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Abstract

We prove that among 1 and the odd zeta values ((3), ¢(5), ..., ((s), at least
0.214/s/ log s are linearly independent over the rationals, for any sufficiently large odd
integer s. This is the first asymptotic improvement on the lower bound, logarithmic
in s, obtained by Ball-Rivoal in 2001.

The proof is based on Siegel’s lemma to construct non-explicit linear forms in val-
ues at odd integers of the Riemann zeta function, instead of using explicit well-poised
hypergeometric series. A new refinement of Siegel’s linear independence criterion is
applied, together with a multiplicity estimate (namely a generalization of Shidlovsky’s
lemma).

The result is also adapted to deal with values of the first s polylogarithms at a
fixed algebraic point in the unit disk, improving bounds of Rivoal and Marcovecchio.

Math. Subject Classification: 11J72 (Primary), 11M06 (Secondary).

1 Introduction

It is well known that ((s) = > 7 n~® is equal, when s > 2 is an even integer, to csm*
for some ¢; € Q*. Since 7 is transcendental, so is ((s) in this case. No such formula is
known, or even conjectured to exist, when s > 3 is odd. Eventhough 7, {(3), {(5), ...are
conjectured to be algebraically independent over Q, very few results are known in this
direction.

The first one is due to Apéry [2]: ((3) is irrational. Then the next breakthrough is the
following result of Ball-Rivoal [3] 25]:

1—¢

dimg Spang(1,¢(3),¢(5),...,¢(s)) > mlogs (1.1)
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for any € > 0, provided that s is an odd integer large enough in terms of €. This result has
been made effective, and refined, by several authors — but only for small values of s, and
there is still no odd s > 5 for which ((s) is known to be irrational. For large values of s,
the following result is the first improvementﬂ on the lower bound .

Theorem 1. For any sufficiently large odd integer s we have:

dimg Spang(1,¢(3),¢(5),...,¢(s)) > 0.21

Here 0.21 is the rounded value of a real number that we did not try to compute exactly.

As a corollary, there are at least 0.21 \/}é% irrational numbers among ((3), ¢(5), ...,

((s). This weaker result was proved recently by Lai and Yu [I8] with a better numerical
constant, namelyﬂ 1.19... instead of 0.21, by following the approach of [31] and [30],
developed in [I5]. This strategy provides only a lower bound on the number of irrational
odd zeta values, but nothing like or Theorem |1| about linear independence. This
makes an important difference: no linear independence criterion is needed, so that the
proof is much more elementary.

The proof of Theorem (1] extends to values of polylogarithms Li,(z) = Y7 | 22; recall
that Li;(2) = —log(1 — z). From now on, we fix an embedding of Q in C. Given a positive
integer s, and z € @ such that |z| is small enough (in terms of s and the degree and
height of z), the values 1, Li;(2), ..., Lis(z) are known to be Q(z)-linearly independent
(see [24, [I7] for the case z € Q, and [9, [7, [I] for the general case). If z € Q" is fixed with
|z| < 1, this is conjecturally true for any s but the only known result is the following one
(due to Rivoal [26] for z € R, to Marcovecchio [21] in the general case): for any non-zero
z € Q such that |z| < 1 we have

1—¢
(1+10g2)[Q(z) : Q]

provided s € N ={0,1,2,...} is sufficiently large in terms of ¢ > 0. We refer also to [14]
for algebraic points z outside the unit disk.
In this paper we improve this lower bound as follows.

dimgy.) Spang,)(1, Lii(2), ..., Lis(2)) > log s

Theorem 2. Let s be a sufficiently large integer. Then for any z € Q such that |z| < 1
and z ¢ {0,1} we have:

0.26 NG
[Q(2) : Q] Viog s
L After this paper was written, Lai [I9] refined the constant m =0.59...1in Eq. (1.1 to 0.66. ..
2This constant 1.19... has also be refined by Lai [20] to 1.28...

dimgy.) Spang,)(1, Lii(2), Lis(2), . . ., Lis(2)) >




Of course this result holds trivially at z = 1 (after removing Li;(z) from the family),
since even powers of 7 are linearly independent over QQ.

Most proofs of irrationality (or linear independence) of odd zeta values start with a

rational function
Ci;j
> Q(X
IR 3) pRe IS RS

=1 5=0

where ¢; ; € Z. For instance Ball-Rivoal’s proof of (1.1)) is based on the following function
(where n is even and s is odd), which is related to a well-poised hypergeometric series:

(X =) (X +n+ 1),
(X); ’

n+1

Fo(X) =dénls?

where (), = z(x 4+ 1)...(z + a — 1) is Pochhammer’s symbol, d,, = lem(1,2,...,n), and
r= L@J The point is to obtain a linear combination of 1 and odd zeta Values, namely

[e o]

Z Fn(t) = Qo,n + QS,nC(g) + Q5,n<(5) R Qs,nC(S) (12)

with 0;, € Z, such that |g;,| < pr+e) as n — oo and the absolute value of is less
than o"(+e( ) Applying a linear independence criterion yields a lower bound 1 — lgig on
the dimension of the Q-vector space spanned by 1, ((3), {(5), ..., ((s).

In the literature, this strategy has always been applied to an explicit rational function
F,(X) with explicit integers ¢; ;. This has allowed Ball-Rivoal to bound from below the
absolue value of , and apply Nesterenko’s linear independence criterion [23].

On the contrary, to prove Theorem [l we apply Siegel’s lemma and obtain in this way
the existence of integers ¢; ;, not all zero, satisfying suitable assumptions. These integers
are therefore not explicit. This allows us to get completely different asymptotic values of
the parameters as s — oo. Whereas loga ~ —slogs and logf ~ (1 + log2)s in Ball-
Rivoal’s proof, we obtain loga ~ —4.55y/slog s and log # ~ 20.93log s. In particular the
coefficients ¢; ; are much smaller than in explicit constructions.

Using non-explicit integers ¢; ; makes it impossible to use Nesterenko’s linear indepen-
dence criterion. We use Siegel’s criterion instead, by considering for each n a family of
linear forms instead of just . This extrapolation procedure is performed using deriva-
tion with respect to both ¢ and z (see parameters p and k in . Then a multiplicity
estimate (namely a generalization [12] of Shidlovsky’s lemma) is used. Since z = 1 is a
singularity of the underlying differential system, we work at the point z = —1 by taking
profit of the classical relation Li;(—1) = (2'7% — 1)¢(i) for i > 2. In such a setting, for
each n multiplicity estimates usually give p linearly independent linear forms in p numbers.
However, in our situation it is not always possible to obtain this: the conclusion of our
multiplicity estimate is weaker, but sufficient because we use a refinement of Siegel’s linear
independence criterion.



The structure of this paper is as follows. Section [2] contains the tools we need: a version
of Siegel’s lemma combining equalities and inequalities, a refined version of Siegel’s linear
independence criterion, and a generalization of Shidlovsky’s lemma. In §3|we apply Siegel’s
lemma to construct the integers ¢; ;, or in other words the rational function F,(X), that
will allow us to prove Theorems [1] and [2| in §4]
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2 Diophantine tools

We gather in this section the auxiliary Diophantine tools we shall use in the proof of
Theorems [ and [2, namely Siegel’s lemma, a refined version of Siegel’s linear independence
criterion, and a multiplicity estimate which generalizes Shidlovsky’s lemma.

2.1 Siegel’s lemma

We shall apply the following version of Siegel’s lemma. The difference with respect to
usual statements (see for instance [27, Chapter 1, Lemmas 1, 4D or 9A]) is that linear
inequalities (namely below) appear: there are not only linear equations with integer
coefficients.

Lemma 1. Let N > M > My > 0 be integers, and N\;p, € Z for 1 <i < N and 1 <m <

M. For each1 <m < M, let H,, > 1 be a real number such that \/Zi]\; Ao < Hy,. For
each m such that My <m < M, let G,, > 1 be a real number. Define

X = \/N(Hl o HuyGagysr - GM> N

Then there exists (x1,...,xx) € ZN \ {(0,...,0)} such that

N
Z)\i,mxi :OfOT cmymE {1a"'7M0}a (21)
i=1
N
H,X
‘Z)\z,mxz S G for anyme{MO+17”‘7M}7 (22)
i=1 m

and

(2.3)




Inequality (2.2)) means that the upper bound deduced from ([2.3) using Cauchy-Schwarz
inequality is improved by a multiplicative factor 1/G,,.
In applying Lemma [I| we shall use the following consequence of ([2.3)):

|z;] < X for any ¢ € {1,..., N}.

Proof of Lemma: Let F denote the set of all v = (xy, ..., xx) € RY such that (2.1]) holds:

this is a Buclidean space of dimension D > N — My, with norm given by ||z|| = /3N, 22.

It is rational, i.e. given by linear equations (2.1)) with integer coefficients \;,,; this is
equivalent to the existence of a basis of F' consisting in elements of QV. Then A = FNZY
is a lattice in F', that is a discrete Z-module of rank D; we refer to [27, Chapter 1] for all
notions of geometry of numbers used in this proof. We point out that geometry of numbers
is considered, in [27] and in most references, in the Euclidean space RP. Since we need to
work in F', which is Euclidean with the scalar product induced from the canonical one on
RY, we fix a linear isometric isomorphism F' — R” and use it to carry all definitions and
properties.

The determinant of A, denoted by det A, is the absolute value of the determinant of any
Z-basis of A with respect to an orthonormal basis of F' (because such an orthonormal basis
is mapped to the canonical basis of RP by the above-mentioned isometric isomorphism).
It is equal to the volume of the fundamental parallelepiped of A (see [27, Chapter 1, §2]).

The height of F, denoted by H(F), is by definition det A (see [27, Chapter 1, §4]
or [28]). Now let F* denote the orthogonal complement of F in RY, and consider the
vector Uy, = (Aimy ..y Avm) € ZY for any m € {1,..., My}. The definition (2.1) of F
implies F* = Span(uy,...,uy,). Reindexing ui, ..., uy, if necessary, we may assume
that uy, ..., uy_p are linearly independent, so that FX = Span(us, ..., uy_p). Denoting
by U the square matrix of size N — D of which the columns are the coordinates of u, ...,
un_p in an orthonormal basis of F'*, since F* N Z" contains the Z-module spanned by
U1, ..., UnN_p We have

N—-D N—-D
H(F') =det(F-NZY) < [det U < [] lumll < [] Hn
m=1

m=1

using Hadamard’s inequality (as in [27, Chapter 1, §4, p. 11]). Since H(F) = H(F%)
(see [27, Lemma 4C]) and H,, > 1 for any m, we have

Mo
det A = H(F) < [[ Hn. (2.4)
m=1
Now let us denote by C the set of all z = (z1,...,2x) € F such that Eqns. (2.2)
and ([2.3) hold. We claim that
(2X/v/D)P
IT.. G

m=Moy+1 m

volC > (2.5)

bt



where volC is the volume of C inside the Euclidean space F. Admitting this lower bound
for now, and comparing it with Eq. (2.4)) and the definition of X, we obtain

Mo
volC > 2P H H,, > 2P det A

m=1

since N— My < D < N and H,,,G,, > 1 for any m. Now C is a symmetric compact convex
body, so Minkowski’s first theorem asserts the existence of a non-zero x € CNA = CNZN.
This concludes the proof of Lemma , except for the claim that we shall prove now.

To prove Eq. we consider u, = (Aim,...,Avm) for any m € {My+1,..., M},
and notice that C contains all x € F' such that

mll X
||| < X and |(up,, )| < HUGH forany m € {My+1,..., M}
since ||ty || < Hp,. Now all indices m € {My + 1,..., M} play symmetric roles so we may
assume that Gpr41 > ... > Gy > 1. There exists an orthonormal basis (ej,...,ep) of

F such that upg4; € Span(ey,...,e;) for any 1 < i < M — M,. We shall prove that C
contains the set C’ of all points = aye; + ... + apep such that

X X
—— f1<i<M-M,, and |ul<— ifM-M+1<i<D.
GMoJriVD D

Indeed any such x satisfies ||z|| < vV D max;<;<p || < X. Moreover, for My+1<m < M
we have, since u,, € Span(es, ..., €mn_np):

la;| <

m— Mo m—Mo

X [t || X
U, T)| = [(Um, E @;€;)| < |[Up|| - § ai€il| < ||uml[v/m — M, — < :

i=1

Thus C' C C, and Eq. (2.5)) follows. This concludes the proof of Lemma .

2.2 A refinement of Siegel’s linear independence criterion

The proof of Theorems [I] and [2| relies on the following refinement of Siegel’s linear inde-
pendence criterion (for usual versions, see for instance [11, p. 81-82 and 215-216], [22]
§3], [21, Proposition 4.1], [I2, Proposition 4.6] or [14, Theorem 4]).

Let K be a number field embedded in C, and Ok be its ring of integers. Let K, = R
if K C R, and K., = C otherwise. The house of ¢ € K, denoted by |a, is the maximum
modulus of the conjugates of &.

Proposition 1. Let 0y,...,0, be elements of Ko, with 8y # 0. Let 7 > 0, and (Q,) be
a sequence o(f real numbers with limit +o00. Let N be an infinite subset of N, and for any
neN let [giz)]ogigjmogjgp be a matriz with coefficients in Ok such that:



(i) Asn — oo withn € N,

max ()| < QLM and  max |60 + ...+ 670, < Q0.
,] ’ ) )

0<i<I,
(it) For any n € N sufficiently large, for any xo, ..., x, € K, if

Vie {0,....1,} Lz +...+ 0"z, =0

p
then xo = 0.
Then we have .
dimg Spang (6o, . .., 60,) > % (T +1).
Usually, in Siegel’s linear independence criterion the conclusion of assumption (i7) is
xog =...=x, = 0. It turns out that xy = 0 is sufficient (since we assume 6, # 0). In terms

of the matrix [653)]09§ In,0<j<p, We assume that the first column (corresponding to j = 0)
is not a linear combination of other columns. This is weaker than the usual assumption,
namely that the p 4+ 1 columns are linearly independent. In particular, Proposition [1| may
apply in settings where the number of linear forms, namely I,, 4+ 1, is less than p 4 1.

Another way of stating this is that we assume that the I,, + 1 linear forms we have (for
a given n) have no common zero = = (o, ..., x,) such that zg # 0. The usual assumption
is that they have no common zero at all in KP*™\ {0}.

In the proof of Theoremwe apply Propositionwith K=Q,Q,=0" andT = — }gg g

(so that @,” = a"), where a and § will be defined in §4.6, The setting is similar for
Theorem 2 with K = Q(z) (see §4.7).

Proof of Proposition[ll Let d = dimg Spang(6o,...,0,). There exists a matrix
A= [)‘i,j]lﬁiSerl*d,OSjSp S Merlfd,erl (OK) of rank p+1—d such that for any 1 < 1 < p+1—
d, we have Z?:O )\@ij = 0. For any n < N we let LM = [61(3')]0§i§1n,0§j§p € M[+17p+1(O]K)
A

()
finitely many values, there exists r < p+1 such that kM ™ = r for infinitely many n € N.
Discarding other elements of N, we may assume that rkM ™ = r for any n € N.

For any n € N there exists C, C {0,...,p} of cardinality r such that the columns
of M™ with index j € C, are linearly independent; then all other columns of M are
K-linear combinations of these r columns. If 0 ¢ C,, then there exist xﬁ"), e ,azz(,") e K
such that for any 0 <i < [, 6%) = Zle mé.n)fgz). This contradicts hypothesis (i7) if n is
large enough, so that 0 € C,, (discarding finitely many integers n if necessary). Since C,

and consider the matrix M = [ } € Myi1,+2-ap+1(Oxk). Since rkM (") takes only

takes only finitely many values, as above we may assume that there exists C C {0,...,p} of
cardinality r, with 0 € C, such that C, = C for any n € N. Since 64,...,0, play symmetric
roles, we assume for simplicity that C = {0,...,r — 1}.



We denote by C(n) C’I()n) the columns of M®). Since C. =0,. — 1}, for any

jeA{r,...,p} there exist mg 0), cee gr) 1 € K such that C gO)C'(n) + .+ /{E-Z)flC,(ﬁ)l.

This implies /<a§ O)EZO +...+ /157:,) 1£” 1 Z( =0 for any 0 <7 < I, so that «; 0) = 0 using

assumption (i7). We deduce that for any O <i< Iy

r—1
qu@ —ZEUG +Z(Zmﬂ ”) =Y e

s=0
where )
0 =g, + ZHE'Z)GJ for any 0 < s <r — 1,
and in particular (9(()") = 6, since /i%) = 0 for any 5. In the same way, we have 0 =

Z?:o i = Z;:é @g”))\,;,s for any 1 < i < p+ 1 — d. Therefore the linear combination
of columns Z“l 0" consists in p + 1 — d coefficients equal to 0, and then I, + 1

coefficients bounded by Q™.
A

Denote by Ml(n) = l L(ln) ] € Myi1,+2-4,(Ok) the matrix obtained by keeping only
1

the first 7 columns of M™ = [ L[}”) ], so that A; and Lﬁ”’ are obtained in the same

way from A and L™ respectively. Then rle(”) = r since C, = {0,...,r — 1}, and
rkA; = rkA = p+ 1 — d because the columns of A; span the same vector space as those of
A; in particular, r > p+ 1 —d.

n A
Therefore Ml( ) = [ L(ln) } has rank r equal to its number of columns, and its first
1

p+ 1 —d rows are linearly independent: we may choose r — (p+ 1 — d) rows among those of

L§”) that make up, together with Ay, an invertible matrix. Up to renumbering the linear

forms, we may assume that the first » — (p + 1 — d) rows have this property. Then we
(n)

denote by Lgn) = [EZ(Z')]OSiST—p-‘rd—?,USJST‘—l € Mr—p—i—d—l,r(OK) the matrix obtained from Ll

n A
by keeping only these rows, and we let MQ( ) = { L(ln) } € M,(Ox) N GL,(K).
2
As in the usual proof of Siegel’s criterion, we may now consider the non-zero determinant

A e Ok of M, M) Recall that K is embedded in C, and that Z:fé e(”)0§”) consists

in p+ 1 — d coefficients equal to 0, and then I, + 1 coefficients bounded by @, 7to(l)

where C, n), . .,Cﬁ)l are the columns of M ", Keeping only the first r coefficients of

Y

these columns, we obtain the corresponding columns of M, ™) Then AM is equal to the
determinant of the matrix obtained from M by replacing the first column with this linear
combination divided by @én = 6y (which is non-zero by assumption, and independent of

n). Since only the last r —p+d — 1 rows of Mz(n) depend on n, and these are the only rows
where non-zero coefficients may appear in the new first column, we obtain by expanding



the determinant with respect to this column:

|A(n)| < Q;T-Fo(l) <Q71L+0(1)>

using assumption (i) and the upper bound r < p + 1.

Let 6 = [K : Q] and denote by o1 = Id, o9, ..., 05 the embeddings K — C. If
Ko = R, we bound |o,(A™)| = | det o (M) trivially by Qi P~ e < @itol fo;
any 2 < k < 8, so that [[0_, ox(AM) € Z\ {0} satisfies

r—p—2+d
_ )—T+r—p—2+d+o(1) —7—1+4+d+o0(1)
- Qn S Qn

0
1< ‘ Hgk(A(n)) < Q;T—l-ﬁ-d-‘rd((;—l)-‘ro(l) _ Q;T_1+d5+0(1)
k=1

and therefore dé > 7+ 1. If K, = C then we may assume o5 to be complex conjugation
so that |oo(AM™)| = o1 (A™)|. We bound |04 (A™)| as above for 3 < k < §, and deduce
2(=7—=14+d)+ (6 —2)d >0, that is dd > 2(7 +1). O

2.3 Multiplicity estimate

Let us state now the generalisation of Shidlovsky’s lemma we shall use, namely [12], Theo-
rem 3.1]. Tt is based on Fuchs’ global relation on exponents, following the approach initiated
by Chudnovsky [8, 6] in the Fuchsian case and generalized by Bertrand-Beukers [5] and
Bertand [4] using differential Galois theory.

We consider a positive integer N and a matrix A € My(C(z)). We let Sp,...,Sn-1 €
C[X] with deg S; < m for any i. With each solution Y = (yo,...,yn_1) of the differential
system Y’ = AY is associated a remainder R(Y") defined by

ROV = Y S

Let 3 be a finite subset of P!(C) = CU {oo}, with co € 3. For each o € X, let (Y;) e, be
a family of solutions of Y’ = AY such that:

e For any j € J,, the function R(Y}) belongs to the Nilsson class at o, i.e. can be
written as a C-linear combination of functions of the form h(z)(z — o)?(log(z — 7))°
with @ € C, b € N, and h holomorphic at o; here z — ¢ should be understood as 1/z
if 0 = 0.

e The functions R(Y;), for j € J,, are linearly independent over C (as functions on a
small open disk centered at o).

Theorem 3. Let i denote the order of a non-zero differential operator L € C(z)[<L] such
that L(R(Y;)) =0 for any 0 € ¥ and any j € J,. Then

Z Z ord,(R(Y;)) < (m+ 1)(p — Card J) + 1

ceY jeJo'

where ¢ is a constant that depends only on A and Y.

9



In this result we denote by ord, the order of vanishing at ¢ (recall that logarithmic
factors may appear, but they have no influence on the order of vanishing; for instance,
ordg(2¢(log 2)) is the real part of e, for e € C and i € N).

3 A non-explicit rational function

In this section we construct the rational function F,(X) that will be used in §4| to prove
Theorems [I] and 2l The output of this construction is stated as Theorem [4] in §3.1 Its
proof, based on Siegel’s lemma, is given in . It relies on a result of [I3], which relates
asymptotic estimates of F,(X) at infinity to values at 1 of some functions Py ;(z) related
to a differential system arising from polylogarithms. In §3.2| we define these functions
Py 1(2), explain the setting and state as Proposition [2] a technical result used in the proof
of Theorem [l We prove Proposition [2 in §3.4] after dealing with a lemma of analytic
number theory in §3.3

3.1 Output of the construction

In this section we apply Siegel’s lemma (namely Lemma [I| stated in §2.1|) to construct
integers ¢; ; € Z, for 1 <1i < a and 0 < j < n, such that the rational function

Z Z XC:_]] Q(X) (3.1)

=1 7=0

has interesting properties. We denote by

the expansion of F,(t) as [t| — oo.

Theorem 4. Let a € N and w,Q,r € Q be such thata > Q2 > w > 1 and r > 1. Then
for any n > 0 such that rn,wn,{n € N there exist integers ¢;; € Z for 1 < i < a and
0 < j <mn, not all zero, with the following properties:

(1) As |t| = oo, we have F,(t) = O(|t|~“").

n(1+o(1

(17) As n — oo, we have |¢; ;| < x" ) for any i, j, with

wlog2 + 3w? + w?log(a + 1) + 102 logr> (3.2)

-
a—w

(1ii) Asn — oo, we have

rd=Onpdgay n(l+o(1 zfd < Qn,
24| < { ndday (1o1) if d > Qn.

10



Moreover in (ii) and (iii) the sequences denoted by o(1) do not depend on i, j, d, and tend
to 0 as n — oo.

We point out that, even if it is not explicit in the notation, the integers ¢; ; depend on
a,w,,r,n.

This section is devoted to the proof of Theorem [ it will be completed in §3.5] The
strategy is to apply Lemma [1| in order to construct integers ¢; ; such that assertions (i),
(77) and the first inequality of (ii7) hold; notice that this first inequality is interesting only
when d > wn, since part (i) means 2y = 0 for any d < wn. Then we shall prove (at the
end of that the second inequality of (iii) holds too.

A rather easy construction of integers ¢; ; satisfying property (i) of Theorem {4 would
be to apply Lemma [I] translating (z) as Ay = 0 for any d < wn. However the explicit
expression of 2, (see Eq. - in §3.5)) shows that for d close to wn, the equation A4 = 0
is of the form Z Nijcij =0 Wlth mtegers Aij such that |\; ;| < n“”(H"( ). Applying
Lemma |1| with such a huge bound would not give as n — oo a geometric bound on |¢; |
in (4i), and therefore it would not seem possible to derive any Diophantine application.
Instead, to prove Theorem {| we translate assertion (i) as Py 1(1) = 0 for any k& < wn (see
§3.5). We shall define these functions Py (z) now.

3.2 Setting of the proof

Let @ > 1 and n > 0. In this section we start with arbitrary real numbers ¢; ;, for 1 <¢ < a
and 0 < j < n, which may either be fixed or considered as unknowns. We point out that
the result of §§3.2] to [3.4] namely Proposition [2| below, will be used 3 times in this paper:
in to prove Theorem [ in to prove Lemma [5] and in §4.7 for Theorem [2]

We let .
Piz) =) ;2
=0
for 1 < i < a, and Py(z) = 0. We define Py ;(z) for 0 < i < a and k£ > 1 as follows:

a,
Pl,i(z) = P,(z) for any 4, and for k > 2:

{ Pii(z) = P,é_lﬂ-(z) — %P]{;_l,i_i_l(z) for1<i<a

1 2T 33
Prolz) = Pl_yg(2) + S0P,y (2) (3:3)

where Pj_1 441 is taken to be the zero function the motivation for this definition will be
given in §ﬁ 3.5/ and 4.1} - (see Eqns. and (| . Here (g, ) € Z? is fixed; we shall
take (g, 1) = (1,1) in the proof of Theorem and (ap, 1) = (1 0) for Theorem [2] It is
not difficult (as in [12, proof of Proposition 4.4]) to prove that z*~' P, ;(z) is a polynomial
of degree at most n for 1 < i < a, and that 2*71(1 — 2)*"1 P, o(z) is a polynomial of degree
at most n + k£ — 1; this follows also from the proof of Proposition [2| below. We define the
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coefficients py,; ; by

{ Zk_lpk’l'(2> = Z;’L:opk,i,jzj le 2 1,

- j 4
Zk:—l(l _ Z)k_lpk,o(z) — Z?i—éf 1pk’07jzj. (3 )

It is clear that each coefficient py;; is a Q-linear combination of the (fixed or unknown)
coefficients ¢y  we have started with to define Fy, ..., F,. In other words, there exist
rational numbers 9y, ; ;s such that for any k, 4, j:

a n
Phjij = § :E kg g Ci - (3.5)

i'=14'=0

The point of the next result, which is the main step in the proof of Theorem [4] is to provide
a common denominator (depending only on k) and an upper bound on these coefficients

kit jr-

Proposition 2. For any k > 1 there exists a positive integer 6 = x(a,n, g, 1), which
depends only on k, a, n, ag, aq, such that:

(i) We have &, < (e*(a + 1)) provided n is large enough in terms of a.
(13) For any i, j, i, j' we have %0k’imldf e 7.
(131) For any i, j, 7, j' we have

Ok
—191672‘7.]'71‘, 7j/

= 1) =

kKaons, if 1 <i < a,
max(|agl, oy |) keHi8max(nkl§, if i = 0.

The first observation is that we have geometric bounds as n — oo (with k < wn): this
solves the problem raised at the end of §3.Il Another crucial remark is the dependence
with respect to a of the upper bound in (7): it is polynomial in a, whereas a direct approach
would lead to an exponential bound, thereby ruining the Diophantine application we have
in mind. Indeed we recall (see the end of the introduction, or for details) that we
plan to construct a linear combination of odd zeta values, with coefficients bounded by
Bri+e) as n — oo, where 3 is a polynomial in a. To achieve this, the bound in (i) has
to be polynomial in a. This property comes from Lemma [2| below.

In the proof of Theorem {4 we shall not use the case i = 0 of parts (i7) and (7i7), but
they will be used in the proof of Lemma [5] in §4.3

3.3 A lemma from analytic number theory

A crucial step in the proof of Proposition [2]is the use of the following lemma, which is of
independent interest.

12



Lemma 2. Let a, N > 1. Denote by A, n the least common multiple of all products
Ni...N, where a < a and Ny, ..., N, are pairwise distinct integers between —N and N
such that max N; — min N; < N. Then as N — oo (while a is fized) we have:

a

Aun = exp (N(Z jl + 0(1))> < ((a + 1)ev+0<l>)N (3.6)

Jj=1
where v is Euler’s constant.

The naive version of this lemma would be to use the upper bound A, xy < d%, where
dy =lem(1,2,...,N), leading to A,y < e?V(1+°) " The dependence in a is much better
in Lemma [2| because we use the assumption that Ny, ..., N, are pairwise distinct.

In the proof we shall use the function ¢ defined by ¢ (x) =} .., logp, where the sum
is over prime numbers p and positive integers e such that p¢ < z. The least common
multiple of 1, 2, ..., N is then exp(¢)(IN)). We recall (see for instance [16, Chapter XXII,
Theorem 434]) that the prime number theorem yields ¢¥(N) = N(1 + o(1)).

Proof of Lemma For any prime power p® we let f, y(p®) = min(a, L%j) and we consider

A = H pfa,N(pe)

pe<N

where the product is taken over all pairs (p, e) such that p is a prime number, e > 1, and
p® < N. Our goal is to prove that A, y = A. To begin with, we compute for any prime
p < N the p-adic valuation of A as follows:

log N log N
\‘ log p J |- log p J

v(A) = Z fa,N(pe)za[MJ + Y LEJ (3.7)

log p

e=| )
Now let us prove that A,y divides A. Let p be a prime number; we shall prove that
V(N1 ... Ny) < v,(A) for any non-zero pairwise distinct integers Ny, ..., N, between —N
and N, with @ < a and max N; — min N; < N. Since |N;| < N for each i, we have

o 55
(N1 No) = 0,(Ny) = Y CardS,, (3.8)
i=1 e=1

where S, = {i € {1,...,a}, v,(N;) > e}. Obviously we have CardS, . < a < a, and

max; NZ - min,- Nz
pe

Card§,,c < | |+1< {pﬂj )

Moreover if Card S, = L%J + 1 then min; N; = up® and max; N; = vp® with u,v € Z such
that v —u = Lpﬂj Ifu>1thenv > 1+ Lpﬁj > N/p® so that vp® > N, which is impossible.

13



The same contradiction holds if v < —1 because in this case —u > 1+ Lpﬁj > N/p°.

Therefore we have u < 0 < v; since all N; are non-zero, we obtain CardS, . < L%J and

finally CardS,. < fon(p®). Combining Eqns. (3.8) and (3.7) concludes the proof that
A, N divides A.

Let us prove IlOWE| that A divides A, n. Let p be a prime number; we shall construct
pairwise distinct integers NN; between 1 and N such that v,(N; ... N,) = v,(A). We write

e = L—loglggz/)“)J + 1, so that p*! < N/a < p®, and k = ng If Llﬁ)gggj = Ll"glﬁgf,“)J the sum

in Eq. (3.7) is empty, so that letting N; = ip®~! for 1 < i < a we have v,(N;...N,) =

lﬁiﬁj = L%J implies a < p so that v,(i) = 0

for any 1 < i < a. Assume now, on the contrary, that [igg];f | > e. Then we have

p® < N and k> 1; we let N; =ip°® for 1 <1 <k, and we pick up Ngy1, ..., N, among the
Lpﬁlj - L%J > a—k integers between p°~! and N with p-adic valuation equal to e—1. Then

for any i € {1,...,a} we have e — 1 < v,(NN;) < L%J, and for any €' € {e,..., L%j}

ale — 1) = v,(A) since assuming |

the number of indices ¢ such that v,(N;) > €’ is equal to Ll%j Therefore we have

L%J
oV N =ale—1)+ Y gJ = u,(A)

using Eq. (3.7). Finally, for any prime p we have found pairwise distinct integers N;
between 1 and N such that v,(A) = v, (N ... N,). Therefore A divides A, y, and equality
holds: A = A, .

To conclude the proof of Lemma [2] we use this explicit expression of A to compute it
asymptotically. In what follows we denote by o(1) any quantity that tends to 0 as N — oo,

3For the application we have in mind, an upper bound on A, y is enough. We provide its exact
asymptotics for the sake of completeness.
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with a fixed. Since ¢¥(N) = N(1 + o(1)) as recalled before the proof, we have

logA = Y fan(p*)logp

pe<N
= Z alogp—l—z Z klog p
pe<N/a k=1 N_pe<N

— a(N/a) +Zk< (N/k) — (N/(k+1))>

a

= ay(N/a) + Z F(N/k) =Y (k= )9 (N/k)

k=2

— a(V/a) + U(N) — (0 — 1u(N/a) + 3 U(N/K

a

= S w(/k) = <Zl/k+o )

k=1

At last, > 7, k —log(a+ 1) is non-decreasing with respect to a, and tends to v as a — oo,
so that >y, 1/k <~ +log(a + 1) for any a. This concludes the proof of Lemma 2 I

3.4 Proof of Proposition

In this section we prove Proposition [2| by computing explicitly the coefficients 9y ; ;i j». We
shall use the following lemma, proved in [10] using Kummer’s theorem on p-adic valuations
of binomial coefficients.

Lemma 3. Let N be a positive mteger. The least common multiple of the binomial coeffi-

cients (l) 0<i<N, is equal to ]\J,lel where dyyy = lem(1,2,..., N 4+ 1).

We shall use also the following notation. Given integers 0 < ¢ < k, we denote by H
the set of all h = (h, ..., hs) € (N*)*" such that ho+...+hy = k; we let Hyp =0 if £ > k
or £ < 0. In particular we have Hy; = {(k)}.

For h € Hyy, and T' € Z, we let

T —-1)...(T—-k+2)
—
[Tico(T+1 =350 hy)
where empty products are taken equal to 1; notice that all factors in the denominator

appear also in the numerator, so that x(T,k,h) € Z. Here and below we agree that if
T =377 yhj— 1 for some ig € {0,...,¢ — 1} (which is then unique), then the zero factor

T+ 1-— Zj.ozo h; has to be omitted from both products, in the numerator and in the

(T, k, ) =
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denominator. In precise terms, we then have T'+ 2 < k and

Tk —T —2)!
K(T, o ) = (—1) T L
Mogizer(T+1 =375 hy)

The proof of Proposition [2] falls into 4 steps.
Step 1: Computation of ¥y ; ;. for i > 1.

The goal of this step is to prove by induction on k£ > 1 that for any 1 < I < a and any
0 <T <n we have

Orirar = (=1 Y k(T k,h) if max(1,] —k+1)<i<I (3.9)

heHr_i
and Uy ; ;17 = 0 otherwise (with ¢ > 1), namely
Ugijrr =0 if(i>1landj#T)or (i >1+1)or (1<i<I—k). (3.10)
The value of ¥ ;. j7, namely with 7« = 0, will be computed in Step 2 below.

An equivalent form of Eqns. (3.9) and (3.10) is the following: for any 1 < ¢ < a and
any k > 1, we have

n+l—k min(a,i+k—1)

Pyi(z) = Z Zt( Z CI,t-&-k:—l(_l)I_i Z K(t+k—1, kﬂ))- (3.11)

t=1—k I=i heHr_;
We shall now prove Eq. (3.11]) by induction on k£ > 1.

For k = 1, Eq. (3.11) holds trivially; indeed it reads Py ;(z) = > ;. , ci¢2" since Hyy =
{(1)} and k(t,1,(1)) = 1. Let us assume that Eq. (3.11)) holds for & — 1, with £ > 2. We
recall that

1
P]f’l<2) = P/::—l,i(z) — ;Pk—l,i-l—l(z) for 1 S 1 S a

with Py 441(2) = 0. Using Eq. (3.11) twice (since it reduces to 0 = 0if ¢ = a + 1) we
obtain:

n+2—k min(a,i+k—2)
Pk,z(z) = Z tZt_1< Z CLH_k_Q(—l)I_Z Z /{(t + k— 2, k— ].,h))
t=2—k I=i heH ;1
min(a,i+k—1)
—Zt_1< Z Cl,t+k—2(_1)1_i_l Z /‘f(t +k—2,k— 17@)'
I=i+1 heHr 1k
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Letting t' =t — 1 yields

n+1—k mln(a i+k—1)

P (2 Z Z crpp1(—=1)""
<(t +1) Z R+ k—LEk—1Lh)+ > k(' +k—1k- 1,@));

heHr_; k1 heHr_;_1 k-1

here zero terms have been added (namely I = i+ k& —1 in the first sum, ifi+k—1 < a, and
I =i in the second term; notice that Hy_1 51 = H_1-1 = (). To conclude it is enough
to check that for any ¢, [ such that 1 —k <t <n+4+1—kandi <I <min(a,i+k—1)
we have

(t+1) Z k(t+k—1,k—1,1)+ Z k(t+k—1,k—1,1") (3.12)

WeHr_; k1 h'eHr ;151

heHr

Indeed let ﬁ = (ho, ce 7hl—i) € HI—i,k7 so that ho + ...+ h[_z‘ =k. If hl—i 2 2 then
t+k—-1(t+k—2)...(t+1)
[Ty '+ k=320 hy)

where h' = (ho,...,hr_i_1,h;—; —1) € H;_;x_1. On the other hand, if h;_; = 1 then for
)\:I—i—lwehavet+k—2;‘:0hj =t+ 1 so that

k(t+k—1kh) = =t+1)rt+k—1,k—11)

t+k-—Dt+Ek=2)...(t+2)
[Do0(t+ k=35 hy)

where h" = (hg,...,hi—i_1) € Hr_i_1,-1. This concludes the proof of Eq. (3.12)), and by
induction that of Eq. (3.11]).

k(t+k— 1,k D) = —k(t+k—1k—1,h"

Step 2: Computation of ¥y ; ;, ; for i = 0.
In this step we shall prove that forany £k > 1, any 0 < j<n+k—1,any 1 <[ <a
and any 0 < T < n we have

n—s'—k+e

1
Urojrr = Z Qe Z Z (—1) (3.13)
e=0

s'=1-k t'=—s'—k+e
k—2

( $+k—1 ) >+ (s +a+2) Y
g s'+a+1 \S « —s'—1 Vk—a—1,1,t/+s'—e+k,I, T
j—t —k+1 Nyl
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where the coefficients Uy_o—11+s—c+k, 1,7 have been computed in Step 1, and o, comes
from Eq. . In Eq. and throughout this paper, all binomial coefficients (2) are
considered to be zero if s < 0 or s > r.
With this aim in mind we define functions ¢y .(2) for £ > 1 and € € {0,1} by letting
1 :(2) =0 and
Une(2) = Vo) + 2711 = ) P (2) (3.14)

for any k > 2. Indeed the recurrence relation
Pro(z) = Plifl,o(z) +

with P o(z) = 0 yields immediately, by induction:
Pyo(z Z a: Y (2) for any k> 1. (3.15)

Let us fix ¢ € {0,1}. Then Eq. (3.14)) implies, by induction,

S

-2

2 =3 () (7 0= e na(2)

[0}

Il
o

for any k£ > 1. Recall that

n+a+2—k
Pk—a—1,1(2’) = Z pk—a—l,l,t+k—a—22ta
t=a+2—k
so that Leibniz’ formula yields
k—2 nt+a+2—k a
wke Z Z Pk—a—11t+k—a—2 Z (ﬂ) (t +&— 6)th+e—5—1(a — ﬁ)‘(l — z)—l—a—&-ﬁ'
a=0 t=a+2—k B=0
Letting ' =t+e—fF—1and s = —1 — a + 8 we obtain
-1 n—s' —k+e k—2
¢k€ Z Z (1_2 Z Pk—a—1,1,t'+s"+k— e<t +1) ’+a+1(5 +Oé+2> s'—1-
s'=1-kt'=—s'—k+e a=—1-—g'

Forl—-k<s<—-land —s —k+ec<t <n-—s —k+ e we write now

s'+k—1

’ / ’ ,—|—]€—1
t 1_ s _ 1_ 1-k _100+t S
A= = a3 :
n+k—1 ’
L : + k-1
— (] — o)\k )t kAL gk S
(1-2) ;( ) =z j—t—k+1
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by letting j = t' + 0 + k — 1; notice that the values taken by j form actually a subset of
{0,...,n+k—1}, but additional terms are zero because of the above-mentioned convention
on binomial coefficients. Substituting this formula into the expression for iy .(z) and
interchanging summations, we obtain

n+k—1 -1 n—s'—k+e
R DD DI DIl
Jj=0 s'=1-kt'=—s'— k+s
k—2
S, + k—1 ) Z / ’
B T pk—a—l,l,t’-{—s’-‘rk—a(t + ]-)s’—i—a—l—l(s +a+ 2)—8/—1
(‘7 t k +1 a=—1-s'

Using Eqns. (3.5)) and (3.15]) this concludes the proof of Eq. (3.13]).

Step 3: Denominators.
In this step we prove that assertion (ii) of Proposition [2| holds with
5k = dzAa,max(k,n)

where A, max(k,n) is defined in Lemma . Since 7 < 1, the upper bound (i) on ¢ in
Proposition [2] follows immediately from Lemma [2{ and the prime number theorem (namely,
dr = exp(k(1+ o(1)))).

Let us start with the case ¢ > 1. We shall prove that

dkAa,max(k,n)

= k(T k,h) €Z (3.16)

forany k> 1,1<71<a,0<T <n,max(l,/—k+1)<i<Tandanyh = (hg,...,h;_;) €
(N*)I=i+1 quch that hg + ...+ h;_; = k. Using Eq. proved in Step 1 and Eq. (3.5),
this is enough to prove assertion (i7) of Proposition [2| for ¢ > 1 (even in a stronger form,
namely with diAq max(kn) instead of 6;) .

To prove (3.16)), we recall that
T(T—1)...(T -k +2)

k(T k,h) =
( ) Ill(T—{_l_Z] Oh)

(3.17)

T —k+2>0 then

dAamaX T Aamax n
o) (T K, h) = d( ) o () €z
(k=1 k—1 (T+1=37ohy)

using Lemma , since the 7'+ 1 — Z;\:o hj are I — ¢ < a — 1 pairwise distinct integers
between 0 and T' < n < max(k,n).
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If T—k+ 2 < 0 then a factor vanishes in the numerator of Eq. (3.17). In proving
Eq. (3.16) we may assume that a factor vanishes in the denominator too, namely 7'+ 1 —
Z;\io h;, and in this case these factors have to be omitted in Eq. (3.17)); we then have

dkAa,max k,n
WK(T’ k,h)
— (_1)T—k+2 dk Aa ;max(k,n) c7
(k— 1)< /{3;2 ) H0<A/\;I)\Oz 1(T+1—Z] Oh )

using Lemmas [2| and , since the T'+1 — Z;:o h; with A # Ao are I —i¢—1 < a — 2 pairwise
distinct integers between T'— k42 > —k + 2 and T' < n, with distance at most k£ — 2 from
one another.

This concludes the proof of assertion (iz) of Proposition [2| for i > 1; let us study the
case ¢ = 0 now. Using Eq. (3.13) (see Step 2) it is enough to prove that

d%Aa,max(k,n)
k- 1)

forany k > 1,0< e <1, 1-k< s < -1, —d—k+e<t/ <n-5—k+e,
—1—-sd<a<k—-21<I<aand 0<T <n. Now we have proved in the first part of
Step 3 that for i > 1, assertion (ii) of Proposition [2| holds with dyAg max(k,n) instead of d,
so that

(t, + 1)s’+a+1 (5/ + o+ 2)—5’—1 ﬁk—a—l,l,t’—i—s’—a—&—kz,],T € Z

dkAamaxkn
—?9 a—1,1,t/+s'—< € Z.
(l{?—l—Oé) k— 1,1,t'+s"—e+k,1,T

Since we have

(k—1-—a)!

dk(k—U!

d / 1 t/
(t'+1)8/+a+1(s’+a—|—2)_s/_ K s hadit ) €7

NGO

using Lemma [3] this concludes the proof of assertion (i) of Proposition [2}
Step 4: Absolute values.

To conclude the proof of Proposition , let us prove part (iii). To bound |ki—k1)ﬂ9k,i,j, 7
from above, we begin with the case where i > 1 and use Eqns. (3.9) and (3.10) proved in
Step 1. Whenever 1 <] <aand 0 <T <n we have Card H;_;;, < k=" <k and, for any

h e Hp_;y:
‘%;ﬁﬁ¢<(?¥>ng§TﬁTzk—L

whereas

‘ Tkh‘ <1iT<k-2

— k2)
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Therefore we obtain 5
k

mﬁm,m) < k026, if i > 1. (3.18)
Let us deal now with the case i = 0, using Eq. (3.13) proved in Step 2. In this sum

there are at most 2k(k — 1) values of the triple (e, ¢, ). For each value, the sum over ¢ of

(Jf/;ff;il) is bounded by 2551 < 2k=1 and we have

al (") <al2mif ¢ >0,

‘(t’ +Dgsari(8 +a+2) g 4| =< 0ift! <0<t +5+a+1,

ol (1) <al2? <al2if 48 +a+1<0,

Using Eq. (3.18)) with k¥ — a — 1 instead of k& we deduce that

ol (k — a — 2)1 s grtmax(n.b)

A

1
/ /
’(t + Dytar1(s +a+ 2)—5/—1mﬁk—a—l,l,t/Jrs/—eJrk,I,T’ < i — 1)1
ko 2n+max(n,k)
< rxe
- E—1
since (1:2) > 1. Therefore Eq. (3.13)) yields

Ok

ka—f—l 2n+k+max(n,k) S
‘ (k—1)! ) k

ﬁk,o,j,f,T‘ < max(|agl, [a]
This concludes the proof of Proposition [2]

3.5 Application of Siegel’s lemma

In this section we use Proposition [2] to conclude the proof of Theorem [l The notation

is the one of § and ; the coefficients ¢; ; are related to the function F,(X) we are

trying to construct by Eq. (3.1)).
The asymptotic expansion of F,,(¢) at infinity reads

= 2A
F.(t) = Z t_j for any t such that [t| > n, (3.19)
d=1

where the coefficients 2, are given explicitly (see [13| Eq. (17)]) by

min(a,d) n
d—1 .
A= (-1 Y Y (-1) (Z ~ 1)jd—zcz-,j for any d > 1. (3.20)

i=1  j=0
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The important point here is that we have also [13, Proposition 2]

d 1 Ing)
Zmd (d—1)!

-1
for any z € C such that [z — 1| < 1 (3.21)

where
i—1

}:P Zl%%%ﬁﬂ (3.22)

Asin we consider the rational functions P ;(2) defined by P ;(2) = P;(2) and, for any
k> 2,
1
Poi(2) =P, ;(z) = =Pr_1441(2) for 1 <i<a (3.23)
’ z
where P 4+1 is understood as 0; however we are not interested in Py (z) here. Since the

derivative of (—1)"_1% is =(—1)" Q(sz; if ¢ > 2, and 0 if i = 1, we have
log z)i~1
R(k 1) P z z 1(
" Z " (1 —1)!

for any k > 1

and in particular
R*D(1) = P4 (1). (3.24)

Using Eqns. , and we see that the following assertions are equivalent:
(1) As |t| — oo, F,(t) = O(|t|~“™).

(11

(ii7) As z — 1, Ru(2) = O((z — 1) 1).

For any d € {1,...,wn — 1}, /A; = 0.

)
)
(tv) For any k € {1,...,wn — 1}, RED(1) =o0.
(v) Forany k € {1,...,wn —1}, P,1(1) =0.

Using the notation of 7 the last assertion reads Z?:o Pr,1,; = 0, or equivalently

'ZZ<219“H )ci/J/ =0 forany k€ {1,...,wn—1} (3.25)

I 1 j

using the integer ; (which depends also on a and n) provided by Proposition [2] This
result asserts that (3.25)) is a linear system of My = wn — 1 equations in N = a(n + 1)
unknowns ¢ j, with integer coefficients bounded by

P
\MZ%W <(n+
j=0

n(1+o(1))
) (3.26)

k275, < <2(a +1)ed
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as n — 0o, since k < wn — 1 and w > 1. To be consistent with the notation of Lemma
we let H, = \/N(n+ 1)k*2"0y, for 1 < k < My =wn — 1.

In applying Lemmall] for any k € {wn, ..., Qn— 1} we consider 2 given by Eq.
as a linear combination of the unknowns ¢y j, with integer coefficients bounded in absolute
value by k?n*. We take M = Qn — 1 and for each k such that My =wn —1 < k < M we
let G = VNr®=* and H}, = vV Nk*n*, to ensure that the first upper bound of part (iii)
of Theorem [ holds. Then Lemma [I] applies, and with its notation we have

On—1

(wn—1)n(1+o(1)) N
X < \/_ [ (n—1)/2 <2(CL+ 1)0.7630.)) H 7,,Qn—k:| N—DMy
k=wn
using Eq. (3.26]), so that
On—1
n(l+o(1)) 2 2 1
log X ﬁ<wlog2+3w +w log(a—l—l)—i—ﬁkZ(Qn—k)logr)
n(1+ o(1))

1
< <w log 2 + 3w? + w?log(a + 1) + 592 log r).

a—w
This concludes the proof of part (ii) of Theorem [4] To obtain the second upper bound of
part (7ii), we use Eq. (3.20)) as follows:

|%d| < (n + 1) min(a, d)da_lndxn(1+0(1)) < nddaxn(l—f—o(l))'

4 Main part of the proof

In this section we prove Theorem [I] stated in the introduction; we explain in how to
modify this proof and deduce Theorem [2, We explain the notation and sketch the proof
in We obtain an expansion in polylogarithms in §4.2l Then we study the resulting
linear forms: their coefficients ( and their asymptotic behavior ( We apply a
multiplicity estimate in §4.5, and conclude the proof in §4.6]

4.1 Setting, notation and sketch of the proof

Let a,7,w,2 > 1 and n > 2, with a,n € Z, r,w,Q2 € Q, and 1 < w < ) < a; we assume
rn, wn and 2n to be integers. We shall use also another parameter h € Z, with 0 < h < a,
to bound the order p of derivation with respect to ¢. In our application, a, r, w, Q, h will
be fixed and n will tend to co. We refer to the end of this section (and to for the
choice of parameters.

Using Siegel’s lemma we have constructed in Theorem (4| (see integers ¢; ; € Z, for
1 <i<aand0<j<n,such that

B9 &y €e)

=1 7=0
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satisfies F,(t) = O(|t|™") as |t| — oo, with |¢; ;| < x"F°M) as n — oo, where

wlog2 + 3w? 4+ w?log(a + 1) + 1Q%logr
X = exp ( ) (4.1)
a—w
We have also omd (L4o(1))
rémntdt o) d < Qn,
|Q[d| < { nddaxn(1+o(1)) if d > Qn, (42)
where (4 is defined by

F.(t) = Z 3 if |t| > n; (4.3)

d=1

notice that the upper bound (4.2)) is interesting only when d > wn since 2(; = 0 for any
d < wn.

For any p > 0, the p-th derivative of F}, is

ZZCZ;(+j i+p

i=1 7=0

where (i), =i(i+1)...(i +p—1). As mentioned at the beginning of this section, we fix
an additional parameter h > 0 with A < a. For any z € C such that |z| = 1 and any
p € {0,...,h} we consider

o0

Suplz) =2 Y (F,gm(t)z—t - F,(Lp)(—t)zt>

t=rn+1

which is convergent since FT(Lp)(t) = O(|t|™™™) as |[t| — oo, with wn > 2. The point
here is that even zeta values should not appear in the linear combination we are trying
to construct. A symmetry phenomenon (related to well-poised hypergeometric series)
is used in general to obtain this property. However we have to consider derivatives of
Snp(%) to apply the multiplicity estimate, and this property is not transfered to derivatives.
We overcome this difficulty as in [12], by considering the functions Li;(1/2) — (—1)"Li;(2)
instead of just Li;(1/z). This leads to the definition above of S, ,(z), instead of simply

YR i B (0)27

We let also

Pi(z) = Zcmzj for1<i<a (4.4)
=0

and we shall prove in Lemma [ that, if z # 1,
Sup(2) = Ve) + 32 7B (1P (Lissp(1/2) — () L) (45)
i=1
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for some polynomial V,, € Q[X] of degree at most 2rn. For k > 1 we shall consider the

(k — 1)-th derivative nglfzfl)(z) of S,,(2). Since the coefficients of the polynomial V), have
large denominators (that would ruin our Diophantine application), we shall be interested

only in integers k such that k —1 > 2rn 41 > degV/,, so that V(k Y=o,
ForO<p<hand1l<1:<awelet

QUL (2) = " Pi(2)(— 1)1 (i), (4.6)
and also QED](Z) =0forie{l,...,p}U{a+p+1,...,a+ h}. Then Eq. reads
a+h
S ) + Z (- (le (1/2) — (- 1)iLii(z)>. (4.7)

Now let Q[lp}o(z) =0, Q[lpl(z) = QEP}(Z) for any ¢ € {1,...,a+ h}, and for k > 2:

(4.8)

][g]l(z): l[f]f,l,z(z)_ le 11+1( )f0r1§2§a+h
][57]0(2) - Ef]_ll 0< ) z(21+1z Qk 11( )

where Q,[f]_LaJth is taken to be the zero function. In particular we have Q,[f]l(z) = 0 for
any i € {a+p+1,...,a+ h}, but not (in general) for 0 < i < p. Since the derivative of

Lij(1/2) = (=1)'Lij(2) is ;= for i = 1, and —%(Lii_l(l/z) - (—1)i*1Lii_1(z)> for i > 2,

z(1
we have
a+h
St (2) = QP (2) + Z QY (Lll 1/2) — (— 1)iLii(z)) forany k> 2rn+2  (4.9)

since deg V), < 2rn; when 1 < k < 2rn 4 1 an additional term V}J(kfl)(z) appears on the
right hand side. The point is that we have now many linear forms for each value of n, as
k and p vary. This is necessary to apply the multiplicity estimate, and then Siegel’s linear
independence criterion.

For any k > 2rn + 2 we let

f(”)

ki

b
— (—2) G —k1)! D~ for0<i<a+h (4.10)

where 0, = dx(a + h, (r + 1)n,1,1) is given by Proposition [2] in with a replaced by
a+ h and n by (r 4+ 1)n; then Eq. (4.9) yields

— 516 — n el n INT -
(2 oS VD = e + 2;6,8,2,41 —(FDOLE(-D). (4D
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These are the linear forms we are interested in, with 0 < p < h and 2rn+2 < k < kn
(where k € Q is a fixed parameter such that 2r < k < w) We shall prove in Lemma

that their coefficients are not too large integers, namely o k ; € Z and

(n)
‘gp,k,i

K
n(1+0(1) with 8 — X<63(2a X 1)> L gEFTHL

Then in Lemma @ we shall prove that these linear forms are smal]ﬁ

kO + Zﬁ(n) (1 —(=1) >Lii(—1)‘ < o"HoW) with o = yr~%(2e*(2a + 1))".

p,k,i

Assume that (h + 1)(k — 2r) + w > a, and that n is sufficiently large. Then using the
generalization of Shidlovsky’s lemma stated in we prove in §4.5a (rather weak) linear
independence result concerning these linear forms. This allows us in to apply the
refined version of Siegel’s linear independence criterion proved in and deduce that

B log v
log 3

Choosing appropriate parameters (namely r = 3.9, k = 10.58, w = 11.58, Q € Q sufficiently
close to 3.9v/aloga, and h = 0.36 a) enables one to conclude the proof of Theorem [1| (see
for details); recall that (1 — (—1)")Li;(—1) vanishes when i is even, and is equal to
2(27% —1)¢(i) when i > 3 is odd.

dimg Spang({1} U {(1 — (-=1)")Li;(—=1), 1 <i < a+h}) >

4.2 Expansion in polylogarithms

Lemma 4. For any p € {0, ..., h} there exists a polynomial V,, € Q[X] of degree at most
2rn such that, for any z € C with |z| =1 and z # 1,

Supl2) = Vo(2) + D 2 B2) (=11 () (Lizepl(1/2) = (—1)*Lisy, (2) ).
=1
Proof of Lemma [} To begin with, we let

Sl(z) = 2 Z FP)( (4.12)

t=rn+1

4As the referee pointed out to us, the notation a™*T°(1) is misleading in the case a = 1. We agree
that in this case it should be understood as e®(™; anyway we always have 0 < o < 1 in our applications.
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for z € C, |z| > 1, z # 1. We have

s = 3 ZZC”H] o ot

t=rn+1 i=1 j=0

a n . o z/r.ningj
Y Y, 3
=1 j=0 l=rn+1+4j
since this series is convergent (because |z| > 1 and z # 1)
a n ' rn+j Zrn_“_j
= 2D D@ (L (1) = Y )
i=1 j=0 =1
so that
SE(=) = VI(a) + szP 1P Liep(1/2)

where (as defined above)

Pi(z) = Zci’jzj forl1<i<a

7=0
and rn+j—1 Zt
[00]
Z ZCZJ Z (Tn +] _ t)ier € Q[Z] (413)
i=1 7=0 t=0

Observe that the polynomials P; have degree at most n, and do not depend on p, whereas
V},[OO] depends on p and has degree at most (r + 1)n — 1.

On the other hand we consider, for z € C with |z] <1 and z # 1,
S[%( ) = 2" Z FP ()2t
t=rn+1

o n
-3 Zcm( D@y e
+
trn—l—lzl]O(t—}_‘jzp
a n

-

i=1 j=

e Zrn+€+j

SONCND D

l=rn+1—j

rn—j Zrn—l—Z—l—j
i+p( rn+iT 5
—1) <z Lij1p(2) — E = )
(=1

DI I C IO

so that .
ST(2) = V() + 3 2 P ) (=1 (p(=1) iy (2)
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with the same polynomials P;, and

a n 2rn t
W) == w00 Y g e 4
i=1 j=0 t=rn+j+1

Observe that V},[O] has degree at most 2rn and is a multiple of 2. Since S, ,(z) =
S (2) — SPL(2), we let Vy(z) = V*l(2) — VI%(2); this concludes the proof of Lemma .

4.3 Coefficients of the linear forms

For any algebraic number &, we denote by |E| its house, i.e. the maximum modulus of its
Galois conjugates. To prepare for the proof of Theorem 2] (see we shall estimate the
coefficients of the linear forms in a slightly more general setting than what is needed in the
proof of Theorem [1]

Let zp € Q be such that |z| > 1 and zy # 1; denote by ¢ € N* a denominator of z, i.e.
such that qzo € Og(.,) Where Og.,) is the ring of integers of Q(z0). For any k > 1 we let

0
1—z) ' — QP () for0<i<a+h (4.15)
(k— 1)1 7%
where &y = dr(a + h,(r + 1)n,1,1) is given by Proposition [2] in , and the rational
functions Q,[flz(z) are defined by Eq. (4.8). The special case needed in the proof of Theorem

is zo = —1, ¢ = 1; then Q(zy) = Q, Og(z) = Z, and 6;7,271»(20) = Z;”,zz (see Eq. (4.10)).

Lemma 5. We have 6;7,271»(20) € Og(z) for any p € {0,...,h}, any i1 € {0,...,a+ h} and
any k > 1. Moreover, provided k < kn with a fited k > r + 1 (independent from n), we
have as n — 0o:

g(")

p,k,i(z()) — q(r+1)n+k7126€71<

K K+r+1
(o) < 300 with = x(8¢*(2a+ 1)) (qmax(L, @, [T =)

where x is defined by Fq. (4.1)).

Proof of Lemma [5} We fix p and apply the results of With respect to the notation
of that section, P;(z) is replaced with QEP](z), a with a + h and n with (r + 1)n; recall that
deg QEP] <(r+1nforanyie {1,...,a+ h} (see Eq. (4.6) and the line following it). We
take ag = a; = 1 in the notation of so that Eqns. (3.3)) and (4.8) are consistent. We

write
ZkilQ[lf,]z(Z) = 251:61)71 qui,jzj if 1 > 1,
A1 = 2MQL(2) = T gros.

Then Eq. (4.15]) reads

(r+1)n
n . . d it )n .
61(77,2’i(z0) =" (1 — )t Z G _k1>'q1c,i,jq( tondfor 1 <i<a+h, (4.16)
=0 :
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and

(r+1)n+k—1 5
n k r+1)n+k—1_J
Gioa) = D g qpaeead” A (4.17)
]:

To be consistent with the notation of 31 we write also QEP ](z) = ZETJBI)” i 7 for 1 <i <

a + h. Combining Eq. . with part (u) of Proposition , we deduce that ﬁ%,m Y/

for any k, i, j, since ¢}, ;, € Z for any ¢, j'. Moreover, part (iii) of Proposition [2| and

Eq. . 3.5)) yield
O,
o

< goathtl gmax(k(r+hn) 5 (g 4 B) ((r + 1)n + 1) max | |
i

for any k, i, j, with &, < (e*(a + h + 1))™x*0+0n) according to part (i) — recall that
Proposition [2| is applied with a + h and (r + 1)n instead of a and n, respectively. Since
a + h < 2a, we deduce that

i
s

< 2 kM (8¢ (2a + 1)) BN g ((r + 1)n + 1) max|c) |-
il )

Using Eqns. and (4.17) we obtain € (zo) € Ogz) for any i € {0,...,a+ h}, any
k> 1 and anypE{O .,h}, and

e;"gi(zo) < 2 K2 (863 (2a + 1)) Hm) g((r 4 1)n + k)2 max o
b b 7.]

g max(L ") max (L [T= 2l ml )

Now Eq. (4.6) and Theorem {| yield max; j: ¢ ;| < (a)ax™F°M) since h < a. Using the
assumption £ < kn with x > r + 1, this concludes the proof of Lemma .

4.4 Asymptotic estimate of the linear forms

In this section we shall bound |ST(L’fp_1)(z)| from above, for any z € C such that |z| =1. We
shall take z = —1 in the proof of Theorem [I} and adapt the proof of Lemma [6] below in
to prove Theorem 2| Recall that d;, = dx(a + h, (r+ 1)n, ag, ap) € N* has been defined
in Proposition [2| (in which a should be replaced with a + h and n by (r + 1)n), and x in
Theorem [l

Lemma 6. Assume thatr > 2, 0<p <h, and 2rn + 2 < k < kn, with k < w. Then we
have for any z € C such that |z| = 1,

0
oS )| < @ with G = (e 20+ 1)
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Proof of Lemma |§|: Recall that S, ,(2) = S,[ﬁ;](z) — S,[EL(Z) with the notation introduced
in the proof of Lemma Taking the p-th derivative of Eq. (4.3) (see 51' yields F® (t) =
o md(tle for |t| > n. By definition of S5 p]( ) (see Eq. (4.12) in z' we obtain

o0

(o] Ql rn
Selzy= Y Z al td+p Do =t foy 2| > 1. (4.18)

t=rn+1 d=1

Theorem W] asserts that F,(t) = O(|t|™") as |t| — oo, so that this sum converges and
Ay = 0 for any d € {1,...,wn — 1}: the sum on d in Eq. (4.18) starts only at d = wn.
Therefore we have for any k > 1:

5k oo](k—1 kl - Qld t—rn+k—2 rn—t—k+1
S = 30 50 MO (1

t=rn+1 d=wn

Since |z| > 1 and t” > 1 we obtain

el < 5 (7)) E

t=rn+1 d=wn

We bound |2, using Theorem [4] so that

‘(kfskl)'sno;]k 1()‘<5X (1+0(1)) Z (t—rn+k—2)< ) Zutd (4.19)

t=rn+1 d=wn

where the sequence o(1) does not depend on k, nor on p, and tends to 0 as n — oo; we
define u; q by
U g = (d),d*(n/t)+" for d > Qn
and
ur g = r(d),d(n/t) " for wn < d < Qn.

Let us bound the term Y ° w4 in Eq. (4.19). For any d > Qn we have ug41/urg <
(145)-(1+2)*-1 < £ for any t > rn+1, provided n is large enough (using the assumption
that 2 > 0). Since r > 2 we obtain

> . /3\d-On
Swaguany (3) <4 V@n), @) (4.20)
d=0n d=Qn

for any ¢t > rn + 1. On the other hand, for wn < d < Qn we have
Upg = r(”_m”(d)pd“(rn/t)d_w" < T(W_Q)”(Qn)p(ﬁn)a.

Combining this upper bound with Eq. (4.20) yields

D wa < (44 (R = w)n)r =D (Qn), ()" < oD
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here and below, the sequences o(- - -) may depend on p (but not on k). Using Eq. (4.19)

we obtain
Qn5X (1+0(1)) Z (t—rn—i—k:—Q)(T) ”' (421)

t=rn+1

Ok loc](k—1)
‘(k:—1)!5“’p @) <

We let 0 = % so that 0 > 1. Let t > rn; then we have t —rn+k—2 <t+(c—1)rn < ot
so that
k—

— — wn—2 k-1 wn—2 k-1 wn—k—1
t—rn+k—2 (m) < (ot) (@) < 0 Y(rn) <m> < k1
E—1 t T (k—=1)!\ ¢ T (k= 1)k le kI ¢ -
since 2 < 1and k+ 1 < kn+ 1 < wn; recall that (k— 1)! > (54 and orn =k — 1
by deﬁmtlon of o. This proves that

00 . E—2 wn
S (T () s e

t=rn+1

Using Eq. (4.21) and assertion (¢) of Proposition [2| (where a is replaced with a + h < 2a
and n with (r + 1)n), we obtain

< Tan(; 6nnxn(1+o( ) < an(1+o(1)).

Ok qloo)(k—1)
‘(/f—n!snvp ()

We now turn to Sia"~ 1)(z) (recall that S, ,(2) = Sk () — SLOP( )). As for SiS! above,

we have
(o)

Qld L
S,[LO]p Z Z t A=V D)y oy for 2] <1,

t=rn+1 d=wn
so that, for any k > 2rn + 2,

Ok [0)(k—1) S Ag(— p e 2 G
(k—l)!Sn’p Z Z td+p E—1 o ’

t=k—1—rn d=wn

We have
O > 4 t\ /m\en e—
__ Tk g[0)(k-1) n(1+o(1)) b
‘(k—1)!5"vp (z)lgé’“x 2 (k—1)<t> D
t=k—1—rn d=wn
with the same u; 4 as above, so that
) B —Qnc - nllto > rn+t\ /rn\wn
‘Fkl)‘sg)]p(k 1)(2)‘ < pmng, ynlito(D) Z <k 3 1) <7> , (4.23)
’ t=k—1—rn

Now we have t +rn <t —rn + k 2 for any t, so that (mH) < (tfrgjlkﬁ): we obtain the
same upper bound as in Eq. ( , and deduce in the same way

‘%Sr[g]p(k—l)(z)‘San(l-&-o(l)).

Since S5 () = SEIF () — SP*D () this concludes the proof of Lemma @
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4.5 Multiplicity estimate

In this section we apply the multiplicity estimate stated in to prove Proposition
below, which makes it possible to apply the refinement of Siegel’s linear independence

criterion proved in §2.2

To state Proposition (3} recall that P;(z) = > 7 ¢;;27 for 1 <i < a. Since the integers
¢;; are not all zero, we may consider

b=max{i e {1,...,a}, 35 €{0,...,n}, ¢;; # 0}.

Then we have 1 < b <a, P,#0, and P,y; = ... = P, = 0. Eqns. (4.6]), (4.8) and (4.10)
show that Q" (2), QF(= )amiqﬁzauvmnﬂlwhalb+4o+l,gifga4—m Eq. ({11
becomes a linear form in 1 and the numbers (1 — (=1)")Li;(—=1) for 1 <7 < b+ h, namely
bth

O n
Sk (1 _%)0+§:@k2 1)))Li;(—1) (4.24)

s

with 2rn +2 < k < kn and 0 < p < h. To sum up, for a given n we have (small) linear
forms, indexed by k and p, in b + h + 1 numbers.

Usually, the conclusion of a zero estimate in this setting would be that there exist
b+ h + 1 linearly independent linear forms among them. However this is false in general
in our Setting (See Remark (1] below): there may be non-trivial linear relations between the

coefficients ¢ . 0 <1 < b+ h, valid for any k£ and any p. The crucial point is that such a

D, k 77
relation cannot involve fl(:,g’o, as the following result shows. This is sufficient to apply the
refinement of Siegel’s linear independence criterion proved in §2.2

Proposition 3. Assume that (h+1)(k —2r) +w > a, and that n is sufficiently large. Let
o, .-, Tpen € Q be such that

b+h
Zf;",gzxz =0 for any k € {2rn+2,...,kn} and any p € {0,..., h}.
i=0

Then xq = 0.

A crucial tool in the proof of Proposition [3] is the differential system satisfied by the
functions involved. Letting yo(z) = 1 and y;(2) = Li;(1/2) — (=1)'Lis(2) for 1 <i < b+ h,
we have

1 —1
yh(2) = 0, y;<z>=%yo<z>, and  yl(z) = —pia(2) for 2.0 < bth. (425)

The polynomials Q - were defined in §4.1| (see Eq. (4.8))) in such a way that for any solution
(Yo(2), -, Ypsn(2)) of this dlfferentlal system,

( ) (ZQM 2)yi(z ) ZQ (z) forany k> 1. (4.26)
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Remark 1. Since our linear forms are constructed using Siegel’s lemma, it seems extremely
difficult to exclude the case where, for some A € C, we would have

b

ZQEO] Zlf—gl? O((z + 1)™) (4.27)

as z — —1. Indeed, if X\ —log(—1) € Z, where we fix a determination of logz around
z = —1, this amounts to kn linear equations in the coefficients c; j; recall that these a(n+1)
coefficients have been constructed in by solving wn—1 linear equations, and wn—1+kn
is still much smaller than a(n + 1) with the parameters we shall choose in §4.0

In case Eq. holds, we deduce using Eq. that for any p € {0,...,h},

p+b 1

> QF) l—g) Sl UG-l (A —log2)

_ — —p—1)!
Pt (1 —1)! Pt i—p)p(i —p—1)!

i—1

(4.28)

_ o) —log z)7™!
= (=1P(A—logz)? ZQ —1)'

= O((z+ 1)) as z — —1.

Now let yo(z) = 0 and y;(z) = %le), for1 <i < b+ h so that y1(z) = 1. Then

(Yo(2), -, Ypsn(2)) is a solution of the differential system (4.25)) (this includes the trivial
equality yi(z) = (Zl+1z)yo( z) = 0). Using also the fact that Qip](z) =0 for1 < i < p,

Eq. (4.26)) yields
1 i—1

Z@m (OB (Y §7 QAT _ e gyt

i=p+1

as z — —1, for 1 < k < kn: this function vanishes at z = —1 for any k € {2rn+2, ..., kn}
and any p € {0,...,h}. The important remark here is that Q,[f]o(z) does not appear because

yo(z) = 0 (whereas it does in Eq. (4.9)). Using Eq. (4.10) we obtain a linear relation,
valid for any k and any p, between the coefficients ﬁz(,nlzz of our linear forms. This linear

relation does not involve the coefficients E;",go, but it is non-trivial: under the assumptions
of Proposition[3, it would be false to claim that xg = ... = xpy = 0.

Remark 2. Let us comment on the assumption (h + 1)(k — 2r) +w > a. To explain
how necessary it is, we claim that if (h + 1)(k — 2r) + w < a then our approach cannot
even exclude the case where (1 — (—1)")Li;(—=1) € Q for any 1 < i < a+ h. The point
is that the coefficients c; ; are provided by Siegel’s lemma: they are not ewxplicit, and the
only property we can reasonably use in a multiplicity estimate is that F,(t) = O(t~“") as
|t| — oo (see Theorem[]). This amounts to wn + O(1) linear equations in the unknowns
¢ j, where O(1) denotes a term that is bounded uniformly with respect to n. Assuming that
(1 — (=1)")Li;(—1) € Q for each 1 <i < a+ h, we claim that all linear forms may
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vanish, for each 2rn +2 < k < kn and each 0 < p < h. Indeed this would mean that the
integers ¢; j are solution of a linear system of (h+1)(k —2r)n+wn+O(1) linear equations
with rational coefficients (see Eqns. (4.10)), and (44)). If (h+1)(k —2r) +w < a
and n is sufficiently large, this system has fewer equations that the number of unknowns
¢ij (namely, a(n + 1)): there is a family of integers c¢;;, not all zero, that satisfy these
equations. We see no reasonable way to prove that Theorem[]] does not provide this family;
and if it does, all linear forms we are interested in vanish. Therefore we cannot hope to
reach any contradiction if (h + 1)(k — 2r) + w < a.

In this section we prove Proposition Keeping in mind that in the proof of
Theorem 1| will be adapted to prove Theorem , we consider any zy € Q \ {0,1}, not only
the special case zy = —1 used to prove Theorem [T} anyway the only important assumption
is that zy is not a singularity of the differential system . In this general setting, the

coefficients 62(0",22 are defined by Eq. (4.15).

Let xo, ..., 2p4n € Q be as in Proposition . By contradiction we assume xy # 0, and
even xg = 1 (dividing all z; by ¢ if necessary). Using Eq. (4.15)) we obtain

b+h
ZQKL(ZO)@- =0 for any k € {2rn+2,...,kn} and any p € {0,...,h}. (4.29)
i=0

Throughout the proof of Proposition [3] we fix a small open disk centered at zy, contained
in C\ {0, 1}; all functions of z we consider will be holomorphic on this disk.

We denote by Y’ = AgY with Ag € My1,11(Q(2)) the differential system satisfied
by the vector Y (z) = “(yo(2),...,yssn(2)) given by yo(2) = 1 and y;(z) = Li;(1/2) —
(—1)'Lis(2) for 1 < i < b+ h. Since 2o & {0,1}, the point z, is not a singularity of this
system: there exists a solution *(go(2),. .., gpsn(2)) of this system consisting in functions
holomorphic around zy such that g;(zy) = #; for any 0 < i < b+ h. We have

B =0 5(2)= Tomml). md g2) = Tea(2) for 2<i <
so that in particular go(z) is the constant function equal to zp = 1. We consider, for any
p € {0,...,h}, the function

b+h

1(2) = T(2) + 3 QP()ait2) (4.30)

where T,(2) € Q[z]<am is chosen so that f,(z) = O((z — 20)*™*!) as z — z, (namely,
—T,(2) is the Taylor approximation polynomial of degree at most 2rn of Zf:f Qg-p ](z) g:(2)
around zp).

Step 1: Vanishing of f,(z) with order at least kn at z.
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We claim that for any p € {0,...,h} we have
fo(2) = O((z — 20)"") as z — 2. (4.31)

Indeed (go(2), - - -, gprn(z)) is a solution of the differential system (4.25]) so that Eqns. (4.30))
and (4.26) yield

b+h
D) = TEVE) + 3 Q) for any k2 1
=0

For any k € {2rn + 2,...,kn}, Eq. (4.29)) yields flgkfl)(zo) = 0 since g;(z0) = x; and
degT, < 2rn. This concludes the proof of Eq. (4.31).

Step 2: Defining new polynomials and functions.

The strategy of the proof of Proposition [3]is to apply Shidlovsky’s lemma. The prob-
lem for now is that the functions f, are not suitable for this: the polynomials Q£p ](z)
in Eq. (4.30) should be independent from p. Their dependence in p is rather weak (see

Eq. (4.6), and we shall overcome this difficulty now (see Eqns. (4.35)) and (4.36])).
We consider the functions g,(z) defined by:

q

0i(z) =Y (Z) (—log 2)7°7f,(2) for q € {0,..., h}; (4.32)

p=0

here and throughout , log z can be seen formally. Recalling that go(z) = 1 for any z,
we define also yoq, - - -, Yprng for ¢ € {0,..., h} by:

Yig(2) = 0for0<i<h—gqg—1

!

Vig(2) = Grigy(—logz) ™ for h—g<i<h (4.33)
Yig(2) = D0 (Z)(— log 2)TP(—=1)P(i — h)pGi—nip(z) for h+1<i<b+h
and the following polynomials Sy, . .., Syrn € Q[2]<orm:

Si(z) = ﬁTh,i(z) for0<i<h

(4.34)
Si(z2) = 2ZmP_p(z) for h+1<i<b+h.

Then we have for any g € {0,...,h}:
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p

o) = 3 (q)<—1ogz>q—P(Tp<z>+ S QM)

p= i=p+1
using Eqns. and- smceQ[p] )=0ifi<pori>b+p+1
q b
= 2 (Z) (~log 2)' " T (2) + Z ( ) 108 2)1 " 3 M B(2) (< 1) ()i (2)
p:O =1
using Eq. (4.6)
h
-y g
ol (h —)! (t+q—h)!
b+h ¢
#3 Ra)Y () o1 Wy
i=h+1 p=0 p
so that bon
+
04(2) =D Si(2)ig(2) (4.35)
i=0

by definition of S;(z) and y;,(2). The point in writing g,(z) in this way is that the
polynomials S;(z) are independent from p (or g¢).

Step 3: A differential system independent from p (or q).

The construction in Step 2 has an important feature: the vectors Y; = “(Yo.4s - - - Ub+hq)
are solutions of the same differential system, independent from ¢. This is what we shall
prove now.

In precise terms, we claim that for any ¢ € {0,...,h} we have:
Ui (2) = —Llyi14(z) for 1 <i < b+ hsuch that i #h+1
Uni14(2) = ogYna(2) (4.36)
Yoq(2) = 0.

We shall check this property now by considering successively various ranges for . If i = 0,
we have yo,(2) = 0if ¢ < h —1 and you(z) = hl. If 1 < i < h—¢g— 1 we have
Yig(2) = yic14(2) = 0. If i = h — ¢ then y;,(2) = ¢! and y;_1,(2) = 0. In the case
where h — ¢ + 1 < i < h, the derivative of y;,(z) = #’_W(—log 2)a" s equal to

_i(z—i-qq—'hl)'( log z) o=t = —L1y. | (). When i = h+ 1 the derivative of y; () can
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be computed as follows:

hera() = ﬁf(?)(—lf@(——%@-—px—h%zwP1%Hmz>+<—k@zv%é+xzn

p=0 p

- (e )
q! vp g *t1
*Zm—w“)“m” (2)) + (~log2)" — 7 0n(2)
since g1 (2) = —1gp(2) for p > 1, and ¢ (z) = Z(Zlﬂz)go( z)
z+1
= m!ﬂw( z)

since the two sums inside the bracket are opposite of each other, and gy is the constant
function equal to xg = 1. At last, for h +2 < i < b+ h we have a similar computation:

/ — P i — h)p qg—p—1
yi,q(z> = (; (q— p—l 1)< ) (—log2) Gi—hip(2)

2y (2)

- —108 2)"Pgi hip-1(z
(¢ —p)! ! o

1< ¢ (i —h)py_y (i—h)

= —— —1)P(—log2)"Pg;_pip-1(2 (— P p)
where (i(; ]i)f)’!l should be understood as 0 for p = 0. Now —(i(; ’i)f)’!l + (i;?)p = (F};Tl)p for
any p > 0, so that y/ (z) = —1y;_14(z). This concludes the proof of the claim.
Step 4: Linear independence of the functions g, ..., ox.

Recall that g, has been defined in Step 1 by Eq. (4.32)), for ¢ € {0, ..., h}. Let us prove
that these functions are linearly independent over C. Let Ay, ..., Ay € C be such that
S 5 Ag0q(2) = 0. Then Eq. ([{35) yields

b+h

Z Si(z Z Aglig( (4.37)

Now let y;(2) = ZZ:O AgYiq(2z) for 0 < i < b+ h. Then Eqns. yield yy(z) = 0,
Yp1(2) = Z(zl;_lz)yh(z), and y/(z) = —2y;_1(z) for any i € {1,...,b+ h}\ {h+1}.

Assume that Ag, ..., Ay are not all zero. Let ¢y be the maximal index ¢ € {0,... h}
such that A, # 0. Then Eqns. (4.33)) yield yn_g,(2) = D 020 Ag¥n—g0.4(2) = Ago@0! # 0 and
yi(2) =0 for 0 <i < h—gqy— 1. We write ig = h — qo, so that y;,(z) = A,q! # 0 and
yi(z) = 0 for 7 < 1.
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We shall prove by decreasing induction on « € {ig,...,b+ h} that there exist polyno-
mials Uy g, - - -, Ua,q such that

Ua.q is not the zero polynomial and Z Uai(2)yi(2) =0 for any z € D, (4.38)

=10

where D is the open disk we have chosen around z,. This is true for « = b + h by
definition of iy, upon letting Upypi(2) = Si(2): recall that Syip(2) = 2" Py(2) is not the
zero polynomial (by definition of b at the beginning of , and that holds. Assume
that holds for some o € {ip+1,...,b+h} and denote by d the degree of U, ,. Then
taking the (d + 1)-th derivative of Eq. we obtain

a—1

ad (d+1)
0= Zd+1(1 — Z)d+1 ( Z Ua’i(z>yz‘ ) Z Ua—1 z yz

=10 i=1Q

for some polynomials U,_ ;, using the expression of y/(z) in terms of y;_; (z) deduced above

from Eqns. (4.36]); notice that y,(z) does not appear anymore since Uo(lfl;r Y= 0. To prove
that Uy—1,4-1 # 0, we first assume that o # h + 1. By induction on ¢ > 0 we have

[y

t—

(Vaalha2))” = U Gaa) + 3 (FUDE) T vaa(a) + Vi)

J

Il
=)

where z(1 — 2)'V;(z) is a Q[z]-linear combination of y;,(2), ..., Yaa(2). Therefore we
obtain

(d—j)
Untai(z) = 241(1 — Z>d+1< ad;rl)l )+ Z ( O((Jzy ) J )

Following an idea of the referee, we consider residues at 0. Recall that polynomials and
derivatives of rational functions have zero residues. Therefore the residue at 0 of the
function z~@+D(1 — 2)=@+HIy, ., 1(2) is that of %Ugﬂ(z’), that is —ULY # 0 since
d = deg U, . We deduce that U,_1 -1(2) is not the zero polynomial. In the case where

a = h+ 1 we have ¢/, (z) = (Zl+ 13) Ya—1(2) so that the same formulas hold with Z“) instead
z+1

of =—; we conclude in the same way because the residue at 0 of - = is non-zero. In both
cases thls concludes the inductive proof of ( - for all a € {zo, ..., b+ h}.

Now for oo = iy we obtain U, ;,(2)yi,(2) = 0 for any z € D, where U, ;, is not the zero
polynomial and y;,(2) = Agqo! # 0. This contradiction concludes the proof of the claim.

Step 5: Defining linearly independent functions g1, ..., 0p.
Consider, for g € {1,...,b}, the functions y; 3 defined by

gi,ﬂ(z) = M for h_|_6 S i S b+ h (439)

{@,5(2):0f0r0§@'§h+/3_1
h—A)
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They satisfy the differential system (4.36)); we define

b+h b+h b

(-1 z h—p —1 i—p
ZS Dip(z) = > 2P —ng szP ng>, .
2 = 7
(4.40)
Let us prove that the functions g1, ..., g, are linearly independent over C. Let Ay, ...,

Ay be complex numbers, not all zero, such that 2221 As03(z) = 0. Denote by f, the least
index (8 such that Ag # 0. Then we have the following C[z]-linear relation between powers

of log z:
Z Z Aoz Pi(2) 18
( p)!

B=Bo i=p

Since log z is transcendental over C|z], the coefficient of (log 2)°~% has to be zero: Ag, Py(2) =
0. Since Ag, # 0 and P, is not the zero polynomial (by definition of b, see the beginning
of , this is a contradiction. This concludes the proof that o, ..., g, are linearly
independent over C.

Step 6: Application of Shidlovsky’s lemma.

Let us apply the general version of Shidlovsky’s lemma stated as Theorem 3] in
We let N = b+ h+ 1 and consider the matrix A € My(Q(z)) that corresponds to the
differential system (4.36). The polynomials Sy, ..., Sy, are defined by Eq. (4.34)); we have
deg S; < m with m = 2rn (recall that » > 1, deg7, < 2rn and deg P, < n). We let
¥ =1{0,1,00, z0}; recall that zq & {0,1}. Let us start with the vanishing conditions at z.

Eq. reads R(Y,)(z) = 04(z) forany ¢ € {0, ..., h}, where Y, = “(yo,4(2), -, Yotnq(2))
is a solution of Y’ = AY. The functions y; ,(z) are analytic at 2z (since zy ¢ {0,1}), and
the remainders R(Y,)(z) = 04(2), for g € J,, = {0,...,h}, are linearly independent over C
(as proved in Step 4). Moreover we have proved in Step 1 that f,(z) = O((z — 20)"") as
z = 29, so that R(Y,)(z) = O((z — 2p)"") for any ¢ using Eq. (4£.32). Therefore we have

> ord., (R(Y;)) = (h+ 1)kn. (4.41)

€z

Let us consider now the points 0 and co. We let Jy = J, = {1,...,b}, and for g in
this set we let Y5 = “(Jo.5(2), . .., Uprns(2)) where the functions 7; 5(z) have been defined
in Step 5. Then R(?B)(z) = 03(2) is given by Eq. (4.40); as proved in Step 5, the functions
R(Y}), ..., R(Y;) are C-linearly independent. Recall from Eq. (4.34 (4.34) that S; ( ) O(z™) as
z = 0,and deg S; < (r+1)n, for any i € {h+1,...,b+h}. Therefore Equs. (4.39) and (4.40)
yield g5(z) = O(z™(log z)’7') as z — 0, and Qg( ) = O((1/z)~tr+hr (log(l/z))b D) as
z — 00, so that

Z Z ord, ( ) > brn—b(r+1)n = —bn; (4.42)

oe{0,00} BEJ
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recall that logarithmic factors have no influence on the order of vanishing, e.g. ordy(z¢(log 2)") =
Re(e) for e € C and ¢ € N.
At last, we let J; = {1} and notice that R(Y;)(z) = g1(z) defined by Eq. is equal
to 2" R, (z), where R,(2) is defined in Eq. (3.22)) (recall that Pyy1(2) = ... = P,(2) = 0).
The proof of Theorem [4] (namely (iii) in ws that R,(z) = O((z—1)*""') as z — 1;
therefore we have
ord; (R(Y1)) > wn —1 (4.43)

where R(Y) is not the Z€ero function (see Step 5).

Combining Eqns. and , Theorem 3] Iylelds
((h—l—l)/{—b—I—w)n— 1<@2rn+1)(p—0)+c

where ¢; depends only on a, h, zy (but can be made independent of b since b < a),
and g is the minimal order of a non-zero differential operator L such that L(R(Y)) = 0
for any solution Y of the differential system Y’ = AY. Now for any such Y, the ro
matrix (R(Y)R(Y) ... R(Y)™)) can be written as ‘Y’ M where M € MN7N+1( (2 ))
independent of Y: the first column of M is given by the S;, and the following ones by
rational functions Sy, (see [12, §3.2, Step 1]). There is a non-trivial Q(z)-linear relation
between the columns of M it provides a differential operator L of order at most N such
that L(R(Y)) = 0 for any solution Y, so that y < b+ h + 1. Since n is assumed to be
sufficiently large (in terms of b, h, w, r, 2o and k, and also therefore in terms of ¢;), we
obtain (h+ 1)(k — 2r) + w < b. Since b < a, w > 0 and (h+ 1)(k — 2r) + w > a, this is a
contradiction.

4.6 End of the proof

Let a be a positive integer. In Theorem |1 the numerical constant 0.21 can be replaced (as
the proof will show) by a slightly larger real number. Therefore in the proof we may assume
that a is a multiple of 25. Then we choose r = 3.9, k = 10.58, w = 12, Q = |rv/aloga],
and h = 0.36 a € N, so that (h+ 1)(k — 2r) + w > a and Q > w. Here and below all
numerical constants are rounded with precision 0.01.

We consider zg = —1 and choose ¢ = 1, so that gzy € Z. We denote by N, the set
of all sufficiently large multiples of 50: for any n € N, we have rn, xkn,wn,Qn € N. For
any n € N, we consider the integers ¢; ; provided by Theorem @, and define b as in the
beginning of namely

b=max{i € {1,...,a}, 35 € {0,...,n}, c;; # 0}.

This integer b depends on n, but it can take only a values. Therefore there exists an infinite
subset N/ C N, such that all n € N correspond to the same b. From now on, we consider

only integers n € N..
Let k€ {2rn+2,...,kn} and p € {0,...,h}. Lemmayields 61(7",22 € Z for any i, and
6o

ki

| < o) with g = X(Se (2a + 1)) LTl
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where Y is defined by Eq. (3.2)) in Theorem [4] namely

wlog2 + 3w? + w?log(a + 1) + %QQ logr)

(e
a — w

Now we have (using Eq. (4.11]) and the definition of b, see the beginning of §4.5))

piko ¥ Z%z(l - )LD = (2" %1)1853?;”(—1).

Since k < kn, we may apply Lemma [6] and deduce that

E(n)o + ngk'L( —1)° >Lii(—1)) < oM with a = 2%a = xr~%(2e*(2a + 1))".

Using Proposition the refined version of Siegel’s linear independence criterion (stated

and proved in §2.2) applies to these linear forms for n € N/, with coefficients E; rir B0 =1,
Q,=p"and 7 = —lgio‘ (so that @7 = ™). We obtain
. . . . log a
dimg Spang({1,log 2} U{¢(7), 3<i<a+h,iodd}) > 1~ g B (4.44)
og

Now recall that a > 0 is a multiple of 25, r = 3.9, k = 10.58, w = 12, Q = [r\/aloga],
and h = 0.36 a. As a — oo the formulas above yield

Q%logr r?logr
2a

log x ~ log a,

r?logr

logﬁwlogx+ﬁloga~< +/<>loga,

loga ~ —Qlogr ~ —rlogr-y/aloga

_loga 2rlogr a
log 8 r2logr + 2k \/ loga
2rlogr a+h
r210g7‘+2/£ «/l—l—h/a log(a+h)
Now recall that r = 3.9, k = 10.58 and h = 0.36a, so that

so that

2rlogr 1

T2logr—|—2/<a. \/m

=0.2174... > 0.21.
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If a is large enough we obtain

1
B R L
log 3 log(a + h)

We take s = a + h and apply Eq. (4.44). The additional 1 in the right hand side accounts
for the number log 2 in the left hand side, that we want to get rid of. This concludes the
proof of Theorem [I]

Remark 3. It follows from the computations above that, as s = a + h tends to oo,

logar ~ —4.55y/slogs and log [ ~ 20.93log s.

Remark 4. The proof allows one to compute effectively an integer sy such that the con-
clusion of Theorem (1| holds for any s > sg.

4.7 The case of polylogarithms: proof of Theorem

To prove Theorem , we follow the proof of Theorem [1| except that we consider Sr[f,;](z)
(defined in Eq. (4.12))) instead of S, ,(2); recall that S, ,(z) = S,[ff,](z) — SEL(Z) with the
notation of . The expansion in polylogarithms (4.7)) is replaced with

a+h

SEl(z) = V() + ) QP (2)Lis(1/2).

In this formula and in Eqns. (4.47)) and (4.48)) below, the terms corresponding to integers
i > b+ h vanish (where b is defined as in the proof of Theorem . The important
point is that the functions y;(z) = Li;(1/2), 1 < i < a + h, are considered instead of
Li;(1/2) — (—=1)'Li;(z). Letting also yo(z) = 1, they satisfy

1 —1
= myo(z), and  yi(z) = 7yi_1(z) for 2 <i<a+h (4.45)

instead of Eq. (4.25): the only difference lies in the formula for }(z). To compute the
derivatives of Sy (z) we have to take this into account. Instead of using the rational

functions Q,[f]z(z) introduced in Eq. (4.8)), we define @[,f]l(z) by letting @%(z) =0, @Ep]l(z) =
Qgp](z) for any i € {1,...,a+ h}, and for k > 2:

{ _%Z’L(Z) = _%p]]ll,i(z> - %@][f}lﬂJr[;}(Z) for 1 <:1<a+ h
ko(2) = 15_11,0(2) + ﬁQk—u(Z)

where @,[f]_m +h41 is taken to be the zero function. The only difference between Eqns. (4.46))
and ([4.8]) is the coefficient of @Lp}_l,l(z) in the second equation: it is due to the formulas for

y1(2) in Eqns. (4.45) and (4.25). In particular, we have @,[f]l(z) = E]Z(z) as soon as i > 1.

yo(2) =0, vi(2)

(4.46)
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Using Eq. (4.45) we obtain the following analogue of Eq. (4.9):

a+h
S () = QP (2) + Y Qri(2)Lis(1/z2) for any k > (r + 1) + 1. (4.47)

i=1

An important point here is that this property holds for any k& > (r 4+ 1)n + 1, whereas
Eq. (4.9)) is valid only for & > 2rn + 2. Indeed, with the notation of the proof of Lemma
in § e have deg V;* < (r+1)n—1 and deg V% < 2rn. In Eq. (4.9), and therefore in the
proof of Theorem | we had to restrict to integers k > 2rn+2 so that (V[Oo] vihk=1 =,
On the contrary, in Eq. (4.47), assuming & > (r + 1)n + 1 is enough to ensure that
V},[OO](k_l) = (0. This additional flexibility in the choice of parameters is the reason why the
numerical constant 0.26 in Theorem [2] is larger than the corresponding one in Theorem

We evaluate the linear forms (4.47) at an algebraic point z such that |zp] > 1 and
zo # 1, in order to bound from below the dimension of the vector space spanned by 1 and
Li;(1/2), 1 <i < a+ h. This will prove Theorem [2 by taking zy = 1/z.

Let ¢ € N* be a denominator of z, i.e. such that gzy € Ogq(.,) where Oq.,) is the ring
of integers of Q(zg). For any k > (r + 1)n + 1 we let

K;?,;i(zo) — gUrHinth=l k=1 zo)k_lﬁ E“(Zo) for0<i<a-+h
where d;, = dx(a + h, (r + 1)n,1,0) is given by Proposition [2] in with a replaced by
a+ h and n by (r + 1)n; in the setting of we take ap = 1 and ay = 0 in the recurrence
relation (3.3)), to fit the definition (4.46) of the rational functions @,[f]l(z) Then following
the proof of Lemma [5| (with only one difference: for ¢ = 0, due to the value of (g, a1))
yields 6;77271.(20) € Og(z,) and

pnllro - K K+r+1
0 ol < T wieh B X<863(2a n 1)) : <qmax(1, o), [T = zo| ))
provided k& < kn and k > r + 1. Moreover Eq. (4.47)) yields
5 a+h
rlnklkl k—1 k o] (k—1 (n)
gt (1 —20) msg,p}( )(20) = Zﬁp,” 20)Lis(1/20) (4.48)

for any k > (r + 1)n + 1. Following the proof of Lemma [6] we deduce that

6 OO o
e s

q(r+1)n+k 1 k 1(1_Zo)k 1

with
a=yr ¢t <e4(2a + 1)gmax(1,[Zg], |1 — 20 )) .
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Then we adapt Proposition |3 assuming that (h + 1)(k —r — 1) + w > a and considering
integers k such that (r + 1)n + 1 < k < kn. This enables us to apply Proposition |1 and
deduce that

1 log@
e T o)

Our choice of parameters is the same as in §4.6] except for numerical constants. The only
difference is that the assumptions x > 2r and (h+1)(k —2r) +w > a in §4.6/are weakened
here to k > r+ 1 and (h+ 1)(k —r — 1) + w > a. We choose r = 5.3, k = 8.8343,
w =10, Q = [3.3y/aloga], and h = 0.3946 a € N (assuming that 10* divides a), so that
(h+1)(k—r—1)+w > a. As in §4.6/ we have, as a — oo:

dimgzy) Spang,,) ({1} U {Lii(1/2), 1 <i<a+h}) >

logx ~ 9.0807loga, logf ~ 17.915loga, loga ~ —5.5034v/aloga

-
_loga@ 06,/ R
log B log(a + h)

provided a is large enough. This concludes the proof of Theorem

so that

Remark 5. If 2 € R then we have [Ky, : R] = 2 in the notation of Proposition so that
the constant 0.26 may be replaced with 0.52 in Theorem [3
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