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Final Examination
The solutions must be written either in English or in French. The result of any question (even if

you have no solution) can be used to study the subsequent questions and exercises.

Exercise 1. Let Q C R? be a non-empty open set and V € Llloc(Q), V > 0. Consider the following
form ¢ in the Hilbert space L?(Q):

t(u,u) = / (|Vu]2 + V|u|2)dx, D(t)={ue H}(Q) : / Vu2dz < oo},
Q Q
and let T be the associated self-adjoint operator. For R > 0 set Qg := {x €N |z| < R},

t
in (u,u)7 and Y := lim X(R) € [0,+o0].
weD()  lull? R—-+o0
u=0 in QR

uZ0
The aim of the present exercise is to show the equality ¥ = inf spec, 1.

£(R) =

(1) Let A € specys T and (u,) be a singular Weyl sequence for T" and A with ||u,| = 1. Pick an
arbitrary R > 0. We would like to show that

unll2(y) — 0 as n — oo, (A)

(a) Show that limy, e (un, Tu,) = A and that the sequence (uy,) is bounded in H'().
(b) Let € > 0. Assume that there exists a subsequence (up,) with |[un,[[12(q,) > €. Show
that there is a subsequence (un, ) which is norm-convergent in L*(Qg).
(c) Obtain a contradiction, then prove the claim (A).
(2) Let A and wu,, be as in question (1). Pick R > 0 and consider a C*-function x : R? — [0, 1]
such that:
x(x) =0 for || <R, x(z)=1for|z|>R+1.

(a) Let e > 0. Show that that for large n we have / \X\2(|Vun|2 + V|un|2)d:n <A+e.
Q

(b) Let € > 0. Show that that for large n there holds / (‘V(xun)F I V\xun|2)d:p <Ate.
Q
(c) Show that ||xunl|lf2() — 1 as n — oo,
(d) Let € > 0. Show that for large n one has Hxtin, Xttn) <A+e.
<Xuna Xun>

(e) Show the inequality ¥ < infspec. 7T
(3) Let p < infspeceg T. Consider the spectral projector II := Ep((—o0, y]) and an orthonormal
basis (x;j), j =1,...,N, in ranIl.
(a) Show that ¢(u,u) > pul[(1 — H)uH2 for any u € D(t).
(b) Let u € L?(2) such that u = 0 in Qg. Show the estimate

2 al 2 9
I < (32 [, ,, botolas)

(c) Let € > 0. Show that one can find R > 0 such that for any u € L*(Q) with u = 0 in Qg
there holds [[(1 — Iu||? > (1 — &) ||ul?.

(d) Let ¢ > 0. Show that for large R one has ¥(R) > u(1 — ¢), then deduce the inequality
3 > infspecg T
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Exercise 2. We work in the Hilbert space H := L*(R%). Let V € C°(R?), V > 0. Consider the

naturally defined self-adjoint operator T = —A + V in H.
(1) Show that T is exactly the self-adjoint operator generated by the sesqulinear form

t(u,u) = /Rd (IVul* + Viu[*)dz, D(t)={uce HY(RY) : /]Rd Vlu’dz < oo}.

(2) Show the inequality inf specess 7' > limp oo infiy> 5 V(7).
(3) Assume that lim,, o V(2) = a. Show that spec.s T' = [a, +00).

Exercise 3.

(1) Describe (without proof) the spectrum of the following operator T, in L?(R,):
Tou=—u", D(T)={ue H*(Ry): 4/ (0)+ au(0) =0},

where a € R.
(2) Let o > 0. Consider the sesquilinear form

q(u, ) :// Vu|2dm—a/ lu(z1,0 ‘ dry, D(q) = H'(R; xR,).
Ry xRy Ry

Let Q be the self-adjoint operator generated by ¢, acting in L2(Ry x R,).
(a) Show the equality Q@ =To @ 1+ 1® Ty.
(b) Describe the spectrum of Q.

(3) Take any b > 0 and consider the domain 2 := {xy > bx1} U {z2 > 0} C R%. Now take a > 0,

consider the sesqulinear form

t(u, w) / |Vul d:lc—a/ lul*ds, D(t) = H(),

where ds is the one-dimensional Hausdorff measure on 02, and denote by T the associated

self-adjoint operator in L%(Q2).

(a) Using the results of item 2 and a suitable decomposition of Q show that T > —a?.

(b) Using suitable Weyl sequences show that [—a?, +00) = spec T



