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Some notations

We list some notations used throughout the text.
The symbol N denotes the set of the natural numbers starting from 0.

If (M, T,u) is a measure space and f : M — C is a measurable function, then we denote the
essential range and the essential supremum of f w.r.t. the measure yu:

essuRanfd:ef{zéC: p{x e M : ‘z—f(a:)‘ <€} >Ofora|l€>0},
essusup\f]d:efinf{aeR: p{z e M :|f(z)) >a}:()}.

If the measure p is obvious in the context, we will omit to indicate it in the notations.

In the following, we will consider linear operators acting on a comple Banach space, which we will
usually denote by the letter 13, but a large part of the notes will be focussed on the case of Hilbert
spaces. What we call a Hilbert space will mean a separable complex Hilbert space, which we will
generally denote by H.

Because we'll have in mind mostly Hilbert spaces made of functions on R¢ or some domain 2 C Rd,
we will denote the “vectors” of H by u,v,w.... For two vectors u,v € H, (u,v) will denote the
sesquilinear scalar product of © and v. If several Hilbert spaces are considered in the problem, we will
specify the scalar product with the notation (u, v)H. To respect the convention in quantum mechanics,
our scalar products will always be linear with respect to the second argument, and antilinear with
respect to the first one:

Va e C (u,av) = (au,v) = alu,v).

For example, the scalar product in the Lebesgue space L2(R) is defined by

() = [ Tlg(e) de
R
If A is a finite or countable set, />(A) denotes the vector space of square-summable functions u :

A — C:
2
Z lu(a)|” < oo.
a€A
This forms a Hilbert space, equipped with the scalar product

(u,0) = Y ula)oa).

a€A
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Note that when A = N or A = 7Z the functions u are sometimes written as sequences: u(a) = u,.

L(B) and K(B) denote the spaces of continuous linear operators, respectively of compact operators
from B to B. A similar notation applies also to bounded, resp. compact opertors on a Hilbert space

H.

Some functional spaces

1f Q C R? is a domain (= convex open set) and k € N, then H*({2) denotes the kth Sobolev space
on (2, i.e. the space of functions in L?, whose partial derivatives up to order k are also in L*(2). The
Sobolev space H*(() is equipped with the scalar product:

(0.0.1) () e = Y (0%u, 0"V 2,
jal<h
where a = (ay,. .., ay) € N?is a multiindex, and 9% = 0;“11 e 8?: is the multi-derivative operators.

It is complete w.r.t. the norm associated with this scalar product.

We will use a notation frequent in the theory of partial differential equations: the symmetric derivative
operator D, = 18,,3, as well as its multi-derivative version

%

a __ Qg ag -\ || Qo d
D* = D2 ... D% = (—i)"19*, o e N

By HY(2) we denote the completion in H*(Q) of the subspace C°(€2) (with respect to the norm
of H*(Q)). The symbol C*(€)) denotes the space of functions on ) whose partial derivatives up to
order k are continuous; in particular, the set of the continuous functions is denoted as C’O(Q). This
should not be confused with the notation C’O(Rd) for the space of continuous functions f : R — C
vanishing at infinity: lim;| oo f(x) = 0. The subscript .,mp 0N a functional space indicates that its
elements have compact supports: for instance Hclomp(Rd) is the space of functions in Hl(Rd) having
compact supports.

We denote by F : L?(RY) — L?*(R?) the Fourier transform, defined for f € .7 (R%) by:

1

—i&-x
@iz |, (x)e dzx.

Ff(&) =

The normalization makes this transform unitary on L?(R%, dx). The Fourier transformed function F f
will sometimes be denoted by f.
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Chapter 1

What is a Spectrum ?

1.1 The spectrum in physics

The term “spectrum” first appeared in different domains of physics; originally it described the decom-
position of the light observed from the spatial objects (like the sun, or other stars), when observed
through a device able to separate the different colors (that is, the different frequencies of the received
light). Quite often, one could observe peaks of luminosity at certain frequencies, above a more or
less uniform “background”. Chemists observed that the light emitted by some gases always produced
peaks at the same frequencies: the emitted spectra were thus characteristic of chemical elements,
and allow to identify the presence of these elements in distant bodies (e.g. stars).

In the study of electric circuits and electronics, one often observes a time signal (e.g. of the voltage
along some part of the circuit). This time signal S(t) can be analyzed through the Fourier transform,
or the Laplace transform

S(w) = /O h e~ S (t) dt

(we assume that the signal vanishes for negative times). Often one cannot detect the phase of S(w),
but only observes | S(w)|?, which is called the power spectrum of the signal S(t). For instance, the
RLC circuit leads to a power spectrum which is peaked near the characteristic frequency wg = \/%,
the width of the peak depending on the value of the resistance R (in case of vanishing resistance, the
signal is a d peak at w = wy).

In both examples, the spectrum corresponds to a decomposition in frequency. The hope is to analyze
a (possibly complicated) time signal, through a (hopefully small) set of characteristic frequencies,
which would contain most of the “interesting” information of the signal.

1.2 An example: Schrodinger evolution in quantum mechanics

This analysis is most relevant when the dynamics under study can be modeled by a semigroup gener-
ated by a linear operator. We will take for example the case of Quantum Mechanics, where the notion
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of spectrum acquired a central place, which acted as a strong incentive to the fast development of
spectral theory in mathematics.

The state of a quantum particle evolving in some domain (“box”) 2 C R? is represented by a
time-dependent wavefunction

YRt () € L*(9Q).

The state of the particle at time ¢t € R is represented by the function ¢ (t) € L*(f2). Quantum
mechanics is a probabilistic theory: if one uses a device to measure the position of the particle at time
t, then |¢(t,$)|2 represents the probability density to detect the particle at the point x. With this
probabilistic interpretation in mind, one needs to enforce the normalization:

VteR, [[¢()] =1,

Quantum mechanics prescribes the law of evolution of @/J(t): it is given by the (time dependent)

Schrédinger equation
2

0 i)
iha(t, x) = —%Aw(t,x) + V(x)Y(t, x),

where A = Zd_ 6—22 is the Laplacian, and the real valued function V : @ — R represents the
J=1 0x%

potential energy of the particle (e.g. the electric potential, if the particle carries an electric charge).

By rescaling the units of time and space, we can remove the physical constants, to obtainl:

(1.2.1) 12 p(t,2) = —Mb(t,2) + V@)t 7) = [PYI(E)

ot
where P = —A +V appears as a linear operator acting on the Hilbert space H = LQ(Q); itis called a
Schrédinger operator, or also the Hamiltonian of this quantum system. This equation therefore takes
the form of a linear evolution equation, where the operator P acts as the generator of a semigroup
on H. The operator P is unbounded on H.

Several mathematical questions pop up. A generic function ¢ € L? does not admit derivatives in
L?, so At is not well-defined on L2. This means that the operator A is not defined on the whole of
L?, but only on a linear subspace of that space, nhamely the Sobolev space HZ(Q) If the potential V'
is bounded on (2, then P is still well-defined on H?(f2). We call H?(f2) the domain of the operator
P, denoted by D(P). In this course we will pay a special attention to the domains of operators.

Another question (both physical and mathematical) concerns the boundary behaviour of the functions
¥(t): from physical ground, we may want to assume that the wavefunctions v (¢, ) vanish when z
approaches the boundary of the box Jf). One may want to take into account such a physical constraint,
when defining the domain of P.

1.2.1 The Schrodinger group

Semigroup theory, in particular the Hille-Yosida theorem, teaches us that, under favorable conditions
on the operator P : D(P) — H, this operator will generate a semigroup of evolution, meaning that for

1. Implicitly, the functions 1) and V' have been modified by the rescaling, but we keep the same notations.

Introduction to Spectral Theory, Fall 2023 Stéphane Nonnenmacher
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any initial data ¢(0) € D(P), the equation ([L.2.1) admits a unique solution ¢» € C*(R, , ), defined
through a semigroup of bounded operators S(t) : H — H: 1 (t) = S(t)¥(0). What is remarkable is
that this semigroup extends to the full Hilbert space 7, namely the evolution is actually defined even

for initial data ¢(0) ¢ D(P).

The “favorable conditions” on the operator H can be expressed in terms of the resolvent of the
operator, which will play a crucial role in these notes. We will give a more formal definition of the
resolvent, but roughly speaking it is a family of bounded operators R(z) = (P — z)™' : H — H,
depending on complex parameter z defined on some open subset of C.

In the case of the Schrédinger operator P acting on LQ(Q), which is symmetric, these conditions
can be replaced by a positivity argument, provided the potential V' is bounded from below. We will
see that, if one makes “good” choices of domain D(P), the operator P is not only symmetric, but
actually selfadjoint. In this case, the semigroup generated by P extends to a unitary group (Ut)teR
on L*(€2), which describes the quantum evolution:

VteR, (t) = Up(0).
Formally, we will often write U = e*"tP, eventhough the exponential of P cannot be defined by a
power series because the powers P" have smaller and smaller domains when n — 0.

1.2.2 Spectral expansion

In order to describe more quantitatively the behaviour of ¥)(t) = U')(0), one is lead to study the
spectrum of the operator P. Let us restrict ourelves to the case where

i) the “box” € is bounded,
ii) one imposes Dirichlet boundary conditons on {2,

iii) and the potential V' € L>*(Q).

In that case, we will show that the spectrum of P is purely discrete: it is composed of a countable set
of real eigenvalues (\;);en of finite multiplicities, associated with a family of eigenfunctions (¢;);en
which form an orthonormal Hilbert basis of L?*({). This spectral information allows to expand the
evolved state 1(t), taking into account the decomposition of ¢/(0) in this eigenbasis:

(1.2.2) PO) =Y (epnv(0) gy VEER, (1) =Y e ™ (p;,9(0) ;.

jeN JjeN

We note that the spectrum of the differential operator P generally depends on the choice of its domain
D(P), and so does the expansion ([L.2.2). For instance, requiring Dirichlet, vs. Neumann boundary
conditions, leads to two different discrete spectra for P. This shows that the question of domain is not
just a mathematical subtlety, but it directly impacts the evolution of the quantum state.

Introduction to Spectral Theory, Fall 2023 Stéphane Nonnenmacher
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1.2.3 Stationary states

The above expansion shows that, if the initial state is an eigenstate of P, namely @Z)(O) = ; for some
7, then the evolution of 1 is very simple:

Y(t) = e p(0) = e ;.

The global phase factor e is not detectable physically, which explains why such a particle is said
to occupy a stationary state. This solution shows that the system will remain for ever in the state ;.
As a result, a large part of atomic and molecular physics consists in computing the eigenvalues ()\j)
and eigenstates ((;) of the corresponding Hamiltonian operator.

—it}xj

Yet, this description of atoms is too simplistic. Indeed, in atomic physics textbooks, the evolution
of the atom (or molecule) is usually described as a sequence of “jumps” between different stationary
states ¢; — ;, induced by the absorption or emission of a photon of energy

hpianckVij = |Nj — il

Such an evolution through “jumps” cannot simply result from the Schrédinger group described above,
it requires to incorporate the interaction between the atom and the electromagnetic field embodied
in the photons. We will not pursue this project in these notes. Still, the above equation shows that
measuring the energy (= frequency v;;) of emitted or absorbed photons allows to reconstruct the
spectra of atoms and molecules.

1.3 Example of the heat equation

Let us briefly describe another equation making use of the spectral decomposition of the Laplacian on
a bouded open set 2 C R<. The heat equation

0,0(t,x) = D AG(t, x)

describes the evolution of the temperature 9(15, x) in a body {2, when this body is inserted in a ther-
mostat of given temperature 0;;, € R, starting from a given temperature distribution 6(0,3:). Here
D > 0 is a fixed parameter, called the diffusion constant; as above, by rescaling the space or time,
we may assume that D = 1. The function u(t) = 6(t) — 0y, describes the relative temperature
wr.r.to the thermostat. The physical condition of thermal contact at the boundary of () imposes the

constraint 0(t,z) = Oy, for allt > 0, x € J). It is easier to consider the relative temperature

u(t, ) € 0(t, ) — by, which satisfies the Dirichlet boundary conditions, and satisfies the same heat

equation as 6. The discrete spectrum of P = —A implies the following spectral expansion for the
function u:
(1.3.3) ut) =Y e (9, u0) ;.

jeN

As opposed to the expansion ([L.2.2), we see that the above expansion is dominated by its first few
terms when ¢ — o0. To understand the long time behaviour of the heat equation, it is not necessary
to identify the full spectrum, but only the “bottom” of the spectrum of P.

Introduction to Spectral Theory, Fall 2023 Stéphane Nonnenmacher
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This example shows that, quite often, a partial description of the spectrum (like the identification
of the bottom of the spectrum, or the presence of a spectral gap at the bottom), already provides
relevant physical information for equations like the heat equation.

Focussing on selfadjoint operators on Hilbert spaces

In situations where the spectrum of P is not purely discrete, a similar (yet more complicated) decom-
position can be written. Such a decomposition uses the spectral theorem for selfadjoint operators.
The power of this theorem, and its relevance for quantum mechanics, induce us to devote a large part
of the present notes to the specific case of selfadjoint operators defined on a Hilbert space. We will
already see that the precise identification of such operators (including their domains) requires some
care. A nice way to construct such selfadjoint operators is through the use of quadratic forms.

Yet, spectral expansions (possibly with some remainder term) can also be helpful in nonselfadjoint
situations, for instance when the natural functional space is not a Hilbert space, but only a Banach
space, for instance a space of Lebesgue type LP(Q), a Sobolev space based on such an LP. Alter-
natively, the applications of spectral theory to statistical physics or dynamical systems theory, often
use spaces of finitely differentiable functions C*(2), or spaces of analytic functions C({2) and their
variants.

Introduction to Spectral Theory, Fall 2023 Stéphane Nonnenmacher



Chapter 2

Bounded vs. Unbounded operators

In this section, after recalling the definition of a bounded operator on a Hilbert (or Banach) space,
we start to describe a more general class of linear operators, namely (densely defined) unbounded
operators, which will constitute the main focus of these notes. The Schrédinger operator P = —/A +
V on LZ(Q) mentioned in the introduction is and example of such unbounded operators; actually,
all differential operators belong to that class, which explains the importance of the study of these
operators towards understanding linear (and actually, also nonlinear) Partial Differential Equations.

2.1 Some definitions

A linear operator T' on a Banach space B3 is a linear map from a subspace D(T) C B (called the
domain of T') to B. The domain is an important component of the definition of the operator, so one
should actually denote the operator by the pair (T, D(T')). Yet, we will often omit to mention the
domain, keeping the shorter notation 7.

Across these notes, we will most of the time assume that the domain D(7T) is a dense subspace of
B (w.r.to the natural topology of 13). On a Hilbert space H, a characterization of that density is the
property D(T)* = {0}, where o= is the orthogonal space to .

ef

The range of (T, D(T)) is the set RanT & {Tu: uw e D(T)}; this is obviously a linear subspace
of B. We say that a linear operator 1" is bounded if the quantity

e T

wu(T) gef sup |Tu]
weD(r) ||ul]
u#£0

is finite. On the opposite, an operator (7', D(7")) will be said to be unbounded if (1) = oc.

If D(T') = B and T is bounded, then the operator 7" : B — B is continuous. The set of continuous

operators on BB forms a vector space, denoted by £(13). Equipped with the norm ||T'|| £ 1(T'), this

space has the structure of a Banach algebra: it is a Banach space, and also hosts an interal product
S, T € L(B) — ST = SoT € L(B), with the inequality || ST|| < ||S| ||T]-
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Proposition 2.1.1 Assume (7', D(T)) is a bounded linear operator on B with a dense domain
D(T). Then T can be uniquely extended to a continuous linear operator defined on all of B. This
extension is called the closure the T', and is usually denoted by T

Proof.— Let us consider an element u € B\ D(T'). By the density of D(T') in B, we may consider a
sequence (u, € D(T)),en converging to u in B. The sequence (T'u,)nen satisfies || Tu, — Tuy,|| <
|T||||2n, — wm]|, hence it is a Cauchy sequence in 13, and admits a limit w € B. Let us decide that w
is the image of u through an extended operator T; we need to check that this image does not depend
on the choice of sequence converging to u. Indeed, if (&n) is another sequence converging to u, with
T, converging to some w € B3, then considering the alternating sequence (uo, Uy Up, U,y - - ) shows
that w = w, therefore the image of u is unique. It is easy to check that the resulting operator Tis
linear, and bounded, with the same norm ||T’|| = ||T]. O

2.1.1 Closed unbounded operators

If (T, D(T')) is unbounded, it is not possible to extend it to all of B in a natural way. Yet, we can aim
at an alternative property, closedness, which refers to a topological property of the graph of T'.

Definition 2.1.2 (Graph of a linear operator) The graph of a linear operator (T, D(T)) is the
set
gr T < {(w,Tu): we D(T)} C BxB.

This is obviously a linear subspace of B x B.

For two linear operators 1} and 75 in B, we write T} C T3 if gr'Ty C gr15. Namely, T3 C T
means that D(7}) C D(T5) and that Tou = Tyu for all u € D(T}); the operator T is then called an
extension of T}, while T is called a restriction of T5.

Definition 2.1.3 (Closed operator, closable operator)

= An operator (T, D(T")) on B is called closed if its graph is a closed subspace in B x B.

= An operator (T, D(T')) on B is called closable, if the closure grT of the graph of 7" in
B x B is still the graph of a certain operator, which we call 7. The latter operator T is
called the closure of T

Introduction to Spectral Theory, Fall 2023 Stéphane Nonnenmacher
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An easy exercise shows that any continuous operator T’ € E(B) is closed. Similarly, if we start from
a bounded operator (T, D(T')) defined on a dense domain, the extension T constructed in Proposi-

tion is the closure of 7.

The closedness property can be characterized in terms of sequences.

Proposition 2.1.4 A linear operator 7' in B is closed if and only if, for any sequence (u,)nen
satisfying the following two conditions:

i) the sequence (un)neN converges to some element u € B,

i) the sequence (T'u,)nen converges to v € B,

then one has u € D(T') and v = T'u.

In some sense, there is no natural way to extend a closed operator 7.

Another characterization of the closedness can be obtained by introducing an auxiliary norm on D(T’),
called the graph norm.

Definition 2.1.5 (Graph norm) Let (7, D(T')) be a linear operator on B. We define on D(T)

the function:
def
u = |ullr = [lulls + |Tul|s.

One easily checks that it makes up a norm on D(T"). We call it the graph norm for T'.

If B =H is a Hilbert space, the graph norm is usually defined alternatively as

def
leall < Nl + 1T,

This definition has the advantage to be a Hilbert norm, associated with the scalar product
(u,v)7 = (u,v) + (Tu, Tv). This norm is equivalent with || - ||.

If T is bounded, the graph norm is equivalent with the standard norm. But this is not the case for
an unbounded operator.

The closedness property can then be characterized as follows.

Proposition 2.1.6 Let (7, D(T")) be a linear operator on B.

i) (T,D(T)) is closed iff the domain D(T'), equipped with the graph norm, is a complete
Banach space.
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i) if (T, D(T)) is closable, then the domain D(T'), equipped with the graph norm, can be

completed inside B, namely its completion (T)”'”T can be identified with a certain subspace
of B, thereby extending the norm || - || to that subspace. This subspace is then the domain

D(T) of the operator T'.

The second point is a bit subtle: a normed space like (D(T'), || - ||7) will always admit a formal
completion, that is a Banach space 3 such that D(~T) embeds into BB isometrically, and in a dense

way. However, in general it is not clear whether B3 can be identified with a subspace of the initial
Banach space 3. See Example for a counter-example to this property.

Proposition 2.1.7 (Closed graph theorem) A linear operator 7" on B with D(T") = B is closed
if and only if it is bounded.

Proof.— The implication bounded = closed is obvious. Conversely, let us assume that 7' is closed
with D(T') = B. Its graph gr T is thus a closed linear subspace of the Banach space B x B, hence
gr T can be viewed itself as a Banach space. Consider the two natural projections pi,ps : Bx B — B;
they are obviously continuous linear maps. Their restrictions on gr’l’ — B are still continuous. In
particular, the first projection p; : grl" — B is a continuous bijection (because D(T') = B). The
isomorphism theorem then states that its inverse map ¢ : B — gr1 is also a continuous bijection.
Finally, the composition py o ¢ : B — B is continuous. But note that py o ¢ is nothing but 7' itself.

(u,Tu) —>ps Tu
qtp /T
u

We now give some examples of closed unbounded operators.

Example 2.1.8 (Multiplication operator) Take H = L*(R%) and pick f € LX(R?). Define a
linear operator My in H as follows:

D(M;) ={u € L*(RY) : fue L*(RY)} and Mu = fu for u € D(M;).

It can be easily seen that D(My), equipped with the graph norm ||-|[},, coincides with the weighted
space L?(R?, (1+] f|*)dz), which is a Hilbert space, hence complete. This shows that M is closed.

Exercise 2.1.9 For any p € [1,00[, one may define a closed multiplication operator A, on B =
LP(R?) in a similar way.

Using the Fourier transform, we are able to transform certain multiplication operators on H = L? into
differential operators with constant coefficients. Let us start with the most famous one, the Laplacian
on R?, which will appear many times in these notes.
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Example 2.1.10 (Laplacians in R?) Take H = LQ(Rd) and consider two operators in H:

Tou = —AU, D(TO) = Cso(Rd)v
Tiu = —Au, D(Ty) = H*(R%) (second Sobolev space).

We are going to show that T, = T (this implies that T} is closed, while T} is not).

For this aim, we will use the Fourier transform to transform the differential operator A into a
multiplication operator.

When acting on a function f € .(R%), we have the identity

FAf(E) = ~EPFFE), £eRY,

showing that —A is conjugate to the multiplication operator by [£]?.

By duality, the above identity holds as well for distributions f € .%/(R%). But we would like to
restrict —A to the Sobolev space H?*(RY). How does this space translate on the Fourier side?

fe H (RY <« f, fjf, fjfkf c L*(R%), for any indices j, k.
The conditions on the right-hand side can be simplified. Indeed, the bounds:

. & 5 14+¢&7
(2.1.1) V¢ eRY Vi k=1,....d, €56 < L—E < ¢, €] < : L < (14 €1,

imply that

fe H*(RY) < (1+¢°)f € L*(RY)
(2.1.2) — (1-A)f € L*(RY
— f, Af € L*(RY).

The first line shows that the operator 77, with domain H?(RY), is unitarily conjugate through the
Fourier transform to the operator T' defined by

D(T)={geL’: |¢fge L’} Ty(&) =€ g(&).
In other words, we have the exact conjugacy
=F'TF, D) =F'DT).
This conjugacy shows the following relation between the graphs of the two operators:
or Ty = {(F ', F'Tu) : we D(T)} = K(grT),

where K is the linear operator on L? x L? defined by K (u,v) = (Fu, F~'v). The unitarity of F
implies that K acts unitarily on L? x L2, in particular it maps closed sets to closed sets.

Now, the example § shows that the multiplication operator T is closed on L*(R%), which means
that gr 7 is closed in L2 x L2. Finally, grT} = K(ng) is a closed set too, hence T} is closed.
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Since Tj is a restriction of the closed operator T1, namely D(T,) C D(T1), it follows that gr7 is
a graph. Hence Tj is closable, and the domain of its closure D(7T) is the closure of D(1j) in the
graph norm of Tj (Proposition é.1.6 :

~—

What is this graph norm? The inequalities (R.1.1)) show that the standard norm on H?, expressed
through the Fourier conjugacy, reads:

1/l = 1F1Z2 + DM€ N2 + D N€f e,
j ]7k
This norm is equivalent with the modified norm

def r r
1 W noair = 1172 + NIEPFI* = N7 + IAFIZ,

namely the graph norm of Tj, so the two norms generate the same topology. The space D(T7) =
H? is hence_complete w.r.to the norm || - |lmoais = || - lzn ~ || - ||z2 (using the first item of
Proposition R.1.6, this is a second way to prove that 77 is closed).

Finally, we know that D(Ty) = C¢° is a dense subspace in H? (w.r.to the corresponding Sobolev
norm), hence its closure in H? is the full space H> = D(T}). In conclusion, D(Ty) = H* = D(T}),
or equivalently Ty = T7.

Let us now exhibit a simple operator which does NOT admit a closure.

Example 2.1.11 (Non-closable operator) Take 5 = LP(R) for some p € [1,00], and pick a
nontrivial function g € B. Consider the rank-1 operator L defined on D(L) = C°(R) N LP(R) by
Lf = f(0)g. Let us show that this operator is not closable.

Choose some nontrivial function f € D(L). It is easy to construct two sequences (f,,)nen, (9n)nen
in D(L) such that both converge in L? to f, but with f,,(0) =0 and ¢,,(0) = 1 for all n. Then for
all n we have Lf, = 0, while Lg,, = g: both sequences Lf, and Lg, converge to different limits.
This shows that the closure of gr L in B x B is not a graph, since it contains both elements (f,0)
and (f,g). Hence L is not closable.

If we try to complete D(L) w.r.to the graph norm || - ||, we will obtain a space B isometric to
LP(R) x R, which takes into account both the limiting function lim,, f € LP(R), and the limiting
values lim,, f,,(0). The space B is “larger” than L?(R), since it records the extra information of the
value taken by the function at zero.

The next example generalizes the case of the Laplacian, and shows that considering differential
operators acting on a domain €2 ;Cé R¢ with boundaries makes the analysis more tricky.

2.1.2 Partial differential operators

Let © be an open subset of R% and P(z, D,) be a partial differential expression with C'*° coefficients:

P(z,D,) = Z ao(x) D%, a, € C™(Q),

|a|<m
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where we use the notation D, = %&E, and D* = Dg! - Dg; for multiple derivatives. Choosing as
reference space H = LQ(Q), this differential expression defines a linear operator P on the domain
D(P) = C*(2), Pu(z) = P(x, D;)u(x). Like in the example of the Laplacian, we try to extend P

to some larger subspace of L2,

The theory of distributions teaches us that, for any u € L?, the expression P(z, D,)u makes sense
as a well-defined distribution in 2(f2), yet generally this distribution is not in L?. However, if a
sequence (u, € D(P)) converges to u in L?, and satisfies Pu,, — v in L?, then the two limits
hold as well in &’. Because P acts continuously 2’ — &', the limit v must be equal to the (unique)
distribution defined by Pu. Hence, the limit v is independent of the sequence (u,,) converging towards
u. This shows that the closure of gr P in L? x L? is a graph, hence that P is closable. Its closure
P =: P,,;, is called the minimal closed extension of P, or the minimal operator. The above reasoning
also shows that gr? = gr_P must be included in the set

(2.1.3) {(u,f) e HxH : Plx,D,)u= fin2'(Q)}.

The above set defines a closed graph in L? x L2, the corresponding operator is called the maximal
extension of P, or the maximal operator, and is denoted by P.... Its domain is

D(Prax) = {u € H: P(z,D,)u € H},
where, as above, P(z, D,)u is understood in the sense of distributions.

We have already shown the inclusion P, C Poax, and we saw in the Example of the Laplacian
on ]Rd, that one can have P, = Pna.x. But one may easily find examples where this equality does not
hold, and the inclusion P, C P..x is strict.

Example 2.1.12 If we take P(z,D,) = d/dx and Q = R, with domain D(P) = C*(R%), we
find for the minimal closed extension
E— N
D(Pan) = CX(RY) = HS(R+)a
(the space of functions in H'(IR* ) vanishing at « = 0), since the graph norm || - ||p is equivalent
with the H' norm. On the other hand,

D(Prw) = {u € IX(RY), o € X(RY)} = H'(R?)

(with no condition at = = 0). which is strictly larger than H(R%).

In general, one may expect that P, ; P..x if © has a boundary.

Such questions become more involved if one studies partial differential operators with more singular
coefficients (e.g. with coefficients which are not smooth but just belong to some L?), since one
cannot easily define their action on distributions. During the course, we will nevertheless deal with
certain classes of such operators (one easy case is the multiplication operator by an L function of

loc
Example 2.1.8).

In the next section, we restrict ourselves to operators P defined on a Hilbert space. In this framework,
we will define and study the adjoint operator of P; we will see that the very definition of the adjoint
is not obvious, in cases where P is unbounded on H.

Note that adjoints can also be defined on Banach space BB, yet the adjoint operator then acts on the
dual space B3/, which is generally different from /3. We will not address this situation in these notes.
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2.2 Adjoint of an operator on a Hilbert space

In this section all operators are defined on a Hilbert space H.

2.2.1 Adjoint of a continuous operator

For a continuous operator 1" € ﬁ(H), its adjoint T™ is defined by the identity
(2.2.4) (u, Tv) = (T"u,v) forall u,v € H.

The fact that these identities uniquely define the operator T™* comes from the Riesz representation
theorem: for each u € H the map H 2 v — (u,Tv) € C is a continuous linear functional; the Riesz
theorem states that there exists a unique vector w € # such that (u, Tv) = (w,v) for all v € H.
One can then easily check that the map u — w is linear, and by estimating the above scalar product
with v = w, one finds that this map is bounded:

(w,w) = (u, Tw) = [Jwl]* < [lull|Tlw] = [w] < [T]u]l

We may hence denote this map by: w = T™u, thus defining the continuous linear operator 1™*. The
above bound shows that ||T*|| < ||T||. Actually, the symmetry of (2.2.4) shows that (7%)* = T,
hence we actually have ||[T*|| = |||

2.2.2 Adjoint of an unbounded operator

Let us try to generalize this construction to an unbounded operator T'. As we will see, the main
difficulty consists in properly defining the domain of 7.

Definition 2.2.1 (Adjoint operator) Let (7, D(T')) be a linear operator in H, with D(7T") dense
in 7. We then define its adjoint operator (T, D(T*)) as follows.

The domain D(T™) consists of the vectors u € H for which the map D(T) 5 v — (u,Tv) € C
is a bounded linear form on H. For such u there exists, by the Riesz theorem, a unique vector
(which we denote by T*u) such that (u, Tv) = (T*u,v) for all v € D(T).

We notice that our assumption of a dense domain D(T') = H is crucial here: if it is not satisfied,
then there are several ways to extend the linear form defined on D(T'), into a bounded linear form on
‘H. Equivalently, the vector T™u is not uniquely determined, since one can add to 1™ an arbitrary
vector in D(T)l. Hence, when we mention the adjoint of an operator 1, we always (implicitly or
explicitly) assume that D(T) is dense.
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Let us give a geometric interpretation of the adjoint operator. Consider the linear “—7r/2 rotation”
operator

J HXxH—->HXH, Juv)=(v,—u).

We notice that J commutes with taking the orthogonal complement in H x H: for any subset V' C
HxH, JV)E=JV).

Proposition 2.2.2 (Geometric interpretation of the adjoint) Let 7" be a linear operator in H,
with dense domain D(T'). Then the graph of the adjoint operator T is given by:

(2.2.5) grT* = J(grT)* = J((ng)L).

Proof.— By definition, u € D(T™) iff there exists a vector T*u such that, for any v € D(T),
0= (u,Tv)y — (T"u,v)y
(2.2.6) = ((u, T*u), (Tv, =), .,
= <(u, T*u), J(v, TU)>H><H )

Equivalently, u € D(T™) iff there exists T*u € H such that (u,T*u) is orthogonal to the subspace
J(grT). Hence, the set of admissible pairs (u, 7*u) is given by the orthogonal complement to J(gr T').
We know that these pairs form a graph (due to the density of D(T), to each admissible u corresponds
a unique T™*u). We finally get the required identify gr 1™ = J(ng)L. O

A byproduct of the equalities (R.2.6) is the identity
(2.2.7) KerT* = (RanT)* .

As a simple application we obtain

Proposition 2.2.3 i) The adjoint 7™ is a closed operator.

ii) If T is closable, then T* = (T)*.

Proof.— In (2.2.5), we remember that the orthogonal complement of a subspace is always a closed
subspace, so grT™ is closed, meaning that 7™ is a closed operator.

Besides, the map J is continuous, and the orthogonal complement of a subspace is equal to the
orthogonal complement of its closure, so

J(grT)* = J(arT)" = J(ar T)* = J(arT)*,
which proves the second item. O

So far, we do not know if the domain of the adjoint operator could be nontrivial. This is discussed in
the following proposition.
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Proposition 2.2.4 (Domain of the adjoint) Let (7', D(T)) be a closable operator on H, with
dense domain. Then
i) D(T™) is a dense subspace of H;

def

i) T = (T*) =T.

Proof.— The item i) easily follows from 7) and Eq. (2.2.5): one remarks that J? = —1, and that
taking twice the orthogonal complement results in taking the closure of the graph, hence gr71'.

Now let us prove z) Assume the opposite conclusion, namely that some nonzero vector w € H is
orthogonal to D(T*): (u,w) = 0 for all w € D(T™). Then for all u € D(T™*) one has

(J(u, T*u), (0,w))yxp = (u, w) + (T*u,0) =0,

which means that (0,w) € J(grT*)* = grT. Since the operator T is closable, the closure gr 7" must
be a graph, which imposes w = 0, so we have a contradiction. O

Remark 2.2.5 In the above Proposition, the closability of 7" is a necessary assumption. Indeed, let
us come back to the Example @ of the nonclosable operator L.. The adjoint of this operator
has for domain D(L*) = {g}*, a closed subspace of codimension 1, hence not dense on L?. Note
that the operator L* vanishes on this domain.

Let us consider some examples of adjoints of closable operators.

Example 2.2.6 (Adjoint of a bounded operator) The general definition (2.2.1]) for the adjoint
operator_is compatible with the definition of the adjoint of a continuous linear operators given in
section R.2.1: in case T is bounded and D(T") = H, the domain of the adjoint is D(T™) = H, and
the relation (u, Tv) = (T™*u, v) for all u,v € H fully defines T™.

Example 2.2.7 (Laplacian on R?) Let us consider again the operators T, and 7 from Exam-
ple , and show that 7Tjy = T}.

By definition, the domain D(T};) consists of the functions u € L*(R?) for which there exists a
vector f € L*(R?) such that

Yo € D(Ty) = C>(RY), / u(z)(—Av)(z)dr = f(x)v(x)dx .
R4 R
This equation exactly means that f = —Auw in 2'(R%). Therefore, D(T}) consists of the functions
u € L? such that the distribution —Auw is actually in L2. The identities (2.1.2) showed that this
is exactly the space H?(R?) = D(T}). So D(T}) = D(T}), and the two operators both act by
u +— —Auwu, they are thus identical.

Let us come back to the simplest differential operator, which appeared in Example 2.1.12.
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Example 2.2.8 Consider the operator A acting through Agu = D,u e —i%u for u € D(Ap) =
Ce°(]0,1[). In Example we showed that the “minimal operator” Ay = Ay, admits the
domain D(Aq) = Hg(]0,1[).

Let us show that the adjoint A} admits the larger domain D(A%) = H'(]0,1[). Indeed, if v €
C2(]0,1[), the equation
(u, Dyv) = (Dyu,v)

holds for any u € C*°(]0, 1[) thanks to an integration by parts, and the resulting linear form in v can
be continuously extended to all of v € L?, as long as D,u € L?, hence as long as u € H'(]0, 1]).
The action of Aj is also by Aju = D,u, so A is equal to the maximal operator Ay max.

To anticipate the Definition below, the operator Ay is symmetric, but not essentially self-
adjoint, since Ay ; A§. Equivalently, the non-inclusion Aj ¢ Aj* = Ay shows that the operator
A} is not symmetric.

Exercise 2.2.9 Remember the multiplication operator M ; from Example , for a complex valued
function f € Lf;,. Show that (Mj)* = M;.
2.2.3 Symmetric and Selfajdoint operators

The following definition introduces classes of linear operators defined on a Hilbert space, which will be
studied intensively in this course.

Definition 2.2.10 (Symmetric, self-adjoint, essentially self-adjoint ops) An operator
(T, D(T)) on a Hilbert space is said to be symmetric (or Hermitian) if

(u,Tv) = (Tu,v) for all u,v € D(T).
Equivalently, T is symmetric iff T C T* (that is, T* is an extension of T').

= T is called selfadjoint if ' = T* (in particular, D(T") = D(T*))

= T is called essentially selfadjoint if T is closable and T is self-adjoint: T = (T)* = T"*.

An important feature of symmetric operators is their closability:

Proposition 2.2.11 A symmetric operator (7, D(T')) is necessarily closable.

Proof.— Indeed, for a symmetric operator 1" we have gr’T’ C gr’I™* and, due to the closedness of 1™,
gr’T" C gr'T™ is a graph, the graph of the closure T'. O
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Example 2.2.12 (Free Laplacian on R?) The Laplacian 7} from Example is selfadjoint.
Indeed, we have shown in Ex. that Ty = T}, hence 17 = 1" = Ty = T,, where the last
equality uses Ex. R.1.10. This shows that T} is selfadjoint, while its restriction T} is essentially
selfadjoint.

The operator T} is called the free Laplacian on RY.

Example 2.2.13 (Continuous symmetric operators are selfadjoint) For 7' € L(#), being sym-
metric is equivalent to being selfadjoint, since the domains of 1" and 1™ are both the full space H.

Example 2.2.14 (Selfadjoint multiplication operators) As follows from example , the mul-
tiplication operator M; on L*(RY) from example E.l.& with D(M;) = {u € L?, fu € L?*}is
self-adjoint iff f(z) € R for a.e. z € R

The following proposition will allow to construct a large class of self-adjoint operators.

Proposition 2.2.15 Let T be an injective selfadjoint operator, then its inverse 7! is also self-
adjoint (notice that the inverse may be unbounded).

Proof.— Let us first show that D(7!) & RanT is dense in 7. Let u L RanT, then (u, Tw) = 0
for all v € D(T). This can be rewritten as (u,Tv) = (0,v) for all v € D(T"), which shows that
u € D(T*), with image T*u = 0. Since by assumption 7" = T', we have u € D(T') and Tu = 0.
Since 1" in injective, the vector © must be trivial. Hence RanT is dense.

Now consider the “switch operator” S : H x ‘H — H x H given by S(u,v) = (v,u). One has
then ng‘1 = S(ng). We conclude the proof by noting that S commutes with the operation of the
orthogonal complement in H X H and anticommutes with J. From the assumption gr1 = gr’1™ =
J(grT)*, we draw:

gr TV = S(grT) = S(gr T*) = S(J(ar T)*)
— —JS((grT)*) = J(SarT)" = J(gr T')* = gr(T71)",
O

Proving the symmetry of an unbounded operator is often easy (for differential operators, this fact
often involves some integration by parts); but proving selfadjointness requires a precise identification
of the domains, which may be quite difficult in general. This is a reason why, in the next section, we
will appeal to quadratic forms to construct selfadjoints operators.

Yet, one may use the following criteria to check essential selfadjointness, or selfadjointness.

Proposition 2.2.16 (Criteria for selfadjointness) Assume the operator (7, D(T')) is symmetric
on the Hilbert space H. Then the following properties are equivalent:

i) (T, D(T)) is essentially selfadjoint (selfadjoint);
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it) Ker(T™ + i) = Ker(T* — i) = {0} (and furthermore (T, D(T)) is closed);
i7i) Ran(T" + 1), Ran(T" — i) are dense in H (are equal to #).

Proof.— We will give the proofs for the selfadjoint case only, the small adaptations necessary for the
essentially selfadjoint case being left to the reader.

i) = ii): easy.

ii) => i1i): we have 0 = Ker(T* + i) = Ran(T F i)+, which shows that Ran(T" + i) is dense.
Assuming the closedness of T, we want to show the closedness of Ran(7 =+ 7). For this, we use
“Pythagore’s theorem”:

(T + i)ul|* = (T +i)u, (T +i)u) = (Tu, Tu) + (u, u)

Assume that a sequence (u,, € D(T)) is such that the sequence ((T" + i)u,,) is Cauchy. The above
equality then shows that so are (u,,) and (T'u,,). The closedness of 1" then implies that u,, — u and
Tu, — Tu, hence (T + i)u, — (T'+i)u € Ran(T +1i). As a result, Ran(7 + 7) is closed, and is
equal to H. The proof for Ran(7" — 7) is identical.

i4i) => 1) The symmetry means that 7" C 7™, and we want to show the inverse inclusion 7% C T'.

Take any v € D(T™); one then has (T* + i)v € H. From the assumption that Ran(7" + i) = H,
there exists u € D(T") such that (T +i)v = (T'+i)u; since T' C T* (T is symmetric), this identity
also reads (T* + i)u = (T™* + i)v, hence v — u € Ker(T* + i) = Ran(T — i)*. The assumption
Ran(7T — i) = H shows that u = v, so that v € D(T'), and finally D(T*) C D(T). O

Remark 2.2.17 (Why focus on selfadjoint operators?) As mentioned in the introduction, self-
adjoint operators lie at the heart of quantum mechanics, not just in as Hamiltonians generating
the quantum evolution, but also as quantum observables, selfadjoint operators representing the
quantities which can (in theory) be measured in an experiment.

Mathematically, selfadjoint operators enjoy a very special spectral structure: we will establish in
Chapter p the spectral theorem for selfadjoint operators, which provides a general description of these
operators, in terms of their spectral measure. From this theorem we will also construct a functional
calculus for selfadjoint operators, that is define operators of the form f(7'), for T" selfadjoint and
f R — C is an arbitrary function.

2.3 Exercises

Exercise 2.3.1 (a) Let #; and H, be Hilbert spaces. Let A be a linear operator in H,, B be
a linear operator in H,. Assume that there exists a unitary operator U : Hy — H; such that
D(A) = UD(B) and that U*AUf = Bf for all f € D(B); such A and B are called unitary
equivalent.

Let two operators A and B be unitarily equivalent. Show that A is closed/symmetric/self-adjoint
iff B has the same property.
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(b) Let ()\,) be an arbitrary sequence of complex numbers, n € N. In the Hilbert space ¢*(N)
consider the operator S

D(S) = {(x,) : there exists N such that z,, = 0 for n > N},  S(2,) = (Auzn).

Describe the closure of S.

(c) Now let H be a separable Hilbert space and T' be a linear operator in H with the following
property: there exists an orthonormal basis (e,),en of H with e, € D(T) and Te,, = \,e,, for all
n € N, where ), are some complex numbers. We take as D(7") the finite linear combinations of
the (e,).

i) Describe the closure T of T'. Hint: one may use (a) and (b).
ii) Describe the adjoint 7™ of T.

iii) Let all \, be real. Show that the operator T is self-adjoint.

Exercise 2.3.2 Let A and B be self-adjoint operators in a Hilbert space H such that D(A) C D(B)
and Au = Bu for all u € D(A). Show that D(A) = D(B). (This property is called the maximality
of self-adjoint operators.)

Exercise 2.3.3 We consider a linear operator A on a Hilbert space H, and a continuous operator
B on the same space; we define their sum A + B as the operator S with domain D(S) = D(A),

such that Su & Au + Bu for each u € D(S). (We note that defining the sum of two unbounded
operators is a nontrivial task in general, due to questions of domains.)

(a) Assume A is a closed operator and B is continuous. Show that A + B is closed.
(b) Assume, in addition, that A is densely defined. Show that (A+ B)* = A* + B* (here the sum
A* 4+ B* is defined similarly as A + B).

Exercise 2.3.4 Let H = L*(]0,1[). For a € C, consider the operator T, acting as T,,f = if’ on
the domain

D(T,) = {f € C=([0.1)) : £(1) = af(0)}.
(a) Describe the adjoint of T,,.
(b) Describe the closure S, £ T,,.

(c) Find all « for which S,, is selfadjoint.
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Chapter 3

Operators and quadratic forms

In this section, we will focus on operators defined on a Hilbert space. In many situations, the action
of the operator is clear (typically it is a differential operator), but the difficult point is to identify the
domain of the operator which provides it with “good properties”, nhamely selfadjointness.

To construct such a “good domain”, we will start by defining a quadratic form on H (more precisely,
the form will be defined on a dense subspace of H). Provided this form enjoys some properties (which
are usually easy to verify), we will extract from the form an operator which will automatically be
selfadjoint. The advantage of this procedure is that the domain of the quadratic form is usually easier
to construct, or describe, than the domain of the resulting operator. This procedure can thus be seen
as a “fast track” to construct selfadjoint operators, without need to explicitly describe their domains.

3.1 From quadratic form to operator

A sesquilinear form ¢ on a Hilbert space H, with domain D(q) C H, is a map
q:D(q) x D(q) = C,

which is linear with respect to the second argument and antilinear with respect to the first one. By
default we assume that D(q) is a dense subspace of H. (In the literature, one uses also the terms
bilinear form and quadratic form.) The sesquilinear form q is said to be:

e bounded, if D(q) = H and there exists M > 0 such that |q(u,v)| < M|Jul| - |Jv]| for all
u,v € H;

« elliptic (or coercive), if it is bounded and there exists & > 0 such that ‘q(u, u)‘ > a|ul)? for all

u € H;

o symmetric if q(v,u) = q(u,v) forall u,v € D(q),

e semibounded from below if for some ¢ € R one has q(u,u) > c||u||* for all u € D(q); in this
case we write ¢ > c; by polarization, one checks that g is then necessarily symmetric;
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e positive or non-negative, if one can take ¢ = 0 in the previous item;

e positive definite or strictly positive, if one can take ¢ > 0 in the previous item.

Notice the subtle differences between ellipticity and strict positivity. It is important to notice that the
above properties refer to the Hilbert norm on H. Later we will introduce a second norm, in general
stronger than || - ||3; when mentioning one of the above properties, it will be important to specify
w.r.to which norm the form ¢ is bounded, or semibounded below etc.

3.1.1 Starting from an elliptic form on )}/

One may canonically associate a linear operator to any bounded form. For a moment we switch
notations, and call A our operator, defined on a Hilbert space V.

Definition 3.1.1 (Operator associated with a bounded form)
Let V be a Hilbert space and let ¢ be a bounded sesquilinear form on V. Then, by the Riesz
representation theorem, there is a unique operator A, € L(V') such that

q(u,v) = (u, Aju)y forall u,v € V.

In the sequel we will often drop the subscript ¢, and write A instead of A,.

The following theorem will be crucial for our constructions, it relates ellipticity of the quadratic form
with invertibility of the operator.

Theorem 3.1.2 (Lax-Milgram theorem) If a quadratic form g on V is elliptic, then the asso-
ciated operator A, € L(V) is an isomorphism of V, that is, A, is invertible and A_" € L(V).

Proof.— By assumption, one can find two constants a, C' > 0 such that
al[v]|* < | q(v,v)| < Cllo|f? forallv € V.
This implies oo||v|? < |g(v,v)| = |{v, Av)| < ||v]| - ||Av]|. Hence,

(3.1.1) |Av|| > af|v]| forall v € V.

Step 1. The above inequality shows that A is injective.
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Step 2. Let us show that Ran A is closed. Assume that f,, € Ran A and that f,, converge to f in V.
By the result of step 1, there are uniquely determined vectors v,, € V with f,, = Av,,. The sequence
(fn) = (Awv,) is convergent, hence is Cauchy. By (B.1.1)), the sequence (v,) is also Cauchy, hence,
due to the completeness of V, it converges to some v € V. Since A is continuous, Av,, converges to
Awv. Hence, f = Aw, which shows that f € Ran A

Step 3. Let us finally show that Ran A = V. Since we already showed that Ran A is closed, it is
sufficient to show that (Ran A)* = {0}. Let u L Ran A, then q(u,v) = (u, Av) = 0 forallv € V.
Taking v = u we obtain g(u,u) = 0, hence u = 0 by ellipticity of g. O

3.1.2 From )V to H

We now extend the above construction to unbounded forms.

Definition 3.1.3 (Operator defined by a quadratic form)

Like in Theorem @ consider an elliptic quadratic form ¢ on a Hilbert space V. Moreover,
assume that V densely embeds into another Hilbert space H, and that there exists a constant
¢ > 0 such that

lull% < c||lully forallueV
(that is, the V-norm is stronger than the H-norm).

Let us construct a linear operator 7' = T}, on the larger space H, associated with ¢ as follows.
1. The domain D(T) consists of the vectors v € V C H for which the map V 2 u +— ¢q(u,v)
can be extended to a continuous antilinear map ‘H — C.

2. By the Riesz representation theorem, for such v there exists a unique f, € H such that

q(u,v) = (u, f,)3 for all u € V; we then set Tv gef fo.

Notice the difference between the operator 7' : D(T) C H — H constructed above, and the
bounded operator A : V — V constructed in Definition (B.1.1]): the duality defining these operators
comes from different scalar products, namely the one on H for T', resp. the one on V for A. So the
actions of the two operators are genuinely different, even if both of them are well-defined on D(T):

forany u,v € D(T) CV, q(u,v) = (u, Av)y = (u, Tv)y .

The subtlety of the construction comes from the different vector spaces which are into play:

- the “large” Hilbert space H, equipped with its scalar product (-, )3, and norm || - ||%;

- the “small” Hilbert space V C H, which is the domain of ¢, equipped with the scalar product (-, -)y
and norm || . ||V; the quadratic form ¢ is elliptic on this Hilbert space )/, but generally not on H!

- the domain D(T") C V of the operator 7.

To avoid confusions, we will keep on the scalar products the subscripts 3 or y.
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Theorem 3.1.4 The operator constructed in Definition satisfies the following properties.
i) the domain of T is dense in H;
i) T: D(T) — H is bijective;
i) T™' € L(H).

Proof.— Let v € D(T'). Using the V-ellipticity of ¢ and the relation between V and H, we find:

2 on 2 P s 2
alolly < acllvll}y < Elalv.v)| < (v, Ton| < ol [Tl
showing that
Q@
(3.1.2) 1Tl = Z vl

This inequality shows that 1" in injective.

Let us show that 7" : D(T) — H is surjective. Let h € H and let A € L(V) be the operator
associated with ¢. The map V 3 u — (u, h)3 € C is a continuous antilinear map V — C, so from
Riesz’s theorem, one can find w € V such that

(u,h)yyy = (u,w)y forallu € V.
Denote v = A=l € V, then
(u, h)yy = (u, Av)y, = q(u,v).
By definition this means that v € D(T) and h = T'v. Hence, T is surjective and injective, and the
inverse is bounded by (B:-1.2): ||T7!|| < ¢?/a.

It remains to show that the domain of 7" is dense in H. Let h € H with (u,h)y = 0 for all
u € D(T). Since T is surjective, there exists v € D(T') with h = T'v. Taking now u = v we obtain
0= (v,Tv)y = q(v,v); the V-ellipticity of ¢ finally gives v = 0, and h = 0. O

If the form ¢ enjoys some additional properties, the associated operators 7’ do so as well. Our main
constructions of selfadjoint operators will come from the following theorem.

Theorem 3.1.5 (Selfadjoint operators defined by forms) In Definition , assume fur-
thermore that the sesquilinear form ¢ is symmetric. Then the associated operator T satisfies:

i) T is a selfadjoint operator on H,;

i) D(T') is a dense subspace of the Hilbert space V (and therefore, is also dense in #).
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Proof.— For any u,v € D(T") we have:

symmetry
=

(u, Tv)y & q(u,v) q(v,u) = (v, Tu)y = (Tu,v)y.

This shows that 1" is symmetric: T° C T™.

Take v € D(T™). We know from the previous theorem that 7" is surjective. This means that we can
find vg € D(T') such that Tvy = T*v. Then for all u € D(T') we have:

(Tu,v)y = (u, T*v)3y = (u, Tvo)y = (T'u, Vo).

Since T is surjective, this implies that v = vy € D(T'), hence T' = T™.

Let us now show the density of D(7") in V. Let h € V such that (v, h), = 0 for allv € D(T). Since
the operator A € £()) associated with ¢ is invertible, we may define f = A~'h € V. We then have
the equalities

0=(v.h)y = (v, Af)y = q(v. f) "=" q(f.0) = (f, Tv)n = (T, flu.

Since the vectors T'v cover the full space H when v runs over D(T), thisimples f = 0andh = Af =
0. This proves that D(T') is dense in V. O

3.1.3 Starting from a quadratic form on H

In the above definitions, the Hilbert space ) preceded the appearance of H. The space )V also coincides
with the domain of the form ¢. In practice, H is usually defined beforehand, and one has to identify
V, together with its Hilbert structure, so as to make the form g V-elliptic.

This motivates the following definition:

Definition 3.1.6 (Closed quadratic form) A sesquilinear form ¢ on a Hilbert space H with a
dense domain D(q) C H is said to be closed if the following properties are satisfied:

= g is symmetric;

= ¢ is semibounded from below: there exists C' > 0 such that ¢(u,u) > —C/||ul|3, for all
u € D(q);

= The domain D(q), equipped with the scalar product
(3.1.3) (u,0)g = qlu, v) + (C 4 1) {u, v}y

is a Hilbert space.
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As opposed to our previous construction, this definition starts from the “large” Hilbert space, and
constructs an auxiliary norm || - ||, on the domain D(g), making this domain complete.

Notice that the notion of closed form is quite different with that of a closed operator, which already
makes sense on a Banach space. In the case of forms, closedness requests symmetry and semibound-
edness.

Proposition 3.1.7 (Operators defined by closed forms) Let ¢ be a closed sesquilinear form
in H. Then the associated linear operator (7', D(T)) is selfadjoint on H. This operator is also
automatically bounded from below:

(u, Tu)y > —Cllull3, for any u € D(T).

Proof.— If ¢ is closed, one simply takes (D(q), (- ->q) as the auxiliary Hilbert space YV C H in

Def. B.1.3, with the norm || - ||y, = || - ||4. One has indeed [Ju|Z = q(u,u) + (C + 1)||ull3; > [Jull3,
showing that || - || is stronger than || - ||5.

The modified form ¢ : V x V — C defined by ¢ = ¢(u,v) + (C + 1){u, v)3 is V-bounded:

|G(u, v)| = [{u, v)q| < |ullq[[v]lg,
and V-elliptic:
G(u,u) = [|ul3.
The operator T cgnstructed from ¢ is hence selfadjoint on 7, with domain D(T) C V. Finally, we

notice that T' =1 — (C + l)Id is the operator associated with ¢; as a sum of a selfadjoint operator
with a bounded selfadjoint operator, it is also selfadjoint, with the same domain D(7') = D(T). O

Like in the case of operators, the forms we will encounter will not always be closed. The main question
is whether they can be made so, up to an extension of their domain.

Definition 3.1.8 (Closable form) We say that a symmetric sesquilinear form ¢ is closable, if
there exists a closed form on H which extends q. The closed sesquilinear form with the above
property and with the minimal domain is called the closure of ¢, and is denoted by q.

In the case of a closable semibounded form ¢, the following proposition identifies the domain of g.

Proposition 3.1.9 (Domain of the closure of a form) If ¢(u,u) > —C/||lul|y, for some C €
R., and ¢ is a closable form, then D(q) is exactly the completion of D(q) with respect to the

scalar product (u,v), = q(u,v) + (C + 1){u, v) (this completion is a subspace of H).
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Proof.— In the proof we assume for simplicity that ¢ > 1, therefore we may take for the norm

[ully = /aq(u, u).

Since the domain D(q) of the closure of ¢ must be a Hilbert space w.r.t. the norm || - ||, it must
contain the limits of all the sequences (u,) C D(q) which are Cauchy w.r.t. the norm || - ||z, in
particular the limits of the sequences (u,,) C D(q) which are Cauchy w.r.t. the norm || - ||, (we will

call those “¢-Cauchy sequences” in the following).

The abstract completion of D(gq) w.r.t. || - ||, is given by the equivalence classes of g-Cauchy se-
quences in D(q), with the equivalence relation

(3.1.4) (Un) ~ (Up) iff ||t = Upllg = 0.

This completion is denoted by D(q)

lI-lla

The question is whether this completion does injectively embed in 7. Namely, any g-Cauchy se-
quence (un) is also a Cauchy sequence for the weaker H-norm, hence it H-converges to some u € H.

To ensure that D(q) ~ embeds in H, we must check that if two ¢g-Cauchy sequences (uy,), (u,) H-
converge to the same u € H, then they must be equivalent in the above sense, namely define the
7 e

same element of D(q) . This element can be identified with that u € H. The domain of the closure
¢ is made of those H-limits u of g-Cauchy sequences.

lI-lla

The abstract completion D(q)”'”q is naturally equipped with an extension of the quadratic form ¢. In

case D(q)H'”q forms a subspace of H, this extended form is the closure ¢ of q. O

Let us now exhibit a non-closable quadratic form.

Example 3.1.10 (Non-closable form) Take H = L*(R) and consider the form defined on D(q) =
L*(R)NC°R) by q(u,v) = u(0)v(0); it is obviously symmetric and positive. Let us show that it is
not closable, using the proof of the preceding proposition. We take the g-norm [|ul|? = q(u, u)+|u].

Let us exhibit two ¢-Cauchy sequences (u,,), (%,) which have the same limit in #, but are not
equivalent in the sense of (B.1.4). By contradiction, let us assume that ¢ can be extended to a
closed form q.

Lt us choose some uy € D(gq). We may easily construct two sequences (u,,)n>1 and (i, ),>1 in
D(q) with the following properties:

» both sequences converge to ug in the H-norm,
= u,(0) =1 and v,(0) = 0 for all n.
These two properties show that these two sequences are indeed ¢-Cauchy, and they converge in ‘H
to ug. But they are not equivalent, since
[t — |2 = 1+ |Jup — G * — 1.
The existence of these sequences shows that ¢ is not closable.

Remark that this counter-example is based on the same phenomenon as the non-closable operator of
Example R.1.11], namely the fact that L? functions are not defined pointwise.
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3.1.4 Various Laplacians

Let us give some “canonical” examples of forms, from which we will extract selfadjoint operators. We
focus on various versions of the Laplacian.

Example 3.1.11 (Dirichlet forms) Consider the Hilbert space # = L?(R?) and the Dirichlet form

q(u,v) = [ VuVodzr, with domain D(q) = H'(R?).
Rd

This form is closed, since || - ||, = || - ||z1, and H*(R?) is known to be complete. Let us find the
associated operator 7', which will automatically be selfadjoint.

Let f € D(T) and g & T'f, then for any u € H'(R%) we have

/Wwdx:/ ug dx.
Rd Rd

In particular, this equality holds for u € C°(R%), which gives

/ ugdr = [ VuVfdr = / (—Au)fde = (f,—Au)gr.0 = (=Af, W) ..
Rd Rd R4
It follows that ¢ = —Af in 2'(R?). Therefore, for each f € D(T) we must have Af € L?(R?),
which by (2.1.2) means that f € H%(R?). Conversely, f € H? is a sufficient condition to extend
the antilinear form
wsalu )= [ a(-a7)ds
Rd

to all u € L?. According to the Definition , this shows that D(T) = H?(RY).

In other words, the operator T constructed from the form ¢ is T' = Tj, where T is the free

Laplacian in R? (see Definition P.2.12). We thus recover the fact that the free Laplacian on R? is
selfadjoint.

Example 3.1.12 (Neumann boundary condition on the halfline) Take H = L?(]0, oo|), and con-
sider the form

(3.1.5) q(u,v) = /000 u'(z) V' (x)dw, D(q) = H'(]0, 00]).

This form is semibounded below and closed (this is due to the completeness of H' w.r.to the norm
|| - llzr =1 - ||4)- Let us describe the associated operator T'.

For v € D(T), there exists f, € H such that

/000 W (z) v (z)de = /OOOMJ”U(:E) dr

for all u € H'. Taking here u € C'°, we obtain just the definition of the distributional derivative:
fo=—(") = —=v"in 2'(]0,00[). As we require f, € L?, the function v must be in H?(]0, col),
and Tv = f, = =v".
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Now, notice that for v € H?(]0, o0[) and u € H'(]0, oo]) the integration by parts gives:

/000 o (2)v (x)dr = u(z)v'(z) :ZO _ /OOO (@) (z)dz.

If we want the identity q(u,v) = (u, Tv)3 to be continuously extended to all u € L?, the boundary
term at x = 0 must vanish; this will be the case if we ensure the additional condition v'(0) = 0
(remember that for v € H?(]0, o0[), we have v' € H'(]0,00[) C C%([0, 00), so the value v'(0) is
well-defined). This condition is necessary and sufficient for this extension to hold.

In conclusion, the operator associated with the form (B.1.5) is T & T, which acts as Tyv = —v”
on the domain D(Ty) = {v € H*(0,00) : v/(0) = 0}. It will be referred to as the (positive)
Laplacian with the Neumann boundary condition, or simply the Neumann Laplacian on |0, oo. It is
automatically selfadjoint on L2.

The following example starts with a slight modification of the form (B.1.5).

Example 3.1.13 (Dirichlet boundary condition on the halfline) Take H = L?(0,00). Consider
the following form, which is a restriction of the previous one,

(3.1.6) qo(u,v) = / w'(z)v'(x)dz, with the domain D(qy) = Hy(0,00).
0

This form, which is a restriction of (B.1.5), is still semibounded below and closed (because H; is
complete with respect to the H'-norm). Due to this restricted domain, no boundary term appears
when integrating by parts, which means that the associated operator Tp acts as Tpv = —v” on
the domain D(Tp) = H?(0,00) N Hi(0,00) = {v € H*(0,00) : v(0) = 0}. This operator will be
referred to as the (positive) Laplacian with the Dirichlet boundary condition, or Dirichlet Laplacian
for short.

Remark 3.1.14 In the two previous examples we see an important feature: the fact that one closed
form extends another closed form (here, D(qy) C D(q)) does not imply the same ordering between
the associated operators: D(Tp) ¢ D(Tn).

Example 3.1.15 (Neumann/Dirichlet Laplacians: general case) The two previous examples can
be generalized to the multidimensional case. Let {2 be an open subset of R? with a sufficiently reg-
ular boundary 99 (for example, a compact Lipschitz one). In # = L?((2), consider two sesqulinear
forms:

qo(u,v) = /QWVvdx, D(qo) = H&(Q),
q(u,v) = /QWVvdx, D(q) = H'(Q).

Both these forms are closed and semibounded from below, and one can easily show that the respective
operators Tp and Ty act both as u — —Auwu. By a more careful analysis and, for example, for a
smooth 0f), one can show that

D(Tp) = H*(Q) N Hy () = {u € H*(Q) : ulspq = 0},

~Ou

D(Ty) = {u € H*(Q): %\m =0},
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where n = n(z) denotes the outward pointing unit normal vector on 92 3 z, and the restrictions
to the boundary should be understood as the respective traces of the functions on the boundary. If
the boundary is not regular, the domains become more complicated, in particular, the domains of
Tp and Ty are not necessarily included in H%(Q)), see e.g. detailed results in Grisvard's book [5].
Nevertheless, the operator T is called the Dirichlet Laplacian in 2 and Ty is called the Neumann
Laplacian.

These constructions are relevant only if the boundary of  is non-empty: if Q = R?, then ¢ = qo,
because as H'(RY) = H}(R?), hence Tp = Ty = T} the free Laplacian.

3.2 Semibounded operators and Friedrichs extensions

The goal of this section is to start from a linear operator 1" on H enjoying “good” properties (namely,
symmetric and semibounded from below), and construct an extension of this operator which is self-
adjoint, called the Friedrichs extension of 7. The strategy is to make a “detour” through quadratic
forms: schematically, the construction goes as follows:

(T, D(T)) = (¢, D(q)) = (¢, D(q)) = (Tr, D(TF)) .

Let us start with the definition of the “good properties” we require I’ to enjoy. In Section B.1 we have
seen the definition of a quadratic form being semibounded from below. A similar notion exists for
linear operators:

Definition 3.2.1 (Semibounded operator) Let 7" be a symmetric operator T on H. T is said
to be semibounded from below if there exists a constant C' € R such that

(u,Tu) > C(u,u) for all u € D(T),

and in that case we write T'> C, or T' > C Id.

From an operator 7" we naturally induce a sesqulinear form ¢ = gr on H, with domain D(q) = D(T):
def

q(u,v) = (u, Tv), Yu,v € D(T).

Proposition 3.2.2 If 7" is semibounded from below, then the associated sesqulinear form qr is
semibounded from below and closable (see Def. 3.1.8).

Proof.— The semiboundedness of ¢ directly follows from the analogous property of 1. For simplicity,
we will consider in the proof that 7' > 1, so that the g-norm can simply be chosen as ||ul|, = q(u, u)/2.

Introduction to Spectral Theory, Fall 2023 Stéphane Nonnenmacher



CHAPTER 3. OPERATORS AND QUADRATIC FORMS 37

To show the closability of ¢, we come back to the proof of Proposition B.1.9, which attempted to
construct the closed extension g to the form ¢q. The construction went by considering g-Cauchy se-
quences (un)n C D(T). Each such sequence converges to a limit u € H in the H-norm. As noticed in
that proof, to show the closability of ¢ we must check that two ¢-Cauchy sequences (u,,), (1, ) which
H-converge to the same u € H must also be equivalent in the sense of (B.1.4)).

Let us show that in the present situation (¢ = qr), this is indeed the case. The sequence (wn =
U, — Up)n is Obviously a g-Cauchy sequence (since both (u,,) and (u,,) are so, and H-converges to
zero. The following Assertion shows that it must also g-converge to zero, showing that (u,,) and (a,,)
are equivalent.

Assertion. If (w,) C D(q) is a ¢g-Cauchy sequence converging to zero in H, then lim,_, ||w,||, =
0.

We already noticed that (||w,||4)nen is @ nonnegative Cauchy sequence, so it converges to some
limit NV,, > 0. Suppose by contradiction that NV, > 0. Now let us split

Q(wna wm) - Q(wm wn) + Q(wm Wy, — wn)7
and consider the Cauchy-Schwarz inequality:
|9(wn, Wi —wp)| < [Jwnllgllwn — wally £ Cllwm —wall,-

Combining these two expressions with the fact that w,, is g-Cauchy, we see that for any € > 0 there
exists n. > 0 such that |q(wn,wm) — Ni‘ < € forall n,m > n.. We now use the definition of the

form ¢, and take ¢ = N2 /2. Then, for n,m > n. we have
N2
}<mewm>H| - ’(J(wnawm>‘ > Tw

On the other hand, if we fix some m > n. and take the limit n — 00, the left-hand side goes to 0

since w,, ﬂ> 0, so we obtain a contradiction. The Assertion is proved, and thus the Proposition as well.
O

The closability of ¢, together with Prop. allows us to construct a selfadjoint extension of 7.

Definition 3.2.3 (Friedrichs extensions) Let 7' be a linear operator in H which is semi-
bounded from below. Consider the sesquilinear form ¢ associated with T', and its closure 4.
The selfadjoint operator T associated with the form ¢ is called the Friedrichs extension of T'.

Let us notice that, in general, such an operator T’ could admit several selfadjoint extensions. The
above procedure selects one of these extensions.
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Proposition 3.2.4 If T is a selfadjoint operator and is semibounded from below, then it is equal
to its own Friedrichs extension.

Proof.— Let ¢ be the sesquilinear form associated with I'. It is closable, and the domain of its closure
V £ D(g) is given by the closure of D(T) w.r.t. the norm || - ||,. By definition, the domain D(T})
is the set of v € V s.t. the map u € V +— q(u,v) extends to a bounded antilinear form on 7{; hence
D(Tr) D D(T). On the other hand, v € D(T*) iff u € D(T) — (Tu,v) extends to a bounded
antilinear form on H. Since u € V +— q(u,v) is already an extension of u € D(T) — (T'u,v), we
see that extending the latter allows to extend the former: this means that D(Tr) C D(T™). Since T’
is selfadjoint, we draw D(T') = D(Tr), hence T' = TF. O

Remark 3.2.5 (Form domain) The domain of the associated closed form ¢ is usually called the
form domain of T', and is denoted by Q(T"). The form domain plays an important role in the analysis
of selfadjoint operators, see e.g. the Chapter g on variational methods.

By construction, this form domain (7 contains the operator domain D(7’), and this inclusion is
often a strict one. Yet, for u,v € Q(T") one sometimes uses the abusive notation (u,7'v) to denote
q(u, v), eventhough v may not belong to D(T').

Example 3.2.6 (Semibounded Schrédinger operators) A basic example for the Friedrichs exten-
sion is delivered by Schrédinger operators with semibounded potentials. Let W € L2 (R% R) and
W > —-C, C R (i.e. Wissemibounded from below). On ‘H = L?(R%), we consider the operator
T acting as Tu(z) = —Au(z) + W(x)u(x) on the domain D(T) = C>*(R%). This operator is

clearly symmetric and semibounded from below:
(3.2.7) Vu € C°(RY), (u, Tu) = | Vul]* + /W|u|2d:v > —C|ul?.

The Friedrichs extension T of T will be called the Schrédinger operator with potential W. Note
that the expression in the middle of (B.2.7) allows to define the sesqulinear form ¢ associated with
T:
q(u,v)—/ VuVvdr + [ Wiuvdz.
R4 R4
Let us denote by G the closure of ¢q. For u to be in D(g), both terms in the above expression must
be finite, so D(q) is included in the following weighted Sobolev space:

D(q) € Hiy(RY) = {ue HY(R?) : /|W||u|2dx < oo}

We actually have the equality D(q) = H{;,(RY) (see Theorem 8.2.1 in Davies's book [4] for a rather
technical proof), but the inclusion will suffice for our purposes.

We now extend the construction of Schrodinger operators to a class of potentials which are not
semibounded from below, but which are still bounded from below by a specific negative function (see
Corollary B.2.9). The main interest of this class of potentials is that they include the physically relevant
Coulomb potential.
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Proposition 3.2.7 (Hardy’s inequality) Let d > 3. Then, for any u € C®(R?), the following

inequality holds:
2
2 (d—2)2/ |u(z)|
\Y% dr > dz.
/Rdl u(m)‘ v= 4 re |7[? !

The restriction on the dimension is necessary to make the function = +— |z|~2 locally integrable near
the origin.

Remark 3.2.8 (Uncertainty principles) Before proving Hardy's inequality, let us argue that this
inequality can be intepreted as a form of uncertainty principle, similar to the well-known Heisenberg
uncertainty principle in quantum mechanics or harmonic analysis. The latter takes the following
form: for any u € C>°(R?) normalized as ||u||z2 = 1, one has

IVullz|||x|u||r2 > Co,  with the constant Cy = 7
The interpretation is the following: a function which is very localized near x = 0, thus for which
||z|w||z2 is much smaller than ||ul[z2 = 1, must have a large gradient (in the L? sense). Conversely,
a very “flat” function, for which ||Vu| < ||u||, must be quite delocalized, forcing |||x|u||.> to be
large.

In quantum mechanics, the two above factors can be interpreted as the quantum averages, for
the normalized state u, of the positive Laplacian (the “kinetic energy” operator), respectively of the
operator of multiplication by |z|?:

def

IVull* = (u, —Au) = (u, (—iV)*u) = Eu(Dy),

def
la|ull® = (u, [2*u) = E,(|2f?).

Written in these probabilistic notations, the uncertainty principle reads:

E,((—=iV)?) E,(|z]?) > Cy <= E,((—iV)?) > ES—OP), for all normalized wu.
ol

Expressed in these notations, the right-hand side in Hardy's inequality takes the form of the quantum
average of the operator of multiplication by #:

(d —2)?

1
E.((-iV)?) > C, Eu(W), with the constant O = 1

Hence, Hardy's inequality essentially amounts to remplacing, on the right-hand side, the inverse
average Eu(‘lmg) by the average of the inverse, E (| |2) Both inequalities have a similar meaning: a
function with a small gradient E,((—iV)?2) must be delocalized, hence it cannot concentrate too
much at the origin, which prevents Eu(#) from exploding.
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Proof.— The proof of the Hardy inequality borrows the same methods as the proof of the Heisenberg
uncertainty principle. For any 7 € R, we construct the mixed operator

1 x
u € C2(R?Y) w Pyu(r) « ;Vu(x) + iy Wu(m),
Now, the obvious inequality
| P32 >0, foranyu € CF(RY),

may be expanded into:

(3.2.8) /
Rd

Using the identities

Vu(:v)rdx + 72/ ‘U|E:]3‘2 dx > V/Rd <I - Vu(z) Ta(fz) +z - Vu(x) u(a:)> dx.

R4

_ d—2
V|ul? = 7 Vu + uVu, div(i) _4—c

A

and integration by parts, the integral in the right-hand side of (B.2.§) becomes
/ <i : (Vu(x) u(z) + Vu(x) u(m)) dr = / = V|u(3&)|2 dx
ra \|x|? re |2[?

- —/Rd div(#) ‘u(x)‘de =—(d—2) /Rd |u|(;|g|2 dz.

Lj

)

The above expression could be recast into the “magic fact” that sum of commutators ijl[l,aj, |

7

gives back a multiple of the operator %‘2, which already appears on the left-hand side of (B.2.8).
Finally, inserting this equality into ( ) gives

/Rd |Vu(m)‘2d:p >((d—2)+7) / de.

Rt |7|?
In order to maximize the coefficient before the integral, we adjust the parameter v to the value
v = —(d — 2)/2, which gives our result. O

From Hardy’s inequality, we draw the following criterium for a semibounded Schrddinger operator.

Corollary 3.2.9 Let d > 3 and W € L2_(R?) be real valued, with W (z) > —4=2" " Then the

loc W
operator T'= —A + W defined on the domain C°(R?\ 0), is semibounded from below, hence it
admits a selfadjoint extension.

Notice that we need to be careful when multiplying by the potential 1/: applying this multiplication
to a function u € C>°(R?) with u(0) # 0 will not produce a function in L*(R?) if d < 4, since = is

|[*

not locally integrable at the origin. This is why we need to define the operator 7" on C>°(R¢\ 0).
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Example 3.2.10 (Coulomb potential) In the ambient space R?, the Coulomb potential generated
by a charge placed at the origin, is of the form W(z) = % where C' € R is the product of the
charges of the particle at the origin and of the particle at the point . If both particles have charges
of the same sign, they repel each other, implying that W (z) grows to 400 when |z| — 0. In the
case of opposite charges, C' < 0, and the potential energy goes to —oo when |z| — 0: the particles
attract each other.

We want to show that whatever the value of C' € R, the operator T' = —A + C/|z| acting on
C>°(R3) is_semibounded from below. In the “repulsive situation” C' > 0, we are in the situation of
Example @ since the potential is positive; the operator is then positive as well (the sum of two
positive operators is obviously positive). On the opposite, in the case C' < 0, it is not clear whether
the operator is bounded from below: could the quantum particle “collapse” to the origin under the
attraction of the charge at the origin, leading to arbitrary negative values of (u,Tu)?

We are going to show that this collapse is impossible: eventhough W (z) — —oo when |z| — 0,
the operator T'= —A + % will be bounded from below, due to the uncertainty principle embodied
in Hardy's inequality.

For any u € C°(R3) and any p € R*, we may write:

2 2 1 2
/ [y, /p| e <7 [ e+ 2 [ 124,
R |7] R3 plz| 2 Jre 229 ke ||

Hardy 1
v / luf2dz + 2/ V| 2dz.
8p* Jgs
As a consequence (remember that C' < 0):

2 C| \C’]pz
2 ‘u| 1 | / 2 / 2 .
(u, Tu) = /3Wu| dw—|C’]/3 —md < 32 ) V| dﬂf——Q 3‘“| dx

2
We may now pick p =4/ % 1€ to make the operator T" bounded from below by —%.

As a consequence, for any C' € R the above operator T' can be extended to a selfadjoint Friedrichs
extension.

3.3 EXxercises

Exercise 3.3.1 Show that the following sesquilinear forms ¢ are closed and semibounded from
below, and describe the associated selfadjoint operators on H («a € R is a fixed parameter):

(a) H = L*([0,00[), D(q) = H'([0, (), q(u,v) = /OOO u/(5)v'(s) ds + au(0)v(0).

(b) H = I2(R), D(q) = H'(R), q(u,v) = / W)/ (s) ds + au(0) v(0).

(c) 1 =L*([0.1]), D(q) = {u € H'([0,1]) : u(0) = u(1)}, q(u,v) :/0 ' (s)v'(s) ds.
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Exercise 3.3.2 This exercise shows a possible way of constructing the sum of two unbounded
operators under the assumption that one of them is “smaller” that the other one. In a sense, we
are going to extend the construction of Exercise 1.4.

Let H be a Hilbert space, ¢ be a closed sesquilinear form on H, and T the self-adjoint operator on
H associated with ¢. Let B be a symmetric linear operator in ‘H such that D(q) C D(B) and such
that there exist v, 8 > 0 with || Bul]* < aq(u,u) + B]|u||* for all u € D(q). Consider the operator
S on D(S) = D(T) defined by Su = T'u + Bu. We are going to show that S is self-adjoint.

(a) Consider the sesquilinear form s(u,v) = q(u,v) + (u, Bv), D(s) = D(q). Show that s is
closed.

(b) Let S be the operator associated with s. Show that D(S) = D(T') and that Su = T + Bu
for all uw € D(T).

(c) Show that S is self-adjoint.

Exercise 3.3.3 In the examples below the Sobolev embedding theorem and the previous exercise
can be of use.

(a) Let v € L*(R) be real-valued. Show that the operator A having as domain D(A) = H*(R)
and acting by Af(z) = —f"(x) + v(z) f(z) is a self-adjoint operator on L*(R).
(b) Let v € L (R) be real-valued and 1-periodic, i.e. v(z + 1) = v(z) for all z € R. Show

loc
that the operator A with the domain D(A) = H?*(R) acting by Af(z) = —f"(x) + v(z)f(x) is
self-adjoint.
(c) Let H = L*(R?). Suggest a class of unbounded potentials v : R® — R such that the operator
Af(x) = —Af(z) +v(z)f(x), with the domain D(A) = H?*(R?), is self-adjoint on H.

Exercise 3.3.4 (a) Let H be a Hilbert space and A be a closed densely defined operator in # (not
necessarily symmetric). Consider the operator L given by

Lu=A"Au, uwe D(L)={ue D(A): Auec D(A")}.

We will write simply L = A*A having in mind the above precise definition. While the above is a
natural definition of the product of two operators, it is not clear if the domain D(L) is sufficiently
large. We are going to study this question.

i) Consider the sesquilinear form b(u,v) = (Au, Av) + (u,v) on H defined on D(b) = D(A).
Show that this form is closed.

ii) Let B be the self-adjoint operator associated with the form b. Find a relation between L and
B and show that L is densely defined, self-adjoint and positive.

iii) Let Ay denote the restriction of A to D(L). Show that Ay = A.

(b) A linear operator A acting in a Hilbert space H is called normal if D(A) = D(A*) and
|Az|| = ||A*x]| for all z € D(A).
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i) Show that any normal operator is closed.
ii) Let A be a closed operator. Show: A is normal iff A* is normal.
iii) Let A be a normal operator. Show: (Az, Ay) = (A*z, A*y) for all x,y € D(A) = D(A").

iv) Let A be a closed operator. Show: A is normal iff AA* = A*A. Here the both operators are
defined as in (a), the operator AA* being understood as (A*)* A*.
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Chapter 4

Spectrum and resolvent

We will now focus on the central topic of this course, namely the spectrum of (mostly unbounded)
linear operators.

4.1 Definitions

In this section we will consider operators (7', D(7')) defined on a Banach space BB, or sometimes only
a Hilbert space H, and with dense domain D(T').

On a d-dimensional vector space, the spectrum of an operator (which can be represented as a matrix)
is identical to the union of all eigenvalues of the operator; it is composed of at most d complex numbers.

On infinite dimensional vector spaces, the situation is more complicated: the eigenvalues of the
operator are usually only one part of the spectrum, namely the point spectrum, while the full spectrum
can be more easily defined through its complement, called the resolvent set of the operator.

Definition 4.1.1 (Resolvent set, spectrum, point spectrum) Let (7', D(T)) be a linear op-
erator on a Banach space B. The resolvent set resl’ consists of the complex numbers z € C
for which the operator T — z : D(T) — B is bijective, and with inverse (T'— z)™': B — B a
continuous operator.

The spectrum specT" of T is defined by specT “c \ resT. The point spectrum spec,T" is
the set of eigenvalues of 7', namely the set of points z € C such that Ker(7T' — z) # {0}. The
dimension of Ker(T — z) is called the geometric muitiplicity of the eigenvalue z.

The resolvent set, respectively the spectrum of 1" are often denoted by p(7'), resp. o(T') = spec(T).
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Proposition 4.1.2 If resT # (), then T must be a closed operator.

Proof.— Let z € resT’, then the graph gr(T — z)*l of the continuous operator (1" — z)’1 is closed

(by the closed graph theorem). Since gr(T' — z) = S(gr(T — 2)~!) where S(u,v) = (v,u), the graph
of T' — z is also closed, since the involution S is continuous. O

Proposition 4.1.3 Let 7" be a closed operator on B. Then one has the following equivalence:

zeresT <= {Ker(T —z)={0}and Ran(T — z) = B}.

Proof.— The = direction follows from the definition.

Assume (T', D(T')) is a closed operator, and z € C such that Ker(T'—z) = {0} and Ran(T'—z) = H.
The operator (T - z)_l is then well-defined on the whole of 13, and has a closed graph (since the
graph of T' — z is closed); by the closed graph theorem, this operator is continuous. O

Notice that, as opposed to finite-dimensional situations, the condition Ker(7 — z) = {0} alone does
not suffice to characterize the spectrum; it only characterizes the point spectrum of 71".

The resolvent is a family of operators {(T"— 2)~!; z € res T'}, which enjoys interesting properties.
It will be very important in the rest of these lectures. We first recall a few facts:

Lemma 4.1.4 (Neumann series inversion) Assume A € L(B) is such that ||A|| < 1. Then the
operator (I — A) € L(B) is invertible, and its inverse can be expressed as a Neumann series:

(I-A)t=>) A"

n>0

As a first application, let us observe the case of bounded operators.

Proposition 4.1.5 (Spectrum of bounded operators) Let 7' be a continuous operator on B.
Then the resolvent set of 7" is not empty. More precisely, it contains {z € C; |z| > ||T|| z()-

Proof.— If |z| > ||T||, then the operator (2] —T') = 2(I —2'T) can be inverted by Neumann series:
2] > ||| = (I =T)"' = 271> (z7'T)".
n>0

O

The resolvent is a function of z € resT’, valued in E(B). An important property will be the holomor-
phy of this function, a notion which directly generalizes the holomorphy of complex valued functions.
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Definition 4.1.6 Let (2 C C be open. An operator valued function z € Q — A(z) € L(B) is
said to be holomorphic (or strongly analytic) at a point 2z, € 2 if the ratio %2(20) admits a
limit in £(B) when z — zy in Q. The limit, denoted A’(2), is the (holomorphic) derivative of
A(z) at the point 2.

Lemma 4.1.7 If z — A(z) is holomorphic in all points of a ball B(zy,r), r > 0, then the function
A(z) admits a convergent Taylor series at the point z.

Like for scalar valued holomorphic functions, the coefficients A (zy)/n! of the Taylor series can be
obtained by the Cauchy formula centered at zj:

1 1 A(z)
A G) = 5 § dz
n! (ZO) 2w |z—z0|=r—e zZ— 20 ‘

Proposition 4.1.8 (Elementary properties of the resolvent) The set res 7' is open, so its com-
plement specT is closed. The operator function

resT 3z Rp(2) £ (T —2)"' € L(B),

called the resolvent of T', is holomorphic and satisfies the following identities:

(4.1.1) Rr(z1) — Rr(22) = (21 — 22)Rp(z1) Rr(22),  (Resolvent identity)
(4.1.2) RT(Zl)RT(ZQ) = RT(ZQ)RT(Zl) s (Commutative fam||y)

d
(4.1.3) ERT(Z) = Rp(2)?,

for all 2,21, 20 € resT.

Proof.— Let zy € res]. The obvious equality
(T —2) (T —2) ' =1:B—B,
implies the following one:
T —2z=(T—2)(I—(z—2)Rr(2)).

If |z — 29| < 1/||Rr(20)||, then the operator on the right-hand side admits a bounded inverse, which
can be obtained through a Neumann series. This implies that such values z € resI’. Moreover, one
has the series representation

(4.1.4) Rr(2) = (I = (2 = 20)Rr(z0)) " Rr(z0) = Y (2 = 20) Rr(z0)*,

=0
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This representation shows that Rt exists in a neighbourhood of zg, and that it depends holomorphically
on z in this neighbourhood.

The resolvent identity (4.1.1)) is obtained through easy manipulations:

0

(21 — 22) Rr(22)

(21 — 22) Rr(22)

(21 — 22) Rr(2z1) Rr(22) -

]—( —22) T\ 22

(22)
<— ] — {(T — 22) + (ZQ — Zl)}RT(Zg)
(22)
(22)

= ] — ( — Zl) T(22
e RT(21> Rr(zy

The commutativity of the family {Rr(z), z € res(T')} directly follows from this identity. Besides,
taking 2o in a ball B(z1,7) C res(T") and taking zz — 21 in this ball, we draw from this identity, and
the continuity of Ry w.r.t. z, the derivative identity (4.1.3). O

4.2 Examples

Let us consider a series of examples featuring various situations where an explicit calculation of the
spectrum is possible. We emphasize that the point spectrum is usually a proper subset of the spectrum!

4.2.1 Spectrum of bounded operators

We start by a simple, yet not completely obvious fact.

Proposition 4.2.1 Let T be a continuous operator on a Banach space . Then its spectrum is
nonempty: specT # ().

Proof.— We know that for |z| > ||T||z(s), the operator (= — T')~! can be represented by a Neumann
series, and is holomorphic. Assuming that res(T) = C means that this operator valued holomorphic
function can be continued to all of C. For any vectors v € BB and continuous linear form L € B*, the
function z — (L((z — T')~'v) is thus entire and bounded; besides, it decays to zero when |z| — oc.
Liouville’s theorem then implies that this function vanishes identically. Since it is the case for any u, L,
the operator (z — T')~! vanishes identically, which is a contradiction. a

Proposition 4.2.2 (Invertible continuous operator) Assume T € L(B) is invertible with
1

bounded inverse. Then spec(T') = 175 = {1 2 € spec(T)}.

Proof.— For any 0 # z € res(T'), we may write

-1

(T—2)"=ETE"-TY) =@E"'-T"H" T,
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which shows that (27! —T~!)~! is bounded, hence 2! € res(T'). Besides, 7' is invertible, hence
0 € res(T'). We have shown that 0 # 2 € resT = 2! € resT~!. Exchanging the roles of T and
Tfl, we obtain the reverse inclusion. Finally, O is in the resolvent sets of 1" and Tfl, hence

res(T') = {z7; z € res(T)} U {0},

from where we deduce the statement. O

This proposition allows to constrain the spectrum of unitary operators on a Hilbert space H.

Corollary 4.2.3 Let H be a Hilbert space, and U : ‘H — H be a unitary operator. Then
spec(U) C {z € C; |z| = 1}.

Example 4.2.4 Let us define the shift operator on Z, S : (*(Z) — (*(Z) by (Su)(n) = u(n + 1).
Then spec(S) = {z € C; |z| = 1}.

Proof.— The above corollary shows the inclusion. To show that ¥ € spec(S) for any 6 € [0, 27|, we
will construct quasimodes associated with the spectral value e, Namely, for any small € > 0, there
exists a nonzero uy . € (2, such that

(4.2.5) 1(S = € Yug,e|l < ellug,ll-

The sequence (Ug,1/m)m>1 then shows that (S — ') is not invertible with bounded inverse, hence
e € spec(9).

Definition 4.2.5 Nontrivial vectors g, satisfying (4.2.5) are called quasimodes of S, with
quasi-eigenvalue ¢, and error (or discrepancy) .

How to construct such quasimodes? If we tried to construct an eigenstate (S — eie)u = 0, it would
necessarily take the form
ug(n) = e ug(n — 1) = ™ uy(0),

which gives a sequence uy & /2. Hence ¢%

spectrum is empty.

is not in the point spectrum, which shows that the point

In order to contruct a quasimode, we may truncate the formal eigenvector uy, taking for some N > 0
the vector

upn(n) = ]I|n|§Nem9.

An easy computation shows that [|ug x| = V2N + 1 while ||(S — €?)ug n|| = V2, so this state is an
e-quasimode for e = N—1/2,

Introduction to Spectral Theory, Fall 2023 Stéphane Nonnenmacher



CHAPTER 4. SPECTRUM AND RESOLVENT 49

One can obtain a smaller error by smoothly truncating the above formal eigenstate. Namely, we fix
some auxiliary function y € C}(] — 1, 1[), and define

inf

us(n) = x(ne)e

We notice that this sequence is supported in the interval {|n| < 1/¢}. We then check that

us(n+1)— eieug(n) = eint1)? <X((n +1)e) — X(ns)) = |[Sue — 6i0u5](n)| <e [ sth . IX'(t)]
tene;(n+1)e

Squaring this expression and summing over n € Z, we find that

| Sue — e®u||* < 52 sup X (1)]?.
nel te[ne;(n+1)e]

The sum on the RHS converges to C,, & Je IX'(t)]? dt < oo when e — 0, so for £ > 0 small enough
we have:

| Su. — eu.||® < 20,
On the other hand, we check that

ol = 30 n) == ([ o)t + o))

neL

Comparing the two expressions, we see that there exists C' > 0 such that, for ¢ > 0 small enough,
1Su: — e?uc]| < Ce [lucl.
O

Another method of proof will be presented later, which uses the fact that the Fourier transform maps
S to a simple multiplication operator on [0, 1].

Example 4.2.6 Let us now consider the shift operator acting on the single-sided sequences ¢*(N).
It is still defined by T'u(n) = u(n—+1). This operator is not an isometry on ¢(N), it is a contraction
of norm ||T]| =1

We claim that spec(7) = {|z| < 1}, and most it consists in eigenvalues: spec, (1) = {|z| < 1}.
The adjoint of this operator is given by 77 (u(0),u(1),u(2)...) = (0,u(0),u(1),u(2)...). Its
spectrum can be obtained through the following general

Proposition 4.2.7 Let (7, D(T')) be a closed operator on some Hilbert space . Then

spec(T™) =specT = {z; z € spec(T)}.

Proof.— For any z € res(T'), the operator [(z — T)~']* satisfies

Yo e H, Yue D(TY), ([(z—T) (- Tu,v) = (2 — T, (z — T) o)
= (u, (2 = T)(z = T)"'v) = {u, v)
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(notice that (= — T')~'v is automatically in D(T')). This shows that [(z —T)~'*(z — T*) = Ip(r+).
The equality (2 — T*)[(z — T)~']* = Iy is proved similarly. This shows that z € res(7*), and
therefore resT C res(T*). Since for a closed operator 7** = T', we obtain the reverse inclusion,
hence the equality for the resolvent sets. The statement is obtained by taking the complementary
sets. O

If we apply the above Proposition to our continuous operator 7" of Ex., we find that spec(7™) =
{|]z] < 1}. However, that spectrum is not of the same nature as spec(7’). A simple computation
shows that for any z € C, Ker(T* — z) = {0}, so spec,(T*) = (). On the other hand, for |z| < 1
we have Ker(T* — 2) = {0} and Ran(z — T*) = Ker(z — T')* has codimension one. In this situation
we say that z belongs to the residual spectrum of T™.

Definition 4.2.8 (Residual spectrum) Let (7, D(T')) be a closed linear operator on H. We
say that z lies in the residual spectrum of T if Ker(T'— z) = {0} and Ran(7" — z) is not dense
in H.

4.2.2 Evolution operators

Let us consider a situation where a continuous operator 7' € L£(3) models the evolution of a state
ug € B, that is it embodies a certain dynamical system. One is then interested by the evolution of the
state for long times, that is the behaviour of T"uy when n — oco. An important information is then
the spectral radius of the operator 7'

Definition 4.2.9 Let 7' € L£(B). We define the spectral radius of T" by:

r(T) < sup{|z|; z € spec(T)}.

Notice that the supremum is well-defined, since we know that spec(T") # (). The Proposition
already shows that 7(7") < ||T°||. The following theorem connects this radius with the long time iterates
of the operator.

Theorem 4.2.10 Let 7' € £(B). Then r(T) = lim,_ ||T7("/".

Proof.— The inequality ||77™|| < ||| ||T™| shows that the sequence t,, & log ||T™| is subad-

ditive. As a result, the sequence (t,/n) converges to a limit, hence its exponential is the limit of
| 77™||*/™, which we call 7. Let us check that this limit is the spectral radius.
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Take z € C such that |z| > r. then for any 0 < € < |z| — r, there exists n. € N such that for any
n>mn, |T"| < (Jz| —€)". Asaresult, the series > . L= converges, which shows that z € res(T).
This shows that r(7T) < r.

On the opposite, since {|z| > r} C res T, the function w — (I —wT)~! is well-defined and analytic
in the disk {|w| < r7(T)~'}, so its series expansion converges in this disk. Take any ro > r(T). The
Cauchy formula then allows to compute 7™ by integrating on the circle {|z| = 7¢}:

1
(4.2.6) T =— (z—T)'2"dz.
2 |z|=ro

Since ||(z — T) || < C on the circle |z| = g, we find the bounds || T™]] < C"r forall n € N, and
thus r < rg. O

For an initial state ug € B, we then have, for any ¢ > 0 and n large enough, the bound

1T ol < (r(T) + €)" [|uo]l -

If we have more informations on the spectrum, the long time behaviour can be made more precise.
This is the case if the external spectrum is discrete.

Definition 4.2.11 (Discrete vs. essential spectrum) The spectrum of an operator (7, D(T'))
splits into two parts:

1. the discrete spectrum spec,(7") made of eigenvalues with finite algebraic multiplicities, which
are isolated from the rest of the spectrum;

2. the essential spectrum spec,,,(T") = spec(T') \ specy(T).

We recall that the algebraic multiplicity of an eigenvalue z is the dimension of -, [Ker(T — 2)"].

By “isolated from the rest of the spectrum”, we mean that for each such eigenvalue z;, there is some
radius r; > 0 s.t. {0 < |z < r;} Nspec(T) = 0.

In general spec,(T) is a subset of spec,(T); for instance, the shift operator T on ¢*(N) has no

discrete spectrum, but the open unit disk is made of eivenvalues.

Let us assume that the “external spectrum” of a bounded evolution operator T is discrete, which
means that for some 7;,,; < r(T) we have

spec(T) N {rip < |2] < 7(T)} = specy(T) N {rine < |2| <7 (T)},

then this external (and compact) part of the spectrum contains only finitely many eigenvalues, all of
finite multiplicities. We assume that {|z| = 7, }Nspec(T') = (. Itis then possible to take into account
these external eigenvalues in the description of 7wy, starting from the integral representation (4.2.6).
The discrete external spectrum shows that (z — T')~! is holomorphic in {r;,; < |z|} \ specy(T). 1t
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is then possible to deform the contour {|z| = r(T") + €} into the union of {|z| = 7} with the small
crcles {|z — z;| =7 }:

T" — 5 \z|=rmt(2 —T) " 2"dz+ ; — lz_m:”(z —T) " 2"dz.

For n = 0, the integral around the eigenvalue z; produces the spectral projector

1
Hi = — (Z — T)_l dZ
2

|z—zi|=r;

The fact that 1I; is a projector can be shown by using the resolvent identity (Exercise).

Figure 4.1: Spectrum of a quasicompact operator.

This spectral projector naturally commutes with 7: [T, 1I;] = 0, implying that T" preserves the
generalized eigenstate V; = Ranll;. We may then call this finite rank operator T; = T\Vr It admits
as only eigenvalue z;, but can feature a nontrivial Jordan structure. In the simple case where there is
no Jordan structure, then T"11; = (7;)"II; = 2I'1l;. In the limit n — oo, these external eigenvalues
allow to expand 1™ as:

T = Z Zln IT; + O(Tfnt)g(g), n — o9,

7

where the sum over eigenvalues is finite. In the case of nontrivial Jordan blocks, the operator T} takes
the form of (z; + J;)IL;, where J; : V; — V; is nilpotent, so that

(T)" = (2 + Ji)"TL; = 27 i (Z) (le)’“ I,
k=0 ’
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The nilpotency of J; implies that for some d; > 1, Jid" = 0, hence the above sum actually stops at
the order k = min(n,d; — 1). As a function of n, the sum is a product of z!" with an operator-valued
polynomial in n of degree < d; — 1.

An operator 1" with such an external discrete spectrum is said to be quasicompact.

Let us now restrict ourselves to operators acting on a Hilbert space . The spectral radius of a
bounded selfadjoint operator is easy to determine.

Proposition 4.2.12 Let 7' € L(H) be selfadjoint. Then its spectral radius 7(T") = ||T'||.

Proof.— The statement just comes from the following variational identification:

HTH2: sup HTuHQ: sup (Tu,Tu) = sup (T2u,u>§HT2H.

ueM, [[ul|=1 ueM, [[ul|=1 ueM, [[ul|=1

On the other hand, || T?|| < ||T'||?, so finally we have for any selfadjoint continuous operator || T7?|| =
|T||?. Since T? is itself selfadjoint, we have then ||T| = ||T%||* = ||T’||*. Iterating this procedure,
we see that for any j > 1, ||[T%| = ||T'||*. We thus deduce that

r(T) = lim |T*[*" = ||T.
j—roo

4.2.3 Unbounded operators

All the following examples live on a Hilbert space.

Example 4.2.13 (Multiplication operator) Consider the measured space (R?, ;1) equipped with a
locally finite measure on the Borel o-algebra. Lef f : (R% 1) — C be a borelian function. The
essential range of f is defined by: by

ess—ranuf:{zeC cpf{r e R : |f(:1:)—z]<e}>0fora|le>0}.

loc
. Then,

Proposition 4.2.14 (Spectrum of a multiplication operator) Let f € L2(R?, :C), and con-
sider the multiplication operator M acting on L*(R%, 1), as defined in Example

spec My = ess-ran,, f,
spec, My = {2 € C : pf{r e R*: f(z) = 2} > 0}.

Proof.— Let z ¢ ess-ran,, f, showing that for some € > 0, | f(z)—z| > € for p-a.e. x. The function
z — (f(x) — 2)7! is therefore in L°(R?%, 11). As a result, the multiplication operator M (;_.) is
bounded on L?*(R?, 1), and one easily checks that it is the inverse of the operator (M} — z).
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On the other hand, let z € ess-ran, f. For any m € N denote
S E{z e R 1| f(2) — 2| <27}

and choose a subset S,, C S,, of strictly positive but finite measure. If ¢,, is the characteristic
function of S,,,, one has

2 2 2 —om 2
@2 0= 2ol = [ @) = =P lonta) ) <27 o
The vector ¢,, is a quasimode of M, of quasi-eigenvalue z and error 2. Since the error can be
chosen arbitrary small, the operator (M; — z) cannot be inverted with bounded inverse. Indeed, if
this were the case, there would be some C > 0 such that

vm> 1wl = (M — 2)7 (Mg — 2)¢nll < CI(Mf = 2)mll -

For m large enough, these inequalities contradict the ones above. This shows the statement on
spec M.

To prove the assertion on the point spectrum, we remark that the condition 2z € spec, M} is
equivalent to the existence of ¢ € L?(R?, 1) such that (f(z) — z)¢(z) = 0 for p-a.e. x. This
means that ¢(z) = 0 for p-a.e. = in {f(x) # z}. If we further assume hat {z; f(z) = z} is
negligible, then we would have ¢(z) = 0 for y-a.e. x, or ¢ = 0 in L*(u), so ¢ cannot be an
eigenstate. We deduce that p(f~'(2)) = 0 implies that z ¢ spec,(Mj).

On the opposite, if u(f~(z)) > 0, one can choose a measurable subset 3 C {z : f(z) = z} of
strictly positive but finite measure. The function ¢ = Iy is then an element of L?(R?), and it is an
eigenfunction of M with eigenvalue 2. O

We notice that the above example is already nontrivial when the function f € L>(R%, 1), and the
operator M, : L*(R%, u) — L*(R?, 11) is bounded.

Exercise 4.2.15 If ;i is the Lebesgue measure and f € C'(R?, C), then its essential range coincides
with the closure of its range.
But if (z, € R%),eg is a finite or countable family with no accumulation point, and p =", ¢ s,

then ess-ran, f = |, cs{f(zn)}.

In the Hilbert space context, an important property of the spectrum of an operator (7', D(T))) is its
invariance through unitary conjugacy.

Proposition 4.2.16 (Spectrum and unitary conjugacy) Let two operators (A, D(A)) and
(B, D(B)) defined on a Hilbert space H be unitarily conjugate: there exists a unitary opera-
tor U : H — H such that D(B) = UD(A) and A = U*BU.

Then spec A = spec B and spec, A = spec, B.
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Proof.— See Exercise §.3.7. O

Let us make use of this unitary invariance of the spectrum, to analyze our old friend, the free laplacian
on R<,

Example 4.2.17 Let T = T} be the (positive) free Laplacian on R (see Definition ) As
seen above, through the Fourier transform on LQ(Rd), 1" is unitarily equivalent to the multiplication
operator by the function f(£) = |£|2. By Propositions l4.2.14 and $#.2.16, we find spec T} = [0, +00)
and spec, T; = 0.

An interesting example of space L?(IR, ;1) is the case of the discrete measure 1 = > _, §,. This

space is equivalent with the Hilbert space (*(Z).

neEL

Example 4.2.18 (Discrete multiplication operator) Take H = (*(Z). Consider an arbitrary
function a : Z — C, n — a,, and the associated multiplication operator M,:

D(M,) = {(u,) € *(Z) : (anuy,) € C*(Z)}, (Mau), = ayu,.

Similarly to Example , one can show that M, is a closed operator. Applying the rule of
Example @ we may extend the function a to all of R (ex. by a(x) = 0 for x € Z), and then
view M, as the multiplication operator M by this function @ : R — C. Because ess-ran,(a) =
{a, : n € Z}, while a~'(2) has positive measure only if z = a,, for some n € Z, we then find that

spec M, = spec M; = ess-ran,(a) = {a, : n € Z}, spec, M, = {a, : n € Z}.

For each value a,,, set A(a,,) = {m € Z : a, = a,,}. The eigenspace associated with the
eigenvalue a,,, is easy to describe:

Ker(M, — an,) = span{d,, : m € A(a,,)},
where the vector (0,,)n, = dmn (Kronecker symbol).

Example 4.2.19 (Harmonic oscillator) Let # = L*(R). Consider the operator Ty, = —d?/dz?* +
z? defined on the Schwartz space .¥(R). We see that this operator is semibounded from below
and denote by 7' its Friedrichs extension. The operator (7', D(T')) is called the quantum harmonic
oscillator; it is one of the basic operators appearing in quantum mechanics.

One can easily see that the numbers )\, = 2n—1 are eigenvalues of Ty, n € N*, and the associated
eigenfunctions ¢,, are given by

¢1(z) = c1 exp(—2?/2), On(1) = cp(—d/dx + )" o1 (x), n>2,

where ¢, are normalization constants. It is known that the functions (¢,,) (called Hermite functions)
form an orthonormal basis in I.?(R). We remark that ¢,, € D(Tj) for all n, hence, T is essentially
self-adjoint (see Exercise 2.3.1c). This means, in particular, that 7' = Tg.

Furthermore, using the unitary map U : L*(R) — (?(N), Uf(n) = (¢, f), one easily checks
that the operator T is unitarily equivalent to the operator of multiplication by (\,) in /*(N), cf.
Example E.2.18, which gives

specT =spec,T ={2n—1: ne N}

Hence, for this operator, the spectrum is only composed of the point spectrum.
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Example 4.2.20 (A finite-difference operator) Consider again the Hilbert space H = (*(Z) and
the operator T" in H acting as (T'w), = u,_1 + tu,y1. Clearly, T € L(H). To find its spectrum, we
consider the map
O :2(Z) - LP([0.1],dz), (Pu)(x) =) u,e®™™,
nez

where the sum on the right-hand side should be understood as a series in L?. ® is is the inverse
of the Fourier series expansion of a function in L?([0,1[). From Plancherel’s identity, this map is
unitary. On the other hand, for any u € ¢?(7Z) supported at a finite number of points we have

O(Tu)(x) = Z(Tu) emine
— Z Uy 1 627r'mac Z Uns 27rinac
_ Z u, e 27rz (n+1)z + Z U, e 27rz (n—1)z
— 627riac Z U 627rina: + 6—27riac Z un€27rina:
n n

= 2cos(2mz)(Pu)(z).

This shows that the operator ®7'®* is exactly the multiplication by f(x) = 2 cos(2wz) on the space
L3([0, 1]); its spectrum coincides with the segment [—2,2], i.e. with the essential range of f. So
we have specT' = [—2,2| and spec, T' = ().

Notice that, by using the same unitary transformation, one shows that the shift operator (Su)n = Up+t1
on (*(7Z) is conjugate to the multiplication by €™ on L?([0,1],dx). We thus easily recover that
spec(S) = {e*™ |z € [0, 1[}, with no point spectrum.

The next example shows that, as opposed to the case of bounded operators, nontrivial unbounded
operators may have an empty spectrum.

Example 4.2.21 (Empty spectrum) Take # = L*([0, 1], dz) and consider the operator T defined
on the domain D(T') = {f € H'(0,1) : f(0) =0}, acting as T'f = f’. One can easily see that for
any g € L?(0,1) and any z € C the equation (T — z)f = g admits the unique solution in D(T),
given by

f(z) = /Ox =g (t) dt, Vo € [0, 1].

This shows that (" — z) : D(T') — H is a bijection, and one easily checks that this inverse map
(T —2)"':g€ M+~ f€Hisabounded operator on H. So we have obtained resT = C and
thus specT = 0.

Example 4.2.22 (Empty resolvent set) Let us modify the previous example. Take H = L?([0, 1], dz)
and consider the operator T acting as T'f = f’ on the domain D(T) = H'([0,1]). Now, for any

z € C we see that the function ¢, (x) = €** belongs to D(T') and satisfies (T'— z)¢, = 0. Therefore,
spec, T' = specl’ = C.
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As we can see in the two last examples, for general operators one cannot say much on the location
of the spectrum. In what follows we will study mostly self-adjoint operators on a Hilbert space H,
whose spectral theory is much better understood than in the nonselfadjoint case.

4.3 Basic facts on the spectra of self-adjoint operators

In this section we will “prepare the ground” for the spectral theorem of selfadjoint operators, and the
associated functional calculus. The following two propositions will be of importance during the whole
course.

Proposition 4.3.1 Let 7" be a closable operator acting on a Hilbert space H, and z € C. Then

(4.3.8) Ker(T* — z) = Ran(T — 2)™,
(4.3.9) Ran(T — z) = Ker(T* — 2)*.

Proof.— Note that the second equality can be obtained from the first one by taking the orthogonal
complement in the both parts. Let us prove the first equality. Since D(7') is dense, the condition
f € Ker(T* — z) is equivalent to ((T* — 2) f,g) = 0 for all g € D(T"), which can be also rewritten as

(T*f,g) = z(f,g) forall g € D(T).

By the definition of 7, one has (T f, g) = (f,Tg) and

(f;Tg) —2(f,9) ={f,(T — 2)g) = 0 forall g € D(T),

i.e. f L Ran(T — z), using the density of D(T'). O

Proposition 4.3.2 (The spectrum of a selfadjoint operator is real) Let 7" be a selfadjoint op-
erator in a Hilbert space H, then specT C R, and for any z € C\ R, the norm of the resolvent
is bounded by:

1

(4.3.10) (T —2)7" < TER

Proof.— Let z € C\ R and u € D(T'). We have
(u, (T — z)u) = (u, Tu) — Re z{u,u) — i Im z{u, u).
Since 7' is self-adjoint, the number (u, T'u) is real. Therefore,

[1m 2|[Jul® < [{u, (T = 2)u)| < (T = 2)ul| - [[ul]
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which shows that
(4.3.11) (T = 2)ul| > [1m 2] - [Jul.

It follows from here that Ran(7" — 2) is closed, that Ker(T — z) = {0} and, by proposition @.3.1, than
Ran(T — z) = H. Therefore, (T — z)~' € L(H), and the estimate (4.3.10) follows from (F.3.11)). O

We have already mentioned that the spectral radius of a bounded selfadjoint operator is equal to
r(T) = ||T||. Since the spectrum is real, the spectral radius corresponds to max(| min spec(7")|, max spec(T)),
so spec(T") C [—||T|I,||T|], and at least one of the boundaries of the interval belong to the spectrum.
We can be a bit more precise:

Proposition 4.3.3 (Location of the spectrum of self-adjoint operators) Let 7' € L(H) be
selfadjoint. Denote

=m = in M = =su
m= (T)_u;é% (u,u) ’ M = M(T) u;g (u, u)

then specT" C [m, M] and {m, M} C specT. We also have ||T'|| = max(|m|, |M]).

Proof.— We already proved that specT C R. For A €| M, +oo[ we have
[(u, (A = Thu)| > (A = M)|[ul]?,

so by the Lax-Milgram theorem, (T"— \)~! € L(H) . In the same way one shows that specT N
(—oo,m) = 0.

Let us show that M € specT (for m the proof is similar). The quadratic form (u, v) — (u, (M —T)v)
is nonnegative, it is called a semi-scalar product, and satisfies as well a Cauchy-Schwarz inequality:

[ G, (M = T)o)[* < G, (M =T - (v, (M = T)).
Taking the supremum over all u € H with ||u|| < 1 we obtain

[(M =Tl < |M =Tl - (v, (M = T)ov).

By assumption, one can construct a sequence (v,) with ||v,|| = 1 such that (v,,Tv,) — M as
n — 00. By the above inequality we have then (M — T")v,, — 0, so the operator M — T' cannot have
bounded inverse. Thus M € specT. O

Corollary 4.3.4 If T'=T* € L(H) and specT = {0}, then T' = 0.

Proof.— By proposition we have m(T) = M(T) = 0. This means that (u,Tu) = 0 for all
u € H, and by polarization, (u, Tv) = 0 for all u,v € H. O
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Notice that the conclusion does not apply for a general bounded operator (think of a nilpotent finite
rank operator).

Let us combine all of the above to show the following

Theorem 4.3.5 (Non-emptiness of spectrum) The spectrum of a selfadjoint operator
(T, D(T)) on a Hilbert space H is a non-empty closed subset of the real line.

Proof.— In view of the preceding discussion, it remains to show the non-emptyness of the spectrum.
Let T be a self-adjoint operator in a Hilbert space 7. By contradiction, assume that specT = ().
Then, first of all, 7' € L(H). Let 2 € C\ {0}. One can easily show that the operator

T 1\ -1 1 1 1\ -1
de:ef——<T——) - ————(T——)

z
belongs to £(#), and that ("' —2)L, = L (T~' — 2) = I. Therefore, z € res(T!). Since z was
an arbitrary non-zero complex number, we have spec(7 ') C {0}. Since T~! is bounded, Prop.
shows that its spectrum is non-empty, hence we must have spec T = {O} On the other hand, 7"

is selfadjoint by Proposition R.2.15, so Corollary imposes that 7! = 0, which contradicts the
definition of the inverse operator. O

4.3.1 Exercises

Exercise 4.3.6 [Jordan block of an isolated eigenvalue] Let 7" € L(B), and let z; be one isolated
eigenvalue of finite multiplicity, so that for » > 0 small enough, spec(T') N {|z — z1| <7} = {z1}.

i) show that

of 1
H d:f —_— (Z — T)_l dZ
2im |z—z1|=r
is a projector, namely it satisfies II?> = II. For this, express II> by a double contour integral,

and use the resolvent identity.

i) show that II commutes with T', hence that 7" preserves V & Ran(II). Show that

1
TH=1T =0Tl = — (z—=T)'zdz
2im |z—21|=r

iif) We call the finite rank operator 77 = IITTI. Show that for any z € res(T'), the resolvent

satisfies
(z—=T) "I = (z —T1) 1.

Deduce that the spectrum of T3 in {0 < |z| < r} reduces to {z;}, and therefore that 7} takes
the form Ty = 21y, + J, where J : V — V is nilpotent of order < D (that is, JP = 0), where
D =dimV.
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iv) Compute 17 for any n > 1.

Exercise 4.3.7 i) Let two operators A and B be unitarily equivalent (see Exercise ) Show
that the spec A = spec B and spec, A = spec, B.

if) Let u € res A N res B. Show that A and B are unitarily equivalent iff their resolvents R4 (u)
and Rp(u) are unitarily equivalent.

iii) Let A be a closed operator. Show that spec A* = {Z : z € spec A} and that the resolvent
identity R4(z)* = Ra+(Z) holds for any z € res A.

iv) Let k € L'(R). Consider on L*(R) the operator A, Af(x) = [ k(z —y)f(y) dy. Show: (i)
the operator A is well-defined and bounded, (ii) the spectrum of Ais a connected set.

Exercise 4.3.8 i) Let Q C R™ be a non-empty open set and let L : Q@ — M,(C) be a continuous
matrix valued function such that L(z)* = L(z) for all z € Q. Define an operator A in
H = [*(Q,C?) by

Af(x) = L(z)f(2), ={feH: / |L(2) f(x)||Z2de < +00}.

Show that A is self-adjoint and explain how to calculate its spectrum using the eigenvalues
of L(z).

Hint: For each x € 2, let & (z) and & (x) be suitably chosen eigenvectors of L(z) forming
an orthonormal basis of C2. Consider the map

UiH S H, Uf() = <<§1(x)7§(:c)>(c2>

and the operator M = UAU*.

i) In H = (*(Z) consider the operator T' given by

Tfn)=fn—1)+f(n+1)+V(n)f(n), V(n)= {: :]‘:Z :z z‘(;zn

Calculate its spectrum.

Hint: Consider the operators

U:1%Z)— 1X(Z,C?), Uf(n):= (féfi)l)), nez,
F:*(Z,C%) — L*((0,1),C%), (Ff)(0)=>_ f(n)e*™.

neL

Write explicit expressions for the operators S := UTU™* and S := FSF* and use the item i).
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Exercise 4.3.9 On H, let A be a semibounded from below selfadjoint operator. Show:

A
i) infspec A = inf M
er(OA) (x, )

A
i) infspec A = inf M where Q(A) is the form domain of A.
zGCi(OA) (x, )
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Chapter 5

Spectral theory of compact operators

5.1 Definitions and elementary properties

It is assumed that the the reader already has some knowledge of compact operators. We recall briefly
the key points. Recall first that any Hilbert space is locally compact in the weak topology:

Proposition 5.1.1 Let  be a Hilbert space. Then:
i) Any bounded sequence (u,)nen in H contains a weakly convergent subsequence: one can
extract a subsequence (u,, )y>1 converging weakly to some u € H, that is such that

YoeH, (v,up,) hope (v,u) .

i1) Conversely, any weakly converging subsequence is necessarily bounded.

Before introducing the concept of compact operator, let us recall Riesz’s theorem:

Theorem 5.1.2 (Riesz’s theorem) In a Banach space B, for V C B a subspace, the intersec-
tion YV N Bp(0,1) is compact iff V is finite dimensional.

We now recall the definition of compact operators.

Definition 5.1.3 A linear operator T : By — B5 is called compact, if the image of the unit ball
in By is relatively compact in Bs. In particular, T is continuous.

We denote by K(B1, By) the subspace of L(B;, ;) formed by the compact operators.
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As a first property of compact operators, we check that limits of compact operators are compact.

Proposition 5.1.4 The space IC(By, By) is closed in L(B1, Bs).

Proof.— Assume that (7});>1 are a family of compact operators, and that ||7; —T'|| z(3, 5,y — 0 when
J — 00. Let us consider a sequence (un)nzl in the unit ball of 3;. From the compactness of 1}, we
can extract a subsequence (U, (k))k>1 Of (u,) (thatis, ¢1 : N* — N* is strictly growing), such that
Ty, () admits a limit v; € By when k — oo.

Then, from the sequence (u, (k))r>1 We can further extract a subsequence (g, k))r>1 such that
Ty, k) converges to some v, € B. And so on: for each j > 2, there is a subsequence (u%(k))kzl
of (Uy,_,(k))k>1, such that Tju, k) — vj.

What can we do with this “sequence of thinner and thinner sequences” (;(k));>1? It does not make
sense to consider the limit j — oo of those sequences, because this limit could actually be empty.
Instead, we invoke a diagonal trick, that is define the “diagonal sequence”

5(n) = pu(n), n>1.
For each j > 1, the integers ($(n)),>; are elements of the sequence (¢;(k))x>1, therefore
Tjugm) "=+ v;.
We now use the assumption ||T; — T'|| — 0, to show that
oy — vyl = 1 [Ty — Tyl < € T~ Tyl

where (' is a global bound for the sequence (un) The above expression converges to zero when
7,7 — o0, showing that the (vj) form a Cauchy sequence in 5, and thus converge to some v € Bs.
We easily check that the limit operator satisfies Tu¢(n) — v. Hence, we have extracted a subsequence
of (un), such that Tu¢(n) converges. This proves the compactness of 1. O

Below we will provide various characterizations of compact operators between Hilbert spaces. Those
characterizations (in particular i)) are also valid on certain types of Banach spaces, namely the ones
satisfying the Property of Approximation.

Theorem 5.1.5 (Characterizations of a compact operator on a Hilbert space) Let Hi, H>
be two Hilbert spaces, and let T' : H; — Hsy be a continuous operator. Then the following
statements are equivalent:

i) There exists a sequence (7},)nen of finite rank operators, such that |75, — T'|| £(3, 7,) — 0.
i1) T is compact.

i7i) The image T'(B(0, 1)) is compact.

iv) For any sequence (u,), in H; which weakly converges to u € H;, then (T'u,), strongly
converges to T'u in Hs.

v) If (e,)nen forms an orthonormal family in #Hy, then ||Te,|| — 0.
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Proof.— i) — ii): for any n > 0, the image 7T,,(B(0, 1)) is contained in a ball in a finite dimensional
subspace, it is therefore precompact. This shows that each 7T}, is a compact operator. Prop. then
ensures that the limit operator 7" is compact.

i1) — i1): Since B(0,1) C B(0,2), the image T'(B(0,1)) is precompact. There remains to show
that it is closed. Take a sequence (uy,),>1 in B(0,1). From the compactness of T', we may extract a
subsequence (g, (k) )k>1 such that Tug, k) — v € Ha. On the other hand, from Prop. we can
extract from the bounded sequence (g, (k))k>1 @ Subsequence (u,, (x))k>1 Which weakly converges

to some u € H;y; one easily checks that this weak limit u belongs to B(0, 1) as well:
leall = el Tugy | = €, gy = [l
For any w € H,, we have the limits:

(T w, U, (y) = (T"w,u) = (w, Tu),
<w7 Tusol(k)> - (w,v> )

which shows that v = T'u € T'(B(0, 1)). This image is therefore closed, hence compact.

i11) — iv): without loss of generality, let us assume that a sequence (u,, ), C H; weakly converges
to 0. From Prop. 5.1.1], the sequence (u,,), is necessarily bounded: ||u,| < C. The assumption tells
us that (Tun)n belongs to a compact set, hence it admits a limit point v € H,, which can be reached
by extracting a subsequence (Tu¢(k))k. As a result, for any w € Ho,

(w, Tugyry) = (w,v), while (T"w, uyw) — (T"w,0) =0.

We deduce that v = 0 is the only limit point; this means that the full sequence (Tun)n converges to
0, as stated.

iv) — v): for any orthonormal family (e, ), of H;, one has e,, — 0, so the assumption iv) implies
that Te,, — 0.

v) — z) a natural guess would be to use the restricted operators Tlspan(el,...,en) as approximants for

T'. Yet, the assumption T'e,, — 0 is not sufficient to produce a direct bound on 7| ,.n( L.

€1,+1€n)

We instead reason ab absurdo. Namely, we assume that there exists ¢ > 0 such that, for any finite
rank operator R, ||T"— R|| > e. In particular, this implies ||T'|| > ¢, so there exists a normalized state
e; € Hj such that ||Te;|| > €. Let us now iteratively construct an orthonormal family (eq, es, .. .),
such that ||T'e;|| > € for all e;; this will thus contradict the statement v).

Let us assume we have constructed (61, e ,en) with the above property Call II,, the orthogonal
projector on span(ey, ..., e,). Then || — T'1I,|| > € implies the existence of u # 0 such that

(T = 1L)ull > eflul] = €l|(1 — L, )ull,
where we used Pythagore’s theorem for the last inequality. We then define the normalized vector

def (1 - Hn)u

€n+1 = )
I = TL)ul]

it is orthogonal to ey, ..., e,, and satisfies || T’e,11|| > €. This constructs our infinite family (e, . ..),
and gives a contradiction with v). O
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Remark 5.1.6 1. Using the weak compactness property of Prop. , the statement iv) shows
that 7" is compact iff any bounded sequence (u,,) C #H; admits a subsequence (u,, ) such that T'u,,
converges (strongly) in Hs.

2. The statement i) induces the fact that if A € £(B) is a continuous operator and B € K(B)
is a compact one, then the products AB and BA are compact operators. One says that the space

KC(B) forms a two-sided ideal of £(B).

Examples of compact operators

1. On (*(Z), consider the multiplication operator T" = M by a function (f,,)nez such that f,, — 0

when || — co. We already know that || M;|| = max, |f,|. Let us define Ty & TTly, where Il is
the orthogonal projector on span(e_N, - ,eN). We then check that
N—o0
IT =Tl = max [fo] =0,
In|>N

so the criterium ¢) in Thm shows that 7" is compact.

2. Let us consider the space L?*(T), for T = R/Z the 1-dimensional torus. Through the Fourier
transform F, L?(T) is unitarily identified with £*(Z). We have seen that this Fourier transform con-
jugates the operator —Ar with the multiplication by the function (f(n) = n?),cz on ¢*(Z). Taking
any real s > 0, we define the operator (1 — AT)*S/Q through the inverse Fourier conjugacy with the
multiplication by the function (fs(n) = m)nez on (*(Z). Since s > 0 and since the Fourier
conjugacy is unitary, the operator (1 — Ar)~%/2 is compact on L?(T). Such an operator (1 — Ap)~%/2
are said to be regularizing: it maps an L? function to a smoother function, belonging to some Sobolev

space H*(T) with positive index s.

In the section 5.4 we will study various families of compact operators: Hilbert-Schmidt and trace-
class operators.

5.2 The Fredholm alternative

We now describe the spectral properties of a holomophic family of compact operators on a Hilbert
space. This is part of the analytic Fredholm theory.

Theorem 5.2.1 (Analytic Fredholm theorem) Let {2 C C a domain of the complex plane,
and
z2€Qw—T(z) € K(B)

a holomorphic family of compact operators. Then:
(a) either (I —T'(z )) ! does not exist as bounded operator for any z € Q;
(b) or (I —T(z)) ! exists in L(B) for z € Q\ S, where S is a discrete set of Q. (I —T'(z))~*
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is then a meromorphic operator valued function in €2, and the residue on each pole z; is an
operator of finite rank. Besides, for each z; € S there exists u; € B s.t. T(z;)u; = u;.

As an application, for T' € K(B) and z € Q = C*, we take T'(z) = 7. Since (I — 27T can be

Tz

inverted for z large enough, we are necessarily in the second alternative.

Corollary 5.2.2 For 7" € K(B) and z, € C*, either (29 —T') : B — B is invertible with bounded
inverse, or Ker(zgp — 1T") # {0}, in which case this kernel has finite dimension.

Proof.— We will restrict here the proof to the Hilbert space setting, so that any compact operator T’
can be approached by a family of finite rank operators, as shown in Thm 5.1.5.

The idea of the proof is to “project” the spectral problem on finite dimensional subspaces, using the
approximation of the compact operators by finite rank ones.

Let us assume that (I — T'(2))~! exists at 2 = z, € . For a given ¢ > 0, the compact operator
T'(zy) can be approximated by an operator T of rank N: ||T(z) — Tn|| < €.

Besides, by continuity of z — T(z), we know that for \z — zo| < r small enough (in particular, such
that all such z lie in §2), || 7(2) — T'(20)|| < €. As a result,

Vz € D(z,7), || T(2) —Tn| < 2e.

By Neumann series, if we had chosen & < 1/2, we can invert (I — (T(z) — T)) in that disk, and call

its inverse
R(Z) def (I _ (T(z) _ TN))_l, holomorphicin z € D(Zoﬂ“) .

An easy factorization shows that
(I =T(2)) = (I = (T(2) = Tnv)) (I = R(2)Ty),

which implies that (I — T'(z)) is invertible iff (I — R(z)T) is invertible, in which case we have

-1

(I-T(2)"=(I-R(z)In) R(2),

and this operator is holomorphic for s € D(zg, 7).

Through this algebraic manipulation, we have replaced the question of the invertibility of (I—7'(z)) by
the invertibility of (I— R(z)TN) , which is a finite rank perturbation of the identity, locally holomorphic
in z. Let us show that this second invertibility problem can be mapped to the one of some N x N
matrix.

Since Ty has rank N, there exists (¢, ...,%y) a basis for Ran(7) and (¢1,...,¢xN) a basis for

Ker(Tn )t = Ran(T}%), such that
N

Tyu=Y (d;,u)t;.

=1
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Then the spectral equation (I — T'(z))u = 0 is equivalent with (I — R(z)T)u = 0, which can be

written:
N
w=) (¢ u)R(2);.
7=1

If we write this vector as u = Zj a;R(z)1;, the coefficients a; satisfy

N
Vi=1,...,N, «a;= Z(qﬁj, R(2)p)
k=1

or in matrix notation &@ = My (2)d, with the matrix My (z) having entries (¢;, R(z)t), which depend
holomophically on z.

We have transformed our spectral problem into the problem of inverting Iy — My(z); the non-
invertibility of this square matrix is equivalent with the determinantal equation

d(z) £ det(Iy — My(2)) = 0.

The matrix MN(Z) is sometimes called an effective Hamiltonian for the initial invertibility problem.

The function d(z) is holomorphic in €2, so it is either vanishing everywhere, on only on a discrete set
S C (.

On a point such that d(z) = 0, the eigenvector @ € C" such that (Iy — My(2))d@ = 0 leads to an
eigenvector u € B such that (I — T'(2))u = 0.

On the opposite, if d(z) # 0, for a given f € H we may solve the equation (I — T'(z))u, = f
by the noticing that u, also satisfies (I — R(z)Ty)u, = R(z)f. The state R(z)Tyu, belongs to
Ran R(z)Ty, so it can be decomposed in the basis (¢;(2) = R(2)%;)=1,..n of that subspace: there
exists a z-dependent vector ﬂ( )= (B1,...,0N) st

2+ Bi(E)5(2)

After a straightforward computation, we find that the vector g(z) is uniquely given by

B(2) = (In = Mx(2)) " ({65, R(2)S)) -

Putting together these expressions, we obtain:

(I=T()7'f = R()f + (R(2)¥) (Iy = Mn(2)) (¢, R(2) f)
This element is meromorphic in z, with poles of finite rank. Note that the residue at any pole z, is

independent of the integer IV, as long as the latter is large enough.

The codimension of Ran(/ — T'(z)) in H is equal the codimension of Ran(Iy — My (2)) in CY. O
The proof for a general Banach space does not use the approximation by finite rank operators.
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5.3 Compact operators on a Hilbert space

We will henceforth concentrate on operators defined on a Hilbert space. We start with simple conse-
quences of the characterizations of Thm. 5.1.5.

Proposition 5.3.1 Let 7" be a compact operator on a Hilbert space . Then its adjoint 7™ is
also compact.

Proof.— If T is approximated by a sequence (T ) of finite rank operators, then T™* is similarly ap-
proximated by the finite rank operators 7’5, We deduce that 7™ is compact as well. O

The next proposition shows that for z # (0, we can be more precise on the relative dimensions of
Ker(T — z) and Ran(T" — z2).

Proposition 5.3.2 Let 7" be a compact operator on a Hilbert space H.
Then Ran(I — T') is closed, of finite codimension. More precisely,
codimRan(! —T') = dimKer({ —T™) = dimKer({ —T).

These equalities indicate that (I — T') is a Fredholm operator of index dimKer(l — T) —
codimRan(/ —T') = 0.

Proof.— Let us show that the space Ran(/ — T') is closed. Assume that for some sequence (u,) in
Ker(I — T)*, we have
vp = (I =T)u, —veH.

We claim that there exists ¢ > (0 such that
Yu € Ker(I — T)L7 (I —T)u| > c|lul.

Before proving this claim, let us use it. The limit (I —T)u,, — v implies that ((I —T")u,,), is a Cauchy
sequence; the claim shows that (un)n is itself a Cauchy sequence, hence it converges to some u € H.
The continuity of (I — T) implies that (I — T)u = v, hence v € Ran(I — T'): this shows that this
subspace is closed.

Let us now prove the claim, by reasoning ab absurdo. The inverse statement would imply the
existence of a sequence (u,), of normalized vectors in Ker(I — T)*, such that ||( — T)u,| < 2.
Since the states are normalized, one can extract a weakly converging subsequence Uyp) — Uco-
The compactness of 1T’ implies that Tuw(k) — T'us. On the other hand, we have assumed that
u, — Tu, — 0, hence the sequence Uy (k) strongly converges to Tu~. Since the strong limit must be
equal to the weak one, we deduce that T, = U. This shows that u., € Ker([ — T). On the other
hand, since ) € Ker(/ — T)*, their limit uy, € Ker(I —T)* as well. Both properties would imply
that us, = 0, which contradicts the normalization ||u,|| = 1. This proves the claim.
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We already have the general identity Ker(/ — T*) = Ran(I — T')*. Taking the orthogonal spaces,
we get
Ker(I — T*)* = (Ran(I — T)*)" = Ran(I — T) = Ran(I — T).
We know that Ker(I — T™) # {0} iff 1 € spec(T™) iff 1 € spec(T) iff Ker(I — T') # {0}, and this is
equivalent with the fact that (I — 7") is not surjective.

There remains to show that Ker(/ — T") and Ker(/ — T™) have the same dimensions. We already
know that if one space is nontrivial, then so is the second one. Let us first show that dim Ker([ —T) <
dim Ran([ — T)L. To do this, let us split H into the two orthogonal decompositions

H = Ker(I —T) @ Ker(I —T)*,
H =Ran(I —T)" ®Ran(Il - T).

Let us assume ab absurdo that dimKer(I — T) > dimRan(I — T)*. In that case, there exists a
surjective map ¢ : Ker(I —T) — Ran(I — T')*. From the inequality of dimensions, this map is not
injective: there exists ug € Ker(/ — T') such that ¢ (ug) = 0.

Using the first decomposition, let us now define the linear map 7 : H — H by

T(u) u—p(u), foru e Ker(I —1T)
u) =
Tu, for u € Ker(I —T)*,

completing by linearity. This linear map is the sum of a finite rank operator and a compact one, so it is
compact. Besides, the above definition, and the surjectivity of ¢ show that (I—T) is surjective. From
the above equivalences, this would imply that (I - T) is injective, which contradicts (I - T)uo =
¢(up) = 0. We hence proved that Ker(I — T') < Ran(l — T)* = Ker(I — T*). Exchanging T" and
T™, we obtain the requested equality. O In a sense, the Fredholm alternative shows
that the operators (I — T), with 1" compact, behave like operators on finite dimensional spaces. We
know that a linear operator A on a finite dimensional space is injective if and only if it is surjective,
with dim Ker(A) = dim Ran(A)*, and we see a similar feature in the case of [ — 7.

Using this Fredholm alternative, we are now ready to describe the spectrum of a compact operator

on H.

Theorem 5.3.3 (Spectrum of compact operator) Let H be an infinite-dimensional Hilbert
space and T € IC(H). Then

(a) 0 € specT;

(b) specT'\{0} is composed of at most countably eigenvalues of T'; each eigenvalue is isolated
from the rest of the spectrum, and of finite multiplicity: for any n > 1 the dimensions
dimKer(T"— \;)™ are finite, and saturate after a certain power n;.

(c) If we order the eigenvalues by decreasing moduli |A1| > |A2] > -+, we are in one and
only one of the following situations:
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- specT \ {0} =0,
- specT' \ {0} is a finite set of eigenvalues A, ..., Ay,

- specT \ {0} is an infinite sequence (\,),>1 converging to 0.

(d) On the opposite, {0} makes up the essential spectrum of 7.

These properties can be summarized by the fact that specT" \ {0} is composed of discrete
spectrum.

Proof.— (a) Assume that 0 ¢ specT’, then T-! € L(#H), and the operator [ = T'T is compact.
This is possible only if H is finite-dimensional.

(b) If A # Owe have T—\ = —A(1—T'/\), and by the Fredholm alternative the condition A € specT
is equivalent to Ker(1 — T'/\) = Ker(T' — \) # {0}. A value A\ # 0 satisfying this condition is thus
an eigenvalue, of finite multiplicity, and it is isolated from the rest of the spectrum. This isolation
property implies that the nontrivial spectrum is at most countable: indeed, this isolation shows that
any annulus {15 < [2| < 1} contains at most finitely may eigenvalues.

The point (¢) is just a more detailed version of (b).

(d) if T" has no or finitely many nonzero eigenvalues, 0 is an isolated spectral point, but it cannot
be a finite multiplicity eigenvalue. Indeed, the sum of all the generalized eigenspaces associated with
the \; # 0 and with Ay4; = 0 would be finite dimensional. O

Let us now specifically study the spectra of compact selfadjoint operators.

Theorem 5.3.4 (Spectrum of compact self-adjoint operator) Let 7" = T* € K(#H), then
one can construct an orthonormal basis consisting of eigenvectors of 7', and the corresponding
eigenvalues form a real sequence converging to 0.

Proof.— Let ()\n)nZl be the distinct nonzero eigenvalues of T', ordered by decreasing moduli; this
set can be empty, finite or infinite countable. Since T is self-adjoint, these eigenvalues are real. For

n > 1, denote E,, = Ker(T A ) the corresponding finite dimensional eigenspace. We also call

Ey o Ker(T'), which can be trivial, finite dimensional or infinite dimensional. Due to selfadjointness,

one can easily see that E,, 1. I, for any pair n # m. Denote by [’ the linear hull of U,,>¢E,,. We are
going to show that £ is dense in H, equivalently that '+ = {0}.

_Clearly, we have T'(F') C I'. Due to the selfadjointness of T" we also have T(F+) C F*. Denote by
T the restriction of 7' to F'L; then T is compact, self-adjoint, and its spectrum equals {0}, so T =0.
But this means that F'* C KerT' = FE, C F which shows that F* = {0}.
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Taking an orthonormal basis in each subspace (En)nz(], we obtain an orthonormal basis in the whole
space H. We may relabel the nonzero eigenvalues by (,uk)kzl, with repetitions according to the
multiplicities, and corresponding eigenstates ¢;. The operator T can then be represented by:

(5.3.1) T =" prldn. )b

k>1

This expansion is called the spectral decomposition of 7". Notice that the sum may be empty, finite or
countable, and that the basis states in KerT' do not contribute. O

Let us finish this section by defining the singular values of a general compact operator.

Theorem 5.3.5 For any operator 7' € K(H), there exist two orthonormal bases (¢;);>1 and
(¢;)j>1, and a decreasing sequence of positive numbers (s;),>1, converging to zero, such that

(5.3.2) T =2 si{dj )0

jz1

The (s;);>1 are called the singular values of the operator 7.

The above representation, valid for any compact operator, is in general different from the represen-
tation (5.3.1)) for selfadjoint compact operators. The two coincide only when 7' is positive.

Proof.— The operator 171" is compact, selfadjoint and positive, so its spectral decomposition can be

written:
N

2

> stk )on

k=1
simply by defining s, = /i > 0. Here N is either finite or infinite, according to the number
of nonzero eigenvalues. The (gzﬁk)k:l,m,N generate the sum of eigenspaces associated with nonzero
eigenvalues. If necessary, we may then append an orthonormal basis of Ker T’ to obtain an orthonormal
basis (gbj)k of H. We then also append the values s; = 0 associated with these extra vectors.

1. Ui
’ ll6;1l 8j

checks that (zljj)j:17,,.,N forms an orthonormal family, which can be completed by and orthonormal
basis of Ran(7)1 = Ker(T™) if necessary, to obtain an o.n.b. of all H.

For each j = , N, we define @j = T'¢;, and normalize it into 1; = One easily

An easy computation shows that the action of T" on the o.n.b. (gb])k corresponds to the expansion

(6.3.2). 0
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5.4 An example of compact operators on 7: Hilbert-Schmidt
operators

5.4.1 Integral operators

An important class of compact operators on LP spaces is composed of integral operators, that is
operators defined by an integral kernel enjoying certain properties. For simplicity we restrict our
attention to the case H = L?(2, dz), where Q) C R? is an open set.

Let K € L}

loc
compact support u € L

comp

(Q X Q) We consider the operator T acting on essentially bounded functions with
(€2) as follows:

(5.4.3) Tru(x) :/QK(x,y) u(y) dy .

We would first like to find conditions under which the expression (5.4.3) defines a bounded operator
onH = LQ(Q). A standard result in this direction is provided by the following important theorem.

Theorem 5.4.1 (Schur’s test) Assume that

Mlzess—sup/‘K(x,y)’dy<oo and Mgzess—sup/’K(x,y)|dx<oo.
zeQ Jq yeQ JQ

Then the operator defined by (5.4.3) extends to a continuous linear operator Ty : L? — L2,
and its norm satisfies the bound

| Tk 2n2) < /MM, .

Proof.— We have

Teu(x)]” < ( / VIRV G0 Ju(y) dy)
< / K (z,9)|dy / K (2, 9)] - [u()|? dy
M, / K (2, 9)| - [u(w)|? dy.

Fubini
integrating over z, we get || Txul* < M, / / |K(z,y)||lw(y)Pdyde < M Ms|ul®
aJo
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Proposition 5.4.2 Another class of integral operators are bounded, namely those such that K &€
L*(Q2 x Q). One indeed has the bound

1T || < [ 22 (xe -

Proof.— For any u € L?(f2), we find

2
| Tru(x —‘/ny )dy‘
/ K (2, 9) 2 dy / ()P dy
o [ Teul]? < / K (o) dy dy ul]? = K2 Jul]

O

The next section will show that the operators associated with such L? kernels form an important
class of compact operators.

5.4.2 Hilbert-Schmidt operators

To obtain a class of compact integral operators we introduce the following class of operators.

Definition 5.4.3 An operator 7' € L(H) is said to be Hilbert-Schmidt if, for some orthonormal
basis (€,,)n>1 of H the sum

(5.4.4) IT)3 = | Te,|* s finite.

n>1

For any two Hilbert-Schmidt operators T, 7", one defines their Hilbert-Schmidt scalar product
as follows:
(T, TV s = (e, T"Tey).

n>1

(the Cauchy-Schwartz inequality ensures that the sum converges). One obviously has
(T, T)gs = ||T||3. This explains why ||T||2 is called the Hilbert-Schmidt norm of T

This definition could let believe that the choice of o.n.b. (e,) matters. This is fortunately not the
case.
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Proposition 5.4.4 (Hilbert-Schmidt norm) For a Hilbert-Schmidt operator 7', the quantity
|T"||2 does not depend on the choice of the basis (e, ).

In particular, another characterization of Hilbert-Schmidt operators consists in the following
property of its singular values:

(5.4.5) D st < oo.

Jjz1
The operator norm satisfies
(5.4.6) Tl < |72

Moreover, the adjoint operator 7™ is also Hilbert-Schmidt with ||| = ||T]|2.

Proof.— Let (¢,), and (f.,)m be two orthonormal bases. Using the resolution of identity associated
with these two bases, we get

SoITeal> =" (3 [ Ten)) =S (O[T fmren)”) = ST fil™

m

Note that the two sums could be switched since all terms are positive.

This equality shows that the expression (5.4.4) is independent of the choice of the basis. It also
shows that that || 7|2 = ||7'||2. If we take for basis (e,) the basis (¢;) associated with the singular
value decomposition (5.3.2), we see that

Tl =7 57

Jz1

To show ||T'|| < ||T’||2, choose some o.n.b. (e,,),, and forany u € H, call the coefficients u,, = (e, u).

2 2 C-5
ITal? = | 3 wnTen| < (3 tual ITeall) < unl® 3 WTeall® = I ull®.

O

Due to the characterization (5.4.5) in terms of singular values, the space of Hilbert-Schmidt operators
is often denoted by Sy(#H), the second Schatten class of the Hilbert space . This class forms a Hilbert
space, when equipped with the H-S scalar product.

Remark 5.4.5 The compact operators T" satisfying the property
Z S < o0
J
are also interesting. They are called trace class operators, and form the first Schatten class S;(H).

We will not study them any further in these notes, but only mention that this class of operators
admit a trace linear functional, which is defined, for any given o.n.b. (e,),, by

tr’l = Z(en,Ten) :
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This trace extends the usual trace functional of finite rank operators.

These operators can be equipped with a so-called trace norm, defined by:

1Tl 55

J
This trace norm is equal to the trace of the operator
T| € V1T,

where the square root of the positive operator 71" can be defined either by spectrally, replacing
the positive eigenvalues ji; by their square roots sy = /jiy.

The crucial property of Hilbert-Schmidt operators is their compactness.

Proposition 5.4.6 Any Hilbert-Schmidt operator is compact. In other words, the class Sa(H) C
IC(H). Besides, finite rank operators are dense in the Hilbert space Sa(H).

Proof.— Let us choose an o.n.b. (e,). For any u € H, we have the expansion

0o
Tu = Z(en,u) Te,,.
n=1
For N > 1, let us define the truncated operators
N
Tvu = Z<€”’ u) Tep,.
n=1

These operators are obviously of finite rank. Using the inequality (5.4.6), we find:
N
1T =Tw|P < IT=Tnl3= > ITen|* —=0.
n>N+1

This proves the compactness of T, norm-limit of the finite rank operators Ty. Incidentally, we also
proved that Ty converges to 1" in the H-S norm. Hence finite rank operators are dense in the Hilbert

space Sa(H). 0

The following proposition gives a nice characterization of Hilbert-Schmidt operators as a particular
class of integral operators.

Proposition 5.4.7 (Hilbert-Schmidt operators as integral operators) Let # = L*(Q2). An
operator T in H is Hilbert-Schmidt iff there exists an integral kernel K € L?(Q x Q) such that
T =Tk, cf. Eq. (6.4.3).

In that case, we have the equality

1Txkll2 = K| L2 (@x0)-
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We thus recover the norm inequality of Prop. 5.4.2.

Proof.— Let first K € L?(2x ). Let us show that the associated operator T is Hilbert-Schmidt. Let
(en) be an orthonormal basis in H, then the functions e,, (2, y) = e, (x)e,(y) forms an orthonormal
basis in H ® H* ~ L*(2 x Q). Again, by expanding the identity in the o.n.b. (e,), we find:

ZHTK%H2 Z ‘ €m,TK€n Z ’/ /K z,y) en(y )dy> dx’

n>1 m,n>1 m,n>1
2 2
Z ‘//em en ('Tay>d$dy‘ = Z |<em,n>K>‘ = HKH%2(Q><Q)
m,n>1 m,n>1

Conversely, let T be a Hilbert-Schmidt operator on H. Let us choose an o.n.b. (en), and let us use
the same finite rank approximations 7 of 7" as in the proof of Prop. 5.4.6. We have, for any u € H
and with u,, = (e, u) as before:

N
Tvu = Z (en,u) Te, = Z Z (en,u) (em, Teyn) em.
n=1 n=1m>1
If we take
N
def
En(@,y) E> Y " enly) (em Ten) em(z ZZ (ems Ten) emun(z, 1),
n=1m>1 n=1m>1
we see that Tyu(z) = [ Ky(z,y)u(u)dy, which shows that Ty is equal to the integral operator

Tk, . Inturn, the kernel K belongs to L%(Q2 x Q):

/\KN(x,y)Pd:z:dy:/‘ZZ em,Ten) emn(T,y) dxdy

n=1m>1

- Z Z <em,n; 6m’,n’>L2(Q><Q <em7 Ten) <6m’7 Ten’>

n,n'=1m,m’>1

= Z Z |(€m, T6n>|2

n=1m>1
N

=Y I Teal® = | Twli3-
n=1

The proof of Prop. actually shows that || Ty — T'||2 — 0. Hence, the kernels Ky form a Cauchy
sequence in L?(£2 x ), which converge to a kernel K, and we have T' = Tk.

We have thus obtained a unitary equivalence between 52(7-[) (equipped with the H-S scalar product)
and L?(Q x Q). O

One can easily see that the operator T’ is self-adjoint iff K (z,y) = K(y, z) fora.e. (z,y) € Qx .
The characterization of H-S operators from their integral kernel (Proposition 5.4.7) often allows to
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identify the H-S property rather easily. For this reason, it is often easier to prove that an operator is
H-S, rather than trying to directly prove that it is compact.

If we now focus on self-adjoint compact operators, we see that a compact self-adjoint operator 1" is
H-S iff its nonzero eigenvalues (,uk) (counted with multiplicities) satisfy

2 2
> =73 < oo
k>1
Moreover, by Proposition [5.4.7, for T' = T one has the exact equality (trace formula)
2 2
Zﬂk = HKHLQ(QXQ)'
k>1

This expression may be used to estimate properties of the eigenvalues from the integral kernel.

5.5 Unbounded operators with compact resolvent

Now that we have analyzed the spectral properties of compact operators, we will apply these results
to a particular family of operators, namely the resolvents of certain unbounded selfadjoint operators
on a Hilbert space H.

Proposition 5.5.1 (Operators with compact resolvent) Assume that (7', D(T)) is selfadjoint
on H, and that for some zy € res(T'), the resolvent (T' — z,)~! is a compact operator.

Then the spectrum of 7' is purely discrete, it consists in isolated eigenvalues ()\,),>1 of finite
multiplicities, with |\,| — oo, associated with an orthonormal basis (¢,,),. Here the eigenvalues
A, are not necessarily distinct from one another, each value appears as often as its multiplicity.

Such a (T, D(T)) is said to be an operator of compact resolvent.

Proof.— Through the resolvent identity, the compactness of (T — zo)*l implies the compactness of
all resolvents (T' — z)~!, 2z € res(T). We claim that this compactness implies that res(T) N R # 0.
This will be shown later through the spectral theorem, see Example below. Let us admit
this fact for now: we may then assume that zp € R Nres(T"). In this case, the resolvent (T —
zo)_l is compact and selfadjoint, it admits discrete nonzero eigenvalues (un)nzl, associated with an
orthonormal family (¢,). I claim that Ker(T — 25)~' = {0}: indeed, the existence of a nontrivial
eigenstate (7' — 2z) 'y = 0 would imply

0= (T —2)(T — 20) "0 = ¢o,

hence a contradiction. This implies that the family (¢, ),>1 generates all #, in particular the sequence
of nonzero eigenvalues (Mn)nzl is infinite, and converges to 0.
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For any such eigenvalue, we have

(T - ZU)_1¢n = Hn ¢n
=:>¢n :Nn<T_ZO)¢n
= T, = (20 + ;") dn -
The o.n.b. (¢,,) thus forms a basis of eigenstates of T', associated with the eigenvalues \,, = (zo+p,, ')

(counted with multiplicities). Since u,, — 0, the eigenvalues of 7" satisfy |)\n| — 00. In particular,
they have no accumulation point. The full spectrum of T is thus discrete. O

For an example of such operators, we come back to the construction of selfadjoint operators associ-
ated with closed quadratic forms, see Section E

We recall the Theorem and the more particular Prop. B.1.7, which start from a symmetric
(resp. closed) quadratic form ¢, such that the form domain D(q) = Y is complete w.r.t. the form

norm || - ||, = || - ||y, and construct from there a selfadjoint (resp. selfadjoint and bounded below)
operator (1, D(T)).

The proof of Theorem starts from Thm B.1.4, which describes properties of the operator T’
constructed from a quadratic form ¢ elliptic on the Hilbert space (V, || - ||y)), a dense subspace of the
ambient space . The latter theorem states that the inverse operator Tt :H — H is continuous.
One can actually strengthen the statement as follows:

Lemma 5.5.2 In the situation of Theorem , the operator 7! maps H to V, and it is also
continuous from (H, || - |lz) to (V.|| - [lv): T~! € L(H,V).

Proof.— For any u € D(T") we have:

c-s8 ellipt. )
lullae| Tulle > [(u, Tuy| = la(u, )] > aflully > Callullv]ull,
ie. [|[Tully > Callully and [T ully < (Ca)~Hul|%. O

This improved control on T-! leads to an important consequence:

Corollary 5.5.3 In the situation of Theorem , let us assume that the embedding j : V — H
is compact. Then the operator 7! : { — H is a compact operator.

This applies in particular to the situations of Theorem Prop. , if j:V — His
compact.

Proof.— Indeed, the operator 7! : H — H can be decomposed as T~! = j o L, where L is the
operator T~ viewed as an operator from H to V), which is continuous accoding to Lemma [.5.2.
Hence T ! is compact, as the composition of a bounded operator and a compact one. O

The above can be applied to a variety of cases. To identify situations where the embedding V — H
is compact, we may invoke the following compactness criterion for a subset in LQ(Rd).
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Theorem 5.5.4 (Riesz-Kolmogorov Theorem) A subset 7 C L?(R%) is precompact if and
only if:

i) For any € > 0, there exists R = R, > 0 such that
Vu e F, / lu(z)|? do < e.
lz|>R

This property is sometimes referred to as equitightness (roughly speaking, the elements of F
are essentially of uniform bounded support).

i1) For any € > 0, there exists 7 = 7. such that
VheRY |h| <n, YueF, |Thu — ull 2 ray < €.

Here m,u(x) = u(x — h) is the translation of u by the vector h. This condition is a form of
equicontinuity, it states that the oscillations of u are uniformly under control.

This second condition is equivalent with the equitightness of the Fourier transform :

i7") For any € > 0, there exits R > 0 such that

e [2
Yu € F, /§|>R |a(&)|* d¢ < e.

Remark 5.5.5 The first versions of the theorem were proved independently by M.Riesz and by
A.Kolmogorov, complemented by Tamarkin. It contained the extra condition that F must be
bounded in L?(IR?). However, this extra condition was later proved to be redundant by Sudakov.
The theorem extends to all LP(Q2) p € [1,0[, and Q an open subset of R?.

Dirichlet Laplacian on a bounded domain

The first example we provide is the Dirichlet Laplacian T, = —/Aq on an open set ) C ]Rd, defined in
Example B.1.15. If () is bounded, then the embedding of V = H}(f2) to H = L?(f2) is compact.

This should be a well-known fact, but let us check it using the Riesz-Kolmogorov theorm. One
needs to prove that the unit ball in H&(Q) is precompact in LQ(Q). First, the equitightness property
i) is obvious, due to the compact support. Any function u € H}(Q) with |ju|z1 < 1 extends to
u € H*(R?), so we may use the Fourier transform criterion ii’). The fact that ||u|| ;1 < 1 implies that

o2 1 o Ly
/|£>R R = R? /|€>R EFja@)F de < R2 [ulln < R2

This directly proves the property ii’), hence the compactness of the embedding H}(R?) — L?(R%).
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From the Corollary 5.5.3, we deduce that the operator L = (T + 1)~! is compact and self-adjoint.
This shows that the Dirichlet Laplacian admits a discrete spectrum ()\n)n21- From Poincaré’s inequality
we already know that all eigenvalues of T are strictly positive, hence the eigenvalues \,, — +00.

The eigenvalues \,, are called the Dirichlet eigenvalues of the domain ). An important part of modern
analysis, spectral geometry, study the relations between the geometric and topological properties of
(), and the distribution of its Dirichlet eigenvalues.

Schrodinger operators with a confining potential

Let us discuss another class of operators with compact resolvents, namely the Schrdodinger operators
T = —A +V, where the potential V € L2 _(R?) is positive, and diverges when |z| — oo:

loc
w(r) L inf V(z) rge +00,
|z|>r

Remark 5.5.6 1. Such a potential is said to be confining, since in classical mechanics particles of
total energy £ > 0 are confined (trapped) in the region Ap = {x € R V(x) < E}, which is
bounded in R

2. Actually, it suffices to ensures that ess —infi, >,V () diverges as r — oo, since negligible
points = will not contribute to the operator of multiplication by V.

The operator T' = —A+V can be properly defined through the Friedrichs extension of the differential
operator Ty = —A +V acting on C%°(R?), as discussed in Example B.2.6. We already know that T is
self-adjoint and semibounded from below on ‘H = LQ(Rd). The following theorem shows that 7" has
discrete spectrum.

Theorem 5.5.7 If the potential V' € L2_(R?) is confining, then the selfadjoint Schrédinger

loc

operator T'= —A + V admits a compact resolvent. As a result, its spectrum is purely discrete,
with finite multiplicity eigevalues A\, — +o0.

Proof.— As follows from Example 8.2.6, it is sufficient to show that the embedding of V = H{,(R%) <
L?(R?) is compact, where V is equipped with the norm

e = [luliZpn + V'Vl

Let B be the unit ball in V. We will show that B is relatively compact in LQ(Rd) using the Riesz-
Kolmogorov Theorem B.5.4.

The equitightness condition i) follows from
1

2 b o)|u(@)]? < ——= wll?, 1 ull?
L|>Rlu(x)| dv < oo L|>Rv( @I < T IVVul; < o -
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For the condition ii) we have:

1
/ |u(z + h) — u(x)|2dx = / / diu(:lz + th)dt
Rd re | Jo dt
1 9 1
:/ / h-Vu(ijth)dt) d$§h2/ / ‘Vu(a:+th)|2dtd:v
R4 J0O R< JO

2
dz

1
< h2/ / V(e + th)[*de dt = 12| Vul}: < B2 |lul)}.
0 JRd

O

The confining assumption of Theorem is not necessary to ensure a discrete spectrum. For
example, it is known that the Schrédinger operator on L?(IR?) with potential V (1, 29) = x2x3 admits
a compact resolvent, although that potential is not confining.

A rather simple necessary and sufficient condition is known in the case d = 1:

Proposition 5.5.8 (Molchanov criterium) The operator T = —d?/dz? + V has a compact re-
solvent iff

x40
Vo >0, lim / V(s)ds = 4o0.

T—00

Necessary and sufficient conditions are also available for the multi-dimensional case, but their forms
are more complicated. An advanced reader may refer to [[LQ] for the discussion of such questions.
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Chapter 6

The spectral theorem for selfadjoint
operators

Some points in this section are just sketched to avoid technicalities. A more detailed presentation can
be found in [4, Chapter 2] or in [[12, Section 12.7].

Given a selfadjoint operator (1", D(T)) on a Hilbert space H, the goal of the present chapter is to give
a meaning to the operator f(T), where f is a sufficiently general function on R; here R represents
the “spectral real line”, and we will use the parameter A € R to represent the corresponding variable.
We have several interesting functions in mind:

i) for z € C\ R, the function f.(\) = s will lead to the resolvent f.(T) = (T'— z)~'. These

functions will be a “benchmark” for our functional calculus.

ii) the characteristic functions on a Borel set on IR, e.g. an interval I C R. Indeed, we will see
later that 1;(7T") is the associated spectral projector on the interval I. The functions 1;(7T) are
bounded, but unfortunately they are not smooth, so dealing with them will require some efforts.

iii) some functions will be issued from certain evolution equations. For instance, the function A —
e~ will lead to e‘”T, the propagator of the Schrédinger equation generated by the Hamiltonian

T'. This function is smooth and bounded.

6.1 The case of operators with compact resolvent

To prepare the ground, let us first consider (7', D(T")) to be a selfadjoint operator with a compact
resolvent. As shown in the previous section, there exists then an orthonormal eigenbasis (en)neN and
associated (real) eigenvalues of finite multiplicities ()\n)neN, such that

Yue D(T), Tu= Z)\n@mu)en,

neN
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and the domain D(T') is the subspace of H composed of the vectors u € H such that

Z)\i’(en,wf < 00.

neN

For f € C,(R) (the space of bounded continuous functions), one can define an operator f(T') € L(H)
by the expansion

f(Tu = Z f(An) (en,u)e, .

This expression is equivalent with the following procedure. Introduce the map U : ‘H — 52(N)
defined by Uu = (up,)nen, Where u,, = (e, u). This map is unitary, it is simply the expansion of u
in the eigenbasis (e,,) of 7. Through this diagonalization, the conjugated operator UT'U* is merely
the selfadjoint multiplication operator (u,) — (A,u,) on (?(N), cf. Example §.2.18. Similarly,
for any f € C,(H), the conjugation of f(T'), Uf(T)U*, is the (bounded) multiplication operator
(un) = (f(An)un) on £3(N),

f(T) is therefore unitarily conjugated to the multiplication operator (u,) + (f(\n)u,) on £2(N).
We will see below that this structure generalizes to arbitrary selfadjoint operators: f(T) will be defined
through a conjugation to a multiplication operator on some (more complicated) L? space.

Some properties of f(71)

At this stage, we can already observe some interesting properties of the operators f(T), in this
situation of operators with compact resolvent:

(fo)(T) = [(T)g(T), f(T)=[f(T), UT)=Id.
These properties show that the family of operators (f(7")) form a commutative *-algebra.

The expansion (B.1) shows that the basis (e, ) is also an eigenbasis of the operator f(T'), with
eigenvalues (f()\,)). From this, we immediately deduce the formula:

spec f(T') = f(specT).

The expression (6.1)) also provides explicit expressions to solutions of certain differential equations
involving the operator 1. An example is the “I'-Schrédinger equation”, which is the evolution equation
of the form:

i/ (t) = Tu(t), u(0) =v e D(T), u:R— D(T).

Conjugating through the diagonalizing operator U, we obtain an infinite set of independent ordinary
differential equations
U, (1) = At (t)

which are obvious to solve as un(t) = Uy, e~ tAn, Conjugating back, we see that the solution to (6.1))

can be written in the form u(t) = f;(T)v, using the family of bounded functions f;(\) = e~
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6.2 Continuous functional calculus for general selfadjoint op-
erators

In the preceding paragraph we have dealt with operator with a compact resolvent (the procedure
actually applies to any selfadjoint operator admitting an orthonormal eigenbasis). The aim of the
present section is to develop a theory for general selfadjoint operators.

6.2.1 A Cauchy formula

Notation 6.2.1 Let us recall that Cy(IR) denotes the class of the continuous functions f : R — C
with lim|y 400 f(A) = 0, equipped with the sup-norm. This should not be confused with the space
C°(R) = C(R) of continuous functions on R, or the space C.(R) = C°(R) of compactly supported
continuous functions on R.

We say that a function f : C — C belongs to C°°(C) if the function of two real variables
R? 5 (z,y) — f(z +iy) € C belongs to C*°(R?). In the similar way one defines the classes

C>=(C), C*(C) etc. In what follows we always use the notation Rez =: z, Imz =: y for z € C.
z+Zz Z

Using z = and y = Z;—Z for f € C*(C) one defines the antiholomorphic derivative
i

of 1<8f+.8f)

0z 2\ox oy

Clearly, 0f/0z = 0 if f is a holomorphic function.

Here is a particluar case of the Stokes formula: if f € C*°(C) and Q2 C C is a domain with a
sufficiently regular boundary, then

of |
Y dedy==¢ fd-.
Lozl =g p S

This Stokes formula allows to recover the following Cauchy formula, presented in a slightly unusual
form.

Lemma 6.2.2 (Cauchy integral formula) Let f € C2°(C), then for any w € C we have

f<w>=1/ca—f L iedy.

™

Proof.— We note first that the singularity 1/(w — z) is integrable in two dimensions, so the integral
is well-defined. Let €) be a large disk containing the support of f and the point w. For small ¢ > 0
denote the small disk B, := {z € C: |z — w| < ¢}, and set {2, := 2\ B.. Using the Stokes formula
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we have:
1 1 1 1
T Jc 0Z w— 2z T Jo 0Z w—2z2
1 [ of 1 1 [ 9
—iim— [ 2L dudy = tim ~ | —( )ded
i 0. 0z w—=z vy sm)ﬂ/geﬁf f<z)w—z vy
1 1
= lim — f(2) dz
e—~0 271 9. w—z
1 1 1 1
= — f(Z) dZ — lim — f(z) dZ‘
211 Jaq w—z =0 270 J|; )= w—z

The first term on the right-hand side is zero, because f vanishes on the boundary of (). The second
term can be calculated explicitly:

1 1 [ . iecedt
lim — dz = lim — “ A
20 2 2w f<z)w T S om /0 flwee )w — (w + eeft)
1 2 )
= —lim — +eedt = — )
fim 5 | Flw eyt = —fw)
which gives the result. O

The main idea of the subsequent presentation is to define the operators f(T), for a self-adjoint

operator T', using an operator valued generalization of the Cauchy integral formula. Namely, taking
f e Cx(C,C), to define

iy L [0

(6.2.1) f() (T —2) dxdy.

™ Jc %

In view of the singularity of the resolvent (T — z)~" when z approaches the real line, it is not clear
whether the above integral actually converges. Besides~, the above formula starts from a function f
defined on the complex plane, and returns an operator f(T). On the opposite, in Section b.1 we were

constructing operators f(1) associated with functions f defined over the real line. Can we connect
the two formulations?

The strategy to address these two questions will be to start from a function defined on the real line,
f € C=(R,C), and extend this function to a function f defined on the complex plane, in a way such
as to ensure that the integral (6.2.1)) is well-defined. This extension can be done in various ways, but
all of them share the property to be almost analytic.

6.2.2 Almost analytic extensions

Let f € C*°(R). Pick n € N and a smooth function 7 : R — R such that 7(s) = 1 for |s| < 1 and
7(s) = 0 for |s| > 2. For z,y € R and set o(z,y) = 7(y/(x)). Define then the function f € C*°(C)
by

(6.2.2) fz) = {Zf(’“)(x) (iy!)r

r

}U(x,y)
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For z € R, we clearly have f(x) = f(x), so [ is an extension of f. Besides, if supp f C [—a, a], one
easily finds? that supp f C [—a,a] x [~2(a),2(a)]. Let us now show that the function f is almost
analytic when y — 0. Let us remark that if g is holomorphic in some tubular neighbourhood of R,
then for any = € R and y < €, we have the power series expansion

g(x +1iy) = Zg

r>0

The expression (6.2.2) tries to mimick the following expression, in cases where f is only smooth on
R. Computing its anti-holomorphic derivative, we find

(6.2.3) [Zf

The derivatives 0,0, 0,0 can be nonzero only in the region {|y| > () > 1}, thus away from the real
axis. As a result, in the strip {|y| < 1} the above derivative satisfies

n!

} (8 o+ 10 0> + - f”+1)( )(iy)"a'

(6.2.4) Lm0 @)y

T

‘a ) ‘ < 5
in particular it converges fast to zero when y — (. An extension f with this property is said to be
almost analytic of order n. In the case f is compactly supported, the RHS of (6.2.4) is O(y™) uniformly
w.r.t. x € R.

In the next section, we will use such an extension f in the formula (6.2.1)), in order to define the
operator f(T).

6.2.3 The Helffer-Sjostrand formula

Now let 7" be a self-adjoint operator in a Hilbert space H. For f € CX(R), construct an almost
analytic extension f of f of some order n € N to be defined below, and define the operator f(7') by

(6.2.5) f(r) = / gi (T — 2)" tdx dy.

This integral expression is called the Helffer-Sjéstrand formula. We need to show several points: that
the integral is well-defined, that it does not depend in the choice of 0 and n etc. This will be done is
a series of lemmas.

Let us address the first question, namely the convergence of the integral (6.2.1). As shown in
Proposition #.3.2, the resolvent is bounded by |[(T" — z) || < 1/|Im z|, while the estimate (b.2.4)
shows that, if f is compactly supported, that 5f/02(x+iy) = O(y") for any fixed x, so the integrand
in (6.2.5) forms a continuous family of bounded operators; the integral is therefore well-defined, and
produces a bounded operator.

Let us show that the resulting operator does not depend on the choice of almost analytic extension.

1. We recall the Japanese brackets notation (e) = (1 4 | e |2)'/2,
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Lemma 6.2.3 If ' € C°(C) and F(z +iy) = O(y?) as y — 0, then

— = [[ G- day o

Proof.— By choosing a sufficiently large N > 0 one may assume that the support of F' is contained
inQ:={zeC:|z|] < N,|yl < N}. Forsmall € > 0 define . := {2z € C: |z| < N,e < |y| < N}.
Using the Stokes formula we have

1
= I|m — “ldrdy = lim — F(2) (T — 2)"tdz.
e—0 277 8.
The boundary 0f). consists of eight segments. The integral over the vertical segments and over the
horizontal segments with y = &N are equal to 0 because the function F' vanishes on these segments.
It remains to estimate the integrals over the segments with y = +¢. Here we have ||(T—z)7!|| <!
and

—0

1 | SN B
Al < tim R<|F(x—|—ze)|+|F(:c—ze)|)e dz = lim O(¢c) =

Corollary 6.2.4 For f € C°(R), the integral (6.2.5) is independent of the choice of parameters
n > 1 and o defining the almost-analytic extension f.

Proof.— For f € C'>°(C), let us consider two almost analytic extensions f1, fo of f, constructed with
order n; > 1 and cutoff o (resp. ny > 1, 03). Assuming n; < ns, the equation (6.2.2) shows that

f2 - (Zf

The definitions of 07, 05 show that these two functions are equal to unity in the strip {|y| < 1}. As a
result, we have

W) l02(2) — n(2)] + Ol ).

fQ_fl(Z):O(ynl+1)v xesqufa ’y‘ Sl
Applying Lemma to F := f, — f1, we get the result. O

Let us now study some basic properties of the operator f(T)

Lemma 6.2.5 Let [ € C2°(R) with supp f N'specT = (), then f(T) = 0.

Proof.— If f € C°°(R), then automatically f € C2°(C). One can find a finite family of closed curves
¥ which enclose a domain U containing supp f, but with no intersection with spec(7’). Using an
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extension of the Stokes formula to operator valued functions, we get

-~/ / 1 do dy

1 (9 ~
— — dx d
T // 0z f(z —2)” > Ty
O es ]- —
Stk —]{ —2) 'dz.
2
Since f vanishes on 7,, all the terms in the sum vanish. O

6.2.4 An algebra of smooth decaying functions

We will now extend the above calculus to an algebra of functions A D C2°(IR), which are not compactly
supported, but decay fast enough when ]x\ — 00. This algebra will have the advantage to contain
the functions r,(\) = (A — w)~! for w € C \ R, which will be important below.

For # < 0 we denote by .#s the set of smooth functions f : R — C satisfying the following
estimates:

Vn e N, 3¢, > 0, Vo € R, ‘f(")(:p)} < cp(x) .

(the constants ¢,, > 0 may depend on the function f). This set obviously forms a vector space of
smooth functions.

We now define the class

A= Uyﬁ

Applying recursively the Leibniz formula, one can show that A forms an algebra of smooth functions.
Moreover, if f = P/(Q), where P and () are polynomials with deg P < deg () and Q(z) # 0 forx € R,
then f € A.

For any n > 1 we introduce the following norm on A:

1l = Z/ £ @)] () da.

The above norms induce continuous embeddings A — C’O(R). Moreover, one can prove that the
space C'°(R) is dense in A, with respect to any norm || - ||,..

Proposition 6.2.6 The functional calculus presented above for compactly supported smooth func-
tions continuously extends to functions f € A. The operator f(T') can then be defined by the
same formula (6.2.5), and is independent of the choice of almost analytic extension f of f.
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Proof.— For any function f € CEO(R) and an almost analytic extension f of order n > 1, an explicit
computation using (6.2.3) and the support properties of ¢ and do leads to the bound

oisey fi@(f M)

z)<|y|<2(z)

yl" ™!
+ [l [ ay) da
<WQ@ n! )

(6.2.6) < C| flln1 s

with a constant C' > 0 independent of the support of f, but depending on 7 and n. Hence, for a
family (fj) of functions fj € C2 converging to a function f € A (in the sense that all the norms
1f = fill Lo 0), we see that taking almost analytic extensions fj of some common order n > 1,
we find that the sequence of operators (f;(1));>1 is Cauchy in L(H). As a result, it converges to
some bounded operator, which we call f(7"). An easy verification shows that f(7") does not depend
on the choice gf approximating sequence (fj), and that this operator can be obtained by the integral

(6.2.1)), with f the analytic extension of f.

The direct inspection pf the integrals defining fj(T) show that they converge to the same integral
involving the function f, the latter integral being well defined. O

Let us continue to study the operators f(T) for f € A, making use of the fact that this space is an
algebra.

Proposition 6.2.7 For f,g € A one has (fg)(T) = f(T)g(T).

Proof.— By the density argument, is it sufficient to consider the case f,g € CX(R). Let K and L be
large balls containing the supports of f and g respectively. Using the notation w = u + v, u,v € R,
one can write:

1 [ 0f 03 1 1
f(T)g(T) = = %%(T 2) T —w) " dedy dudv.
KXxL
Using the resolvent identity
1 1
T—2) YT —w)™?t = T —w)"' - T—2)"!
(=270 -w)" = ——(T—w)™ = ——(T' - 2)
we rewrite the preceding integral in the form
1 [0 . of
Tg(l)=— | = (T — —_— dx dy |du d
J(T)9(T) 2 L8w< w) (K('?zw—zxy>uv
1 [ of _ 95 1
- — —(T — ! — .
2 K@Z( 2 < L@u_)w—szdv)CMdy
By Lemma 6.2.2, we have
of 1 B 9g _
/ng_zdxdy—wf(w), L%w_zdudv——ﬂg(z),
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and we get
A1) =~ [ F)Ghr —wydudo s [ 5@ -2 ey
1 a(f7) 4
_%/mL SO — )t dy
1 8@ -1 1 8(f:§_(]?9/)) -1
_%/«: 5 (T =2) dxdy%—ﬁ/(c—@z (T = 2)"dxdy

—_~—

= (fo)(T) + % /C Wga;;fg))@ — 2) Nz dy.

—_~—

By a direct calculation, one can see that (f§ — (fg))(z) = O(y?) for small y, so Lemma shows
that the second integral vanishes. O

The following Lemma will allow to relate the operators f(1") constructed above, to the most natural
bounded operators we had already associated with 7', namely its resolvent.

Lemma 6.2.8 Take any w € C\ R. The the function A € R — r,(\) = (A — w)~! belongs to
A, and the corresponding quantization satisfies r,,(T) = (T — w) ™.

Proof.— The fact that r,, € A follows from our above remark on rational functions P/().

There remains to show that the operator rw(T) constructed from the HS formula actually coincides
with the resolvent (T — w)_l. We only provide the main line of the proof without technical details.
Use first the independence of n and 0. We take n = 1 and put o(z) = 7(My/(z)) where M > 0
is sufficiently large, so that w §é supp 0. Without loss of generality we assume Imw > (0. For large
m > 0 consider the region

()

Qn={2€C: |z|<m, — <y<2m}.
m

Using the definition and the Stokes formula (since (T — 2)*1 is holomorphic on €2,,,), we have

ro(T) = lim ! O (T —2) Ydody = lim L Fou(2) (T — 2) ' dz.

m—oo T Jo 0z m—oo 271 O

Next, we want to estimate the difference

fggm (fw(z) - rw(z)> (T — 2) "' dz,

for large values of m. Let us first write down the explicit expression for fw(z):

1— (__Z‘y)n—l-l
7;w(’z> = ﬁ()’(l‘,y),
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We see that for m > 2M, the integral on the bottom side of 0€2,, lies in region where 0 = 1, so it
can be bounded by:

/ ey B, [y 2 <o om
m |z —wl Mo —w[” (z) _m () (@) (z)
The integrals on the two vertical segments of J€2,,, are estimated by

/ ;ldygclogm.
1

Im + iy —w|y m

Finally, the integral on the top side of 0f),, is easily bounded by O(l/m). These estimates show that

im jégm (Ful2) = ru(2)) (T = 2 dz =0,

m—ro0

so we arrive at

Tw(T):L. Iimfi3 ! (T — 2)" ' dz.

2w m—oo Jgq 2 — W

For sufficiently large m one has the inclusion w € €2,,,. Since z — (T—z)*1 is holomorphicin €2,,,, the
Cauchy formulal implies that the above integral provides the value of (T — z)*l at the point z = w,
namely 7, (T) = (T —w) ™", O

Let us now study the action of complex conjugation on f € A.

Lemma 6.2.9 For any f € A we have:

(a) F(T) = f(D)",
() £ < 1flloo-

Proof.— The item (a) follows directly from the equalities

(T—2)") =T -2 fz)=f()

To show the bound (b), take an arbitrary ¢ > || f[|o and define g(s) := ¢ — \/c? — | f(s)|*>. One
can show that g € A. There holds ff — 2cg + g*> = 0, and using the preceding lemmas we obtain

F(IYf(T) —cg(T) — cg(T)* 4+ g(T)*g(T) = 0, therefore
FO)F(T) + (e = g(T)) (¢ = g(T)) = .
Let u € H. Using the preceding equality we have:
| @ull” < ATl + | ( — o))l
= (u, f(T)" f(T)u) + (u, (¢ = 9(T))" (¢ — 9(T)) )

= *lul”.

2. To verify that the Cauchy formula holds as well for operator valued functions, one may compute, for any u,v € H,
the bracket (u, 1, (T)v).
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As ¢ > || || was arbitrary, this concludes the proof. O

Notice how the estimate (b) strengthen the norm estimates (6.2.6) we had obtained above: the
higher derivatives f(") entering in the norms | f||,, are actually irrelevant to bound || f(T)||, which
only depends on the sup-norm of f. This remark will allow us to extend the calculus from the algebra
A to the space Cy(R) of continuous functions decaying to zero at infinity.

Theorem 6.2.10 (Continuous functional calculus) Let 7" be a self-adjoint operator in a
Hilbert space H. There exists a unique linear map

Co(R) > f = f(T) € L(H)

with the following properties:

= f f(T) is an algebra homomorphism,

= f(T) = f(T),

= D)< [ flloo

» ifwé R and ry(s) = (s —w)?, then r,(T) = (T —w) ™,

= if supp f does not meet specT’, then f(T) = 0.

Proof.— Existence. If one replaces C by A, everything is already proved. But A is dense in Cy(R)
w.r.t. the sup-norm, because C?(]R) C A, so the same type of density argument as in the proof of
Prop. leads to the construction of f(T) for f € Cy(R).

Uniqueness. If we have two such maps, they coincide on the functions f which are linear combina-
tions of r,, w € C \ R. But such functions are dense in () by the Stone-Weierstrass theorem, so,
again using the density argument, both maps coincide on Cj. O

Remark 6.2.11 = One may wonder why to introduce the class of functions A: one could just
start by C2° which is also dense in Cy. The reason is that, if f € C2°, we have no operator
of reference to compare with f(7). On the other hand, it is naturally expected that for
Tw(A) = (A —w)~! we should have 7, (T) = (T —w)~*. So it is important to have an explicit
formula for a sufficiently large class of functions containing all such r,,.

= The approach based on the Helffer-Sjostrand formula, which is presented here, allows one
to consider bounded and unbounded selfadjoint operators at once. The same results can be
obtained by other methods, starting e.g. with polynomial functions of bounded operators
instead of resolvents, see for example, Sections VII.1 and VIII.3 in the book [{].
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6.3 Borelian functional calculus and L’ representation

Now we would like to extend the functional calculus to more general functions, not necessarily contin-
uous and not necessarily vanishing at infinity. To do this, we will invoke a duality argument.

Definition 6.3.1 (Invariant and cyclic subspaces) Let H be a Hilbert space, L be a closed
linear subspace of H, and T be a self-adjoint linear operator in H.

Assume T to be bounded. We say that L is an invariant subspace of T (or just T-invariant)
if T'(L) C L. We say that L is a cyclic subspace of T" with cyclic vector v if L coincides with
the closed linear hull of all vectors p(7")v, where p are polynomials.

Let now T' be general, possibly unbounded. We say that L is an invariant subspace of T (or
just T-invariant) if (T'— 2z)"'(L) C L for all 2 ¢ R. We say that L is a cyclic subspace of T
with cyclic vector v if L coincides with the closed linear space of all vectors (T — z)~'v with
z ¢ R.

From the selfadjointness of T, if L is T-invariant, then L is also T-invariant.

Proposition 6.3.2 Both definitions of an invariant/cyclic subspace are equivalent for bounded
selfadjoint operators.

Proof.— Let 7' = 1" € L(H). We note first that res 7" is a connected set.

Let a closed subspace L be T-invariant in the sense of the definition for bounded operators. If z € C
and |z| > ||T||, then z ¢ specT and

Ty~ -
(T -2t = —Z(l — —) = — Zz_”_lT”.
n=0

z

If u € L, then T™u € L for any n. As the series on the right hand side converges in the operator
norm sense and as L is closed, (T — z)’lu belongs to L.

Let us denote W = {z €resT: (T —2)"YL) C L}. As just shown, TV is non-empty. On the
other hand, W is closed in res1 in the relative topology: ifu € L, z, € W and z, converge to
z € res(T), then (T — 2,)"'u € L and (T — z,)'u converge to (T' — 2)~'u, so the latter belongs
to L; as a result, z € W. On the other hand, W is open: if zo € W and |z — 2| is sufficiently small,

then
(T—2)7" =) (z=2)"(T—2)"",

n=0

see (B.1.4), and (T — 2)"'L C L. Therefore, W = res T, which shows that L is T-invariant in the
sense of the definition for general operators.
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Now let 7" = T™ € L(#H), and assume that L is T-invariant in the sense of the definition for general
operators, i.e. (T'—z) (L) C L forany z ¢ R. Pick any z ¢ R and any u € L. We can represent
Tu = vy, + v, where v;, € L and v, € L are uniquely defined vectors. As L' is T-invariant,
(T — 2)~'v, C L*. On the other hand

(T —2) v, = (T — 2)"(Tu — vg)
=(T—2)""((T—2)u+zu—uvp)
=u+ (T —2)"zu—vy).

—Z
—Z

As zu — v, € L, both vectors on the right-hand side are in L. Therefore, (T — z)_lvl € L, so that
(T — z)*lvl = 0 and finally v; = 0, which shows that T'w = v;, € L. The equivalence of the two
definitions of an invariant subspace is proved.

On the other hand, for both definitions, L is T-cyclic with cyclic vector v iff L is the smallest 1T'-
invariant subspace containing v. Therefore, both definitions of a cyclic subspace also coincide for
bounded selfadjoint operators. O

6.3.1 Spectral representation, cyclic case

Theorem 6.3.3 (Representation by a multiplication operator (cyclic case)) Let T be a
self-adjoint linear operator in H and let S := spec(7'). Assume that H is a cyclic subspace
for T" with a cyclic vector v.

Then there exists a finite measure 1 on S with 1(S) < [jv||* and a unitary map U : H —
L2(S, dp) with the following properties:

= avector x € H is in D(T) iff hUz € L*(S,du), where h is the function on S given by
h(s) = s,

= forany ¢ € U(D(T)), there holds UTU !¢ = h).

In other words, T is unitarily equivalent to the operator M) of the multiplication by A in
L3(S,du).

Proof.— Step 1. We recall that we know how to construct the operator f(7') for functions f € Cy(R).
Consider the map ¢ : Co(R) — C defined by ¢(f) = (v, f(T)v), where v is our cyclic vector. Let us
list the properties of this map:

e ¢ is linear,

« o(f) =o(f),
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e if f >0, then ¢(f) > 0. This follows from
o(f) = (v, f(T)w) = (v, VFOWVFT)0) = VD)o,
()] < N fllso 0]

By the Riesz representation theorem there exists a unique regular Borel measure 1 on R such that

o(f) = /Rfd,u for all f € Cp(R).

Moreover, for supp f NS = () we have f(T) = 0 hence ¢(f) = 0, which implies that supp iz C S.
We can thus write

(6.3.7) (v, f(T)v) = /Sfdu for all f € Cp(R).

Step 2. For any function f € Cy(RR), its restriction to .S identifies to an element of L*(S,du). We
then have

(fis, 918)L2(s) = /ng dp = ¢(f9)
= (v, f(T)* g(T)v),, = (f(T)v,g(T)v),,.

Denote the space M = {f(T)v  f e CO(R)} C H, then the preceding equality means that the
map
U*: Co(R) C L*(S,du) —» M CH, U'fs=f(T)v

is isometric, hence injective. By definition of M, it is also surjective. Moreover, M is dense in H,
because v is a cyclic vector. Furthermore, since 1 is regular, Co(R) is a dense subspace of L?(.S, d).
Therefore, U* can be uniquely extended to a unitary map from L*(S,du) to H. We keep denoting
this extension by the same symbol U*, and call its inverse U : H — L?(S, i), which is also unitary.

Step 3. Let f, f; € Co(R) and ¢; := f;(T)v, j = 1, 2. There holds
(1, F(T)2) = (f1(T)w, F(T) fo(T)o)
= <v, (fi ff2)(T)”>
~ [ 51
= (U1, MyUts),

where Mf is the operator of the multiplication by f in L2(S, d,u). In particular, for any w ¢ R and
ro(s) = (s — w)~! we obtain

Ure(TYU*¢ = M, ¢ forall &€ € L*(S,du).

The operator U maps the set Ranr,,(T") = D(T) to the range of M,.,. In other words, U is a bijection
from D(T) to
Ran M,, = {¢ € L*(S,du) : he € L*(S,du)} = D(My,).
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Therefore, if £ € L*(S, du), then ¢ := r,& € D(My,),
Tr(T)U*E = (T — w)ry (T)U*E + wry, (T)U*€ = U*€ 4 wr,, (T)U*E
and, finally,
UTU*Y = UTU*r,§ = UTr,(1U*¢ = UU*E + wry,(T)U*E) = € + wry,é = .

O

6.3.2 Spectral representation, general case

We may now get rid of the assumption that 7 admits a cyclic vector.

Theorem 6.3.4 (L? representation, noncyclic case) Let 7' be a self-adjoint operator on a
Hilbert space H with specT =: S. Then there exists N C N, a finite measure p on S x N and
a unitary operator U : H — L?(S x N, du) with the following properties.

» Let h: S x N — R be given by h(s,n) = s for each n € N. A vector u € H belongs to
D(T) iff hUu € L*(S x N,du),

= forany { € U(D(T)) there holds UTU*¢ = Mj€.

S x N can be viewed as the union of #N copies of S. The set [N can be taken to be an interval
{1,...,np} forng € N*Uoo. Proof.— Using an induction argument, one can find a finite or countable
subset N C N and nonempty closed mutually orthogonal subspaces H,, C H with the following
properties:

s H= @nGN 7—["’

e each H,, is a cyclic subspace of T with cyclic vector v, satisfying ||v,| < 27"

The restriction T}, of T to H,, is a self-adjoint operator on H,,, and one can apply to all these operators
the preceding Thm [6.3.3, which gives associated measures [ty on the n-th copy of S, with un(S) <
4", and unitary maps U,, : H,, — LQ(S, dit,). Now one can define a global measure 11 on S x N by
(2 x {n}) = p,(€2), and a unitary map

U:H=EH, — L*(S x N,dp) = @ L*(S, dp,)

neN neN

by U(¢,) = (U,1,,). One can easily check that all the required properties are verified. O
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Remark 6.3.5 = The previous theorem shows that any self-adjoint operator is unitarily equiva-
lent to a multiplication operator on some L? space. This multiplication operator is sometimes
called a spectral representation of T'. This representation is not unique, because the decom-
position of H into cyclic subspaces is not unique.

» The cardinality of the set NV is not unique either. The minimal cardinality among all possible
N is called the spectral multiplicity of T', and it generalizes the notion of multiplicity for
eigenvalues. Calculating the spectral multiplicity for a selfadjoint operator 7" is not easy.

The last Thm can be used to generalize the functional calculus of Thm 6.2.10, from function
f € Cy(R) to a more general class of functions. In the rest of the section we use the function h and
the measure /i from Theorem without further specification.

Definition 6.3.6 (Bounded Borelian functions) Let B, be the space of bounded Borelian
functions f : R — C. We equip this space with the following topology: we say that a sequence

(fn € Boo)nen converges to f € B, and write f, LEN f, if the two following conditions hold:

= there exists a uniform C' > 0 such that for any n € N, sup, | f,,(s)| < C;

= fu(s) — f(s) for all s € R (simple convergence).

This topology on B, will be the “symbolic version” of the following topology on the space of bounded
operators.

Definition 6.3.7 (Strong convergence) We say that a sequence A, € L(H) strongly con-
verges to A € L(H), and write A = s — lim,,_,o, A, if Au = lim, o A,u for any u € H. In
general, this notion of convergence is weaker than the convergence in the topology of L(H).

We are now in position to construct a functional calculus of our selfadjoint operator 1" for functions

f € B.

Theorem 6.3.8 (Borel functional calculus) (a) Let T be a selfadjoint operator on a Hilbert
space H._There exists a map B, > f — f(T) € L(H) extending the map from
Theorem , and satisfying the same properties, except that the estimate || f(7T")]| <
| flloo can be improved to ||f(T)|| < sup,cs|f(s)| (we recall that S = spec(T)).

(b) This extension is unique if we further assume the property that f, By ¢ implies f(T) =

s — lim f,(T).
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Proof.— Consider the unitary map U from Theorem .2.10. For f € B, let us define
f(T) = U*MfohU.

One easily checks that all the properties stated in Theorem hold, so this extension satisfies (a).

To prove (b) we remark that the map just defined satisfies the requested condition: if £ € L%(S, du)

and f, Beo, f, then the theorem of dominated convergence shows that f,, o h{ converges to f o h§
in L2(S x N, du). Through the conjugacy by U, this exactly means that f(T) = s — lim, o fn(T).

On the other hand, Cy(R) is dense in By, so any f(T) can also be defined as the strong limit of
operators fn(T) with f,, € C’O(]R); this makes the extension unique. [ The unitary conjugacy of T’
with a multiplication operator leads us to straightforward, yet important corollaries. Their proofs are
elementary modifications of the constructions given for the multiplication operator in Example §.2.14.

Corollary 6.3.9 = spec’ = ess, Ran h.
» for any f € By one has spec f(1T') = ess, Ran f o h,

= in particular, || f(T")|| = ess, sup |f o h.

Remark 6.3.10 One can also define operators f(T') with unbounded, locally bounded Borel func-
tions f by (1) = U*M.,U. These operators may be unbounded (depending on the measure p),
but they are selfadjoint for real valued f: this follows from the selfadjointness of the multiplication
operator M.y, on its natural domain.

Example 6.3.11 The usual Fourier transform on R is a classical example of a spectral represen-
tation. For example, Take H = L*(R,dx) and Ty = —id/dz with the natural domain D(Tp) =
H'(R,dz). If F is the Fourier transform, then FT,F* is exactly the operator of multiplication M,
on L?(R,dz), hence S = specT = spec M, = R. So F is a unitary operator which maps T} to a
multiplication operator.

For bounded Borel functions f : R — C, one can define the operator f(Tp) by f(To) = F*M;F,
where My is the operator of multiplication by f. Such operator f(1}) is called a Fourier muitiplier,
it is a particular case of a pseudodifferential operator.

Let us look at some particular examples. Consider the translation operator A on H which is defined by
Au(z) = u(z+1). Itis a bounded operator, and for any v € .#(R) we have F AF*v(p) = ePv(p).
This means that A = €%, and this gives the relation spec A = {z : |z| = 1}.

On may also look at the operator B defined by

z+1
Bu(x) :/ u(t)dt.
r—1
Using the Fourier transform one can show that B = f(7}), where f(z) = 2sinxz/x. As a conse-
quence, spec B = f(R) = [2¥7%1,2], where x; €], 27 is the first nontrivial root of the equation
tanr = .
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6.3.3 Generalized spectral representation

For practical computations, one does not need the canonical representation from Thm to con-
struct the Borel functional calculus. It is sufficient to represent 7" as T' = U*M,U, where U : H —
L2(X, du) for some topological space X, 4 a regular finite measure on X, M), the multiplication
operator by some function h : X — R. Then for any bounded Borel function f on R, one can define
f(T) = U M U.

Example 6.3.12 For example, for the free Laplacian T'= —A on H = L?(R?) the above is realized
with X = R¢, U being the d-dimensional Fourier transform, and h(p) = p? for all momenta p € R%
This means that the operators f(7') act by

ATu@) = s [ F@PVal)e da.

(2m)

namely the are Fourier multipliers with symbol p — f(p?). For example, the operator

V—A+1lu(z) = W /]Rd V1 + p2i(p)e™ dz .

From this expression, one can easily show that D(v/—A +1) = H'(R?).

Example 6.3.13 Another classical example is provided by the Fourier series. Take H = ¢*(Z?) and
let a function ¢ : Z¢ — R satisfy t(—m) = t(m) and t(m)| < cie==™l with some ¢;,¢; > 0.
Define T' by

Tu(m) = Z t(m — n)u(n).

nezd

One can easily see that T is bounded. If one introduces the unitary map ® : H — L%*(T?),
T :=R/Z,

du(z) = Z 2Ty (m),  where m-x = myxy -+ mgxy,
mezd

then T' = ®*M;,® where
hz) =Y t(m)e*™m

meZa

is the Fourier series with coefficients (£(m)),,czd-

Example 6.3.14 A less obvious example is given by the Neumann Laplacian T on the half-line,
defined in Example E.1.12.

Let T be the free Laplacian on L*(R), with domain D(T) = H*(R). Denote by G := L(R) the
subspace of L?(RR) consisting of the even functions. Clearly, G is an invariant subspace for (T, D(T))
(the second derivative of an even function is also an even function), and the restriction of T to G,
with domain G N D(T), is a self-adjoint operator. Let us denote this restriction by (A, D(A)).
Introduce now the a map @ : L*(R;) — G by ®u(x) = 27"/?u(|z|). One easily checks that @ is
unitary, and that D(A) = ®(D(Ty)).
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We notice that the space G is also invariant through the Fourier transform F (the Fourier transform
of an even function is also an even function). So we have the two conjugacies Ty = ®*AdP
and A = ]-"*]\%.7—", where ]\;Lp is the multiplication by the function h(p) = p? on G. Finally,
M,, = ®M,,d*, where M), is the multiplication by  on L3(R,).

Finally, we obtain Ty = U*M,U with U = ®*F®, and U is unitary as composition of three
unitary operators. By a direct calculation, for v € L*(R,) N L'(R,) one has

Uu(p) = \/g /0 " cos(pr) ulz) da.

This transform U is sometimes called the cosine transform. Roughly speaking, U is the Fourier
transform restricted to the even functions, together with some identifications.

An interested reader may adapt the preceding constructions to the Dirichlet Laplacian T, on the
half-line, see Example E.1.13

Example 6.3.15 [Operators with compact resolvents] Let us fill the gap which was left open in
section . Namely let us show that if a selfadjoint operator 7" has a compact resolvent, then
specT # R.

Assume ab absurdo that specT = R and consider the function g given by g(x) = (x —¢)~!. Then
g(T) = (T —i)~! is a compact operator, and its spectrum has at one accumulation point, namely
the origin.

On the other hand, using Corollary and the continuity of g, one gets the equality spec g(T') =
g(specT) = g(R); this set is a continuous curve in C, which has infinitely many accumulation points.
Therefore we get a contradiction

6.4 Some applications of the spectral theorem

In this chapter we discuss some direct applications of the spectral theorem to the estimates of the
spectra of self-adjoint operators. We still use without special notification the measure p and the
function h from Theorem [6.3.4, or from the generalization of subsection 6.3.3. An important fact is that
we will not need a precise description of the spectral measure p to obtain the following applications:
we will just use the fact that our selfadjoint operator is conjugate to some multiplication operator on
some L? space.

Theorem 6.4.1 (Distance to spectrum) Let 7" be a self-adjoint operator in a Hilbert space
H, and 0 # u € D(T), then for any z € C one has the estimate

dist(z, specT') <

More precisely, if z ¢ specT’, one has the equality

1

T2 Y= —
4 2 dist(z, specT')
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We notice that this equality improves the estimate ||(7' — z)~!|| < =2 for z € C \ R. Proof.— If

[Im z|
z € specT’, then the left-hand side is zero, and the inequality is obvious. Assume now that z gé specT'.

By Corollary b.3.9, one has, with 7, (\) = (A — 2) 7!

1 1
ess, inf|\ — 2|  dist(z,specT)’

(T — 2)7!|| = ess, sup|r, o h| =
which gives for any u € H:

1
= |[(T —2)"Y(T — <
lull = (T = 2)7(T = 2)ull < o

dist(z,specT) (T = 2)ul]

O

Remark 6.4.2 The previous theorem is one of the basic tools to approximately identify the spectrum
of a selfadjoint operator. It is important to understand that the resolvent estimate obtained in
Theorem uses in an essential way the selfadjointness of the operator T'. For nonself-adjoint
operators the estimate fails even in the finite-dimensional case. For example, take H = C? and

0 1
=5 o)

then specT" = {0}, and for z # 0 we have

rreob(iY)

For the vectors ¢; = (1,0) and e; = (0,1) one has (e, (T — 2)"'es) = —2z72. This shows that
(T — 2)~7'| > |z|~2, which is larger than |z|~! when |z] < 1.

In the infinite dimensional case, one can construct examples with [|(T'— 2)7!|| ~ dist(z, specT) ™"
for any power n.

6.4.1 Spectral projectors of selfadjoint operators

We now consider the main application of the Borelian functional calculus, namely the construction of
spectral projectors of general selfadjoint operators. These projectors will provide an intrinsic spec-
tral representation of 7', independent of the choices of cyclic vectors we had to do in Thm [6.3.4,
generalizing the spectral decomposition

T=> NI

Jj=1

for a selfadjoint operator with purely discrete spectrum (/\j)jzl-
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Definition 6.4.3 (Spectral projectors) Let T be a self-adjoint operator on a Hilbert space ‘H
and 2 C R be a Borel subset. The spectral projector of T on (2 is the operator Il := 1o(T),
where 1, is the characteristic function on 2 (this function obviously belongs to B.,).

The following proposition summarizes the most important properties of the spectral projectors.

Proposition 6.4.4 The spectral projectors (Il,)q, associated with a selfadjoint operator satisfy
the following properties:

i) for any Borel subset {2 C R, the associated spectral projection Ilg, is an orthogonal projector
commuting with 7'. In particular, IIoD(T) C D(T).
0.

ii) Il(ap = 0 if and only if specT N (a,b) =
ii) for any X € R there holds Ran Il = Ker(T'— \), and u € Ker(T — \) iff u = .

iv) specT = {A € R: Il\_cxie) # O for all € > 0}.

Proof.— The proof uses the unitary conjugacy of 1" with the multiplication by h on LZ(X7 ,u), and the
simultaneous conjugacy of Il with the multiplication by 1l o h.

To prove (1) we remark that 1?2 = 1g and 1o = 1g, which yields 113 = Il and Il = o this
shows that Il is an orthogonal projector. The commutativity with 1" is a general property of all
operators f(T) for any f € B.. After conjugacy by U, we remember that D(T) corresponds to
D(My) C L*(X, ). Now, & € D(M,,) iff h& € L?, and from the boundedness of f, we then also
have

h(foh)€ = (foh)he € L3(X, ).
showing that M., preserves D(M},), and that it commutes with A/},.

To prove (2) we note that the condition I1(, ) = 0 is, by definition, equivalent to I, 5 0h = 0 u-a.e.,
which in turn means that (a,b) N ess, Ranh = (). It remains to recall that ess, Ranh = specT’, see

Corollary 6.3.9.

The items (3) and (4) are drawn from the characterization of the point spectrum, resp. spectrum, of
a multiplication operator, see Prop. 4.2.14. O

The spectral projectors were defined after we constructed the full B, functional calculus. For ele-
mentary subsets () C R, one can obtain more direct expressions of Il using our ubiquitous resolvent
operators.
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Proposition 6.4.5 (Spectral projection to a singleton) For any A € R, the spectral projector
to the singleton {\} (namely, the eigenspace of T for the value \) can be computed as the
following limit:

i =s — lim —ie(T — X —ie) ™t
py =s i ie( i€)

Proof.— For ¢ > () consider the function f. : R — C

1€ .
T) = = —G€T 4y
fﬁ( ) T — \—ie A+ie
It satisfies the following properties:
o |fl <1,
¢ fe(/\) =1,
o if x # )\, then f.(z) N
e\0
Altogether, this means that f, Bee, Iy, By Thm B.3.8, Il = s — limeyo fe(T'), and it remains to
note that f.(T)) = —ie(T — X — ie)~! by Theorem p.2.10. O

Proposition 6.4.6 (Stone’s formula) For a < b one has:

1 1 b 1 b
Mgp) + EH{a’b} =1Im = s :\{I{im/a (T — X —ie) td\ = = s :\Igm/a Im (T — X\ —ie) "' dA
where we recall the notation for bounded operators Im A = (A — A*).

The left hand side means that the contribution of the boundary points {a,b} to the projector is
halved. Proof.— For € > 0, consider the function

f(x)—l/bIm ! dA\
), x—A—ie

I € 1 b—ux a—x
fs(m):%/a md)\:%(arctan - — arctan - >

Therefore, | f| < 1, and

=

x ¢ [a,0],
1
v € (a,0), =Y (2) + Slpap(2).
1 2
3 x € {a,b},

—_

lim fe(z) =

e—0+
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The rest follows as in the previous proposition. O

The following formula can be useful for the computation of spectral projections on isolated compo-
nents of the spectrum.

Proposition 6.4.7 (Spectral projection on isolated part of spectrum) Let w C C be a con-
nected open set containing an isolated part of the spectrum of 7', meaning that I & Hw does not
intersect specT’. Call 2 = w NR. Then the spectral projector on €2 is given by
IT ! (z—T)d
= — Z — zZ,
@ 27 r

where the contour I' is oriented anticlockwise.

Proof.— If s is an intersection point of I" with R, then, by assumption s gé specT’, so s §Z ess,, Ran h.
On the other hand, for s € R \ I" we find, using the Cauchy formula,

L. (2= )"z = 1, sisinside I,
2m Jp 0, sisoutside I

Therefore, for pu-a.e. z € X, one has

1
— — h(z)) tdz = 1g 0 h(x).
s = h@) ™ dz = 1o nia)
One can finally replace h(x) by T using the L?(X, i) representation of Theorem [6.3.8. O

6.4.2 Spectral projectors as a projector valued measure

Below we group some properties satisfied by the spectral projectors (HQ)

Proposition 6.4.8 The family of spectral projectors (Ilg)qcpr) satisfies the following properties:
(a) Each IIg is an orthogonal projector;

(b) IIp = 0 and IIg = Idy;

(c) For any disjoint union 2 = | | €2,, we have IIg = s — limy_, ZT]LV:O Ilg,,; (d) For any pair
of Borel sets €2y, €25, H91HQQ = HQIQQQ.

From these proprerties, one easily checks that for any state ¢ € H, the map
def
(6.4.8) Q € B(R) = 114(Q) = (¢, 1q0)
defines a finite Borel measure on R.

Any family of projectors (HQ)QGB(R) satisfying the properties in Prop. is said to define a pro-
Jjection valued measure (PVM).
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Theorem 6.4.9 Let a family of projectors (Ilg)ocpr) define a projection valued measure. Let
f : R — C be a bounded Borel function.

Then we may define a unique operator in L(H) as follows. We define its diagonal components:

WGH,<¢&Mg4ﬂMmMM,

and then complete the definition by polarization.

From this expression and the definition (6.4.8) of the measure 4, it is natural to denote this
operator by:

B - /Rf()\) I,

Remark 6.4.10 We may extend the definition to any unbounded Borel function g : R — C. The
operator

/g()\) dll is well-defined on the domain D, LlpeH: /]g(A)|2du¢ < oo}

Example 6.4.11 Let (7, D(T)) be selfadjoint on 7. Then the associated spectral projectors
(Ilo(T")) form a PVM. For any f € B, we recover this way the operator

70) = [ s,
R
By taking g(\) = A, we also recover a representation of the operator T itself:

(6.4.9) T= / AdITy, defined on the domain D(T) ={¢p € H : /)\2 dpg < 00}
R

Theorem 6.4.12 (Spectral theorm, PVM representation) There is a 1-to-1 correspondence
between selfadjoint operators (7, D(7")) on H and PVM (Il)aepw). The correspondence is
given by the expression (6.4.9).

6.5 Application of the spectral theorem to Schrodinger propa-
gators

The functional calculus allows one to easily define the propagator for the Schédinger equation gener-
ated by a selfadjoint operator (the Hamiltonian of the system).
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Theorem 6.5.1 (Schrédinger propagator) Let (T, D(T')) be a selfadjoint operator on H. The
propagator for the Schrodinger equation generated by 7'

d

) =TV, U0 = e K,

is the family of operators (U(t)):cr which solves the above equation through v (t) = U(t)1y.

These operators can be constructed through functional calculus: if we call e; : R — C the
function defined by e;(\) = e~ then

U(t) = e,(T).

By an abuse of notation, one sometimes notes U(t) = e 1.

Applying the spectral theorem to 1" allows to easily show the above theorem, as well as the following
propertie:
(@) (U(t))er forms a strongly continuous unitary group. Namely, U(t1)U(t2) = U(t; + t2), and
s — limo U(t) = Id.
(b) For any ¢» € D(T), lim¢_o U(t)f’_w = —iT).

(c) Conversely, for ¢ € H, if lim;_ U(t)t =% — w € H,thenp € D(T) and p = —iT).

The following theorem is a converse for the preceding one:

Theorem 6.5.2 (Stone’s theorem) If (U(t))icr forms a strongly continuous unitary group on
H, then there exists (T, D(T')) a selfadjoint operator with dense domain, such that U(t) = e~“7
is the group generated by 7.

The operator T is called the infinitesimal generator of the group (U(t)):cr.

We won't give the proof of this theorem, which is a particular case of the more general analysis of
contractive strongly continuous semigroups. See for instance [13, Chap. 5.1].

6.6 Spectral decomposition of Tensor products

Tensor products of Hilbert spaces naturally appear when considering differential operators acting in
several dimensions: L?(R%+%) = [2(R4) @ L?(R%). If a selfadjoint differential operator 1" acts
separately on the d; first variables and on the d; last ones, in the form

T:T1+T2,
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where T} acts on the d; first (resp. last) variables, then the spectral analysis of 1" can often be reduced
to the spectral analyses of T and 15. This reduction of dimension can be very helpful in practice.

In this section we will present a general theorem, and then apply it to particular Schrédinger type
operators. A more detailed discussion of tensor products can be found e.g. in [[Z, Sections II.4 and
VIII.10] orin [[L3, Sections 1.4 and 4.5].

We will present a more general situation than the above L? spaces framework. Let (7}, D(T})) be
selfadjoint operators on Hilbert spaces H;, j = 1,...,n. To any monomial A\{"" - ... A", m; € N,
one can associate the operator 77" ® -1 acting on the tensor product space H := H; ® - - - @ H,,
as follows: we first define it on tensor product states ¥ = )] ® - - - ® 1,

(M- T ) (1 @ @¢y,) =171 ® ---@T)"™1),,  where each ¢); € D(T;ﬂj),

and then extend it by linearity on ¥ € ®?:1 D(T]) Here the zero power T]Q equals the identity
operator on H,;.

Remark 6.6.1 For an operator (T, D(T')) acting on a Hilbert space #, the domains of its powers
D(T™) are usually defined in a recursive way:

D(T°) = H, D(T")={ue D(T): Tue D(T" ")} forn € N.

Exercise 6.6.2 Show that for a selfadjoint operator (7', D(T')), one has D(T™) = Ran Ry (z)", for
any z € resT’, and that D(T™) is dense in H for any n.

Using the above construction, one can associate with any real valued polynomial P on R" of degree
N > 0, a linear operator P(T3,---,T,) on H defined on the subspace of H consisting of the linear
combinations of the vectors of the form ¢; ® - - - ® v, with ¢; € D(TJN), namely on

®D(TjN).

Theorem 6.6.3 (Spectrum of a tensor product operator) Denote by B the closure of the
above operator P(T3,...,T,). Then B is selfadjoint, and

spec B={P(A,...,\,) : Aj €specTy, j=1,...,n}.

Proof.—[Sketch of the proof] The complete proof involves a nhumber of technicalities, see e.g. [/,
Section III.10], but the main idea is rather simple. By the spectral theorem, it is sufficient to consider
the case when 7} is the multiplication by a function h; on H; := L*(X;,du;). Then

H=L*X,dy), X=X, x---xX,, p=p®:- - ® u, the product measure,
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and P(T1,...,T,) acts on H through the multiplication by the function

p($1,~ e 7$n> = P(h1<x1)7 T ,hn(l’n)) )

Its domain includes the linear combinations of functions ¥ = i1 @ - - - ® 1y, where ¢; € L*(X;, du;)
with compact supports, so that hj is bounded when restricted to supp wj; as a result, ¥ belongs to the
domain of the multiplication operator Mp. There remains to show that the closure of this operator is
the multiplication operator M, on L2(X, 1), which is selfadjoint since p is real valued. The spectrum

spec M, = ess, —Ranp = ess,, — Ran P(hy(e), ha(e), - h,(e))
There remains to show that the right hand side is equal to the closure of P(specTy,...,specT},).
For P(A1,...,As) = A, the continuity of P shows that, for any € > 0,
hit(AEm) x o x by (A £ ) Cp (A £ €))
for some 7 > 0 which can go to zero when ¢ — 0. Hence, up~*((\ & €)) is bounded from below by
pa(hr ) XX i (B (A £ )

If (A1,...,\n) belongs to specT] X --- X specT), then the above left hand side is positive for any
1 > 0, so that the right hand side is positive as well, showing that A\ € specT’. This shows that

P(specTi x --- x specT,) C P(specT} X -+ x specT,) C specT .

On the opposite, if A & P(specT} X --- x specT},), then
|P(A1,. .., An) — Al > € forall (A,...,\,) €specT) X -+ X specT,,

hence
Ip(x1,...,2,) — A| > € for pu-almost every (x1,...,2,),

which shows that A\ & specT. O

Let us now present an example of separable differential operator, to which the above theorem applies.

Example 6.6.4 (Laplacian on a rectangular domain) Let a,b > 0 and Q = (0,a) x (0,b) C R?,
H = L*(Q2), and T be the Dirichlet Laplacian on (.

One can show that T)» can be obtained using the above procedure, using the representation
T'=L,®1+1® Ly,
where by L; we denote the Dirichlet Laplacian on H; := L2((0,a)), i.e.
Lif=~f", D(L) = H*((0,a)) N Hy((0,a)),

and similarly L, is the Dirichlet Laplacian on Hy = L2((0,b)). Here we labeled the two L* spaces
with the names of their respective variables.
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It is known (from the exercises) that the spectrum of L, is discrete, made of the simple eigenvalues
{(mn/a)?, n € N*}, with the normalized eigenfunctions el = \/2/asin(mn e /a). According to
the above theorem, the spectrum of T consists of the (discrete) set

2 2
{A@b) — <m> + (ﬂ) , m,n €N},
’ a b
(a,b)

The orthonormal basis (eﬁfi) ® e%b))myneN* is made of eigenfunctions associated with Ay, so the
spectrum of T is also purely discrete. The multiplicity of each eigenvalue A is given by the number
of pairs (m,n) € N*2 for which A = A5

The same construction holds for the Neumann Laplacian on the rectangle, one obtains the same
formula for the eigenvalues but now with m,n € N.

Exercise 6.6.5 Describe the spectrum of the Dirichlet Laplacian on the half-strip © = R* x (0,b).
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Chapter 7

Perturbation theory

Perturbation theory aims at describing qualitatively or quantitatively the spectrum of an operator of
the form
T=1Ty,+ 8B,

where T}, is a “well-known” operator, and B, its perturbation, is “smaller” than T,. The strategy is
to use our knowledge of T} to say something nontrivial about the perturbed operator 7', in particular
about its spectrum. In this chapter, we will state several conditions of “smallness” for B respective to
Ty, which will ensure various properties of 7'

7.1 Perturbations of selfadjoint operators

We recall (see Def. R.2.10) that a linear operator (T, D(T')) on H is essentially selfadjoint if it is
closable, and its closure T is selfadjoint.

Proposition 7.1.1 An essentially selfadjoint operator admits a unique selfadjoint extension.

Proof.— Let (7, D(T')) be essentially selfadjoint operator, and let (S, D(S)) be a selfadjoint extension
of T'. Since S is closed, the inclusion T" C S implies " C S. On the other hand, S = S* C (T)* =T
(because T is self-adjoint). Hence S = T.. a

Let us recall the criteria of Prop. for the (essential) selfadjointness of a symmetric operator
(T, D(T)).

Remark 7.1.2 Those criteria were using the operators (7' £ i) and (7™ £ 7). This proposition can
be modified in several ways. For example, it still holds if one replaces (1" £ i) by (7' £ ¢\) for any
A€ R\ {0}

If T is also semibounded below, we have the following alternative version:
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Proposition 7.1.3 (Self-adjointness criterion for semibounded operators) Let (7', D(T))
be a symmetric operator on a Hilbert space H, such that 7" > 0. Then, for any a > 0, the
following three assertions are equivalent.

i) (T, D(T)) is essentially selfadjoint (selfadjoint);
i1) Ker(T* + a) = {0} (and furthermore (T, D(T)) is closed);
i1i) Ran(T + a) is dense in H (is equal to H).

The proof, which mimics that of Prop. R.2.16, is left as an exercise.

7.1.1 The Kato-Rellich theorem

Now we would like to apply the above criteria to show that, starting from a selfadjoint operator
(To, D(Tp)), under a certain condition on the perturbations B, the perturbed operaor T' = Ty + B is
still still selfadjoint for the same domain D(TO). We have already proved this property in the Exer-
cises when B is bounded and symmetric. We want to generalize the setup by considering unbounded
perturbations B as well. However, B still needs to be “smaller than T}”, in a precise sense, which we
now introduce.

Definition 7.1.4 (Relative boundedness) Let (A, D(A)) be a self-adjoint operator on a
Hilbert space H and (B, D(B)) be a linear operator such that:

i) D(A) C D(B);

i1) there exist real numbers a,b > 0 such that

| Bul|| < allAul| + b||lu|| for all u € D(A).

We then say that B is relatively bounded with respect to A or, for short, A-bounded.

The infimum a;,,¢ of all possible values a > 0 for which such a bound holds (where b can be
taken arbitrary large, depending on a) is called the relative bound of B with respect to A.

If the relative bound is equal to 0, then B is said to be infinitesimally small with respect to A.

Notice that if B is a bounded operator, then one can take a = 0 in the above bound.

The following theorem
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Theorem 7.1.5 (Kato-Rellich) Let (Ty, D(7})) be (essentially) selfadjoint on H, and let B be
a symmetric operator on H, which is T-bounded with a relative bound a;,; < 1.

Then the operator 7' = Tj, + B with the domain D(T') = D(Tp) is (essentially) selfadjoint.

Proof.— We will give the proof for the case Tj is selfadjoint.

By assumption, one can find @ € (0,1) and b > 0 such that

(7.1.1) | Bu|| < al|Toul|| + bl|ul], forall we D(Tp).

Step 1. For any A > 0 one has the Pythagore’s spliting between symmetric and skew-symmetric
parts of the operators (T + B £ i)\):

: 2 2
Vu e D(Ty), |[(To+ B+ iXu|” = ||(To + B)ul|” + X*||ull.
Therefore, for all u € D(7T) one can estimate

V2||(Ty + B £ iNul| > [[(To + B)ul| + Allul|
> || Toul] — [|Bul| + A|ul|
(7.1.2) > (1 —a)||Tou| + (A = b)]ull-
Let us choose A > b.

Step 2. Let us show that 7" = Ty + B, with the domain D(7}), is a closed operator. Let a sequence
(up)n € D(Tpy) and v, := (To + B)u,, be such that both w,, and v,, converge in H respectively to u
and v.

We see that ((7p + B)uy,) is a Cauchy sequence. By (7.1.2), Tou, is also a Cauchy sequence. Since
Ty is closed, the limit u = lim,, u,, belongs to D(T}), and Tyu,, converge to © = Tyu. By (7.1.1), Bu,
is a Cauchy sequence and is hence convergent to some w € H. Let us check that this limit satisfies
w = Bu. For this, take any h € D(T}); then the symmetry of B implies that

(w,h)y = Ii:;n(Bun, h) = Ii:;n(un,Bh> = (u, Bh) = (Bu,h) .

Summing the two limits, we get that (7y + B)u,, converges to ¥ + w = (T + B)u. This shows that
To + B is closed.

Step 3. Let us show that the operators Ty + B £ i)\ : D(T,) — H are bijective, at least provided
A > 0 is chosen large enough. From Pythagore’s splitting

I(To £ iNul® = [[Toull* + A |lulf?,
one draws the obvious inequalities:

I(To + iMul| = [[Toull,  [[(To £ iM)ull = Alul-
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Then, starting from the relative boundedness of B, we obtain:
| Bul| < al[Toul| + bl[u
. b .
< aH(TO + z)\)uH + XH(TO + z)\)uH

(7.1.3) < (a+§)}|(ToiiA)uH.

b
Since a € (0, 1), we can choose A sufficiently large to have a + N < L.

Since Ty is selfadjoint, the operators Ty + i\ : D(Ty) — H are bijections. We may thus factorize
T+ B+i)= (1 + B(T) + M)*l)(T0 4N,
and the above inequality shows that
NN—1 b
|B(To +iX) || < CH_X <1.

Asaresult, [ + B(Ty+ i)\)_l is a bijection from H to itself. Finally, 7'+ ¢\ are bijective, in particular,
Ran(T +i\) = H. By Prop. and Remark 7.1.2, (T, D(T})) is self-adjoint.

The part concerning the essential selfadjointness is a simple exercise along the lines of Step 2 above.
O

Remark 7.1.6 The condition a;,s < 1 is necessary. For instance, taking (7y, D(T)) and unbounded
operator, and B = —Tj would give T' = 0, which is not selfadjoint on the domain D(Tj).

7.1.2 Application: selfadjointness of Schrodinger operators

The Kato-Rellich theorem allows to construct a large family of selfadjoint Schrédinger operators, ob-
tained e.g. by perturbing the free Laplacian on R¢.

Theorem 7.1.7 Let V € LP(RY) + L>=(RRY) be a real valued potential, with p = 2 if d < 3 and
p > d/2 if d > 3. We say that these potentials are in the Kato-Rellich class.

Then the operator T'= —A + V, with domain D(T) = H?(R%), is selfadjoint on L?(R?), and
its restriction to C>°(RY) is essentially selfadjoint.

Proof.— We give the proof here only for the dimensions d < 3. For all f € #(R%) and A > 0 we
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have the representation

1 iz [
@) = s | e e

Rd

(27r1)d/2 /Rd & i (€ + N f(6) de
s 1 1 , )
(2w)d/zug2 +AH ' H<§ + /\)f(f)H

(27T1)d/2 e 3l (@)
< ax[[AfI[+ bl A1

(7.1.4) Cg

IN

where

1 1 A 1
RNCTTE He il e (2m)72 H€2 =l

This bound can be recast into the quantitative Sobolev embedding:
(7.1.5) Vi€ H*RY),  [Ifllec < arxllAFII+ballF]l-

By density, for all f € H?(R?) and all A > 0 we have

[flloe < axIAFII =+ OAlLFII-

Notice that £ — belongs to L?(IR?) since we are in dimension d < 3.

1
£+
By assumption on our potential I/, we can represent it as
V=Vi+V, with Vi€ L*R?% and V, € L®(R?).
Using the Sobolev estimate ([7.1.5), we obtain

vfe H*RY), VI <|Vifl+[Vaf]
< Villzll Flloe + IV2LIA]
< a[[AfI+ bl

with @y = ||Vi||2ax and by = ||Vi||2b + ||Va||oe- One easily checks that a, can be made arbitrary small
by taking \ large, so the above estimate shows that the multiplication operator My is infinitesimally
small with respect to the free Laplacian. We may thus apply the Kato-Rellich theoremto T = —A+ V.

The essential selfadjointness of the operator restricted to C°°(R?) comes from the essential selfad-
jointness of the Laplacian restricted to that space.

In dimension d > 3, the function & — (€2 + \)~! does not belong to L?(R%). The Cauchy-Schwarz
bound in (7.1.4) should be replaced by a suitable Holder inequality, leading to some Sobolev embed-
ding theorem involving some L? space, in place of the bound (7.1.5). O
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Example 7.1.8 (Coulomb potential) Consider the three-dimensional Coulomb potential V' (z) =
a/|z|, o € R, describing the electrostatic interaction between two charged particles.

For any bounded open set  containing the origin, one has V; &£ 1oV € L2(R3) and Vo &

(1 —1q)V € L*(R3), so that V = V| + V, € L*(R?) + L°°(R?). From the previous theorem, this
implies that the operator T = —A + a/|z] is selfadjoint on the domain D(T') = H?*(R%). Notice
that this fact is independent on the sign of « (repulsive, vs. attractive interaction).

We have thus proved that the Schrédinger operator with Coulomb potential T'= —A + \%I with
domain H?(R?), is selfadjoint on L?(IR3).

Notice that we had already proved, in Section @ that this operator, restricted to CEO(R?’), is
bounded from below, and therefore admits a selfadjoint Friedrichs extension. The present proof
provides a precise information on the domain of this selfadjoint operator.

Below we show that an assumption of boundedness from below of a Schrédinger operator implies
its essential selfadjointness. In a way, we recover here the construction of the Friedrichs extension
of T°, by a direct “hands-on” computation. Notice that the potential has stronger regularity than in

Corollary B.2.9, where the potential was assumed to be in L2 (RY) (and bounded from below by
(d—2)*
4|z‘2 )

Theorem 7.1.9 Let H = L*(R%) and let V € C°(R?) be real valued, such that, for some
¢ € R, one has the inequality
(u, (A +V)u) = cflul|?

for all u € C°(RY).
Then the operator T' = —A + V with domain C>°(R?) is essentially selfadjoint.

Proof.— By adding a constant to the potential IV one can assume that 1" > 1. In other words, using
integration by parts:

(7.1.6) /Rd‘Vu(:L‘){de—i—/Rd V(m)|u(m)|2dx2/Rd|u(x)|2dx

for all u € C>°(R?). This inequality extends by density to all u € HL _(R?).

comp

By Prop. [7.1.3, it is sufficient to show that the range of 1" is dense in L?(IR%). To show this density,
let f € L*(R?) such that {f,(—A + V)u) = 0 for all u € C°(R?). Note that T preserve the real
valuedness, and we can suppose without loss of generality that f is real valued.

The above property means that (—A + V) f = 0 in the sense of 2'(R?), or equivalently Af = V f.
Since V' is locally bounded, the function V f is in Lic(Rd); the elliptic regularity then shows that
f e H:(RY) N LARY).

loc
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Let us pick a real valued cutoff function x € C>°(IRY, [0, 1]) such that x(z) = 1 for |x| < 1, p(z) =0
for || > 2. For n € N*, rescale this cutoff into x,,(z) := x(z/n).

For any u &€ C’COO(]Rd) we have, by a standard computation:

(7.1.7) V(an)V(XnU)d.T+/ VXnfXxnudx
R4 Rd

:/ ‘Vxnffudx—l—/ Xn (fVU —uVf) - Vxndr + (f, Tx2u).
Rd R4

Since Xiu € CgO(Rd), the last term vanishes. Since the resulting integrals only involve first derivatives
of u, and all functions are truncated in B(0,2n), we may extend them to v € H_. In particular, we
may take u = f € H,%c. Then the second term in the above expression vanishes as well. Applying

the inequality (7.1.6) to the state y,,f € Hclomp, we obtain:

[valras [ .
R4 Rd

When n tends to infinity, the left hand side goes to 0 since V,, is supported outside of {|z| < n}
and is uniformly bounded. On the other hand, the RHS converges to || f||> when n — co. We thus
deduce that f = 0: this shows that the range of T is dense. O

7.2 Stability of the essential spectrum

In Def. we introduced the splitting of spec T’ between discrete spectrum and essential spectrum.
This splitting will be useful when considering perturbations.

We recall that the discrete spectrum spec,,. 1’ consists in the eigenvalues of finite multiplicity, which
are isolated from the rest of the spectrum (since we will be dealing with selfadjoint operators, the
algebraic and geometric multiplicities are identical).

Proposition 7.2.1 Let 7" be a selfadjoint operator in a Hilbert space H. Its discrete spectrum
specy. I’ can be characterized in terms of the spectral projectors Il of T"

(7.2.8) specCyiec I’ = {/\ € specT : de > 0 such that 0 < dimRanIlj_ o) < oo}.

Proof.— Let )\ belong to the set on the RHS of (7.2.8). Since the range of H(A_QAH) can only decrease
when € \ 0, the dimension of this range must stabilize at some value d) > 0 when € \ 0, and hence
the range itself: there exists €y > 0 such that the operators II(x_. ») do not depend on €if € € (0, ¢),
and are nontrivial. This implies that

11 =s—IlimIl_cie 0,
{1} SHOLm (A ,/\+)7é
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hence that A € spec,T by Prop. b.4.4(3). At the same time, II\_ ) = e = 0, and
Prop. 6.4.4(2) shows that )\ is an isolated eigenvalue of finite multiplicity in the spectrum, hence an
element in the discrete spectrum.

Conversely, let \ be an isolated eigenvalue of finite multiplicity of T'. Then there exists ¢y > 0 such
that Il(x_¢;,0) = Haa4e) = 0, and dim Iy = dimKer(7" — A) < oco. Therefore,

dimRanIly_¢ate) = dimRanll_¢ .\ + dimRanIlyzie) + dimRanllyy; < oo.

On the opposite, the essential spectrum of 1" can be characterized by the following properties.

Proposition 7.2.2 A value \ € specT belongs to the essential spectrum iff at least one of the
following three conditions holds:

= )¢ spec, T}
= ) is an accumulation point of spec, T

» dimKer(T — \) = oc.

Furthermore, the essential spectrum is a closed set.

Proof.— Each of the three conditions describes the points of the spectrum which are not isolated
eigenvalues of finite multiplicity.

For last statement, we note that spec, 7' is obtained from the closed set spec T’ by removing finitely
or countably many isolated points. Removing from specl’ an isolated point {)\} amounts to remove
some neighbourhood (A — €, A 4 €). Removing an open set leaves our set closed, so spec. 1 is a
closed set. O

Let us list some examples.

Proposition 7.2.3 (Essential spectrum of compact operators) Let 7' be a compact self-
adjoint operator in an infinite-dimensional space H, then spec.,, T = {0}.

Proposition 7.2.4 (Essential spectrum of operators with compact resolvents) The essen-
tial spectrum of a selfadjoint operator 1" is empty iff the operator has a compact resolvent.

Sometimes one uses the following terminology:
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Definition 7.2.5 (Purely discrete spectrum) We say that a selfadjoint operator 1" has a purely
discrete spectrum in some interval (a,b) if spec. T N (a,b) = 0.

If spec.. T = (), then we say that the spectrum of T' is purely discrete.

Example 7.2.6 The free Laplacian in L?(R%) admits the spectrum [0, +00). This set has no isolated
points, so this operator has no discrete spectrum.

The main difference between the discrete and the essential spectra comes from their behavior with
respect to perturbations. This will be discussed in the following sections.

7.2.1 Weyl criterion and relatively compact perturbations

The main goal of this section will be to show that, starting from a selfadjoint operator (7, D(1y)), if
we add a “sufficiently small” perturbation B to T} (in particular, such that T + B remains selfadjoint),
then the operator Ty + B has the same essential spectrum as 1. We refer to this property as the
stability of the essential spectrum.

The “smallness” necessary for this stability phenomenon is more restrictive than the one used in the
Kato-Rellich theorem.

The following proposition transforms an isolated eigenvalue

Proposition 7.2.7 Let 7" be a selfadjoint operator on 7, and A an isolated eigenvalue of 7'. Then
there exists ¢ > 0 such that ||(T" — Ao)u|| > ¢||u|| for all w € D(T) such that u L Ker(T — \).

Proof.— Without loss of generality, let us take Ay = 0. Since 0 is an isolated eigenvalue of T,
the distance ¢ := dist(0,specT \ 0) is strictly positive. We have specT N (—c,c¢) = {0}, so that
oy = I(—c.0)-

So, our state wu satisfies

u L Ker(T) <= u 1 Ran H{o} = H(_Qc)
— Uu = HR\(,QC)U.

We may split the state u in two orthogonal pieces:
u=u_+uy, u-=Il_w_qu, uy=I)u.

Using the spectral representation of I’, the state 7'u, reads

TU+ = / Ad].—.[)\u_;'_ = / AdHAU_}_ = / f+(A) dH)\U+,
R [¢,00) R
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where f,(A) = X on [¢,00), and can be chosen arbitrarily on (—o0, ¢), since for any function f, one
has f(fooﬁ) F(A)dIIy e o) = 0. Let us choose f1 () = max(A, c) for all A € R. We thus have

Tuy = fy(T)uy, andsimilarly Tu_ = f_(T)u_,

where f_(\) = min(\, —c). The functions fi are bounded away from zero, and so are the corre-
sponding selfadjoint operators:

Jo(T) < —¢, fo(T)>c.
These bounds entail the norm bounds:

[Tu—|| = [f~(T)u-|| = cllul, [Tusll = [[f+(T)urll = cllur]-

On the other hand, the spaces u_, uy (resp. f_(T)u_, f.(T)uy) are orthogonal to each other, so
Pythagore’s theorem gives

I1Tull® = |Tu_|* + | Tus|* = A(flu-|* + [Jus ) = [lull*.

0 The following theorem is important in practice: it provides a characterization of the essential
spectrum through the construction of Wey/ singular sequences, which are often quite easy to exhibit.

Theorem 7.2.8 (Weyl criterion for the essential spectrum) The condition \ € spec. 7T is
equivalent to the existence of a sequence (u,)neny C D(T) satisfying the following three condi-
tions:

i) |lunl] > 1 foralln eN;
i) w, weakly converges to 0 in H;

iii) (T — A)u,, converges to 0 in H.

Such a sequence will be called a singular Weyl sequence for \. Moreover, as will be shown in
the proof, one can replace the conditions (1) and (2) by:

1" (up)nen forms an orthonormal family in .

Notice the difference with the characterization of A € specT: the latter only needs a sequence (vn)n
satisfying the conditions (1) and (3). The specificity of belonging to the essential spectrum is thus due
to the condition (2), u, — 0.

Proof.— Denote by W (T') the set of all real numbers \ to which one can associate a singular Weyl
sequence.

1. Let us first show the inclusion W (T') C spec., 1. Let A\ € W(T') and let (u,), be an associated
singular Weyl sequence. As noticed above, the conditions (1) and (3) imply that A € specI’. Assume
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by contradiction that A € specg,. 1" and denote by II = Ily,; the orthogonal projector to Ker(T — \).
Since II has finite rank operator, it is compact, so the assumption (2) implies that the sequence Ilu,,
converges (strongly) to 0. Therefore, the norms of the vectors w,, := (1 — IT)u,, satisfy ||w,| > 1/2
for n large enough. On the other hand, the vectors (7" — A\)w,, = (1 — II)(T — \)u,, converge to 0;
because w,, L Ker(T — \), Proposition implies that ||w,|| < C||(T — N)w,|| — 0, which is a
contradiction

2. Conversely, if A\ € spec., T, then dimRanIl;y_¢ ;) = oo for all ¢ > 0. We have to consider
two cases: z) Assume that Ran H{)\} = 00. Then we can consider an orthonormal family (un)nZO in
Ker(T — )\). This sequence is obviously a Weyl sequence for \.

i1) Assume now that dim Ran II(x—erte) < 00. Then we have, for any € > 0, dimRanIl_. ) = oo
or dimRan H(,\He) = 00. Since these quantities decay when ¢ — 0, one of the two operators must
have infinite rank for all ¢ > 0. Without loss of generality, let us assume that

Ve > 0, Ran Iy y4e = 00.

Since (A, A+ 1) =[).oo(A+ €, A+ 1), there exists €; € (0,1) such that IIjx;, a41) 7 0. Similarly,
there exists e9 € (0,61) such that H[M%Hq) =% 0. Iteratively, we construct a strictly decreasing
sequence €, \, 0 such that I\, ., rte,) 7 O for all n. Now let us choose u,, € Ranlljp e, | e
with ||u,|| = 1. These vectors form an orthonormal sequence, in particular, converge weakly to 0. On
the other hand,

(T = Nl = (T = Mt pr atenytinl| < €nllunll = €n,
which shows that the vectors ||(7" — A)u,|| — 0. Therefore, (u,), forms a singular Weyl sequence,
therefore spec.,, T C W(T). O

The following theorem provides a starting point to the study of perturbations of selfadjoint operators.

Theorem 7.2.9 (Stability of the essential spectrum) Let (A4, D(A)) and (B, D(B)) be self-
adjoint operators such that, for some 2z € res A N res B the difference of their resolvents
K(z) :=(A—2)"' — (B —2)"!is a compact operator.

Then spec, A = spec. B.

Proof.— Using the resolvent identities (Prop. f#.1.8), one sees that if K(z) is compact for some
z € res ANres B, then it is compact for all z € res ANres B.

Let A € spec, A and let (un)n be an associated singular Weyl sequence. Without loss of generality
we assume that ||u,|| = 1 for all n. We have, for any z € res A Nres B:

1 1
o Z)un = lim p— )\(A —2) YA = Nu, = 0.

(7.2.9) lim ((A—2)"" -

This shows that (u,,) is a singular Weyl sequence for the operator (A — z)~!. Note that if z ¢ R, this
operator is not selfadjoint, however it is normal (commutes with its adjoint), and the definition and
characterization of the essential spectrum is identical with the selfadjoint case.
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On the other hand, K (z) is compact, so the sequence K (z)u, strongly converges to 0. We thus
deduce:

(B=XA)(B—2)""u, =lim((B—2)"" — !

z — A— 2z

= lim ((A—z)_l 3 L

lim )tn

(7.2.10)

Yun — lim K (2)u, = 0.

This shows that (u,,) is also a singular Weyl sequence for the operator (B — z)~!, associated to the
spectal value ()\ — z)_l. From there, we want to exhibit a singular Weyl sequence for the operator B
and the spectral value \.

Let us denote v,, := (B —z)_lun. First, the assumption u,, — 0 easily implies that v,, — 0. Second,
the equalities ([7.2.10) show that (B — )\)vn converges to 0. Third, it also follows from (7.2.10) that
lim||v,]| = |A — 2|7 > 0. As a consequence, (v,) is a singular Weyl sequence for B, associated with
the value A, hence \ € spec. B.

So we have shown the inclusion spec.,, A C spec.. B. Since the roles of A and B can be exchanged,
we have also spec,, A D spec., B, hence the equality between the two essential spectra. O

Let us define a class of perturbations to which we may apply the preceding theorem.

Definition 7.2.10 (Relatively compact operators) Let (75, D(1)) be a selfadjoint operator
on a Hilbert space H, and let B be a closable linear operator on H with D(7) C D(B). We
say that B is compact with respect to Ty (or simply A-compact) if B(T, — z)~! is compact
for at least one z € resTj. (It follows from the resolvent identitites that this holds then for all
z € resTy.

The following proposition shows that the assumption of 7-relative compactness is stronger than the
To-boundedness we used in the previous section.

Proposition 7.2.11 Let B be Tj-compact, then B is infinitesimally small with respect to 7.

Proof.— Let us first show that if B is Tp-compact, we have:

(7.2.11) lim ||B(Ty — i\~ =0

A——+o00

We will proceed ab absurdo, that is assume that this limit is false. Then one can find a constant o > 0,
nonzero vectors u,, and a sequence (A, > 0) with lim )\, = 400, such that HB(TO — i)\)*lunH >
a||lu,|| for all n. Set v, := (Ty — i\) " u,. Using Pythagore’s identity

lanl® = [[(To = iXn)oal|” = [ Tovall® + A2 lloal
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we obtain
|1 Bual* > o[ Tova||* + o? X2 [Jua 1.

Without loss of generality one may assume the normalization || Bu,|| = 1, then the sequence Tyv,, is
bounded and v,, converge to 0. Let z € resT, then (T(] — z)vn is also bounded, so one can extract a
weakly convergent subsequence ((7y — 2)vy, )k Due to the compactness of B(Ty — z) ™!, the vectors
B(Ty — z) YTy — 2)v,, = Bu,, converge to some w € H with ||w| = 1. On the other hand, as
shown above, v,, converge to 0, and the closability of B imposes that w = 0. This contradiction

shows that (7.2.11) must hold.

As a consequence, for any a > 0 one can find A\ > 0 such that || B(Ty — i\) "ul| < allul| for any
u € H. Denoting v := (Ty —i\)~'u and remembering that (7y — i\) ! is a bijection between H and
D(T}) we deduce from the above estimate that

Vv e D(To),  ||Bvl| < al[(To —iMo| < af Tov]| + aAllv]]

Since a > 0 is arbitrary, this proves our result. O

So a combination of the preceding assertions leads us to the main theorem of this section:

Theorem 7.2.12 (Relatively compact perturbations) Let (7j, D(7;)) be a selfadjoint oper-
ator in a Hilbert space #, and let (B, D(B)) be symmetric and Tj-compact.

Then the operator T' = Ty + B, with domain D(T') = D(Ty), is self-adjoint, and the essential
spectra of T and T} coincide.

Proof.— The selfadjointness of 1" follows from the Kato-Rellich theorem. It remains to show that the
difference of the resolvents of 1" and Tj is compact. This follows directly from the obvious identity

(Ty —2) = (Ty+B—2)"'=(Ty+B—2)"'B(Ty) — 2)7 ",

which holds for all z ¢ R. O

As an easy exercise, one can show the following assertion, which can be useful in some situations.

Proposition 7.2.13 Let 7j be selfadjoint, B be symmetric and Tj-bounded with a relative bound
ains < 1, and C' be Ty-compact.

Then C'is also (T + B)-compact.

7.2.2 Essential spectra of Schrodinger operators

The following class of potentials is a restricion of the Kato-Rellich class introduced in Thm [7.1.7.
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Definition 7.2.14 (Kato class potential) We say that a measurable function V' : R — R
belongs to the Kato class if, for any ¢ > 0, one can find real valued V, € Lp(Rd) and V. €
L>®(RY) such that |V cllo < € and V =V, + V..

Here the index p = 2 for d < 3 and p > d/2 for d > 4, like for the Kato-Rellich classes.

Theorem 7.2.15 If a potential VV : R? — R belongs to the Kato class, then My is compact
with respect to the free Laplacian Ty = —A on L%*(R%). As a result, the essential spectrum of
the operator T' = —A + V, with domain D(T) = H?(R?), is equal to [0, cc).

Proof.— As in Thm. [7.1.7, we only give the proof for d < 3. Let F denote the Fourier transform on
R<. Then, for any f € #(R?) and z € resT, we have

VEER?,  (F(To—2)7"f)(p) = (€ —2)"'Ff(O).

In other words, (Tp — 2)~! is a Fourier multiplier for the symbol (£2 — 2)~!. Since a Fourier multiplier
corresponds to a convolution operator, we have

(T =27 (@) = g fla) = [ oo =)0y, where 9. = P2, (7= 2) 7"

Let € > 0 and let the decomposition V' = V.4V, . be as in Definition [7.2.14. The operator V(T —z)~*
admits the integral kernel K (z,y) = V() g.(z — y). Let us compute the L? norm of this kernel:

/ |K(:1:,y)‘2da:dy:/ ’Ve(m)fdx/ ‘gz(y)}2dy
Rd x R4 Rd Rd

= V| 2llg-||” < oo

This means that VE(T — z)*l is a Hilbert-Schmidt operator, therefore is compact, see Section 5.4. At
the same time we have the easy estimate

Voo, T = 2)7HI < €ll(T = 2)7 "],

so the norm of this operator goes to zero when ¢ — 0. Finally, the bounded operator V(T — Z)’1
can be represented as the limit in £(L?) of the compact operators V.(T' — z)~!, when ¢ tends to 0.
Since compact operators form a closed subspace in £(L?), the limit operator V(T — z)~! is compact
as well. O
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Example 7.2.16 (Coulomb potential) The previous theorem easily applies to the Schrodinger op-
erators with Coulomb potential we have mentioned in the previous section, 7= —A + «/|x|. It is
sufficient to represent

)

where 15 is the characteristic function of the ball of radius R > 0 and centered at the origin. When
1—1
R is large, the second part V (z) = —R(w) is smaller than e provided R > ¢ . So the

|

essential spectrum of —A + «/|z| is always the same as for the free Laplacian, i.e. [0, +00).

Another typical application of the Weyl criterion concerns “partially confining” bounded potentials.

Theorem 7.2.17 Let V € L>®°(RY) be real valued. Assume that there exists @ € R such that
the set (2 := {x eRe: V() < a} has a finite Lebesgue measure. Then —A + V' has a purely
discrete spectrum in (—o0, @).

Proof.— Let I be the characteristic function of Q. Call U := (V — a)lg and W = V — U.
Then U € Lp(Rd) for any p > 1 (since U is bounded and supported on a set of finite measure), in
particular, U is of Kato class. At the same time, W € L>*(R%) and W > «. By Proposition 7.2.13, U
is (—A + W)-compact. As a result,

speces(—A + V) = speces(—A + W + U) = spece(—A + W).

On the other hand, spece,(—A + W) C spec(—A + W) C [a, +00).

Notice that we have no problem with the domains: all the operators —A + V and —A + W are
defined on the same domain H2(]Rd), due to the boundedness of the potentials. O

Remark 7.2.18 In the physics literature, the situation of Theorem is referred to as a potential
well below the energy a. The same result holds without assumptions on V' outside 2 (i.e. for
unbounded potentials), but the proof would then require a slightly different machinery, and the
operator domains may be different.
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Chapter 8

Variational methods

8.1 Max-min vs. min-max principles

Throughout the subsection, we denote by (7, D(T)) a self-adjoint operator in an infinite-dimensional
Hilbert space H, and we assume that 1" is semibounded from below.

By “variational methods”, we have in mind the min-max and max-min principles, which provide, in
a somewhat dual manner, explicit variational expressions for the discrete eigenvalues at the bottom
of the spectrum (if any). This method is very powerful, and allows to obtain quantitative estimates
of eigenvalues for various types of Schrdédinger operators, including ones with many particles. This
method is specific to selfadjoint operators bounded from below, and the discrete spectrum at the
bottom of the spectrum.

We define the bottom of the essential spectrum of T':

S infspece T, if specess # 0,
400, otherwise.

8.1.1 The max-min theorem

Let us now state our first variational expression for the low lying eigenvalues.

Theorem 8.1.1 (Max-min principle) For n € N, we introduce the following numbers:

T
o = pin(T) := sup inf —<% 99>.
P1yeeyon—1€EH O#SD‘GD(T)? <90’ gp)
Wlevj:177n71

Then we are in either of the following situations:

(a) pn is the nth eigenvalue of T' (when ordering all the eigenvalues in increasing order,
counting their multiplicities), and T" has a purely discrete spectrum in (—o0, ft,].
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(b) pn =X, and p; = p,, for all j > n.

The numbers 1, can also be expressed as follows:

T T
(8.1.1) I[,Ln( ) = Sup |nf <()07 ;0> .
Ho1CH  peDMNHL , |ell=1 [¢ll
dim H,,—1=n—1

Proof.— Step 1. Let us first prove two preliminary assertions.

Lemma 8.1.2 Define the numbers (u,,),>1 as above, and consider some real number a.

(8.1.2) rk Il —aoe) < mif a < py,
(8.1.3) rk Il —aoa) > if a > py,.

Proof.— Assume that the assertion (B.1.2) is false. Then, for some a < p, we have rkIT_.,q) >
n, so there exists an n—dimensional subspace V' C Ran H(_OM). Since 1" is semibounded below,
V' C D(T). By dimensional consideration, for any (n — 1)-dimensional subspace H,, 1 C H, there
exists a normalized| vector ¢ € V' orthogonal to H,,_;. The inclusion ¢ € Ranll_ q) implies that
(gp,Tgp) < a. Therefore, whatever the subspace H,_1, the infimum in the definition of p,, is < a,
which gives the inequality u,, < a: this contradicts our assumption, hence Eq. (B.1.2)) holds.

Similarly, assume by contradiction that the assertion (B.1.3) is false. Then, for some a > Un We have
rkll_o0cq) < m — 1. Let ¥y,..., 2,1 be some vectors spanning Ranll(_, ). Due to the equality
I~ o0,0) + Hja400) = Id, for every normalized ¢ € D(T) with ¢ L span({;, j = 1,...,n—1}), one
has ¢ = H[a7+oo)<p, hence (cp, Tgp) > a. This implies that u,, > a, which contradicts ou assumption.
This proves Eq. (B.1.3). O

Let us now prove that y,, < +o00 forany n > 1 (remark that u,, > —oo follows from the semibound-
edness of T'). Assume by contradiction that ji, = +00. Then, by (B.1.2), one has rkII(_« 4 < n for
any a € R. By taking the limit @ — oo, we find eventually dim Ran H(_owo) = dimH < n, which
contradicts the fact that H is infinite dimensional.

The Lemma shows that the rank of H(,Oo,a) has a jump when a crosses (i, so there is spectrum
of T" at the point ji,,. The situation splits into two cases:
Case 1: rkIl(_o jy,4¢) = 00 for all € > 0;
Case 2: n < rkIl(_ i, +¢) < 00 for small enoughe > 0.

Let us consider Case 1. We are going to show that it corresponds to the case (b) of the theorem.
Due to (B.1.2), one has rk H(un,eyun%) = oo for all € > 0, so that y,, € spec.,; I'. On the other hand,
again by (B.1.2), spec..s I’ N (—00, j1,, — €) = ( for all € > 0, which proves that y,, = X. It remains
to show that p; = pu, for all j > n. Assume on the opposite that p; > p, for some j > n; then, by
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(B.1.2), for any € < 1; — 1, we have rkIL(_o . +¢) < J, which contradicts the assumption of Case 1.
SO [t = [in.

Consider now the Case 2, namely rkH(_qunJrg) < oo for some € > 0. It follows directly that
the spectrum of T is purely discrete in (—oo,,un + 6). Moreover, one can find €¢; > 0 such that
(oo pn] = (oo pnter): As rkII(_oo ey > by (B.1.2), we have rkII(_ ] > n, which means
that 7" has at least n eigenvalues A\; < --- < \, (counted with multiplicities) in (—00, fi,]. If A, < fin,
then rkII(_,] > 7, which contradicts to (B.1.2). This proves the equality i, = \,. O

An important fact is that the infimum over ¢ € D(T) N HL 1 can be replaced by the infimum over
the larger space p € D(T) N H:- |, where Q(T') is the form domain of the operator T’, namely the
domain of the closure of the quadratic form g induced by 7.

Proposition 8.1.3 One may replace the above definition of the numbers p,, by

(8.1.4) Un = Sup inf QT((’DQ) .
Hy 1CH eeQ(T)NHE_ ||(,0||

Proof.— For any ¢ € D(T) one has qr(p) = (¢, T), so the infimum in (B.1.4) is a priori lower
than the one in (B.1.1). However, D(T) is dense in the Hilbert space Q(T") (see Thm and the
subsequent discussion), so the infimum of g7 (u)/||u||? over D(T) is equal to the infimum over Q(T').
This shows that both formulas are equal in the case of 1. Let us check that this argument works as well
for the higher values y,,. Namely, the subspace D(T')N H;- | is also dense in the space Q(T)N H;- ,
The space H | is defined by n — 1 continuous linear forms on H, of the form ¢;(u) = (¢;, u). Each
such form, when restricted to the dense subspace Q(T') C H, remains a continuous 1-form on the
Hilbert space Q(T):

Vue Q(T),  |G(w)] < |6l
Each such restriction is in 1-to-1 correspondence with a state 1@ e Q(T):

Vue Q(T), {i(u) = @ia“)Q(T)

As a result, Q(T)ﬁHL | is the codimension-(n—1) subspace of (T") defined by all vectors u € Q(T)
orthogonal to {1;,i = 1,...,n — 1} (for the scalar product on Q(T)). This space Q(T) N H.- | is
also of codimension (n — 1) in H, so it is dense in H |

ullz < |||l Cllullgery

Similarly, inside Q(T") N H- |, the subspace D(T) N H:- , is dense inside Q(T) N H ,

As a result, the infimum of gr(u)/||u||? over D(T') N H;- | is identical to the infimum over Q(7") N
HE . m

Here is a simple consequence of the min-max principle, and of the above proposition.

Corollary 8.1.4 Assume there exists a nontrivial state ¢ € Q(7T) such that

(¢, Te)

<3
el
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Then T has at least one isolated eigenvalue of finite multiplicity in (—oo, X)), which satisfies

T
< (@ ;P)_
]l

Indeed, in this case one has j; < X, which means that ji; is in the discrete spectrum. This corollary
is important in practice: many physically relevant Schrdédinger operators admit discrete spectrum
below some essential spectrum. To show the existence of this discrete spectrum, it is not necessary
to identify the eigenvectors or eigenvalues, but just to construct a “good enough” trial function (or
variational function) ¢, which will contain a large enough component in the range of the discrete
spectrum, Ran H(_Ooyg), such as to satisfy the above inequality.

8.1.2 The min-max theorem

Let us now state a dual variational formula for the low-lying eigenvalues. In some sense, this statement
is more natural than the max-min formula above.

Theorem 8.1.5 (Min-max principle) All the assertions of Theorem hold if we replace
the formulas for p,, by:

T

(8.1.5) fp = inf  sup Latha
Ig_ch_(T)OyégaELn <90a 90>

(8.1.6) — inf sup QT(SO)‘

LnCQ(T) 0#£p€Ly <90» SO)
dim L

=N

Proof.— We only need to prove the two statements of Lemma from the equations for p,, given
in (B.1.5), the rest of the proof being identical to that of Thm B.1.1l.

To prove the statement (B.1.2)), we prove its contraposal. Namely, let us assume that rk H(—oo,a) >
n. There exists a subspace of dimension n L,, C Ran H(,Ooya). For this subspace, we see that any
normalized nontrivial state ¢ € L,, will satisfy (¢, Ty) < a, so that

sup (p,Tp) = max (p, Tp) <a.
wELR peLn

llell=1 lell=
Since this inequality holds for this specific L,,, it holds as well when minimizing over all L,,, so i, < a.
We have proved that rkIl(_ 4 > n ipmlies 4, < a. The contraposal states that if a < p,, then
rkII(_oo,a) < 7, @ statement slightly stronger than (B.1.2).

We then also show (B.1.3) by contraposal. Let us assume that rkIl(_w, < n — 1, so that
(Ran H(,OM))L = Ranll, o) has codimension < n — 1 in H. Linear algebra tells us that for any
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n-dimensional subspace L,, C H, the intersection L, N RanIlj, .y # 0, in particular there exists a
normalized state ¢ in this intersection, satisfying (¢, T'p) > a. In particular,
sup (o, Tp) > a.

@p€Ln
llell=1

Taking the infimum over all L,,, we find j,, > a. The contraposal is exactly (8.1.3). O
The max-min and min-max principles are powerful tools to analyze of the behavior of the eigenvalues

with respect to various parameters. As a basic example, we mention the following situation, which
will be applied later to some specific operators:

Definition 8.1.6 Let (A, D(A)) and (B, D(B)) be two selfadjoint operators on a Hilbert space
H, both semibouneded from below. We write A < B if the form domains Q(A) D Q(B), and

if ga(u) < gp(u) for all u € Q(B).

As a direct corollary of the max-min principle we obtain the following “pointwise ordering” between
the spectra of two operators A and B which are ordered.

Corollary 8.1.7 Let (A, D(A)) and (B, D(B)) be selfadjoint semibounded below, with A < B.
In addition, assume that A and B have compact resolvents. If (A\;(A4));>1 and (\;(B);>1, denote
their respective eigenvalues, enumerated in increasing order and with their multiplicities, then

N(A) < X\(B) forall  j>1.

Another practical application of the min-max theorem concerns the use of finite dimensional varia-
tional subspaces of H, namely using trial functions in a subspace of finite dimension.

Corollary 8.1.8 (Rayleigh-Ritz method) Let (7, D(T')) be a selfadjoint operator on H. Con-
sider a subspace V =V,, C D(T) of dimension n, and denote by

Ty :=II),TIl,, the restriction of 7" on V.

(note that Ty, is selfadjoint too). Denote by (fi;);=1,.. . the ordered eigenvalues of 7}, counted
with multiplicities.

Then,
V<n, u(T)<fp,.

This Corollary shows that one can try to approach the low-lying spectrum of I’ by restricting 71" to a
finite rank operator. By choosing an orthonormal eigenbasis of ), the operator T}, just takes the form
of a Hermitian n X n matrix, which is easy to diagonalize numerically.
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8.2 Negative eigenvalues of Schrodinger operators

As seen above in Thm [7.2.15, if V is a Kato class potential in Rd, then the associated Schrddinger
operator” = —A +V actingin H = Lg(Rd) has the same essential spectrum as the free Laplacian,
i.e. spec.; I’ = [0,00), with infimum X = 0. In the present section we will address the question on
the existence of negative discrete eigenvalues for the operator 1"

We will prove a rather a simple sufficient condition for the existence of such eigenvalues, in the 1
and 2-dimensional cases.

Theorem 8.2.1 Let d € {1,2} and V € L*(R%) N L}(R?) be real valued such that

Vo i= / V(z)dx <0,
Rd

then the associated Schrodinger operator T'= —A + V' has at least one negative eigenvalue.

Proof.— We assumed the boundedness of the potential just to avoid additional technical issues con-
cerning the domains. The assumption V' € L' N L*™ implies by interpolation V & LQ(Rd), o)
that V' is in the Kato class, hence spec,; T = [0,400) in virtue of Theorem 7.2.13. The domain
D(T) = H?(R?), and its form domain Q(T") = H'(R?).

By Corollary B.1.4, to identify a negative eigenvalue it is sufficient to constuct a nonzero state ¢ €
H'(RY) satisfying
2 2
qr(p) = /d |V<p(:v)‘ dx+/d V(x)!cp(x)‘ dr < 0.
R R

Consider first the case d = 1. Take a small ¢ > 0, and consider a slowly decaying trial function
Ye(x) == e~<l#l/2 clearly, Ve € Hl(R) for any € > 0. A simple computation shows that

2 € _ _ 2
(8.2.7) /R‘gp;(m)‘ dx = 2’ while El_l)l’(l)‘l+ /Rd V(x)‘gpe(a:)’ dx =V, < 0.

Therefore, for sufficiently small ¢ > 0, the second integral dominates the first one, and one obtains
qr(pe) < 0.

Now consider the case d = 2. As opposed to the 1-dimensional case, the trial function <p€(m) =
e~l71/2 will not “do the job”, because ||[V¢.||?> > 0 is independent of ¢, so it cannot be made small
when € — 0. We instead consider the function ¢.(z) = e~1#1°/2, which decays much slowlier than the
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previous one. We have

€—2
Vb (z) = _% e lel/2.
2 62 €
/ V(@) "de = — [ |af* e~ 17" dx
R2 4 Jpe
2
— E 26—16—7”6 dr
2 Jo
- ue “du = E,
2 Jo

and, as previously,

i / V(@) ()| = Vi < 0.
Rd

e—0+

As a result, for sufficiently small ¢ we have again g¢r(¢.) < 0. O

We see already in the above proof that finding suitable test functions for proving the existence of
eigenvalues may become tricky and depending on various parameters. One have seen that the trial
function (. works in d = 1, but not in d = 2; the opposite is actually true for 7)., which does not work
in d = 1, the gradient V. having a too strong singularity at x = 0 to be in L?. It is a remarkable
fact that the analog of Theorem does not hold in higher dimension. In particular, we have the
following

Proposition 8.2.2 Let d > 3 and let V : R? — R be bounded with compact support. For A € R,
consider the Schrodinger operators Ty := —A + AV,

Then there exists Ay > 0 (depending on V') such that spec T\ = [0, +00) for all A € (—Xg, o).

Notice that we did not make any sign assumption on V/, which can have both positive and negative
values. Proof.— Due to the compactness of supp V' one can find A\g > 0 in such a way that
(d—2)?

W forall x € Rd.
X

)\O‘V(@"” <
Using the Hardy inequality (see Prop. B.2.7), for any u € C>°(R%) and any |\| < \g, we have

(u, Thu) = /Rd ‘Vu(m)|2dx—|— /\/ V(x)’u(x)’de

R4

> /Rd ]Vu(x)|2dg; — Ao /Rd V(z)] - |u(x)|2d:13
2/ ’Vu(x)|2dac— (d_2)2/ [u@)] dx > 0.

4 ]2

Since T) is essentially selfadjoint on C>°(R%), see Thm [7.1.7, this inequality extends to all u €
D(Ty) = H?*(R%), and we obtain Ty > 0, which implies that spec T} C [0, +00). On the other hand,
spec..; T = [0, +00), since AV is of Kato class (see Thm [7.2.15). O
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The precise ordering between the spectra of two operators satisfying the ordering A < B (see
Def. B.1.6) allows to obtain a monotonicity of the eigenvalues of a perturbed operator, provided the
perturbation is a negative operator.

Proposition 8.2.3 Let (75, D(Tj)) be selfadjoint on #, and let (B, D(B)) be a Ty-compact and
symmetric operator. We also assume that spec.(7y) = R,, and that B < 0. For § € R,, we
consider the perturbed operators T3 =Ty + 85.

Then the discrete eigenvalues (y;(3)) of T3 are monotone decreasing w.r.t. (.

Introduction to Spectral Theory, Fall 2023 Stéphane Nonnenmacher



	Notations
	References
	What is a Spectrum ?
	The spectrum in physics
	An example: Schrödinger evolution in quantum mechanics
	The Schrödinger group
	Spectral expansion
	Stationary states

	Example of the heat equation

	Bounded vs. Unbounded operators
	Some definitions
	Closed unbounded operators
	Partial differential operators

	Adjoint of an operator on a Hilbert space
	Adjoint of a continuous operator
	Adjoint of an unbounded operator
	Symmetric and Selfajdoint operators

	Exercises

	Operators and quadratic forms
	From quadratic form to operator
	Starting from an elliptic form on V
	From V to H
	Starting from a quadratic form on H
	Various Laplacians

	Semibounded operators and Friedrichs extensions
	Exercises

	Spectrum and resolvent
	Definitions
	Examples
	Spectrum of bounded operators
	Evolution operators
	Unbounded operators

	Basic facts on the spectra of self-adjoint operators
	Exercises


	Spectral theory of compact operators
	Definitions and elementary properties
	The Fredholm alternative
	Compact operators on a Hilbert space
	An example of compact operators on H: Hilbert-Schmidt operators
	Integral operators
	Hilbert-Schmidt operators

	Unbounded operators with compact resolvent

	The spectral theorem for selfadjoint operators
	The case of operators with compact resolvent
	Continuous functional calculus for general selfadjoint operators
	A Cauchy formula
	Almost analytic extensions
	The Helffer-Sjöstrand formula
	An algebra of smooth decaying functions

	Borelian functional calculus and L2 representation
	Spectral representation, cyclic case
	Spectral representation, general case
	Generalized spectral representation

	Some applications of the spectral theorem
	Spectral projectors of selfadjoint operators
	Spectral projectors as a projector valued measure

	Application of the spectral theorem to Schrödinger propagators
	Spectral decomposition of Tensor products

	Perturbation theory
	Perturbations of selfadjoint operators
	The Kato-Rellich theorem
	Application: selfadjointness of Schrödinger operators

	Stability of the essential spectrum
	Weyl criterion and relatively compact perturbations
	Essential spectra of Schrödinger operators


	Variational methods
	Max-min vs. min-max principles
	The max-min theorem
	The min-max theorem

	Negative eigenvalues of Schrödinger operators


