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Introduction : Why Distributions ?

The notion of distribution emerged during the twentieth century, as a powerful tool in the study of
partial differential equations (PDEs). The need to generalize the concept of a “function” also emerged
from different parts of theoretical physics, in particular electromagnetism and quantum mechanics.
On the mathematical side, major contributors to the formal definition of distributions are Jean Leray,
Serguei Sobolev and Laurent Schwartz.

In this introduction, we present four simple motivations for the emergence of distributions.

Differentiating non differentiable functions

Taking the derivative of non-differentiable functions

In differential calculus, one immediately encounters the unpleasant fact that not every function is
differentiable. The purpose of distribution theory is to remedy this flaw. Recall that, given a function
f on an open interval I C R, the derivative function f’ is defined as

fo) =y D) = F@)

h—0 h ’

provided this limit exists at every point x € I. Let us mention a classical elementary application of
this notion. If f’ exists, f is a nondecreasing function on I if and only ifd its derivative f/(z) > 0 at
every point € I. However, there are many examples of nondecreasing functions such that f’ cannot
be defined on the whole of I: a typical example is the Heaviside function,

1 if >0

H =
(z) 0 if <0

Of course, H admits a derivative at every point x # 0, and this derivative is 0. But this is not suf-
ficient to conclude that H is nondecreasing, since the derivative of —H enjoys the same property !
It is therefore necessary to extend to x = 0 the derivative of H, in a way which takes into account
the discontinuity of H at x = 0. In fact, to every locally integrable function f, we shall associate a
mathematical object — a distribution — called the derivative of f, with the property that f is nonde-
creasing iff its derivative is nonnegative (the nonnegativity of a distribution will need to be properly
defined).

1. in the sequel, the expression “if and only if” will be abbreviated by iff
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Fourier series

In his famous memoir Théorie analytique de la chaleur (1822), Joseph Fourier introduced, for every
“reasonable” 27-periodic function f, the coefficients

1 2T ]
cn(f) = — (x)e ™™ dx, neZ
2w Jo
and he stated that N
fl@)= > clf)e™ .

Throughout the nineteenth and the early twentieth century, many mathematicians have tried to give
sense to the above equality for the largest possible class of functions f. Dirichlet proved it for any ok
function, yet Kolmogorov made the striking observation that there exist locally integrable functions
f such that the above Fourier series is divergent for every x € R | We shall see below that, even
in such an unfavorable situation, the above series is convergent, but in a different sense, namely
in the sense of distributions. In fact, for any element u in the class of 27-periodic distribution (this
class includes, in particular, the locally integrable functions), we shall define a sequence (cn(u))nez
of Fourier coefficients such that the corresponding series is convergent in the sense of distributions,
and its sum equals u. Furthermore, the derivative of the distribution u (which is also a 27-periodic
distribution) can be obtained by summing the series of derivatives, namely the series with coefficients
(inc,(u)). This interplay between Fourier series and differentiation was a major reason for their
introduction by Fourier back in 1822; the theory of distributions manages to extend the applicability
of this connection to a much larger class of objects.

Electrostatics

If f is a function on R? which represents an electric charge distribution, the electric potential u gen-
erated by this charge distribution satisfies the Poisson equation

(0.0.1) —Au={.

If f is smooth enough — say C' — and small enough at infinity (for instance it vanishes outside of
some ball), one can prove that there exists a unique C? solution w of this equation which goes to 0 at
infinity: this solution is given by the integral

(0.0.2) u(z) = 1/ ) dy .

T d4r R3 ]m—y[

This formula still has a meaning if f is bounded and has compact support, but is not necessarily
continuous (we will note f € L2, (R?)). In that case u is no more C? in general, yet it is tempting
to try to interpret the Poisson equation ([0.0.1]) in this more general situation as well.

Actually, in Physics charge distributions are often modelized as being supported on surfaces, curves,

points, or forming microscopic dipoles... Such charge distributions cannot be described by Lgfjmp

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher
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functions. Yet, in all these cases, the formula (0.0.2) still makes sense, provided one integrates on
the appropriate subset of ]R3; what is then the status of the Poisson equation (0.0.1)? We will show
that, in all these cases, it is possible to interpret this equation in the sense of distributions.

Let us remark that the word distribution actually takes its origin in this application to electrostatics, a
(mathematical) distribution primarily represented a distribution of electric charge.

Quantum mechanics

Quantum mechanics is a theory based on the Hilbert space Lz(R3.C): the state of a quantum particleE
is represented by a wavefunction, which is a square integrable function u € L*(R?, C), with L? norm
equal to unity. Nevertheless, the founding fathers of the theory (in particular Paul Dirac) felt the need
to extend the notion of quantum state to objects which are not in L% In particular, Dirac introduced
his famous “delta function”, namely a “function” §(z) which vanishes at each point = # 0, but such

that, formally
/ d(z)dx = 1.
]RS

If one had to give a value to 6(0), this value should be +oo for the above identity to hold. So this &
cannot be a function: it is not an element of L2, Mathematically, this “delta function” will appear as
one of the simplest nontrivial distributions, the delta distribution at the origin, often denoted by ¢y, .

Dirac also invented the “bracket” notation (u|v) for the scalar bracket on L?, and extended the notation
to his singular objects: his notation (zo|v) will represent the distributional bracket between the delta
distribution d,, and the “test function” v; we will denote it instead by the brackets (J,,, ) .

2. Here I only consider scalar particles, that is particles without spin.

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher



Chapter 1

Distributions in one space dimension

We have chosen to start our presentation of the theory of distributions by the one dimensional setting.
This will give simpler expressions, yet will already convey most of the ideas and methods of the theory.
Note that this one dimensional theory is already useful in practice, for instance in signal analysis, or
in 1-dimensional models in quantum or wave mechanics.

Distributions will appear below as “duals” of smooth functions (more precisely, linear forms acting on
spaces of smooth functions), a distribution will be described by the way it acts on all smooth functions.
For this reason, these smooth functions will be called test functions, since their role will be to test the
distributions.

We will start our presentation by describing in some detail these classes of test functions.

1.1 Background on differential calculus on R

In this section, we recall elementary facts about smooth functions of one real variable. The functions
will be defined on some open (nonempty) interval I C R. This interval may be bounded (I =]a, b[),
semibounded (I =] — 00, b[ or I =|a, c0|), or simply I = R. The theory will essentially be identical
in all cases. For the reader’s ease, at first read it can be convenient to take / = R.

1.1.1 Basic properties of smooth functions on /

A smooth function on an open interval I C R is a function ¢ : I — C whose derivatives of any
order ', " ... ¥ exist and are continuous on I. A linear combination of smooth functions is
a smooth function, and we denote C*°(/) the vector space formed by all smooth functions on I.

If o € C*(I) and J is an open subset of I, the function defined on J by = — () is a smooth
function on J, that we denote by ¢ ;. This function is called the restriction of © on .J.

The product of two smooth functions is smooth, and the derivatives of the product are computed by
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the Leibniz formulal: i
k . 4
k k—
(o) =3 ( ) ) )
=0 \J
A smooth function ¢ : I — C satisfies the Taylor formula with integral remainder, for any base point
zo € I and any order m € N:

(x — g

)m+1 1
—‘ / (1 — 8)m¢(m+1)($0 + S(ZL’ — I‘g))ds.
m: 0

k
rT—z
veel, o)=Y TP 0 +
k=0 ’

m

This formula can be proved by integrating by parts the last term on the right hand side. We will use
it several times in those notes.

Exercise 1.1.1 Prove Hadamard's lemma: if o € C*°([) satisfies ¢(xg) = 0, there exists a function
1 € C(I) such that ¢(x) = (x — o)1 (x) for any x € 1.

In other words, we can factorize from ¢ the monomial (z — (), and the quotient is still a smooth
function.

1.1.2 Support of a continuous function

If f is continuous on I and J is an open subset of I, we say that f vanishes on J if it vanishes at
every point of J, or, equivalently, if f‘J is the null function.

Definition 1.1.2 [Support of a function] Let f : I — C be a continuous function. The support
of f is the complement of the union of all the open sets in I where f vanishes. This set is
denoted by supp f.

Note that the support of f is a closed set. It is also the closure of the set of x € I such that f(z) # 0.
The following characterization is often useful:

xo ¢ supp f <= 3V neighborhood of x( such that flv =0

Exercise 1.1.3 Show that
supp(f1f2) C supp fi N supp fa.

Are these two sets equal?

Of course, if ¢ € C*°(I) vanishes on an open set J C I, all its derivatives vanish as well on .J, and,
therefore, for any integer k,

supp ¢'*) C supp .

1. Here (’;) = ﬁ are the binomial coefficiens.

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher
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1.2 Test functions

In this section we introduce and manipulate test functions on some open interval I C R.

1.2.1 The space of test functions

Definition 1.2.1 We denote by (1) = C§°(I) (also CZ,,,(I)) the vector space of functions

comp

which are C*> on I, and whose support is a compact subset of I. Equivalently, a smooth function
belongs to Z(1) if it vanishes outside some closed segment [a,b] C I.

If J is an open subinterval of I, one may identify a function ¢ € Z(.J) with its extension ¢ € (1),
that is the function defined as

P(x) =p(x)forx e J, @(xr)=0forxz el

Indeed, ¢ is automatically smooth and with compact support on [ for ¢ € @(J). On the other hand,
a function ¢ € C3°(R) can be identified with its restriction |, € Z(I) for any open interval I that
contains supp f.

Il

Figure 1.1: A test function on .J and its extension to /.

Exercise 1.2.2 Let f and ¢ be two functions in € L!(R). Show that the convolution f * ¢ of f
and ¢, given by

Frota) = [ o= yyelo)ds
is defined almost everywhere, and is an L' function.

Suppose moreover that ¢ € C°(R), and show that f x ¢ is then smooth. At last, if f is also
continuous, show that

supp f * ¢ C supp f + supp .

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher
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Proofs: (see TD1, Ex. 5,6,7).

It is not immediately clear that Z(I) is not reduced to the null function. One knows for example that
the only compactly supported real analytic function on R is the null function, due to the principle of
isolated zeroes. Yet, one has the following

Proposition 1.2.3 The space Z(!) is nontrivial. More precisely, for every zy € I and r > 0 such
that [zg—r, zo+7] C I, there exists a function ¢, , € C*°(I) such that supp ., , = [To—T, To+T7].

Proof.— Here we give a “standard” construction, which uses the function ¢ : R — R given by:
p(t) = { et 0,
0 ,t < 0.

Let us check that ¢ is smooth on R. Indeed, it is obviously smooth on R*, with ¢(¥) (t) = 0 for all
t < 0. On the other hand, for t > 0, one can prove by induction that

1
Vk e N, o®(t) = P, (¥> et

where Py is a polynomial of degree 2k. Therefore, for any &k > 0, cp(k)(t) — 0ast — 0. Hence
©®)(t) admits the same limit when ¢ — 0 on both sides. This shows that ¢(*)(0) = 0, and that this
function is continuous on R.

Now let zy € I, and r > 0 such that [zg —r, zo + 7] C I. We then define the function ¢, , : [ — R*
by
Paor(T) = p(r? — |z —xol*), VzeR.

This function is smooth, with supp ¢, , = [£¢ — 7, 2o + . In particular it belongs to Z(I).
(A different construction of a function in Z(R) is given in TD1, Ex. 11). O

We will often use a particular type of test function, equal to unity on some interval.

Proposition 1.2.4 (Cutoff functions) Let / C R an open set, and a segment [a,b] C I. There
exists a function ¢» € Z(I) such that

i) ¥ =1o0n l[a,b],
i) Yz € I,v(x) € [0, 1].

In French, such a function is called “fonction plateau”, while in English it is rather referred to as a
“cut-off function”.

Proof.— First of all, we prove that, for every a < 3, there exists X, 3 € C*°(R) such that

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher
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i) Xap=0o0n]—00,0q],
i) Ve € R, xas(x) €10,1],

i) Xa,3 = 1 o0n [B,+o0l.
(such a x, g is called a “smooth step function”).

Let vz, € C(R) be the function defined in Prop. [L.2.3, with the parameters

a+p b —«
Ty = , = .
2 2
Then it is easy to check that
def f_oo @xo,r(t) dt
Xa,8(x) =

+
J oo Paor(t) dt
satisfies the required properties.
Coming back to [a,b] C I, select a’,b' € I such that @’ < a < b < /. Then we may just take the
product

V() = Xa,a(2) (1 = Xp00 (7))

1.2.2 Smooth partitions of unity

An important use of these cutoff functions lies in the construction of smooth partitions of unity. We
start by defining the notion of open cover of a compact set.

Definition 1.2.5 (Open cover) Fix [ an open interval, and let K C I be a compact (bounded

and closed) subset of 1. A finite open cover of K inside [ is a family of open intervals I, ..., I,, C
I, such that
KclJI.
j=1

To any open cover we may associate a smooth partition of unity.
Proposition 1.2.6 (Smooth partitions of unity) Let X' C I be a compact subset of the open
interval I, and let Iy,..., I, C I be a finite open cover of K.

Then, there exist functions x; € C3°(11,[0,1)), ..., Xn € C3°(I4, [0, 1]), such that their sum

X = in is equal to unity on a neighbouhood of K,
=1

and x € C°(1,]0,1]).

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher
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As a consequence of this smooth partition of unity, we easily draw the following

Corollary 1.2.7 Let ¢ € C°([), and assume [y,..., 1, C I form a finite open cover of supp ¢
inside I:
suppp C L U---UIL, .

Then there exist @1 € C°(11), ..., ¢n € C5°(1,), such that

p=p1t-ton.

Indeed, once we have at our disposal a partition of unity x;, ..., X, associated with the cover of
supp ¢, it suffices to take p; = xjp forj=1,...,n. O

Remark 1.2.8 In the whole chapter, our distributions are based on an open interval I. It is actually
possible to generalize the construction of smooth partitions of unity to the case where the compact
set K and its open cover |J;_, I; D K are contained in some general open set 2 C R, instead of
an interval I. We leave to the reader the proofs of this generalization.

Proof.— Let us now prove Proposition [L.2.6. We start with an elementary

Lemma 1.2.9 (“Shrinking lemma”) Take [,..., I, a family of open subintervals of I. Then,
for every compact subset K such that

Kchu--—-UI,,
there exist segments? l[a1,b1] C I1,...,[an,b,] C I, such that

K C]al,bl[u tee U]Cln,bn[ .

To prove this Lemma we proceed by induction on n. For n = 1, K is a compact subset of the open
interval I;, hence there exists a segment [ay, 1] C I such that K C [y, 51]. For instance, one may
choose oy = min K, 3; = max K. Then we just choose a1,b; € I such that a; < a; < (1 < by.

Assume now that for some n > 2, the result is true at the level n — 1; let us and prove that it holds

at the level n. The set
K =K \ 1,

is closed and contained in K, hence it is a compact subset of I, and
K'chu---Ul, .
Applying the induction assumption, there exist [a1,b;] C I3, ..., [ay_1,b,—1] C I, such that

K/ C}Cll, bl[U cee U]anfl,bnfl[ .

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher
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| K | X
| -
l l 2 l
- a
K
“ b |
| K’

612 b

Figure 1.2: Intervals ]a;, b;| constructed in the “Shrinking Lemma” (here n = 2).

Now consider the compact subset
K" =K\ (]al,bl[u . u]an,l,bn,l[) c1,.
Applying the assumption at the level 1, there exists a segment [a,,, b,| C I,, such that
K" Clay, by -

As a consequence, we obtain
K C]&l, bl[U L U]CLn, bn[ N

as announced. O

X
X% b Y X2
1 —/\ 3 x
Cl] aZ b1 K b2
y 1
2

Figure 1.3: Partition of unity associated with the open cover K C I; U I, as constructed in Proposi-

tion .

Let us use this Lemma to prove Proposition 1.2.6. Let [a1,by], ..., [a,,b,] be the segments provided
by the Lemma. From Proposition we may construct cutoff functions ¢, € C5°(11, [0, 1]),...,¢, €
Cs°(1,,,10,1]) such that ¢y = 1 on [ay, by],...,00, = 1 on [a,, b,]. We define

X1 = Y1,
X2 = Yo(l—1h),

Xn = %(1 _¢n71)"'<1 _wl) :

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher
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Then x1 € Z(11,[0,1]), ..., xn € Z(1,,[0,1]),, and the difference

L= (ut et = 1=t = ta(l =) = = Gl = Y1) o (1= 1))
= ()@= — = (L= ) (1= )
= (1—=1)...(1—1y).

By construction, the function (1 —1y) ... (1 —1),) vanishes identically on [a1, b;]U- - -U|a,, b,], which
is a neighbourhood of K, so Y = 1 on a neighbourhood of K as stated in the Proposition. O

1.2.3 Convergence in the space of test functions

Once we have defined the space of test functions @(I), it is important to define a proper notion
of convergence on this space, or equivalently a topology on 9(1). Test functions are smooth and
compactly supported, it is natural that the topology on .@([) takes into account all these properties.

The natural notion of convergence for continuous functions is that of uniform convergence, since it
is the simplest one for which the limit of a sequence of continuous functions is continuous. For test
functions, the notion of convergence is provided by the next definition.

Definition 1.2.10 Let (;);en be a sequence of functions in Z(1), and ¢ € 2(I). We say that
(¢;) converges to ¢ in Z(I) (or in the Z(I)-sense), if:

i) Uniform support There exists a segment [a,b] C I such that supp ¢; C [a,b] for all j € N
(we will sometimes denote this property by ; € Zja4)(1)).

ii) Uniform convergence of all derivatives For any k € N,

k k j—00
e — ®]| = sup 0\ (x) — oW (x)] =% 0.

We denote this convergence by
o=92— lim g,.

j—+oo

Obviously, when it exists, the limit function ¢ of a sequence (¢,);en is unique, and is also
supported in [a, b].

Remark 1.2.11 Under the conditions of the above definition, the limit function necessarily satisfies
supp ¢ C [a,b].

Exercise 1.2.12 Assuming the uniform convergence ||¢; — ¢||sc — 0 alone does not imply, a priori,
the uniform convergence of derivatives.
Construct a counterexample with “fast small oscillations”.

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher
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Exercise 1.2.13 Let p € Z(R), and, for ¢ # 1, denote by 1, € Z(R) the function given by

_ pltr) — p(z)
e T

Show that the family (¢;) converges in Z(R) as t tends to 1.
Remark 1.2.14 (Strict inductive topology on Z(I)) The definition of the convergence of sequences

in Z(I) corresponds to a slighty subtle topology on Z(I), called the strict inductive topology. Why “in-
ductive"? Because one first defines a topology on the space of smooth functions supported on a given
segment K C I (which we denote by 2k (I)). This topology is defined through the family of seminorms

Nic(p) = max, 16D oos @ € Dic(I),

namely a local base of open neighbourhoods in Zk (I) of the zero function can be defined by

UK,k:{QOEQK(I),NK’k(QO)<1/k}, kE>1.

With this base, one recovers the fact that a sequence (yp;) C Zk(I) converges to zero in Pk (1) iff all
seminorms N 1(p;) converge to zero when j — oo.

To induce a topology on Z(I), one considers a growing sequence of segments K1 C --- K; C K;41 C -+,

such that
1=JK.
i>1
It is obvious that for any i and any function ¢ € P, (I), that function is also an element of P, (1),
and the seminorms N, | 1(¢) = Ng, k(). As a result, the intersection between the open set Uk, » C
D1, (I) and D, (1) is just the set Uk, 1, which is open in Pk, (I); one says that the topology on Zx, (1)
is induced by the topology on Yk, (I).

Now, there exists a single topology on Z(I), called the strict inductive topology, such that for each open
set U C Z(I) of this topology and any index i, the set U N P, (I) is open for the topology of Zk,(I). A
family of neighbourhood of the zero function in (1) is given by the sets

Up=JUkh, k=1

i>1
Let us quote a few properties of this inductive topology:

1. each Pk, (I) is a closed subspace of Z(I).

2. each space Pk, (I) is separated and complete w.r.to its topology, as a consequence Z(I) is separated
and complete in the inductive topology.

3. although the topology on each Zk,(I) is metrizable, the strict inductive topology on Z(I) is not

metrizable.
4. a sequence (y;) C Z(I) converges to some ¢g € Z(I) iff the two properties of Definition are
satisfied.

1.3 Definition of distributions on /

Equipped with our test functions, we are now able to formally define the notion of distribution on an
open interval I. As mentioned in the Introduction, distributions correspond to a certain class of linear
forms acting on test functions.
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1.3.1 Definitions

Definition 1.3.1 Let / C R an open subset, and T" a complex valued linear form on Z(I). One
says that 7" is a distribution on I if, for every segment [a,b] C I,

(1.3.1) 3C >0, ImeN, Vo € Zuy(), |T(9)| <CD  [le™ .
k=0

We denote by (1) the set of distributions on I, and for T' € 2'(I), ¢ € Z(I), we use the
bracket notation

From the bound (), we say that the distributional bracket (T, gp) is controlled by m derivatives of
. As we will see later, this number of derivatives necessary to control 7" may depend on the interval
[a, b] on which the test function is controlled.

Definition 1.3.2 [Distribution of finite order] Assume T is a distribution on . If the integer
m € N in (.3.1) can be chosen independently of the interval [a, b], then the distribution 7" is
said to be of order < m; if my is the smallest such integer m, then T is said to be of order my.
Notice that the constant C' in (L.3.1) may depend on [a, b], though.

The above definition may appear a bit artificial. The following Proposition provides a more natural
characterization, in terms of the topology of the space of test functions.

Proposition 1.3.3 (Continuity) A linear form 7" on Z(I) is a distribution on [ if and only if,
for any sequence (y;) of functions in Z(I) that converges to ¢ in the Z(I)-sense, one has
T(g;) = T(p).

In other words, the linear form 7" : #(I) — C is a distribution iff it is continuous with respect to
the topology of Z(1).

Strictly speaking, we prove the sequential continuity of T'. On a general topological vector space, sequential
continuity of a linear form 1’ may not be equivalent with its continuity. Fortunately, because each of the
subspaces .@K(I) is metrizable, sequential continuity is equivalent with continuity in this inductive topology.
Proof.— Let 7" be a distribution on I, and (¢;) a sequence in Z(I) which converges to ¢ in Z(I).

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher



CHAPTER 1. DISTRIBUTIONS IN ONE SPACE DIMENSION 17

There is a segment [a,b] C I such that suppy; C [a,b] for all j € N, and suppp C [a,b]. There
exist C' > 0 and m € N such that

Vi € 2(I) with suppt C [a,b], |T(@)[ < C Y [ -
k<m
In particular, for any j € N,
k
T(p;) = T(@) = T(; = @) < C Y [l68 = ¥l -
k<m
Therefore T'(¢;) — T'(p) as j — +00, and we have proved the only if part of the proposition.
We now want to prove the if part. Suppose that for any sequence (gpj) of functions which converges

in (1), we have T'(p;) = T(p), where p = 2 — lim ;. We will reason ab absurdo: let us assume
that the linear form 7 is not a distribution: the converse of ([1.3.1)) gives the long statement:

(1.3.2) Ja,b] C 1, VC >0, Vm €N, Jp € Z1,4)(2), suchthat |T'(p)| >C Z o™]| oo -
k<m

(Notice that ( cannot be the null function). In particular, for any 7 € N, choosing C' = m = j, there
is a test function ; € P, (/) such that

. k
(i)l > 5D 16\ o -
k<j

Let 1; € Pj4)(I) be defined by v; := ¢;/|T(¢;)|. One obviously has |T'(v;)| = 1, with suppv; C
[a, b]. On the other hand, for any given k € N and any j > k, one has the bound

1

k

57 oo < 301957 o < =
B<g J

therefore lim;_,q Hzﬂj(k)Hoo = 0; this proves the limit

.@— ‘Iim 1/1]‘ =0.

J]—00

The continuity of 7" then imposes T'(1;) — 0, which contradicts the normalization |7'(¢);)| = 1. We
obtain a contradiction, hence the if part of the Proposition is proved. O

Remark 1.3.4 As a set of continuous linear forms, %'(I) forms a vector space on C: if 71,75 €
2'(I) and A\j, Ay € C, then \{T + A\oT5 is the linear form given by

(MTL 4+ XoTo, ) = (T, ) + Ao (T, )
and this form is obviously continuous since 77, T5 are so.

For T € 2'(I), we may also denote by T or T* the distribution given by

(T,p) =(T,9).
Then, any distribution T can be written as 7' = T} + i1, where T and 15 are real distributions,
that is such that (T, p) € R for any real valued function ¢. Indeed, this relation holds with
1 _

T = %(T+T) =Re(T) and Ty = 2—Z_(T —T)=1m(T).

Equipped with this general definition, we will now provide some examples of distributions.
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1.3.2 Distributions defined by locally integrable functions

The first distributions we meet are well-known objects, namely locally integrable functions, that is
measurable functions f on R, such that for any bounded interval [a, b], f[a i |f(z)] dx < co. We write

f € Llloc(I)

For such a function f and any ¢ € Z(I), the function f¢ is integrable. More precisely,

Tyio~ [ fa)p(o)do

is a linear form on Z(I). Moreover, for a segment [a,b] C I, for any ¢ € Zj3)(I), one easily checks
that

T ()| < [ f1 2 oy sup ] -
This bound shows that 7 is a distribution on I, and that T(¢) is controlled by O derivative of ¢:
according to the Definition [L.3.2, it is a distribution of order 0.

As a matter of fact, one can identify L. (I) with a subspace of 2'(I), that is identify the function f

loc

with the distribution T'. This is the content of the next

Proposition 1.3.5 The linear map

feL,(I)—Tye2'(I)

loc

is injective.

Remark 1.3.6 The injectivity refers to elements of L} , which are not functions, but classes of

functions, for the equivalence relation that f ~ ¢ if f(x) = g(z) almost everywhere w.r.to the
Lebesgue measure on I. In other words, if f is a locally integrable function, we want to show
that 7y = 0 if and only if f = 0 almost everywhere. In the special case where we also assume
that f is continuous, this is equivalent to f = 0 everywhere (indeed, f~!(R*) is then open and
Lebesgue-negligible, it is thus the empty set).

Proof.— Assume Tf = 0. Itis enough to prove that f = 0 a.e. on every segment of I, or equivalently
that for any ¢ € Z(I) we must have ¢ f = 0 a.e.

Our first task is to approximate the function f by a smooth function. For this aim, we will use a family
of convolution kernels [see TD1, Ex.8].

Let p € Z(R), non negative, supported in [—1, 1], and such that

/R,o(x)dle.

We then rescale p by a factor? £ > 0, into the function

(1.3.3) pe(x) = ép (5) -

K

3. In general, in analysis the letter € is used for a “small” parameter.
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We notice that the integral of p. remains equal to unity, while p. € Z(R) is supported in [—¢, ¢].

Lemma 1.3.7 (Smoothing by convolution) Let g € L*(R). Then the convolution product

Je = g * Pe

converges in L'(R) to g when & — 0.

The proof of this Lemma is the goal of Ex.8 in TD1.

Let us use this Lemma to prove the Proposition [1.3.5. We have the following expression for the
regularization of ¢ f:

Ve R, (f) *pela /f (W)p=( — y) dy = (Ty, pa(z — ) = 0,

where we used the fact that the function y — 1(y)p-(z — y) belongs to Z(I). Applying the lemma
tog=1f € L', we conclude 1) f = 0 in L', which completes the proof. O

1.3.3 The Dirac mass

The next example of distribution is a genuinely new object, in the sense that it is not a function (nor
an equivalence class of functions). It admits various names: Dirac distribution, Dirac mass, Dirac
measure, Dirac delta function,..., all associated with the physicist Paul Dirac, which introduced it in
quantum mechanics, and called it “§”.

For a point 2y € I, we denote by d,, : Z(I) — C the linear form defined by
0z () = (020, ) = (o) -

For any function ¢ € Z(I), one obviously has

1020 ()] < [ Plloos

so that 5% is a distribution on I. Let us call it the Dirac mass at x, or the Diract distribution at z.

We notice that d,,(¢) is controlled by 0 derivative of ¢, like in the case of distributions 7 associated
with an L, function f. It is thus also a distribution of order 0.

Yet, we claim that

Lemma 1.3.8 The Dirac mass at xy cannot be defined by a locally integrable function f.

Proof.—Let us assume the opposite, namely that (595 Tf for some f € L}

v € Z(I) such that xy ¢ supp @,
o) =0= [ J@)pa)ts
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Let us split the interval I at the point xg, to obtain the disjoint union
[:[1|_|{£C0}|_|[2

Then for any 1 € (1) we will have

/If(ﬂf)@l(ﬂ?) dr = i fin(x)pr(x) de = 0.

The second integral is the distributional bracket associated with the function f;;, € L. (I}). The

Proposition applied to f\hlr implies that f|11 = 0 a.e. on I;. The same reasoning applies to the
restriction f|12, which hence vanishes a.e. on 5. Finally, the full function f =0 a.e. on [.

Now, if we select a plateau function 1 such that ¥ (z¢) = 1, we would have

L= 4(a) = (17.0) = [0 =0.
I
which is a contradiction. O

The Dirac mass is relevant in many contexts. Among the 4 motivations we presented in the introduc-
tion, 3 were involving the Dirac mass (on R, or its generalization on R3):

i) the derivative of the Heaviside function is the Dirac distribution at the origin (see below section

(.4)).

ii) in electrostatics, a point charge at the origin can be modelized by a “density” given by the Dirac
mass at 7o € R3.

iif) in quantum mechanics, we already explained that the quantum state localized at a point g is
modelized by the Dirac mass at xg.

1.3.4 A distribution involving an infinite number of derivatives

In this section we want to explain why, in the bound ([L.3.1) in the definition of a distribution, the
number m of derivatives needed to control T(gp) may depend on the support of ¢ (hence on the
segment [a,b] containing this support). Indeed, we construct below a distribution such that m =
m([a, b]) converges to infinity when |[a, b] is made larger and larger, up to exhausting all of /.

We take I =]0, 1], and consider a sequence (x,),en of points in |0, 1| converging to 0 as n tends to
infinity. Let (a,)nen an arbitrary sequence of complex numbers. For every ¢ € Z(I), we claim that

(1.3.4) (T, 0) = ane™ (x)
n=0

defines a distribution on /. Indeed, let a < b be points in |0, 1[ such that supp(¢) C [a, b]. Then there
exists an integer N such that, for every n > N, x,, < a, so that

[e'e) N
3 0™ (@) = 3 anp™ ()
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is well defined, and controlled by N derivatives of ¢. For the same reason, if a sequence ((pk)keN
converges to @ in .@(I), then there exists a segment [a, b] C [ containing the supports of all the ¢y
and of ¢, so there will exist some N such that

N N
n k—o00 n
(T, 00) = Y anpl” (@) 25> ang™ () = (T,0)
n=0 n=0

If an infinite set of parameters (a, ) are nonzero, we claim that the distribution 7 is not of finite order,
meaning that one cannot control 7" with a fixed number of derivatives of (, independent of the support
of ©. This is due to the fact that derivatives ©™ (1) cannot be controlled by norms (||¢®||s)r<n
involving less derivatives. Following the Definition , we say that T is a distribution of infinite
order.

Remark 1.3.9 In this example it is crucial that the sequence (z,,),en does not admit an accumu-
lation point in . Indeed, if there were such an accumulation point x, € I, then for a given choice
of parameters (a,) (assuming infinitely many of these parameters are nonzero), one can construct
a test function ¢ € 2(I) such that the derivatives (™ (z,) grow arbitrarily fast when n — oo, in
particular such as to make the sum ([L.3.4) divergent. Hence the linear form 7" would not be defined
on this function ¢, it would not be a distribution.

1.3.5 Cauchy’s principal value of 1/z

We now introduce a distribution which looks similar to the distributions 7'y associated with L func-
tions. However, in the present case the function is 1/3:, which is not locally integrable at the origin.
For this reason, one has to be a bit clever and proceed by a limiting argument, removing smaller and
smaller neighbourhoods of the origin. We will see that the resulting distribution is more singular than

distributions associated with L. _functions.

Precisely, we consider the linear form 1" : @(]R{) — C given by

T(p) = lim /| @d:v.

e—0t X

Let us show that this limit exists for any ¢ € Z(R). Indeed, for such a function, we have

/z%#dw - /€+m@dx+/:@dx
L [Tetiote o i) o(ce)

dr —
x e—0 0 x

X .

Here we have used the fact that the function

p(x) = p(=2)

reR—

is C*> and compactly supported (cf Ex. [1.1.1]). In fact, both integrals on R, and R_ diverge, but with
opposite asymptotics, such that their sum remains bounded.
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Now let us show that the well-defined linear form 7' is a distribution on R. For any ¢ € Z(R), we
have the bound
’@(x) -

< 2[¢lloo

xw(—x)’

hence, if supp o C [—A, A],

—+00
0 x
This shows that T satisfies the estimate in Definition [L.3.1. Notice that the constant in the estimate
is here 24, it does indeed depend on the support of ¢. Another striking fact is that this distribution
is controlled by the first derivative of . In this sense, it is more singular than the distributions Tf
associated with locally integrable functions. One can show that this distribution is indeed of order 1.

This distribution is called the Cauchy principal valued of 1/x, and we denote it by

(pv (i) ;) ZEIL%/IDE@M:/;OOMW.

There are other examples of extensions of functions near a singular point (Hadamard finite parts,...),
which can often be seen as a renormalization procedure of a divergent expression: one substracts
the “simple” divergent behaviour, to identify a bounded remainder, which is called the “renormalized”
expression.

1.4 Differentiating distributions

This section introduces one of the most important operation on distributions, namely the derivative.
In order to understand the definition below, let us notice that, if f € Cl(]), a simple integration by
parts yields

Vo € C(D), (Typ) = / f(@)p(a)dz = — / f(@)g (2)dz = (T}, o)

This suggest the following definition.

Proposition 1.4.1 Let 7" € Z'(I). The linear form on Z(I) defined by

Y= _<T7 90/>

is a distribution, that we call the derivative of T', and that we denote by T".

Proof.— Let [a,b] C I be a segment, and C' > 0, m € N the constants controlling the distribution
T € 9'(I) for test functions supported on [a, b] (see Def. [L.3.1). For ¢ € 2(I), supported in [a, b],

4. In French, it is called “valeur principale de l/x”, hence denoted as vp (%)
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we have

(T o) = (T, < CY suple™|<C Y suple®],

k<m k<m-+1

which shows that 7" is a distribution, a little more singular that 7" if T is of finite order m, then 7" is
of order m + 1. O

Of course the above calculation is compatible with the case of functions:

Proposition 1.4.2 If T'= T} with f € C'(I), then T" = T}.

The next examples are much more interesting.

Example 1.4.3 Let // : R — C denote the Heaviside function, namely H(z) = Ig, (x). This
function belongs to L. (R), so we can consider T = Ty the associated distribution. For any

SO c @(R), loc )
(T, 0) = ~(T. ') = — / o/ (2)dz = (0),

so that 7}, = dp, as we stated in the introduction of these notes: in the sense of distributions, the
derivative of the Heaviside function (which is not a differentiable function) is the delta mass at the
origin. The non-differentiability (actually, the discontinuity) of H at the origin leads to a singular
distribution at 0.

Example 1.4.4 (Primitives of Llloc functions) Let f € L. (I) and a € I. Consider the primitive

loc

Fla) = /xf@) it

A classical application of the dominated convergence theorem shows that F is continuous on I. In
particular, F' is locally integrable. But in general, F' will not be differentiable everywhere. We claim
that

Proposition 1.4.5
va =Ty .

Proof.— Introduce, for every t € I,
Igo={cecl:xz<t}, I, ={xecl:x>t}.

Let us compute, for every ¢ € C5°(1),

Tre) = ~ee) = [ ([ r0a) ¢ do

/
aes = [ ([rawioa) @i [ ([re@iow) e,
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Let us apply the Fubini theorem to both integrals in the right hand side. Notice that, if the support
of ¢ is included in [«, 5] with a € [« 5], the integrand of both integrals is supported by [«, 5] x [« 5]
and is bounded by

[F @)@ ()]

which is integrable on [a, 8] X [«, 5]. Hence the Fubini theorem allows us to interchange the orders
of integration. This yields

Tg) = [ 10 (/ KC ) ai- [ o (/ KC i)

= fet)ydt+ [ f(t)p(t)dt

I<a I>a

_ / F(Op(t) dt = (Ty, )

Figure 1.4: Applying Fubini’s theorem on the two integrals of ([L.4.5); the two domains of integration
are drawn in pink, resp. light blue.

In this proof we notice a “meta-strategy” which will be used at many points in this course: transfer
the computations (differentiation, product with a smooth function) from the distribution side to the
test function side.

Remark 1.4.6 [Going further than Lebesgue !] The statement of Prop. looks very similar with
the one of Prop. [L.4.2. However the extension from f € C*' to f € Lj,. contains some subtleties.

1. The derivative f is not defined everywhere, yet the corresponding distribution is unique, as
explained in Prop. . On the other hand, the function [ is continuous, hence unambiguously
defined.

2.Lebesgue proved that the function F'(z) = [* f is almost everywhere differentiable, with a deriva-
tive a.e. equal to f; in particular F' can be recovered from its derivative. This is not a general
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property of continuous functionsB. Indeed, there exists continuous functions G, differentiable almost
everywhere, but such that their (a.e. defined) derivative G’ does not allow to reconstruct G. For
instance, the “devil’s staircase” function G is continuous on [0, 1], almost everywhere differentiable
with G'(x) = 0 a.e., yet G is not a constant function (see fig. ) This uncomfortable phenomenon
does not happen with distributional derivatives, as we shall see below in Proposition [1.4.8: for such
a function G the distributional derivative T, is not associated with an L}, . function, but is more

singular; yet it vanishes on a union of intervals of full measure on ]0, 1].

f'(x)=1/x

fx)=log(IxI)

Figure 1.5: Left: the “devil staircase” function GG, which satisfies G'(x) = 0 a.e. Right: f(z) = In(|z|)
and its derivative.

Example 1.4.7 The function f(z) = In(|z|) belongs to L. (R), thus defines a distribution 7" =

loc

Ty € 2'(R). We want to compute 7”; it seems reasonable that 7" is related to the function
x — 1/x, but this function is not in L. (R). However, let ¢ € C5°([—A, A]). We compute

loc

(T, @) = —/Rln || go’(ac)dx:—lim/|> ¢'(x) In(|x]) dx

e—0

- liﬂ?)/'ﬂx@dwﬂm)(w(s) —¢(—¢))In(e)

and the second limit in the right hand side vanishes, since ¢ is smooth. We conclude that
T" = pv(1/x),

the distribution introduced in the previous paragraph.

The only functions with an identically null derivative on a full interval are constant functions. The next
proposition shows that distributions satisfy the same property.

5. This property actually characterizes absolute continuity of the function F', which is a stronger property than continuity
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Proposition 1.4.8 If T' € (1) satisfies T’ = 0, then T  is associated with a constant function.

The second point of Remark shows that this statement is not obvious. Notice that this is the first
differential equation we are solving in the space of distributions; it does not yield any “new” solution.

Proof.— We start the proof by a remark that may be useful in other contexts. A function ¢ € .@(I)
is the derivative of a function ¢» € Z([) if and only if [, ¢ = 0 (we say that ¢ “has zero mass”, or “is
massless”). Indeed, if ¢ = v’ for 1) supported in [a,b] C I, then

/ﬁ“xm = /abw'(x)dw — ()2 =0.

Conversely, if f[ @ = 0, the function ¢ : x — f[ﬂ]—oo o gp(t)dt is compactly supported, with support
included in any compact interval containing supp o, and satisfies 1)’ = .

The constraint 77 = 0 shows that for any function ¢ of zero mass, one has
<T7 90> = <T’ ¢/> = _<T/’¢> = 0.

Therefore, we already know the value of I’ on all massless functions. We now wish to compute the
value of T" on arbitrary functions ¢ € (), including “massive” functions. For this aim, the idea is
to split ¢ into a massless part (which will be killed by 7") and a simple massive part.

To operate this splitting, we choose a “reference function” y € .@([) such that fIX = 1. Using this
function, any ¢ € Z(I) splits into the sum

Y = po + Pm with 900280_</<P>X7 andgpm:</go)x,
I I

that is a "massless” part and a “massive” one. Since f] o = 0, there exists a unique 1 € @(I) such
that pg = ’. Hence, by linearity we may write

w0 =+ (o)
— (T )+ (/190) (T,x).

<ﬂ@=c[¢:aa@,

where C' = (T, x) is a constant independent of ¢, and T is the distribution associated with the
constant function equal to C'. We notice that C' is independent of the choice of reference function:
indeed, had we chosen a different reference function Y of mass unity, since Y — X is massless, we
would have (T, x — x) = 0. O

The hypothesis 77 = 0 yields

Proposition implies that the derivative of a distribution associated with a constant function is
null. Therefore, the above statement is actually an equivalence.

This result can be easily extended to a differential equation with a nonhomogeneous term.
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Corollary 1.4.9 Let f € L] (I). The distributions T' € 2'(I) solving the equation

T =T

are all of the form T = T, where

F(:p):/xf(t)dtJrc,aEI, ceC.

Proof.— Let ¢ € [ and define

Fi(z) = / iy de

By Proposition 1.4.5, T}, = Ty = T". Then just apply Proposition toT — T, . O

Using arguments from the proof of Proposition [1.4.8, we can actually establish the surjectivity of the
mapping 7' — T" on the whole of 2'(I).

Proposition 1.4.10 (Primitive of a distribution) If S € 2'([), there exists T' € %'(I) such
that 7" = S.

The previous proposition shows that, once we have found a particular solution 7" to the above equation,
all the solutions are of the form T + T, for some constant ¢ € C}.

Proof.— As is becoming usual, the strategy will be to push the computations to the test functions.
The identity 77 = S is equivalent to

(1.4.6) Voe 2(I), (T,¢)=—(S ).

In view of the proof of Proposition [L.4.8, the above equation already imposes the value of 7" on all
test functions of the form ¢/, namely on all massless test functions.

Following the same strategy of proof to compute the value of T on a general test function, we split
the latter it into a massless and a massive part. So we choose a fixed “reference function” x € Z(1)
such that [, x dz = 1, and for any test function ¢ € Z(I) we define its massive part ¢, = x [, ¢,
and is massless part @o(x) = p(z) — x(x) fI . This massless part admits a primitive

Pl = [ ety
which belongs to Z(I). Note that the map ¢ — P(y) is linear. We may then define the value of T’
on ¢ by:

(1.4.7) (T, ) = —(S, P(p)) -
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Let us check that this definition satisfies the required property ([L.4.6). If we take ¢ = v’ in the above
formula, we note that this function is massless, so that ¢y = ¢, and P(¢p) is the unique primitive of
¢ which is a test function, namely P(p) = P(¢)’) = 1); we then find ([L.4.6) (with o replaced by ).

There remains to check that the linear form ([1.4.7) is a distribution, namely is continuous w.r.t. the
topology on Z(I). To show this, it suffices to show that the map P : Z(I) — Z(I) is continuous.
The first property to check is the control on the support of P(go). Let us assume that the reference
function X is supported in an interval [a, 5] C I. If ¢ is supported in the interval [a, b], then the
function (g is supported in [min(a, a), max(b, 5)], and it will be the case for its primitive P(y) too.
Hence, controlling supp(¢) allows to control supp P(yp).

Then, the expression of (o, shows that for any k € N, the norm

k
125 oo < 1™ oo + 11X ool @]l
k
Croe D MW,
j=0

where the constant C, ;, takes into account the norms on the derivatives of the reference function .
Taking the primitive of ¢y, we find the same type of estimates:

1P(@)llse < Croll@lloo,

k—1
fe— .
1P@D oo = 168 Ve < Copr S 16PN, k> 1.
j=0

These estimates show that the map ¢ +— P(p) is (sequentially) continuous: if a sequence ()
converges to ¢ in Z(I), then P(yp,) converges to P(p) in Z(I). Therefore the linear form T =
—SoP:9(I)— Cis itself continuous, hence it is a distribution.

O

1.4.1 Higher derivatives*

Since T” is itself a distribution, it can be differentiated. Iterating this process, one can define the
successive derivatives T®) of T for all k € N. This means that any distribution can be differentiated
at any order, and we obtain the formula

Vo e 2(I), (T®, p) = (—=1)XT,e®).
For instance, the k-th derivative of the Dirac mass at the origin is defined as
(0%, @) = (=1)" ™ (o) .

For instance, the distribution described in subsection can be expressed as the infinite sum

T=> (-1)"a,0".

n>1
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1.5 Product of a distribution with a smooth function

One important property of continuous (or Ok) functions is that they form an algebra: one can multiply
functions with one another, staying the same class of continuous (or C’“) functions. This is already
not the case for two L' functions, yet the product of an L' function with a bounded (L) function
remains in L'.

Two distributions can in general NOT be multiplied with one another. However, we may multiply a
distribution with smooth functions, as shown in the following

Proposition 1.5.1 Let 7' € %'(I), and f € C*°(I). The linear form

o =T, fo)

is a distribution in 2'(I). We denote it by f7.

Proof.— Suppose (;) is a sequence of functions in Z([), that converges to 0 in the Z([)-sense.
There is a segment [a, b] C I such that supp ¢; C [a,b] for all j, which implies supp fy; C [a,b] for
all j. Moreover, for any a € N,

(o) =3 (g) O pla=p),
BLa

so that if we denote
M = max sup |f 5)( )| = HfHC“([avb])

B ge(a,b)

1)@l < M S ( )rw}amuw

B<a

we see that

Since each of the terms in the sum converges to 0 as j — 400, the right hand side does so too, so
that (fy;) — 0in Z(I). Finally, since T is a distribution, (T, f,;) — 0. This proves that f71" is
continuous on Z(I), hence is a distribution on /. O

Exercise 1.5.2 For f € C*(R), show that fd, = f(0)dy.
Exercise 1.5.3 For f € C*°(R) and g € L (R), show that fT, = Ty,.

Exercise 1.5.4 Show that zpv(1/x) = T}, the distribution associated with the constant function
on R (see TD 2, ex.3)

Exercise 1.5.5 For f, g € C*(R), show that f(¢7) = (fg)T

We have seen that distributions can be differentiated arbitrarily many times; so can smooth functions.
In view of the above proposition, it makes sense to differentiate the product f71'. Like for the product
of two smooth functions, the derivatives of this product satisfy a Leibniz formula (we leave the proof
of the following result to the reader).
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Proposition 1.5.6 (Leibniz formula) For f € C>(I), and T' € 2'(I), we have

k
VkeN, (fm)® = Z (f)f(j) T(k=3)

j=0

Proof.— Let us check the property for k£ = 1. By definition, for any ¢ € .@(]),
((JT),0) = =(fT.¢") = (T, f¢')
On the other hand,
(J'T+ 1T @) = (T f'o) + (T, fo) = (T, f'0) = (T’ (f)') = (T, f¢').

Since the two expressions coincide for any ¢, we get (fT) = f1' + f'T. Since this algebra of
derivatives is identical to the one for the product of two functions, it can be iterated to any order k,
leading to the same Leibniz rule as for the product of functions. O

Product with a polynomial

Let us now focus on the case where the function f is a polynomial, or even a monomial. The Exer-

cise implies the identity
(x — 20)0zy =0,

Our next statement shows that the delta mass at x is essentially the only distribution satisfying this
identity.

Proposition 1.5.7 Let ¢ € I, and let T' € 2'(I) satisfy
(x —x0)T =0,

Then there exists a constant ¢ € C such that 7" = ¢, .

Proof.— Hadamard’s Lemma (see Ex. [1.1.1]) shows that, for any test function ¢ vanishing at xg, the
function ¢ = —2—~ € P(I). In that case, if T satisfies (z — x¢)T = 0, we have

(z—z0)
Hence, we already know that such a distribution 7" kills all functions ( vanishing at .

Like in Prop. [L.4.8, to compute T for a general test function ¢, we split the latter in a part vanishing
at xgp, and a “simple” remaining part. We will also use a reference function x &€ @(I), which we now
require to satisfy x(zo) = 1.
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The generic test function ¢ € .@(I) splits into a multiple of this reference function, and a term
vanishing at xg:
p(x) = p(xo)x(x) + (z — 20)0(z)
(z) = e(x)—p(@o)x ()

where 0 i is smooth (from Hadamard’s Lemma), and is compactly supported since
the numerator is so. We then infer

(T, ) = (T, x)(x0) + ((x — 20)T,0) = (T, x)p(0) ,

whence T = céx0 with ¢ = <T, X>- Here as before, changing the reference function will not change
the constant c. O

Example 1.5.8 We are now in measure to solve another first order differential equation on the
space of distributions, more complicated than the equation 77 = S of the previous section. Let us
look for solutions 7" € 2'(R) of the equation

(1.5.8) 2" +T=0.
By the Leibniz formula, this equation is equivalent to
(zT) =0
Using Proposition , this is equivalent to
xT'="T, forsomec € C.

Exercise shows that ¢; pv(1/x) is a solution of this equation, so we now have to solve

x(T—clpv(é)> =0.

Finally, using Proposition , we obtain the general solution of the differential equation 27"+ T =
0:

1
T = C1 pv (;) + 02(50 s (Cl, 02) € (C2 .

We have proved that the only global nontrivial solutions to ([L.5.8) are genuine distributions which
present singularies at the point x = 0; this singularity is due to the fact that the coefficient of the
highest derivative (here T") vanishes at that point.

We also notice that the space of solutions has dimension 2, eventhough the ODE is of order 1.

Finally, we use elements of the proof of Prop. to show the surjectivity of the mapping T —
(x —x0)T on 2'(1).

Proposition 1.5.9 Given S € Z'(I) and x( € I, there exists T' € 2'(I) such that

(x —x)T =S .

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher



CHAPTER 1. DISTRIBUTIONS IN ONE SPACE DIMENSION 32

Of course, if xg & I, the statement trivially holds, since the function (:c — 1:0)_1 is smooth on I, and
(x — x9) 1S is well-defined.

Proof.— We proceed similarly to the proof of Proposition [1.4.10. Indeed, (x — x¢)T = S reads

(1.5.9) Vo € -@(I) ) <T’ (ZB - 1’0)30> = <S7 90> )

which, in view of Hadamard’s lemma, imposes the value of 1" on test functions vanishing at xg. As in
the proof of Proposition [L.5.7, we fix a reference function x € Z(I) such that x(z) = 1. For every
v e D(I), we split ¥ into ¥ = (xg)x + (x — z0)0(z), but we now want to remember that the
function  depends on ¢, so we denote this function by Q(¢):

Quu)(e) = PN [Pyt 4 (0 b)) = wan) (e + (1= )] e

T — 2o

Q: 2(1) — (1) defines a linear mapping. Like in Prop. [L.4.10, we need to check that this mapping
is continuous on Z(I). Firstly, the inclusion

supp Q(¢) C supp(¢) U supp(x)

shows that controlling the support of ¢ allows to control the support of Q(gp) Secondly, any derivative
Q(gp)(k) is controlled by a certain number of derivatives of ¢. Indeed, the integral representation of
Q(p) shows that

1Q(W)llse < [1¥1ls0 + [1X ool @1l

and similarly for higher derivatives of Q(¢) These properties show that () is a continuous mapping.

Now, let us define the linear form 1" by

Vipe 2(I), (T,¢)=(5,Q1)) .

The continuity of () and the fact that S is a distribution imply that 7" = S o () is a distribution as well.
Finally, For every p € Z(I), one checks that

Q((.ZU - .Z’())QO) =¥,
hence the distribution 7" satisfies ([1.5.9). O
Similarly, the differential equation of Example can also be made nonhomogeneous.

Exercise 1.5.10 For a given S € Z'(R), describe the solutions 7' € Z’'(R) of the equation

2T +T =25 .

To generalize Proposition [L.5.9, we may as well multiply 7" by higher order monomials.

Corollary 1.5.11 If xy € I and m is a positive integer, the mapping T' € Z'(I) — (x —xo)™T €

9'(I) is surjective, and its kernel is the m-dimensional vector space generated by {69(6%), J =
0,1,...,m—1}.
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Proof.— We proceed by induction on m. The case m = 1 has been solved in Propositions and
[1.5.9. Assume m > 2 and that the statement is true for m — 1. The surjectivity of the mapping
TeP()— (x—x9)"T € P'(I) follows immediately from the similar property at the level m — 1

and from Proposition [L.5.9.

Concerning the kernel, the identity
(z — 20)™T = (x — 20)™ " ((z — 20)T)

is solved by the induction hypothesis by
m
(x —20)T = Z cjég(fo) , with arbitrary coefficients ¢; € C.
=0

Prop. claims that this has a solution. We can actually find an explicit solution to this equation.
For this, we will use the following lemma, which generalizes Prop. [L.5.7:

Lemma 1.5.12 For any point xg € I and any integer k > 1,

(:L’—.I')5 kékl

Indeed, for every test function ¢, we have

((z — 20)0®, ) = (=1)F((z = 20)p) “(20) = (1) kp® V(o) = k(5% )

Coming back to the proof of Prop. [1.5.11], we may rewrite

m—2
C; i1
(. —20)T = —(z — x0) : Ji 15§;Jo+ ],

=0/

Finally, applying Prop. to the distribution
T+Y L
Z j +1°

adds a possible term cdmo, which completes the proof. O

After multiplying 7' by monomials, we may generalize to products with polynomials (we leave the proof
to the reader).

Corollary 1.5.13 Let P be a non identically zero polynomial function. Then the mapping
Te2()— PT e 2'(I)

is surjective, and its kernel is the vector space generated by the distributions 5((3), where a ranges
over the zeroes of P inside I, and j =0, 1,...,m(a) — 1, where m(a) denotes the multiplicity of
a as a zero of P.
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Finally, let us solve another (very simple) differential equation on .@’(R).

Proposition 1.5.14 Let / C R be an open interval, and a € C*(I). The distributions in 2'(I)
that satisfy the differential equation
T +aT =0

are exactly the C* solutions, that is the regular distributions T with f : z +— Ce=A®) for some
constant C' € C, where A is a primitive of a in .

In other words, the distribution solutions of this differential equation coincide with the classical solu-
tions. Notice that this is not always the case if the coefficient of the highest derivative vanishes at
some poines — see example above.

Proof.— Let A be a primitive of a on I. For T' € &'(1I), we have, using Leibniz formula,
(eT) = aeT + T = AT’ + aT).
Thus
T'+aT =0 <= (T) =0<= AT =T <= T = e Te = Tpe-a.
O

Exercise 1.5.15 Solve in 2'(I) the inhomogeneous equation 7" + aT = f, for f € L. (I). Fur-
thermore, prove that, if S € 2'(I), there exists T € 2'(I) such that T" +aT = S.

1.6 Restriction and support

We have defined the support of a continuous function. For locally integrable functions, there exists a
similar notion, called essential support, which needs a bit more care to define. Restrictions of functions
are easy to define. Below we will define the support of an arbitrary distribution, as well as its restriction
on an subinterval. These notions allow to “localize” the action of a distribution on a small interval;
more importantly, they allow to construct a global distribution piece by piece, by gluing together locally
defined pieces.

1.6.1 Restricting a distribution on a subinterval

Definition 1.6.1 Let 7' € %'(I), and J C I an open subinterval of I. The restriction of T" to
J is the distribution Tj; € 2'(J) defined as

Voe 2(J), (Tis,0) =(T,¢) ,
where ¢ denotes the extension of ¢ by O on I'\ J.

If 7); = 0 we say that 7" vanishes in J.
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Let us state without proof the following elementary properties of restriction with respect to derivation
and multiplication by a smooth function.

() =15, (T = fiuT)s -

1.6.2 Nested construction of a distribution

As a first application of this important notion of support, let us state a very useful result, namely the
possibility to construct a distribution piece by piece, on larger and larger intervals.

Proposition 1.6.2 [Nested distributions] Let (I,,),en be a growing sequence of bounded intervals
in I, such that I, =|ay,, b,[, [an,b,] C 1,41 for every n, and

U]n:I.

neN

Suppose we are given, for every n € N, a distribution 7}, on I,,, such that T,,,; extends T},:
Vn c N ; Tn+1|1n :Tn .
Then there exists a unique distribution 7" on I which extends all the 7},, that is such that

VneN, T, =T, .

Proof.— The key of the proof is the following elementary fact. For every segment [a, b] C 1, there
exists n such that [a,b] C I,. Indeed, from the assumptions, the sequence (a,) is decreasing,
converging to the left boundary of I, while the sequence (bn) is increasing, converging to the right
boundary of I. This fact is also a consequence of the Borel-Lebesgue property for the compact set
la,b]. The bounded intervals (I,,) are said to form a nested (or growing) sequence, and their union
cover all of 1.

If such a distribution 7" exists, for every ¢ € Z(I), there exists n such that supp(¢) C I, and
therefore we should have
<T7 90> - <Tn’ 90> .
This proves the uniqueness of T, and suggests a way of constructing it. Indeed, given ¢ € @(I), we
may take ng to be the smallest n such that supp(y) C I,,. The assumption Tn+1lln = T,, then implies
that
(T, ) = (Thy, ) foralln>ng.

For this function ¢, we can therefore define
def
(T, ) = (Thos ) -

This procedure clearly defines a linear form on Z(I). Is it continuous on Z(1)? If ,; converges to ¢
in 2(I), then there exist ng such that,

Vi, supp(@;) C I, -
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Therefore, for all the functions ¢; we take

<T7 @j) = <T7Lov ¢j>a

and since T, is a distribution on I,,;, (T', p;) converges to (T, ), showing that T’ is a distribution as
well. O

Let us state a first consequence of this nested construction.

Corollary 1.6.3 Let f € C*°(I) admitting only finite order zeroes in I, namely, if f(a) = 0, there
exists m > 1 such that f(™(a) # 0. Then the mapping T € 2'(I) — fT € 2'(I) is surjective.

This result generalizes the product with polynomials of Corollary [1.5.13, to the case of a smooth
function f with possibly infinitely many zeros on I; yet, a crucial point is the fact that on any segment
la,b] C I, the number of zeros of f is at most finite.

Proof.— If f(a) = 0 and m is the smallest integer such that ™ (a) # 0, the Taylor formula yields

(z —a)"

f(ﬂﬁ):m

1
/ (1= )™ f (a4 t(x — @) d .
0

From the continuity of f(m), we infer that there exists an open interval J, C [ containing a, such that
f(z) # 0 for every x € J, \ {a}. For any segment [«, 5] C I, the (compact) set of zeroes of f in
[a,ﬁ] is covered by the family of open intervals J,’s, hence — from the Borel-Lebesque property —
by a finite subfamily of J,’s, showing that this set of zeroes is finite. Consequently, in ]a, ﬂ[ we can
write

f[=Pg,
where P is a polynomial vanishing on the zeroes of f (with the same multiplicities), and ¢ is a smooth
function which does not vanish in ], 5[. Consequently, the Corollary shows that the mapping

T e 2'(Ja, B]) — fT = PgT € 2'(Ja, B])

is surjective, and its kernel consists of finite linear combinations of Dirac masses and their derivatives
on the zeroes of f in ]oz,ﬁ[. In particular, any distribution U]am in this kernel is the restriction to
|, B[ of some distribution U on I, satisfying fU = 0 on I.

Let S € Z'(I). In order to solve the equation f1" = S, we will now apply the above local construction
to a nested cover (,,),>o for the interval I, using Proposition [.6.2.

We start with the two first intervals Iy € I; € I. In view of the above local construction, there exists
Ty € 2'(1y) such that fi;, Ty = S,; similarly, there exists Ty € 2'(1;) such that fi;, Ty = Sj;,. A
priori, the restriction Tl\lo is not necessarily equal to 7, we must apply some correction to make them
“match”.

Denote by Tl,o = Tl\fo the restriction of Tl to Iy. Of course,

fuo (Tl,o -Tp) =0,
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From the above observation on the kernel of T +— fT', there exists U; € 2'(I;) such that Uiiry =
Ty —Tp and fi;,U; = 0. If we modify T into

def

TW=T,-U € 2),
we observe that we have restored the “matching” between 7} and 1j:
Ty, =Ty, and fi,Th =29y -
By induction, we can therefore construct, for every n € N, a distribution T}, on I,, such that
Tn+1\1n =T,, and fi1,T, = S, -
Applying Proposition [.6.2, there exists T' € &’'(I) such that, for every n, Tj;, = T,,. Consequently,
vn € N, (fT)1, = fir,Tn = Sy1,, -

By the uniqueness part of Proposition [1.6.2, we have constructed this way a unique distribution 7',
which globally satisfies
fT=5.

[ Notice that, as opposed to the case of polynomials, the function f may have infinitely (but
countably) many zeroes on [.

1.6.3 Support of a distribution

In Definition we had introduced the support of a continuous function as the complement of the
open set where the function vanishes. We can now adapt this notion to a distribution.

Definition 1.6.4 The support of a distribution 7" € %'(I) is the complement of the union of
all the open subintervals on which the restriction of 7" is 0. We denote this set by supp 7.

Like in the case of continuous functions, supp 1 is closed, and the following characterizations are
convenient.

e xo ¢ supp T if and only if there is an open neighborhood J of xy such that T;=0.

e 1y € suppT if and only if, for any open neighborhood .J,,, of xy, one can find ¢ € C{)’O(on)
such that (T, p) # 0.

Example 1.6.5 /) Let 7' = §,. If J is an open interval that does not contain {0}, then (7', ) =
©(0) =0 for any ¢ € Z(R) such that suppy C J. Thus suppT C {0}. On the other hand,
if J is an open subinterval that contains 0, we can find a function ¢ Z(.J) sucht that ¢(0) = 1;
for this function we have (T, 1) = ¢(0) = 1. Therefore, 0 € suppT’, and finally supp T = {0}.
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ii) If T =Ty for some f € C°(I), with I an open interval of R, we have

suppT =supp f ={z €I, f(x) #0} .

Indeed, suppose that xy ¢ supp f. There is an open neighborhood J of z such that fi, =0.
For any ¢ € 2(J), we have thus (T}, p) = 0, so that T} vanishes on J, and xy ¢ supp T7.
Conversely, if o ¢ supp T, there is a neighborhood J of xy such that, for all ¢ € C3°(J), we
have [ fodx = (T, ) = 0. We have seen in Proposition that this implies f =0 in J,
thus o ¢ supp f.

jii) If T =T} for some f € L (I), the same argument leads to the characterization

loc

supp(Ty) = ess — supp(f) = {xo € I,Vr > 0,meas{z € [xvg —r,x0 + 7], f(z) # 0} > 0} .

1.6.4 Some properties of the support

Let us consider how the support behaves w.r.t. the two operations on distributions, namely differen-
tiation and multiplication by a smooth function.

Lemma 1.6.6 Forany 7' € 7'(I):

i) forany k € N, suppT® C suppT.

i) for any f € C>(I), supp fT" C supp f NsuppT.

Proof.— Let zy ¢ supp7. There exists a neighborhood V' of xy such that for all ©» € C§°(V),
(T,) = 0. Butif p € C°(V), ¥ := o belongs to C3°(V) as well, thus

(T®, ) = (=1)(T, ™) =0,
This proves that T‘(‘f) =0, hence z¢ ¢ supp T™*), which proves ).

Let us prove the second point. If x @é supp f Nsupp T, x either belongs to Csupp forto Esupp T.
In the first case, there exists a neighborhood V' of x¢ such that f|, = 0. For ¢ € C°(V), we have
(fT,p) = (T, fe) =0, thus =y ¢ supp(fT). In the second case, there exists a neighborhood V'
of xq such that, for all ¢ € C*(V), (T,¢) = 0. For p € C°(V), fp also belongs to C3°(V'), thus
(fT,p) = (T, fe)y = 0. In both cases, we have shown that xy ¢ supp fT', which proves the point
i7). O

The following result is now easy to show, yet it is fundamental.

Proposition 1.6.7 Let ¢ € Z(I) and T € 2'(I). If supp NsuppT = (), then (T, p) = 0.
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Proof.— Let © € supp ¢. We have, by assumption, x §Z supp 1, thus there is an open subinterval .J,
containing x, on which 7" vanishes: 7);, = 0. Covering the compact subset supp(gp) with the open
intervals J, and applying the Borel-Lebesgue theorem, one can extract a finite covering

supp p C U S

j=1

By Corollary [L.2.7, one can find a smooth partition of ¢, namely functions ; € Z(J,,) for j =
1,...,n, such that
p=pr1t et on

By linearity

n n

(T, ) = Z<T> pj) = Z<T|sz790j> =0.

Jj=1 Jj=1
O

A word of caution: one may have ¢ = 0 on supp T and (T, p) # 0. For example, this is the case
for T'= ¢; and ¢ € Z(R) such that p(0) =0, ¢'(0) = 1.

An immediate consequence of Proposition [1.6.7 is the following important

Corollary 1.6.8 The only distribution with empty support is the null distribution 7" = 0.

We conclude this section by the important characterisation of distributions 7' € 2’(I) supported on a
single point.

Proposition 1.6.9 Let 7" € Z'(I), with T' # 0, and z¢p € I. If suppT C {zo}, there exists
m € N and m + 1 complex numbers a; for 0 < k < m such that

T = akég(c];).

m
k=0

Proof.— We write the proof in the case 2y = 0. Let a < a’ < 0 < & < b such that the segment
la,b] C I, and x € Z(]a,b]) a cutoff function equal to unity on [a’, b']. Since T is a distribution, there
exist C' > 0, m € N such that

Vi€ 2(I), suppt C [a,b] = [(T,¥)| < C sup )],

k=0

and from now on we denote by m the smallest integer for which this property holdsE.

6. This value m is therefore the order of the distribution T”a}b[
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For any function ¢ € Z(I), since supp(p — xp) NsuppT = (), we have
(T, ) = (T, xp) + (T, — xp) = (T, xp)-
Since supp(xy) C |[a,b], we have

(T, )| = (T, x)| < C Y sup|(xe)™|.

k=0
The Leibniz formula gives
k
sup | (xp) ™| = sup |(xp) M) < C;;?aug 0,

We first consider a test function ¢ € Z(1) satisfying 0*)(0) = 0 for every k < m, then (T, ¢) = 0.

11
272

X=(2) = X <§> :

The function ¢ — X vanishes in [—£/2, /2], a neighborhood of 0, so

(T, ) = (T, xep) -

The assumption on ¢ and a generalization of the Hadamard Lemma shows that ¢ factorizes into

p(z) = 2™ (x)

Indeed, let y be a cutoff function on [ ], with supp(x) C [—1,1]. For & > 0 small enough, we

define a rescaled cutoff function

for some ¢ € Z(I). Hence

X

Xep(@) = X (2)a™ (x) = e p(2)(x) |

5 5
where we introduced the function p(y) = y™'x(y). By the Leibniz formula, one easily shows the

existence of some B > ( such that, uniformly in &:
T (k) B
—)(x —.
(p(5)¢( )> gm

sup sup <

k<m =z

As a consequence
(T, o) = (T, xe)| < C:l:p sup ](ng)(k)\ < CBe.

Since € can be chosen arbitrary small, while C, B do not depend on &, we obtain the claimed result

(T, ) =0.

Let us now consider a general test function ¢ € Z(I). The Taylor formula at order m reads

p(a) = Y o (0) + 7(a),

k<m
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where the remainder 7 € C'™([) satisfies
8 (0) =0, forallk <m .

However, we would like the various terms on the right-hand side to be in Z(I), so we choose &y > 0
is small enough so that [—60,80] C 1, and use the rescaled cutoff x., to modify the above formula
into:
Z’k (k) ~
pla) = P (Oxeo () +7(2).
k<m

All terms, including the remainder 7, are now in Z(I). Besides, r(z) = 7(x) in [—¢/2,¢/2], so in
particular
r®(0) =0, forallk <m .

The previous statement hence applies to the function 7r: (T, 7"> = 0, so by linearity we get

l‘k

<T7 90> = Z Sp(k)(o) <T> HXEO (:B»

k<m

This is precisely what we have claimed, if we set a;, = (T, %Xa() (these numbers do not depend on
the choice of cutoff function Yy, nor on gg). O

1.7 Converging sequences of distributions

1.7.1 Convergence in &’

We have defined the notion of convergence in _@(I), and showed that a distribution is (sequentially)
continuous w.r.t. this notion. We now define a dual notion of convergence in 2'(I).

Definition 1.7.1 Let (7;) be a sequence of distributions in &'(I). We say that (7}) converges
to T' € 2'(I) when, for any function ¢ € C§°(I), the sequence of complex numbers ((T}, ¢))
converges to (T, ¢). In this case, we write T; — 1" in Z'(I).

If we view 7} and T" as functions Z(I) — C, this definition amounts to the simple convergence of
these functions.

Example 1.7.2 If (f;) is a sequence of locally integrable functions on I such that, for some f €

Lige(1),

Va1, [ 1) - f@lds >0,
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(we say that f; converge to f in L..), then
Tfj — Tf in .@/(I)

Indeed, for every test function ¢ on I with supp¢ C [a,b],

Ty, 0) — (T, ) = / fi(@)p(a) d / f(@)p(x) de
so that
b
(T, 0) — (Ty. )| < supll / f() — f(@)|da
which tends to 0 as j tends to the infinity.

Notice that a special case of this is the following situation. The sequence f; converges to f almost
everywhere on I, and there exists a locally integrable function i on I such that sup, | f;| < h almost
everywhere on /. Indeed, the connection to the above condition of L! convergence is provided by
the dominated convergence theorem in L!([a, b]).

Example 1.7.3 Let p € L'(R) such that [, p(z) dz = 1, and (p.) the sequence of rescaled functions
defined by

o
pe(@) =& ' p(2).
We also denote (7.) = (T,_) the associated family of distributions. For ¢ € C3°(R), we have

(T ) = / pe(@)p(x)d = / o(y)e(ey) dy.

By the dominated convergence theorem, (7, ) — ¢(0) as € — 0. Therefore the sequence (7},)
converges to Jy in Z'(R).

The following Exercise generalizes the type of sequences (fj) which converge towards a Dirac delta
mass.

Exercise 1.7.4 Let (f;) be a sequence of L' functions on I such that

sup/|fj|dx<oo, /fjdx—>c, supp(TYy;) C [xo — €5, 20 + 5] , €5, = 0.
3 JI I

Prove that
Tfj — C(Sxo .

One may also approximate distributions of strictly positive order, as shown in the following

Exercise 1.7.5 Let

% ifz €0,
flr)=9 = ifze]—e0
0 if |z| > ¢
Prove that
Tr. — —0 -
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Exercise 1.7.6 Let

Prove that )
Tfs — pVv (—) in .@/(R)

e—0 x

An important property is that the operations that we have defined on distributions are all continuous
with respect to the notion of convergence in Z'(1). More precisely,

Proposition 1.7.7 If (T;) converges to 1" in Z'(1), then

i) Forany k € N, (Tj(k)) converges to T,
i) For any f € C>(I), (fT;) converges to fT'.

ii) For any open subinterval J C I, the sequence (7}),; converges to Tj; in Z'(J).

Proof.— Let p € C3°(]). We have clearly
VkeN,  ((T)W,0) = (=1)NT;, W) = (=DNT, W) = (TV, ¢),
and
{(fT59) =Ty, fo) = (T, fo) = ([T, ).
The statement i) is obvious. O

Exercise 1.7.8 Show that if (f;) converges to f in C°>°(I), in the sense of the uniform convergence
of all derivatives on every compact subset, then (f;1") converges to f1 in Z'(I).

1.7.2 The Uniform Boundedness Principle
Let us motivate the main statement of this paragraph by the following questions.

i) Assume that, for a sequence (7)) of distributions, and for every ¢ € %(I), the sequence
((T}, %)) has a limit L(¢). This clearly defines a linear form L on Z(I). Is it true that L is a
distribution ?

i) Assume T; — T'in 2'(I) and f; — f in C*°() in the sense of the uniform convergence of all
derivatives on every compact subset, does it imply that ijj — fT ? In order to to prove such
a result, we write

(fiT,0) = ([T, 0) = (T;, (f; = o) + (T}, fo) = (T, f)) -

The second term in the right hand side converges to 0 in view of the assumption. In the first
term, we notice that ¢); = (f; — f)y converges to 0 in Z(I), but it is seems difficult to conclude
that (7},1;) — 0 without a bound on the action of 7 which is uniform with respect to ;.
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We state below, without proof, an important theoretical result, which is a “distributional version” of
the Banach-Steinhaus theorem, which provides such a uniform bound.

Proposition 1.7.9 [Uniform boundedness] Let (7)) be a sequence in Z'(I), and [a,b] C I a
segment. If, for any function ¢ € C3°(1) with support in [a, b],

sup (T}, ¢)| < +oo0,
J
then there exists C' > 0 and m € N, independent of j, such that

Vo e (1), VjeN,  suppyp C [a,b] = [(Tj,0)] <C D suplp®)].
k=0

In other words, the distributions (77),en are uniformly controlled on the interval [a, b].

As a consequence, we obtain the following somewhat surprising result.

Corollary 1.7.10 Let (7;) be a sequence of distributions on I. If, for all functions ¢ € 2(I),

the sequence ((T}, ));en converges in C, then the resulting linear form is actually a distribution
Te2'(I),andT; =T in 2'(1).

Proof.— Let 7' : (1) — C be the linear form given by

T(p) = lim (T}, ¢).

Jj—+oo

We need to check that 7" is a distribution. So pick a segment [a,b] C I . Proposition ensures
that there is a constant C' > 0 and an integer m such that, for any ¢ € Z(I) with supp ¢ C [a,b],
we have

(T, @) < C sup ™).
k=0

Then we can pass to the limit j — 400, and we get the same estimate for |(T', ©)|. O

The second question above can also be addressed successfully (the proof is left as an exercise).

Corollary 1.7.11 Let (7}),en be a sequence of distributions on I which converges to T" in Z'(I).
Then, for every sequence (¢;) which converges to ¢ in Z(I), we have (1},v;) — (T,%). In
particular, if f; — f in C>() in the sense of the uniform convergence of all derivatives on every
compact subset, then f;T; — fT.

7. Let F, F' be two Banach spaces, and (Aj B — F)j be a sequence of bounded operators, such that for any u € F,
sup; || Ajul| < oo. Then the operators A; are uniformly bounded: sup || A;||z(z ) < 0.
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A proof of the uniform boundedness principle, as well as other applications, will be given in the next
chapter.

1.8 An introduction to Sobolev spaces

In this section, we give a short overview of a family of functional spaces, introduced by the Russian
mathematician Sergei Sobolev (1908-1989), which allowed to solve differential equations in a wide
context. Here we concentrate on a very special case in one variable. A more general presentation will
be provided in the next chapters.

1.8.1 Generalised derivatives

Definition 1.8.1 Let / be an open interval of R, and let u € L. (I). We shall say that u
admits a generalised derivative if there exists f € L. _(I) such that, in the sense of distributions
in I,

T =Ty .

The element f € L\ (I) is then unique, it is called the generalised derivative of u, and is denoted
by f =1

Those elements u are said to belong to the space I/V,(l)gl (R), the (local) first Sobolev space based on
L.

The uniqueness of f immediately follows from Proposition [L.3.5. The notation f = v’ is precisely fitted
to satisfy a generalised integration by parts formula, which is nothing but a reformulation of T; = Tf,

Vo e C5°(1) /u(x)gp’(x) dr = —/u'(:z;)go(m) dx .

I I
From Corollary [1.4.9, we infer the following useful statement.

Proposition 1.8.2 Assume u € L _(I) admits a generalised derivative v’ € L} (I). Let zy € I.

loc loc

Then there exists ¢ € C such that

u(z) = /: u'(t)dt+c  ae.

0

In particular, u admits as reprensentative a continuous function.

Notice that, as a consequence of the Proposition , if the generalised derivative ' of u turns out
to be a continuous function, then u is a ct function, and u is merely its derivative in the usual sense.

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher



CHAPTER 1. DISTRIBUTIONS IN ONE SPACE DIMENSION 46

1.8.2 The Sobolev space H'(I).

”

We now introduce the more useful Sobolev space based on L?, which one simply calls “Sobolev space”.

Definition 1.8.3 Let 7 be an open interval of R. We denote by H'(I) the subspace formed by
the u € L*(I) which admit a generalised derivative v’ € L*(I).

Notice that, since L?(I) C L\ (I) by Cauchy-Schwarz, we also have H'(I) C Wi'(I).

loc

One huge advantage of the Sobolev space Hl(I) is that we can naturally equip it with an inner product:
(1.8.10) (u,v) g & /u/(x)a(x) dx + /u(x)@(x) de, we HY(I), ve HY(I),
I I

and the derived norm:
/112 112 1/2
(1.8.11) el = (W12 + e 22)

The following proposition shows how the notion of convergence in D’(1) is useful in this context.

Proposition 1.8.4 Endowed with the inner product ([1.8.10), the space H'(I) is a Hilbert space.

Proof.— Let (u;) be a Cauchy sequence in H'(I) for the norm ([L.8.11]). This precisely means that
(u;) and (u};) are Cauchy sequences in L*(I). Since L*(I) is a Hilbert space, there exist u, v in L*([)
such that

uj =, ui—v inL*I).

Since the convergence in L*(I) implies the convergence on L'(]a, b]) for every segment [a,b] C I,
we infer that
T, — T, and T,y =T, in 2'(I).

But, by definition of a generalised derivative, and using the continuity of derivation for the convergence
in 2'(I),
! !
Tu; = Tuj — 1T, .
This implies the identity TL’L = T,, in other words u admits v as a generalised derivative, ' = v €
L?(I), which means that v € H*(I) and

uj =, ui—u'in L*(1).

This precisely means that u; tends to w in H'(I). Hence H'(I) is a complete normed vector space.
O

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher



CHAPTER 1. DISTRIBUTIONS IN ONE SPACE DIMENSION 47

1.8.3 First Sobolev space on a bounded interval

In this section, I :]a, b[, for a,b € R. In this case, we get more informations from Proposition .

Proposition 1.8.5 [Sobolev inequality] If v € H'(Ja,b[), then u admits as representative a
continuous function on [a, b], and we have the Sobolev inequality,

1wl e qaspy < Cllullargasy

where C'is a constant depending only on the length (b — a) of the interval.

This Sobolev inequality achieves an unexpected goal: a pointwise control of the function u, in terms
of “averaged” norms for « and u/. We will often replace the equivalence class u € L? by the specific
continuous representative u € C°. Proof.— We start from the identity in Proposition [L.8.2: fixing
some xy €|a, b|, there exists ¢ € C such that

X
vrelab, ulz)= / Ay dt e (ae)
o
Since L*(Ja,b]) C L*(]a, b[), we infer that the right hand side has a limit when z tends to a and when
z tends to b. Hence u is almost everywhere equal to a continuous function on [a, b]. Furthermore, by
the Cauchy-Schwarz inequality, for any x,y € [a, b],

/ u'(t) dt‘ < Vb —allvl|z2gagp -
Yy

Vz,y € [a,b],

Consider the average of u,

1 b
w = dy .
=g [ )y

By the Cauchy-Schwarz inequality,

On the other hand,

Therefore

u(@) —ma| <

1 b
_b—a/a

lullzw < llu = mullze + fma] < (0= a)™ 2 ullzz + (0= a)' ||| 2 < Cllull -

/ u'(t) dt’ dy < Vb —allt/|| 12ap) -
Yy

Summing up, we obtain
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Corollary 1.8.6 For any point x5 € [a,b], the linear form u € H'(Ja,b]) — u(zy) € C is
continuous (here u is implicitly the distinguished continuous representative).

Our next step is the introduction of an important closed subspace of H'(]a, ).

Definition 1.8.7 We denote by H}(]a, b[) the closure of C5°(Ja, b[) in H'(I).

Corollary shows that u — u(a) and u — u(b) are continuous linear forms on H'(]a,b[). A
remarkable fact is that H& (Ja, b[) can be characterised by these linear forms.

Proposition 1.8.8 Given u € H'(]a, b[), u belongs to H}(Ja,b|) if and only if u(a) = u(b) = 0.

Proof.— Since the elements of H'(]a, b[) are continuous functions on [a, b], and the H! norm controls
the L> norm on [a,b] from Proposition 1.8.5, for any v € H}(Ja,b[) and any sequence () in
2(]a, b]) such that ||, — u||gr — 0, we also have

lon = ullz =0,

namely the test functions converge uniformly towards u. As a result, since all the ,, vanish on the
boundaries of a, b[, so does their uniform limit u: u(a) = u(b) = 0.

Figure 1.6: Truncation of u € H}(]a,b[) near the boundaries of the interval.

Conversely, consider u € H!(]a,b[) such that u(a) = u(b) = 0. Our first task will be to approximate
it by functions u. € H' which vanish near the boundaries of the interval. For this, take £ > 0 small
enough, and consider a cutoff function function x. € C§°(I, [0, 1]), supported in [a + €,b — €], and
such that x. = 1 on [a + 2¢,b — 2¢], with its derivative satisfying the estimate

1
XL e = O (g> when e — 0.
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An example of such a family of functions is

Xs(ﬁ)—x<x;a>x<b;x),

where xy € C*(R) is a “smooth step function”, which satisfies

X(t):{()if t<1

1if ¢ > 2.

We then claim that u. & y.u — u in H'(Ja,b]) as e — 0.
Indeed, by dominated convergence x.u — u in L*(]a, b[). Besides, by Leibniz we have
(XEUJ/::XEUI+'XQU'

Since the first term converges to u’ in L?, we are therefore reduced to proving that X’EU — 0 in
L*(Ja,b]). This is not completely obvious, since Y. can take large values; however, it only takes
nonzero values in small intervals near a and b. We have

a+2e b %
Ixiu||z < O (é) (/ ]u(x)|2dx —i—/ ’u(;c)P d:c) )
a b—2¢

Let us estimate the values of u(a:) in the small intervals near a and b. For each a < x < a + 2¢, the
explicit expression of u(z) gives the bound
xr
/ u'(t) dt‘
a

T (/a“k |u/<x>,zdx>é = Ve o(1).50,

ju(z)| =

u(a) + /j u'(t) dt‘ =

and the same estimate holds for x € [b — 2¢,b]. Here we used the fact that ||u/|| 2 is finite, so the
integrals of |u/|? in smaller and smaller intervals decreases to zero. Integrating |u(x)|? over these
intervals, we get:

a+2¢e
/ lu(x)|? dz = o(c*) whene — 0,
a
and the same estimate for the integral on [b — 2¢, b]. Putting all those estimates together, we find:
Ixiul|zz < O(1/¢) (0(52))1/2 =o0(1) whene —0.

We have proved that © can be approximated in H! by functions u. = x.u € Hl(]a, b[) supported in
[a +2e,b— 25]. Applying the following Lemma, each of these u. can be approached, in the H' norm,
by test functions wu. ;. Playing with the two limits €, — 0, we therefore approach u by test functions.

O
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Lemma 1.8.9 Any compactly supported element of H'(]a,b[) can be approximated (w.r.t. the
H' norm) by a sequence in Z(]a, b]).

Proof.— The statement relies on an explicit regularisation argument. Let v € H'(]a, b[) such that
supp(v) C [, 8] Cla,b]. We extend v by 0, obtaining an element of H'(IR) supported in [, 3]. Let
p € C°(R) of integral 1, and rescale it on a small scale > 0:

o=30(2)

Then p, x v € CSO(R), is compactly supported in ]a, b[ if 77 is small enough, and p, *x v — v in L? as
1n — 0. Furthermore, by the Leibniz rule,

(o % 0)(z) = / oz — ) v(y) dy = / —%[pnw—y)]v(y)dy: / ol — ) o' (y) dy |

R

by definition of the generalised derivative. In other words,

(py % 0)) = py* 0/
and therefore (p, * v)’ — v’ in L? as n — 0. Summing up, we have proved that p, xv — v in H'. O

Proposition implies an important inequality for elements of H_(]a, b[).

Proposition 1.8.10 (The Poincaré inequality) For every u € H'(]a,b[) such that u(a) = 0 or
u(b) = 0, we have
(1.8.12) Jullze < (b—a)|lu]|L2 .
In particular,

b

(1, v) 1 —/ u'(x) v () do
a

defines an inner product on H{(]a, b[), which is equivalent to the H' inner product.

Proof.— Again we refer to Proposition [1.8.2,

u(x) = /Iu’(t) dt+c.

0

Assume for instance u(a) = 0. Then making x tend to a, we infer ¢ = [ /(t) d¢, and consequently
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The inequality ([L.8.12) then follows from the Cauchy-Schwarz inequality:

) < [@-a P = [l < S5

In view of Proposition [1.8.8, the inequality (1.8.12) applies in particular to elements of H;(]a, b[), so

that b 2
—a
full < C5
Since (u,u)i = (u,u)gy + |[ul|72, we conclude that the scalar products (u, v)s and (u,v)p on
H} are equivalent. O

1.8.4 Application: solving the Dirichlet problem in dimension 1

The Hilbert structure on H& leads to a very efficient strategy for solving second order linear differential
equations with homogeneous boundary conditions.

Theorem 1.8.11 Let ¢ € L'(Ja,b]) such that ¢ > 0, and let f € L'(Ja,b[). There exists a
unique u € H'(Ja, b]) such that «' admits a generalised derivative v satisfying

—u"+qu=f, ula) =ud)=0.

Proof.— Notice that qu is well defined in L! since ¢ € L! and u € L>. Decomposing f into its real
and imaginary parts, we may assume f is real valued, so that u is to be real valued as well. So we
shall work in the real Hilbert space made of real valued elements of H'. This simple reduction allows
to avoid the complex conjugation in the inner product, so that the connection with the distribution
bracket is clearer.

In view of Proposition [L.8.8, the above problem is equivalent to
~T), + Ty =Ts, ue Hy(a,b]) ,

or, for every ¢ € C5°(]a, b[),

b b b
/u’@’d%%—/ qugpdmz/ fodr, ue Hy(la,b]) .

Since the left hand side and the right hand side of the above identity are continuous linear forms of ¢
for the H' norm, and since H is the closure of C5° for this norm, those two linear forms on Z(|a, b)
can be continuously extended to test functions v € H_(]a,b[). Our problem is thus equivalent to
finding u € H{ (]a, b[) such that

b b b
Vo € Hy(Ja, b)) , / u’v’dw—l—/ quvdx:/ fodzx .
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Now observe that the left hand side is an inner product on the real space H&, which is controlled by
the H' inner product: Indeed,

b b b b
wo < [@raes [atar < [araes ([ o) jul.
Prop. X3 b
< max (1,02 (/ qu)) (u, u)

and Prop. shows that the H' inner product is controlled by the H} product. Hence, the norm
induced on H} by the inner product

b b
(u,v)q:/ u’v’dx+/ quv dx

is equivalent with the standard H; norm on that Hilbert space. Since, in view of Proposition [L.8.5,
the linear form

b
Lf:vr—>/ fvdx

is continuous on this Hilbert space, the Riesz representation theorem allows to solve the equation
(u,+)y = Ly by a unique u € H. m

Remark 1.8.12 Since u” belongs to L'(Ja, b[), we infer that u’ extends as a continuous function on
la, b]. Furthermore, if ¢, f are continuous functions on [a, b], then u” is continuous on [a, b], which
means that u is C? on [a,b], so that the differential equation is satisfied in the usual sense.

1.9 Further properties of distributions and generalized deriva-
tives

1.9.1 Characterisation of Lipschitz functions

Definition 1.9.1 Let k be a positive number and I be an open interval. A function u: I — C
is k—Lipschitz if, for every x,y € I,

u(z) —u(y)| < klz—y| .

A typical example of a k-Lipschitz function is a C'' function u such ||u/||. < k. Of course, there are
Lipschitz functions which are not differentiable everywhere, like function = — |z|. However, a theorem
by Rademacher states that a Lipschitz function on R is differentiable Lebesgue-almost everywhere.

The following result give a complete description of k-Lipschitz functions.
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Theorem 1.9.2 A function u : R — C is k—Lipschitz if and only if there exists f € L>®(R),
with || f]|L= < k, such that

(1.9.13) Vr e R, u(z /f

Remark 1.9.3 A similar result holds on any open interval I, from an adaptation of the proof below
on R.

Proof.— If Vo € R, u(x )+ fo t)dt , we have

[u(z) = uly)| =

[ a0 dt\ <ol =l
Y

Conversely, let u be a k-Lipschitz function. We are going to prove that u admits a generalised deriva-
tive f with || f]|oc < k. According to Proposition [1.8.2, this will imply property (1L.9.13).
As a first step, we are going to prove the following inequality,

(1.9.14) Vo e 2(I), KT, ¢)| < kllellw -

Indeed, we have,

1) = = [u@ = - [ ulo) i L= g,

h—0

= —lim /u(x)go(x th) = elw) dx |

h—0 h

by using either dominated convergence or uniform convergence. Next we decompose the integral as

follows,
( /]R w(@)pe + h) da — /R w(@)o(z) dx)

(/R“(y —h)p(y) dy — /RU(:L‘)(,Q(Q;) dw)

= /R uly h,z —uly) oly)dy,

and, by the Lipschitz property of u, the modulus of the latter expression is bounded by kl/¢||:.
This leads to inequality ([L.9.14). At this stage we appeal to the following useful lemma of functional
analysis.

pr+h) — o)
/Ru(x) - de =

= -
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Lemma 1.9.4 (Continuous extension of a linear form) Let £ be a normed vector space, and
let Z be a dense vector subspace of £. Let L : & — C be a linear form, which is continuous for
the norm on £. Then L admits a unique continuation L as a continuous linear form on &, and
1L = [IL] -

Applying Lemma to £ = L'(R), 2 = 2(R) and L = T/, we infer that T! extends to a contin-
uous linear form on L!(R), of norm at most k. Since the dual of L!(R) is identified (isometrically) to
L>(R), there exists f € L®(R) such that || f||z~ < kand L = Ty. As a result,

Yo e D), (Th ) = / f(@)p(z) d

This precisely means that f is the generalised derivative of u, whence ([1.9.13). O

1.9.2 Differentiation and integration under the bracket

This paragraph provides two very useful rules of computation, namely the differentiation and the
integration under the bracket, when our test functions smoothly depend on an auxiliary parameter
z. These properties will be crucial when dealing with convolution of distributions — see the next
paragraph.

Proposition 1.9.5 (Differentiation under the bracket) Let /, J be open intervals, ¢ : [ X J —
C be a C™ function such that there exists a segment [a, b] C I for which

Vze J, supp(,z) Cla,bl],
where we have set ¢(+,2) : x € I — ¢)(x, z) € C . Consider a distribution 7" € 2'(I), and define

9(z) E(T (- 2)) , z€ T
Then g € C*(J), and
Vzeld, gd(z)=(T 8_1/)( z)
Y g 7 az Y °

It is important to realize that the distribution 1" only acts on the variable x € I, not on the z variable;
the latter just parametrizes a family of test functions {¢(-,2); z € J}.

Proof.— Let us first prove that ¢ is differentiable on J. We calculate, for z € J and h # 0 small

enough,
g(z+h) —g(2) v(,z+h) —v(,2)
= (PR
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Since ¢ € C*°(I x J), we observe the pointwise convergence

Y(x, 2+ h) —YP(z, 2) oY
Veel, Y ma(x,z)

We claim that the convergence actually holds in the sense of Z(I). Indeed, we already know that
the left hand side is a smooth function of x which is supported in [a, b]. We claim that it converges
uniformly on I to the right hand side. Indeed,

h) — 'o
W(a, 2+ })L ¥(w,2) _ 0 a_f(x,erth)dt.

Fix g > 0 such that |h| < g¢. Then the continuous function g—f is uniformly continuous on the compact
subset [a,b] X [z — &9, 2 + €¢]. Consequently,

sup
z€[a,b]

Loy o
/0 g(x,z%—th)dt—&(x,z)

The same argument holds for higher derivative in x:

a:lncz/}(xv Z+ h) B al;w<x7 Z)
h

k
E)) Gzaxw(x7 Z) )

uniformly for z € I. We have thus proved that w converges in Z(I) towards 0,9 (-, z).

Using the continuity of 7" on Z(I), we infer

A =) _ (g Szt W) L (100 )

h h—0 ’ 5

This shows that g is differentiable, with the claimed formula for g’(z). Finally, by applying this result
iteratively, one easily proves by induction on n that g is n times derivable, with

g (z) = <T, g%f(',z)> :

O Let us now turn to the integration over an auxiliary parameter.

Proposition 1.9.6 (Integration under the bracket) Let /,.J be open intervals, ) : [ x J — C
be a C* function such that there exists segments [a,b] C I and [c,d] C J such that

supp ) C [a,b] X [e,d].

/J(Tnb(»z)> dz = <T,/Jw(-,z) dz>.

Then
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Figure 1.7: Supports of the parameter dependent test function ¢(-, x) for differentiation and integra-
tion under the bracket.

Proof.— Consider the function

wma:[” (o, t) dt

Then ¢ satisfies the assumptions of Proposition [.9.5, and

Applying this proposition leads to

L0, 2)) = (T 00, 2)

We integrate both sides on J. This gives

<ﬂw@®wwnwm@wiﬂwwm@wn

In view of the assumptions on the support of 1/, we have 12(, d) = [,9(-,2)dz, zﬁ(, ¢) =0, so that

i) = (1. [utade) . @ity =o,

1.9.3 Convolution and regularisation

In this section, where we always take I = R, we generalise the convolution of an L' function in with
a test function, described for instance in Lemma R.3.18, to the case of an arbitrary distribution. These
convolutions will allow us to regularize arbitrary distributions.
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We recall the case of a function f € L. (R) and a test function » € Z(R). Their convolution is

loc
defined by the following smooth function:

Veel, fw(x)z/Rf(y)sO(x—y)dy.

Now, the right hand side can be written as the distributional bracket f * ¢(z) = (Tf, ¢(z —-)), where
p(z — +) denotes the test function y — p(z — y).

This expression of f * ¢ calls for a generalization to other types of distributions.

Definition 1.9.7 Let 7' € Z'(R) and ¢ € Z(R). For every x € R. Using the above notation,
we define the convolution of T" with ¢ by the following function:

Vx € R, Tx@(x) = (T, p(x—")) .

Let us study some properties of this convolution. What is the regularity of 7" x ?

Proposition 1.9.8 For every (T, ¢) € Z'(R) x Z(R), T+ ¢ € C*(R), and

(Tx@) =Tx*x¢' =T x¢p.

Figure 1.8: The function 1 (y, x) used in the proof of Prop. [1.9.8.

Proof.— It is enough to prove that T'x is smooth on every finite open interval }oz, 6[ If supp p C [a, b]
and z €]a, 3], we have supp p(z — -) C [a — b, B — a], so that the assumptions of Proposition
are fulfilled with [ = R ,J =]a, [ and ¢(y,x) = ¢(x — y) (notice that, here, = is the auxiliary
parameter, while y is the variable on which 7' is acting).

Applying Proposition [L.9.5, we find that 7" x ¢ € C*°(R), and

%(T x ) (@) = (T, Opip(a —-)) = (T, (x — ) =T () .
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Furthermore, we have
¢z —y)=—-0yp(zr—y),
so that
(T ) () = (T, =0yp(x — ) = (T",p(x — ) = T" * () .
O

The convolution by a test function thus transforms 7" into a smooth function 7" % ¢ € C*(R). By
playing with the test function, it gives us a simple way to approximate the original distribution by a
sequence of smooth functions, in other words, to regularise this distribution.

This regularisation works in the same way as in the case of L! functions (Lemma R.3.18). Let p €

Cs°(R) with
/R,o(:c) de =1.

For every € > 0, we set the rescaled function

It is well known that, if ¢ € C3°(R),
Pe ¥ 0 — @ in 2(R).
e—0

Considering our distribution 7" € 2'(R), we set the function f. = T * p. € C*(R).

Proposition 1.9.9 For every T € 7'(R),

Tfs — T .
e—0
Proof.— We have to prove that
(1.9.15) Vo € 2(R) /fe(x)gp(x) dx J (T, @) .
R e—

As usual, the strategy is to “transfer the computations to the test function side”. We notice that

[ steo@ds = [(Tpo = Do) de = [ (Lo = Jotw)de
R R R
We write the test function on the right as a parameter-dependent function

Uy, ) = polz — y)p(a),

where vy is the variable on which T is acting, while x is the auxiliary parameter. This function v
satisfies the assumption of Proposition on R x R. Indeed, if supp p C [—C, C], supp ¢ C [a,b],
then

suppt C [a —eC,b+eC] X [a,b] , ¥(y,z) =0.
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Applying Proposition [1.9.6, we obtain
[roe = e ds = (7. [ oo Jp(erde) = (1)

where p(z) = p(—z). We have thus managed to transfer the convolution from the distribution side,
to the test function side. Since p satisfies the same assumptions as p, we have p. * —0> v in 2(R),
E—

and consequently

[ f@e@ar = 0.
1.9.4 Positive distributions and increasing functions

In this section we define, and study the interesting case of positive distributions. Quite unexpectedly,
the positivity assumption constrains quite much the structure and singularities of those distributions.

Definition 1.9.10 A distribution 7" on [ is said positive (we note 7" > 0) if, for every ¢ € Z(I)
valued in R, we have (T, ) € R,.

For instance, it is easy to check that, if f € L. (I), Ty > 0if and only f > 0 a.e. Another example

loc

is T = cd,, with g € I and ¢ > 0. On the other hand, whatever the value of ¢ # 0 is, it is clear that
05;30 cannot be positive. In fact, we have the following general result.
Proposition 1.9.11 If 7" is a positive distribution, then T" has order 0, namely

Via,b) Cc I, 3C >0, Yo € D(I),suppp C [a,b] = (T, ¢)| < C||¢]lso -

Proof.— Let [a,b] C [ and x € Z(I) be a plateau function on [a,b]. Let ¢ € Z(I) be real valued
and such that supp ¢ C [a, b]. Then ¢ is bounded on both sides by the following functions:

—Xlellee < @ < Xllpllo -

The positivity of T implies that its action on real valued functions gives a real value, and preserves
the ordering between different test functions. In our case, (7', ¢) € R and

—(T ) lllse < AT 0) <T@l

which implies
(T, o) < (T, )|l -
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If  is complex valued with supp ¢ C [a, b], we decompose

¢ = Re(p) +iIm(¢p),

and we conclude that
(T, 0) < 2(T, )l oo -
The distribution 1" is thus of order 0. O

Remark 1.9.12 Since any compactly supported (positive) continuous function on I can be ap-
proximated uniformly by a sequence of (positive) test functions supported in a fixed segment of I,
the above proposition implies that any positive distribution 7" can be continuously extended into a
positive linear form on compactly supported continuous functions. Hence, according to the Riesz
representation theorem, there exists a positive Borel measure i on I, finite on segments (i.e., locally
finite), such that

Vo e A1), (T, ) = / (@) du(z) .

1

Let us come to the main result of this paragraph, which characterises increasing functions. For sim-
plicity, we state and prove this result on R, but a similar result holds on any open interval. Recall that
an increasing function on R is a function f : R — R such that

Ve>y, flx)> f(y).

(sometimes such functions are called nondecreasing functions).

Theorem 1.9.13 If f: R — Riis an increasing function, then T} > 0 . Conversely, if T € Z'(R)
is such that 77 > 0 and (T, ) € R for every real valued test function ¢, then there exists an
increasing function f on R such that 7" = T5.

Proof.— Let f : R — IR be an increasing function. Note that f is bounded on every segment, hence it
is locally integrable, and it makes sense to consider 7. Let ¢ € Z(RR), valued in R . Let us calculate

The) = = [t @dr=— [ 1) ym EEED =2 g,

h—0 h
_ _;i@o/Rf(x) sO(erhli—SO(x) i

by the same arguments as in subsection 1.9.1. The monotonicity of f implies ( Ji, <p) > 0, hence T]’c
is a positive distribution.
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Conversely, let T' € 2'(R) such that 7" > 0. Choose p € Z(R), supported in R, satisfying

p>0, /p(:):)dle.
R

For ¢ €]0, 1] we rescale p into p. like in ([1.3.3) and recall that, from Proposition [L.9.9, the smooth
function f. = T'*p, satisfies Ty, — T in 2’(R) when ¢ — 0. Notice moreover that, since 7" takes real
values on real valued test functions, f. is real valued. Our strategy is to prove that, for an appropriate
choice of p, f. is an increasing function and pointwise converges to a function f, with local dominated
convergence. This will imply that f. — f in L., hence Tt — T%, and finally T = TY.

loc’
So let us first prove that f. is increasing. We know that
fé =T x Pe

which is > 0 because 7" > 0 and p. > 0. Therefore f. is an increasing function on R.

We then claim that for each x, f.(x) is decreasing w.r.t. &, equivalently, that f.(z) increases as
€ \¢ 0. In fact, applying Proposition of derivation under the bracket, and considering f. as
depending of the parameter ¢ €]0, 1], we see that f.(x) is a C* function of ¢, and that

d 0
Efa(x) = <T7 %pa(x - )> :

Observe that

Consequently,

because 7" > 0 and zp(z) > 0 in view of the support of p.

Now we claim that, as ¢ N\, 0, for every x € R, fe(a:) is bounded from above. Indeed, consider
Y € 2(I), valued in R, supported in [z, +00[, and such that [, 1 (y)dy = 1. Then, because f.(y)
is an increasing function of y,

@) = 1) [ty < [ L)) dy — )
R R €
because of Proposition [1.9.9. Since fg(sc) is increasing as ¢ decreases to (), we conclude that

fe(x) — f(x)

e—0

where f is a function on R. Furthermore, if z € [a,b] C R, we have

(@) =2 fo(z) = fo(a) — fla),

e—0
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so the function f is increasing on IR, and thus automatically in L. . From this pointwise convergence,
we can apply the dominated convergence theorem and conclude that, for every ¢ € .@(]R),

[ @@ — [ e

Summing up, applying again Proposition 1.9.9, we have proved that

- / F(@)p(e) da

hence T = T5. O

Remark 1.9.14 The first point of Theorem says that, if f is increasing, T} is a positive
distribution, hence is given by a positive Borel measure, locally finite. This measure is called
the Stieltjes measure associated to f, and the formula for the integral of a compactly supported
continuous function with respect to this measure is an extension of the definition of the usual integral
of a continuous function by using Riemann sums. More precisely, if supp ¢ C [a,b],

N-1

16 = _O<p((1+jZ)_Ta) farGentgt) s (a5

For instance, if f : R — R is the cumulative distribution function of a random variable on R, then
T7 is nothing but the law of this random variable.

1.9.5 The structure of distributions

In this section we show that distributions of finite order on R can be represented as the derivatives of
functions.

Recall that, by Proposition [1.4.10, every distribution 7" admits a primitive distribution S. Furthermore,
as can be observed from the proof of 1.4.10, if 7" is real, then one can choose S to be real as well.
Now, if T is positive, then S satisfies the assumption of Theorem [L.9.13, so there exists an increasing
function f such that Ty = S, hence T' = T’ In other words, any positive distribution is the derivative
of Tf, where f is an increasing (hence L ) function. The next theorem shows that this property
extends to any distribution of order 0.

loc

Theorem 1.9.15 Any distribution 7" of order 0 on R is of the form T" = T7%, where f € L% (R).

Proof.— Let us recall the proof of Proposition [1.4.10, namely the construction of a primitive to a
distribution S. Fix a function x € Z(R) supported in ] — 1, 1] and satisfying [, x(y) dy = 1. We use
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this auxiliary function to “substract the mass” of test functions, as in the proof of Prop. [L.4.10. For
every ) € Z(R), we set

PO = [ [0 =x(0) [ vt du] ar.

Since ¢ — x [ ¢ is massless, P(¢)) € Z(R) and, if supp(¢)) C] — n,n[ for some n > 1, then
supp(P(¢)) C] — n,n[ as well. Since P(¢') = ¢, we infer that the distribution S defined by

(S,9) = —(T', P(¢))
satisfies S’ = T.

Now, let us use the assumptioin that our distribution 1" is of order 0: for every n > 1, there exists
C,, > 0 such that
Vo e Z(]—n.nl), (T.9)] < Cullolle -

Consequently, if ¢ € 2(] — n,n|),

(S, ) = [T, P())] < Cul P(¥)]loo < CuBll9b] 1 -

Arguing as in proof of Theorem [1.9.2, we infer that the linear form S|j_,, ,, acting on Z(] —n, n[) can
be continuously extended to functions ¢ € L'(] — n,n[); since the dual of L' is L, this linear form
is represented by a function f,, € L®(] — n,n[):

S-nn = T, -
Therefore we have constructed a sequence ( f,,),>1 of functions f,, € L>(] — n,n[) such that
T o) = Sh=n-1m410-nnf = S—nmf = T, -

This implies that f,,11_,, ,,; = [u- As a result, there exists f € Ly (R) such that

loc
Vn >1 ) f|]7n,n[ = fn .

Since
Sll—nn[ = Tf\]—n l foreveryn > 1,

we conclude that S =Ty ,and T = §' = Tj’e. O

Let us now consider the case of distributions of finite order. We recall (see Def. [1.3.2) that for m € N,
T € 2'(1) is of order < m if

V[a,b] C 1, 3C >0, Yo € 2(I), supp(y) C [a,b] = (T, 0)| < C> ™| -
k=0
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Theorem 1.9.16 (Structure of distributions on R) i) f T € 2'(R) is of order < m, there
exists f € L2(R) such that T = T}mﬂ) :

loc

i) If T'e Z'(R) is arbitrary, there exists a sequence (f,),>1 in L>(R), such that on every
segment of R, f,, vanishes for n large enough, and

T= i T
n=1

Proof.— The statement 7) follows from an induction argument on m, based on Theorem and
on the following

Lemma 1.9.17 If T € Z'(R) is of order < m with m > 1, there exists S € Z'(R) of order
< m — 1 such that S = T'. In other words, taking the primitive of a distribution reduces its order
by one.

The proof of this lemma is straightforward, taking into account the formula (S,v¢) = —(T', P(¢))) and
the fact that, for every m > 1 and ¢ € Z(] — n,n|),

sup |[P()® o < B+ sup W] < B, sup [P .
0<k<m 0<k<m—1 0<k<m—1

Let us prove the statement ii). For every integer j > 1, there exists an integer m; such that
T\]—j—1/2,j+1/2[ is of order < m;. Furthermore, we may impose without loss of generality that m;,; >
m;.

J

We are going to construct a sequence (g;);>1 of L™ functions on R such that, for every j > 1,
Supp(ng) - [_]7 _j + 1] U [j - ]-7j]7 and

j
myp+1 _
<T— T;[ﬁ)) =0.
=1 [1—4.41

Let us first construct g;. Since T is of order < mj on ] — 3/2,3/2|, the statement i) (adapted to an
interval) implies that there exists hy € L2(] — 3/2,3/2]) such that

loc

T-sjaspa = TV

Then take ¢, & Ii—111hy € L=(R); the corresponding distribution satisfies
41
(7 - 1)

=1 = 0 supp(Ty,) C [-1,1], (T — Tg(I"1+1))|],3/273/2[ is of order < m; .
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Assuming g1, ..., g; are constructed, let us construct g;,1. Since the sequence m; is increasing, the
distribution

= def Z m +1
= T ¢ . ,
Ti+a u j—3/2.j+3/2]

is of order < mj ;1 +1, like T‘]_j_3/21j+3/2[, the terms in the sum being of smaller orders. Furthermore,

the restriction of 741 to | — 7, j[ vanishes. Therefore, using again property %), there exists h; €
LX(] —j —3/2,7 + 3/2]) such that

loc

7 p(myatl)
T =150 :

) to | — 7,4[is 0: this implies from Corollary that hjq

coincides with a polynomial p;.1 on | — 7, j[. We may “correct” ;1 into

- 1l
Furthermore, the restriction of T,iﬁ’jﬁ

ef
gj+1 = 1II] —j—1,54+1] (hj+1 —pj+1) .

Then g;+1 € L®(R), T,

gj+1

is supported in [—j — 1, —j] U [j,j + 1], and

(Tjg1 — T2 D) =0.

9gi+1 )H—jfl,jJrl[

Coming back to the expression of j}+1, we have checked the induction assumption at rank 5 + 1, so
that the sequence (gj)jzl is constructed by induction on j. In view of the properties of the supports
of Ty, for every j, only the terms of rank ¢ < j of the series

mye+1
S
/=1

have a nonzero restriction to | — 7, j[. This proves that this series is convergentin Z’'(R). Furthermore,
by the construction of the g;, the sum of this series coincides with 7" on every interval |—14, |, therefore

T — Z T(mz+1

For the moment, the sequence of the order of derivatives (mg + 1)g21 is a strictly increasing sequence
of N. To obtain the statement of the theorem, we reindex the sum to take aII orders of derivation into
account. Namely, if there exists ¢ > 1 such that n = my, + 1, we set fn = g,g, while otherwise we set

def
T = Z T

fn = 0. We then end up with the sum
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Chapter 2

Distributions in several variables

In this chapter we extend the notion of distribution to the Euclidean space Rd, or more generally to an
open subset {2 C R?. While most definitions and properties will mimic those in one dimension, we will
exhibit new examples of interesting distributions (like distributions supported on submanifolds, e.g.
surface measures in RS), and our results will carry a certain geometric flavour. The applications to
partial differential equations will be more “impressive” than in 1D.

We start this chapter by reviewing differential calculus on Rd, which will set our notations.

2.1 A brief review differential calculus in several variables

2.1.1 Scalar product, norm, distance, topology

From now on we shall work on the vector space Rd, made of points

T
Tr =
Zd
with z1,...,x4 € R. We denote by (e, ..., e4) the canonical basis, so that

d
xr = E xjej.
Jj=1

This canonical basis is an orthonormal basis for the canonical scalar product on Rd,

d
Toy=> w2y,
j=1

defining the Euclidean norm
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This norm classically defines the distance

d(l’,y) = |$—y| ;

and induces a topology, for which a set € is open if and only if for every a € (), there exists r > 0 such
that the ball B(a,r) C €. Here, B(a,r) denotes the open ball {z € R?; d(z,a) < r}. As in every
metric space, a compact subset K C R? can be equivalently defined by the Borel-Lebesgue covering
property, or by the Bolzano-Weierstrass extraction property for every sequence in K. Since we are
on a finite dimensional vector space, compact subsets of R¢ coincide with closed bounded subsets.

If F'is a nonempty closed subset of Rd, we shall often use the distance function to F,

d(z, F) ¥ inf d(z, 2) .

z€F

Notice that d(z, F') = 0 if and only if x € F, and that, by the Bolzano-Weierstrass property for
closed bounded subsets, this infimum is attained at some z € F'. Furthermore, the function d(-, F) is
continuous on R%. In fact, by the triangle inequality, it is 1-Lipschitz continuous,

If K is a compact subset of R? and § > 0, the set
K; € {z € R d(z, K) < 6}

is a compact subset containing K in its interior. The following lemma will be very useful.

Lemma 2.1.1 If K is a compact subset of an open subset {2 C R¢, then

inf d(xz, Q%) =0dp>0.

rzeK

For every ¢ €]0,dy[, K is contained in 2.
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Proof.— The first statement follow from the continuity of d(~,QC), which consequently attains its
minimum on K, and from the assumption K N Q¢ = (). The second statement is an elementary
consequence of the triangle inequality, since, for every z € )¢, y € K,

d(z,z) = |d(y, z) — d(z,y)|.

Hence, if © € K, choosing y € K such that d(z,y) = d(z, K), d(z,Q°) > d — 3 > 0. O The
boundary of 2 is denoted by 02 = Q \ 2.

2.1.2 Partial derivatives, C1 functions, differential, gradient

We denote by C°(2) the space of continuous functions f : 2 — C (note that f(z) may explode when
x — 0f)).

Definition 2.1.2 Given f : Q - Cand a € Q, j € {1,...,d}, we say that f admits a j-th
partial derivative at a if the function ¢ — f(a + te;), locally defined for ¢ in a neighbourhood of
0 in R, has a derivative at ¢t = 0. We set

of

5 (@) = 0,1 (a)

d
af(a + tej)|t:0 =

We say that f is a C! function on Q if it admits a j—th partial derivative for every j € {1,...,d}
at every point a € 2, and if the functions 9, f are continuous on 2. We denote by C*(2) the
space of C'! functions on ).

If f e Cl(Q), one can prove that f is differentiable at every point a ; using the mean value theorem,
fla+h) = f(a)+ Ly(h) + o(|h|) as h — 0

where the increment in the direction h reads:
d

Lo(h) =Y 9;f(a)h; .

j=1
The linear map L, : RY — C is called the differential of f at the point a, and usually denoted by
L, =d,f .

If f is real valued, d, f is a linear form on the Euclidean space ]Rd, hence it can be represented by the
scalar product with a vector, called the gradient of f at a, and denoted by Vf(a):

o1 f(a)
dof(h) =V [f(a)-h, Vf(a)= :
daf(a)

Notice that the application V f : Q — R% is continuous (since f € C1).
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2.1.3 The chain rule

The chain rule allows to compute the differential of the composition of two C'" functions. Its expression
is a bit more complicated than in 1 dimension.

Proposition 2.1.3 Let O C RY, (' C R? be open sets, and ¢ : Q — ', ¥ = (¢1,99,...,1,), a
function of class Ct.Let f: Q' — C be a C! function.

Then f o1 is C! on 2. Moreover, the differential of the composed function reads:

do(f oY) = dy) f 0 &Y = Vip(x) - Vf((x)),

C+RpP  RP«+R4 R xRP RPxC
or, for any component j € {1,...,n},
df o, .« = Of Oy
7y =2 g )

2.1.4 Higher order partial derivatives

More generally, for m > 2, we denote by C™(2) the vector space of functions f € C'(£2) whose
partial derivatives 0 f, Do f, ..., 04f belong to C™1(Q). Moreover, C*(2) is the intersection of all
C™(Q).

For a general function, the order in which one computes repeated partial derivatives may matter; but
this is not the case if we compute two derivatives of a C? function:

Proposition 2.1.4 (Schwarz Lemma) If f € C?(Q), then, for any j, k € {1,...,d},

95 (O f) = 0k(0;f)

In particular for C* functions, one can compute partial derivatives of f in any order. It is therefore very
convenient to use multi-indices, which only record how many times we differentiate in each direction,
independently of the order in which we proceed.

2.1.5 Multiindices

Let f € C*°(Q), and a = (a1, iy, . . ., ag) € N? a multiindex. We denote 9% f the function

olel
[e51 a2 aq
0x{" 0x3? - - - Ox)

O°f =005 - 0y f = f
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where the number
def
|04| =a1+a+ -+ Qy,

is the order of the partial derivative, and it is called the length of . The context usually avoids any
confusion with the Euclidean norm ! We also set the factorial notation

al = arlas! .. ay!

and, for 3 € N? such that B; < a; for all j, which we will write 3 < «, the multinomial coefficient

()= a1 () - ()

With these notations, the Leibniz formula for the derivatives of a product of two functions easily extends
to the case of functions of several variables. Its proof is exactly the same.

Proposition 2.1.5 (Multidimensional Leibniz formula) Let f and g be functions in C*(2),
and o € N? a multiindex. We have

*(fo = (g) 9°f 0Py

BeN?, B<a

Proof.— We prove the result by induction over |a|. If || = 1, 0% = 0; for some j € {1,...,d}, and

9i(fg) = (0;f)g + f(0;9),

which is the above formula. Suppose then that the formula is true for all multiindices of length < m.
Let o € N? such that || = m + 1. There exists j € {1,...,d} and 3 € N? of length m such that

a = 5 + 1],
where 1; = (0,...,0,1,0,...,0) with a 1 as j-th coordinate. With these notations
0°(fg) = 0" (fg) = 97(9;(f9)) = 9°((9;)g) + 8”(£(9;9))-

Since (3 is of length m, the induction assumption gives

r(fg) =3 (ﬁ) 70, f) 019+ (f ) o7 07 (059)

<8 v<B

= Z <5)m+1jf g + Z (5)37]0 oPtli—g
<8 v v<B v

= <§) m+1jf aa*(vﬂj)g + Z (g) O f o g

<8 v<B
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We change the multiindex in the first sum: v <— v + 1;, and we get

o (fg)= Y (7 7 ' })Wf g+ (f ) o f g

lj<y<a v<B

Qe (2 (s

<8, v;=0 1;<v<B

— Z (f)anaa—wg+ Z (Bilj)avfaa—vg%_faag,

v<B, v;=0 1;<~<8

where in the last line we used the generalization of Pascal’s formula for multinomial coefficients. This

last line is exactly the stated formula at the order a. O
We can continue the analogy with the 1 variable case: if x = (ml, To, ... ,xd) S Rd, we denote by x¢
the monomial

=ity ag? .

Then we can show, the same way as for the Leibniz formula, that for 2,y € R? and a € N¢, the
following generalization of Newton’s binomial formula holds:

(@+y)* =) (g)x%‘”‘ﬁ.

BLa

With these notations, Taylor-Lagrange’s formula can be written as concisely as in 1D.

Proposition 2.1.6 (Multidimensional Taylor formula) Let f : ) C R? — C a function of class
C™*1. Let a,b € Q, such that the segment [a, b] is included in Q. We have

i) =3 e p) 1) S

o!
|| <m |a|=m+1

(b —a)®
o!

/%1—wW%ﬂa+an—@mt

This is called the Taylor expansion of f at the point a, at the order m.

Proof.— We have already seen that if ¢ : R — C is smooth, the Taylor formula gives
1w ' (m+1)
_ — . _ \m, A(m+1
P = 30 0+ o [ = s

We shall use this result for the function ¢ : ¢ — f(a + ¢(b — a)). Notice that

d

P(t)=> (b—a);0;f(a+tb—a))

i=1
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and more generally that

d

Sp(k)(t): Z (b_a)h"'(b_a)jk(aj "'ajkf)(a—'—t(b_a))‘

J1,925-06=1
This sum only contains terms of the form (b — a)*0* f (a + t(b — a)) with o« € N of length |a| = k.

Therefore we can write, for some coefficients ¢, € R,

d

Y b—a),...(b—a), 0 ... 0 flat+tb—a)) = calb—a)* 0" f(a+t(b—a)).

J1:J25-Jk=1 ‘Ol':k‘

Denoting x = b — q, this equality between two polynomials in x implies that the ¢, are combinatorial
factors:

ca = #{(j1, 70, k) € {1,...,d}*, a8 ay? . aSt =3y .1y )

in words, ¢, counts the ways to distribute «; indices j = 1, ay indices j = 2, etc, among k = |«
indices. It is a simple combinatorial problem, with solution:

o k ]’C—Oél k;—oq—---—an_l _k'
Co = o Qo ay, ol

Indeed, one has to first place «; indices j = 1 among among k spots, then «y indices j = 2 among
the k£ — a1 remaining spots, etc.

Since a + t(b — a),_, = a, and a + t(b — a),_, = b, we obtain the stated formula. O

|t:0 |t:1

Exercise 2.1.7 Show that, for k € N and (21, 2o, ..., 24) € RY, we have

(w1 4+ 22+ + ) = ) o
|a|=k

Applying the Taylor formula at order 0, we immediately obtain an extension of Hadamard'’s lemma in
dimension d.

Corollary 2.1.8 (Hadamard'’s formula in dimension d) Let f € C""!(Q)), where Q is a convex
open subset of R%. If a € Q and f(a) = 0, there exist d functions g1, ga,..gq of class C™(£2) such

that
d

fl@)=> (x;—a;) g;(x).

j=1

Notice that the convexity assumption of €) is necessary, because we need that the segment [a, x] cQ
for any a,x € (). In practice, we shall use this lemma when €2 is a ball.
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2.2 Test functions

2.2.1 Definitions. Examples

If f € C°(Q), the support of f is the closure of {z € Q, f(z) # 0} for the topology induced on (2.
This is a closed subset of €2, denoted by supp(f). If m € NU {oco}, we denote by CJ*(£2) the space
of functions in Cm(Q) with a compact support. Notice that a compact set for the induced topology in
() is also a compact subset of R¢ contained in €. In particular, elements of

2(Q) = ¢ (%)

are called test functions on (). As in one space dimension, if IV C () is an open subset, every element
© € P(V) can be extended as an element ¢ of Z({2) by setting ¢ = 0in Q \ V. This allows to
identify 2(V) as the subspace of Z(Q) defined by supp(¢) C V. We shall often make this implicit
identification.

Proposition 2.2.1 (Cutoff functions) i) For every a € RY, for every » > 0, there exists
© € P(R?) such that p(z) > 0 for every z € R? and supp(¢) = B(a,r).

i) For every compact subset K of (2, there exists x € Z({2), valued in [0, 1], such that x =1
on K. We call such y a cutoff function (“fonction plateau”) on K in €.

Proof.— The proof of the first statement is similar to its one dimensional analogue; it uses the radial
symmetry of the ball. Recall that the function f defined by

1
et ift>0
t) =
/() {O ift<o0

is C*°. Then the function ¢ defined by

p(x) = f(r’ — |z —af’)

satisfies the requirements.

The second statement requires a little more work. Let ¢ be as in the first statement with a = 0 and
r = 1. Since ¢ > 0 and is not identically 0, its integral on R%is > 0. Up to dividing © by this number,

we may assume that
[ o=,
Rd

namely ¢ has a unit mass; it is smooth convolution kernel. For any § €]0, 1], we rescale this kernel to

ps(T) = %@(%)
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Then, by Lemma R.1.1, we may choose ¢ > 0 such that Ky C ). Set

x(m)w*nma:):/]{éw(“’”gy) 3.

By the rule of derivation under the integral, x € C“(Rd). Since ¢ > 0 and 1 > 0, we have y > 0
and

VoeR,  x(@)< [ eile-y)dy=1.
R

Hence y is valued in [0, 1]. If z € K and y € (K5)€, then |z — y| > J, hence (z — y) & supp(ys), so
the integrand vanishes at y. Consequently,

Voe K, xo)= [ esle-pdy=1.
R4
Finally, if x € Kas, y € Ks, |x — y| > ¢, and the integrand identically vanishes, so that x(z) = 0.
Hence the support of  is included in K55, which is contained in the open set 2, so that y € Cé’o(ﬂ).
O

Figure 2.1: The cutoff function x on a compact set K, obtained by convoluting 1, with a kernel 5.
Depending on the position x (black dot), the kernel is fully supported in K, partially supported, or
supported outside K; accordingly, x () smoothly drops from 1 to 0.

Remark 2.2.2 It may happen that we need cutoff functions on_a compact neighborhood of K in
Q, for instance K. for ¢ > 0 small enough, according to Lemma P.1.1. We shall call these functions
plateau functions on a neighbourhood of K in ().

We now come to the contruction of partitions of unity, which turns out to be particularly useful in
several variables, through the so-called gluing principle.

2.2.2 Partitions of unity
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Proposition 2.2.3 (Partition of unity in {2) Let K C () be a compact set covered by a finite
collection €2y, ..., 2, of open subsets of Q. There exist x1 € C5°(21), ..., Xn € C°(2y,), valued
in [0, 1], such that

X1+ +xn=1lonK.

As a result, if ¢ € C§(R2) is supported in € U --- U (2, then one can find functions
01 € C&P(Q),...,0n € C(82,), such that

pr+ .. o= .

Proof.— It is very similar to the one dimensional analogue. First, one proves the

Lemma 2.2.4 (Shrinking Lemma) If K C ) U--- U}, there exists open subsets Uy, ...,U,
such that, for every j € {1,...,n}, U; C Q; is compact, and

KcUtuyu---ubu, .

As in the one dimensional case, the proof proceeds by induction on n > 1. The case n = 1 follows

from Lemma R2.1.1l.

Once the shrinking lemma is proved, set

X1:¢17X2:¢2(1_¢1)7--- >Xn=¢n(1_?/fn71)---(1—¢1)7

where, for every j € {1,...,n}, 1; is a cutoff function on U in ;.
Finally, the last assertion follows by writing ¢; = X;¢, where the smooth partition (x;)j=1,..n is
associated wih the covering of supp(p) by Q1,...,,. O

2.3 Distributions on an open subset () C R?

2.3.1 Definitions and examples

Definition 2.3.1 Let (¢;);>1 be a sequence of test functions in Z(£2), and ¢ € Z(2). We say
that (¢;) converges to ¢ in Z() (or in the Z(2)-sense), when

i) There exits a compact subset K C 2 such that supp ¢; C K for all j.
ii) For all @ € N%, [|0%p; — 0%¢||oc — 0 as j — o0.
In that case we may write

w=9— lim g,.

j—+oo
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Remark 2.3.2 Notice that, under the conditions of the above definition, we have supp(y) C K.

Definition 2.3.3 (Distributions on ) Let ) C R? be an open subset, and 7" a complex valued
linear form on Z(2). One says that T is a distribution on (2 if, for every compact set K C (2,

3C > 0,3m € N,V € C°(Q) with suppp C K, |T(p)| < C Z sup [0%¢] = C||¢l|om-

laj<m

We denote by 2'(12) the set of distributions on €, and for T' € 2'(0), p € 2(R), we write
(T, ) E T().

We have the same characterization of distributions in 1 dimension, in terms of continuity w.r.t. con-
verging sequences of test functions.

Proposition 2.3.4 A linear form 7" on (1) is a distribution on €2 if and only if T'(¢;) = T'(¢)
for any sequence (¢;) of functions in Z(£2) that converges to ¢ in the Z(2)-sense.

The proof is similar to the one dimensional case, as well as the following examples.

Locally integrable functions.

Given f € L} (), the formula

loc
T.9) = [ 1) (@) da
defines a distribution on {2. Furthermore, the linear mapping
f € Lin(Q) = Ty € 2'(Q)

is one to one. In the sequel, we shall identify f to Tf.

Dirac masses.

Given a € ), the formula
{0, ) = ¢(a)
defines a distribution 4, on 2, called the Dirac mass at a. It is not defined by any f € L}, ().

Like in the previous chapter, one can define the notion of finite order distributions, and the corre-
sponding notion of order. In particular, distributions of order < m can be extended to continuous
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linear forms on C{*(£2), non-negative distributions are of order 0 — hence are positive measures, and
distributions of order O are finite linear combinations of nonnegative distributions.

We now come to the important notion of support, for which we shall be a little more specific than we
were in Chapter 1.

2.3.2 Restriction and support

Definition 2.3.5 Let 7' € 2'(Q2), and V' C 2 an open subset. The restriction of 7" to V is the
distribution T}y, € 2'(V') defined as

Voe 2(V), (Tiv,p) =(T,9) ,

where ¢ denotes the extension of ¢ by 0 on 2\ V.
We say that T" vanishes in V' if T}, = 0.

Definition 2.3.6 The support of a distribution 7" € 2'(12) is the complement of the union of
all the open subsets where T" vanishes. We denote it by supp 7.

Notice that supp T is closed, and the following characterizations are convenient.

e xo ¢ supp T if and only if there is an open neighborhood V' of x( such that Ty =0.

e x¢ € supp T if and only if for any open neighborhood V' of z, one can find ¢ € C;°(V') such
that (T, ) # 0.

As in the one dimensional case, one can characterize distributions supported in one point a, as given
by

(o) = 3 cad®ela),

laj<m

where (Cq)|a|<m is @ family of complex numbers, and m € N.

Proposition 2.3.7 Let p € C5°(2) and T' € 2/'(Q). If suppp NsuppT = 0, then (T, ) = 0. In
particular, if supp(T') = (), then T' = 0.
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The proof is similar to the one dimensional case. We now emphasize the following corollary, which is
very useful.

Corollary 2.3.8 (The gluing principle in 2’(€2)) Assume
Q=)
jedJ

for some (possibly infinite, even uncountable) collection (£2;),c.; of open subsets. Suppose we are
given, for every j € J, a distribution T} on €, so that the family (7});c; satisfies the following
compatibility property : for every j, k € J such that Q; Ny # 0, then

(2.3.1) (T) 10,00 = (Tk)j0,nqy -

Then there exists a unique T' € Z'(§2) such that, for every j € J, Tiq, = Tj.

Remark 2.3.9 This construction of a distribution by gluing small pieces satisfying a compatibility
condition (.3.1) gives to the space of distributions 2’(2) the structure of a sheaf over €.

Proof.— The uniqueness of T’ follows from Proposition R.3.7: if two distributions T, T satisfy ﬂQj =
Tjq, for any j, it means that (T'— T')q, = 0 for all j, hence supp(T' — 1) = 0, and thus T' —T' = 0,

Let us prove the existence of 7. Given ¢ € Z(£2), we want to define (T, p). From Borel-Lebesgue,
supp ¢ can be covered by a finite subcollection supp ¢ C | J §2;. Proposition shows that one

can decompose
» = E ©j
j€Jp

jed,

where p; € Z(£2;). In such a situation, if 7" exists, one must have
(T, o) = > (T, 05) = > (Th,5) .
JE€J, Jj€Jp

This equality seems to defined (7', ). However, we observe that the splitting ¢ = > _ ¢, is not unique;
the choice of subfamily Jw itself may not be unique.

Therefore, we need to check that the above right hand side does not depend on these choices. This is
the content of the following

Lemma 2.3.10 For every decomposition
¥ = Z wj
jed
where each ¢; € 2(2;) and ¢, = 0 except for a finite set of indices j, the value of the sum
Z<T‘J7 90J>
j€J

only depends on ¢, not on the decomposition.
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Let us prove the lemma. Once we are given a decomposition, we consider the set

K = | Jsuppls)

jeJ

Since supp(goj) is compact and is empty except for a finite set J; of indices j, K is a compact subset
of Q0. Apply Proposition to a finite covering

KclJo

reR

extracted from the covering of K by the (£2;),c,’s. The family (X, ),cr satisfies

supp(x,) C Q, , ZXT =1lon K .
reR

In particular, for every j € Ji, @; = > . p Xr¥;, therefore
(Ty,05) = > Ty xe05) -
reR

For any r € R, we claim that (T}, x, ;) = (T}, xr¢;). Indeed,
- either 0, N, =0, and x,¢; = 0, so both sides of this equality cancel;
- or ;N Q, # 0, and, since supp(x,¢;) C ; N, the assumption merely says that

(T, xr5) = (T, Xr05)-

Consequently,

ST = DD (Toxees) = > (Txe(O_ @)

jeJ1 je€J1 r€ER reR jeN

= Z(Trv Xr#) -

reR

This proves the lemma. Indeed, given any other decomposition ¢ = Zj€J2 ©j, just apply the above

construction with
K = U supp(g;) U U supp($;) ,

jeEJ2 jeJ
and we see that
STe) =Y (Txep) = > (T1,3). O
jeN reR JjEJ2

Let us complete the proof of Corollary 2.3.8. Choosing any decomposition p = ZjeJ ©; as in the
Lemma, we can then consistently define

(T,0) = (Ty, 05) -

jeT
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Figure 2.2: The supports of the functions ¢; and x; inside €2}, for j = 1, 2.

It is clear that T is a linear form on Z(£2). To check it is a distribution, let K be a compact subset of
) and (Xr)reR be a partition of unity associated to a finite covering K C U,crf2,. Then, for every
test function ¢ supported in /', we have, from the lemma,

(T, @) = (T, xr0) -

reR
Since T, € 2'(1,.), we have
(T xr)| < Crlixrglloms < Crllgllom: -
Then, with ™ = max,cr m,., we obtain
(T, )| < (Z@) lellem
reR

so that T € Z'(?). Finally, if ¢ € 2(;,) for some j, € J, we can write the decomposition

¢ =D ics i with 9j, = ¢ and p; = 0if j # jo. Using the lemma, we infer (T', ) = (T}, ). In

other words, Tio, = Tj,. O

Let us close this paragraph by a few remarks concerning Corollary 2.3.8.

i) If every TJ is @ nonnegative distribution, then so is 7. Indeed, the elements Y. of the partitions
of unity can be chosen to be nonnegative.

ii) 1If every T} is a C™ function, then so is 7.

2.3.3 Multiplication by a smooth function
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Definition 2.3.11 Given ¢ € C*(Q2) and T € 2/(Q2), we define ¢T € 2'(Q2) by

Yoe 2(Q), (qT,¢) = (T,qp) .

If7T € L} (Q), the definition coincides with the usual product. Let us just mention the following

loc

generalization of Proposition in Chapter 1.

Proposition 2.3.12 Let 7' € 2/(12) and a € Q such that
\V/] c {1,d} > (xj—aj)T:() .

Then there exists ¢ € C such that T' = ¢d, .

Proof.— In view of what we did in Chapter 1, the proof reduces to the following

Lemma 2.3.13 (Hadamard lemma on an arbitrary openset Q) If ¢ € C(C°(Q2) satisfies
@(a) = 0, there exists ¢y, ..., ¢, in C3°(2) such that

p(r) = (1 — a;)i;(x) .

Jj=1

Let us prove the lemma. Let r > 0 such that B(a,r) C €2, and let x be a plateau function on
B(a7 7“/2), supported in B(a, r). From Corollary — Hadamard’s formula on a convex subset —
we can write, for any x € B(a,r),

with each f; € C*(B(a,r). This implies that

d
X =Y (x;—a;)xf;.

<.
Il
-

This settles the part of ¢ supported near a. On the other hand, since (1 — X) vanishes near a, we can
factorize (1 — )y as:

—a;)(1 = x())

|z —al?

(1= x(@)oe) = Yoy — )™ o).
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Summing both the above identities, the lemma follows with the functions

$y(@) = x(@) () + BT GEZXD)

|z — af?

2.3.4 Differentiation

As in one space dimension, we first consider the case of a C'! function. In this case, we have the
following elementary

Lemma 2.3.14 Let f € C'(Q), ¢ € CL(Q). Then, for any index j € {1,...,d},

Jos@ew e =~ [ f)9j00)ds

Proof.— Let x be a plateau function on a neighborhood of the support of . It is easy to check that

Aixfle=0ifv, x[0jp= foip.

Furthermore, Y f can be extended as a C' function on RY, vanishing outside of {2. Therefore we are
reduced to proving the lemma with 2 = R<. This is an immediate consequence of the Fubini theorem
and of integration by parts in the x; variable. O

On the basis of Lemma R.3.14, we introduce the following definition for the partial derivatives of a
distribution.

Definition 2.3.15 Let 7' € 2'(2) and j € {1,...,d}. We define 0,7 € 2'(?) by
<ajT7 S0> = _<T7 8_7()0> , P E ‘@(Q> :
Similarly, for every a € N%, we define 9T € 2'(Q0) by

<aaT’ ()0> = <_1)‘a|<T7 aag0> , pE “@(Q) :

At this stage, it is natural to ask for the multidimensional analogue of the identity H' = d, proved in
Chapter 1, with H = ]I]R+ the Heaviside function. A natural statement would be a formula for 8j(]lU),
where U is an open subset of {). However, open subsets in R? can be complicated enough, so that
no such formula exists without additional assumptions on U. A relatively general formula of this kind
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will be the purpose of the next section, devoted to superficial measures and to the jump formula. At
this stage, let us just consider a very simple examples in Rz, that of the half-plane on R2.

For some a € R, consider the half-space H, = {(x1,22) € R? : x; > a} C R?. Then an elementary
calculation gives, for any ¢ € Z(R?):

@), ) = [ plaas)des, (Ba(ti)0) =0,
R
so 01(1y,) is the superficial measure on the z5-axis, while dy(1y,) = 0.
2

Hg

Figure 2.3: Derivatives of 1y for the half-plane.

Notice that 0;(1p,) is a distribution of order 0, supported by the boundary of H,. This fact will be
generalized to more general open sets U in the next section.

2.3.5 Convergence

The convergence of a sequence of distributions is defined like in one dimension.

Definition 2.3.16 A sequence (7},),en of distributions in 2’(2) converges to T' € 2'(Q) if

Vo e 2(Q), (Tn,p) = (T, p) .

If f € L'(R?) satisfies [, f(x)dxz = 1, then we can easily show (see Example in 1 dimension)

that 1
x . /
gf(g) ;}) 50 in 9 (Rd) .

This observation leads to the following strategy of regularization. Fix p € .@(Rd), supported in the
unit ball, such that [, p(z) dz = 1, and consider

1

pe(z) = ;p(g) :
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Given an open subset ) in R?, set the e-rectract of (2,
QF :={z € Q,d(z,Q°) > ¢} .

If z € QF, the function

pe(x —.) 1y = pe(x —y)
is supported in the closed ball of radius € centered at x, which is included in ). Hence this function
belongs to Z(£2), and we may define the function

Fe(z) = (T, pc(x —-)),, x€Q°,

which looks like the convolution of 7" by p.. In some sense, () represents an “average” of 1" on
the ball B(z,¢).

Remark 2.3.17 The convolution we had described in Definition in Chapter 1 was defined on
R, so there was no necessity of restricting it on some e-retract.

Figure 2.4: Regularization F* in the retract {)°. Each red circle represents the support of the test
function p.(z — -).

Proposition 2.3.18 The function F*¢ is smooth on ¢, with
0°F*(x) = (T,0%p-(x —)) , a € N’
and, for every v € 2(9Q),
/S Fe(z)p(x)de — (T, p) .

e—0

Notice that, given a compact subset K in €, the integral [, ['°(x) p(z) dx is well defined for & small
enough and every ¢ supported in /. The proof of Proposition is a consequence of the following
two results, which will be frequently used throughout the course, and are generalisations to several
variables of Propositions [1.9.5 and [1.9.6 from Chapter 1.
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Proposition 2.3.19 (Differentiation under the bracket) Let ) C R, Z C R” be open sets,
and T' € 2'(Q2). For some compact set K C Q,let o € C®°(Q2 x Z) be supported in K x Z.

Then the function
G:zeZw— (T, o(-z2))

is C*°, and, for any @ € NP,
8aG(Z) = <T7 8390(>Z)> :

Remark 2.3.20 If 7' = f € L, (), we have G(z) = [, f(z)p(x, z)dz, so that, under the above
assumptions, we get G € C*>°(Z) and we recover the LelanZ rule of derivation under the integral

sign,
/f co(w,2) dw.

Proof.— Let 2y € Z and x € (). For h € RY?, Taylor's formula at order 1 gives

p
o(x, 20+ h) = p(z,20) +Z@Z] (z, z0)hj + r(x, 20, h),

with  r(z, 29, h 22 '/ (1 —=1)0%p(x, 29 + th)dt.
Q

|al=2

Since x — r(x, 20, h)) is C* with support in K, there exist a constant C' > 0 and an integer m € N
(independent of z; or h) such that

(T,r (20, )| < C ) sup|dr(x, 20, h)

1Bl<m

But for |h| < 1,

|00 (2, 20, )| <2

|a|=2

hel [t
L[ pioziete o mlar <OWP Y s (050000, 7))
0

|a‘:2 KXE(ZQ,I)

Since |h*| < |h|? for all || = 2, we get
(T,7(-, 20, h))] = O(]),
so that

G(zo + h) = G(z) +Z T,9.,0(-, 20))h; + O(|h]?).

This equality shows that G is differentiable at z; (in particular GG is continuous), with derivatives

9;G(z) = (T, 0z,0(-, 2)),
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which proves the formula for the first derivatives.

If we now replace (z, z) by (9Zj<p(x, z) in the above discussion, we see that for all j, 0, is differen-
tiable, thus in particular continuous. So G is C!, and the statement of the proposition is true for any
|a| = 1. One easily shows the general case by induction. a

Let us now prove that the inverse operation, namely integration w.r.t. the auxiliary parameter z, can
also be shifted inside the bracket.

Proposition 2.3.21 (Integration under the bracket) Let ) C R be an open set, and T €
2'(2). Let also ¢ € C3°(2 x RP). Then

[ otz = (1. [ otz

Proof.— We start with the case p = 1, for which the proof is similar to the one in Prop. [1.9.6. Let
v € CP (2 x R). We choose A > 0 and a compact set K C €2 such that suppp C K x [—A, A]. We
denote by ¥ : 2 x R — C the function given by

(e, 2) = / ol ) dt,

namely a primitive of ¢ w.r.t. z. The function ¢ belongs to C*°(2 x R), and for any z, supp(¢(-, 2))
is included in K. Therefore Proposition applies. The function

t<z
is smooth and vanishes for z < —A. Its derivative reads

G/(Z) = <T7 aW('a Z)> = <T> 90('7 Z))

Integrating over the parameter 2z, we get

<ﬂl@ﬂﬁw>_Q@_Z;G®ﬁ_Z;@w@Mﬁ.

Taking z = A, we obtain the required statement in the case p = 1.

For p > 1, we proceed by induction on p. Let ¢ € C5°(€2 x RP). We split the variable z = (2/,t) with
2" € RP~L, Using the result in the case p = 1, we get, for every fixed 2’ € RP~1:

<n4¢@Awﬁ>:A@W@4wwa

It remains to apply the induction assumption to ¢ € CgO(Q X qu) defined by

o(x, 2') :/go(x,z’,t) dt .
R
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Indeed, using Fubini’s theorem we get

/RP<T, (-, 2 t))d2 dt = /Rpl<T’@<"Z/)>dZ/ = <T, /Rpl o, 2) dz’> — <T, /Rp ol 2 1) d dt> '

O

Let us now finally come back to the proof of Proposition on the regularization by convolution.
Fix ¢ € C3°(Q2), and choose € > 0 small enough such that supp ¢ C Q°. Applying Proposition
— derivation under the bracket— to the function

p(2) F () = (T, p(x)pe(r =)
(which is well-defined for the above values of ¢), we infer pF* € C3°(£2) and
Va e N*, 0%(pF)(z) = (T, 0 (p(@)pe(x = -))) -

Take ¢ € €)%, and choose ¢ a plateau function near £y € {2. We then obtain the first statement of
the proposition:
Va € Nd ’ aaFE(:BO) = <T7 aapa($0 - )> :

As for the second statement, we apply Proposition — integration under the bracket — to obtain
[e@F@d= g, o= [ e@plo-yde=ox i),
Q R

where p(z) := p(—x). Notice that a simple change of variables = = y + £z provides

v (y) = /Rd oy +ez)p(z)dz .

Since p is supported in the unit ball, we observe that (. is supported in a fixed compact subset of ()
if € is small enough. Furthermore, the standard derivation under the integral yields ¢, € CSO(Q) and

Vo e N¢ | 0% (y) = /

oy +ez)p(z)dz .
R4

Passing to the limit as ¢ tends, to 0, 0%y, converges uniformly to 9%y. We conclude that . converges
to p in Z(2). Consequently,

(T, 02) =3 (T, ).

The proof of Proposition is complete. O

Corollary 2.3.22 Every distribution on € is the limit (in 2’'(£2)) of a sequence of test functions.

Proof.— For every j > 1, define

1 —
K; = {JZGQZd(I,EQ) > =, |z Sj} = Q7N B(0,7) .
J
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Then K is a compact subset of €2, K; C [O(jﬂ and U;5, K; = Q.

o

Choose x; € (K1) a plateau function near K; and consider a sequence (&) converging to 0 such
that

Kj C Q.
Then the function

Fy(z) = x; (2)(T, pe; (x = .))

is well-defined since supp x; C ]O(j_i_l, while the second factor (average of T in the ball B(:U,ej)) is
well-defined for x € Kj1 C §%. By Proposition and by the above support information, we
know that F; € C3°(€2). Furthermore, if ¢ € Z({2), the support of ¢ is covered by a finite union of

the open subsets K;’s, hence is contained into some K,. Then, for j > jo, we have ¢ = x;¢, hence

[ e @ o= [ et p. - )ds,

Q

which converges to (T, ) by Proposition R.3.18. Therefore F; — T [0 We are now ready to

Figure 2.5: Construction of the function Fj approximating 1.

characterize a C'! distribution as if it were a function.

Corollary 2.3.23 Let T € 2'(Q) such that, for every j € {1,...,d}, 9,7 € C°(). Then
T e CHQ).

Remark 2.3.24 The proof below is significantly more intricate_than its dimension 1 analogue.
Indeed, the analogue of the integral formula used in Corollary [1.4.9 in Chapter 1 is much more
complicated in several space dimensions, so we prefer to proceed differently. Moreover, let us mention
that, as opposed to the one dimensional case, the assumptions 9,7 € L}, .(R2),j =1,...,d, do not
lead to T" € C°(Q), but only to T € LI, () for p = - (Sobolev estimates).

loc

Let us now prove Corollary 2.3.23. By the gluing principle, it is enough to prove it locally, so we may
assume that €2 is a ball B. For every j, denote by f; € C°(B) the continuous function defined by
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0;T. As above, we define, on the smaller ball B%, the smooth function F*(z) = (T, p.(x — .)). Our
goal is to show that F* converges to a C'!' function when ¢ — 0.

Notice that, using the derivation under the bracket,

0, F*(x) = (T 0y, pe(a — )) = —~(T.0,,(po(x — )} = (DT, po(a / fipela —y)dy

To integrate this expression, we fix any ball B’ CC B and gy > 0 such that B’ C B®°. Then the
family (0, F¢).<., converges uniformly to f; on B’ as ¢ tends to 0. Furthermore, picking xy € Z(B’)
of integral 1, we have, using the Taylor formula:

F(a)- / () Fe(y) dy = / @) (e (2)—F*(y czy—z / / )0, Pyt (e —y)) dy dt.

The right hand side converges uniformly on B’ to

d 1
S [ ] 50 = ) s+t - )y

which is obviously a continuous function on B’. On the other hand, by Proposition R.3.18, the constant
term on the left hand side converges to

[ xFway = .

Hence, the remaining term F*° converges uniformly on B’ to some continuous function . Since each
0;F* is uniformly convergent on B’, we conclude that each 0;F = f;, and hence that F' € CY(B).
But we also know by Proposition that 7|z = F. Since B’ is arbitrary, this completes the proof.
O

A very useful property of the convergence of distributions is the following Lemma, which is a conse-
quence of the principle of uniform boundedness proved at the end of this chapter.

Lemma 2.3.25 (Bicontinuity of the bracket) Let (7},) be sequence in 2'(Q2) and (¢,) be a
sequence in Z(2). We assume that 7,, — 7" in 2'(Q) and ¢,, — ¢ in 2(§2). Then

(T, on) = (T, ) .

We close this subsection by a useful remark on the gluing principle for convergence of sequences of
distributions.

Proposition 2.3.26 Let (7},) be a sequence of distributions on €. Assume
Q=
jed
for some collection (£2;);c; of open subsets, and that, for every j € J, (7;,)q, converges to some
TW € 2'(Q;). Then T, is convergent in Z'(€2).
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Proof.— Let K be a compact subset of ). From Proposition let (x;)jes be a family of test
functions, which are identically 0 except for a finite set of indices j, and such that

supp(x;) C €5, ij =1lon K.
jeJ
Then, for every test function ¢ supported in K, we have
(T p) = Y (T xs0) =+ D AT9 x59) .
jeJ jeJ
Since each TU) is a distribution, the right hand side is estimated by C|¢l|cm for some C' > 0 and
m € N only depending on the compact K. Hence T, is convergent in Z'(£2). O

2.4 Superficial measures and the jump formula

2.4.1 Motivation

In this section, we come back to the problem of identifying the partial derivatives of the characteristic
function of an open set U C (). It is easy to check that these derivatives are distributions supported
by the boundary QU of U. Under suitable assumptions on U, we shall show that these distributions
are of order 0, and can be expressed in terms of a positive measure supported by OU, called the
superficial measure on the hypersurface OU.

We first need to define the superficial measure on a hypersurface, which is the purpose of the next
subsection. An intuitive way to define a superficial measure of a subset of an hypersurface is to thicken
this subset into a slab of thickness £, and to to take the limit, as ¢ tends to 0, of the ratio to ¢ of the
Lebesgue measure of this slab. The next construction makes rigorous this intuitive definition.

2.4.2 Reminder on smooth hypersurfaces in R4

I thank Thomas Letendre for adding this subsection to the notes. The material in this subsection can
be found for instance in the textbook Introduction aux variétés différentielles by Jacques Lafontaine,
EDP Sciences, 2010 (Chap. 1, sections C and D).

Let QO C R? be an open set, and consider a subset 2 C €). Our goal is to characterize whether X is a
C*-smooth hypersurface of ).

Theorem 2.4.1 Consider a € X, and k € N*. Then the following statements are equivalent to
one another:

i) (local straightening) There exists U a neighbourhood of a in €2, V' a neighbourhood of 0 € R,
®: U — V a C* diffeomorphism, such that

dEXNU)= {0} xR*™HNV.
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ii) (zero set of a submersion) There exists U a neighbourhood of a in ©, f € C*(U,R) such
that V f nowhere vanishes, and such that X NU = f~1({0}).

ii1) (local graph) Up to a permutation of the coordinates on R?, there exists U a neighbourhood
of a = (a,...,aq) in Q, W a neighbourhood of (ay, ..., aq) in R¥1, and ¢ € C*(W,R) such
that

SNU =6r(q) = {(z1,y) €R?; 2, = q(y), y € W}.

Proof.— i) = ii) Let ® : U — V be as indicated. Let us note 7 : R? — R the first coordinate map
given by 7(z) = x1, and define f = m o ® : U — R. Then the differential form df (z) = dm o d®(z)
is surjective at each point z € U, since the matrix d®(x) is invertible and dr is surjective. As a result
f is a submersion, and ¥ = f~1(0).

i1) = 4i1) We know that V f(z) # 0 at each point z € U. Up to a permutation of the coordinates,
we may assume that near some a € %, &clf(x) # (. By the implicit function theorem, there exists a
neighbourhood V of a in U, and a C* function g defined in a neighbourhood W of (ag,...,aq) € R4-1
such that, in the neighbourhood V/,

flx) =0 iff xy=q(za,...,24).

i1i) = 1) Assume that X N U = Gr(q). Up to translation of the coordinates, we may assume that the
base point @ = 0. Then, let us define

D (21,...,2q) — (xl—q(xg,...,xd),xg,...,xd).

It is easy to check that ® : U +— ®(U) C R?is a C* diffeomorphism, which maps X to the local
hyperplane {z; = 0}. O

Definition 2.4.2 [f there exists £ € N* such that the above equivalent statements hold for all
a € 3, we say that X is a (boundaryless) hypersurface of 2, of regularity C*.

According to statement i), a hypersurface (equivalently, a submanifold of dimension d — 1) locally
resembles a piece of hyperplane (up to a C* diffeomorphism).

The easiest characterization to check is usually @'i), eventhough it is the least intuitive one.

Definition 2.4.3 We say that a function f € C*(Q, R) vanishes transversally if,

Vee, f(r)=0= Vf(x)#0.
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Lemma 2.4.4 If f € C*(Q, R) vanishes transversally, then its zero locus ¥ := f~1(0) is a C*
hypersurface.

Proof.— When we restrict such a function f to the open set Q; := {z € Q, Vf(x) # 0} D %, it
defines a submersion. The submersion theorem states that the zero locus of f, ¥ := f~1(0) C Q; is
a C* hypersurface. O

2.4.3 Examples of hypersurfaces

if U C R?!is open, then U x {0} is a hypersurface in R,
o for U C R"! open, the graph of any function ¢ € C*(U, R) is a hypersurface in R,
e The affine hyperplanes in R¢ are hypersurfaces.

o If one takes the function f : x € R? — |z|?> — 1, then its zero locus f~1(0) = S?! is the
d — 1-dimensional unit sphere, which is a hypersurface in R4,

e the intersection of a hypersurface > C () with an open subset U C () is a hypersurface.

e in dimension d = 1, the hypersurfaces of {2 C R are the discrete sets of points in {2, that is the
sets without accumulation points in ).

e in dimension d = 2, each connected component of a hypersurface X is a C* curve without
multiple points. The definition allows curves with boundaries.

Figure 2.6: Smooth curves in R? (the blue points are not part of the curves), and curves with singu-
larities which are not hypersurfaces.

e in d = 3, hypersurfaces are the usual surfaces embedded in R3, with no singularity (edge,
corner, conical point,...), but possible boundaries.
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OK

Figure 2.7: Surfaces in R? (the blue boundaries are not part of the surface), and surfaces with singu-
larities (edges, corners, conical point). The last one is a Mdbius strip.

In the previous examples, we notice that some hypersurfaces > admit nonempty boundary 0% = E\E,
where the closure is taken in the ambient open set {). This is the case, for instance, of open curves in
d = 1 (left on fig. R.6), of open surfaces in d = 2 (see the “open handle” or the Mébius strip in fig. 2.7),
if the ambient open set () = R¢. For the hypersurfaces to satisfy the conditions of Theorem R.4.1], it
is important that the boundary 0X is not contained in X: if we zoom onto a point on the boundary,
we do not see a hyperplane, but rather a half-hyperplane.

In the following, we will be most often concerned with closed hypersurfaces, where we add the condition
that X is closed in €2. This condition will forbid the above situations with boundary.

2.4.4 Preliminaries on non—-negative distributions

After this geometric interlude, let us come back to distributions. In this section we show that the
nature of positive distributions in d dimensions is similar to the 1-dimensional case.

Definition 2.4.5 We say that 7' € 2'(12) is a nonnegative distribution if (T, ) € RT for any
function ¢ € Z(Q2) with values in R.

Proposition 2.4.6 If 7' € 2’({)) is non-negative, then it is a distribution of order 0.
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Proof.— Take 7' € 2'(f)) a nonnegative distribution. Let & C {2 be a compact subset, and yZ({2)
a plateau function above K. For ¢ € Pk (£2) real valued, one has

Ve €,  —xsup|p| < p(z) < xsuplel,
hence, using the nonnegativity of T, we get:
(T, + xsuplpl) 20 and (T’ xsup|p| =) = 0.

These two inequalities can be summarized as:

(T, p)| < (T, x) sup |¢].

Now, if ¢ € @K(Q) is complex valued, we decompose it as ¢ = 1 + 29 with ¢,y real valued.
Applying the above reasoning to @1, @2, we get:

(T, )| = (T, 1 +ipa)| < (T, 1) + (T, 02)| < Csup 1| + Csup || < Csup g,

which concludes the proof of the proposition. O

From Proposition — and the fact that adapted regularisation procedures preserve the nonnega-
tivity property —, nonnegative distributions therefore extend to nonnegative linear forms on Cg(Q).
By the Riesz representation theorem, nonnegative linear forms on Cg([) are in 1-to-1 correspondence
with positive Borel measures on {2 which are finite on compact subsets, which are also called Radon
measures.

Theorem 2.4.7 For every nonnegative distribution 7" on (2, there exists a unique Radon measure
1 such that

Vi € Cp(Q) , <T,<p)=/gsod/vb-

2.4.5 The measure §(f) and the superficial measure associated to { f = 0}.

Let €2 be open subset of RY, and let f : 2 — R be a C! function which vanishes transversally:
(2.4.2) VeeQ, fle)=0=Vf(z)#0.

We denote by 3 = {z € , f(x) = 0}. According to the Lemma R.4.4, X is a C? hypersurface in R,
The following theorem constructs positive measures supported on ..
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Theorem 2.4.8 There exists a positive distribution §(f) € 2'(2), supported by X, such that,
for every function p € CJ(R) such that

/Rpa)dt:l,

the family of distributions associated with the L} functions p. : 2 — R defined by

loc
e () := p%p(@) =p.of, e €]0, 1],

converges in Z'(2) to §(f) when e N\, 0.
Furthermore, if g :  — R is another C! function which satisfies () and ¥ = {z € Q,g(z) =
0}, then

(2.4.3) IVgld(g) =V fI6(f) -

Proof.— 1) By the gluing principle for convergence of distributions — Proposition —, itis enough
to prove that every point a of {2 admits an open neighborhood V,, on which (. converges in the sense
of distributions. Moreover, the gluing principle shows that the positivity of this limit near each point a
implies that the limit is a positive distribution on {2 — see the remark after Proposition 2.3.8.

2) Let a € Q. If f(a) # 0, then the continuity of f implies that |f| > ¢ > 0 on some neighborhood
of a, so that, since p is compactly supported in R, y. is identically zero on this neighborhood if ¢ is
small enough. Hence yi. tends to 0 in a neighborhood of a. This shows that the support of the limiting
distribution must be contained in ..

3) Now assume that a € Y, in other words that f(a) = 0. By the assumption (2.4.2), V f(a) # 0,
so there exists j € {1,...,d} such that 0;f(a) # 0. Let us assume for instance that j = 1, and
alf(a) > 0.

Let us write points in R? as 7 = (z1,y), with r; € Rand y € R4, As used in Theorem R.4.1], by the
implicit function theorem there exists an open interval I C R and an open subset W C R such
that a = (ay,b) € I x W C Q, and a C* function ¢ : W — I such that

V(zy,y) € I x W, f(x1,y) =0 <= x1=q(y) .

We then use the Taylor-Lagrange expansion in the x| variable, to write

V(zn,y) €I x W, flz,y) = fla(y),y) 0+ (z1 — a(y)) /0 a1J"((J(y) + (a1 — q(y>)7y) dt m(z1,y)

N J/
~~

= m(x, y)(l’l — Q(y)) )

where we used the fact that f(q(y),y) = Oforally € W. We observe thatm(q(y), y) = 01f(q(y), y) >
0. By the continuity of 0, f, if W, I are chosen small enough, 0 f(z1,y) > 0 for (z1,y) € I x W; as
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a result, there exists 0 < ¢ < C such that
V<J}1,y)EIXW, cSm(Il,y)SC’

Let us now choose a test function ¢ € Z(I x W), and compute

<ue,s0>=/lxw( pie( dx—// o1,y pe m(z1,y) (1 — q(y )))dwldy-

Extending ¢ by 0 to (R \ /) x W, we can write the inner integral as

/Rgp(x17 v) ép <m(x1, y)(z1 — Q<y))> dry = /Rgo(q(y) +e2,y) p(m(q(y) +¢e2,9) z) dz,

3

where we used the change of variables x; = q(y) + ez (here y is fixed). Since m > con [ x W and
suppp C [—A, A] for some A > 0, the argument in the integral is supported in {|z| < A/c}.

Let us restore the integration over y € W. Since the integrand is dominated by ||p/~||¢]|~ on the
bounded set [—A/c, A/c] x W, we get by dominated convergence:

/ /A/C )+ ez, y)ﬁ( (q(y) +ez,y) 2 dzdy€—>0/ /A/C p(m(q(y),y)z) dz dy

Ale Ale

In the second equality we have used the change of variables { = m(q(y), y) 2, and the normalization

[ p(t)dt =1.
Relaxing the assumption f(q( ), ) >0 to f( (y),y 7é 0, we prove more generally that:

(2.4.4) Iim/ /
=0 Jrxw #lz) |31f )|

This shows that, on the neighbourhood I x W, the distributions ji. have a limit when € \, 0. The above
formula shows that the limit distribution, which we denote by () x| is supported on {(q(y),y); y €
W} =3nN (I x W), and is nonnegative. This limit distribution does not depend on the choice of p,
but it depends on the function f used to define X.

4) In order to let appear |Vf| in the above expression, we rewrite the limiting distribution in a different
way. The identity f(q(y),y) = 0 for all y € W can be differentiated w.r.t. y € W: from the chain
rule one gets

Vi=2,....d, 8,,q(y) 0. f(a(y),y) + 9y, f(a(y).y) =0.

Putting these equations together, we obtain the vector identity:

1

-0,

_ay;Q(y)
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Taking the norms of these vectors, we find

IVF(a),y)| = 10a f (), v)| (L + [Va®)]?)

Substituting this identity in (2.4.4) we find

1/2

| - (L+|Vaw)®)"”
lmflxww(x)us(x)dﬂf/Ww(Q(y),y) V(W) v) dy = (6(f)irxw, ) -

The distribution 6( f)|7xw is nonnegative, hence it defines a Radon measure supported on XN (1 x W).

5) It makes sense to multiply this measure by the continuous function |V f| € C’O(I x W,RR%): one
obtains another Radon measure, which we denote |V f| §(f):

ST

Vo e CULX W), (VI15(f). ) = /W ola() ) (1 + [Vaw)?)* dy

We notice that the integral on the right hand side does not depend on the function f any longer, but
only on the function g defining X through its graph.

If g is another C! transversally vanishing function such that and 3 = {x € Q, g(z) = 0}, the same
computation as with f yields — possibly taking a different open neighbourhood of a, I’ x W":

N

Vo e Co(I' x W), <\V9!5(9),90>=/,so(fJ(y),y)(lJr\VQ(y)\z) dy .

As a result, the distributions |Vg| d(g) and |V f|d(f) are equal in (I N I") x (W NW’).

By the gluing principle, these distributions are equal in the whole of 2:

Vglalg) = [VFI6(f)-
O
From this proposition, we infer that the positive distribution |V f| 6(f) does not depend on the choice

of the transversally vanishing function f used to define X. This positive distribution is intrinsically
associated to 2.

Definition 2.4.9 The superficial measure of X is the positive distribution
o=[Vflé(f),

where f is any C! transversally vanishing function such that ¥ = {f = 0}.

Let us retain from the above definition and from the proof of Theorem the following two important
facts about the superficial measure on X:
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i) if X = {f = 0} with f transversally vanishing, then, for every ¢ € CJ(12),

/Qgp (fix>> go(a:)dxegO/Qgp(w)%.

i) ifFXN (I xW)={(qy),y),y € W}, where g : W — I is a C! function, then, for every
continuous function ¢ supported into I x W,

(2.4.5) /[Wso(rv) da(l‘):/ ola(y),y) (1+Va@)?)? dy .

w

This last expression admits a geometric interpretation: if we call ]dy| the area of an infinites-
imal element of R~ near the point y, then (1 + |Vq(y)|2)2|dy| is the area of the lift of this
infinitesimal element to >J; the extra factor is due to the slope of this lifted element.

Example 2.4.10 (The superficial measure on a sphere) Let R > 0. Then the function

fr:RI\ {0} — R
r — Jz|—-R

is in C1(R?\ {0}), and {fr = 0} defines the sphere S of radius R centered at the origin. Notice
that

V fr(z) = f;—, ,

which nowhere vanishes. The intersection of Sk with the “upper half-space” ]0, +-00[xR?"! can be
described by the equation {x1 = q(y), |y| < R}, where

qiy) =vR—|y* [yl<R.

Notice that

2

Yy T

Valy) = ———— 1+ |Vq(y)* =

VR =y

so the superficial measure o on Sy is given by or = 4(f,). For any ¢ € C§(R% x RI71),

Rdy
/ o(r)dog(x) = / 2 ( R? — |y\2,y> e T
R% xRd~1 lyl<R R? — |y

Let us prove the following simple relation between the measures or and o;:

r=yP

(2.4.6) Vip € CO(RY) /R pl) dorg() = R / o(Ry) don(y) -

R4

Indeed, using the original definition of i from the function fg, we find

/Rdgo(x)dOR(iU) _ En_%é/ﬂ%dp(hlg—R) o(z) dz
T [ (A1)

e—=0 &

= w0 [ elrdnt),
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using the rescaled small parameter ¢’ = £

Using this identity, in dimension d = 2 we may parametrize the measures o by the angular coordi-
nate 6 € [0, 27|, and obtain

2m
/gp(:c)daR(x)—/ ¢(Rcosf, Rsinf) Rdf .
R? 0

2.4.6 Integration on level sets : the smooth coarea formula
The above definition of the superficial measure easily leads to an important formula of integral calculus,
which can be viewed as a “nonlinear Fubini theorem”.

Let f = Q — R be a C! function such that
(2.4.7) VeeQ, Vf(z)#0.

It is easy to prove that the set f(2) := {f(x),z € Q} is an open subset of R — hence is an open
interval if 2 is connected. Indeed, if {p = f(a) with a € €2, and if, say, 0, f(a) # 0, then, on a small
neighborhood I X W of a = (ay,b), we have 0;f # 0, hence the function 21 € I +— f(x1,b) is
strictly monotone, and consequently its range is an open interval of R containing t;.

For every t € f(€2), denote by ¥; the level set {x € Q; f(x) = t}, and by o, the superficial measure
on Y;, constructed in the previous section. The hypersurfaces (Et)tef(g) form a smooth foliation of

Q.

The smooth coarea formula takes the following form. It can be viewed as a Fubini theorem, with
respect to the foliation 2 = |_|t€f(9) .

Proposition 2.4.11 (Smooth coarea formula) For every o € CJ(2),

[2¢<m>dx:/f(9) (/Etgpm%) it |

Proof.— We will go back to the construction of o; as in Theorem R.4.8. We thus use a convolution
kernel p € CJ(R) of integral 1. For every z € (), we observe that, for every € > 0,

(0

We plug this identity in the x integral and apply the Fubini theorem (the integrand is continuous and
compactly supported in (x,t)):

/Q o(x)dx = /R ( /Q ép (@) o(z) dx) it
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Let us call the inner integral

L(t) ::/Qép (@) p(x)de .

This is a continuous function of t € R. For ¢t € R fixed, the Theorem shows that, when ¢ — 0,

ift & f(Q)
[ ( ) — [0( ) {th dat(x iftc f(Q) .

IVf

Since I, are continuous functions, their pointwise limit I is necessarily measurable.

To show the requested formula, we need to show that fR dt — fR IO dt as € — 0. This will
be done by invoking the Dominated Convergence Theorem. Flrst we not|ce that, because ¢ and p
are compactly supported, Ig(t) is supported inside a compact subset K & IR, which can be chosen
uniform when ¢ €]0,1]. So we just need to prove that the family (I.).cjo1] is dominated by an
integrable function.

By the gluing principle, it is enough to assume that the test function ¢ is supported inside a small open
subset V' of {). We may then apply the methods of Theorem 2.4.8, but simultaneously for a family of
hypersurfaces (3;):c -

Assuming that 0, f # 0 on a small open set V' = I x W. The equation {(x1,y) € V, f(z1,y) =t}
defines the set >; NV, which is nonempty only for t in some short interval J C R. Then, the implicit
function theorem shows that, if V' is small enough, >; NV can be described by the graph of a C!
function ¢(-,t). Actually, ¢ is C! in both variables (y, t).

We can reproduce the proof of Theorem with the additional parameter ¢. Forany ¢ € 2(I xW),

:/ /ép (m(m’%t)(jl _Q(yvt))> @(xhy) dry dy

/ / ) +e2,9) )w(qw,t)ﬂz,y) dzdy.

The support integral is uniformly bounded, since ¢ is compactly supported and, as we showed Like
in the proof of Theorem P.4.8, we have a uniform lower bound |m(z1,y,t)| > ¢ > 0 for (z1,y,t) €
I x W x J, which implies that the above integrand is supported in some bounded set [—A, A] x WV.
The functions (1.)-¢jo,1) are then dominated by ||| || o||oc Ij—4,4)xw . This completes the proof of the
dominated convergence theorem, hence of the coarea formula. O

Corollary 2.4.12 (Integration on spherical level sets) For every p € CJ(R?\ {0}), we have
/ o(x)de = / / o(rw) doy(w) ri~tdr .
R\ {0} 0o Js

Proof.— Apply Proposition to the function f : # € R%\ {0} ~ |z|, which defines the foliation
into spheres (S;);~0, and apply the connection (R.4.6) between measure on S; and on 5. O
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2.4.7 Superficial measure on a closed hypersurface, and the jump formula
for a regular open subset

In the previous section, we defined a hypersurface > as the zero locus of a single, transversally
vanishing function f € Cl(Q,R), and used this definition to cook up the superficial measure o on
X =2

In the present section, we will proceed differently, namely by starting from a hypersurface > C 2,
as described in Section P.4.3, without assuming that it can be defined as the zero locus of a global
function f.

We start from a definition of a hypersurface which is more general than the one used in the previous
section, but slightly more restrictive than the one used in Theorem R.4.1].

Definition 2.4.13 Let {2 be an open subset of R?. A closed C' hypersurface of ( is a closed
subset ¥ C ) with the following property: every a € > admits an open neighborhood V' in (2,
such that there exists a transversally vanishing function f € C'(V,R) with

YNV={xzeV, f(x)=0}.

As opposed to the situation of the previous section, we do not impose the existence of a global function
f whose zero locus equals Y. We are then close to the definition of Theorem 2.4.1l.

Compared with that theorem, we add the condition of closedness of X.; this condition forbids the hy-
persurfaces with boundaries appearing in section (see the discussion at the end of that section).

Proposition 2.4.14 Let ¥ be a closed C! hypersurface of (.

Then there exists a unique positive distribution o supported in ¥, such that, for every open subset
V' C Q and transversally vanishing function f € C'(V,R) defining ¥ NV, we have as distributions
in V:

IVfI6(f) = o -

Furthermore, suppo = 3.

Proof.— Let us show that the existence and uniqueness of ¢ follow from Theorem and the gluing
principle.

Indeed, given a € X, consider V, C Q2 and f, : V, — R as in the definition above. Applying
Theorem R.4.8, we define the measure o, € 2'(V,) by

Oq = |Vfa|5(fa) .
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In the open set {2 \ ¥, we consider the trivial distribution & = 0 in 2'(Q2 \ ¥). We have an open
covering of ():
Q=@\2)ulJV..
a€Xy

Let us try to apply the gluing principle to this situation. The last part of Theorem shows that, if
V, NV, # (), then the measures o, and oy, restricted on V,, NV}, will coincide. Besides, since o, are
all supported on Y, o, and & coincide on V/, \ Y. The local measures (O’a) and ¢ are thus compatible
with one another, and define a single measure o on (2, supported on X. The uniqueness of each o,
implies the uniqueness of o.

Notice that the closedness of X is crucial in this proof: we use it when defining ¢ on the open set

O\ X O

Definition 2.4.15 The measure o constructed in the previous proposition is called the superficial
measure on the closed hypersurface X..

The above definition X allowed interesting topologies, for which there is no possible way to define
an “interior” and an “exterior” to our hypersurface. The following definition will lead us to examples
where the closed curve Y. automatically splits € \ > into an “interior region” and an “exterior region”.

Definition 2.4.16 Let U be an open subset of ). We say that U is a regular open subset of )
of class C! if every point a € OU admits an open neighborhood V' in €, such that there exists
a transversally vanishing function f € C'(V,R) with

UnNnV={xzeV,f(x)>0}.

In such a situation, it easy to check that QU is a closed C! hypersurface of {). Indeed, with the notation
of the above definition, one verifies that

ounV ={xzeV, f(zx) =0},
and the transversal vanishing of f implies that V f(z) # 0 forx € 0U NV

Yet, a regular open set is not only an open set whose boundary is a closed hypersurface. The above
definition also imposes that the open subset U is locally on one side (say, the “interior”) of this
hypersurface ! As a counterexample, U = R?\ {x; = 0} is not a regular subset of R?, though its
boundary is the closed hypersurface {x; = 0}.

This distinction between regular hypersurfaces > admitting an “interior side”, and regular hypersur-
faces X not admitting one, is of topological nature. Locally, these hypersurfaces are not distinguish-
able.
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The existence of an “interior side” allows to introduce the following objects.

Definition 2.4.17 Let ) be an open subset of R%.

= If Y is a closed C! hypersurface of Q2 and a € ¥, the normal line to ¥ at a is the affine line
a+ RV f(a), where f is any function defining 3 locally near a as in Definition R.4.13.

= If U is a regular open subset of Q of class C!, the inward unit normal vector to U at
a € JU is the unit vector
Vf(a)

V= Wil

where f is any function defining QU locally as in Definition .

The outward unit normal vector to U at a € 9U is

NeXt<CL> — _Nint(a) .

These definitions make sense because of the independence of the objects with respect to the specific
function f. In the case of a closed hypersurface, we already checked, in the proof of Theorem R.4.8,
that the vectors Vf(a) are all proportional to one another, so they define the same line. There exist
only two unit vectors on the normal line to OU at a € OU. In the general case, there is no canonical
way to distinguish them. On the opposite, in the case of a regular open subset U, we can define
an “inward”, resp. an “outward” vector. These two vectors can be characterized by the following
property: for £ > 0 small enough, a +eN™(a) € U, while a +eN*%(a) € Q\ U.

Finally, notice that the mapping N'™ : oU — R? is continuous. We call it the inward unit normal
vector field to U. A similar definition holds for the outward unit normal vector field to U .

These stuctures attached to a regular open subset U will allow us to compute explicitly the first
derivative of the characteristic function 1.

Theorem 2.4.18 (The jump formula) Let U be a regular open subset of €2 of class C*. Denote
by o the superficial measure on the closed hypersurface OU, and by N™™ : 9U — R? the inward
unit normal vector field to U. Then, in 2'(Q2),

Vie{l,...,d}, 0;(1y) = Njo ,

or in condensed form: Viy = N™o.

Proof.— By the gluing principle, it is enough to prove this identity near every point a € {.
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1) If a ¢ OU, then 1y is a constant function in a neighborhood of @, so that 0;(1y) = 0 in this
neighborhood, which is also the case of .

2) Assume a € QU, and let f : V — R be a function near a as in Definition 2.4.16. Denote by
x : R — R a smooth “step function”, that is a C' function such that

X(Z):{O if z <0

1 ifz>1.

Then it is easy to check that

Ve eV, 1y(z) = lim x (f(”’”)) .

e—0 g

Since the right hand side is uniformly bounded, the dominated convergence theorem implies that this
convergence also holds in Z’(V'). By the continuity of the derivative map in Z'(V'), we have

0(1v) = lim 9; <X (@)) = lim aé;fxl (f(;)) ~

The function p = X’ belongs to C(R) and satisfies

/Rp(z)dz:/ooox’(z)dz:l.

Consequently, for every ¢ € CO(V),

JRECEY (@) de > (5(f), 9)

9 9

so that 0, f
0)(10) = 0,1 8(f) = g 7 = NJ*o

O As a corollary of this jump formula, we obtain a well-known formula of integral calculus,
dating back to the 19th century. It expresses the integral of a derivative over a regular open set U,
in terms of boundary data.

Corollary 2.4.19 (The Gauss—-Green formula, 1) Let U be a regular open subset of class C! in
Q (U may be unbounded). For every p € Ci(Q2) and any j =1,...,d:

[ ost@rde= [ Net)pte) doto)
U oUu

Proof.— First assume ¢ € Z({2), and write the integral on the left as a distributional bracket:

/U@j@(ﬂf) dr = (ly, 0;0) = —(0;(1v), ) = —(N"0, ) = /aU N7(x)p(x) do(x) ,

where we used the jump formula in the third equality.
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The general case ¢ € C&(Q) follows by a density argument. Namely, one can construct a sequence
(pn € 2()), such that the ¢,, are supported in a common compact set, and ||, — ¢|lct — 0 as
n — 00. The Gauss-Green formula holds for all the ¢, and the C! convergence shows that each side
of the equality converge to fU 0¢ dx, resp. faU N do. This shows that these two limits are equal.

O

Let us focus on the special case where U is a bounded regular open subset in R¢.

Definition 2.4.20 Let U be a bounded regular open subset of class C' in R%. We denote by
CY(U) the space of restrictions to U of C* functions on R¢.

This definition allows us to formulate a Gauss-Grenn formula, by specifying a function ¢ only in U.

Corollary 2.4.21 (The Gauss-Green formula, compact set) Let U be a regular open subset of
class C! in R?, such that U is compact. For every ¢ € C*(U) and every j = 1,....d,

[ osetaras = [ Nptaota) doto).

Proof.— If p € C'(U), let € CY(U) be an extension of ¢ to an open neighborhood UofU. Let x be
a cutoff function on U, compactly supported in U (here we use the fact that U is compact). Applying
the Gauss-Green formula of Corollary to xp € C}(R?), we directly obtain the formula stated

in the present corollary. O

Remark 2.4.22 Applying either Gauss-Green formula to a product 1) of two functions, and using
the Leibniz formula, we obtain a multidimensional integration by parts formula, for integrals over
U. For instance, in the case U € R? is compact and o, € C*(U), we get for each j = 1,...,d:

/@@(fﬁ)@b(w) dr = —/ p()0i(z)dz + | NP(z)p(x) () do(z) .
U U

ou

The last integral over QU is the boundary term of this integration by parts.

2.5 Sobolev spaces in an open set

In this section we define, as we had done in Chapter 1, subspaces of L? functions admitting generalized

derivatives, which are called Sobolev spaces. We then use these space to solve some elliptic PDEs on
Q.

We recall that, we identify a locally integrable function f with the associated distribution Tf.
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2.5.1 Definition and general facts

Definition 2.5.1 Let {2 C R? be an open set, and N € N. A distribution u € 2’({2) belongs to
HN(Q) if, for all € N such that || < N, it holds that 9%u € L*(Q2). We denote by (-|-) g~
the sesquilinear form defined on HY(Q) x HY(Q) by

(uv)gy = Y (0°ul0™v)r .

lo|<N

We also introduce the associated H" norm

1
lullzy = (ulw)fe = | D 0%ullZ: |

la|<N

so that convergence of u,, to u in HY is equivalent to the convergence of 9%u,, to 0%u in L? for every
la| < N.

Notice that H%(Q) = L?*(€2). The structure of Hilbert space of L?((2) is transferred to H" (), as
shown by the next proposition.

Proposition 2.5.2 The sesquilinear form (-,-)y~ is a Hermitian scalar product, which makes
HY(Q) a Hilbert space.

Proof.— The only nontrivial fact to show is the completeness of HN(Q) with respect to the HY norm.
Let (u;) be a Cauchy sequence in HY(Q2). Forall || < N, the sequence (0“u;) is Cauchy in L?, thus

. . . L? . .
converges in L? to some Vo € L?. The convergence implies that u; — vg implies the convergence
' - . . 174 . . L .
uj — Vg, SO by continuity of the derivative on 2', that Gauj — 0“vy. We thus identify the distributions
L2
O0“vy = v,, and get the stronger convergence 9%u; — 0%vy. This shows that vy € H”, and that
u; — vo in HY (). O

Notice that, for N > 1, u € HY(Q) if and only if u € H'(Q) and, forevery j = 1,...,d — 1,
Oju € HN71(Q). By induction on N, this reduces many properties of HV () to the special case
N =1, on which we are going to focus in what follows.

2.5.2 Variational formulation of some elliptic problems

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher



CHAPTER 2. DISTRIBUTIONS IN SEVERAL VARIABLES 107

Definition 2.5.3 Given an arbitrary open subset 2 of R?, we denote by H}(f2) the closure of
2(Q) in HY(Q).

Note that H: () is a closed subspace of the Hilbert space H'(2), hence it is a Hilbert space with the
inner product (-|-) g1 defined in the previous section.

In what follows, we are going to use the Laplacian differential operator, acting on 7' € 2'(Q2) by

d
AT =Y 0T .
j=1

Our goal will be to solve a well-known PDE involving the Laplacian. It is known in phyiscs as the
screened Poisson equation arising in plasma physics, or the (inhomogeneous) time-independent Klein-
Gordon equation in relativistic wave mechanics.

Theorem 2.5.4 Let () be an arbitrary open subset of RY. For each f € L*(Q2) (which is called
the “source term”, or “inhomogeneous term”), there exists a unique u € H}() such that

(2.5.8) —Autu=f in2'Q).

Proof.— The equation (R.5.8) in 2'(2) exactly means:
Voe 2(), (—Autu,p)= / fedr.
Q

Since we are looking for u € HJ(£2), we know in particular that u € L*(Q) and d;u € L*() for
J = 1,...,d. Therefore, applying integration by parts in each of the variables z;, the left hand side
becomes

d
(—Au+u, p) = Z/ O;ud;jpdx + / updr = (plu) g .
= Je 0

Notice the absence of boundary terms, due to the vanishing of ¢ near 0f).

Summing up, we are looking for some u € H}(€2) such that,

Yo e 2(Q), (pla)m = /Q fodr .

Let us now extend the above identity to a larger class of test functions ¢. Since both sides of the
above equation are linear forms of ¢ which are continuous for the H' norm, this equality continuously
extends to test functions in H}((2), the closure of () in the H! topology.

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher



CHAPTER 2. DISTRIBUTIONS IN SEVERAL VARIABLES 108

Our problem is thus equivalent to finding u € H3 () such that

Yo e Hy (), (va)m = /vadx.

We have transformed our PDE problem into a Hilbert space problem. Indeed, the linear form

v e Hy(Q) — Lv) = / fodx

is obviously continuous w.r.to the H! topology. As a result, by the Riesz representation theorem, this
continuous linear form L can be represented by the inner product with a unique element wy, € H&(Q):

L(v) =

(v|wL)H1, forany v € H&. Hence this element wj, solves our problem by setting u = w —

notice that the conjugate of a function in H} () is still in Hg (). O

Let us complete this subsection by some remarks about the possible extensions of the above Theorem.

Remark 2.5.5 i) The L? function f on the right hand side can be replaced more generally by

i)

i)

any distribution which extends into a continuous linear form on HJ(f2). The space of such
distributions is denoted by H~!(€). Hence for T € H'(Q), we can solve the equation
—Au+u =T by a unique u € H} ().

If ¢ € L>(2) and there exists M > m > 0 such that M > g¢(z) > m almost everywhere on
), the sesquilinear form

d
(2.5.9) (ulv), Z (Ojul0jv) L2 + / quv dx
J=1 @

is an inner product on Hl(Q), inducing a norm which is equivalent to the H' norm. Indeed,
for any u € H'(2),

mlull < [ aluf? do < Mule,

so that
min(m, 1)[|ull3 < (ulu)q < max(L, M)]|ull3

Therefore H'(Q) and Hj (<) are also Hilbert spaces for this new inner product. The equation
(2.5.10) —Au+qu=T in2'(Q),

for T € H~'(Q), can thus be solved by the same method as above, producing a unique
solution u € HJ ().

The assumption M > ¢ > m > 0 can be relaxed to M > g > 0 for special cases of open sets

Q, in particular if 2 is bounded. This comes from the following inequality, valid on bounded
Q.
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Lemma 2.5.6 (Poincaré inequality) Let () be a bounded open subset of R%. For every
j €{1,...,d}, there exists C' > 0 such that, for every ¢ € H}(Q),

el < Clloell . -

By density, it is enough to prove this inequality for ¢ € 2(Q); by density of 2 in H}, since
both terms are controlled by the H'! norm, the inequality will extend to all ¢ € H.

Let us thus prove Lemma for p € 2(Q0), say with j = 1. We split the variable
x = (z1,y) € R x R¥"! and write for any (z1,y) € R%

o1, 1) / Ot y)|?) dt = —2 /wRe<atso<t,y>¢<t7y>>dt.

x1

Using the Cauchy-Schwarz inequality, we infer:

(1, )|2<2(/|8t<,0ty|2dt> (/|goty|2dt>

We then integrate the above expressions over y € R? ! and apply the Cauchy-Schwarz
inequality on the RHS:

/ wxl,y)\?dysz(/ Drolt, y)|? dt dy / |¢<t,y>12dtdy) = 2lpaspll iz o]z
Rd—1 RxRd—1 RxRd—1

We see that the RHS is independent of x;. Assuming Q Cla, a + L[xR?"!, we may integrate
over x1 €]a,a + L[, and get the bound

ol = [ lelwr)l derdy < 2L osgle 1 loe
-

This completes the proof of the lemma, with constant C' = 2L. O

If Q is bounded, in view of Lemma , the sesquilinear form ( .| .), defined in (R.5.9) is still
an inner product on H}(Q), with a norm equivalent to the H' norm, provided g € L>(Q) is
just nonnegative — including ¢ identically 0. Hence, under this more general assumption, it
still possible to solve equation (2.5.10) on  bounded.

In particular, if Q2 is bounded, for every f € H~1(f2), there exists a unique solution u € H}(Q)
of the Poisson equation:
—Au=f in 2'(9Q).

We will come back to this equation at the end of this paragraph, in the particular case where
Q is regular. We will see that, in this case, the subspace H}(Q) of H'Q) can be described
more explicitly.

Distributions and PDEs, Fall 2022 Stéphane Nonnenmacher



CHAPTER 2. DISTRIBUTIONS IN SEVERAL VARIABLES 110

2.5.3 Approximation by smooth functions

In this section, we will approximate functions u € H'(Q2) by smooth functions » € C'nfty(Q),
provided €2 is a regular open subset of R<.

Let us start with the special case () = R4,

Proposition 2.5.7 The space of test functions Z(R?) is dense in H'(R?). In other words,
H}(RY) = HY(RY).

Proof.— Starting from some u € Hl(Rd), we proceed in two steps: cutoff on a compact supports,
then regularisation.

1) Let y € 2(R?) a cutoff function on the unit ball. For n > 1, set

T
T) = - .
Xn() = X (n)
Given v € LQ(Rd), we already know that x,,v tends to v in L? as n — oo. Let us take our function
u € Hl(]Rd), and prove that y,u — u in H' as n — 0o. That is, we want to establish that y,u — u
in L2, which is already known, and that for every j = 1,...,d, aj(xnu) — Oju. From the Leibniz
formula for distributions,

9 (Xnut) = XnOju + (OjXn)u

L2
and we know that y,,d;u = d;u, so we just need to prove that (9;x,)u — 0 in L?, This follows from
the fact that u € L? and the bound [|0;Xu|lcc = O(n™1). We have thus approximated u in H' by
compactly supported functions in H'.

2) We now want to prove that, if u € H'(IR?) is compactly supported, then u can be approximated in
H! by a sequence of test functions. We will proceed by regularizing u using convolution by a smooth
kernel. Let p € Z(R?), supported in the unit ball B, and such that [, p(z)dz = 1. Consider, for

e €]0, 1], the convolution
1 r—y
- = p. = — dy .
uelw) = po x u(z) /p( . )u<y> y

2
Then u, € 2(RY), with supp(ua) C supp(u) + B. We have shown in TD1 that u, Kowase — 0.
Furthermore, for j = 1,....,d,

o) = [ diplo—y — [ Buloee = ) dy = pe Dyt
R

L2
Therefore Jju. = Q;u as € — 0. Summing up, u. — uin H' ase — 0.

To summarize, starting from u & Hl(Rd), we can approach u by uY,, and approach the latter by
(uxn) * p.. By the triangle inequality, the latter function approaches u. O

Notice that the second step of the above proof implies the following useful result.
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Proposition 2.5.8 Every compactly supported element u of H'(2) is the limit of a sequence in
2(Q) supported in an arbitrarily small neighbourhood of supp(u).

We now come to the main result of this subsection, which concerns the special case of a bounded
regular open subset of R?.

Proposition 2.5.9 Let () be a bounded regular open subset of R? with a C> boundary. Then
C>(R) is dense in H(Q).

One difficulty in the above statement comes from the definition of the space C*(£2) (see Defini-
tion £.4.20): to construct an approximation u. of u € H'(£2) lying in C*®(Q), it is not sufficient to
construct u. inside ) (e.g. by a smoothing of u), but also show that it can be extended beyond the
boundary of {2, into a smooth function on all R<. This capacity to extend u, outside €2 will rely on the
regularity of the boundary 0f).

Proof.— Again, we will make our construction locally, using an open cover of €2. Given a € 02, there
exists an open neighbourhood V,, of a, such that 92NV, can be represented as the graph of a smooth
function, expressed in some variables. Since the V, cover the compact subset Jf) of Rd, we may
extract a finite covering

N
o c | Vi
k=1
and we consider a partition of unity Xo, ..., X associated to the covering

N
QCQUUV]C,

k=1
so that xo € 2(Q), xx € Z(V fork=1,...,N, and
Xot+txi+--+xy=1

on (). In particular, on €, we may decompose

N
U = XoU + Z XEU -
k=1
We may apply Proposition to Xou, which is compactly supported inside (2.
Let us now turn to one of the functions xyxu (k = 1,..., N), and show that it can be approximated in
H'(Q) by a sequence of C*(1).

For simplicity we drop the index k, and assume that 02 N V' can be represented by the graph of a
smooth function ¢ : W — I, e.g. in the coordinates y = (z2,...,2y) — 21 = ¢(y). The set
V =1xW isopenin R =R, x szl. We assume that 2NV is “above” the hypersurface 02NV

QNV ={(x1,y) e I x W,z1 > q(y) },
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and we recall tha x € Z(V). We use the change of variables (z1,y) — (2 = 21 — q(y),v),
which represents a smooth vertical shear. This shear has the effect to map 02 N V' to the horizontal
hyperplane {O}Z X Wy; we have rectified the boundary to make it flat.

Applying this change of variables, our function u is mapped to the function
v(z,y) = (xu)(z +q(),y) , (2,9) €]0,00[xW.
Since x € Z(V), there is a compact subset K € W and some a > 0 such that
supp(v) C|0,a] x K .

Once we have performed this “rectification” of 9€2 N V/, it will prove easier to construct a smooh
approximation to the function v. We first need to check the effect of this change of coordinates on the
regularity of u.

Lemma 2.5.10 The function v belongs to H'(]0,c0[x W), and its generalized derivatives are
given by:

d.v(z,y) = O, (xu)(2+4(y), ) . Iy;v(z,y) = By, (xu) (z+4(y), y) +0y,4(y) e, (xu) (2+4(y), y) -

Notice that those formulas are the “naive” ones, satisfied if u is differentiable.

Let us prove the Lemma. First of all, v € L?(]0, oo[x W), since, by the change of variables formula,

/ / oz, )2 dz dy = / / () (1, 9) 2 dy dy < +oo.
wJo W Jq(y)

(in other words, the change of variables preserves the Lebesgue measure).

We now want to compute the generalized derivative 0,v, and show that itis L?. Let p € 2(]0, co[, xW,).
The bracket (0,v, ¢) gives the integral

_/W/OOOU(Z,y)ﬁzgp(z,y)dzdy 2 —/VV/:(XU)(ml,y)@w(xl—q(y),y) dry dy
0
- - / () (@) g |01 = a().v) | drady
= /a%[(XU)(xl,y)W(f’fl—‘1(9)7y> davr dy
9] 1
w22 /W /0 By (x) (2 + q(), y) @(2,y) dzdy .

The integration by parts makes sense because yu € H'(2), so that d,,(xu) € L?. The last integral
gives the expression of 0,v stated in the Lemma.
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Similarly, let us compute (J,,v, @) = —(v, 0y,) for o € Z(]0, infty[xW):

—// 0(2,9)0y,0(z,y) dzdy "= // (xu)(z1,y) Oy, 0 (z1 — q(y),y) day dy
w Jo a(y)

= = [ ) g [eler — o)) dondy

- [ 1) 000) g ol — alo). )] o dy

_ /[aijy 4(1), ] ) (1, ) @ (21 — q(y), y) da dy

= // y; + 0y,0(y)0, ] (xw) (2 + a(y), y) (z,y) dz dy .

(in the third equality we performed integration by parts on x1 and on y;). The last integral provides
the expression for J,,v, in terms of the derivatives of (), which are in L2(2NV). Applying the
shear to these derivatives preserves their L? character, hence the function

(2,9) €]0,00[xW = 9y, (xu)(z + q(y),y)
(2,y) €]0,00[xW = [9y; + 0y,q(y) 0, ] (xu) (= + q(y), y)

belong to L*(]0, oo[x W ). This completes the proof of Lemma R.5.10. O

Once we understand the function v € H*(R* x W), we extend it to R x IV by symmetry w.r.t. the
hyperplane {z = 0}.

Lemma 2.5.11 Given v € H'(R* x W), we define o € L*(R x W) by

. ~Jo(zy) if 2 >0
oz y) = {v(—z,y) if 2<0.

Then 0 € H' (R x W) .

Notice that, even if the function v were in H' N C*(R* NW), its derivative 9,v(z, y) has no reason
to go to zero when z N\ 0, so the derivative azﬁ(z, y) generally has a jump at z = 0.

Let us prove the Lemma. First we observe that

1902wy = 2018122 0,00y < 0

sov € LQ(R x W). Like in the previous Lemma, let us compute the generalized derivatives of 0. We
now take test function ¢ € Z(R x W), which “see” the plane {z = 0}. Let us calculate (9,7, ©):

—+00 0
- / / o)y plzy)dzdy = — / / o(2,9)0,, 0z, y) d= dy — / / o(—2,9)0,, (2 y) dz dy
RJW 0 W —oco0 JW

— _/OOO/Wv(z,y) [0y,0(2,9) + 0y, 0(—2,y)] dzdy.
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In order to use the information v € Hl(R*+ x W), we need to reduce to test functions compactly
supported in R*. x TV. We introduce x € C*(R) such that x(t) = 0fort < % and x(t) = 1fort > 1,

and we set, for ¢ > 0,
(=) =x (%)
Xe(2) : -) -
Then X.(z) — 1gr: (z) as € — 0, and by dominated convergence, we have

_/R/Wﬁ(z’wayﬁp(z’y)dmy =~ m /OOO/Wv(zjy)xs(Z)ay[w(z,y)+go(—z,y)} dz dy

e—0

IBP i /Ooo /W@ij(z,y) X=(2)[0(2,y) + (—2,y)] dz dy

e—0

8ijEL2

u / ) /W 0,,0(2,y) [0(2,y) + o(—2,y)] dz dy

= / /W Fi(2 ) oz, y) dzdy

Ji(ey) = {aij(z,y) if 2> 0

where

Oy, v(—z,y) ifz<0
defines an L2 function on R x W.

We similarly compute (0,70, p):

[ [ temoptpay = - [ - | oot dzay - [ OOO | e 2.t dzdy

(Z7 y)az [90(27 y) - 90(_27 y)} dz dy

= —lim /000/ v(2,9) Xe(2) 0:[@(2, ) — p(=2,y)] dzdy

I

|
3
é\

= —im [T ] o [l 6l  pls)] dedy
+E|ig})/0 /Wv(z,y)xé(Z) [p(2,9) — o(=2,y)] dzdy

At this stage, we may integrate by parts the first integral. We will estimate the second one, with the
following remarks:

i) the function Y. is supported in the interval [£/2, ], where it takes values O(¢1).

i) the function p(z,y)—p(—z,y) = O(z), so in the interval [¢/2, €] its values are O(¢), uniformly
w.r.t. y € msupp .

jii) the function v € L?, so by Cauchy-Schwartz f;/Q lv|dz dy = O(/?).
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We then deduce that the second integral vanishes when ¢ — (. There remains:

e—0

- /OO/ 0:0(2,y) [p(2,y) — p(=2,y)] dzdy
0 w

- / /W 9 y) (2 ) dz dy

0.v(z,y) if 2> 0
9(zy) = .
—0,v(—z,y) fz<0

0.5.¢) = lim /Ooo /W 0.0(1y) xe(2) [0(2) — o~ y)] d= dy

where

defines an L? function on R x TW. We notice that the formula for ¢ is the “naive” formula for 9,7,
without paying attention to the point (z = 0, y) where

We have thus computed
(9yj27 = fj y 8217 =4g,

given by “naive” expressions for 0,0, without paying attention to the points (z =0, y) (notice that v
is generally not differentiable w.r.t. z at the points z = (). These derivatives are L?, which completes
he proof that v € H'(R x ). O

Let us now finish the proof of Proposition 2.5.9. Applying Lemma to our “rectified function”
v(z,y) = (xu)(2+q(y),y), we observe that v € H'(R x W) and supp(0) C [—a,a] X K, a compact
subset of R x W/. Now we appeal to Proposition and obtain that there exist a 1’ami|z> of test
functions (0. € Z(R x W)).cp0,1) such that supp(?9.) C [—(a +¢,a + €| x K. and 9. € = 0 ¥ in
H'(R x W). Then the restriction v. of 7. to R* x TV converges to v in H'(R% x W), and coming
back to the initial variables (x1,y),

ué(xla y) = Ué(xl - Q(y)’y)

is a family of functions in C>(£2) which, in view of the formulae for derivatives established in Lemma 2.5.10,
converges to yu in H'(2) as e — 0. O

2.5.4 The trace theorem

In dimension 1, every function u € H'(I) is automatically continuous and bounded, which allowed us
to characterize the subspace H} () in terms of the limits of u(x) when z approaches the boundary
of [. In higher dimension, the Sobolev embedding theorem shows that u € Hl(Q) is not neces-
sarily continuous, and not necessarily uniquely defined at each point. It is therefore not possible to
characterize the property u € Hj}(f2) in terms of the pointwise limits of u(x) when z approaches 0.

Yet, the following theorem will provide a way to characterize functions u € H}(£2) in terms of a certain
function v = yyu on OS2, called the trace of u on the boundary, which can be viewed as a weak form
of “limit of u on 0f)".
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Theorem 2.5.12 Let ) be a bounded regular open subset of R?, with a C* boundary. Denote
by o the superficial measure on 92 and by N¢** the exterior unit normal on 0fQ.

There exists a unique linear mapping
Y0 1 HY(Q) — L*(09,0)
such that, for every p € C=(Q),
Y0¥ = Poq -
Furthermore, v, satisfies the following identity, for all j = 1,...,d:

(2.5.11) Vu,v € H'(2) , /

uajvdx:/ Wouvoijextda—/ajuvdx.
Q o9 Q

This formula generalizes the Green-Gauss formula of Remark to functions u,v € H*(Q).
Finally, Ker, is equal to HJ (), the closure of Z(Q) in H'(Q).

Proof.— From Remark we have, for every p,1 € C®(Q) and j € {1,...,d}:

(2.5.12) /(pajwda::/ wwN;xtda—/ajgowdx.
Q a0 Q

Consider the mapping _
Yo i@ E COO(Q) — QY0 € L2(8Q,0) .

We claim that this mapping is continuous if Coo(ﬁ) is endowed with the ' norm, which amounts to
proving the estimate

(2.5.13) el 20,00 < Cllellai@) -

Using (again) a partition of unity associated to a finite open cover of the compact set Jf), it is enough
to prove the above inequality when ¢ is supported in the intersection of {2 with a small neighbourhood
V,, of some point a € J¢). We may assume that, on such a neighbourhood V,, a certain component
J = Jq of the normal vector satisfies

VeeV,noQ, [N (z)| >ec

for some ¢ = ¢, > 0. Then, considering the formula (2.5.12) with ¢) = % and the index j,, and using
the Cauchy-Schwarz inequality, we find that the cutoff function ¢ satisfies (2.5.13). Summing over
the finitely many pieces Y, composing ¢, we obtain (R.5.13)) for the full function ¢.

At this stage, we appeal to Proposition 2.5.9, namely the density of C*°(2) in H'(Q). Since 7o
is a continuous linear mapping from a dense subspace of COO(Q) C Hl(Q) into the Hilbert space
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L?(09Q, o), it admits a unique linear continuous extension from H' () to L*(0S, o), which we will
still denote by 7. This proves the existence an uniqueness of 7.

Let us come to the second point. Since both sides of Green’s formula (2.5.11]) are continuous bilinear
maps on H*(Q2) x H'(Q), and coincide on the dense subspace C*°(2) x C*°(f) in view of (2.5.12),
we infer that this equality holds as well on the closure H'(Q) x H'(Q).

Finally, let us characterise the kernel of ¥o. If ¢ € Z({2), we have ¢ = pjan = 0, therefore Ker
contains the closure Hy () of () in H'(Q).

The proof of the converse inclusion is more intricate. Let us start by a notation: for every f € LQ(Q),
we denote by f € L%(R?) the extension of f by 0 to R?\ . Let us then take some u € Ker~y; our
goal is to show that u € H}(Q). We will consider the extension u, and compute its 0; derivative in
2'(RY). For this, consider some test function ¢ € Z(R?), and compute:

(Oju, ) = —(u, 0;p) = —/Quayw dw .

We may the apply the Green identity (2.5.11)), with u and v := @o:

—@j%@)://aﬂ@dﬂ?—/ Yu Yoip do
QJa o0

://ajucpdx,
aJo

where we have used the assumption u € Ker~yy. This equality amounts to the identification of the
following distributions in 2’ (R?):
(?7(@) = (9ju .

In particular, it shows that 9;(u) € L*(R%). Since this holds for for all j = 1,...,d, we have proved
that
u € Keryp = u € H'(R?).

In other words, the behaviour of u when approaching OS2 is sufficiently regular, so that taking the
gradient of u does not produce any singularity on 0f).

Let us use the same partition of unity (Xk) as in the proof of Proposition R.5.9, and the same notations
of that proof. We are reduced to proving that, for every k = 1,.... N, ysu € H}(Q). Notice that
it = xpu € HY(R?). Let us drop the index k and apply the change of variables (z1,y) — (z,¥) to
straighten Q) N V; we obtain the function

v(z,y) = (xu) (2 +ay),y) . (zy) ERLxW.
This function extends to R¢:
v(z,y) = xu(z+4(y).y), (2y) eRxRTL
Since u € H'(R?), we infer, by the same argument as in Lemma R.5.10, that v € H*(R?).

The final arguments consists in shifting this function v upwards, to make it compactly supported in
R% x W. Namely, for € > 0 small, we define the translated function

U5<Z>y) = Q(Z - e,y) (Zay) € Rd :
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Of course v. € H*(R?) and supp(v.) C [g,a + €] x W, a compact subset of R%. Furthermore, the
continuous action of translations on L? implies that

lve — v||3: = / / <|v(z —e&,y) —v(z,y)* + Z |0;v(z —e,y) — 0;v(z, y)|2> dz dy
Ry JW r

converges to 0 when € N\, 0. We conclude that v. — v in H'(R% x W), and, again by Lemma R.5.10,
that the family (u.)-cjo,1) defined by

u(z1,y) = v (21 — q(y), y) = xu(z1 —&,y),
is supported in 2 NV for € small enough, and converges to yu in H(().

Finally, since, for every € > 0, u. is supported in a compact subset of 2NV, Proposition implies
that v. € HJ (). Consequently, xyu € HJ(£2). Summing up over all the indices k = 1,..., N, we
find that u € H} (). m

Reformulating the Poisson equation

As an application of the trace theorem, we may express the following Dirichlet problem on a bounded
regular subset €2 as follows.

Theorem 2.5.13 Let ) be a bounded regular open subset of R? with a C* boundary. For every
f € L*(Q), there exists a unique u € H'(Q) such that

—Au=f inQ,
You =0 in 0L .

Proof.— This is an immediate consequence of Remark 3. and of the trace Theorem R.5.123. O

Remark 2.5.14 One can show that, under the assumptions of Theorem , the solution u €
H?(Q), so that the mapping

A H?*(Q)N Hy (Q) — L*(Q)
is an isomorphism if ) is a regular bounded open subset. Furthermore, more regularity on f implies
more regularity on u. For instance, if f € H™(Q)) for some m € N, then u € H™2(Q). As a result
of Sobolev injection theorems on €2, if f € C®(Q), then u € C=(). The latter statement is a
consequence of the previous one and of

() E"(Q) =Cc>(Q) .

The proofs of these statements go beyond these lecture notes.
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2.6 The uniform boundedness principle

In this section, we prove an important result about families of distributions, which implies Lemma .3.25.
It is a generalization to the space of distributions of the uniform boundedness for Banach spaces,
proved by Banach-Steinhaus.

Theorem 2.6.1 [Uniform boundedness for distributions] Let (7,) be a family if distributions on
(2 such that, for every ¢ € Z(12),

sup [(Th, ¢)| < +o0 .

Then, for every compact subset K of 2, there exist C' > 0 and m € N such that, for every
¢ € Ik (),

sup [T, ) < Cllellom -

In other words, if for instance a sequence T, is such that <Tn, gp} has a limit for every ¢ € .@(Q), one
gets a uniform estimate on the action of the sequence T;,.

Before proving this theorem, let us show how it implies the Lemma R.3.25. If 7, — T, then the
assumption of Theorem is fulfilled. If ¢, — ¢ in 2(1), let K be a compact subset which
contains the support of ¢, for every n, and hence the support of ¢. By Theorem 2.6.1, we have, for
some C, m independent of n,

(T, o0 — ©)| < Cllpn — @llem — 0.

Then
This completes the proof of Lemma 2.3.25. O

In the rest of this section, we give a proof of Theorem R.6.1], in three steps. For every compact subset
K of 2, we denote by P = Pk (2) the subspace of Z(§2) of test functions ¢ such supp(p) C K.

2.6.1 Stepl. Realizing ¥ as a complete metric space

In this section we fix a compact subset K & (), and consider he space of test functions Zx. We show
that the topology on %k can be metrized.

Lemma 2.6.2 [Metrization of Zk({2)] There exists a distance function d on Zx having the
following properties:
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i) if a sequence (¢,), and ¢ are in Pk then ¢, n = 50 ¢ in Z if and only if d(on, ) = 0;
i) the metric space (Zk,d) is complete;
i) for every p, 1,0 € Dk, d(p+ 6,9 +0) = d(p, ),

iv) for every ¢ > 0, there exist m € N and r > 0 such that the “cylinder” {¢ € Zk : ||¢|lcm <
r} is contained in the closed ball {¢ € Zk : d(p,0) < €}.

Proof.— For ¢, ¢ € Yk, we define the function

d(p, ) =Y min (27" o = ¢lom) -
m=0

It is clear that d takes values in [0, co[, and that d(¢, 1)) = 0 iff ¢ = 1. The symmetry d(p,v) =
d(@/}, gp) is trivial, as well as item zu) of the Lemma. Finally, the triangle inequality is a consequence
of the elementary inequality

min(a,z +y) < min(a,z) + min(a,y), a >0,z >0,y >0.

Let us prove item z) If a sequence @, and @ are in € Y, the statement ,, — ¢ in & is equivalent
to

(2.6.14) vm e N, ||, — ¢|lem — 0.

Since d(n, ) > min (27™,||¢n — @llem), it is clear that (R.6.14)) is implied by d(p,,¢) — 0.
Conversely, (R.6.14)) implies that every term of the series defining d(y,, ) tends to 0. Since this
series is normally convergent, this implies d((pm go) — 0.

Let us prove item ii). Let (¢,) be a Cauchy sequence in the metric space (Zk,d). This can be
expressed as follows:

Ve >0, IN(e) €N, Vn,p>N(e), d(gn ) <c.

Let m € N and ¢ > 0 be such that ¢ < 27™. Since d(gn,pp) = min (27™, |©n — @pllem), we
conclude that, for n,p > N(¢), |l¢n — ¢pllom < €. This means that (¢,) is a Cauchy sequence
in the Banach space Cj? of C™ functions supported in K. Hence there exists ga[m] € Cp such that
llon — @™ ||cm — 0. Since this is true for every m € N, and since the convergence in C?“ implies
the convergence in C}?, we conclude that

oM =y e ﬂcm:.@K,

meN

and that ¢, — ¢ in &, which, by item i), means d(p,, ) — 0. Hence (Zk,d) is a complete metric
space.
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Finally, let us prove item iv). Let m € N be such that 27 < £, and let r > 0 be such that
(m+1)r < 5. If [[pl|em < 7, we have

d(g,0) = Z min (277, ||| ca)

lesﬁllcq+ Z 2

g=m+1
< (m—l—l)r+2 "<e.

IN

This completes the proof of the Lemma. O

2.6.2 Step 2. The Baire lemma

The second step in the proof of the Uniform boundedness Theorem is a standard result in general
topology, namely Baire’s Theorem on complete metric spaces.

Theorem 2.6.3 Let (£,d) be a complete metric space. Then every countable intersection of
open dense subsets of £ is dense in £. By complementarity Every countable union of closed
subsets of £ with empty interior has empty interior.

Proof.— The second statement is equivalent to the first one, since the complement of an open set is
a closed set, and the complement of a dense set has an empty interior.

Let us prove the first statement. Denote by B(y, ) and Bf(yp, ) respectively the open and the closed
balls of radius r centered at ¢ € £. Let ((’)k)keN be a sequence of dense open subsets of £. Fix g € £
and € > (. We want to prove that
B(po, e ﬂ Or#£0.
keN
Since Oy is dense, B(pg,e) N Oy contains some element ;. Since B(yg,) N Oy is open, there
exists r; > 0 such that
B(¢1,7m1) C B(po,e) N Oy,

moreover we may assume that r; < %

Since O, is dense, B(y1,71) N Oy contains some element ys. Since B(p1,71) N Oy is open, there
exists r9 > 0 such that
B(pa,2) C B(y1,m1) N Oy |

moreover we may assume that o, < %

Continuing that way, we define a sequence (y)x>1 of elements of £ and a sequence (7 );>1 of positive
numbers such that

_— €
vk > 1, B(¢k+1»7"k+1) C B(@kﬂ‘k) NO , < ﬁ .
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In particular, the sequence of closed balls (B(gk,7x))k>1 is decreasing, with a radius tending to 0.
Moreover,
B(pg, 1) C O N---N O N Blpg,e) .

Hence we are reduced to proving that
g —
() Blor,) # 0.
k=1

We observe that (Sﬁk)kzl is a Cauchy sequence in £. Indeed, if £ > 0, @pis € B(gpk,rk), hence

d(Prte, o) < T

which tends to 0 as k tends to co. Since £ is a complete metric space, ¢y has a limit ¢ € £. Passing
to the limit as £ tends to infinity in the above inequality, we get, for every k > 1,

d(e, ox) <1 = ¢ € B(pk, k),

so that
(o] (o]
(Y2 € ﬂ B(gpk,rk) C (ﬂ Ok> ﬂB(QOO,é“) .
k=1 k=1
This completes the proof of Baire’s theorem. O

2.6.3 Step 3. A uniform boundedness theorem on a complete metric space

Let us use the notation of Theorem R.6.1]. We set, for every k € N,
Fr=H¢ € Zx :Yn,|(Tn,0)| < k}.

Since each T, is continuous on Yx, JF;. is a closed subset of Y. Furthermore, the assumption of
Theorem precisely means that

U 7 =2 .

keN

Let endow P with the distance function of Lemma R2.6.2. By Baire’s theorem, we infer that there
exists kg such that Fy, has a nonempty interior, which means that there exists some ¢, € D and
€ > 0 such that

B(QOO,E) C fko .

By item 7ii) of Lemma P.6.2, we know that

B(O,é‘) = —¢o+ B<9007€)7

so that, for every ¢ € B(0,¢), for every n,

(Tn, V)| < (T, —po)| + ko < A, with A=k +szp\(Tn,goo>\.
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Using item 7v) of Lemma R.6.2, there exists m € N and 7 > 0 such that every 1) € P such that

|t||cm < r belongs to B(0, ), hence satisfies

sup (T, V)| < A

n

Given ¢ € Pk \ {0}, we may apply this fact to

Y=ot

_ ., ’
Iellem

and we conclude that

A
sgp\(Tm@H < ;H@HCM :

The proof is complete.

Remark 2.6.4 The above theorem is an adaptation of the Banach—Steinhaus theorem to the case

of vector spaces admitting a distance enjoying the properties of Lemma P.6.2
Fréchet spaces.

. Such spaces are called
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