 6, are linearly independent over C. Therefore
Theorem A yields ¢o > 7 > —c¢; where ¢; is the constant in that theorem, and if co < n—c¢;
then for any o € C* which is not a singularity of the differential system Y’ = AY, the
matrix (Py;(a))1<i<gi<k<rter € Myrie—1(C) has rank at least ¢ — o. Since 7 < ¢y the
same conclusion holds with ¢, instead of 7. At last the rank is equal to ¢ — p using the
remark that follows Theorem A. O

3.3 The nondegenerate setting

Let K be a subfield of C, and A € M,(K(z)) with ¢ > 1. We denote by S the ¢-dimensional
vector space (over C) of solutions of the differential system Y’ = AY. We consider a non-
zero subspace F of S.

For P, ..., P, € C[z] we denote by R[P, ..., P,] the space of solutions Y = (y1,...,y,) €
S such that R(Y) is identically zero, where R(Y)(z) = > {_, Pi(z)y;(2). This subspace of
S is said to be proper if it is distinct from {0} and from S.

Definition 2. The subspace F is said to be nondegenerate over K if for any Py,..., P, €
K[z] such that R[P:, ..., P, is proper, we have

dim(FNRI[P,...,P)) _ dim F
dimR[P,..., P dimS”

(3.5)

In loose terms, this means that points of F do not accumulate in any such R[Fy,. .., P,
We point out that the coefficients of P, ..., P, are assumed to belong to K, but no such
rationality assumption is made on F. We refer to [35, §1.3] for general properties of
distribution of discrete subgroups with respect to algebraic subgroups, in which similar
inequalities occur.

Since dim S = ¢, an equivalent formulation of Eq. (3.5) is

a“_ ¢— dimR[P,,...,P]
dimF = dim F — dim(FOR[Py,...,P)])

F¢RIP,...,P] and (3.6)

The point in asking F to be nondegenerate over K is that we obtain the following
version of Shidlovskii’s lemma, in which no assumption involves R[P;, ..., P,].

Theorem 3. Assume that F is nondegenerate over K.
Let 0 < e < qul, w € R>g, and n € N; assume that n s sufficiently large in terms of
w and the differential system Y' = AY. Let Py,..., P, € K,[z] be polynomials of degree

at most n, not all zero, with coefficients in K, such that for any Y = (y1,...,y,) € F the

11



remainder R(Y)(z) = Y1, Pi(2)yi(2) belongs to the Nilsson class at 0 and vanishes at 0

with order at least % —w.

Then R[Py, ..., P,] = {0} and for any o € C* which is not a singularity of the differ-
ential system Y' = AY, the matriz (Py;(c))i<i<gi<k<er+wt+D)gtne € Mg er+w+1)g+ne—1(C)
has rank q (where ¢ is a constant that depends only on A).

Here the constant ¢; is the same as in Theorems A and 2.

An important point here is that R[Pi, ..., P,] = {0}: it turns out that 0 is the only
solution Y € S such that R(Y") is identically zero. This is necessary for the matrix (P ;(«))
to have maximal rank equal to ¢, since any such solution Y yields a linear relation between
its rows (see the remark after Theorem A).

To apply Theorem 3 one needs to prove that F is non-degenerate over K. In some set-
tings this can be done using differential Galois theory, because all subspaces R[FP,. .., P
are stable under the differential Galois group of Y’ = AY. In the present paper we shall
proceed in a different way (see §4.6). Indeed we shall prove (see Theorem 4 in §5) that
Eq. (3.5) holds for any proper subspace of C? defined over Q, up to identifying a solution
and its value at o = 1, and apply the following lemma.

Lemma 1. Let o € K*, not a singularity of the differential systemY' = AY . Then for any
Py, ..., P, € K[z], the image of R[Py,..., P, under the isomorphism S — C, Y — Y (a)
15 a subspace of C? defined over K.

By defined over K, or rational over K, we mean that this subspace of C? has a C-
basis consisting of vectors in K9. This is equivalent to the existence of a system of linear
equations with coefficients in K that defines it.

Proof of Lemma 1. Let Y € S. Then Y (a) belongs to the image of R[P, ..., P,] if, and
only if, Y € R[Py,..., P, that is Y7 | P;(2)y:(z) is identically zero. This is equivalent
to the fact that all derivatives of this function vanish at «, i.e. Y 7 | Py ;(a)y;(o) = 0 for

any k > 1. This is a family of linear forms in the coordinates of Y'(«), with coefficients
in K (since « € K, A € M,(K(2)) and Pi,...,P, € K[z]). This concludes the proof of

Lemma 1. ]
Proof of Theorem 3. We shall apply Theorem 2 twice with T' = % — w; for simplicity
we write R = R[P, ..., P

Since Pi, ..., P, are not all zero, there exist ig € {1,...,¢} and 2y € C (outside the

singularities of Y' = AY") such that P, (29) # 0. Then there exist vy, ...,v, € C such that

¢ Pi(z0)v; # 0, and a solution Y of Y’ = AY such that y;(z) = v; for any i. Then the
corresponding remainder R(Y’) does not vanish at zp, so that Y ¢ R and R # S.

Let us assume that R # {0}, so that R is a proper subspace of S. Then Eq. (3.6)

yields

q o qg—dimR 1

d
FER ad 2 G —dm(ZNR) | ([dm F)?
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since the difference between the two fractions of Eq. (3.6) is a positive rational number
with denominator at most (dim F)?. This implies

q—¢€ o qg—dimR n 1
dimF ~— dimF —dim(FNR) ¢(¢+1)dimF

since diél = —£2 % — q%l = m, and therefore
g—c . . , dim F — dim(F NR) . 1

d —d N >g—d >qg—d _—
dim]—"( m 7 = dim(FNR)) 2 ¢ - dim R+ q(g+1)dim F =1 1mR—i_qQ(q—irl)

using the fact that F ¢ R. Since n is sufficiently large in terms of w and the differential
system Y’ = AY we obtain

(g —¢)n

(n+1)(g— dimR) < ( —

- w) (dim F — dim(FNR)) — ¢ — 1

where ¢; is the constant in Theorem 2. This is a contradiction with the first conclusion of
Theorem 2, so that actually R = {0}.
Therefore letting ¢y = ¢ + wdim F + ne we have

(% — w) dim F + ¢o

(% - w> (dim F — dim(F N R)) + c,.

(n+1)(¢g—dimR) = (n+ 1)q

Since n is sufficiently large in terms of w and the differential system Y’ = AY we have ¢y <
n — c¢1: Theorem 2 shows that for any o € C* which is not a singularity of the differential
SyStem Y' = AY7 the matrix (Pk,i(a))lgigq,1§k<cl+q+wdim]—'JrnE S Mq,c1+q+wdim]:+nsfl((:)
has rank ¢. This concludes the proof of Theorem 3. ]

4 Proof of the main result

This section is devoted to the proof of Theorem 1, using an auxiliary result that will proved
later in §5.

In §4.1 we introduce the notation and setting of the proof, applying the results of §§2.1
and 2.2. Then in §4.2 we give construction and properties of graded Padé approximants,
including the zero estimate (namely Proposition 3). Admitting this result, we prove Theo-
rem 1 stated in the introduction in §4.3, and its generalization to an E-function in Siegel’s
orginal sense with coefficients in Q, in §4.4.

The rest of the paper is devoted to the proof of Proposition 3, carried out in §4.6 using
the differential system considered in §4.5 and the auxiliary result proved in §5.
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4.1 Setting, notations and parameters

In this section we describe the setting of the proof of Theorem 1. We use the results of
§82.1 and 2.2 to obtain a family of linearly independent E-functions, solution of a first order
differential system with no non-zero finite singularity. Then we introduce (essentially) the
same notation and parameters as in Zudilin’s proof.

To prove Theorem 1 we start with an E-function g¢(z) with coefficients in Q, and
r € Q. We assume that ¢(r) is irrational; then g(r) is transcendental by [15, Theorem 4].
Considering g(rz) instead of g, we may assume that r = 1.

Asin §2.1 we consider a (possibly) inhomogeneous linear differential equation of minimal
order satisfied by the transcendental E-function g. Proposition 1 asserts that 0 is (at worst)
a regular singularity of this equation. Viewing this equation as a differential system of order
one satisfied by the column vector (1,¢,¢',...,g™ V), we apply Proposition 2 and obtain
E-functions 1, fi, ..., f, with coefficients in @Q, linearly independent over C(z), such that
f1(1) = g(1) is the number we are interested in to prove Theorem 1. The important point
is that (f1,..., fm) is a solution of a first-order inhomogeneous differential system

fi(z) = Sio(2) + Z Sij(z ) for any [ € [1,m] (4.1)

with S;;(2) € Q[z,1/z]: the only possible finite singularity of this system is zero, and it is
regular (in case it is a singularity).

We consider multi-indices x € N™ and sums over such multi-indices. In such a
sum, whenever an index k belongs to Z™ but not to N™ (i.e., has at least one neg-
ative component), the term corresponding to this index will be considered as 0. For
K= (Ki,...,km) € N we write || = k1 + ... + K.

We denote by (eq,...,en,) the canonical basis of Z™, i.e. ¢; = (0,...,0,1,0,...,0)
where the i-th coordinate is equal to 1. We let

Q={reN", N-1<[s| <N}, ©={reN" |x=N)},

and

m—1 m—1 m— 1

w = Card () = (N+m—2) + (N—i—m—l)’ f = Card© = <N+m—1).

We remark, for future reference, that

w m—1 N

- =2-—— =14 —

0 N+m-—1 N+m-—1
We also fix a bijective map [1,w] — Q so that indices k € § can be seen as integers
between 1 and w; for instance a family (z,)weq € C% can also be seen as a tuple in C¥, or
as a column matrix in M, ;(C).
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Let us introduce now the parameters that will be used in the construction. Let N be
sufficiently large with respect to fi, ..., fi, and let n > 0 be a real number such that
(4.2)

< ——.
n_?)(N—i-m—l)

This number 71 plays the role of the real denoted by ¢ in [38]. At the end of the proof
(namely in §4.6 when Theorem 3 is applied), we shall assume also n < w+r1 Let M be
sufficiently large with respect to fi, ..., fin, N, and 7; consider

(w—n)M J
7 .
Remark 2. These parameters are the same as the ones used by Zudilin, except that he
assumes that equality holds in Eq. (4.2), and gives an explicit value for M in terms of N.
The reason for this difference is that we have not computed explicitly the constant Cy in
Proposition 3 (which depends on N). This is useless for our purpose but it could be done
(see Remark 3); it would lead to explicit values of n and M, and then to an explicit value
of the constant ¢ in Theorem 1.

K= { (4.3)

4.2 Construction and properties of graded Padé approximants

In this section, we state the construction and properties of graded Padé approximants,
sketched by Chudnovsky [11] and proved in detail by Zudilin [38]. Apart from the zero
estimate (namely Proposition 3 below), the results are exactly the same as in Zudilin’s
paper.

To motivate this construction, let us explain it with different notations in the case
m = 2. We shall construct polynomials Ay, ..., Ax, By,...,By_1 such that A;(z) +
Bi—1(2)fi(2) + Bi(z) f2(z) vanishes with high multiplicity at 0, for any ¢ € [0, N]. The
point here is that B_; and By are considered to be identically zero, so that for ¢ = N the
function An(z) + By-1(2)f1(z) vanishes to high order at 0, and is therefore presumably
small at z = 1.

Let us come back to our general setting now. Recall that the parameters are given by
Egs. (4.2) and (4.3); they are the same as in [38], except that n and M are not fixed in
terms of N. The following construction is exactly [38, Lemma 1.1].

Lemma 2. There exist polynomials P.(z) of degree less than M, for k € §, not all zero,
such that

ordy (P,i(z) + zm: P,i_ej(z)fj(z)> > K forany k€ ©
j=1

and
M
Tow €L, |men| < CZMI

for any k € Q and any v € [0, M — 1], where the coefficients 7., are defined by

M-1
P.(2) = Z W;;Vz” for any k € Q.
v=0 ’
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Here and below, we denote by Cy, C1, ..., Cy positive constants that depend only on
fi, -+, fm (except that Cy depends also on N).

Now recall that all coefficients S; ;(2) of the differential system (4.1) belong to Q[z, 1/ 2],
i.e. that this system has no non-zero finite singularity. Therefore denoting by 7'(z) the
least common denominator of the 5; (), we have

T(z) = 72" for some i € N and 7 € N*, and T'(2)5,;(z) € Z[2] for any [, j. (4.4)

As in [38, Eq. (1.8)] we define recursively polynomials P,.gk](z), for k > 1 and k € Q, by
letting P,Ll](z) = P,(z) and for any k£ > 1 and any & € ,

d

PEE) = T()(g

PHG) + (6] +1— N Zsm P, (2) (45)

ZZ ‘_51J+1 Sl]() ,Lk}eﬁe (Z))

=1 j=1

We recall that §;; is Kronecker’s symbol, and whenever x —¢; € Z™ (resp. k — e, + ¢;)
has a negative coefficient, the corresponding term is omitted. The only difference with
(38, Eq. (1.8)] is a shift in the index k: our plF ( ) is denoted by Pl U(z) in [38]. The
connection of this definition of P ]( ) with a differential system will be explained in §4.5
below.

The following result is part (a) of [38, Lemma 1.3], with coefficients 7, ., defined by

Mi(h-1)-1
PH(2) = Z kT 2V for any k € Q and any k > 1,

v
v=0

and
t = max <degT(z), max max deg(7T (z)Sl,j(z)))

1<I<m 0<5<m

Lemma 3. For any x € Q, any k > 1 and any v € [0, M +t(k—1)—1], we have 7y, € Z,
and
|7Tk,f$71/‘ < CE)UM/nMCQWM kaf < Cl’I]M

The following result is the special case I* = 1 and a = 1 of part (b) of [38, Lemma 1.3].
Lemma 4. For any k > 1 such that k < CynM, we have

k wM, 5 _
PR o0+ P 0. oW AML)| < CMIMEM O K,

The main point of the present paper is the following result. Under the assumption
that fi, ..., fn are algebraically independent, it is proved in [38, Lemma 3.5] in a slightly
weaker but explicit form, namely with |27 | —i—w instead of [nM |+ Cy. It is now optimal,
up to the value of Cj (and the assumption n < —= +1’ which is harmless in our application).
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Proposition 3. Ifn < w+r1 then there exists a constant Cy, which depends on fi, ..., fm

and on N (but not on M orn), such that the matriz (P,Lk](l))neg,lngLnMJ+c4 has rank w.

Remark 3. We shall prove that Cy can (in principle) be computed effectively in terms of
fi, oo, fm and N.

Proposition 3 will be proved in §4.6, using Theorem 3 proved in §3.3, the differential
system considered in §4.5 and Theorem 4 proved in §5. In the next two sections, we admit
Proposition 3 and deduce from it the results announced in the introduction.

4.3 Proof of Theorem 1 for F-functions in the strict sense

Let us now prove Theorem 1 for E-functions in the strict sense, following [38, pp. 581-583]
but without explicit expressions for n and M.

Starting with an E-function g € Q|[z]] and r € Q such that g(r) € Q, we construct fi,

oy fm as in §4.1 so that fi(1) = g(r). Let ¢ > 0; we may assume that ¢ is sufficiently

small in terms of fi, ..., fi. We choose N = |m/e| + 1 so that
N >m/e
and N can be made sufficiently large in terms of fi, ..., f,. We recall that w/0 =
1+ 55—, so that
(1+5)(1-2) <1
N 0 '
Using this bound and the fact that Cy, t, w and 6 depend only on N and fi, ..., f, we

may choose n > 0 sufficiently small (with respect to N, fi, ..., fin) so that Eq. (4.2) holds,
n <1/(w+1) (as assumed in Proposition 3), and

m w —
<1+N> (1+tn+02n—T’7> < —(1+tn + Can). (4.6)
In what follows, we assume M to be sufficiently large in terms on n, N, fi, ..., f.; we
shall denote by C;(n, N) positive constants that depend on n, N, fi, ..., fn.

Since the matrix (P,.Lk](l))%g’lgkgmMH@ of Proposition 3 has rank w, the submatrix
consisting in the columns indexed by k = (N,0,...,0) and kK = (N —1,0,...,0) has rank 2.
This provides positive integers ky, ko < nM + Cy such that

(k1] (k1]
det (Pﬁjlj,]o,o,...,())(l) P&]}f}—l,O,O,...p)(U) £0. (4.7)
P(N2,0,0,...,0)(1) P(Jv271,0,0,.“,0)(1)
For any j € {1,2}, let
k; k;
pj = —(M +tk;)! P([N,]o,o,...,o)u) and  ¢; = (M + tk;)! p([N]fl,O,O,...,O)<1)'
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Lemma 3 yields pj, q; € Z, and also

(M + t(nM + Cy))! eC&M/M ppCenM
(M (1 + tn) + tC))C (M (1 + tn))! eCEM/ ppC2nM
05<777N)M N (Ftn+Can)M (4.8)

|91

VAR VAN VAN

provided M > Cs(n, N), and Lemma 4 yields in the same way (using Eq. (4.3))

g5 f1(1) = p;| < (M +t(nM + Cy) CM MM CM A=K
< Cqn, NYM ppO+n+Con==5)M (4.9)

Now let p € Z and ¢ € N*; upon changing the constant ¢ in Theorem 1 (since fi(1) € Q),
we may assume that |p| and ¢ are sufficiently large (with respect ton, N, fi, ..., fm, since
these quantities have been chosen in terms of fi(1) and € only). We choose for M the least

integer such that

07(77 N)M M(1+tn+Czn—%)M < i
) —_ 2q

This integer exists because we have assumed 7 > 0 sufficiently small in terms of N, fi, ...,

fm, so that 14 tn 4 Con — “5 < 0; moreover M can be made large enough (in terms of

n, N, fi, ..., fm) by assuming that ¢ is. Then Eq. (4.9) yields

(4.10)

qlg;f1(1) —p;| <1/2 for any j € {1,2}.

Now Eq. (4.7) yields det (ﬁ ! Zl) # 0, so that (p, q) is non-collinear to at least one of the
2 Q2

(pj,q;), j € {1,2}. For this index j we have

det (p pﬂ') e 7\ {0}. (4.11)
q gj
This determinant is also equal to
det <p —qfi(1) pj— ij1(1)) 7
q qj

so that

951 la.f1(1) —pl = ‘det (2 2;) —q (g /1(1) —pj)

>1—qlgfi(l)—pj| >21-1/2=1/2
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and, using Eqgs. (4.8) and (4.6):

1 1
2|l 2
> [C'?(T], N)Mﬂ (M _ 1)(1+tn+02n7%)(M71)] 1+m/N

provided M > Cy(n, N). Since M is the least integer such that Eq. (4.10) holds, we deduce

that
1 >l+m/N

(1) =l > (5

Since m/N < ¢ this concludes the proof of Theorem 1 for E-functions in the strict sense.

4.4 Proof of Theorem 1 for F-functions in Siegel’s sense

In this section, we explain the changes that must be done to obtain Theorem 1 for any
E-function f in Siegel’s original sense.

e Firstly, in the proof of Theorem 1 for E-functions in the strict sense, we use various
results of André and Beukers that they have proved only for E-functions in the strict sense
(using the theory of E-operators due to the former). Since then, all these results have been
proved to hold wverbatim for E-functions in Siegel’s sense by Lepetit [25], completing the
results already given in [4, pp. 746-747].

e Secondly, in §4.2 we use verbatim Zudilin’s estimates that he has also proved only for
E-functions in Q[[z]] in the strict sense. Let us mention the changes that must be made to
his lemmas to deal with Siegel’s E-functions in Q[[z]]. We recall that the archimedean and
non-archimedean bounds on the Taylor coefficients of Siegel’s E-functions are of the form
“for all e’ > 0, ... < n®™ for all n > N(£')”. In Lemma 2, this changes the quantity C’S’M/n
by M“<'M/1 where ¢’ > 0 is fixed and independent of the other parameters but arbitrarily
small, and M > My(e'). The same remark applies in Lemma 3, where Cj M/n pgCandt
becomes Mwe'M/mtCanM = and in Lemma 4, where M~ reads M5~ and the constant
(5 is also possibly changed but it still does not depend on M. With these estimates, we
conclude the proof as that of Theorem 1 for E-functions in the strict sense because &’
can be taken arbitrarily small provided M is assumed to be large enough, which can be
assumed as in §4.3.

The rest of the present paper is devoted to a proof of Proposition 3, which has been
admitted in §§4.3 and 4.4.

4.5 Differential system

In this section we define a matrix A € M,(Q(z)) and consider the differential system
Y’ = AY, of which solutions will be constructed in Proposition 4. As stated in §4.1 a
bijective map [1,w] — € is fixed, so that a solution Y is a vector (y.(z)) indexed by
k € §2. Here and below, we identify tuples in C? with column matrices in M, (C).
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We shall also relate the notation P of §4.2 to the Py, of §3; in what follows we will
use mostly the notation of §3, including

R(Y)(2) = Pu(2)yn(2) (4.12)

when Y = (y.(z)) is a solution of the differential system Y’ = AY.

The matrix A = (Axx(2))arsea € M, (Q(z)) that we consider is defined (in terms of the
coefficients S; ;(2) of the differential system (4.1)) by

—\;S1i(2) if k=X —e;+ ¢ for some 7,1 € [1,m] with j # [,
Ay () = d ~ 2im AiSis(2) ik = A, (4.13)
" Sj,()(Z) if/i:)\—l—ej and |/\| :N—l,

0 otherwise,

as in [38, Eq. (3.2)]. We recall from §4.1 that all rational functions S ;(z), and therefore
all coefficients of A, belong to Q[z,1/z]. With this definition, Eq. (4.5) reads

PI) . Pe)

—T(2) (@ + tA<z))

Except for the multiplicative factor T'(z) (used to ensure that all P,.Lk](z) are polynomials),
this is the same recurrence relation as the one used in §3.1 to define the rational functions
Py (%) (see Eq. (3.2)); notice that Py .(2) € Q[z,1/2] since A € M,,(Q[z,1/z]). Using the
fact that P, , = Pl = P, by definition, we obtain by induction that

P () Pi(z)

P (2) Pai(2) \ ke Py (2)
: = T(2)F! : + > Ukw(2) :
P (2) Prw(2) k=1 Py o (2)

with rational functions Uy (2) € Q|z, 1/2], since T'(2) and all coefficients of A(z) belong to
Q|z,1/z]. Now recall from Eq. (4.4) that T'(z) = 72! for some i € N, so that T'(1) = 7 € N*
and

rk(P,Lk}(l))neQ,lgkgko = 1k( P (1)) nen,1<k<ko (4.14)
for any ko > 1. This equality will be used at the end of §4.6 to prove Proposition 3, since
Theorem 3 (stated and proved in §3.3) yields a lower bound on rk( Py x(1))xeq.1<k<ko-

The end of this section is devoted to the proof of the following result; notice that
parts (i) and (i7) are essentially proved in [38, pp. 575-576]. For k € © we define
Zx = (Zua)rea € C¥ by

1if A =k,
zexr =< fj(1) if A =k —e; for some j € [1,m],
0 otherwise.
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Proposition 4. There exist solutions Y,(z) of the differential systemY' = AY', for k € ©,
such that:

(i) For any k € ©, Y (1) = Z,.
(i7) The functions Y.(z), k € ©, are linearly independent over C.

(iii) For any k € O, we have R(Y,)(z) = O(zK~N) as z — 0, where ¢ > 0 is a constant
that depends only on fi, ..., fm.

(iv) For any k € O, the function R(Y,)(z) belongs to the Nilsson class at 0.
Remark 4. The constant ¢ in part (ii7) can be made effective, using the results of [8].

Proof. Consider the differential system
ay(z) = =S1x(2)ai(z) — ... = Spmr(2)am(2) for any k € [1,m]. (4.15)

Since the system (4.1) of §4.1 has no non-zero finite singularity, all rational functions Sy x(z)

belong to Q[z,1/2] and the system (4.15) has no non-zero finite singularity. In particular,

there exists a fundamental matrix of solutions (¢ (2))1<ki<m such that ¢y, (1) is equal

to the Kronecker symbol dx;. Let g1, ..., 0 be independent variables, and put ax(z) =

S ovpra(z) for k€ [1,m]. Then (ai(z),...,an(2)) is a solution of the system (4.15).
Consider the vector Y (2) = (7,(2))acq defined by:

() ar(2)M .. am(2)M if (N =
Yr\Z) = .
g a ()M (2) (1 + ay (2 )fl( )+ oot am(2) fm(2)) B[N = N =1
(4.16)
Each of these functions is a polynomial in the variables g1, ..., 0., wWith coefficients that

depend on z; all monomials that appear in this expression have total degree N — 1 or N.

Therefore we have
= it orY(z) (4.17)

KEQN

and this expression defines functions Y (z) independent from gy,...,0,. We shall be
interested in these functions only when k € O, i.e. |k| =

To prove part (i), we deduce from ¢y (1) = i, that ax(1) = ok, and Eq. (4.16) yields
A1 Am 3
_ oyt ... opm if [A] = N,
=41 e (4.18)
&' oL+ o i)+ + omfm(1) if A =N —1.

Given k € O, we write Y, (1) = (2,1)req. Then Eq. (4.17) shows that z, ) is the coefficient
of of* ... ofm in the expression of 7,(1). Using Eq. (4.18), we obtain

1 if A =k,
Zep = { fi(1) if A =k — ¢; for some j € [1,m],

0 otherwise.
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By definition of Z, this means Y, (1) = Z, and concludes the proof of part (i).

Part (ii) follows easily from part (i). Indeed we consider the matrix M € M, »(C) with
columns Z,, k € ©. We may assume that the bijective map [1,w] — € we have chosen
in §4.1 maps [1,0] to ©: it allows us to identify © and [[1,6]. Then by definition on the
Z,., we have M = ]é[, for some matrix M’ € M, _o(C), where I € My(C) is the
identity matrix. Therefore M has rank 6, and the vectors Z, are linearly independent over
C. Using part (i), this concludes the proof of (ii).

Let us prove parts (ii) and (iv) now. For brevity we let p* = pi* ... pfm and define
a(z)* in an analogous way. We have:

ZpHR(YK)(Z) =R(Y)(2) = Z P\(2)y,(2) using Eqns. (4.12) and (4.17)

KEQ AEQ

=Y P@Ea+ Y PA(z)a(z)A<1 + Z a;(2) fj(z)) by Eq. (4.16)

A€O AEQ\O
=S a(z)A(PA(z) +5 P(2) fj(z)) + 3 Piz)a)
A€® j=1 AEQ\O

Now recall that ag(z) = > %, oipri(2). In the previous expression, we fix x € © and
identify the coefficients of p* in both sides. Since the second term of the right hand side is
homogeneous of degree N — 1, whereas |k| = N, it does not contribute and we have

RY)E) = Y banle) (B) + 3 P (055(2)) (4.19)

A€O

where by .(2) is the coefficient of p* in the expansion of a(z)*. This coefficient by .(2) is
an explicit homogeneous polynomial of degree N (with constant integer coefficients) in the
functions ¢y (2).

Now denote by Z' = SZ the differential system (4.1) of §4.1. It has at worst a regular
singularity at 0, and therefore admits a fundamental matrix of solutions M (z) with coeffi-
cients in the Nilsson class at 0. Then M (z)~! is a fundamental matrix of solutions of the
(dual) differential system Y’ = —'SY. Removing the first coordinate of the solutions yields
a fundamental matrix of solutions of the differential system (4.15), all of which coefficients
are in the Nilsson class at 0. Accordingly all ¢;; and all by, belong to the Nilsson class
at 0, and so does R(Y}) using Eq. (4.19): this proves part (iv). Moreover, there exists
a constant ¢, which depends only on this system, such that ¢ ;(2) = O(27°) as z — 0.
Therefore we have by .(z) = O(2~") for any A,k € ©. Using Eq. (4.19) and Lemma 2 this
concludes the proof of part (iii).

To conclude the proof of Proposition 4, let us prove that Y = AY, for any x € ©.
Since A does not depend on the p;, it is enough using Eq. (4.17) to prove that Y = AY.
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To begin with, Eq. (4.16) yields for any A € ©:

Aja(z)r Z S1j(2)ay(z) using Eq. (4.15)

Ms

yA( )=

<.
Il
—

m
)\ e;ite
E :)‘JSU 7

1 [=1

A,\H 2)y,.(z) using Eq. (4.13).

HMS

Il
M

To prove the same formula for A € 2\ ©, we notice that, using Eqns. (4.15) and (

<1+Zap 2) fo(z ) Za +Z‘” iz
:_ZZS”’ 2)a(z) fp(z +Zal )(Sio )—i—ZSLp(z)fp(Z))

This gives for any A € Q\ ©, using Eqns. (4.16) and (4.15):

Ta(2) = a(2)* ) Spol2)ap(z) + Z Aa() I d(2) L+ Y ay(2) fp(2))

m

= Z Sp0(2)¥nre, (2) — Z Z AiS1i(2)Un—e; e, (2)
=1 =1

Ak (2)7.(2) using Eq. (4.13).

|
s

This concludes the proof of Proposition 4.

4.6 Application of Shidlovskii’s lemma: proof of Proposition 3

= Spol2)a(z)tr — Z Aja(2) "9y Si(Rar(2)(1+ ) ap(2) fo(2)

4.1):

]

In this section we prove Proposition 3 stated in §4.2; as consequence of Theorem 3 proved
in §3.3 (using also Theorem 4 that will be stated and proved in §5). We apply Theorem 3
in the setting of §4.5, namely with ¢ = w and the differential system Y’ = AY where A
is defined by Eq. (4.13). All vector spaces, dimensions and other notions of linear algebra

are over C.
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We let F = Span{Yj, k € O} where the solutions Y}, are given by Proposition 4. They
are in the Nilsson class at 0, and are linearly independent over C so that dim F = 0. Given
any family of polynomials P, (z) € Q[z], for x € Q, we denote by R[P},. .., P,] the space
of solutions Y of Y = AY such that R(Y)(z) = >_, cq Px(2)yx(2) is identically zero.

We consider the linear map evy : Y +— Y(1), from the space of solutions of Y’ = AY" to
C¥. It is bijective because 1 is not a singularity of this differential system, defined by (4.13)
with S;;(2) € Q[z,1/%] for any 1, j. We let F' = evy(F) and R = evy(R[P, ..., P,]). The
space F' is spanned by the vectors Z,, k € ©, by Proposition 4 (7). The space R is defined
over Q using Lemma 1.

By construction (see §4.1) the functions 1, fi(z), ..., fi(z) are linearly independent
over C(z), and they make up a vector solution of a differential system of order 1 with
coefficients in Q[z,1/z], given by Eq. (4.1). Since 1 is not a singularity of this system,
Beukers’ refinement [9, Corollary 1.4] of the Siegel-Shidlovskii theorem shows that the
values at 1 of these functions are linearly independent over Q. Therefore Theorem 4
applies with & = fi1(1), ..., &, = f(1). It shows that if R is proper, then

m—1

W) GmENR),

dim R > <2

so that

dim(F N R[P,...,B)])  dimR[PA,..., P
- <
dim F q

since dim F = 6 and ¢ = w. Therefore F is nondegenerate over Q (as defined in §3.3).

Now we choose n = M — 1 and consider the polynomials P,(z), £ € €, defined in
Lemma 2. They belong to Q[z], have degree at most n, are not all zero, and for any Y € F
the remainder R(Y')(z) belongs to the Nilsson class at 0 and vanishes at 0 with order at
least K — c¢N = L%j —cN > % — w with w = ¢N + 1, using Proposition 4.
Assuming < 1/(¢ 4+ 1) and n large enough (in terms of fi,..., f,, and N), Theorem 3
yields k(P (1)) ke, 1<h<|nm|+c, = w With Cy = ¢ + (¢N + 1)g. Using Eq. (4.14) proved
in §4.5, this concludes the proof of Proposition 3.

5 Proof of non-degeneracy

In this section we state and prove Theorem 4, a key ingredient in the proof of Proposition 3
given in §4.6. The application of this result is explained in §4.6: it allows us to prove that
the subspace F we are interested in is non-degenerate over Q, as defined in §3.3. This is
a crucial assumption in our multiplicity estimate (namely Theorem 3 proved in §3.3).

Theorem 4 is an independent result, for which we need only the following notation. We
consider integers m, N > 1 and complex numbers &1, ..., &»; we assume that 1, &1, ..., &n
are linearly independent over Q. Asin §4.1 we let Q@ = {k € N N — 1 < |k| < N} where

|k| = K1+ ... 4+ Km, and w = Card 2 = (N::ff) + (N:L’ffl); we denote by (€;)1<j<m the
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canonical basis of Z™, and by (E,).cq that of C*. In other words, we have E, = (0, ) wen
where 9, v is the Kronecker’s symbol. We consider

ZH:EH+Z§5E,{_6J. forany r € © = {k € N |k| = N}

j=1

with the convention that E, ., = 0if k —e; € Z™ has at least one negative component
(namely, if k; = 0); with § = f;(1) these are exactly the vectors Z, defined before
Proposition 4 in §4.5. We denote by F' the subspace of C® generated by these vectors,
namely

F = Span{Z,, k € ©}.

It is not difficult (see the proof of (ii) in Proposition 4 above) to see that the Z,; are linearly
independent, so that dim F' = (N ;’f; 1), denoted by 6.
Theorem 4. Let R be a vector subspace of C? defined over Q. Then we have:

m—1

S L
m ff > N+m-—1

) dim(F N R),

and equality holds if and only if R = {0} or R = C*.

By defined over Q, or rational over Q, we mean that R has a C-basis consisting in
vectors in Q . This is equivalent to the existence of a system of linear equations with
coefficients in Q that defines R. We point out that an inequality on dimensions, such as

the one of Theorem 4, is reminiscent of the notion of (e, j)-irrationality introduced in [21]
and [22].

5.1 Two lemmas

The data of Theorem 4 depend only on m, N > 1 and on £ = (&1,...,&,) € C™; in the
proof we shall often deduce Theorem 4 for some triples (m, N, ) from the same statement
for other triples. It will always be assumed, implicitly or explicitly, that 1, &, ..., &, are
linearly independent over Q. We first prove two lemmas; recall that we identify tuples in
C™ to column matrices in M, 1(C).

Lemma 5. Let m,N > 1 and £ = (&1,...,&n) € C™, with 1, &, ..., &, linearly indepen-
dent over Q. Let A € GL,,(Q); define & = (&,...,€) by & = AE.

If Theorem 4 holds for (m, N, &) with any subspace R defined over Q of a given dimen-
sion o, then it also does for (m, N,¢').

Proof. Decomposing A into a product of simpler matrices, we may restrict to the following
3 cases.

e Case 1: & = &y(;) for any j € [1,m], with 0 € &,,. In this case Lemma 5 is obvious,
by permuting the coordinates in N and accordingly in C%.
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e Case 2: & = Xgj, for some \ € Q" and j, € [1,m], and § = & for any j €
[L,m]\ {jo}- Let f: C? — C? be the (bijective) linear map deﬁned by f(E.) = Ao E,
for any x € 2. We denote by (Z,) and F' (resp. (Z.) and F”) the data associated with &
(resp. &’). Then we have for any k € ©:

F(Z) = J(B) + 3§ f (Bye,)

= N0 B, + AEj A0~} Ere,, + Z ENNE, .. = N f(Z,)
J#Jjo

so that f(F') = F. Let R’ be a subspace of C* defined over Q, with dim R’ = p. Taking
R = f(R') we have dim R = dim R’, dim(F N R) = dim(F’' N R’) and R is defined over Q.
Therefore Theorem 4 applied to (m, N, £) with R shows that Theorem 4 holds for (m, N, &’)
with R’

o Case 3: & = §j,+¢&;, with distinct jo, j1 € [1,m], and & = &; for any j € [1,m]\{jo}.
We consider the linear map f : C** — C® given by

i t+ Kj1
f(E,) = Z By te;, +te;, for any x € €.

t=0 Fein

It is bijective because f(E.) — E, is a linear combination of the E, with x/ < xj,. For
any k € © we have:

0 t+k; —1 g t+ K
F(Brmey) + f(Brmeyy) = Z ( Kj Jl— 1 >EF” tes+(t=1)ejy T Z < jl)Eﬁ_(tH)eﬂ'oH@jl
t=0 1

=0 Fj
RJO
t 1 t 1
- Z (< + Ky — ) n < + K, )>En—tej0+(t_1)ej1 (' =t + 1 in the second sum)
t=0 /ijl 1 /<Lj1
Hjo
t+K;
_— ( ‘71) E[{,—t@j0+(t—1)€jl (51)
t=0 K
so that
f(Z, +Z€g o))+ f(Baee,)

X+ K

( . jl) <Enftej0+tej1 + Z ijnfejftej0+te]~1> + 5]1 (f(Eﬂiejl) —|— f(EK7€j0)>
J#i

( ' )Zfi—tejo—i-tejl S F, USiIlg Eq (5]_)

Therefore f(F') = F, and we deduce the result as in Case 2. This concludes the proof of
Lemma 5. O]
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Lemma 6. Let m, N > 1. We consider the subspace
K = Span{E,, k € Q, k,, = 0}.
Assume that Theorem 4 holds for any € € C™ and any R defined over Q such that
dim(FNRNK) > 2dim(F N R) — dim(R).
Then Theorem 4 holds for any & € C™ and any R defined over Q.

Proof. We start with any & = (&,...,&,) € C™ such that 1, &, ..., &, are linearly
independent over Q. Let R be a subspace of C? defined over Q, and put ¢ = dim R. We
shall construct g € GL(C™) defined over Q (i.e., whose matrix in the canonical basis of
C™ has coefficients in Q), such that ¢ = g(&) satisfies dim(F' N R’ N K) > 2dim(F' N
R') — dim(R’) for any subspace R’ of C defined over Q of dimension o, where F’ is
associated with & = ¢(§) as before the statement of Theorem 4. Then Lemma 5 shows
that if Theorem 4 holds for &', then it does for &.

Denote by V, the Zariski closure of {¢} in the affine space Ag over Q, i.e. the smallest

subset of C™, defined by polynomial equations with coefficients in Q, that contains £. In
more concrete terms, V is the set of all (21,. .., 2,) € C™ such that P(z,...,z,) =0 for
any P € Q[Xy,...,X,,] such that P(&,...,&,) = 0. Since & is transcendental, V, has
dimension at least 1. There exists an algebraic curve C, defined by polynomial equations
with coefficients in Q, contained in V, but in no hypersurface defined over Q of degree less
than or equal to 6 (with possible exceptions for such hypersurfaces that contain V).
There exists jo € [1,m] such that the jo-th projection C — C, (x1,---,Xm) — Xjo» has
infinite image; then this image contains all real numbers greater than some M,. Parametriz-
ing a branch of C, we obtain algebraic functions over Q(z), denoted by x1(2), ..., Xm(2),
such that (x1(a), ..., xm(a)) € C for any real a > M, and |x;,(a)] = 0o as a — 400 with
a € R. Their asymptotic behaviour as a — +o00 is given by x;(a) ~ wia® with w) € Q
and d; € Q; we have dj, > 0. Let D = max(dy,...,dy) > 0, and put w; = @) for any
J € [1,m] such that d; = D, and w; = 0 otherwise. In this way, for any j € [1,m] we
have
w; = lim aPy;(a) with D> 0. (5.2)

a€R, a——+oo

We can now construct a bijective linear map g : C™ — C™ defined over Q such
that g(wi,...,@m) = (0,...,0,1). Welet & = (&,...,£,) = g(§); then 1, &, ..., &,
are linearly independent over Q. We denote by F’, C', @}, ...the objects defined as
above, starting from ¢’ instead of . Then we may choose C' = ¢(C), (x1(2), ..., X\n(2)) =
g(x1(2), ..., xm(2)) so that D' = D and (@},...,w,,) = g(wi,...,wn) = (0,...,0,1).
As explained at the beginning of the proof, we shall prove that &' satisfies the additional
property dim(F N RNK) > 2dim(F N R) —dim(R) for any subspace R of C of dimension
o defined over Q; here and below (until the end of the proof), for simplicity we write &, C,
Vo, F, R, @j, ...instead of £, C', Vg, F', R, @, ...
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We let R be a subspace of C of dimension o defined over Q, write
d =dim(F NR), d =dm(FNRNK),

and assume (by contradiction) that d’ < 2d — p.

For any x = (x1,--.,Xm) € C™, we denote by F, the subspace defined exactly like F,
except that i, ..., xm are used instead of &, ..., &, to define the Z,. We denote by V
the set of all y € C™ such that

dimF, =0, dim(F,NR)=d, dim(F\,NRNK)=d,

i.e. such that these dimensions are the same as for y = €.
We claim that we have inclusions

(C"\H)N(C"\ Hy)Nn(C"\ H3)N"nHyNn...NH, CVCH,N...NH, (5.3)

where v > 3 and Hy, ..., H, are hypersurfaces of C™ of degree at most ¢ defined over
Q, such that Vo ¢ H; for any ¢ € [1,3]. We recall that V, is the Zariski closure of {{}
in A so that Vy ¢ H; is equivalent to £ € H;. Indeed we denote by Z(X,...,X,,) €

Q )
M, 9(Q[X1, ..., X)) the matrix of which the columns are the coordinates of the Z, in the
canonical basis of C* (for k € ©), in which &; is replaced with X;. Then dim F, = rk(Z())
is equal to @ if, and only if, at least one minor of Z(x) of size 6 is non-zero. The coefficients
of Z(Xy,...,X,,) are polynomials of total degree at most 1 in X, ..., X,,, so each minor
of size 6 has degree at most . We choose a minor which is non-zero at £, and denote by
H; the hypersurface defined in C™ by the vanishing of this minor.

Now we consider the matrix S(Xi, ..., X,,) € My, 04,(Q[X7, ..., X,;,]) of which the first
0 columns are those of Z(Xy,...,X,,), and the last ¢ columns belong to @Q and make

up a basis of R (which is possible since R is defined over Q). Assuming that dim F, =0,
we have dim(F, N R) = d if, and only if, dim(F, + R) = 6 + ¢ — d; this is equivalent to
rk(S(x)) = 0 + 0 — d. This condition can be expressed as the vanishing of all minors of
size # + 0 — d + 1, and the non-vanishing of at least one minor of size § + p — d. Again
we choose such a minor of size § + o — d that does not vanish at £, and denote by Hs the
corresponding hypersurface (which has degree at most 6); we define Hy, Hs, ...to be the
hypersurfaces defined by the vanishing of the minors of size 6 + o — d + 1. We proceed
in the same way with R N K instead of R to ensure that dim(F, N RN K) = d'. This

concludes the proof of the claimed inclusions (5.3).

These inclusions imply that C\C; C V for some finite set C;. Indeed, we have { € V C H;
for any i € [4,v], so that C C V) C H; by definition of V,, since H; is defined over Q. For
i € [1,3], we have Vy ¢ H; and H; is a hypersurface of degree at most 6, so that C ¢ H;
(by construction of C) and C N H; is a finite set; taking for C; the union of these finite sets,
Eq. (5.3) yields C\ C; C V.

Since C; is finite, there exists a real number M; > M, such that for any real a > M,
the point x(a) = (x1(a), ..., xm(a)) belongs to C\C; C V. We shall focus on real algebraic
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values of @ > Mj; since x(a) € VN Q", the subspace F\(a) is then defined over Q and we
have dim F ) = 0, dim(Fy )N R) = d, dim(Fy(o) NRNK) = d'. We fix such an a, denoted
by ag, and consider a subspace W defined over Q such that

(Fyao) NRNK) @ W = Fyay) N R. (5.4)
For any a € Q N R such that a > M;, we have x(a) € V so that
dim W + dim (Fy@ NR) = (d—d)+d > p=dimR

since we have assumed (by contradiction) that d’ < 2d — p. Accordingly these subspaces of
R are not in direct sum: there exists u, € W N Fy(q) N R with u, # 0. Since W N Fy) N R

is defined over Q, we may assume that u, € Q . We write u, = (g )req With u,, € Q.
These coordinates satisfy

m

U = ij(a)uaﬁ%j for any K € 2\ © (5.5)

j=1

since all generators of I, satisfy these linear equations.

Let (T4, ...,T,) be a basis of W consisting of vectors of @Q, with w =dimW =d—d'.
Since u, € W ﬂ@ﬂ there exist A\g1,..., Agw € Q, not all zero, such that u, = Z?’Zl Xa L.
Writing T = (tr)nen We have uq, = >y, Aasle, for any k € Q. Using this into Eq. (5.5)
yields

> XawPrs(a) =0 for any & € 2\ O, (5.6)
/=1

where

Pﬂ,/z(z) = _tf,n + Z t@,/iJrerj(Z)

j=1

is a function algebraic over Q(z). Let P(z) denote the matrix (P, (2))sea\0,1<r<w- FOI
any a € Q N R with a > M, Eq. (5.6) shows that rk(P(a)) < w: all minors of size w
of the matrix P(z) vanish at a. Since these minors are functions algebraic over Q(z),
they are identically zero: P(z) has rank at most w — 1, as a matrix with coefficients in

Q(z). This provides algebraic functions p;(2),..., tw(2z) € Q(z), not all zero, such that
S vy te(2)Prg(z) = 0 for any £ € Q\ ©. In other words,

3 m(z)( ity Ztg,wxj(z)) — 0 for any K € 2\ O. (5.7)
=1 j=1

Now as z — 400 with z € R, each non-zero function 4,(2) has an asymptotic behavior
given by pu(2) ~ peoz® with peo € Q" and e, € Q; if te(2) is identically zero we put
e, = —o00. Let e = max(ey,...,e,); for any ¢, we let pp; = popo if e, = e, and py1 = 0
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otherwise, so that lim,_, 1o 2 °ue(2) = pe1. We recall that Eq. (5.2) has a similar flavour,
and that in this equation we have w; = ... = w,,_1 = 0, w,,, = 1, since & (denoted now
by &) has been constructed for this purpose. Combining these limits and letting z — 400,
with z € R, Eq. (5.7) yields (since D > 0)

Z/L&lt(7,{+em =0 for any k € 2\ O.

=1

Let T = >, , Ty € W\ {0}, and write T = (¢,)seq. Then we have ¢4, = 0 for
any k € Q\ O, i.e. ty = 0 for any A € © such that \,, > 1. For any A € Q\ O such
that A, > 1, we obtain £ty = > | xj(ao)tase, = 0 since T € W C Fy(q, (see Eq. (5.5)).
Therefore T' € K: this is a contradiction with the definition (5.4) of W. This concludes
the proof of Lemma 6. [

5.2 Proof of Theorem 4

We prove Theorem 4 by induction on m + N. Letting m, N > 1, if m > 2 (resp. N > 2)
we may assume that Theorem 4 holds with m — 1 instead of m (resp. N — 1 instead of V).
We shall apply this idea using the linear map 7 : C** — C® defined by 7(E,) = E,_,,, for
any k € (); here we let

Q={keN" N-2<|sl <N -1}

As explained at the beginning of §5, we have E,_. = 0 if, and only if, xk — e,, has a
negative coordinate, i.e. k,, = 0. Therefore the kernel of 7 is

K =kerm = Span{ E,, k € Q, k,, = 0}

with the same notation K as in Lemma 6.

The sketch of the proof is the following. Using Theorem 4 with m — 1 if m > 2, we
shall prove that

m— 2

)mmmemK) (5.8)

Then we shall use Theorem 4 with N — 1 (if N > 2) to prove that

m— 1

>mmﬂFﬂR) (5.9)

At last we shall conclude the proof by combining these inequalities with the one provided
by Lemma 6.

Let us start by proving Eq. (5.8). It holds trivially if m = 1 since in this case, K = {0}.
Therefore we may assume m > 2 and let Q' = {k € N} N —1 < |s] < N}, ¢ =
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(&1,.-.,&m—1), and F’ be the subspace defined from (m — 1, N,¢’) as explained before the
statement of Theorem 4, spanned by vectors Z/. € C¥ for k € ©' = {k € N*7! |x| = N}.

Let ¢ denote the injective linear map C* — C* defined by «(E,) = E(x0) for any xk =
(K1, ..., Km-1) € ', where (k, 0) stands for (k1,...,Km-1,0). We claim that «(F’) = FNK.
The inclusion «(F”) C F'N K is obvious since ¢(Z},) = Z. ) for any x € ©'. Conversely, let
Z =73, coMZ: € FN K, with complex numbers ). For any & € O, the coordinate of Z
on E, (in the canonical basis of C?) is equal to \.. Since Z € K, we deduce that A\, = 0
for any x € © such that ,, > 1. Therefore Z = (>, .o/ Ax,0)Z5) € t(F') and the claim
follows.

We may apply Theorem 4 with (m — 1, N,£’) to the subspace (~!(R) which is defined

over Q. This yields

m— 2

. 1 > o m=a
dim¢ (R)_<2 N2

) dim(F' N "Y(R)). (5.10)
Since ((F") = FN K we have F’ N (R) = *(F N RN K). Now the image of ¢ is K, so
that dim(F" N H(R)) = dim(F N RN K) and dim ¢ !(R) = dim(R N K): Eq. (5.8) follows
from Eq. (5.10).

We shall now prove Eq. (5.9). If N =1 it reads dim7(R) > dim 7 (F N R) and holds
trivially. Let us assume N > 2. Recall that Q = {r e N" N -2 < |k| <N —1}, and
denote by Z,, for k € © = {k € N™, |k| = N — 1}, the vectors constructed from ¢ with
respect to m and N — 1. We write F' = Span{Z,, x € ©}. It is clear that for any x € ©
we have m(Z,) = Z._.,, if km > 1, and 7(Z,) = 0 otherwise. Therefore 7(F) = F, and
Theorem 4 applied to 7(R) with (m, N — 1,¢) yields

m—1

dim(R) > (2= 57—

) dim(m(F) N 7(R)). (5.11)

Since 7(F N R) C n(F) N w(R) this implies Eq. (5.9).

We may now conclude the proof of Theorem 4, since using Lemma 6 we may assume
that
dim R > 2dim(FNR) —dim(FN RN K). (5.12)

The restriction 7 has kernel R N K and image 7(R), so that dim R = dim(R N K) +
dim7(R). Similarly, dim(F N R) = dim(F N RN K) + dim7(F N R). Therefore adding
Egs. (5.8) and (5.9) yields

m—1
: S (g__m—-1 . R ‘

dim R > (2 N+m_2)d1m(FﬂR)+ N+m_2d1m(FﬂRﬁK)
Multiplying this equation by %izj, and adding Eq. (5.12) divided by N + m — 1, yields
m—1

i > — —— | di . .
d1mR_(2 N+m_1>d1m(FﬂR) (5.13)
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This concludes the proof of the inequality in Theorem 4.

Assume now that equality holds in Eq (5.13). If m = 1 then dim F' = 0 = 1, w = 2, and

R is either {0} or C® since F is not defined over Q (because ¢; is transcendental). Assume
now that m > 2, and notice that equality holds in Egs. (5.8), (5.9), (5.11) and (5.12).
Using Theorem 4 with m — 1 instead of m, since equality holds in Eq. (5.8) we have
either RN K = {0} or RN K = K. In the former case, equality in Eq. (5.12) implies
dim R = 2dim(F N R), which implies dim R = 0 since we have assumed that equality holds
in Eq (5.13). In the latter case, we use (if N > 2) Theorem 4 and the fact that equality
holds in Eq. (5.11) to deduce a new alternative: either m(R) = C® or n(R) = {0}. In the
former case, since RN K = K we obtain R = C?. In the latter case, we have R = K

so that Eq. (5.8) reads dim R = (2 — %) dim(F N R) > 0. This contradiction with
equality in Eq. (5.13) concludes the proof of Theorem 4.
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