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CONTROL OF EIGENFUNCTIONS ON SURFACES OF
VARIABLE CURVATURE
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1. INTRODUCTION

Let (M, g) be a compact smooth Riemannian manifold. The Laplace—Beltrami
operator A admits a complete set of eigenfunctions

u; € C*(M), (—A- A?)uj =0, |ujllz2any = 1.

These can be interpreted as stationary states of a quantum particle evolving freely
on M, with A% being the energy of the particle, and [u;(z)|* the probability density
of finding the particle at the point z. One fundamental question in the field of
spectral geometry is to understand the structure of the eigenfunctions u; in the
high-energy regime \; — oo, using some information on the geodesic flow on M
(this flow corresponds to the dynamics of a classical particle evolving freely on M).
In particular, the field of Quantum Chaos focuses on situations where the geodesic
flow on M has chaotic behavior.

In this paper we assume that (M, g) is a compact connected Riemannian surface
without boundary, whose geodesic flow has the Anosov property (see §2.1] for defi-
nitions and properties); we will refer to such (M, g) as an Anosov surface. Anosov
flows form a standard mathematical model of systems with strongly chaotic behav-
ior; in some sense they are the “purest” form of chaotic systems. A large family of
examples is provided by the surfaces of negative Gauss curvature. Our first result
gives a lower bound on the mass distribution of u;, showing that the probability
of finding the quantum particle in any fixed open set is bounded away from zero
uniformly in the high-energy limit:

Theorem 1. Assume that (M, g) is an Anosov surface. Choose Q C M open and
nonempty. Then there exists a constant cq > 0 such that any eigenfunction u; of
the Laplace—Beltrami operator on (M, g) satisfies

(1.1) ujllz2(0) = ca -
On any Riemannian manifold, the unique continuation principle shows that a

positive lower bound (LI)) holds if one allows cq to depend on A;; see e.g. Lebeau—
Robbiano [LR95, Corollaire 2]; an introduction to quantitative unique continuation
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for eigenfunctions of the Schrédinger operators on R? can be found in [Zw12, The-
orem 7.7]. In general, the lower bound decays exponentially fast as A\; — 0o, as can
be seen in the case of the round sphere, where one can construct Gaussian beam
eigenstates concentrating on a closed geodesic and exponentially small away from
this geodesic. Note that related propagation of smallness results for solutions of
elliptic equations were also obtained for any set Q2 of positive Lebesgue measure
vol(€2) by Logunov—Malinnikova [LM19, §1.7], who showed that

vol(Q)\
sup g 2 () up
Q M

for some constant C' depending on (M, g), but not on 2 or j. In our situation, the
energy-independent lower bound (1) strongly relies on the chaotic behavior of the
geodesic flow.

The proof of Theorem [I] gives a stronger result featuring the localization of u; in
both position and Fourier spaces. Let Op,, be a semiclassical quantization procedure
on M, and S°(T*M) be the standard symbol class; see §221 Denote by S*M C
T*M the cosphere bundle.

Theorem 2. Assume thata € S°(T*M) and a|s«n # 0. Then there exist constants
C > 0 and hg > 0 depending only on a, such that for all h € (0,hy) and all
u € H%(M) we have the estimate

Clog (1/h)
(12) ||u||L2(M) < CH Oph(a)uHLz( ) / H hZA - I)U'HLz(M)

If a = a(z) is a function on M, then Op;,(a) is the multiplication operator by a.
Hence Theorem 2limplies Theorem [ by taking a(z) supported inside Q and putting
h:= )\j_l, u := u;. More generally, the lower bound (LI]) holds for quasimodes uy,
of the Laplacian of the following type:

(1.3) [(=h2A — Dupl|r2 vy = o(h/ log(l/h)), h—0;  |lunlp2n) = 1.

On the opposite, the lower bound () may fail for quasimodes of error
O(h/log(1/h)): for (M,g) a surface of constant negative curvature (also known
as a hyperbolic surface), Brooks [Brlh|] constructed quasimodes of such strength
localized along a closed geodesic; the construction was extended to more general
two-dimensional quantum systems by Eswarathasan—Nonnenmacher [EN17], and
in higher dimension to quasimodes localized on an invariant submanifold of M by
Eswarathasan—Silberman [ES17].

1.1. Application to semiclassical measures. We now discuss two applications
of Theorem[2l The first one concerns semiclassical measures, which describe asymp-
totic macroscopic distribution of subsequences of eigenfunctions. More precisely, if
(uj, )ken is a sequence of eigenfunctions with X\;, — oo and hj, = )\j_k , then we
say that (uj, ), converges to a measure p on T*M if

(1.4) (Opy,, (@), u5,) L2 (ar) > adp forall ae SO(T*M).

M

The measure p is called a semiclassical measure of the manifold (M, g); it describes
the asymptotic microlocal properties of the eigenstates along the sequence (uj, ) of
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eigenfunctions. A compactness argument shows that, from any sequence of eigen-
states (uj, ), it is always possible to extract a subsequence which converges to a semi-
classical measure. Any semiclassical measure is a probability measure supported
inside S*M, which is invariant under the geodesic flow; see [Zw12, Chapter 5].
From ([4) and the semiclassical calculus we see that || Opy,;, (a)uj, ||2L2(M) con-

verges to [|a|? du. Thus Theorem 2] implies the following

Theorem 3. Let pu be a semiclassical measure associated to a sequence of Lapla-
cian eigenfunctions on M. Then supppu = S*M, that is u(U) > 0 for any open
nonempty U C S*M.

While we do not provide an explicit formula for the lower bound on p(U) in
terms of U, we show that this lower bound only depends on a certain dynamical
quantity associated to U:

Theorem 4. There exists g > 0 depending only on (M, g) such that the following
holds. Assume that U C S*M is an open set which is (Lg, L1)-dense in both unstable
and stable directions in the sense of Definition 2I06], and has diameter less than eg.
Then for each semiclassical measure p we have u(U) > ¢, where the constant ¢ > 0
depends only on (M, g) and on the lengths (Lo, L1).

Theorem [ follows by analyzing the dependence of various parameters in the
proof of Theorem 2l We indicate the required changes in various remarks through-
out the paper, with the proof of Theorem Ml explained at the end of §3.3.4l Let us
remark that Theorems Bland [ also apply to semiclassical measures associated with
quasimodes of the form (L3)).

We believe that our results are not specific to the Laplacian, but can be extended
to operators of the form P = —A + P; + Py on (M, g), where P; are symmetric
differential operators of order i with smooth coefficients. One could also consider
semiclassical Schrédinger operators P, = —h%A + V with V € C°°(M;R), and
study families of eigenstates Pyup = FE(h)up, with eigenvalues E(h) — 1 when
h — 0. If the potential V is sufficiently small, the Hamiltonian flow generated by
the symbol p(z, &) = €2 + V(x), restricted to the energy hypersurface p~*(1), will
still enjoy the Anosov property, due to the structural stability of that property. We
then believe that the eigenstates (up)n—o0, as well as the associated semiclassical
measures, will satisfy similar delocalization properties as in Theorems [TH4l

To put Theorems 2H4] into context, let us give a brief historical review, referring
to the expository articles of Marklof [Ma06|, Zelditch [Ze09], and Sarnak [Sall] for
more information. The Quantum Ergodicity theorem of Shnirelman [Sh74al[Sh74b],
Zelditch [Ze87|, and Colin de Verdiere [CAV8H] states that when the geodesic flow
on S*M is ergodic (with respect to the Liouville measure py,), there exists a density
one sequence (u;, ) which asymptotically equidistributes, namely which converges to
the Liouville measure py, in the sense of ([4). The Quantum Unique Ergodicity
(QUE) conjecture formulated by Rudnick-Sarnak [RS94] states that on any Anosov
manifold, the full sequence of eigenfunctions equidistributes, that is p, is the unique
semiclassical measure. So far this conjecture has only been established for hyper-
bolic surfaces possessing arithmetic symmetries [Li06]. On the other hand, there
exist toy models of quantized Anosov maps on the two-dimensional torus, where the
corresponding QUE conjecture fails; see Faure-Nonnenmacher—de Bievre [FNdB03]
and Anantharaman-Nonnenmacher [ANO7h]. On a similar Anosov toy model on a
higher dimensional torus, Kelmer [Kel(] exhibited counterexamples to QUE, but
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also to our full delocalization result, featuring semiclassical measure supported on
proper submanifolds.

With QUE seeming out of reach, it is natural to wonder which flow invari-
ant probability measures on S*M can arise as semiclassical measures; in other
words, does quantum mechanics select certain invariant measures, or allow all of
them? The first restrictions on semiclassical measures were proved by Ananthara-
man [AnO8], Anantharaman-Nonnenmacher [AN(07a], Riviere [Ril0], and
Anantharaman-Silberman [AS13], in the form of positive lower bounds on the
Kolmogorov—Sinai entropy of . The entropy is a nonnegative number associated
with each invariant measure, representing the information theoretic complexity of
the measure. Low-entropy measures therefore have low complexity. These lower
bounds on the entropy exclude, for instance, the extreme case when p is a § mea-
sure on a closed geodesic. Our Theorem [3 gives a different type of restriction on
p. As explained in [DJ18|, there exist invariant measures which are excluded by
Theorem [B] but not by entropy bounds, and vice versa. For instance, on any Anosov
surface one can construct flow invariant fractal subsets F* C S*M of Hausdorff di-
mension close to 3, which support invariant measures of large entropy. Conversely,
an invariant measure of the form euy, + (1 — €)d,, with d, the delta measure on a
closed geodesic and 0 < ¢ < 1, will have full support but small entropy.

In the special case of hyperbolic surfaces, Theorems[IH3 were proved by Dyatlov—
Jin [DJIS§]; see also the reviews [Dyl17,[Dy19]. The proofs in the present paper
partially use the strategy of [DJ18]; in particular they rely on the fractal uncertainty
principle (FUP) established by Bourgain—Dyatlov [BD18]. However, many new
difficulties arise in the variable curvature case, in particular from the fact that the
stable and unstable foliations on S*M are not smooth; see §§T.4] [Tl

1.2. Application to control theory. The second application of Theorem [Z is
observability and exact null-controllability for the (nonsemiclassical) Schrodinger
equation:

Theorem 5. Assume that  C M is open and nonempty, and fir T > 0. Then:

e (Observability) There exists a constant K > 0 depending only on M, Q,
and T, such that for any uy € L*(M), we have

T
(1.5) ltoll2apy < K / e g2

e (Control) For any ug € L*(M), there exists f € L*((0,T) x Q) such that
the solution to the equation

(10 + A)u(t,xz) = flomyxa(t, ), u(0,z) = uo(z)

satisfies
u(T,z) = 0.

The proof that the above statements follow from Theorem [2 is identical to the
one in Jin [Ji18], so we will not reproduce it here.

For a general manifold, such observability /control is known to hold if the open set
(2 satisfies the geometric control condition of Bardos-Lebeau-Rauch [BLR92/[Le92],
namely if every geodesic ray intersects 2. Yet, it may hold as well if this geomet-
ric condition is violated, for instance on compact manifolds of negative sectional
curvature, provided the set of geodesics never meeting ) is “sufficiently thin”;
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see Anantharaman-Riviere [AR12]. The novelty in the above two-dimensional re-
sult is that this control holds for any open set €2, no matter how thick the set of
uncontrolled geodesics. So far the only other family of manifolds for which observ-
ability /control was known to hold for any  were the flat tori; see Haraux [Ha89]
and Jaffard [Ja90]. Further references on this question may be found in Burq—
Zworski [BZ04] and Jin [Ji1§].

1.3. Damped wave equation. Our final result concerns the long time behavior of
solutions to the damped wave equation on M, with damping function b € C*° (M),
b>0,b#0:

(1.6) (02 — A+ 2b(z)0,)v(t,z) =0, vlimo = vo(z), O4v|i=0 = v1(x).

Semigroup theory shows that for initial data (vg,vy) € H® := HY(M) x L*(M),
the above equation has a unique solution in C(R*; H*(M))NC*(R*; L?(M)). The
energy of this solution at time ¢ > 0 is defined by

(1.7) E(w()) = %/M |0wo(t, 2)|* 4 |Vu(t, z)|? de.

It is well-known that on every compact Riemannian manifold, this energy decays to
zero when t — co. However, the rate of decay depends on a subtle interplay between
the geodesic flow and the support of the damping function; see Lebeau [Le96].
In particular, exponential decay (the fastest possible decay) always holds if the
damping function satisfies the geometric control condition, that is any geodesic
intersects the set {b > 0}. In the case of an Anosov surface with any damping
function b, we obtain exponential decay without requiring this geometric condition:

Theorem 6. Assume that b > 0 but b £ 0. Then for every s > 0, there exist
constants C and v = v(s) > 0 such that for any (vo,v1) € H® := HTH(M) x
Hs(M), the energy of the solution decays exponentially:

(1.8) E(v(t)) < C e [[(vo, v1) 13 -

We remark that on any compact manifold, the decay (L8] holds for s = 0 if
and only if the set {b > 0} satisfies the geometric control condition; see Rauch—
Taylor [RaTa75]. On manifolds of negative curvature, an exponential decay con-
trolled by a higher Sobolev norm s > 0 has been proved in situations where the set
of undamped trajectories is sufficiently “thin”; see Schenck [Sc10].

To our knowledge, Theorem [A] gives the first class of manifolds (of dimension
> 2) for which the energy decays exponentially (under a control by a higher Sobolev
norm), no matter how small the support of the damping is. As a comparison, in the
case of flat tori, in absence of geometric control of the region {b > 0}, the decay is
instead algebraic in time; see Anantharaman-Léautaud [AnLel4]. For an account
on previous results on the rate of energy decay for damped waves, the reader may
consult the introduction to [Ji20] and the references therein.

The proof of Theorem [Gl uses many of the ingredients of the proof of Theorem 2]
including the key estimate, Proposition In the special case of hyperbolic sur-
faces, Theorem [6 was proved by Jin [Ji20] using the methods of [DJIS].

1.4. Structure of the article.

e In §2 we review various ingredients used in the proof. Those include: hy-
perbolic (Anosov) dynamics and stable/unstable manifolds (§2.1]); pseu-
dodifferential operators with mildly exotic symbols and Egorov’s theorem
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(§2.2); Lagrangian distributions/Fourier integral operators (§2.3)); fractal
uncertainty principle (§24); proof of porosity of dynamically defined sets
(423).

e In 3 we give the proofs of Theorems 2] Ml (§3:3)), and Bl (§3.4]). The strategy
of proof is similar to the one used in [DJ18/IJi20] in the constant curvature
case. It starts from a microlocal partition of the identity, quantizing the par-
tition of S*M into the controlled vs. uncontrolled regions. Using the wave
group, we may refine this microlocal partition up to a time IV, each element
of the refined partition being an operator Ay = Ay (N) -« - Ay, (1) Ay, in-
dexed by a word w = wg...wy, each symbol w; indicating whether the
system sits in the controlled or uncontrolled region at the time j. We
need to push this refinement up to a time N ~ C'log(1/h) exceeding the
Ehrenfest time, which implies that the operators Ay, are no longer pseudo-
differential operators. The core of the proof then consists in a key estimate
on these “long” operators Ay, given in Proposition

e #is devoted to the proof of this key Proposition. It proceeds by trans-
forming this estimate into a collection of fractal uncertainty principles. This
part of the proof is very different from the constant curvature case, due to
the fact that the Ehrenfest time is not uniform, but depends on the trajec-
tory; the difficulty also comes from the low regularity of the stable/unstable
foliations, which are not C'*°, but only C?7%. An outline of the proof is
provided in §4T1

e In g5l we complete the analysis of the operators A, by splitting them into
more elementary pieces, which we may precisely analyze through a version
of Egorov’s theorem up to the local Ehrenfest time. Similar elementary
pieces were already introduced in the proofs of entropic lower bounds [An08|,
NZ09,[Ri10]; we will need a somewhat more precise description of these
operators for our aims.

e Appendix [Al contains quantitative estimates for the semiclassical pseudo-
differential calculus on a compact surface, used in §2.2] and §5l

2. INGREDIENTS

In this section we review some of the ingredients used in the proof: hyperbolic dy-

namics (§2.7]), semiclassical analysis (§§2.2H2.3]), fractal uncertainty principle (§2.4]),
and porosity properties in the stable/unstable directions (§2.5).

2.1. Hyperbolic dynamics. Let (M, g) be a compact connected Riemannian sur-

face. Denote
T"M\0:={(x,§) € T*"M: £ # 0},

S*M = {(x,§) e T*M: |£], = 1}.
Define the smooth function
(2.1) p:T"MN\O0 =R, p(x,§):=[¢,.
The Hamiltonian flow of p,
(2.2) @ i=exp(tH,) : T"M\ 0 — T"M\ 0

is the homogeneous geodesic flow; note that it preserves S*M.
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We assume that the restriction of ; to S*M is an Anosov flow, namely for each
p € S*M there is a splitting of the tangent space T,(S*M) into one-dimensional
spaces
T, (S*M) = Eo(p) ® Es(p) & Eu(p)
such that:

e Ey(p) =RH,(p) is the flow direction;

e F,. F, are invariant under dgy;

e E. is stable and E, is unstable in the following sense: for any choice of
continuous metric | @ | on the fibers of T'(S*M), there exist C,0 > 0 such
that

E , t>0;
(2.3) |dei(p)v| < Ce™ 0], {DE (p) 0

ve B, (p), t<0.

The Anosov assumption holds in particular if (M, g) has everywhere negative Gauss
curvature; see [KH97, Theorem 17.6.2], [KI95, Theorem 3.9.1], or [Dy18, Theorem 6
in §5.1]. In the present setting the dependence of the spaces Fy, F, (and the
stable/unstable manifolds defined in §2.1.1]) on the base point p is C?~ but (unless
M has constant curvature) not C?; see Remark (1) following Lemma 23]

Since ¢, is a homogeneous Hamiltonian flow, it preserves the canonical 1-form
& dxz (which is the symplectic dual of the dilation field £ - 0¢). By ([23) we see that
& dx annihilates Fg; @ F,,, that is

(2.4) E; @ E, = ker(dp) Nker(¢ dx).

We fix adapted metrics | ®|s, | ® |, which are smooth Riemannian metrics on S*M,
so that the following stronger version of (Z3]) holds for some Ag > 0:

|dpi(p)v]s < e_AOIt||U|Sa v € Ey(p), t=>0;

(2.5) A
|d§0t(p)v|u <e O|t||v|ua v E Eu(ﬂ)v t<0.

See for instance [Dy18| Lemma 4.7] for the construction of such metrics. By homo-
geneity we extend the spaces Ey, E,, E,, to T*M \ 0. We also extend |e |5, | ® |, to
homogeneous metrics of degree 0 on T*M \ 0.

For each p € T*M \ 0 and ¢t € R we define the stable/unstable expansion rates
(since Fs, E, are one-dimensional these coincide with the stable/unstable Jaco-
bians):

doi(p)v]s = J7 (p)|vls, v € Es(p);

ldot(p)v]u = J{(p)Iv]u; v € Eulp).

From the stable/unstable decomposition and the homogeneity of the flow we see
that for all p € {1 < [¢|, < 4} and all ¢

ldee(p)I| < C T (p), t =05

ldpe(p)| < CJ7(p), t<0.

Since Ej is spanned by H,, and E,, I, are tangent to the level sets of p, we see that
the weak stable/unstable spaces Es @ Ey, E, ® Eg are Lagrangian with respect to
the standard symplectic form w on T*M \ 0 and Es & E, is symplectic. Since ¢,

are symplectomorphisms, there exists a constant C such that for all p € T*M \ 0
andt e R

(2.8) C™H < J (p) i (p) < C.

(2.6)

(2.7)
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Moreover, J; and J;* are invariant under a short time evolution by the flow ¢; up
to a multiplicative constant: for all p € T*M \ 0, ¢’ € [-1,1], and t € R

(2.9)  C7'J(p) < Ji(ew(p) < CIE(p), C N (p) < Ji (e (p)) < CJH(p).

By ([23), J; is exponentially decaying in time, and J¥ cannot grow faster than
exponentially due to the compactness of M. As a result, there exist constantd]
0 < Ap < A; such that for all p e T*M \ 0

eMolth < Ju(p) < eMltl =Ml < g (p) < e Aol for all ¢>0;
2.10
( ) e~ Mt < Ji(p) < e~ Mol gholtl < Ji(p) < eMltl forall ¢t <0.
For technical reasons (in the proof of Lemma B.1]) we choose to take Aq > 1.

Define also
Ay

2.11 A=|— N.
@) G

2.1.1. Stable/unstable manifolds. For p € S* M, denote by
Wi(p), Wu(p) C S*M

the local stable/unstable leaves passing through p. These are C'*°-embedded one
dimensional disks (i.e. intervals) tangent to Es, E,. Their definition depends on
arbitrary choices (because of the freedom of choosing where to end the interval);
however their behavior near each point depends only on (M, g). For the construction
of Ws(p), W.(p) and their properties we refer to [KH97, Theorem 17.4.3], [KI95,
Theorem 3.9.2], or [Dy18, Theorem 5 in §4.6]. We can adjust the definition of these
local leaves such that they satisfy the following invariance properties under the flow

Pt
(212) Vpe S*M,  p1(Ws(p)) C Wslp1(p)), »-1(Wul(p)) C Wulp-1(p))-

We also use the local weak stable/unstable leaves

(2.13) Wos(p) == | ¢:Ws(p)), Woulp) == |J #e(Wulp)),

lt|<& [t|<é

which are C°°-embedded two dimensional rectangles inside S*M tangent to the
weak stable/unstable spaces Eg® Es, Eo® E,,. Here & > 0 is fixed small, depending
only on (M, g). We extend Wy, W,,, Wys, Wo,, to T*M \ 0 by homogeneity; however
for simplicity the lemmas below are stated on S*M.

The stable/unstable manifolds are related to the dynamics of ¢; by Lemma 211
To state it we introduce the following piece of notation: for A, B > 0
(2.14)

A~B iff CT'A<B<CA forsome C > 0 depending only on (M, g).

Lemma 2.1. Fiz a Riemannian metric on S*M which induces a distance function
d(e,e). Then there exist C,eq > 0 such that for all p,p € S*M we have:

(1) if p e Wy(p), then
(2.15) d(ei(p), i(p)) < CJi (p)d(p,p)  for all t>0;

I'We can think of Ao as the minimal ezxpansion rate and A1 as the mazimal expansion rate
but strictly speaking this is not the case: instead one should take as Ag any number smaller than
the minimal expansion rate, and as A1 any number larger than the maximal expansion rate.
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(2) if p € Wu(p), then
(2.16) d(ei(p), e:(p)) < C Ty (p)d(p, p)  for all t <0;
(3) if p € Wos(p), then J7(p) ~

JE(p) and Ji(p) ~ Ji(p) for all t > 0;
(4) if p € Woulp), then Ji(p) ~ JZ(p) and J(p) ~ J(p) for all t < 0;
(5) if T € Ng and d(ot(p), p+(p)) < eo for all integers t € [0,T], then

(2.17) d(p, Wos(p)) < C/Jz(p)

and J; (p) ~ Ji (p), Ji'(p) ~ Ji*(p) for all t € [0,T];
(6) if T € Ny and d(t(p), p:(p)) < g for all integers t € [=T,0], then

(2.18) d(p, Wou(p)) < C/J21(p)
and J§ (p) ~ J; (p), Ji*(p) ~ Ji(p) for all't € [T, 0].

Remarks.

(1) The difference between Lemma 2] and standard facts from hyperbolic dynam-
ics (see for instance [KH97, Theorem 17.4.3]) is that our estimates involve the local
expansion rates for the point p rather than the minimal expansion rate. This will
be important later in our analysis.

(2) By (Z8) we have Ji(p) ~ 1/J"(p). However the present lemma does not rely
on ; being symplectomorphisms which is why we choose to keep both the stable
and unstable Jacobians in the estimates.

Proof. We only prove parts (1), (3), (5), with parts (2), (4), (6) proved similarly.

(1) Without loss of generality we may assume that the distance function d(e,e)
is induced by the metric | o |; used in (2.0) to define J7(p). Since the tangent space
to Ws(p) at p is Es(p), there exists a constant C' such that for every p € S*M and
p € Ws(p)

(2.19) |d(e1(p), 1(p) — T3 (p)d(p. p)| < Cilp, p)*.

That is, when p is close to p the dilation factor of the distance d(p, p) by the map
1 is well-approximated by the norm of the differential dyp1(p) on Es(p).

Since p € Ws(p), there exist constants C, 6 > 0 such that (see for instance [KH97,
Theorem 17.4.3(3)] or [Dy18| (4.67)])

(2.20) d(ei(p), pi(p)) < Ce %%d(p, p) forall t>0.

For each integer ¢ > 0, we have ¢;(p) € Ws(¢:(p)) by (212). Applying (Z19) with
p, p replaced by ¢¢(p), +(p) we have

d(pi11(p), ee1(p)) < I3 (0e(p)d(p(p), 21 (p)) + Cd(pi(p), 0¢(p))?
< (1+Ce ) J5 (e(p))d(e(p), 1 (P)).-

By the chain rule we have for all integers ¢ > 0

(2.22) Ji(p) = Ji(p)Ji (@1(p)) - - I3 (e-1(p))-
Iterating (221) and using that the product H?‘;O(H—C’e’ej ) converges, we get (215)
for all integer ¢ > 0, which immediately implies it for all ¢ > 0.

(3) We show that J7(p) ~ J7(p), with the statement Ji*(p) ~ Ji*(p) proved
similarly. Assume first that p € Ws(p). The map p — E;(p) is in the Holder class
C"7 for some 7y > 0 (see for instance [Dy18| Lemma 4.3]; in §2.1.2] we see that in our
setting it is in fact C?7). Recalling (2.8]) we have for all p, p € S*M

|97 (p) = T2 (D) < Cd(p, p)”.

(2.21)
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FIGURE 1. Left: the points p,p,p" in the proof of part (5) of
Lemma 2], with the flow direction removed. Right: the image
of the left half by @p.

Applying this with p, p replaced by :(p), ¢:(p) and using ([Z20) we get for all
t>0
(2.23) (L+Ce™ )L (0u(p) < T3 (9u(p) < (L+Ce™ ) T3 (2u(p)).

Using the chain rule (Z22]) and iterating (Z23]), we get J7(p) ~ J7(p) for all ¢ > 0.
The general weak stable case p € Wys(p) follows since Jf (o (p)) ~ J7(p) for all
p € S*M and t' € [-1,1] by [23).

(5) Since Ey @ E is transversal to E,, for g9 small enough and all p, p € S*M
such that d(p, p) < e¢, there exists a point (see Figure [I])

(2.24) p' € Wos(p) "N Wu(p), d(p,p’) < Ceo.

See for instance [KH97, Proposition 6.4.13] (in the related case of maps) or [Dy1§
(4.66)]. Since p’ € Wys(p), by ([220) there exists a constant Cy > 1 such that

(2.25) d(pi(p"), e(p)) < Cogg  forall ¢ >0.

By (ZI2)), for £y small enough we have (denoting by By balls with respect to the
distance function d(e, e))

(2.26) P1(Wu(p)) N Ba(p1(p), 2Cog0) € Wulpr(p)) forall pe S*M.

Now, assume that p,p € S*M and d(p:(p), pi(p)) < eo for all integers ¢t € [0,T].
Choose p’ satisfying (Z24)). If £ is small enough, then by the local uniqueness of
unstable leaves we have p € Wy, (p"). By (225]) we have for all integers ¢t € [0,T]

d(pi(p'), e(p)) < dlu(p'), e(p)) + dlpe(p), e(p)) < 2Coe0.
Applying [228) with p := ¢:(p’), we see by induction on ¢ that
0i(p) € Wulpi(p')) for all integer ¢ € [0, T].

In particular, pr(p) € Wy (eor(p’)). Applying 2I6) with ¢ := —T and p, p replaced

by @1 (p"), (),

A7) = d(p-r(or(0), o 1(er() < CI plpr () = o < —
Jr(o") — Jr(p)

where the last inequality follows from part (3) of the present lemma. Since p’ €

Wos(p) this proves ([2I7)).
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X r

FIGURE 2. An illustration of Corollary 22 for T' = 3 with the flow
direction removed. The green points are ¢;(pg), the curves are the
local stable (red) and unstable (blue) manifolds of these points,
and the black rectangles are the sets (V).

It remains to show that Ji(p) ~ J7(p), Ji(p) ~ Ji(p) for all t € [0,T]. As
before, we prove the first statement with the second one proved similarly. We
can moreover restrict ourselves to integer values of t. By part (4) of the present
lemma applied to the points ¢;(p"), vi(p) € Wu(p:(p')) and propagation time —t,
we have J2,(o1(p") ~ J%,(p:(p)). Since JF(p') = 1/J%,(p+(p’)) this implies that
Ji(p') ~ Ji(p). On the other hand by part (3) of the present lemma we have
Ji(p) ~ J(p'). Combining the last two statements we get JZ(p) ~ JF(p) as
needed. ]

Parts (5) and (6) of Lemma 2.1] applied to p := ¢;(p) together with (2I0]) give

Corollary 2.2. Let d(e,e) and €9 > 0 be fixzed in Lemma 2 Fiz py € S*M,
T € Ny, and consider the set
V= {p€ S M|[d(¢:(p), e(po)
Then we have for all p €V and t € [0,T
d(¢e(p), Wos(i(p0))) < C/JF_y(po) < CemMoT0,
d(e(p), Woulwr(p0))) < CJP(r(po)) < Ce Mot
Roughly speaking (Z27) implies that ¢;(V) lies inside an gy x e~ 0t x e~

sized rectangle (with dimensions along Fy, Es, F,, respectively) centered at ¢ (po) —
see Figure 2

2.1.2. Straightening out the weak unstable foliation. In .33 and §L6.1] (most cru-
cially in the proof of Lemma [£T5]) we rely on the following construction of normal
coordinates which straighten out a given weak unstable leaf. Similarly to Lemma[2.1]
we fix a distance function d(e,e) on S*M.

) <eo for all integer t € [0,T]}.
]

(2.27)

Aot A()(Tft)

Lemma 2.3. For ¢y > 0 small enough and for any py € S*M there exists a C'*
symplectomorphism

Uy, CT*M\0, V, CT*R*\D0,

such that, denoting points in T*M by (x,€&) and points in T*R? by (y,n), we have:

(1) Uy, V,, are conic sets and the ball By(po, o) is contained in U,y N .S*M;
(2) s is homogeneous, namely it maps the vector field & - O¢ to 1 - Oy;

2= Hpg - UPO - VPO’
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W, (5) {n, = F(y,.Q)}
[ Vo
Woulpo) % | —
U, v,

0 0

FIGURE 3. An illustration of Lemma [2.3] restricted to S*M and
with the flow direction removed. The curves on the left are the
(weak) unstable manifolds and the curves on the right are their
images under s.

(3) %(Po) = (0,0,0, 1)’ d%(pO)Eu(pO) = Rayu and d%(PO)Es(PO) = Ra’fh 5

(4) putting p(z,§) := |€|4, we have p =m0 3¢ on Up,;

(5) for each p € U,,, the weak unstable leaf Wo,(p) satisfies for some ¢ =
Z() e R

(2:28) 5(Wou(5) N Upg) = { (41,92, 2(A)F (41, ), p(p)) | (41,0) € 2, 2 € R} NV,

where F = F,; is a function from an open set Q = Q,, C R? to R lying in
the Holder class C3/2(SY), the map y; — F(y1,¢) is C™ for every ¢, and
Z : Uy, — R is homogeneous of degree 0, in the class C3/2 on Uy, NS™M,
and constant on each local weak unstable leaf;
(6) Z(/’O) =0, F(y1,0) =0, and F(0=C) =
(7) OcF(y1,0) =1;
(8) there exists Cp, > 0 such that |F(y1,¢) — (| < Cp, C|3/2.
The derivatives of all orders of s,, and the constant C,, are bounded independently
of po. See Figure Bl

Remarks.

(1) The statements (1)-(7) of LemmaZ3lrely on the C%/2 regularity of the unstable
distribution (E,(p))pes+am, proved by Hurder-Katok [HK90, Theorem 3.1]. They
actually proved that for a generic surface of negative curvature, the distribution has
regularity C?~, but not better: by [HIK90, Theorem 3.2 and Corollary 3.7], if the
regularity is C2, then (M, g) must have constant curvature. For our application the
regularity C1*e0 for some g9 > 0 would suffice, but we will use the C*/? regularity
to simplify the expressions.

(2) The point (6) in the Lemma shows that the weak unstable manifold Wy, (po) is
represented, in the coordinates given by s, by the horizontal plane {n; = 0, 1, = 1};
see (2:29). The nearby unstable leaves Wy, (p) will then be approximately horizon-
tal, that is close to planes {n; = ¢ = const, 1, = const}. The statements (7)—(8)
express this almost horizontality more precisely. In §l this almost horizontality
will allow us to apply the (“straight”) fractal uncertainty principle to families of
almost-horizontal unstable manifolds. The statement (8), which relies on the C3/2
regularity, will be directly used in Lemma
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To prove Lemma [2.3] we start by constructing a local coordinate frame under
slightly weaker conditions:

Lemma 2.4. Under the assumptions of Lemma there exists a symplectomor-
phism >y having properties (1)—(6) of that lemma.

Proof. To construct sy we need to define a system of symplectic coordinates
(y1,y2,11,12) on a conic neighborhood of py which are homogeneous (more pre-
cisely y1, y2 are homogeneous of degree 0 and 7,72 are homogeneous of degree 1).
Put 72 := p and let n;|s+as be a defining function of the leaf Wy, (po) (namely n;
vanishes on Wy, (po) and its differential is nondegenerate on that submanifold) sat-
isfying Hpm = 0; this is possible since H,, is tangent to Wy, (po). Extending m; to
be homogeneous of degree 1, we see that the Poisson bracket {n;,n2} vanishes in a
conic neighborhood of py. The existence of the system of coordinates (y1, y2, 11, 12)
now follows from the Darboux Theorem [HOITI, Theorem 21.1.9], where we can
arrange that y1(po) = y2(po) = 0.

Since ¢y is homogeneous, it sends the canonical 1-form £dx on T*M to the
canonical 1-form ndy on T*R2. By (Z.4) we then have

ds40(po) (Es (o) ® Bu(po)) = ker(dns) N ker(dyo).

Since E,(po) is tangent to Woy(po), we see that ds(Ey(po)) = RIy,. To ensure
that dse(Es(po)) = ROy, we compose s with the nonlinear shear

2
(y,n) = (y+dFn),n), Fln,n2) = 92—;

for an appropriate choice of 6 € R.
Properties (1)—(4) of Lemma 23] follow immediately from the discussion above.
For property (5), we first note that by construction

(2.29) #20(Woulpo)) = {m =0, nz = 1}.
Since the tangent spaces Eg,(p) to the leaves Wy, (p) depend continuously on p, we

see that for p € S*M near p the images s¢(Wo,(p)) project diffeomorphically onto
the (y1,y2) variables. Therefore we can locally write

0 (Wou(p)) = {m = Fo(y1,2,¢), n2 =1}

for some function Fy(y1,y2,¢) and some ¢ = Zy(p) depending on p, and we can
assume that F(0,0,¢) = ¢ which uniquely determines the functions Fp, Zy. Since
Wou(p) is a C°° submanifold, the function y — Fy(y, ¢) is C*° for each ¢. Since H), is
tangent to each Wy, (p) and is mapped by 3¢ to 9,,, we see that 9y, Fy = 0; thus Fj
is a function of (y1, ) only. This shows that (Z28)) holds for all s € U,, N.S*M, and
it is easy to see that it holds for all p € U,, by homogeneity, with Zy homogeneous
of degree 0. Property (6) follows from (2:29].

It remains to prove that the functions Fy, Zy have regularity C3/2. According
to [HK90| Definition 4.1 and Theorem 4.2], the function Fy is C*° in the variable
y1 (this shows that each unstable leaf is smooth submanifold), and is C* w.r.t. ¢.
Besides, [HK90, Theorem 3.1] shows that the distribution ., (p) depends C*/2 on p.
In our coordinates s, this regularity means that the “slope function” e, (y1,71) of
the unstable distribution has regularity C%/2 w.r.t. its variables. Now, the function
Fp is a solution of the differential equation

d
d—Fo(yl, ) =éey (yl, Fo(y1, ()), with initial condition Fg(0,¢) = .
Y
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Standard results on ODEs [Ha02, Chapter V] show that the unique solution to such
an ODE with C* function e, will depend in a C* way of the initial condition ¢. The
proof of [Ha02, Theorem 3.1] can be easily adapted to show that a C3/2 function
ey induces a solution Fy with regularity C/2. ]

We now modify the map s from Lemma [24] to obtain a map » satisfying also
the condition (7) of Lemma 23] Let Fj be the function constructed in the proof of
Lemma 2.4 We have for every ¢

(2.30) y1 = OcFo(yr,¢) lies in C*°.

This follows from the existence of C*°-adapted transverse coordinates; see [HK90,
Point 2 in Definition 4.1 and Proposition 4.2].
From the normalization Fy(0, () = ¢ we see that O¢Fy(y1,¢) > 0 for y; close to 0.
Take the diffeomorphism 1 of neighborhoods of 0 in R defined by
Y1

Y1) = ; O0cFo(s,0)ds.

We define s as the composition s := W o 35 where V¥ is the symplectic lift of ¢):

(Y1, y2,m,1m2) = (Y (Y1), y2, m /Y (1), 12)-
Then s satisfies all the properties in Lemma 23] with the function

R0
F0 = g R (1), 0)

Like Fy, the function F is C%/2 w.r.t. the variable . We now use this regularity
to prove part (8) of Lemma 23l This C*/2 regularity, together with the property
(7), implies the Taylor expansion of F' at the point (y;,0):

F(y1,¢) = F(y1,0) + COF(y1,0) + O(¢*?)
=+ 0(¢%?),

with the implied constant being uniform w.r.t. y;. The second line is the point
(8) of the Lemma: the leaf Wy, (p) at “height” ¢ from the reference horizontal leaf
Wou(po) is contained in horizontal rectangle of thickness O(¢%/2).

Finally, the fact that the derivatives of all orders of s,, are bounded uniformly
in pg follows directly from the arguments above and the fact that the leaf Wy, (po)
depends continuously on pg as an embedded C'°° submanifold of S*M. It also shows
that the constant C,, in item (8) is uniformly bounded w.r.t po. O

= 7.

2.2. Pseudodifferential operators. Let M be a manifold. We use the standard
semiclassical symbol class S¥(T*M) whose elements a(z,¢; h) satisfy uniform de-
rivative bounds on every compact subset K C M:

10207 a(x, & h)| < Capr (), ze K, €€ TiM,

and admit an expansion in powers of h and |£]. See for instance [DZ19, Defini-
tion E.3] or [DZ16, §2.1]. Denote by S*(T*M) the class of h-independent symbols
in S (T*M). We fix a (noncanonical) quantization procedure Op,, on M; see (A5)
and [DZ19, Proposition E.15]. Denote the class of semiclassical pseudodifferential
operators with symbols in S¥ (7% M) by WF (M) and the (canonical) principal symbol
map by oy, : UF(M) — S*(T*M). See for instance [DZ19, §E.1.7] or [Zw12, §14.2].
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If M is noncompact, then we do not impose any restrictions on the growth of
a(z,&h) € SF(T*M) as |z| — oo and likewise do not say anything about the
asymptotic behavior of operators in WF(M) as we approach the infinity of M.
Therefore in general operators in WF(M) are bounded (uniformly in h) acting
Hp comp(M) — H}SLT(fC(M) where Hj ,,.(M) denotes the space of distributions lo-
cally in the semiclassical Sobolev space H; and H, ,Slycomp(M ) consists of the com-
pactly supported elements of Hj  (M). See [DZ19, §E.1.8] or [Zwl2l §8.3.1].
We will typically use operators in \IIZ(M ) which are properly supported, mapping
Hpy comp(M) = H,Sl;fmp(M) and Hj, 1,.(M) — HZTfC(M) The quantization proce-
dure Op,, is chosen so that Op,(a) is properly supported for every a and Op,,(a)
is compactly supported (i.e. it has a compactly supported Schwartz kernel) for
symbols a which are compactly supported in the z variable. Of course if M is a
compact manifold (which will mostly be the case in this paper), then H htoc(M)
and Hj ..., (M) are the same space, denoted by Hj(M). We will mostly use the
space Hp (M) = L*(M).

For A € U¥(M) we denote by WF},(A) its wavefront set and by ell;, (A) its elliptic
set. Both are subsets of the fiber-radially compactified cotangent bundle T M. See
for instance [DZ19, §E.2] or [DZ16, §2.1]. For A € U¥(M), B € ¥} (M) we say that

A=B+0O(h*™) microlocally on some open set U ¢ T M

if WF,(A—B)NU = 0.
We also use the notion of the wavefront set WF, (1) C T° M of an h-dependent
tempered family of distributions u = u(h) € D'(M) and the wavefront set WF}, (B)

- T*(Ml x M) of an h-dependent tempered family of operators B =
B(h) : C*(Ms) — D'(My); see [DZ19] §E.2.3].

2.2.1. Mildly exotic symbols. We also use the mildly exotic symbol class
SsMP(T*M), § € [0, 1), consisting of symbols a(z, £; h) such that:

e the (z,&)-support of a is contained in an h-independent compact subset
of T* M;
e the symbol a satisfies derivative bounds

108, ¢ya(@, & )| < Caph™®lol.

The operator class corresponding to S5°"P(T*M) is denoted by U™™P(M). We
require operators in ¥5”"" (M) to be compactly supported. We use the same quan-
tization procedure Op;,, for this class and note that compactly supported elements
of SE(T*M) lie in SS™P(T*M). See [Zwl2, §4.4] or [DG14, §3.1].

Operators in the class W§™P(M) satisfy the following version of the sharp
Garding inequality for all u € L?(M):

(2.31) a€ SP"P(T*M), Rea>0 = Re(Opy,(a)u,u)rz > —Ch'=2||ul2.

where the constant C' depends only on a certain S5°"*(T*M) seminorm of a. The
inequality (Z3I]) can be reduced to the case of the standard quantization on R";
the latter case is proved by applying the standard sharp Garding inequality [Zw12]
Theorem 4.32] to the rescaled symbol a(x, &) := a(h®x, h°¢) and using the identity
Opyp(a) = T~ Oppi-2(@)T where Tu(z) = u(h’x).
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We also have the following norm bound when M is compact:

(2.32) a€SC™(T*M) = ||Opp(a)|remsr < sup Jaf + Chz~*

where the constant C' depends only on some S{”"P(T*M) seminorm of a. To

show (Z32)) it suffices to apply (Z3I)) to the operator ¢* — Opy(a)* Opy(a) =
Opy,(c® —|a|?) + O(h'=2%) 2, 1> where ¢ = c(h) := supp. ; |al.

Notation. We remark that there is a slight conflict of notation between the classes S¥
(h-dependent symbols of order k in £ which are polyhomogeneous in both £ and h)
and S5 (h-dependent compactly supported symbols losing k=% with each differ-
entiation). A more proper notation would be

Sh ong(T*M) := SE(T*M), S5 (T*M) := Sg™(T* M).

We however keep the shorter notation to reduce the number of indices used. For
§ €0, 3) we define the symbol class

SSTP(T* M) = (1) SsomP(T* M
e>0
We also use the following notation:
f(R)y=0MR*") if f(h)=0(h*"%) foralle>0.
When writing a € C°(T*M) for a symbol a, we assume that a is h-independent

unless stated otherwise.

2.2.2. Egorov’s theorem. We now specialize to the case when (M, g) is a com-
pact Anosov surface as in §211 Since o,(—h?A) = p? where p(z,£) = [£],, by
the functional calculus of pseudodifferential operators (see [Zwl2l Theorem 14.9]
or [DS99, §8]) we have

Y ECER) = w(=h*A) € ;> (M),
WEF(¥(=h?*A)) Csuppp(p®),  on(d(=h*A)) = ¥(p?).

We now discuss conjugation of pseudodifferential operators by the wave group.
Similarly to [DJI8| §2.2], to avoid technical issues coming from the zero section,

(2.33)

instead of the true half-wave propagator e~ *V~2 we use the unitary operator
(2.34) U(t) := exp(—itP/h), P:=v¢p(=h?A) € ¥, (M), P*=P,
where we fixed some function

wp € C((0,00): R), supp p C {% <A< 25}, pp(N) = VA for % <A< 16,

For a bounded operator A on L?(M), we define the Heisenberg-evolved operators
(2.35) A(t) == U(—t)AU(t), teR.

Assume that a € C2°(T*M) and suppa C {§ < |¢|; < 4}. Then Egorov’s theo-
rem [Zw12, Theorem 11.1] implies that for ¢ bounded independently of A we have
(2.36) A=0pyla) = A(t)=Opplaopy)+O(h)r212

where ¢, = exp(tH,) is the homogeneous geodesic flow. In fact, the proof in [Zw12]
gives the following stronger statement (see e.g. [DGI4l §C.2] or Lemma [AT] for
details): for each time ¢ there exists a;(z,&; h) € Sg”"P(T* M) such that
(2.37)

A(t) = Opy(r) + O(h=)y—, @ =ac@ +O(h), suppa, C p_y(suppa).
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We next extend ([2.36]) to the case of ¢ bounded by a small constant times log(1/h),
using the mildly exotic symbol classes described in §Z2Z1I1 Let A; > 0 be the
‘maximal expansion rate’ from (ZI0). It follows from ([27)) and (ZI0) that

(2.38) sup ldei(p)|| < Ce™Itl for all t € R.
pe{i<lely<4}

Lemma 2.5. Assume that a € C°(T*M) and suppa C {3 < [£], < 4}; put A =
Opp(a). Fiz s € (0,1). Then we have uniformly in t satisfying |t| < 6A7 ' log(1/h):
(1) aoypr € Sgimp(T*M);
(2) A(t) = Opp(ao pr) + OHI=5=) 2, 12,
Remarks.
(1) A stronger statement similar to (Z37), which shows that the remainder
O(h'=297) is actually pseudodifferential, is proved for instance in [DG14] Proposi-
tion 3.9].
(2) Lemma 28] shows that Egorov’s theorem holds for all times ¢ which are smaller
(by at least elog(1/h) for some € > 0) than the minimal Ehrenfest time %.
Later we will show a finer version of Egorov’s theorem, up to the (potentially much
longer) local Ehrenfest time — see Proposition 21

Proof. (1) The estimate (2:38)) implies the following bounds on higher derivatives:
for all ¢ € R, all multiindices a, and all € > 0

(2.39) sup [0%(a o @;)| < O ceMrtellalltl,
T*M

See for instance Lemma C.1], whose proof applies directly to the present
situation; alternatively one could use the proof of Lemma in the special case
k = 0. Under the condition |t| < 6A;'log(1/h) the bound (Z39) implies that
ao @, € S§7MP(T* M) uniformly in ¢.

(2) We use the following commutator formula valid for all @ € S57™" (T M) with
suppa C {3 < [¢]y < 4}:

(2.40) [P, Op;,(@)] = —ih Opy (Hyt) + O(h>~>7) 12, .

Here it is important that p € S;°"P(T*M) and we use the same quantization

procedure Op,, on both sides of the equation; the S5°™ calculus would only give
an O(h?~%~) remainder. See Remark 2 following Lemma [A.6 for the proof.
Using (Z40) and part (1) we compute for |t| < §A] " log(1/h)
(U (t) Opy (a0 p)U(=t)) = U(t)(— ih™"[P,Opj(ac ¢)]
+Op (a0 ) U(—t)
=O0(h' 7)o

Integrating this from 0 to ¢, we get U(t)Op,(a o ¢)U(—t) = Opy(a)
+ O(h*=2%7)2_, 1> which finishes the proof since U(t) is unitary. O

We will also need to control products of many pseudodifferential operators.
Lemma considers products of logarithmically many pseudodifferential opera-
tors; it is proved in the same way as [DJI8| Lemmas A.1 and A.6] using the norm

bound ([2:32):
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Lemma 2.6. Let C be an arbitrary fized constant, 6 € [0, %), and assume that the
symbols

ar,. . an € SOMP(TM), N < Clog(1/h), suplas] <1

have each S5 seminorm bounded uniformly in j. Assume also that we are given
operators Aj = Opy,(a;) + O(R*=2%) 2,12 with the remainders bounded uniformly
in j. Then:

(1) ar---ay € S57"P(T*M);

(2) A Ay = Oph(al s CLN) + O(hliQéf)lgﬁLm
That is, the product of these symbols (resp. operators) is essentially in the same
symbol class (resp. operator class) as the individual factors.

2.3. Lagrangian distributions and Fourier integral operators. In this sec-
tion we review the theory of semiclassical Lagrangian distributions and Fourier
integral operators. These are used in §4.3.3] to describe propagation of Lagrangian
states beyond the Ehrenfest time. In particular we use that the wave propagator
U(t) defined in (234) is, after appropriate cutoffs, a Fourier integral operator asso-
ciated to the geodesic flow ¢y; see ([@AT). Fourier integral operators are also used
in §4.6.4] to quantize a symplectomorphism which locally straightens out unstable
leaves.

We keep the presentation brief, referring the reader to [AI08], [GSTT, Chapter 5],
and [GS13| Chapter 8] for details. For other reviews (bearing some similarities to
the one here) see [DD13] §3.2], [DG14] §3.2], [Dy15] §3.2], [DZ16, §2.2], and [NZ09,
§4.1]. For the related nonsemiclassical case; see [HOIVL Chapter 25] and [GS94]
Chapters 10-11].

2.3.1. Lagrangian manifolds and phase functions. Let M be a smooth n-
dimensional manifold (in this subsection we do not assume M to be compact).
Denote by £ dz the canonical 1-form on 7* M, then the symplectic form is given by

w = d(&dz).

An embedded n-dimensional submanifold . C T*M is called a Lagrangian sub-
manifold if the pullback of w to .Z is zero; that is, the pullback of £ dx to Z is a
closed 1-form. A Lagrangian submanifold is called ezact if the pullback of £ dx to
Z is equal to dF for some function F' € C*°(.Z;R), called an antiderivative on .£.
We henceforth define an exact Lagrangian submanifold as the pair (.Z, F') but still
often denote it by £ for simplicity.

We note that .Z is exact in particular if it is conic, namely the generator of
dilations & - ¢ is tangent to .Z. In this case the pullback of £ dx to £ is equal to 0
(since w(& - O¢,v) = (£ dx,v) = 0 for any tangent vector v € T.Z); thus it is natural
to fix the antiderivative equal to 0 as well.

One way to obtain an exact Lagrangian submanifold is by using a phase function.
More precisely, if U C M, x R} is an open set (for some m € Np) then we call a
function ®(x,0) € C*°(U;R) a nondegenerate phase function if:

(1) the differentials d(0p, ®)1<j<m are linearly independent on the critical set
Co :={(z,0) € U | 0p®(z,0) =0}

which is then an n-dimensional embedded submanifold of U; and
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(2) the following map is a smooth embedding:
j<I> :C<I> _>T*Ma j@(xva) = (xaazq)(x,g))

We call 6 the oscillatory variables.
Under the conditions (1)—(2) above the manifold

(241) .,5/41) = j@(C@) c T"M

is exact Lagrangian, with the antiderivative Fg € C°°(%s;R) given by the restric-
tion of the phase function on the critical set:

Fo(ja(z,0)) = ®(z,0), (z,0) € Co.

For an exact Lagrangian submanifold (£, F') we say that a nondegenerate phase
function ® generates £, if £ = % and F = F.

Every exact Lagrangian submanifold (., F') is locally generated by phase func-
tions: that is, each point p € £ has a neighborhood generated by some phase
function; see [GST77, Proposition 5.1]. The simplest case is when the projection
m: ¥ — M is a diffeomorphism onto its image, in which case . is given by

(2.42) L= Ly = {(2,0,8(2)) |z €U}, U:=n(L)C M,

where the function ® € C°°(U;R) is defined by F(z,§) = ®(x) for all (x,&) € Z.

Another important case is when .2 C T*M \ 0 is conic. In this case each point
p € £ has a conic neighborhood which is generated by some phase function ®(x, ),
(x,0) € U, where U C M x R™ is conic and ® is homogeneous of degree 1 in the
# variables. For the proof see [GST77, Proposition 5.2], [HoIII, Theorem 21.2.16],
or [GS94] Proposition 11.4].

2.3.2. Lagrangian distributions. Let (£, F) be an exact Lagrangian submanifold
of T*M. We use the class I;"""(.Z) of (compactly microlocalized semiclassical)
Lagrangian distributions associated to . Elements of I;°"P(.£) are h-dependent
families of functions in C¢°(M), with support contained in some h-independent
compact set. We give a definition and some properties of the class I;°"" () below.

If £ = % is generated by some phase function ®(x,0), (z,0) € U C M x R™,
in the sense of (2:41), then I;°""(.%) consists of distributions of the form

(243)  u(wsh) = (20h) "2 / PNz 0: 1) dB + O(h) e (a1

Here the amplitude a(z,0;h) € CP(U) is a classical symbol; that is, suppa is
contained in an h-independent compact subset of U and we have the asymptotic
expansion in C°(U)

a(x,0;h) ~ Zhjaj(x,ﬁ) as h—0
j=0

for some ag, ay,... € CX(U).

In the special case when ® has no oscillatory variables (i.e. .Z is given by (2:42))
the expression ([2:43) simplifies to
(2.41) u(: h) = @ ha(z; B) + O o oy

The class of functions defined by ([243) does not depend on the choice of the phase
function generating .. That is, if ®, ®" are two phase functions with . = % =
Yo and u is given by (Z43) for the phase function ® and some amplitude a, then
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u is also given by (243) for the phase function ®’ and some other amplitude a’.
The simplest case of this statement is when ®’ has no oscillatory variables (that is,
% is constructed from @ using (Z42])) as we can then write (ignoring the O(h™)

remainder in ([2:43)
(2.45)  d/(z;h) = e " @/ hy(z; h) = (2wh)~™/? / et (P@O=2@) g (2 0 h) db

and show that a’ is a classical symbol using the method of stationary phase. The
proof in the general case also uses stationary phase but is more involved; see [GS13|
§8.1.2]; for the nonsemiclassical case see [GST7, §6.4], [H6IV] Proposition 25.1.5],
or [GS94] Theorem 11.5].

For general Lagrangians . (not parametrized by a single phase function) we
define I;°™P (%) as consisting of sums u; + - - - +uy, where u; € I;°"?(.Z;) and each
Z; C 2 is generated by some phase function. Here are two important properties
of Lagrangian distributions:

(1) If u € I,°™ (&) and A € UF(M) is compactly supported (which means
that its Schwartz kernel is compactly supported) then Au € I,°™"(%Z);
(2) If w € I,°"™P (L) then WF},(u) C .Z; that is, for any compactly supported
A € Uy(M) with WF),(A) N2 = () we have Au = O(h™)coe (ar)-
To show these, we first use a partition of unity to reduce to the case when M = R"
and . is generated by some phase function ®. We next write for b € C°(T*R"™)

and u given by (2.43))

Op,, (b)u(z) = (2rh) =% " / et (v OF2WNp(1 €)a(y,0; h) dydEdd.

R2n+m
We now apply stationary phase in the (y,&) variables to get an expression of the
form (2:43]) with the phase function ®(z, ) and some amplitude which is a classical
symbol. On the other hand, if b is a symbol in SE(T*R") and suppbN.Z =
§ then the method of nonstationary phase in the (y,&,6) variables shows that
Opy, (b)u(z) = O(h>)ce.

2.3.3. Fourier integral operators. We next discuss Fourier integral operators asso-
ciated to symplectomorphisms. Let M;, My be two manifolds of the same dimen-
sion n, U; C T*M; be two open sets, and s : Uy — U; be a symplectomorphism.
The flipped graph
(2.46)

L= A{(x1,&1, 02, =82) | (x2,&2) € Uz, (x2,&2) = (21,&1)} C T (M x Ma)

is a Lagrangian submanifold. We further assume that s¢ is ezact, namely %, is
an exact Lagrangian submanifold. As before, we fix an antiderivative for .Z,. but
suppress it in the notation. The exactness condition holds in particular if s is
homogeneous, that is it sends & - O¢, to &1 - Og,; indeed, £, is conic and we fix the
antiderivative to be 0.

We say that an h-dependent family of operators B = B(h) : D'(M3) — C° (M)
is a (compactly microlocalized semiclassical) Fourier integral operator associated
to », and write B € I;”"P (), if the corresponding integral kernel Kp(z1,z2;h) €
C2°(My x My) satisfies K € h™"/2I[;°"P(%L,). Here I;""P(%,) is the class of
Lagrangian distributions defined in §2.3.21 In particular, the wavefront set WF/, (B)
is contained in the graph of s.
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An important special case is when My = R™ and the projection 7 : %, —
M; x R™ onto the (x1, &) variables is a diffeomorphism onto its image. If F is the
antiderivative on .%,,, then we can write

(247) g)«t = {(.’L’l,8x15($1,§2),a£2s($1,§2), _62) | ($17§2) S U}
where U := {(21,&2) | (z1,&1, 22, —&2) € L.} and S € C°(U;R) is given by

F(.’L’l,fl,flfg, _62) = S(xhé-Q) - <JI27§2>, (1'1761,.%'27—62) S g%‘

That is, %, is generated by the phase function ®(z1,x2,6) = S(x1,0) — (22,6)
in the sense of ([241). Then every operator B € I;°™P(5) has the following form
modulo an O(h™)pr(rn)—cee(ar,) Temainder:

(2.48) Bf(z1) = (2nh)™ / e (SELO=@20)p( 31 20 03 h) f(22) daodd
R2n
for some classical symbol b € C (U, 0y x R7,).
We list several fundamental properties of the class I, (5):

(1) If B € I;"™"(5¢), then B : L?(M) — L*(M;) is bounded in norm uniformly
in h;

(2) If » is the identity map on T*M, then B € I;"""(5) if and only if B is a
compactly supported pseudodifferential operator in U¥ (M) and WF,(B) C
T*M is compact;

(3) If B € I;°™(3) and u € I;""P(Z) is a Lagrangian distribution, then Bu
is a Lagrangian distribution in ;™" (5(.2));

(4) If By € I,°™ (5¢1), By € I;°™(52), then the composition By By is a Fourier
integral operator in I, (561 0 s53);

(5) If B € I;°™"(5¢), then the adjoint B* lies in I, (3~ 1).

Here in property (2) we let the antiderivative equal to 0 (as the identity map is
homogeneous). In property (3) we define the antiderivative F}, () on »(Z) using
the antiderivatives F¢, F,, on .Z,.%, by
(2.49)

Fo (2 (21,61) = Forw1, 81,02, =&2) + Fp(22,&2) where (21,1, 12, &) € 2,

and in property (4) the antiderivative on .%,,, ., is defined similarly. In property (5)
the antiderivative on .Z,,-1 is minus the antiderivative on .Z,,.
We briefly explain how the above properties are proven:

e For property (2), we can use a partition of unity to reduce to the case
M = R™. The flipped graph of the identity map is given by (Z47) with
S(x1,&2) = (x1,&). The corresponding expression (Z48)]) gives the class of
pseudodifferential operators with compactly supported symbols (see [Zw12]
Theorem 4.20]).

e For property (3), we reduce to the case when ¥ = %% and %, = %
are generated by some phase functions ®(xq,62) and ¥(z1, 29, 6;), where
6; € R™s. Using the corresponding representations (2.43)) for u and B (with
some amplitudes a and b) we get

n+mi+m i
Au(zr) = (2wh)_% / et (V(@1,22,01)+®(2,02)) o
Rn+m1+m2

CL(IQ, 92; h)b(l‘l, o, 01; h) d@ldogdl‘g.

(2.50)
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This is an expression of the form ([2.43)) for the phase function ¥(z1, z2, 1)+
D(x9,6,), with (01,02, x2) treated as oscillatory variables, and this phase
function generates the Lagrangian s»(.%). See also [NZ09, Lemma 4.1].

e Property (4) is proved similarly to property (3); see [GS13, §8.13]. Prop-
erty (5) is immediate by writing an expression of the form (243) for the
integral kernel of the adjoint of B.

e Finally, to show property (1) we note that B*B is a semiclassical pseu-
dodifferential operator (and thus bounded on L?) by properties (2), (4),
and (5).

We now discuss the conjugation by Fourier integral operators. Assume that ¢ :
Uy — Uy, U; C T*Mj, is an exact symplectomorphism and

(2.51) B e Ll°™(x), B e, 1).

By properties (2) and (4) above we see that BB’ € U)(M;), B'B € W) (M>)
are pseudodifferential operators with wavefront sets compactly contained in 7™ M;.
Moreover, if a € S§*"P(T*Ms), 6 € [0, 1) (see §2.20)), then

BOpy(a)B' = Opy(a) + O(h™)g-~ for some a e S5™"P(T*M),

(2:52) S ~1 / 1-25 ~
a=(aosx ")op(BB')+ O(h =) geome, suppa C x(suppa).

Indeed, we may reduce to the case M; = My = R™. By oscillatory testing [Zw12]
Theorem 4.19] the symbol of B Op,,(a)B’ as a pseudodifferential operator is given
b

' a(z1,€13h) = e /B Opy (a) B! (45
Taking generating functions ®(x1, zs,0) of £, and —®(x1,x2,0) of Z,.—1 we write
(2.53)

a(z1, €15 h) = (27Th)—2n—m/ et (@i —z1,61) H (w2 —a),€2) +(w1,22,0) — B (2],25,0"))

R4ﬂ,+2m,

b(z1, w2, 0; h)a(xa, Eo; R)b (2], 24, 0'; h) dOdY dx'y drodrydEs

for some classical symbols b(z1,xo, 0; h), b/ (z},x5,60’; h). Using the method of sta-
tionary phase we get that a is a symbol in S5°"*(T*R™). The principal term in the
stationary phase expansion is equal to (a0~ 1)o;,(BB’), as can be seen by formally
putting @ = 1. The support property (modulo O(h>)) follows immediately from
the expansion, finishing the proof of ([Z.52]). See also [GS13l §8.9.3].

If V; C Uj, j = 1,2, are compact sets with s(V2) = V4 and B, B" are Fourier
integral operators as in (Z5]]), we say that B, B’ quantize s near Vi x Vy if

BB’ =1+ O(h*) microlocally near V7,
B'B =1+ O(h*) microlocally near V5.

If .2, is generated by a single phase function ® (in the sense of (ZZ4I])) then there
exist B, B’ quantizing » near V; x V. To show this, we choose B in the form (2.43):

/ ei@(ml,IQﬁ)/hb(;pl, To, H)f(xg) d9d$2
Rn+m

where b € C°(U) is chosen so that b(z1,x2,0) # 0 for any (x1,z2,0) € Cs such
that (z1, 0y, ®(21,22,0)) € Vi (or equivalently (zo, —0.,®(z1,22,0)) € V2) and
U is the domain of ®. We have o,(BB*) # 0 on V; and o, (B*B) # 0 on Vs,
as can be proved using stationary phase similarly to (253). Multiplying B* on
the right by an elliptic parametrix of BB* and multiplying it on the left by an

(2.54)

n+m

Bf(a1) = (2mh) "

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CONTROL OF EIGENFUNCTIONS IN VARIABLE CURVATURE 383

elliptic parametrix of B*B (see for instance [DZ19] Proposition E.32]), we obtain
two operators B’, B” € I,°" () such that

BB =1+ O(h*™) microlocally near V7,
B"B =1+ O(h*) microlocally near Vs.

We write
I-B'B=(I-B'"B)(I-BB)+B"(I- BB')B.

The wavefront set of the right-hand side does not intersect V5. For the first term this
is immediate since WFy, (I — B”B) NV, = (. For the second term this follows from
the fact that WF, (I — BB’) NV} = ), computing the full symbol of B”(I — BB')B
similarly to (Z53]). It follows that B’B = I+ O(h®) microlocally near Va; therefore

B, B’ satisty (Z54).

2.3.4. Fourier localization. We finally prove a fine Fourier localization statement
for a class of Lagrangian distributions, used in the proof of Lemma [£.25] Its proof
is contained in Appendix [Bl

Proposition 2.7. Assume that h,h’ € (0,1] satisfy b’ > h™ for some 7 < 1,
U CR"™ is an open set, K C U is compact, and we have for some constant Cy > 0

(2.55) vol(K) < Gy, d(K,R*\U)>Cy".

Let ® € C*(U;R), a € C*(U;C), suppa C K, and assume that

(2.56) diam Qg < Coh/  where Qg := {d®(x) |z € U} C R".
Assume also that ® and a satisfy, for all N > 1 and some constants C :

(2.57) max sup |[0%®| < Cy, max sup |[0%| < Cy.
0<la]<N ¢ 0<lal<N ¢

Define the Lagrangian state

(2.58) u(z) == a(z) @M e CX(U) c CX(RM).
Denote Qg (Cy ' h') := Qg + B(0,Cy ). Then we have for all N > 1
(2.59) HHR71\Q¢,(Cglh')(th’)uHLz(R") < CfvhN

where the constant Cp; depends only on T7,n, N, Cy,Cn+ for N’ := [21N_—+T”1 + 1.
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Remarks.

(1) If @, a are fixed and h goes to zero, then the set g is the projection of the
Lagrangian % defined in (Z42)) onto the ¢ variables and the function u defined
in (ZE8) is a Lagrangian distribution in I} """ (% ). However, the condition (250
with A’ ~ h", 7 > 0, implies that if the phase ®(x) is not constant (which would
correspond to a “horizontal” Lagrangian), then it necessarily depends on h. We
may still view u(h) as a family of Lagrangian states, but associated to h-dependent
Lagrangians %5 (h) which become more and more horizontal as h — 0. The propo-
sition shows that these Lagrangian states are microlocalized in boxes which are
microscopic in the momentum variables.

(2) For 7 < % one can prove Proposition 27 without the assumption (Z57) us-
ing [HSI, Theorem 7.7.1]. On the other hand, if 7 = 1 — ¢, the boxes of momentum
diameter h" are almost Planckian (they almost saturate the uncertainty principle).

2.4. Fractal uncertainty principle. The fractal uncertainty principle of
Bourgain—Dyatlov [BD18, Theorem 4] is the central tool of our proof. (See [Dy17]
§4] for an expository account.) In this section we prove a slightly more general
version, Proposition .10, which will be used in §4.6.3

We recall the definition of a porous set [DJ18|, Definition 5.1]:

Definition 2.8. Let v € (0,1) and 0 < ap < 3. We say that a subset Q@ C R is
v-porous on scales «ag to «; if for every interval I C R of size |I| € [, 1] there
exists a subinterval J C I of size |J| = v|I| such that J N Q = 0.

Define the unitary semiclassical Fourier transform JF, : L?(R) — L*(R) by

(2.60) Fnf(&) = (2mh)~1/? / e/ f (1) da.

R
For a set Q C R, let 1o : L?(R) — L%(R) be the multiplication operator by the
indicator function of €.

We first prove the following fractal uncertainty principle, which is a version
of [BD18, Theorem 4] adapted to unbounded v-porous sets using almost orthogo-
nality and tools from [D.J18]:

Proposition 2.9. For each v € (0,1) there exist § = G(v) >0 and C = C(v) >0
such that the following estimate holds

(2.61) Lo Funla, llL2@)—r2@ < Ch’
for all0 < h <1 and all sets Q1 C R which are v-porous on scales h to 1.

Remark. An explicit expression for the exponent 3 (for the smaller class of é-regular
sets; see Step (4) of the proof below for an explanation of why this gives a result for
all v-porous sets) was obtained by Jin—Zhang [JZ20]. Using [JZ20, Theorem 1.2],
one can get (Z6]) with

(2.62) B(v) = exp(— explexp(K /1))
where K is a global constant.

Proof. (1) We first replace the indicator functions in (Z.61]) by their smoothed out
versions x+ € C*°(R;[0,1]). The functions x+ satisfy for all N,

(2.63) supp x+ C Qx(h), supp(l—x+)NQyL =0,
(2.64) sup |0 x| < Onh™.
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Here Q4 (h) = Q4 +[—h, h] denotes the h-neighborhood of {21 and the constant Cy
depends only on N. The functions x4 are constructed by convolving the indicator
function of Q4 (h/2) with a smooth cutoff which is rescaled to be supported in
(—h/2,h/2). See the proof of Lemma 3.3] for details.

The left-hand side of ([ZGI)) is equal to

lla_x—Frx+ Lo llre@—re@ < IX=FrX+llr2@)—r2(®)-

(2) We next write the cutoffs x4+ as sums of functions X;-t7 each supported in an
interval of size 2. More precisely, fix x € C(R; [0, 1]) such that suppx C (—1,1)
and

1= ij where x;(z) :== x(x — j).
j€L
Put
(2.65) X; = XX+ suppx; C Qu(h)N(j—1,5+1).

Note that in satisfy the derivative bounds (Z:64]) for some constants Cy depending
only on N. We have (with convergence in strong operator topology)

X—FnX+ = Z Ajr where Ajy = X_j_fhxljy_'
jkez

Therefore it suffices to show the estimate
(2.66) H ZAjk‘
J,k

(3) To show (Z66) we use almost orthogonality. More precisely it suffices to prove
the following bounds for all j, k,j', k', N:

< ChP.
L2(R)— L2 (R)

(2.67) I Ajkll 2 r)— p2(r) < Ch?P,
(2.68) [ Aje Al 2y 2@y < Cnh ™ A+ 15 — 5+ [k =K7Y,
(2.69) HA;'(’k'Aj/C”LQ(R)%LQ(R) < CNh71(1 + ‘j —j/‘ + |k — k/‘)iN.

for some 8 > 0,C > 0 depending only on v and some Cpn depending only on V.
Indeed, these estimates imply

* 1/2
(2.70) sju]? Z ”AjkAj’k’HL/Z’(]R)ﬁLZ’(]R) <cn’,
k) j/’kl
* 1/2
(2.71) Sup > 145 Asell (g s 12y < OB
b jl’k/

Here we use (Z67) for |j—j'|+|k—k'| < h=#/? and (Z6]), (Z69) with N := [8+2/3]
for [j—j'|+|k—k'| > h=A/2. Now @.10) and ZTT) imply ([686) by the Cotlar-Stein
Theorem [Zw12, Theorem C.5].

(4) We first prove (Z.67)) which will follow from the fractal uncertainty principle
Theorem 4]. However used a more restrictive class of d-regular sets
rather than v-porous sets. We recall from Definition 1.1] that a nonempty
closed set  C R is called d-regular with constant Cr on scales 0 to 1 if there exists
a Borel measure p supported on  such that for each interval I of size |I| € (0,1]
we have the upper bound (1) < Cg|I|?, and if additionally I is centered at a point
in €, then we have the lower bound u(I) > Cp'|1]°.
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To address the difference between porous and regular sets we argue similarly
to the proof of [DJI8, Proposition 5.5]. Since Q4 are v-porous on scales h to 1,
by [D.JI8, Lemma 5.4] there exist sets ;. C R such that:

(a) Q2+ C Q4 (h);
(b) Q4+ C R are d-regular with constant C'r on scales 0 to 1, for some § € (0,1)
and Cr > 1 which depend only on v.
Denote 2/, := Q. — j; note that these sets are still §-regular with constant Cr on
scales 0 to 1. By (2.65) and since the norm || 1 x 7} Ly || 12 (r)— £2(r) does not change
when shifting X and/or Y, we have
272) IAjkllzz 2 < 1oy mynk—1.0+1F Lo mnp-1,5+1 L2 @) - L2 r)

' < ||ﬂszi(zh)m[q,l]}-;;Hgi(zh)m[—1,1]||L2(R)—>L2(R)'

By Proposition 4.1] (which is a corollary of Theorem 4]) the right-
hand side of ([272) is bounded by Ch?? for some C, 8 > 0 depending only on §, Cr
(which in turn only depend on v), giving (2.67). Note that [BDI8] used a slightly
different normalization of Fj, rescaled by a factor of 27, which however makes
no difference in the proof. (Alternatively one can use the more general
Proposition 4.3] with ®(z,y) := zy.) Similarly the fact that ([272)) features Q7 (2h)
instead of €, (h) does not make a difference: for instance we can write O, (2h) =
(. (h) + h) U (2 (h) — h) and use the triangle inequality.
(5) It remains to show (2.68) and (Z69). We only show the former one, the latter
proved similarly. We have
If |k — k| > 1 then supp x;' Nsupp x;, = 0 and thus Aji A% = 0. We henceforth
assume that [k — k’| < 1. The integral kernel of A;;A7,;,, which we denote K, can
be computed in terms of the Fourier transform of x; x}:

K(w,y) = 2rh) ™' (2)x5 () / e DS ()b (€) de.

R

We may assume that [j — j’| > 2, then |z —y| > 15|j — j/| on suppK. The
function X:X;/ is supported inside an interval of size 2 and satisfies the derivative
bounds ([2:64)). Integrating by parts N times in &, we get

sup |K(z,y)| < Onh~tj — 517N,
x,y

Since K(z,y) is supported in a square of size 2, this implies (2.63). O

We now give a version of Proposition 2.9 with relaxed assumptions regarding the
scales on which 24 are porous:

Proposition 2.10. Fix numbers fy]j»[, 7 =0,1, such that
0<7i < <1, 7 +9 <1<y +%
and define
(2.73) v ==min(y5, 1= ) —max(7, 1= ) = [ 1N =, 1=91] > 0.

Then for each v > 0 there exists 8 = B(v) > 0 and C = C(v) > 0 such that the
estimate

(2.74) ||ﬂfohﬂQ+||L2(R)ﬁL2(R) < Ch'8
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holds for all 0 < h < 1 and all Q1 C R which are v-porous on scales R to T

Remark. The formula ([273) is related to the fact that the proof of the fractal
uncertainty principle [BD18| Theorem 4] proceeds by induction on scale and uses
the structure of {2_ on scale h* together with the structure of {24 on the dual
scale h'7#. In fact, it is likely that the proof in can be adapted to yield
Proposition [Z10] directly.

Proof. Define

Yo = min(%;rv L= ), m:= max(’yfr, 1= ),

note that y9 — 1 =« > 0. The set 24 is v-porous on scales h7 to h"*, and the
set Q_ is v-porous on scales k'~ to h1770,
Put

§+ = h7719+7 ﬁ_ = h’YOilQ_7 }~L = h]’)"

Then the sets ﬁi are v-porous on scales h to 1. Consider the unitary rescaling
operators

Ty : L*(R) = L2(R), Ty f(x)=h"2f(Wx), T_f(x)=h"70)/2fpt"0y),

We have
Tilg, = 1g, Ty, T_F.T;" = F;.

Therefore the left-hand side of ([2274) is equal to

(2.75) IT-Lo Fule, Ty em—r2m = 11 Fila, l2@-rem-

The right-hand side of Z75) is bounded by Ch? = Ch?® by Proposition 29 [
We conclude this section with two simple lemmas used in §§4.6.2HL6.3t

Lemma 2.11. Letv € (0,1),0 < ap < a1, and 0 < az < 5ay. Assume that Q@ C R

is v-porous on scales o to ay. Then the neighborhood Q(as) = Q + [—ag, as] is

¥-porous on scales max(ao, %042) to a.

Proof. Take an interval I C R such that max(cg, 2a2) < [I| < ;. Since Q is
v-porous on scales ap to aq, there exists a subinterval J C I with |J| = v|I| > 3ay
and JNQ = 0. Let J' C J be the subinterval with the same center and |J/| =
31J| = %|I], then J'(az) C J and thus J' N Q(az) = 0. O
Lemma 2.12. Let ¢ : R = R be a C? diffeomorphism such that for some C; > 1
(2.76) max(sup [¢'|, sup [¢'| 1, sup |[¢"]) < C.

Let alsov € (0,1), 0 < ag < a1, and ag < min(Cy 2, 3C7 ). Assume that @ C R
is v-porous on scales ag to oy Then the image () is §-porous on scales Crayg
to min(Cy 'ay, 1C7°).

Proof. We have

< Cf.

,(/)//
sup |0, log [¢/(z)|| = sup ‘W
Therefore for each interval I’ C R we have

(2.77) sup ¢ < Gl i}l,f [Y'].
I/
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Let I C R be an interval such that |I| < 1C7%. Put I := ¢~ (1), then |I'| < 107>

thus by (2.77)

0.18) [CoINL]

[ 2
Now assume additionally that Chag < |I| < Cflal. Then ay < |I'| < ay; thus by
porosity of € there exists an interval
Jcr, |J=ul), JnQ=0
Put J :=¢(J') C I; then J N () = ) and we estimate by ([2.75)
1] _ v

> = —|I]. g

for all intervals J' c I'.

2.5. Dynamics and porosity. In this section we use the results of §2.] to estab-
lish porosity of certain sets in the stable/unstable direction (Lemma ZT5)). This
property is used in §4.0] in combination with the fractal uncertainty principle.

Recall from §2.1.0] that for each p € S*M the local stable/unstable manifolds
Ws(p), Wu(p) are C* submanifolds of S*M tangent to Es, E, (despite the fact
that Es(p), Eu(p) do not in general depend smoothly on p; see §2.1.2). We define
the global stable/unstable manifolds

Walp) = | =i (Wal;(0)), Wulp) = | i (Wule—i(p)))

J=0 Jj=0
which are immersed one-dimensional C'*° submanifolds of S*M tangent to E(p),
E.(p); see for instance [KH97, (17.4.1)] and [Dy18] §4.7.3].
We fix a Riemannian metric on S*M. A proper parametrization of pieces of
global stable/unstable manifolds yields stable/unstable intervals as defined below:

Definition 2.13. Let L > 0. An unstable interval of length L is a C*° map
v : I — S*M, where I C R is an interval of size L, such that for each s € I
the tangent vector 4(s) € T (5)S*M is a unit length vector in E,(v(s)). A stable
interval of length L is defined similarly except we require ¥(s) € Es(y(s)). In both
cases we denote || := L.

We sometimes identify a stable/unstable interval  with its range v(I) C S*M.
For a set W C S*M denote

(2.79) Y W) = {s € T |~(s) € W}.

If v: I — S*M is an unstable interval and ¢t € R, then the map @, oy : I — S*M
can be reparametrized to yield another unstable interval, which we denote by ¢ (7).
Same is true for stable intervals.

Recalling the definitions (Z6]) of stable/unstable Jacobians J7, J¥, we see that
there exists a constant C' depending only on (M, ¢g) and the choice of the metric on
S*M such that for each unstable interval v and all t € R

(2.80) Cﬁl(igf TE) I < lee(0)] < C(sup Jf) |/
Y

Similarly if v is a stable interval then

(2.81) C_l(igf I < lpe()] < C(sup J5) ).
vy
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In particular by (ZI0) we have
(2.82) lpe(7)] < Cem ™My

for all t > 0 and stable intervals v, and for all £ < 0 and unstable intervals ~.
Therefore each stable/unstable interval is contained in some global stable/unstable
manifold.

Since M is connected and ¢; is not a constant time suspension of an Anosov
diffeomorphism (being a contact flow), each global stable/unstable manifold Wa( 0),
/Wu(p) is dense in S*M; see [An67, p.29, Theorem 15]. A quantitative version of
this statement is given by

Lemma 2.14. Let U C S*M be a nonempty open set. Then there exists Ly > 0
such that every unstable interval of length Ly intersects U. Same is true for stable
intervals.

Proof. We argue by contradiction, considering the case of unstable intervals; the
case of stable intervals is handled similarly. If the statement of the lemma fails,
then there exists a sequence of unstable intervals

Vi [, 4] = S*M, £y = o0, ([, 4]) N = 0.
Passing to a subsequence, we may assume that (v;(0),%;(0)) converges to some
point (p,&) € T(S*M). Take the unstable interval v : R — S*M such that
(7(0),%(0)) = (p,&). Then «(R) is the global unstable manifold /Wu(p) We have
v;(s) — ~(s) locally uniformly in s € R. Therefore /V[7u(p) NU = B, giving a
contradiction with the fact that ﬁ/\u(p) is dense in S*M. O

To state the main result of this section, Lemma [2.15] we introduce some notation
formally similar to the symbolic formalism in dynamical systems and motivated
by §3.11 (see also Remark (2) following Proposition B:2]). We fix finitely many open
conic sets

(2.83) Vi,oo oV CT*M\ 0

and assume that S*M \ Vj has nonempty interior for each k. In our application
in Lemma [£I8 we will take m = 2 and use a slight fattening of the sets Vi, V,
constructed in §3.3.I1 The set V; will be assumed to be “small”; as a consequence
V, will necessarily be “large”.

For words v = vy ...vp—1, W = w1 ... w, where v;,w; € {1,...,m}, define the
open conic sets (similarly to ([B:2))

n—1 n
(2.84) Vo= eiV)s Vai= ) 9iVuy)-
j=0

j=1
Lemma [2.T5] shows the porosity of V; in the unstable direction and of V in the
stable direction, in the sense of Definition 2.8 See Figure [l
Lemma 2.15. There exist v > 0, Cy > 0 depending only on Vi, ...,V such that

o for all words v =g ...v,_1, sets W™ C V; NS*M, and unstable intervals
v i Iy = S*M, the set y~Y(W™) is v-porous on scales Co(infyy- J¥)~*
to 1;
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FIGURE 4. The sets V; and VJ, with the flow direction removed.
In this figure and in Figures [B] and [§] we use numerical simula-
tions for a perturbed two-dimensional cat map (which has similar
properties to three-dimensional Anosov flows studied here).

e for all words w = wy ... w,, sets WH C VI N S*M, and stable intervals
v Iy = S*M, the set v~1(W™) is v-porous on scales Co(infyy+ J, )71
to 1.
Here the sets y~*(W*) C Iy C R are defined by @19).

Remarks.

(1) In the situation where all the V; are “small conic balls”, the sets V, N S*M
have the shapes of “deformed ellipses” aligned along a small piece of weak stable
manifold. Their width transversely to this manifold is bounded by Co.J¥(p)~?, for
p any point in V, N S*M, so v~1(V;) will be contained in an interval of length
< CoJ%(p)~!. The Lemma shows that, in the general case where some V; may be
“not small”, V,; NS*M may be a union of many such “deformed ellipses”, arranged
in a fractal (that is, porous) way along the unstable direction.

(2) By (2I0) we see in particular that if  is an unstable interval, then v~ 1 (V)
is v-porous on scales Che~ o™ to 1. If v is instead a stable interval, then 4~ (V)
is v-porous on scales Che 20" to 1.

Proof. (1) We consider the case of unstable intervals, with stable intervals handled
similarly. Our proof is similar to [DJ18, Lemma 5.10]. Throughout the proof C
denotes constants depending only on Vi, ..., V,, whose precise value might change
from place to place.

Fix nonempty open sets U, . ..,U,, C S*M such that U,NV;, = 0; this is possible
since S* M\ V), have nonempty interior. Fix ¢ > 0 smaller than the distance between
U, and Vy, for all k. Using Lemma P.14] we fix Ly > 0 depending only on Vs, ..., V,,
such that every unstable interval of length L intersects each of the sets Uy, ..., Up,.
(2) We fix Cp > 0 large enough to be chosen later in Step (4) of the proof. Take
an arbitrary unstable interval v : [y — S*M and extend it to an unstable interval
v:R — S*M. Let I C R be an interval such that Cy(infyy,- J*)=™1 < |I] <1 and
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FIGURE 5. An illustration of the proof of Lemma The large
lighter shaded region is V,, and the small darker shaded region is
U,,. The marked point inside U, N pe(vs) is we(y(s)).

vr = 7|1 be the corresponding unstable interval; note that |y;| = |I|. We may
assume that vy N W™ # () as otherwise y"!(W~) NI = 0 and we could take any
J C I in Definition 28

Let ¢;(vr), j > 0, be the images of 7 under ;. By (2.82)) we have |¢;(yr)| >
C~teMod|]|. Therefore there exists an integer £ > 0 such that |pe(yr)| > Lo. Take
the minimal integer ¢ > 0 with this property; then there exists C' > L( such that

(2.85) Lo < lee(vr) < C.
(3) The map ¢, has a uniform expansion rate on 7, namely
(2.86) sup J;' < Cinf Jj'.

v

v
Indeed, by (2.82) and (Z80) there exists t; > 0 depending only on the con-
stants in (2.85]) (which in turn depend only on Vi,...,V,,) such that ¢, (yr) =
©—t,(we(7v1)) is contained in a local unstable manifold, more precisely
(2.87) Pe—t(P) € Wulpe—t,(p)) forall p,peqy.

If ¢ <t then (230) is immediate since C~! < J¢ < C. Assume now that ¢ > .
Then we write for all p € y1
Tt (0e—10(p))

T = T oo

By part (4) of Lemma 2.1 and 2387) we have Ji _,(pe—1,(p)) < CJL _y(0r—1,(p))
for all p, p € v;. Together with the bound C~! < J* < C' this proves (Z.30).

(4) By ([280), (285), and (2.80) we relate the expansion rate of ¢, on s to the
length |1]:

(2.88) Ot <|I|-inf J§ < |I]-sup J{* < Oy

VI 274
where C is some constant depending only on Vi,...,V,,. Fix Cy := C; + 1; then
the integer ¢ satisfies

0</i<n—1,

where we recall that n = |v|. Indeed, assume that ¢ > n instead. Then J}'(p) >
J¥(p) for all p by (ZIQ). Since vy N W™ # () and from our initial assumption on
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||, we have

(2.89) Co < |I|- inf J* < [I]- inf J¢ < |I| - sup J¢ < Cy
w- w- I

giving a contradiction with our choice of Cy.

(5) We finally construct an interval J C I such that J N~~'(W~) = 0. By (2385)
and the choice of Ly, the unstable interval ¢,(vys) intersects U,,. That is, there
exists s € I such that pg(y(s)) € U,,. Choose an interval J C I such that s € J
and |¢¢(vs)| = € where 7 1= ~|; is the corresponding unstable interval. Since the
distance between U,,, and V,, is larger than e, the unstable interval ¢,(7.r) does not
intersect V,,. (See Figure[Bl) By (2.84), the unstable interval y; does not intersect
V; D W™, so that JN~y~1(W™) = 0 as needed.

By (2:80) and (Z88)) we obtain a lower bound on the size of J:

le(v)l £
Csup., J = @m
p'YI 4

Thus v~ (W™) is v-porous on scales Co(infyy- J*)~! to 1 with v :=¢/C? > 0. O

7l >

We finally discuss the dependence of the constant v on the sets Vi,...,V,, in
Lemma 215 used in Theorem @l We use the following

Definition 2.16. Let & C S*M be a set and 0 < L1 < 1 < Lg. We say that
U is (Lo, L1)-dense in the unstable direction if for each unstable interval - :
I — S*M of length Ly there exists a subinterval J C I of length L; such that
v(J) C U°, where U° denotes the interior of U. We similarly define the notion of
being dense in the stable direction.

Lemma [214] implies (similarly to step (5) in the proof of Lemma [2.15]) that
if « has nonempty interior then it is (Lo, L1)-dense in both stable and unstable
directions for some Lg, L;. Following the proof of Lemma (using density in
the stable/unstable directions in step (5)), we obtain

Lemma 2.17. In the notation of Lemma 215, assume that each of the complements
S*M\Vi,...,8"M\ Vy, is (Lo, L1)-dense in the unstable direction. Then for all
words Vv.=1q...Un_1, sSets W~ C V; NS*M, and unstable intervals v : Iy — S*M,
the set y~1(W™) is v-porous on scales Co(infyy,— J*)~* to 1, where v,Cy > 0 depend
only on (M,g),Lo,L1. A similar statement holds for stable intervals under the
assumption of (Lo, L1)-density in the stable direction.

We also record here a useful property of (Lo, L1)-dense sets:

Lemma 2.18. Assume that U C S*M is (Lo, L1)-dense in the unstable direction.
Then there exists U* C S*M which is (Lo, L1)-dense in the unstable direction and
such that the closure of U* is contained in the interior of U. The same is true for
(Lo, L1)-dense sets in the stable direction.

Proof. Without loss of generality we assume that U is open. We exhaust U by open
subsets
U= Ju;, U cly, U cu.
j=0
For instance, we may take U; to be the set of all points p € S*M such that the

closed ball B(p, %) is contained in U.
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We argue by contradiction, assuming that neither of the sets U; is (Lo, L1 )-dense
in the unstable direction. Then there exists a sequence of unstable intervals ; :
[0, Lo] — S*M such that for each j and each subinterval J C [0, Lo] of length L,
we have v;(J) ¢ U;. Passing to a subsequence, we may assume that 7; converges
uniformly to some unstable interval v : [0, Lo] — S*M. Since U is (Lo, L1)-dense
in the unstable direction, there exists a subinterval J C I of length L; such that
v(J) CU. Then for j large enough, ~;(J) C U;, giving a contradiction. a

3. PROOFS OF THE THEOREMS

In this section we prove TheoremsPland[6l We follow the strategy used in [DJ18|
Ji20] in the case of constant curvature (which in turn was partially inspired by
[An08]). The main difference is the proof of the key fractal uncertainty estimate
(Proposition B.2]).

In §§3.TH32] we provide notation and statements used in the proofs of both
theorems. The proof of Theorem [2is presented in §3.31 In §3.4we prove Theorem [6]
using some parts of §3.3] as well.

3.1. Notation. We first introduce some notation used throughout the rest of the
paper. Let M be a compact connected Anosov surface; see §2.11 Fix a Riemannian
metric on S*M inducing a distance function d(e, e). We assume that:

(1) we are given h-independent functions aq,a, € C(T*M \ 0) with [
1
supp ar, suppax C {7 < |[€lg <4}, a0, 20, a1 t+a. <L

(2) suppa; C Vi, suppa, C Vi where V1, V, C T*M \ 0 are some conic open
sets;
(3) the complements T*M \ V1, T*M \ V, have nonempty interiors;
(4) the diameter of V; N S*M with respect to d(e,e) is smaller than some
constant g > 0 to be fixed later; as a consequence, V, N S*M will cover a
large part of S*M
(5) we are given Ay, A, € U, (M) with 0j,(Ay) = aw, WF,(Ay) C V{3 <
€]y < 4}, w e {1,%}.
The specific functions a1, a, used in the proof of Theorem [2 are fixed in §3.3.11
Roughly speaking, a1, a, will form a partition of unity on S*M, a; will be supported
on the region {a # 0}, where a is the symbol featured in Theorem ] and a, will
be supported near the complement of this region. The proof of Theorem [@] uses
a damped version of these functions; see §3.4.21 The fact that the complements
T*M \ V1, T*M \ V, have nonempty interiors is used in §4.6.21
We next introduce dynamically refined symbols corresponding to words, using
the geodesic flow ¢; defined in (2.2). Define

e ={1,x}, Z={w=wp... wp—1|n>0, wo,...,wp_1 € s}

We call elements of 7° words. Denote by 7" C o7 the set of words of length n.
We write |v| :=n for v € .
For each word v =g ...v,_1, resp. w = w; ...w,, define the functions

n—1

(3.1) ay = H(at,] °;), : H u; © P —5)

Jj=0

2The choice of 1,  for indices will become clear later in §42 where we write ax = az+az+....
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Note the different indexing for v and w which makes sure that the product ajag,
has only one factor of the form a, o ¢o, w € {1,%}. The supports of a;,af, are
contained in the open conic sets

(3.2) Vo= (N omiWu), Vi = (e Va)).
=0

j=1
The operators corresponding to ay,al, are defined using the notation A(t) :=
U(—t)AU(t) from (2359):
AT = Ay (= 1) Ay, (1 —2) -+ Ay, (1) Ay (0),
AL = Ay, (D) Au, (=2) - Ap,_, (=(n — 1)) Ay, (—n).
If n is bounded independently of h then Egorov’s theorem (Z36]) implies
(3.4) AT =O0py(ay) + O(h)r212,  AS, = Opylag,) + O(h) 2 2.

This is a form of classical/quantum correspondence.
For future use we record the following concatenation formulas: if v.= vy ... vy,
W = wj ...wy, then

(3.3)

(3.5) ALy = UR)AZALU(=k), Ay, =U(=k)ALAZTU(k)
where the reverse word Vv is defined by V := vy ...v;. Similarly we have
(3.6) Vi = 0e(Ve NV, Voo = oV NV,

(3.7) g = (a5.03) 0 Py Oy = (05,0) © .

In the particular case w = () we get the reversal formulas

(3.8) AL =UR)AZU(=k), Vi =ee(Vs), af =agop_s.

If £ C <72 is a finite set, then we define

(3.9) af =Y af, AF:=> A%

weel wees
and if F': o/ — C is zero except at finitely many words, then we put

(3.10) at = Z F(w)aL, Af:= Z F(w)AZ.

wea/® wea/p

Note that if £ C &7 for some n, then 0 < (1:5IE <1.

In the remainder of this section we will only use the operators Ag. (This is
an arbitrary choice — one could instead only use the operators AJ,.) To simplify
notation, we denote

Ow = Oy, Aw = A,

and same for ag, Ae,ar, Ap.

3.2. Long propagation times and the key estimate. Similarly to [DJ18Ji20]
our argument uses words of length that grows like log(1/h). More precisely, we
define the following integer propagation times:

log(1/h log(1/h
(3.11) Ny := [ML N := (6A + 1)Ny > log(1/h)

6A1 AO

where the ‘minimal/maximal expansion rates’ 0 < Ag < Ay were defined in (2.10)
and A := [A1/Ag]. We call Ny a short logarithmic time and N a long logarithmic
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time. Note that if (M, g) had constant curvature —1 as in [DJI8| then we could
take Ag = Ay =1 and N ~ log(1/h).

3.2.1. Short logarithmic words. We first study words of length Ny, for which a
version of the classical/quantum correspondence ([B4]) still applies. We use the
mildly exotic symbol classes introduced in §Z.2.11

Lemma 3.1. For each w € &ZNo, we have

(3.12) aw € S7)e P (T*M), Ay = Opy(aw) + O3 )2 yp2.

Moreover, for each F : &/No — C with sup |F| < 1, we have (using the nota-

tion (BI0))

(3.13) afp € Sfc/)rﬁnf(T*M), Ap = Opy,(ar) + O(hl/Qf)L2—>L2

with the constant in the remainder independent of the function F'.

Remarks.

(1) The choice of index ¢ := % (which corresponds to the factor # in the definition
of Ny) was guided by the proof of Proposition B2 yet it is somewhat arbitrary—in
practice one could probably replace % by any ¢ € (0, %)

(2) Later we will prove much finer statements regarding the propagation up to the
local Ehrenfest time—see §4.3IHA3.2] It is possible to avoid the precise derivative
bounds for ap by increasing the value of §, as in Lemma 4.4]; however the
proof of these bounds below can be seen as a basic case of the more complicated

bounds of §5.31

Proof. We write w = wq ... wn,—1. By Lemma [Z5] with § := % we have uniformly
inj=0,...Ny—1

(3-14)  aw, 0p; € ST (T M), Au,(j) = Opy(aw, 0 @) + O3 ) ayp2.

Now (BI2) follows from Lemma 6 with § := £ + € and & > 0 arbitrarily small.
To establish bounds on ap, we first note that sup |ap| < 1 since sup |F| < 1 and

la1] + |ax] = a1 + a, < 1. To prove bounds on derivatives, take arbitrary vector

fields X3,..., X on T*M. For a set I C {1,...,k} define the differential operator

X] :X’Lle, where I:{il,...,ir}, i1<"'<ir.
By the product rule we have for all w € o7 No

No—1

Xi... Xraw = Z H XI(L,j)(awj O‘:Dj)'
Lez j=0

where the sum is over the set of sequences (with each ¢; encoding which of the
factors of the product defining a, the vector field X; was applied to)

gZ:{L:(gl,...,gk)|€1,...,£k€{0,...,N0—1}}
and for L € £ and j € {0,..., Ny — 1} we put
I(L,j)={ie{l,....k} | {; = j}.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



396 SEMYON DYATLOV ET AL.

It follows that (with w summed over «7N0)

No—1 No—1
|X1...Xkap| S Z Z H |XI(L7j)(aij(pj)‘: Z H N(L,j)
Lez w j=0 LeZ j=0
where N(L,j) := Z | X171, (aw 0 @j)|.
we{l,x}

Fix arbitrary € > 0. By (8.14) and since |a1| + |ax| < 1 we have for some constant
C depending only on X7,..., X, &

N(L,j) <1, it I(L,j)=0
N(L,j) < Ch~(V/6+)#(Z(L.7)) if Z(L,j)#0.

)

For each L € £, we have ZN‘)gl #(Z(L,j)) = k. Moreover, the set .# has N} =

j=
O(hY~) elements. It follows that

sup | X1 ... Xpap| < Ch~(1/6+2e)k
which implies that ap € S7)5\"(T*M \ 0).
Finally, to show that Ar = Opj,(ar) + O(hY/?7) 2,12 it suffices to sum the

second parts of [BI2]) over w with coefficients F(w) and use the counting bound
#(ZNo) = 2No = O(h=1/6) which holds since A; > 1. O

Lemma Bl together with ([2:32)) gives the norm bound
(3.15) |Ap|L2yr2 <14+ O(Y37) forall F:a/No - C, sup|F| <1

where the constant in the remainder is independent of F'. This bound in particular
applies to operators of the form Ay, w € /N0, and more generally of the form Ag
where & C o/ No.

3.2.2. Long logarithmic words. We now study operators associated to words of
length N. The following key estimate is proved in §4l using the fractal uncertainty
principle and the fact that the complements T*M \ Vi, T*M \ V, have nonempty
interior. It implies that each operator A, where w € 7~ has norm decaying
with h.

Proposition 3.2. Let the assumptions (1)—(5) of §8.11 hold and €q be small enough
depending only on M. Then there exists 8 > 0 depending only on V1,V and there
exists C' > 0 depending only on Ay, A, such that for all w € /N

(3.16) |Aw |l 1212 < CRP.

Remarks.

(1) We note that N is considerably larger than twice the mazimal Ehrenfest time
%, that is for all p € S*M the norm dpx(p) is much larger than h~*. There-
fore the classical/quantum correspondence ([B:4) no longer applies to the operator
A, w € &N, In fact the norm bound (B.I6)) contradicts this correspondence: if
Ay, were a quantization of ay, then we would expect the norm || Ay || to be close to
sup |aw|; however in general we could have sup |ay| = 1 while (B8I6]) implies that
|Aw] is small.
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(2) In the constant curvature case a version of Proposition is proved in [DJI8|
Proposition 3.5]. We remark that [DJI8| considered words of length ~ 2log(1/h),
while here we study words of shorter length N ~ % log(1/h). The factor % was cho-
sen for convenience in the proof of Proposition B2} see §4.1and in particular (6],
(£II). We could probably have replaced this factor by any number in the interval
(1, %), yet we did not try to optimize the estimate in the proposition by varying
this factor.

(3) Proposition B2l is formally similar to [AN07al Theorem 2.7] and [An08| Theo-
rem 1.3.3], as all these statements imply norm decay for operators corresponding
to words of long logarithmic length. However [AN07al[An08| used a fine partition
of S*M, for which each symbol a, in a thin neighbourhood of a single stable leaf
(see §42)). On the contrary, the partition ([BI9) we use here is not fine; in fact
supp a4 contains all of S*M except a small ball, and the supports of operators a
typically have a complicated fractal structure. As a result, the method of proof of
Proposition [3.2lis very different from those in [ANO7al[An08]|; it relies on the fractal
uncertainty principle, which takes advantage of the “fractality” of supp aw. A com-
mon point with the proofs in [AN07a] is that we will only use words of “moderately
long” logarithmic length (e.g. in constant curvature words of length ~ I ¢ log(1/h)),
instead of “very long” logarithmic length as in [An08].

(4) Following the proof of Proposition B2 in §l and using the remarks after Lem-
mas ETCHATT, we obtain the following statement: if the complements S*M \
Vi,8*M \ V, are (Lg, L1)-dense in both unstable and stable directions (in the
sense of Definition 2.16) then Proposition holds for some 3 depending only
on (M,g), Lo, L.

3.3. Proof of Theorem 2l We now prove Theorem [2 following the strategy
of [DJ18] §§3,4].

3.3.1. Construction of the partition. We first construct the functions a1, a, and
the operators Aj, A, satisfying the assumptions of §3.1] and used in the proof of
Theorem 2

In addition to A;, A, we use an operator Ag which cuts away from the cosphere
bundle S*M. More precisely we put

Ag i=1o(=h*A)  where 1y € C*(R; [0, 1]) satisfies

(3.17) 1 1
174] :(2)7 SUPP(1_¢0) C (1_6716)

By the functional calculus (233)) applied to 1 — 1) we see that

supp o N |

(318) Ao € WR(M), o(Ao) = ao = bo(I€2),  WEA(I—Ao) € {1 < Iely < 4.

The functions a1, a, and the operators Ay, A, are constructed in Lemma [3.3] Here
we let a be the function in the statement of Theorem 2] and €y > 0 be small enough
so that Proposition applies.

Lemma 3.3. Let a € C®°(T*M)
exist a1, ax, A1, A, such that conditions (1)—(5) of 811 hold and moreover
(6) Ag, A1, Ay form a pseudodifferential partition of unity, namely I = Ag +
A1+ A,. This in particular implies that 1 = ag + a1 + ay;
(7) if V1 C T*M\O is the open conic set containing supp a; introduced in §3.1],
then V1 N S*M C {a # 0}.
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Proof. We first choose a nonempty open conic set V; C T*M \ 0 such that V1 N
S*M C {a # 0}, the diameter of V4 N S*M is less than gy, and the complement
T*M \ V; has nonempty interior. For instance, we can let V; N.S*M be a small ball
centered around a point in {a # 0} N.S*M. We next choose another open conic set
V, C T*M \ 0 such that T*M \ V, has nonempty interior and

(3.19) T*M\ 0=V UV,
By (BI8) we may write

I—Ay=0p,(b)+ R, R=0(h>)y-=
where the h-dependent symbol b € S, °°(T*M) satisfies for some compact h-
independent set K

1
suppb C K C {Z <|llg <4}, b=1—ao+ O(h).
By BI9) we see that K C V; UV, where V,, := V,, N {; < l€ly < 4}. Take an
h-independent partition of unity
X1 €CEMVi3[0,1]), X« €CE(Vis[0,1]), xi+x«=1on K

and define

A1 :=0p,(x1b) + R, A, := Op,(xsb).

Then the conditions (1)—(7) hold, where the principal symbols a1, a, are given by
a1 = x1(1 — ao), ax = xx(1 — ao). O

We now establish two corollaries of properties (6)—(7) in Lemmal[33l First of all,
since A; + A, = I — Ap commutes with U(t), we see that (using the notation (39)))

(3.20) Agn = (A1 +A)" = (I = Ag)" foralln € N.
The proof of [DJ18, Lemma 3.1] then implies that for all n € N and v € H?(M)
(3.21) |u—Awnullz < C||(—=h*A = Iu| 12

where C is a constant independent of n, h. In particular, if (—=h%2A — I)u = 0 then
u= Agnu.

Secondly, since supp a;NS*M C {a # 0}, the elliptic estimate [DJ18, Lemma 4.1]
implies that for all u € H?(M)

(3.22) [ Avullz2 < C||Opy(a)ullrz + Cll(=h*A = I)ul|z2 + Chllul| 2.

In particular, Aju is controlled, by which we mean that it is bounded in terms of
the right-hand side of (L2) and a remainder which goes to 0 as h — 0. Later in
Lemma [B:6] we extend ([B:22]) to the propagated operators Aj(t).

We remark that if we additionally know that suppa; N.S*M C {|a] > 1} then
we may take the first constant C' on the right-hand side of ([B.22) to be equal
to 2 (or in fact, any fixed number larger than 1). This follows from the proof
of [DJ18, Lemma 4.1] together with the norm bound (Z32)).

The rest of the proof consists of writing u = Axu+ Ayu (microlocally near S*M;
see ([3:34))), with the operators Ay, Ay defined in §3.3.3] such that:

e Ayu is controlled (the proof of this uses classical/quantum correspondence,
Lemma [B1]), and

e Axyu is small (the proof of this uses the smallness of the norm ||Ax| p2_ 12
which follows from the key estimate, Proposition 3.2)).
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3.3.2. Controlled short logarithmic words. We now define the set of controlled words
of length Ny (see (BI0). Following [DJIS8| §3.2] we define the density function

Ny '

Fix small o € (0, %) to be chosen in (B.37), and define the controlled, resp. uncon-
trolled words in 7 No:

(3.24) Zi={wedM|F(w)>a}, Z'={wea™M|F(w)<a}l.
Define the operator Az by (39). Then Azu is estimated by the following

(3.23) F:o/™ —[0,1], Flwg... wn,_1)=

Lemma 3.4. There exists a constant C > 0 independent of a or h, such that for
all a € (0,3), h € (0,1], and uw € H*(M) we have
(3.25)

C Clog(1/h
lAzulx < < Opyayulz + TN

I(=h*A = Dul[ 2 + O(RY*7) Jull 12
where the constant in O(e) depends on a but not on h,u.

To prove Lemma [3.4] we use the following almost monotonicity property:
Lemma 3.5. Assume that the functions Fy, Fy : N0 — C satisfy

|Fi(w)| < Fo(w) <1 forall we M.
Then for all u € L*(M) we have (using the notation (3.10))
(3.26) 1AFull 2 < | Aryull e + CRY* |lull 2
where the constant C' is independent of Fy, Fy, h, u.
Proof. We have
|Arul® = ||Apul|®* = (Bu,u) where B:= AR, Ap, — A Ap,.

By Lemma [B.1] the operator B is pseudodifferential:

B = Op;,(b) + O(h'/*7) 2,2 where b= |ap,|* — |ap, [* € ST (T*M).
From the positivity of the symbols a, we deduce that

‘ZFl aw‘<Z|F1 ‘aw<ZF2 (lw,

or in short |ag, | < ap,, which implies that b > 0. By the Garding inequality (231
we have for all e > 0

(Bu,u) > —C.h'27||u||2,
which gives || A ul2. < [|[Arul2. + C-hY/27¢||u||2,, implying (3.26). O

We also use the following control bound on A; (t)u which is obtained from ([B:22))
using that ||U(t)u — e~ "2 < C’%H(—hQA —DNul|z2 (see Lemma 4.3] for
details):

Lemma 3.6. For allt € R and u € H*(M), we have
Clt
327) Al < O Opya)ulie + (KA~ Dyull 2 + Chijul

where (t) :== /1 +t? and the constant C is independent of t and h.
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Remark. Using the remark after (3.22]) and the proof of [DJ18, Lemma 4.3], we see
that under the condition supp a; N.S*M C {|a| > 1} we may take the first constant
on the right-hand side of (827 to be equal to 2 (or in fact, any fixed number larger
than 1).

We are now ready to finish

Proof of Lemma 34l By the definition ([324) of the set Z, the indicator function
1z satisfies 0 < alz(w) < F(w) <1 for all w € &ZNo. Thus by Lemma 3.5

(3.28) al|Azullze < ||Apullzz + ORY47)||ul| 2.

On the other hand, ([3.23]) together with ([B:20) gives the following formula for Ap:
ND 1 No 1

Ar=o > Y Au- ;ZA1+A>N°”A1<><A1+A>

I=0 wew N0 w;=1
Recall that |41 + Ay|lz2—r2 <1 by LemmaB3l It follows that
lApullze < max [l41(7)(A1 + A ) ullz.

Since ||A1(5)|re—r2 = |Aillre—r2 < C and (A; + AL)’u — u can be estimated
by B21)), we get
lApullze < max [l4(G)ullz= + Cll(- WA = I)ul e

Estimating A;(j)u by Lemma 3.6 and using that Ny = O(log(1/h)), we get
Clog(1/h
(3.29) ||Apullzz < C| Opp(a)u|pz + —=—"= g( )

Combining (3:28) and [B3:29]), we obtain (BZQH) O

3.3.3. Controlled long logarithmic words. The proof of Lemma [3.4] used the mono-
tonicity property, Lemma 3.5 which in turn relied on classical /quantum correspon-
dence. Thus it only applied to words of short logarithmic length Ny. On the other
hand, Lemma B2l only applies to words of long logarithmic length N = (6A+1)Nj.
To bridge the gap between the two, we define the sets of uncontrolled, resp. con-
trolled words of length NV as follows:

N =xuY,
(3.30) Xo={wh  wOMD | w® e 28 for all £},
V= {w . wOA+D | there exists £ such that w') € Z},

I(=h*A = Dyl g2 + Chljul 2.

where Z C /N is defined in (324) and we view words in &7 as concatenations
w) o wOAD with w) | w(OA+D) ¢ g7No,

Using previously established bound on controlled short logarithmic words,
Lemma [3.4] we now estimate the contribution of controlled long logarithmic words:

Proposition 3.7. For all u € H?(M)
(3.31)

c Clog(1/h
Ayl < <) Opy apu] - + TN

I(=h*A = Dull 2 + O(RY*7)Jul| 12

where the constant C' does not depend on a, hyu and the constant in O(e) depends
on a but not on h,u.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CONTROL OF EIGENFUNCTIONS IN VARIABLE CURVATURE 401

Proof. The set ) can naturally be split as follows:
6A+1
y= |_| Ve, Vo= {w(l) w6+ | w ez wltth . wA+D ¢ ZC}.
=1
Accordingly, we may write (using (320])

6A+1
Ay=) Ay, Ay, =Az(6ANy) - Azo(ENo) Az ((£ = 1)No)(Ar + A,) 7D,

We have ||A1+A||r2 2 < 1by LemmaB3and | Az|], || Azcll 212 < C by BI5).
Moreover, u — (A; + A, )~ Noy can be estimated by B2). It follows that for all
1

(3.32) | Ay,ull> < C||Az((£ — 1)No)ul| > + C||(—=h*A = Tu 2.
‘We now estimate

Clog(1/h
1Az((€ = DNoYul|z2 < |Azul|ge + B g( Clog(1/h)

Clog(l/h)

[(=h*A = Iul| 2
(3.33)

< —[1Opp(@)ullzz + === (=h*A = Du 2 + O A7) full 2

where the first inequality follows smularly to B27) from [DJI8, Lemma 4.2] and
the bound Ny = O(log(1/h)), and the second inequality follows from Lemma 34

Combining (3332) and [B33) we get the bound B31)). O

Remarks.

(1) In passing from ||Ay,u|zz to ||AyulLz we used the triangle inequality. Con-
sequently the constant C' in ([B3I) has a factor of 6A + 1 = N/Ny. Thus it is
important in our argument that the ratio N/Ny, where Ny is the time for which
classical/quantum correspondence applies and N is the time for which fractal un-
certainty principle gives decay of || Aw ||, is bounded by an h-independent constant.
(2) Following the proofs of Lemma [B4] and Proposition B7] and using the remark
after Lemma[3.0] we see that under the condition supp a1 NS*M C {|a| > 1} we may
take the first constant C on the right-hand side of (831 to be equal to 4(6A + 1).
Here the extra factor of 2 comes from taking C' := 2 in [.32); in fact, we could
take that factor to be any fixed number larger than 1.

3.3.4. Uncontrolled long words and end of the proof. We can now finish the proof
of Theorem 2l Take arbitrary u € H?(M). We decompose

(3.34) u=(u—Agynu)+ Ayu+ Axu

where Ay, Ay are defined using the notation (89) and the decomposition (B30).
The first term can be estimated by ([B:21]) and the second term can be estimated
by Proposition 3.7, giving

C log(l/h)

C
lellzz < —[1Opp(@)ull 2 + ==l (=h*A = D)u]| 2

+ || Axul| 2 + O(RM* )||u||L2-

To deal with the term Axu we apply the key estimate, Proposition B2 to each
individual Ay, with w € X and use the triangle inequality. For that we need the
following counting lemma on the number of elements in X:

(3.35)
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Lemma 3.8. There exists a constant C > 0 depending on o, Ag, A1 but not on h,
such that

(3.36) #(X) < Ch~ Ao ' +2)a(l-loga)

Proof. By definition, elements of X" are concatenations of 6A + 1 words in 20 thus
#(X) = #(28)5M 1, Since 20 consists of words w € .&7No such that less than aNy
letters of w are equal to 1, we have

laNo |

w3 (V)

k=0

Since @ < 1/2, we have for k =0,1,...,[aNg| — 1
NO - k+1 N() < OZN() N() - « N()
k)] No—k\k+1) - No—aNy\k+1) 1—-a\k+1
NO < « LaNo | =k NO
k)~ \l-«a laNg )"

#(2%) < 11__20; <La];f\?oJ)'

and thus

In particular,

Using Stirling’s formula, we have

(Loﬁj) _ LaNoJ!(NJZOi AN < Cexp(—(aloga + (1 — a)log(l — a))Np).

Using the elementary inequality
—(aloga+ (1 —a)log(l —a)) < a(l —loga)
we see that

#(X) _ #(ZC)6A+1 < Chf(A51+2)a(lfloga). 0

We are now ready to finish the proof of Theorem 2l Let 5 > 0 be the constant
from Proposition Fix a > 0 small enough so that

(3.37) (A +2)a(l —loga) <

|

Combining Proposition and Lemma [3.8 we get

|Ax|lr2—re < #(X) - ChP < ChP/?
which (assuming without loss of generality that 8 < %) together with ([B:33]) implies
for some constant C' depending only on a

Clog(1/h)
h

Taking h small enough, we can remove the last term on the right-hand side, giving
Theorem 2

ullze < C|[ Opp(a)ullr> + I(=h*A = Dull 2 + CR2|[u]| 2.
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Remark. Using the remarks after Propositions and 3.7 we obtain the following
statement: if suppa; NS*M C {|a| > 1} and the complements S*M \ V;, S*M \ V,
are (Lo, L1)-dense in both unstable and stable directions (in the sense of Defini-
tion [ZT6]) then the first constant on the right-hand side of (2)) depends only on
(M, g), Lo, Ly. In fact, we can take this constant to be

_ 4(6A+1)

N @

where « satisfies B31) and thus depends on the fractal uncertainty exponent f.
(The factors 4 and 6 above can be improved but this does not improve the result
significantly since the known bounds on § are very small.) In particular, as § — 0
the constant C from (B3.38)) behaves like 3~ !log(1/3) times a constant depending
only on the minimal/maximal expansion rates Ag, Aj.

This gives Theorem [ as follows. Take an open set U C S*M which is (Lg, L1)-
dense in both unstable and stable directions and has diameter smaller than the
constant g¢ from Proposition Using Lemma I8 fix U* compactly contained
in U which is also (Lg, L1)-dense in both unstable and stable directions. Choose

a € CX(T*M;[0,1]), suppanS*M C U, supp(l—a)NU*=0.
We choose the sets V1, V, in the proof of Lemma B3] such that
UtcyinS*Mc{a=1}, V,NS*M=S5"M\UE.

Then suppa; N S*M C {|a| > 1} and the complement S*M \ V, is (Lg, L1)-dense
in both unstable and stable directions. Next, S*M \ V; contains the complement
of a set in S*M diameter gy, and thus is (1, %)-dense in both unstable and stable
directions for small enough £9. Now if u;, is a sequence of Laplacian eigenfunctions
converging to a measure p in the sense of (4] then by (2] we have the estimate

(3.38) C:

k—o0
1= il < COp, @yl 225 € [ Jaf?du < Cuv)

where C' is the constant from (B38]), which depends only on (M, g), Lo, L.

3.4. Proof of Theorem [6l We finally give the proof of Theorem [ following the
strategy of [Ji20] and using some parts of the proof of Theorem

3.4.1. Reduction to decay for a microlocal damped propagator. We first reduce The-
orem [0] to a decay statement for a damped propagator following [Ji20, §4]. Let
b € C*(M) be the damping function, with b > 0 and b # 0. We replace hd; by
—iz in the semiclassically rescaled damped wave operator h?(97 — A + 2b(z)3,), to
obtain the following differential operator on M:

(3.39) P(z) := —h%A — 2izhb(x) — 2%, z€C.

By a standard argument (see [Sc10, §3] or [Zw12], Theorem 5.10]) Theorem [@l follows
from the following high energy spectral gap:

Proposition 3.9. There exist Cy > 0, v9 > 0, and hg > 0 such that
(3.40)
||IP(Z)_1||L2%L2 < Ch—l—i—Co min(0,Im z/h) log(l/h), 0 < h < ho, ‘Z . 1‘ < ’Yohu

Recall the operator P = 1p(—h?A) defined in ([Z34)). Fix a cutoff function

Y1 € C2((0,00);[0,1]),  suppwy C {p #£0}, ¢ =1 on [1—16,16].
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Then

P(z) = P? — 2izhb(x)1 (=h?A) — 22 + O(h™) microlocally near S* M.
We now write
(3.41) P? — 2izhb(x)iy (—h2A) = (P — ihA(2))? + O(h™)

where A(z) € U, *°(T*M) is some family of pseudodifferential operators entirely in
z and satisfying op,(A(z)) = za with

) (|€]2
(3.42) a(z,§) = %@?9).

See [Ji20] §4.1] for the construction of A(z) (denoted by Q(z) there).
Define the microlocal damped propagator

(3.43) ﬁ(t) = ﬁ(t; z) 1= exp ( — w

We also take the following frequency cutoff operator:

), t>0.

1
IT:= x(—h%A) where x € C(R;[0,1]), suppyx C [Z’ 4], 1 ¢ supp(l — x).

Following [Ji20, §4.2] we see that Proposition B9 (and thus Theorem [ follows
from a decay statement on the propagator U (¢):

Proposition 3.10. There exists f1 > 0 depending only on M and b such that for
all h € (0,1], z € C such that |z — 1| < h, and N defined in BII) we have

(3.44) 1T (N3 )| 224y L2(ary < CRP
In the rest of §3.41 we prove Proposition

3.4.2. Damped partition of unity. Let Ay be given by BI1) and a1, as, A1, Ay be
constructed in Lemma B3] with the function a given by ([342) and g > 0 taken
small enough so that Proposition applies. Define the damped operators

(3.45) Ay = U(-1)U(1)Ap, we {1,%}.

Here U(t) = exp(—itP/h) is the unitary propagator defined in (Z34) and U(t) is
the damped propagator defined in ([8.43)). By [Ji20, (2.24)] we have A,, € ¥, > (M),

WF,(A,) € WEF,(A,), and

1
(3.46) on(Aw) = Gy = ay exp (—/ ao g ds) ;o w e {1,x}.
0

Lemma 3.11. The operators Eh A, and the symbols ay, a, satisfy conditions (1)—
(5) in §801. Moreover, there exists a constant 1) > 0 such that

(3.47) 0<a; <e "a;, 0<a, <a,.
Proof. Since a > 0, we have 0 < @, < ay, and conditions (1)—(5) in §31] follow
immediately. It remains to show that a; < e "a;. As a consequence of the ho-

mogeneity of a in {% < |€]y < 4}, we see that condition (7) in Lemma B3] implies
that

Vi (g <lély <4) € fa >0}
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Since suppa; C V1 N{% < [¢|, < 4}, there exists 7 > 0 such that

1
/ aops(x,&)ds>n forall (z,£) € suppa.
0
This immediately implies that a; < e "ay;. O

Using A1, A,, a1, ay, we define Ay, Ag, Ap, Gw, Ge, ap by B3), @J), @I0). (As
before, we use the notation Ay, := A etc.) We also consider the cutoff damped
propagators
(348) Uw :=U(n)Aw = U(1)Ay, UMD Ay, , - U1)Ay,, W=wp.. wy_1.

We define the operators (75, Ur using Us similarly to (3.9), BI0).
Let the partition YUY C &7 be defined in (3.30), where we fix o > 0 in §8.4.4
We prove Proposition B0 by establishing decay of Uy and Uy .

3.4.3. Controlled words. To bound the norm of (73;, we first use the inequali-
ties (B.47) to estimate Uz, where Z C &0 is defined in (B.24):

Lemma 3.12. We have
an

(3.49) 10zllzssc2 < B+ O(RY5) where ay == =L > 0.
1
Proof. Since U(Ny) is unitary, we have ||Uz||12_,z2 = | Az 12— z2. The symbol az

is given by
No—1

az= dw=Y_ ][] @uw, o9
wez weZ j=0
By the definition ([3.24)), each w € Z has at least oy letters equal to 1. Therefore
by [B41), recalling the definition [BIT) of N,

No—1 No—1
jaz| <e N N T (aw, 095) <em™M S ] (aw, 0 9))
wezZ j=0 wEszND 7=0
No—1
=N I (a1 +a) oy < b
=0
liy Lemma 311 (which still applies by Lemma [3.I1]) we have ?ig € Syt (T*M) and
Az = Opy,(@z)+O(h'/?7) 2 2. Then by [@32) we have ||Az| < h*r +O(h'/37),
finishing the proof. |

Armed with Lemma [3.12] we now estimate the norm of ﬁy:
Proposition 3.13. With oy > 0 defined in ([3.49), we have

(3.50) [Upllz2mr2 < O(R™) + O(RY7).
Proof. From the definition (330) of ) we have
0 6Af1 o
Uy = ULTUU 5,
=1
By ([BI5) we have

1Uzellz2sne = [ Aze] < 14+ O(R)
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and same is true for U N0 Using Lemma and the triangle inequality we then
have

|Uyllz2sre < (6A+ 1) + OB,
finishing the proof. O

3.4.4. Uncontrolled words and end of the proof. We now finish the proof of Propo-
sition and thus of Theorem Similarly to [Ji20, §3.5], using the identities
Uy = (U(1)(I — Ap))™ and AgIl = 0 we have

(351) ﬁ(N)H: ﬁ%*NH—I—O(hl_)L’zHL’z, ﬁ%*N = (7)(-1-[73).

Let 8 > 0 be the constant in Proposition for the operators Ay, w € 2.
Choose « > 0 satisfying (837)). Using the triangle inequality, Proposition B.2] and
Lemma 3.8 we have

(3.52) 1Txll202 = | Ax|lp2msre = O(RP?).
Combining (351, (352), and Proposition B.I3 we get Proposition B0 with

. 1
By = mln(g,al, Z) > 0.

4. DECAY FOR LONG WORDS

In this section we prove Proposition [3.2] relying on propagation results up to
the local Ehrenfest time (Propositions 2] [14]) established in §8 and on the fractal
uncertainty principle (Proposition 2I0).

Recall from (BII) the short and long logarithmic propagation times Ny and N.
Put
log(1/h)

Ay
We will prove the following equivalent version of Proposition in terms of prod-

ucts of two operators corresponding to propagation forward and backwards in time
(see [B.3) for the definitions of A, AL):

Proposition 4.1. Let the assumptions (1)—(5) of §311 hold and €9 > 0 be small
enough depending only on (M,g). Then there exists 8 > 0 depending only on
V1, Vs and there exists C > 0 depending only on Ay, A, such that for all v € /N,
we M

(4.2) Ay ALl L2 (ary— p2any < CRE.

(41) N1 = N — NO = GANO 2

Remark. The smallness of £q is used in several places in the proof, in particular at
the beginning of §4.2] in §43.3] in Lemma [£13] in the beginning of §4.6.1] and in
Lemma Roughly speaking, we need g to be much smaller than the sizes of
local stable/unstable leaves from §ZT.I] and the domains of the local coordinates
constructed in Lemma 2.3

To show that Proposition 1] implies Proposition we note that each word
in &N can be written as a concatenation Wv where v € &N, w € &Nt and
W = wp, ... wowi is the reverse of w = wyws ... wy,. We have by (B.0)

Awy = A, = U(=N1)A; ALU(Ny).

Since U(Ny) is unitary, the bound ([@2) implies that ||Awy | z2an—r2r) < ChP
which gives Proposition

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CONTROL OF EIGENFUNCTIONS IN VARIABLE CURVATURE 407

i

FIGURE 6. The sets ()_, ¢; (V) for n = 1,2,3,4, pictured with
the flow direction removed See also Figures Ml (page B90) and B

(page H22).

4.1. Outline of the proof. We provide here an informal explanation of the proof
of Proposition @l For this we use a naive version of the classical/quantum cor-
respondence, thinking of A, , A as quantizations of the symbols ay, af, defined
in (3I) and restricting the analysis to the cosphere bundle S*M. We also make
the simplifying assumption

(4.3) V= %...k, W= %...%.
——" ——
Ny times N; times

Recall from ([B2) that ay,af, are supported in the sets V,,V, which under the
assumption ([A3) have the form

No—1 Ny

= () v=iV), V=@V
j=0

We call the complement of V, (which has nonempty interior by assumption (3)
in §37)) the hole. Then p € V, if the geodesic starting at p does not enter the hole
at least until the time Ny in the future, more precisely ¢;(p) € V, for all integer

€ [0, Ny — 1]. Similarly p € V' if that geodesic does not enter the hole up to the
time N7 in the past, more precisely ¢;(p) € V. for all integer j € [—N7,—1]. See
Figure[fl Viewing A, A{, as operators which microlocalize to V, ,VJ, our goal is
to use the fractal uncertainty principle to show that microlocalizations to these two
sets are incompatible with each other, this incompatibility taking the form of the
norm bound (@.2]).

Recall from 2101 that S*M is foliated by (local) weak unstable leaves. We use
this foliation to partition V! into clusters

Vi = |vi

where each V. lies O(h?/?) close to a certain local weak unstable leaf (the con-
struction of the partition uses the Lipschitz regularity of the unstable foliation).
On the operator side this gives the decomposition (see Lemma T3] and ([75]))

(4.4) AJAL =) ACAL,

If two clusters Vit .,V are “sufficiently disjoint”, then the corresponding opera-

w,T? WwW,T

tors in (@) satisfy the almost orthogonality bounds
(4.5) (Ay AL AVAL L AVAL L(ATAL)T = O(°) o,
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This follows from the classical/quantum correspondence and the fact that
(4.6) K23 . pM6 > h

where h2/3 is the minimal distance between disjoint clusters (in the stable direc-
tion), while h'/¢ is the minimal scale of oscillation of the symbol al, along the
unstable direction. The almost orthogonality bounds are proved in Lemma (412
and the inequality ({8 appears in [@I72) in the proof. The remark following that
Lemma gives an informal argument on how the inequality (6] leads to almost
orthogonality. (Note that in §£6 the “cluster objects” V{ ., AJ, . are replaced by
the more flexible objects V‘Q", A'é)

Using ([@4)), the Cotlar—Stein Theorem, and the fact that each cluster is disjoint
from all but boundedly many other clusters, we reduce the estimate [@2]) to a
bound for every single cluster (see Proposition E.14)

(4.7) AT AL 2y —r2ar) < ChP.

. contained in an O(h?/3) sized neighbor-
hood of the weak unstable leaf Wy, (pg) for some py € S*M. We use the sym-
plectic coordinates s : (x,€) — (y,n) centered at py which were constructed
in Lemma 2.3} see @80). We conjugate Ay, A{, . by Fourier integral operators
quantizing s (see §L.6.4). This produces (still under our naive view of the classi-
cal/quantum correspondence) pseudodifferential operators which microlocalize to
the sets »(Vy ), #(Vy, ). The latter are subsets of T*R? but we reduce them to
subsets of T*R by restricting to »(S*M) = {n2 = 1} and projecting along the flow
direction 9,,. Denote the resulting sets by ©~, 0" C T*R. The informal argument
above (see Lemma for more details on reducing from T*R? to T*R and Lem-
mas for microlocalization of the conjugated operators) reduces ([£1) to
the estimate

(48) A~ A 2y 22y < O

We henceforth fix some cluster Vi

where AT are operators on L?(R) which microlocalize to the sets ©F described
above.

We next understand the structure of the sets ©F. The set Vi is ‘smooth’ along
the flow and unstable directions: if p, p’ lie on the same local weak unstable leaf
then the trajectories ¢;(p), ¢;(p"), j < 0, stay close to each other; thus p € Vi,
if and only if p’ € VVJ(,)T unless the boundary of the hole was involved. This is easy
to see in Figure [6] with the ‘strokes’ along the unstable direction (corresponding to
unstable rectangles introduced below); see Lemma [£.19 for a rigorous statement.
We then embed Vg . into a union of many ‘unstable rectangles’, each of which is
the h7-neighborhood of a local weak unstable leaf, with 7 < 1, defined in (61
below, chosen very close to 1. This uses the inequality (4.1]) which ensures that the
thickness of each ‘stroke’ is smaller than h. On the operator side unstable rectangles
correspond to individual summands AJ in the operator AE/ (we) introduced in §4.4]
See also Figure [ (page E22)). '

The specific unstable rectangles which are part of Vj“ are distributed in a porous
way, which is where we use that the hole has nonempty interior (see Lemma 18]
which is an application of Lemma[2.T5]). The set ©F is a union of components arising
from the images of these rectangles under ». Using the fact that Vjv‘m is within

O(h?/3) of the leaf Wy, (po) and the properties of s in Lemma (whose proof
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used the C3/2 regularity of the unstable foliation), we show that each component
of ©% is contained in a ‘horizontal rectangle’ of dimensions 1 x h7, stretched along
the y; direction—see Lemma [4.15] and Figure [@l This gives

(4.9) 0 c {(y1.m) | m € 0t}

where Q1 C R is porous on scales h” to 1-—see Lemma ELT6]

As for the set V;, it can be embedded into a union of stable rectangles of thick-
ness h'/ (%) each (here we use the definition of Ny). The corresponding components
of ©~ look like rectangles of thickness h'/(Y) with the long axis aligned along the
stable direction, thus transverse to the d,, direction. Because the stable direction
is usually not vertical, the projection of each of these rectangles onto the y; axis
might be large (e.g. it could be an interval of a size 1). However, we only need
to understand the intersection of ©~ with a neighborhood of ©T. Since Vvt,r lies
O(h?/3) close to the leaf Wo,(po), ©7F lies O(h?/3) close to {1 = 0}, in particular
O C {|m| < h'/%}. The intersection of each component of ©~ with {|n;| < h'/}
is a rectangle of thickness h'/(6%) and height h'/% < RN thus its projection
onto the y; variable is now contained in an h'/(A) sized interval; see Figure[@ This
implies that

(4.10) O C{(y,m) | e}

where O~ C R is porous on scales h'/(6%) to 1 — see Lemma EI7

Together ({9) and (EI0) show that in (8], we may replace A* by the Fourier
multiplier 1g+(hDy,) and A~ by the multiplication operator 1o-(yi). The re-
sulting estimate follows by the fractal uncertainty principle, in the version given
by Proposition 210t see also Lemma Here we use that there is a nontrivial
overlap in the porosity scales of QF and Q~, namely

(4.11) AT b OGN «

see (LIT5). This is where we use that 7 is chosen very close to 1.

To make the above explanations into a rigorous proof, we in particular need
to make precise the classical/quantum correspondence naively used above. This is
complicated since to study Af, we need to go beyond the Ehrenfest time, that is the
expansion rate of the geodesic flow for time N; is much larger than h~'/2; therefore
AY, will not lie in the mildly exotic pseudodifferential calculus W§*™ of §2.211 To
overcome this problem we use several ideas:

o We write a, = as+---+aqg, A, = Ay +-- -+ Ag where the supports of the
symbols ag,...,ag are small enough to form a dynamically fine partition
(§22)). We next write A}, as the sum of polynomially many in h terms of
the form Aé‘ where q are words in the alphabet {2,...,Q}. One advantage
of this splitting is that each q has a well-defined local expansion rate of the
flow; see (E19).

e If g has expansion rate no more than =27 (i.e. the length of q is below
the local double Ehrenfest time) then we can conjugate Al by U(t) for an
appropriate choice of t to get a pseudodifferential operator in the mildly

exotic calculus W§5™P, § := 7/2. Here we use Egorov’s theorem up to local

Ehrenfest time and the fact that 7 < 1; see §£.3.21 This technique is used

in the proof of the almost orthogonality statements (4.3 and also to show

that the operators A  corresponding to individual clusters are bounded

w,T
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on L? almost uniformly in h (see ([122)). We also use mildly exotic symbol
calculus to show microlocalization of A, in Lemma

e For microlocalization of AJ, , (LemmaL.25) we again write it as the sum of
individual terms Af{ . We then study each of these using the long logarithmic

time hyperbolic parametrix of [An08,[ANQ07al[NZ09] — see §4£3.3

4.2. A refined partition. For each w € .&7® the supports of a can be rather
large, including many trajectories of the flow; this is due to the fact that supp a,
typically contains the entire S*M minus a fixed small set. It will be convenient to
break the symbols a‘jfv and the operators AL into smaller pieces, each of which is
‘dynamically simple’. To do this, we let g9 > 0 be small enough so that Lemma 2]
holds and write

(4.12) ay=ay+---+ag, A,=Ay+---+Ag

where @ is some h-independent number and:
(1) ag,...,ag € CX(T*M \ 0;[0,1]) are h-independent;
(2) suppag C VyN{L < €|, <4} for all g =2,...,Q where V, C V, are some
conic open sets;
(3) the diameter of each V, N .S*M with respect to d(e,e) is smaller than eg;
(4) Ag,...,Ag € ¥, (M) satisfy for ¢ =2,...,Q

(4.13) on(Ay) = ag. WFn(Ag) C Yy {i < €], < 4}

Following the proof of Lemma it is straightforward to see how to construct
decompositions ([£I2) with the above properties, given ay, Ay, €.
Denote

o =1{1,....Q),

then the properties (1)—(4) above hold for all ¢ € & (indeed, for ¢ = 1 they follow
from the assumptions of §3.1]), except we do not have V; C V,. We also note that

ar+az+---+ag=ar+a, <1

Similarly to §3.1] we define the set of words &/ over the alphabet /. For q € &7°
we define the symbols ai, the conic sets ch, and the operators Acﬂf following (B.1)),

B2), and ([B3). We will also use the notation AZ, AL from @), BI0), this time
for £ which is a subset of &7® (resp. F which is a function on «7°).

Since sup |a,| < 1, we see from (Z32) (with § = 0) that ||Ay|| 1272 < 1+Ch'/2.
Therefore we have for any fixed constant Cy and small enough h depending on Cj

(4.14) |AZllr2r2 <2 forall q€ @™, n<Colog(l/h).

4.2.1. Jacobians for the refined partition. To each refined word q € &/™ we associate
the minimal Jacobians

(4.15) Jq = inf Ji(p), Jg = inf J°,(p)
PEVS pEVY

where J%(p), J%,,(p) are defined in (Z8). Since the Jacobians J“, J* are homoge-
neous of degree 0 on T*M \ 0, one can replace V3 by VF N S*M in @IF). Note
that the sets Vé‘ might be empty in which case we have qu = 00.
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It follows from (2.I0) that the Jacobians jqi, q € &, grow exponentially in n:

- A - A
Vq;é@ — eongjq Selnv

4.16

( ) VCT # (Z) — eAg'n, S j(j S eAln.

Denote

(4.17) qd:=q...¢y_1 where q=q...q, €™, n>0.

Then we have for each q € ™, n >0

+ Ao 7%
(4.18) Ty = eIy
Indeed, for each p € V* we have p € V, and thus

Jp(p) = I (en—1(p))Jr_1(p) > eAOJJ’

where the last inequality used (ZI0). This proves ({I8) for J—, with the case of
J T handled similarly.

Next, parts (5)—(6) of Lemma 2] imply that the quantities jé‘ give the order
of the expansion rate of the flow ¢+, at every point in Vﬁf:

Ju(p) ~ Ty forall peVy,

4.19
(4.19) J2(p) ~ TS forall peV

where A ~ B means that C~'A < B < CA for some constant C' depending only
on (M, g) (in particular, independent of n and q). More precisely, Lemma 2Tl shows
that J'_1(p) ~ Ji_1(p) for all p,p € Vq; using that Ji(p) ~ Ji_1(p) we obtain
the first statement in ([ZI9). The second statement is obtained similarly using that
J2 . (p) ~ Ji_, (¢—-1(p)). Note that [@I9) uses that the diameter of each V, N.S*M
is smaller than eo; in particular it is typically false for the sets VI corresponding
to the unrefined partition defined in ([3.2)).
From ([@19) and 27 we derive the following bounds:

(4.20) sup lden(p)|l < CTq s
pEVq N{1<€ly<4}
(4.21) sup lde—n(p)ll < CT-

pEVEN{1<|gl <4}

It also follows from parts (5) and (6) of Lemma [ZT] that there exists C' depending
only on (M, g) such that

(4.22) d(p, Wos(p)) < % for all p,peVy NS*M,
q
. C - ,
(4.23) d(p, Wou(p)) < j—J forall p,peVins M.

(Strictly speaking, for the proof of ([£23]) we should strengthen the assumption on
the sets V1, ..., Vg, requiring additionally that the diameter of each ¢1(V,;) N S*M
is smaller than €¢.) In other words, Vg lies in a small neighborhood of a weak stable
leaf and V;‘ lies in a small neighborhood of a weak unstable leaf, with the sizes of
the neighborhoods given by the reciprocals of J, jq+ . See also Corollary and
Figure 2
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From (£I9) we immediately derive the following statement for every pair of
words q, q of the same length:

+ Ayt + +
Vg Ve 70 = T4 ~Jq,
Vg Wi #0 = Ty ~JTy-
If we write a word q € /™ as a concatenation q = q'q? where 7 € @™,
ny + ng = n, then

(4.24)

Vo #0 = Jq ~ Ty T
Vi#0 = j;chﬁj;.
Indeed, for each p € Vg we have p € Vi, ¢n,(p) € Vg, and Ji(p) =
Y (p) Ty, (¢n, (p)); using (EIJ) this gives the first statement in ([@25). The second

statement is proved similarly.
Finally, if q=¢1...9, and 9 = ¢, . . . ¢1 is the reverse word, then

(4.26) Tq ~Jg
Indeed, V%r = on(Vq) by [B8). It now suffices to use that for each p € T*M we
have J3i(p) = J2, (@n(p)) ™" ~ I, (n(p) Dy @),

4.3. Propagation results for refined words. In this section we state several
propagation results concerning the operators Ai, which will be used in the proof of
Proposition ©Il Some of these results will use the Jacobians J; defined in @.I5).
We recall that aZ, Vi, AZ are defined using 31)), B.2), B.3).

4.3.1. Local Ehrenfest times. We have already encountered two global Ehrenfest

times, a minimal one Ty, = L%J, usually called the Ehrenfest time, and a

e

(4.25)

maximal one Tyax = . We will now attach (future or past) local Ehrenfest
times to each word q € &®, describing the time it takes for the (future, resp. past)
flow to expand by a factor h~1/2, starting from points p € V4. We will not use
these directly, but discuss them briefly here to motivate the constructions below.
Let us first define the future local Ehrenfest time T, related to the values of
Jq - UV = 0, we set Ty = oo. Otherwise, let us assume that h1/? < Jq <00
(this is for instance the case if Vg # 0 and |g| > Tiax). Then there exists a unique
integer m < |q| such that, splitting q into q = q'¢,,q?, where q* = ¢ ... ¢m_1, we
have
(4.27) Tp <h™?<7J5, .
We then call

Ty =m the local future Ehrenfest time of the word q.

In the case J, < h~1/2, we consider the extensions qp of q with all possible words

p of length Tinax. For any such extension Jg, > h=1/2, so the corresponding times

T(;p can be defined as above. We then take

Ty = ‘min T4p> @& value which is necessarily finite.
|P|=Tmax

For all q such that Vg~ # (, the local Ehrenfest time satisfies Tiin < Ty < Tmax-
We similarly define the local past Ehrenfest time To‘l" associated to the words q
such that VI # (), depending on the values of the Jacobians J .
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We also define, similarly to the above, a local double Ehrenfest time fqi, by
replacing h~/2 by h~! in the threshold property @27). Notice that if Véﬁ £ (, the
double Ehrenfest times satisfy 27T, < f(f < 2Thax, but in general i;ﬁ =+ 2Tét.

In the proofs below the thresholds h=/2 and h=! will be reduced to h~% and h=2?

for some fixed § € (0, 3).

4.3.2. Propagation up to local Ehrenfest time. We first consider words q which are
shorter than their local Ehfenfest times T*(q). For these words the operators AZ
lie in the mildly exotic calculus introduced in §2.2.T}

Proposition 4.2. Fiz § € [0, %), Co>0, and let q € o7°.
(1) Assume that Ty < Coh™°. Then we have

(4.28) Ay =O0py(a)) + O(h™®) 2y e
for some symbol a~ € S5 (T* M) such that
_ _ o5 _ _ 1
(4.29) afl =aq + O(ht=2 )scome,  Supp az CVq N {Z < ||y < 4}

The constants in O(e) are independent of h and q.

(2) The same is true for the operator A(‘; and some symbol a(b;‘ =
ab + (’)(hl_%_)sgomp, suppay™ C V& N {5 < [¢ly < 4}, under the assumption
._7; < Coh_é.

Remarks.

(1) The assumption of part (1) of Proposition does not hold when Vg = 0,
as in that case J; = oo. Yet, the statement (£.28), which in this case is Ay =
O(h™) 212, still holds (at least when |q| = O(log(1/h))) but to prove it in the
case of long logarithmic words q one would need to employ the techniques of §4.3.31
In the present section we will only use a special case of this rapid decay statement;
see Lemma [£3]l The same remark applies to part (2).

(2) In the special case q € @0 the assumptions of Proposition are satisfied
for § = £ (assuming fo # () as follows from ([@I6) and the definition (BII)) of Np.
In this case a weaker version of @28) (with O(h'=2°7);2_, ;> remainder) follows
from Lemma [B] (more precisely, its version for the refined partition of §4.2). The
latter relies on Egorov’s theorem up to the (minimal) Ehrenfest time, Lemma

Proposition is proved in §5.011 The argument is morally similar to the proof
of the first part of Lemma [3.1] but much more complicated because of two reasons:

e We establish the classical /quantum correspondence up to the local Ehrenfest
times associated with the particular words. While the global expansion
rates of ¢i,,, where n is the length of q, might be very large, the expansion
rates of ¢4, restricted to supp ag are still smaller than h~=% < h~1/2.

e We obtain asymptotic expansions of the full symbols of Aé[, which give the
O(h*°) remainder in ([{28)), similarly to (237).

As a corollary of Proposition we obtain the following rapid decay results for
operators Acﬂ; and their products under assumptions of empty or nonintersecting
supports:
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Lemma 4.3. Fiz § € [0, 3) and Cy > 0.
(1) Assume that p,q € /. Then

(4.30) max(J, , JS) < Coh™, VoV =0 = |ApALl12m12 = O(R™).

(2) Assume that q = q1...qn € &, n < Cylog(1/h), satisfies V;r = (. Take

the largest m such that Vy, . # 0 and assume that J\ < Coh™2°. Then

A2 12 = O(R™).

The same holds for Ay (under an assumption on J, ), and also if we consider
subwords of the form qn—m+1 - .- qn instead.
(3) Assume that q,q € &/* have the same length and max(J, j(;') < Coh™%,

Vo OV; ={. Then
1A A lL2re = O(h®),  [[AL(AD) 252 = O(h).

The same is true for the operators A~ if we make assumptions on J~, V™ instead.
In all these statements the constants in O(e) do not depend on h and on the
choice of the words.

Remark. Note that the Jacobians in parts (2) and (3) above are required to be
bounded by Coh~2° — that is Lemma F3 essentially applies up to the local double
Ehrenfest time. We are able to do this by writing a word with Jacobian O(h~2%)
as a concatenation of two words with Jacobians O(h~%) and using (Z5). If M had
constant curvature, we could instead use pseudodifferential calculi adapted to the
stable/unstable foliations as in [DJ18].

Proof. (1) Using Proposition we write
Ag = 0p, (@) + O(h™®) 22, AL = Opp(alt) + O(h®) 2 2.

Here supp a‘;; C V, and supp a':jl+ C V' therefore supp a';f Nsupp a':jl+ = (. Tt then
follows from the product formula in the S§7™" calculus (see for instance [Zwl2,
Theorem 4.18]) that Opy,(a2™) Opy,(al") = O(h™) 2, 2.

(2) We assume that Vi = 0, with the case of Vg, A following from here us-
ing (3.8) and ([@.2T). We also assume that there exists m < n such that V7 =
§ and jqf_“qm < Coh™%; the other case (when there exists m < n such that
Vi g =0and J5 < Coh™?)is handled similarly.

We first show that q can be written as a concatenation (where Cy denotes a

constant depending on Cy whose exact value might differ from place to place)
(4.31) q=q'prq’ where max(J;, 7)< Cih’, Vi =0.

To do this we first put q? := gm42...¢,. Next, choose maximal ¢/ < m such that
TS a0 < h7°. We claim that

(4.32) Tt

qe+1---9m

< C1h0.

Indeed, we may assume that ¢ < m since otherwise (£32]) holds automatically.
Since ¢ was chosen maximal, we have J T > h~%, which by [@25) implies

qi...qe41
that ‘273;1“'” > O h=?. Now @32) follows from @2H) and the bound J:*
Coh—=°.

etm S
Now the decomposition ([E3T) is obtained by considering two cases:
W) Vg =0 DUt Q" = g1 G, P = Qg1 Gy T Gt
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(2) v £0: putq' =0, p:=q1...q, * = qos1---Gny1- We have

qe+1---9m+1
J+ < C1h° by (m and &E32).
Having established ([@31]) we write by [B5) and [B.8]) (where P is the reverse of p)
Ag = U(ld'pl) A5 5 A, U(=la'p))
=U(la'NAZ U(lp) Ag AT U(Ir) AL U (= la' pr|).
Recall that J < C1h™%. We moreover have I5 ~ .7; < C1h7% by [@Z0). Also
V5 NV =0 by BI) since Vg, = 0. Finally Az |[z2- 2 and AL L2 2 are
bounded by [@I4)). Therefore by (£30) we have
(4:31) JAE 212 < CllAG A 1210 = O().

(4.33)

(3) We consider the operators A*, with the case of A~ following from here
using (B8) and (£20). We first show that ||(A§)*Ag||L2HL2 = O(h*™). We write
q=qi1...q, and q = {1 . . . §, and take maximal ¢ < n such that

(4.35) max(J,5 .. T o) <h7l
We have the following two cases:
1) Vi N V;; 4 = 0. Arguing similarly to part (1) of this lemma and
using (£38]), we see that
(4.36) 1(AG, . q) " Ag, q Nlp2 2 = O(h).
By B3) and B8] we have
(ADFAE =UWO(A},, ) U=OAL )AL WUDOAL 5 U=D).

Using (£30) and the norm bound [@I4) we get ||(A;;)*Ag||L2%L2 = O(h™>).
(2) V& NV . (). We claim that

q1---qe q1---qe
(4.37) max(J," T+

Qo41--9n’ Y Goy1---Gn

) < Clhiﬁ.

Indeed, we may assume that ¢ < n since otherwise (£37) is immediate.
Since ¢ was chosen maximal we have

+ -5
maX(J1 a1 Ign.. qé+1) > h°.
Without loss of generality we may assume that 7~ > h_5. Then

q1.. er+1

by @25) we have J,5 . > Cr 'h=9. Since VAT q1 5, by (E24), we
have qulr @ > 01 'h=9 as well. Now (@37) follows from (M) and the

bound max(7,, j;) < Coh™2.
Since V{ NVF =0, by B.6) we have

- + - + —
thmlh n VQ£+1 -Gn N qu -q1 N qu+1 Gn @
Arguing similarly to part (1) of this lemma and using (@33]), (£37), and
E28) we get

VAZ AT = O(h™).

H( qe---q1 Qe+1 -qn Ge---G1 qu...anlﬁ%Lz

Now by (B3] we have
(4.38) (A;;)*Aélr =UW)(A; , AF VAZ AT U(-2)

qe---q1774qe+1---9n Ge---G1" " Get1---Gn

which gives [|[(A$)* ALl = O(h™).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



416 SEMYON DYATLOV ET AL.

To prove that ||Ag (A$)* L2 L2 = O(h™) we argue similarly. More precisely, take
minimal ¢ > 1 such that

max(jqe s j+ )< K9,

Assume first that V;; N Vqt an = = 0. Argumg similarly to part (1) of this lemma
we get
(4.39) ||qu q”(A;I’;”_%)*||L2_>L2 = O(h™).
By (B3] we have
A+(A+) Ut-1A4;, . A(; i (Af (AL, ) UA=10)

and the right-hand side is O(h )L2_)L2 by @39) and (@I4).
Assume now that V,;  NVE . #0. Then similarly to @37) we get

qe---9n
+ + -5
max(j‘h---‘]efﬂjﬁbuéul) < Clh .

The bound ||A:~;(A;;)*||L2_>L2 = O(h®) is now proved similarly to the case (2)
above, with ([A38)) replaced by the following corollary of (B3)):

ALAD = U - 1D)A;, | AL o (Ar AL UL 0.

qe—1- qe-- q”( ge—1---91~ "qe---dn

O

In addition to Proposition 2] we will also need the following statement regarding
sums of operators of the form A A

Proposition 4.4. Fiz § € [0,1), Cy > 0. Assume that F : &/* x &/* — C is a
function such that:

(1) for each (p,r) with F(p,r) # 0, we have max(J, , J,") < Coh™?;

(2) sup|F| < 1.
Then we have for some constant C independent of h and F
(4.40) |Ap|z2—r2 < Clog®(1/h)  where Ap := ZF(p,r)A;A;f.
pP,r
Remarks.

(1) It is easy to see that sup|ap| < Clog?(1/h) where ap = > o) F(p,T)agaf
is the symbol corresponding to Ap, grouping terms in the sum by the lengths
Ip|, |r|. However the statement ([40) does not follow by summing Proposition
over (p,r), since the number of terms in this sum grows polynomially with h.
(We got around this problem in Lemma BI] by taking 6 := % small enough so
that the individual remainder still dominates the growth of the number of terms;
however in this section we will need to take § very close to %) Instead the proof of
Proposition .4} given in §5.3] uses fine estimates on the full symbols of A_, Af.
(2) The proof of Proposition [£4] shows that Ar is a pseudodifferential operator,
similarly to Proposition However, we will only need a norm bound on Ag.

Similarly to Lemma .3 we deduce from Proposition 4] a statement up to the
local double Ehrenfest time which is used to establish the norm bound [{I22)
below:

Lemma 4.5. Fiz § €[0,%), Co > 0. Assume that F : /* — C and
(1) for each q with F(q) # 0, we have Jg < Coh™%°;
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(2) sup|F| < 1.
Then we have for some constant C' independent of h and F
(4.41) |Af N 2oz < Clog®(1/h)  where AL :=>" F(q)Af.

q
Same is true for An if we make an assumption on J instead.

Remark. We make no attempt to optimize the power of log(1/h) in (@ZI]) — for our
purposes all that matters is that | AL ||p2_z2 = O(h7).

Proof. We prove a bound on A;, with the case of A} handled similarly.
For each q with J;~ < Coh™° there exists an integer £ = ¢(q) € [0,n] such that

+ + -5
(4'42) max(quu_qz, jqe+1~-qn) S Clh
where C is a large constant depending on Cj. Indeed, we choose maximal ¢ < n

such that J7,f < h=° If £ =n then 7 =1. If ¢ < n then J" > h=9,

qe+1---9n q1---qe+1
which by #23) implies that 7.\ , > C~'h=? and thus by another application
of @), I, q, < C1h™".

We may take C; large enough so that JJ < Coh™% implies that |q] <
Cylog(1/h). Then we decompose

12

F(q), iff4(q)=2¢,
(4.43) At = S Af, Fla) = {0 (a) th(q) _
0<6<C1 log(1/h) ; otherwise.
We have by ([B.5)
A;l = U(E)AC,’[U(_E) where AGE = Z Gl(pv r)A;A:‘"
(pr)

and the function Gy : &/® x &/®* — C is defined as follows:
F,(pr), if =/,
Gyl 1) :_{ o(pr), if |p|

0, otherwise.
For each (p,r) with G(p,r) # 0 we have max(J; ,J;") < Ch™° by ([@42) and
(@2d). Therefore by Proposition 4l

(4.44) 1AL o2 = A, 2o < C'log®(1/h).
Using the triangle inequality in (£.43]) and the norm bound [@.44)) we get (@41). O

4.3.3. Propagation beyond Ehrenfest time. We now study microlocalization of the
operators Ag for words q of length no more than C'log(1/h), where C is any
fixed constant. The resulting Proposition [£.8]is applied in the proof of Lemma .25
in @6 Ato words q with J~ ~ h™", where 7 € (3, 1) is defined in (BI). Analogous
statements hold for the operators Ay, but we will not make or use them here.
When J > h=1/2 (as in the proof of Lemma E2H) the symbol ad oscillates
too strongly to belong to the symbol class S5”™P for any § < 3. In the case when
M has constant curvature, it was shown in [DZ16,[DJI8] that for 77 < h™! the
operator A:lr belongs to a certain anisotropic class of pseudodifferential operators
“aligned” with the unstable foliation; see Lemma 3.2]. The construction
of this anisotropic class strongly relied on the smoothness of the unstable folia-
tion; see [DZ16, §3.3]. However in the case of variable curvature considered here,
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the unstable foliation is no longer smooth and it is not clear how to define the
corresponding anisotropic pseudodifferential class.

We will therefore take a different strategy to study the microlocalization of A;{,
which uses methods developed in [An08I[AN07al[NZ09]. Given an arbitrary function
f € L*(M) (possibly depending on h), we will study the microlocalization of the
function Aé‘ f. This gives less information than A;; being pseudodifferential but it
suffices for the application in §4.6.41

Since f is chosen arbitrary and the microlocal wave propagator U(t) defined
in (234) is unitary, it suffices to study microlocalization of U;r f where the operator
Ut L*(M) — L*(M) is defined similarly to (3.48) (recalling the definition (B3)
of AL):

(4.45)  Uf = AJU(n) = U AU Ay, - U()Aq,, a=qi...qn € F°.

Using the Fourier inversion formula we will decompose f into a superposition of
Lagrangian distributions (see §2.3.2)) associated to a family of Lagrangian subman-
ifolds %, 9 C T*M, 6 € R?. Roughly speaking, the main result of the present
subsection, Proposition €8 shows that

(4.46) feL™ (L, 0) = UELHUSf el (Lye)

where % ¢ is the propagated Lagrangian manifold (see Definition .6)). The key
point, exploited in the proof of Lemma [£25] is that for long q the manifold %y o
depends little on 6, so that the full state Af{ f (written as an integral of propagated
Lagrangian distributions over #) is microlocalized in a very small neighborhood of
a single unstable leaf.

The propagator U(1) is a Fourier integral operator (see §2.3.3) associated to the
time-one map of the geodesic flow (1, microlocally in {i <|élg < 4}
(4.47)

1
U()A, AU(1) € I} (¢y) for all A€ U9 (M), WF,(A) C {7 <lélg <4}

This follows from the definition (2.34) and the standard hyperbolic parametrix
construction; see e.g. [Zw12l Theorem 10.4] or [NZ09, Lemma 4.2].

Using ([@47)) we can prove [@40) for q of bounded length using standard proper-
ties of Lagrangian distributions (more specifically, property (3) in §23.3]). However,
since the length of q grows with h, the argument becomes more complicated. In
fact, we cannot even use the general definition of the class I,""" (%) in §2.32since
it applies to an h-dependent family of distributions with h-independent .. We will
rely on the results of [NZ09|, featuring a detailed analysis of the behavior of the
propagated Lagrangian manifolds and the oscillatory integral representations (2:43))
for U(—I)UglL f as the length of q grows. For this analysis it will be important that
the initial Lagrangians %, ¢ are chosen close to weak unstable leaves, and thus
transverse to stable leaves.

To fix the parametrization of propagated Lagrangian manifolds and distributions,
it is convenient to introduce adapted symplectic coordinates. For each pg € S*M
let

(4.48) 59yt Upy = Voo U,y CT*MN\O, V,, C T*R?\ 0

be the symplectomorphism constructed in Lemma 23] (in fact we will only use
properties (1)—(4) of Lemma[23lhere). Since x,, is homogeneous we may shrink U,
so that the flipped graph .%,. is generated by a single phase function; see §2.3.11

PO
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WOU(:OI) p’ ﬁ
,?q”,e >< . gq,g 7—0§ W()u,(/))
Pn—1
WOu (f)q,”‘) - e W(Ju (/)‘11) | - T~
Vt[,,, V{“
l%{l,,, %(11 l
go é;e e
G Fropy mmmmmmmmmm e
#q,Va,,) #4,(Vay)

FIGURE 7. An illustration of Definition [£.6] and Lemma 7] fixing
p=pn-1(p") € LyoNS*M. We restrict to S*M = {ny = 1} and
remove the flow direction d,,. In the bottom figures the horizontal
direction is y; and the vertical one is ;. The original Lagrangian
L0 18 O(ep) close to the weak unstable leaf Wy, (p') as a C™
submanifold; thus the propagated Lagrangian %y ¢ is O(ep) close
to the weak unstable leaf Wy, (p) (in fact, it is O(e~""eq) close for
some v > 0). A word of caution: in general V,, , Wy, (pg,) are not
mapped by ¢, 1 to Vg, , Wou(pg, )-

Let g9 > 0 be the constant from §4.2} recall that the diameter of each V,NS*M is
smaller than 9. We will assume in several places in this subsection that g is small
depending only on (M, g). For each ¢ € o fix an arbitrary point p, € V, N S*M
and put
(4.49) sy =y VES W, VE=U,, Wy=V,,.

We denote elements of T*M by p = (z,£) and elements of T*R? by (y,n). We
assume that o is small enough so that V, C Vg where the closure is taken in
T*M\ 0.

We are now ready to define the Lagrangian submanifolds £ 6:
Definition 4.6. Consider the family of ‘horizontal’ Lagrangian submanifolds

Zy:={(y,0) |y e R} CT*R?, 0 €R>.

Forq=qi...q, € @ and 6 € R?, define
wsoy | Zao = e (@) Nen (V) € Vi € TIMAO,

. .,?;9 =y (gqve) C qu c T*R? \ 0.

We call £, 9 = %;1(92/%) NV, ¢ € &/, the original Lagrangian corresponding
to q,0, and £, 9, q € &/°, the propagated Lagrangian corresponding to q, 6.
See Figure[7l
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Remarks.

(1) The set Z4 9 may be empty. This happens in particular if Vi = 0, if 62 < 0,
or if |01 /03] > Ceq for some large fixed C.

(2) We see from the definition ([50) and the properties of », in Lemma [23] that
Za.0 is a Lagrangian submanifold of p~!(63) C T*M \ 0 and the flow lines of ¢
are tangent to 2 9. Therefore 3;9 is a Lagrangian submanifold of {(y,n) | 72 =
62} C T*R?*\ 0 and 9y, is tangent to this manifold.

(3) Recalling the definition ([B.2)) of VI, we see that 2 ¢ is obtained starting from
the original Lagrangian %, ¢ = s ! (.,2/”5 )NV, by iteratively applying the map ¢
and intersecting with V,, ..., Vq,:

(4.51) gqjmqmg = (p1($qj+lmqm9) n Vq]., 1<5<n.

By ([23) the submanifold .% ¢ is contained in a C/J, neighborhood of the
weak unstable leaf Wy, (p), for any p € Z4 9. The next statement, which is a weak
version of the Inclination Lemma, shows in particular that £y ¢ is controlled as
a C° submanifold uniformly in q, 6, regardless of the length of q. (A stronger
version is that %y ¢ is exponentially close in C* to Wy, (p) when |q| is large.) To

make the statement precise it is convenient to write the image £ ¢ of Zq¢ under
4, as a graph in the y variables.

Lemma 4.7. Ifeg > 0 is small enough depending only on (M, g) then the following
holds. Let q € «/°, 6 € R?, and assume that Ly e # 0. Then

o~

(4.52) Lao ={(,n) |y € Uq, m = 02Gqe(y1), m2 = 02}
where g9 C R? is an open set and Gqg is a function on an open subset of R
which satisfies the following derivative bounds:

(1) [|Gqellcr < Ceg for some constant C' depending only on (M, g);
(2) [|Gqellen < Cn for all NB where the constant Cn depends only on (M, g)
and N.

Moreover, if Fqg : g — R? is defined by

(453) g0 (Fao(0),0)) = 5. (4,02Gao (1), 02), € Y

then we have the weakly contracting property for some C depending only on (M, g)
(4.54) ldEqe(y)|| < C  for all y € Uyp-

Remark. The set %y ¢ (the domain of the function Gq¢) depends on q but it has
macroscopic size (of the same scale as the sets V) even for long words q.

We omit the proof of Lemma 7] here, referring the reader to [NZ09, Proposi-
tion 5.1], [KH97, Proposition 6.2.23], and the first version of this article [DIJN19,
Lemma 4.7].

We now quantize the symplectomorphisms sz,. As explained following (£.48]) the
flipped graph of each s, is generated by a single phase function. Then (see §2.3.3)
there exist Fourier integral operators

B, : LA (M) — L*(R?), By € I;°™(5,),

B, : L*(R*) — L*(M), Bl € I;""" (")

(4.55)

3Here and in Proposition .8 we use boldface N to distinguish it from the propagation time

defined in (3ITI).
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quantizing s, near »,(Vy N {3 < [€]; < 4}) x (Vg N {3 < €|y, < 4}) in the sense
of (Z324).

Using the operators B, we give a precise definition of the classes I,°"" (%, o)
and I,°""(Zq.6) featured in ([Z46). We have £, g = 5! (%)) NV, where % is
generated in the sense of (2Z.42]) by the function

Thus by (Z44)) the elements of I,"""(.%,, 4) which are microlocalized in {3 < [{[, <
4} have the form B; (e'®0/hq) for some a € C*®(R?). We will in fact take a = 1.

Next, by Lemma 7] the Lagrangian manifold .,5/,’2,9 = 34, (Z4,0) is generated in
the sense of (Z42) by a function

g € CF(%q0;R), 0y, Pqo = 02Gqp(y1), 0y, Pqe = ba.

Here @4 ¢ is defined uniquely up to a locally constant function. We fix this freedom
by recalling that the functions induced on z, .,?;9 by ®g,®q¢ are antideriva-
tives on these Lagrangian submanifolds (see (Z42])). The antiderivative on .,Z;g
can be computed by applying ([2.49) to the definition ([@50), where the symplec-
tomorphisms s, Yn—1, 7, ! are homogeneous and thus have zero antiderivative

(see §2.3.3). Thus we may put
(4.57) Dgo(y) == Po(Fqo(y), Y E U,

where Fgy ¢ is defined in (Z53)). Then by (2.44) the elements of I,°""(%y,9) which
are microlocalized in {1 < [¢|, < 4} have the form B/ (¢'®a¢/"q) for some a €
O (U 0).

Building on the above discussion we now give the main statement of this sub-
section, which is a precise version of ([{46). We again omit the proof, refer-
ring to [NZ09, Proposition 4.1 and §7.2] and to the first version of this arti-
cle Proposition 4.8]. See also §3] for a simplified proof in a model

case.

Proposition 4.8. Assume that ¢ is small enough depending only on (M,g). Let
Aa=q1-.-q, € Z*, 0 € R?, and assume that n < Cylog(1/h), |61] < Co, i <6y <
4 for some constant Cy. Define @9, Dq o using [ED0), @I5D). Let U(;r be defined
in ([E40) and fix N > 0. Then we have uniformly in q,0

(4.58) Us B, (/") =U(1) By, (e M agq o) + O L2 (ar)

for some aqo nN(y; h) € CS(%Uqg,0) such that:

(1) the distance between supp aq,e,n and the complement of Uq,e is larger than
C~1 for some constant C > 0 depending only on the choice of Ay, Vy, 34,
q € A;

(2) for any multiindex o there exists Cn,o > 0 such that

(4.59) sup |0y aq,o N(y)| < ON .-
y
Here Cn,o depends only on the choices of Aq, By, B;, and Cy.

Remarks.

(1) If Z46 = 0 then we have aq9n = 0 and Proposition states that the left-
hand side of @58) is O(h™)r2(r)-
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\

supp ay supp CL-:,

FIGURE 8. Supports of the symbols a, af,, and En’e a‘é (we)?
corresponding to the operators A, Ay, and Y, AJé (wie)* We

W

restrict to some hypersurface in S* M transversal to the flow direc-
tion. By (BII)) and (@IJ) the thickness of the strokes in suppay
(corresponding to the Jacobian (J§ )~!) is at least h'/, while in
supp ay, it is at most h. Both of these have strokes of very dif-
ferent thicknesses because the Jacobians vary from point to point.
The set supp Zn,e aén(wﬂ) contains supp ay, and has strokes of
uniform thickness approximately h~" = h~2° (roughly speaking,
each stroke corresponds to one term aa‘), so that classical/quantum
correspondence still applies.

(2) [ANO7a,INZ09] show that the symbols aqe~ satisfy stronger bounds, in fact
they decay exponentially with |q|; see [ANOTa, Lemma 3.5] and [NZ09, (7.11)]. We
state the weaker bound (1Y) since it suffices for our application in §4.6.4

4.4. Reduction to words of moderate length. We now return to the proof of
Proposition [£11 Henceforth we fix two words

vedN we g

We first write a decomposition B0) of A, into a sum of terms of the form A
where q are words over the refined alphabet & = {1,...,Q} (see §42). For that
we use the following

Definition 4.9. For ¢ € o and w € 4, we write ¢ < w if one of the following
holds:

e w=1and ¢g=1, or

e w=xand g€ {2,...,Q}.
Ifgq=q1...qn € &* and w = wy ... w,, € &2, then we say that q Swifn <m
and ¢; Sw;j forall j=1,...,n.

~

Since A, = As + -+ + Ag, we have
(4.60) AL= > AL
qe/ N1, qSw

Since N; is larger than the maximal Ehrenfest time T),.x (see (@I))), for all
words q € &/ we have JJ > h~1, so the symbol azg is very irregular. To fix this

problem, we will rewrite (£60]) in terms of an expression which involves words with
length bounded by the local double Ehrenfest time — see (£64]) and Figure
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Recall the ‘minimal/maximal expansion rates’ 0 < Ag < Ay defined in (2.10); as
before we put A := [A;/Ag]. We fix constants

1 T
41 ::1—— = —
(4.61) T TOA” ) 2<

Note that 7 is very close to 1; this will be used in (ZI10]). (In [D.J18] the parameter
7 was denoted by p.)

Forn=1,...,N; and e € &/ let us define sets of refined words starting with the
letter e and controlled by their local Jacobians:

Qn(wae) = {QZQ1---qn€~Q7n|Q1:6, q/SW7 jc;r >h7 >j;;}7
(4.62)  Qp(w,e):={a€ Qu(w,e) | Vg # 0},
Qn(w,e) = {q e Qu(w,e) | Vg =0}

where we recall that for any q = ¢1 - - - g», we denote q' := ¢ -+ gn—1. By @25
we have for some constant C' depending only on (M, g)

N~

(4.63) W™ <Jgy <Ch™m"=Ch™® forall qe Q,(w,e).

That is, words q € Q;,(w, e) correspond to sets VI on which the backwards stable
Jacobian J*,,(p) is approximately equal to h~". These words are such that their
local double Ehrenfest time f;r is approximately equal to their length n (they would
be equal if we had taken 7 = 1).

Foreachq=¢q1...qn, € N with q < w we have j(;r > eholN1 > p=1 > o
by (1) and [@I6). Using (LI8) we see that for each such q there exists unique
n € {1,...,N;} such that the prefix ¢;...¢g, lies in Q,(w,q1). We also have
Qn(w,e) = Q! (w,e)UQ"(w,e). Therefore the decomposition [£60) can be written
as

N1 Nl
(4.64) A =D0 AL =D D (A5, (wee) + Ay (wie)) Fnw
n=1ecs n=1ec«

where A'én (w,e) 18 defined by B3) and

Znw = Awn+1 (—TL - 1) o 'A’WN1 (_Nl) = U(n + 1)A+ U(_n - 1)

Wp 41 WNy

We have || Z,, wl|lr2—r2 < 2 similarly to (£I4). Moreover, since the number of ele-
ments of Q! (w, e) is bounded by some negative power of h, by part (2) of Lemmal[Z3]
we get

| A lz2—r2 = O(h™).

+
Qi(wie)

We then estimate

N1
1A ALl e <230 3 1A AS, oo sre + O().
n=1eco/

Since N7 = O(log(1/h)), Proposition 1] is proved once we establish its analogue
with AY, replaced by AE, (w,e)> that is the sum of Ad over the refined words q with

length n, initial letter e, and local Jacobians j; ~ h™7 (that is, their local double
Ehrenfest time is approximately equal to n):
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Proposition 4.10. Assume that v € /N, w € N, 1 <n < Ny, ande € o .
Then there exists B > 0 depending only on V1,V and there exists C' > 0 depending
only on Ai, Ay such that

1AV AS, (woeyllzzsze < CORP.

Remark. The value of 8 in Proposition [4] can be taken to be any number smaller
than the value of 8 in Proposition [£.10l Since we do not give a precise formula for
8 we call both by the same letter to simplify notation.

4.5. Partition into clusters. We fix v € &M, w € &M n € {1,...,Ni},
e € o/, and define Q) (w,e) C /™ by ([A62). We make the following

Definition 4.11. Let q,q € Q) (w,e). We say q,q are close to each other if
Vi UV; lies in the h?/3-sized conic neighborhood of some weak unstable leaf; more
precisely there exists p € VX N S*M such that

d(p, Wou(p)) < h** forall pe (Vi uVi)ns M.
If q,q are not close to each other, we say they are far from each other.

Remark. 1f q, q are far from each other, then V; ﬂV;r = (). The proof of Lemma T2l
in fact gives a stronger statement; see ([4.69).

For words which are far from each other, we have the following almost orthogo-
nality statement:

Lemma 4.12. Assume that q,q € Q) (w,e) are far from each other. Then
(465) 1(Ag AZ)* Ag ALl srs = O(h),

(4.66) |45 A$ (A7 AD) 1212 = O(B™)

with the constants in O(h®) independent of h,n,v,w,q, q.

Remark. Lemma has the following informal interpretation (which is different
from the formal proof below). Imagine that we remove the flow and dilation di-
rections from T*M and conjugate by a Fourier integral operator whose canonical
transformation maps stable leaves into horizontal lines {f = const} and unstable
leaves into vertical lines {y = const} on T*R, ~ ]Rfm. (This is not possible to do
globally but the argument in §4.6] uses a localized version of such conjugation with
the roles of y,n switched.) Then Ay is replaced by a Fourier multiplier x_ (hD,)
where sup, [05x_(n; h)| = O(h=*/%7) (corresponding to the fact that ay € Sf‘;g‘f
which follows from Lemma [3.1]). Next, Af{, Ag are replaced by multiplication op-
erators x+ (), X+ (y) where x4, X+ have supports of size ~ h™. The condition that
q, q are far from each other implies that the supports of x4, X+ are at least h?/3
apart. Then ([@65) turns into the estimate (assuming x_, x, X+ are real valued)

\|X+(y)XE(hDy)%Jr(y)Hm(R)—w?(R) =0(h™)
which can be proved using repeated integration by parts to establish rapid decay
of the integral kernel: at each integration we gain a factor h - h=2/3 . p=1/6 = p1/6,
Notice that the size of the supports of x4 and x4 does not matter; it is the distance
between the two supports which is responsible for the factor h=2/%. In turn, the

analogue of (66 trivially follows from the fact that supp x4+ Nsupp X4+ = . In
this interpretation ([65), ({66) are analogous to the bounds [BDIS| (4.26),(4.25)]
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and the decomposition into clusters below to the one used in the proof of [BDIS|
Proposition 4.3].

Proof. (1) Denote q =¢q1...4n, 4 = G1 - - - Gn. Take maximal m < n such that
+ +
% NV & #0.

q1---9m
If Vit OV(;I = () then we put m := 0.
By [#24) we have J;5 .~ J: . . We claim that

G1---Gm
(4.67) max(jqfnqm,jq‘:mqm) < Ch™2/3,
The case m = 0 is trivial, so we assume that m > 0. Take p € VI . N V(;_“qm N

S*M. Note that since ¢; = ¢1 = e we have p € V. By [23) we have for every
pe(ViuviHns Mc () , uvEi . )yns M

qi--Gm qi--Gm

c’ c
4.68 d(p, Wou < — < .
( ) (6, Woulo)) mm(thuqmath,.,qm) max(jq—tmqmvth,.qm)

Since q, q are far from each other, the right-hand side of (468]) has to be greater
than h%/3, which gives ([@BT).
By (@63) we have Jg" > h~7 > h~%/3, so from ([@B7) we obtain m < n. Denote
P=q1 - Gmt1, P:=Gq1-- Gmt1

Since m was chosen maximal we have

(4.69) Vg nvg =0.
Moreover by ([&67) and (23] and since VI, Var # 0 and thus V7, Vg # () we get
(4.70) max (7, Jg‘) < Ch™%/3,
(2) We now prove (L65). We have by (3.3) and (B.8)
(A;A;;)*A;Ag =U(m+1)(AF ., ) U(=m-1)
: (A;Ag)*A;A;{U(m + I)Ag'm“man(—m —1).

Thus by #I4) it suffices to prove that ||(Ay Af)* Ay ALllL22 = O(h™). Simi-
larly to (L60) we write
Ay = ) AL

s€aNo, s<v
Then by (B3]
(Ay AR) A AL = > U(=No)(AL) ALU(No).
s,sea/No, 555V

Since the number of terms in the sum above is bounded polynomially in h, it suffices
to show that

(4.71) (AL ALllL2sre = O(h™®) forall s,5€.a/™0.

By B11I), (I6), (@25), and (@70) for each word t of length no more than Ny we
have

(4.72) VL #0 = JL<CcqtTf <cetNo pm23 < 0 < on .

Then by part (2) of Lemma B3] if VI, = 0 then ||Al |22 = O(h>°) which
immediately implies [ 71)). A similar argument applies to Ag'f,.
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We may now assume that Vi, # 0, Vg5 # 0. Then by @72) we have max (7, J4f)
< Ch™?°. Moreover VNV C on, (VENVE) = 0 by (B.6) and @5T). Then @TI)
follows from part (3) of Lemma (A3
(3) To show (A.60), we first write

AV AGAGAQ)" = AT A (Ag)"(AL)"
Thus it suffices to prove that
[AZ(AG) 222 = O(R%).

This follows from part (3) of Lemma Indeed, we have max (7, JJ) < Ch™%
by @ESBI) and VI NV CcVinVy =0 by @ELT). O

We will decompose A A&l (we) into a sum of operators, each of which corre-
sponds to a cluster of words q € Q! (w,e) — see [@7H). Each cluster has the
property that the sets V; lie in an O(h2/ 3) sized conic neighborhood of some weak
unstable leaf. Moreover, most clusters lie far from each other in the sense of Def-
inition @IT] which will let us decouple different clusters using the Cotlar—Stein
Theorem and Lemma The clusters are constructed in the following

Lemma 4.13. If the constant o in §42 is chosen small enough depending on
(M, g) then there exists a partition into clusters
R, (w,e)
Q9 (w,e) = |_| Qn(w,e,r)
r=1
such that for some constant C depending only on (M, g) we have:
(1) for each r there exists p(r) € VI N S*M such that the r-th cluster is

contained in a Ch?/3 sized conic neighborhood of the weak unstable leaf
Wou(p(r)), that is

(4.73) d(p, Woulp(r))) < CR*® forall pe ) (V&nS M)
qeEQn(w,e,r)
(2) let us call the clusters r,7 disjoint when each pair of words q € Q,(w,e,r),
q € Qn(w,e,7) is far from each other in the sense of Definition 11l Then

for each r, the number of clusters T which are not disjoint from r is bounded
by C.

Proof. In this proof C denotes constants depending only on (M, g) whose precise
value might change from place to place.

Since the weak unstable leaves Wy, (p), p € V. N S*M, foliate VI N S*M, and
depend Lipschitz continuously on p, if the diameter of VI N S*M is less than g
and €g is small enough, there exists a Lipschitz continuous function (with Lipschitz
constant C)

Z:VIns*M —R
which is constant on each weak unstable leaf Wy, (p) NV}, p € VN S*M and
(A74)  d(p Woulp) < CIZ(p) — Z(7) forall p,5e Vi NS M,

For instance, one could take as Z(p) the function constructed in Lemma
For each q € Q! (w,e), define the set

Iq:=Z(VinS*M)CR.
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Fix an arbitrary point zq € Iq. We choose a maximal subset
{z1,.... 20} C{zq | q € Q,(W,€)}

which is h?/3 separated, that is |z, — 27| > h?/3 for each r # 7. Put R,(w,e) := R.
Since the set {z1,...,2zr} was chosen maximal, for each q € Q/ (w,e) there
exists r such that |zq — 2| < h?/3. We can thus define a partition into clusters

R
Q. (w,e) = |_| Q,(w,e,r) where |zq — 2, <h?3 forall qe& Q,(w,e,r).
r=1

By ([#23) and ([#83), each V§ N S*M is contained in a Ch” sized neighborhood
of some weak unstable leaf; therefore (since the map Z is Lipschitz continuous)
Iq C [2q—Ch™,2q+Ch7]. Since h™ < h?/3 we see that for each q € Q,,(w,e,r) we
have Iy C [z, — Ch?/3, 2, + Ch?/3]. Take p(r) € V} N S*M such that Z(p(r)) = z,;
then by ([.T4) for each q € Q,,(w,e,7) and p € VFNS* M we have d(p, Wou(p(r))) <
Ch?/3. This gives property (1).

Finally, if q,q € Q) (w, e) are close in the sense of Definition L.T1] then |zq—zg| <
Ch?/3. Therefore, if the clusters r,# are not disjoint then |z, — zz| < Ch?/3. Since
{z1,...,2Rr} I8 h?/3 separated, we see that for each r the number of clusters 7 not
disjoint from r is bounded by some constant C. This gives the property (2). ]

Armed with Lemma T3] we now decompose

R, (w,e)
— A+ _ A At _ — At
(A75)  AVAL o= S B Bo=AgAL o= S AvAl
r=1 qeQn (w,e,r)

We claim that, with the constant C' appearing in Lemma T3]
(4.76)

1/2 1/2
m::ixz ||B;*B;||L/2HL2,m3XZ IBsBE||YL, 2 < Cmax||B, || 212 + O(h*).
T T

Indeed, the sum over clusters 7 not disjoint from r is estimated by
C max, ||By| L2 2. The sum over clusters disjoint from r is O(h>°) by LemmalL12]
using that the number of elements in Q/,(w,e) and thus the number R,,(w,e) of
clusters are O(h~°) for some constant C.

Applying the Cotlar—Stein Theorem [Zw12, Theorem C.5], we see that

14T AL, (o lzeosre < Cmax|[Bel|res 2 + O(R).
Therefore Proposition 10 follows from the bound
max | Ay AL omllzesre < ChP

which in turn is implied by the following

Proposition 4.14. Assume that v € N0, w € &N, 1 < n < Ni, e € &,
po €EVINS*M, and Q C Q' (w,e) lies in an O(h?/?) sized conic neighborhood of
the weak unstable leaf Wy, (po), namely for some constant Cy

(4.77) d(p, Wou(po)) < Coh®?  forall pe | (Ve nS*M).
qeQ
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Then there exists B > 0 depending only on V1, V. and there exists C > 0 depending
only on Ay, Ay, Cy such that

(4.78) |Ay ASllp2sre < CHP.

In the above expression, AE is a sum of many refined word operators A,‘q“ with
q having Jacobians JJ ~ h77; in turn, A, can also be split into the sum of
many word operators A(-_l with words |q| = No. The hyperbolic dispersion estimates
of [ANO7a] show that all the individual terms Az AJ are small (their norms are
bounded by some h%), yet to cope with the sum of many such terms, we will have
to use another ingredient, namely a fractal uncertainty principle.

4.6. Fractal uncertainty principle and decay for a single cluster. In this
section we prove Proposition .14} as shown earlier in §4]this implies Proposition 3.2
We fix

4.79) vedN wed™M ne{l,...,Ni}, ec, poeVINSM,

and Q C Q/,(w, e) which lies in an O(h?/?) sized conic neighborhood of Wy, (po) in
the sense of ([A.1T1).

Throughout this section C' denotes constants depending only on Aq,..., Aq,
and Cj, whose meaning might change from place to place, unless noted otherwise.

The strategy of the proof is to conjugate the operators Ay, A'é by Fourier
integral operators to obtain a situation to which the fractal uncertainty principle
of Proposition 2.10] can be applied. The proof of Proposition [£14lis given in §4.6.4],
using components described in the rest of this section.

4.6.1. Normal form. We first study the symbols a,, aJé. We use the symplectomor-
phism constructed in Lemma [2.3] which approximately straightens out the weak
unstable leaves close to W, (po)-

By the assumptions on Vi, ..., Vg in §4.2 the diameter of VX N.S*M = (V. N
S*M) is bounded above by Ceq for some C depending only on (M, g). Therefore,
if we fix €g > 0 small enough then by Lemma 23] there exists a symplectomorphism

(4.80) s =505y Upy = Voo U,y CT*MN\O, V,, CT*R?\0

which satisfies conditions (1)—(7) of Lemma 23 and VI C U,,. (Here the closure
of VI is taken in T*M \ 0.) We denote elements of T*M and T*R? by (z,£) and
(ysm) = (y1, Y2, 7M1, m2) respectively.

Since » is homogeneous, the flipped graph .%,, defined in ([2.46)) is conic. There-
fore, shrinking U,, (and reducing €p) we may assume that .7, is generated by a
single phase function; see §2.3.11

We will analyze the images of the supports supp ay,, supp a‘é under the map .
The goal is to relate these to localization to porous sets in y; and 71 /72 respectively;

see ([E.8T), E.90).

We start with supp aJé which is contained in the open conic set
(4.81) Vi= Vv c Ve U,
qeQ

Lemma is a key point in the argument where C3/2 regularity of the unstable
foliation (used in Lemma 3] is combined with the fact that Q lies O(h%/3) close
to the weak unstable leaf Wy, (po) (the latter was made possible by the cluster
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decomposition of §4.0). It states that the projection of each weak unstable leaf
#(Wou(p)), p € V45 N S*M, onto the ny coordinate lies in an interval of size O(h).
Since by ([#23) and [E3) each Vi NS*M, q € Q, lies in an O(h7) neighborhood
of some weak unstable leaf, we see that the projection of %(V;r N S*M) onto the m;
coordinate lies in an interval of size O(h7).

Lemma 4.15. Let p € Vé NS*M. Then
(4.82) Im (3(p)) = m((p))| < Ch for all  p € Wou(p) N Up,.
Proof. We recall the straightening of the unstable foliation described in Lemma[2Z3]

By ([228) we have

(483) %(WOu(ﬁ) N Upo) = {(il/17y27 F(yh 5)7 1) | (yla 5) € Qu Y2 € R} N Vpo
where ¢ := Z(p) and the functions F € C3?(Q;R), Z € C3/%(U,, N §*M;R) are
defined in Lemma 3l Moreover, by [@T1) we have d(p, Wou(po)) < Coh?/?, which
by parts (5)—(6) of Lemma [Z3] implies

(4.84) IC] < Ch?/3.

Combining this estimate with the point (8) of Lemma 23] we obtain

(4.85) sup |F(y1,¢) — (| < Ch
Y1

which together with ([@J3)) gives ([{L82]). O

In 262l we use LemmalLTH and the results of §2.5]to show the following porosity
statement (see Definition 228]):

Lemma 4.16. Define the set
(4.86) Qt = ((VENS*M)) C R.

Then there exist R and v > 0 depending only on V1, V, such that QT C Qf U-- -UQE
where each Qz is v-porous on scales Ch™ to C~1.

Remarks.
(1) Since »(V§ N S*M) is contained in an O(h?/3) sized neighborhood of {n; = 0}
by [@1T1) and parts (5)—(6) of Lemma 23] we have

(4.87) Qt c [-Ccn¥3, Ch¥/3.

In particular, it is easy to see that Q7 is %—porous on scales above Ch?/3 for C
large enough. Lemma shows that each Q; is in fact v-porous on scales above
Ch™ (where 7 is very close to 1) for some v > 0.

(2) Using Lemmas [ZTTHZTE] and following the proof of Lemma ET6, we get the
following statement: if the complements S*M \ Vy,S*M \ V, are (Lo, L1)-dense
in the stable direction (in the sense of Definition 2T6) then Lemma holds for
some v depending only on (M, g), Lo, L1.

We next study supp a;,, which is contained in V. By ([@87)) and since supp a'é C
Vit would be enough to study the intersection of »(V, NV} N.S* M) with the set
{|m| < Ch?/3}. However, for the purpose of microlocalization of the operator Ay
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FIGURE 9. The sets >(Vy NV, NS*M)N{|m| < h*/®} and (VN
S*M) (lighter shaded). Here g is the horizontal coordinate (with
the width of the figure having h-independent scale) and 7; is the
vertical coordinate. The darker shaded sets are 2~ and Q% defined

in ([A38)) and (LZ0]).

it is convenient to choose a larger, h'/6-sized, neighborhood of {n; = 0}. We thus
define

(4.88) Q" =y (s(Vy NV N S*M) N {|m| < hY0}) C R

Lemma [£17, proved in §4.6.2] establishes porosity of Q7 :

Lemma 4.17. Let A := [A1/Ag] be defined in (ZII). Then there exist R and
v > 0 depending only on V1,V, such that Q= C Q U---U Qp where each € is
v-porous on scales ChY/ N to C—1.

Remark. Using Lemmas and following the proof of Lemma [L.T7] we get
the following statement: if the complements S*M \V;, S* M\ V, are (Lg, L1 )-dense
in the unstable direction (in the sense of Definition 2.T6]) then Lemma E.I7 holds
for some v depending only on (M, g), Lo, L1.
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For future use we record the following corollaries of the definitions ([d.80]), ([A88)
of QF and the homogeneity of s:

(4.89) %(ng{igmggzx}) c {%esw}m{ignzgzl},
(4.90) x(V; VN {‘%‘ < hl/ﬁ} c {ypen ).

See Figure[@ For ([@89) we additionally used part (4) of Lemma

4.6.2. Proof of porosity. We now prove Lemmas .16l and [£.17l We start by defining
fattened versions of the sets VJQr, V. . Fix two conic open sets

VEVECT M\ 0
such that:

e V, C Vi for w € o, = {1,x} where the closure is taken in T*M \ 0;
e the complements 7*M \ V¥ have nonempty interior.

This is possible since T*M \ V1, T*M \ V, have nonempty interior; see §3.11
Since V, C V, for ¢ =2,...,Q (see §2), we can also fix conic open sets
VECVE V,CVi o q=2,...,Q.
Moreover, since the diameters of V, N S*M, ¢ € o := {1,...,Q}, are less than ¢,

we can make the diameters of Vg N S*M less than €¢ as well. We may also assume

that V!* C U,, where U,, is the domain of the map s¢; see (4.Z0).
Let v =1g...un,—1 € N0 be the word in the statement of Proposition EI4]
and Qq=qp...q, € &™ be arbitrary. Similarly to (3:2) define the open conic sets

No—l n
(4.91) Vimi= () o0, VER = e (VE).
=0 j=1
Clearly Vg C Vi~, VI c VAT, Following ([ER]) define also
(4.92) V= Vi o Ve
qeQ

We use the results of §2.0]and the fact that T* M \Vf7 T* M\ V} have nonempty inte-

riors to establish the porosity of the intersections of Vi~ Vg with unstable/stable
intervals:

Lemma 4.18. There exists v > 0 depending only on V1, V. such that:
(1) for every unstable interval v : Iy — S*M (see Definition [Z13l), the preim-
age v~ (VE7) C R is v-porous on scales Ch*/ (Y to 1;
(2) for every stable interval v : Iy — S*M, the set 'y_l(VﬁQJr) is v-porous on
scales Ch™ to 1.

Proof. Recall that Q is contained in the set Q) (w,e) defined by (£62). Therefore,
each q = q1...q, € Q satisfies q < w (where w € @™ is fixed in the statement
of Proposition [4.14]), which (recalling Definition [4.9)) implies that ng C VBJJ, for all
j=1,... ,n. It follows that

Ve Vb =) eV
j=1
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Thus the required porosity statements follow from Lemma [2.T7] (taking the sets Vf ,
Vi ([233)) once we establish the Jacobian bounds

(4.93) inf Jh > hTVOY,
VEiTNS*M

(4.94) inf J°,>C7'hT.
VEFnSs* M

The estimate ([£93)) follows immediately from (2.10) and the definitions (311]) of Ny

and (ZII) of A.
To show (£94), take arbitrary p € Vﬁg N S*M, then p € Vg“‘ N S*M for some

q€ QC Q) (w,e). Take some j € VI NS*M C Vit NS*M. We have
J.p)>C7 I (p) > CT g > 7T

where the first inequality is proved similarly to (£I9) (using that the diameter of
each Vg NS*M, q € o, is less than &p), the second one follows from the defini-
tion @ID) of 7, and the third one follows from (E.63). O

Lemma [£.T9 shows that each sufficiently short weak stable leaf centered at a
point in V] is contained in the slightly larger set Vi~ and same is true for weak

unstable leaves and the sets VJQF, V’g. It will be useful in approximating Q% by the
sets studied in Lemma I8 see (L105), (AI07). As in Lemma 2] we fix a distance
function d(e,e) on S*M.

Lemma 4.19. There exists €1 > 0 depending only on V1,V, such that for all
p,p € S*M we have

(4.95) dp.p) <e1, PEWuslp), pEVy = pEVE,

(4.96) d(p.p) <e1, peWoulp), peVE = peVh.

Proof. Tt suffices to show that there exists a constant C' depending only on (M, g)
such that for all e > 0 and p,p € S*M

(4.97) d(p,p) <er, peWoslp) = d(pi(p),e(p)) < Cer forall ¢=0;
(4.98) d(p,p) <e1, peWoulp) = dlpp),e(p)) <Cep forall t<O0.

Indeed, to show ([@95]) and ([£94)) it suffices to take €; small enough so that the dis-
tance between V,N.S*M and S*M\V}} is larger than Ce; for all ¢ € {1,2,...,Q,*}
(which is possible since V; C V¥). Then ¢4 (p) € V,NS*M and d(¢:(p), ¢:(p)) < Cer
together imply that ¢.(p) € Vg and it remains to use the definitions (B.2), (£81),

(@91, [@.92).
We show ([@97)), with (98] proved similarly. By the definition [2I3]) of Wy (p)

we have p = ¢, (p') for some p' € Ws(p) and r € [—£,£]. Since stable leaves are

transversal to the flow lines of ¢;, we have
d(p', p) +Ir| < Cey.
By (220) there exists 6 > 0 such that for all ¢ > 0
(4.99) d(ei(p), pe(p)) < Ce™d(p, p') < Ce.
On the other hand since () = . (0:(p’)) we have
(4.100) d(e:(p), 1(p)) < Clr| < Ce.
Combining (£99)—I00) we get (L97T). O
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Since the stable leaves, the unstable leaves, and the flow trajectories are transver-
sal to each other, if p,p € S*M are sufficiently close to each other then the weak
stable leaf Wy, (p) intersects the unstable leaf W, (p), and same is true for the stable
leaf W (p) and the weak unstable leaf Wy, (p) — see (Z24]). This immediately gives

Lemma 4.20. There exist Cy > 1, e > 0 depending only on (M, g) such that for
each p,p € S*M with d(p, p) < ea there exist

(4.101) € Ws(p), p" € Wu(p), r € R such that p' = p.(p");
(4.102) max {d(p1,p2) | p1,p2 € {p, 5, 0", "} } + |r| < Cad(p, p).

We now define the sets Q,f from Lemmas Let £1,€2,C5 be the con-
stants from Lemmas [£.T9 and Without loss of generality we may assume that
g1 < e5. We will also assume that 5 is small enough depending only on (M, g) in
the beginning of the proofs of Lemmas and [£23] Fix finitely many points

P1y---5PR E WOu(pO)a

with R depending only on (M, g) and 1, such that each point in Wo,(pg) is 25712
close to at least one of the points p1,..., pg.

Lemma 4.21. We have QF C Qli U---u Qﬁ where fork=1,..., R
O =m(E), Q= y((Ey)
and the sets Zki C VI NS*M are defined by

9
= {pevENS M [ dip o) < &b
S = {p € Vy NV NS M [ dlp. Woulpo)) < Coh™®, d(p.pi) < =}
2

where C5 is a sufficiently large constant depending only on Vi, Vy, Cy.

Proof. Recalling the definitions (Z86),([#S88) of QF we see that it suffices to show
the inclusions

(4.103) VinsS*™M c fu---uxy,
(4.104) Vo nvEnS M {|m| <hY%}) € 2T U---US.
We first take arbitrary p € V§NS*M. By [@T7) we have d(p, Wou(po)) < Coh?/3 <

205 - Therefore there exists k € {1,..., R} such that d(p, pr) < & . It follows that

p € X which gives (ZI03).

We next take arbitrary p € V; NV N S*M such that |0 (s(p))| < h'/C. Since
x(Woulpo) NUp) = {m =0, n2 = 1} N V,,, we have d(p, Wou(po)) < C3h'/® for
some constant C3. In particular d(p, Wou(po)) < 58, so there exists k € {1,..., R}

such that d(p, pr) < & . It follows that p € ¥;" which gives (£.104). O

We are now ready to finish the proofs of Lemmas LT6HATTl Using Lemma F.2T]
we see that Lemma [4.16 follows from

Lemma 4.22. Let v > 0 be fized in Lemma EI8. Then for each k € {1,..., R}
the set Qz is g -porous on scales ChT to c—L.
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Wou(p)

Wou(po)

FicURE 10. An illustration of the proof of Lemma We
use the coordinates provided by the diffeomorphism s, with ¥
the horizontal coordinate and 17; the vertical one; we restrict to
S*M = {ne = 1} and suppress the flow direction 9,, (thus p’,p”
are mapped to the same point). The darker shaded set is Z; and

the lighter shaded set is Vﬁg.

Proof. Without loss of generality we may assume that Z;: # (. Then py, lies in the
g—; < &5 sized neighborhood of V.F N S*M € U,,. Let vf : [-Ceq,Ces] — S*M
be a stable interval (see Definition 2.13]) such that v;(0) = pi. Here C is chosen
large enough (depending only on (M, g)) so that every point p' € Ws(pg) with
d(pr, p') < e lies in y;. We may choose €5 small enough so that v; C Up,.

Since Es(pr) C T,,(S*M) is transversal to T}, Wo.(po) and (recalling that
maps S*M to {ny =1} and Wy, (po) to {m =0, ny =1})

d>e(pr)(Tp, (S*M)) = {dna = 0}, dse(pi) (T, Wou(po)) = {dm = dnz = 0}
we have d(n; o »)(pr)¥;(0) # 0. Therefore if €5 is small enough depending only on
(M, g) then the map
Yy i=mosxon;: [-Cey,Ces] = R

is a diffeomorphism onto its image. We extend 1}, to a global diffeomorphism R — R
so that it satisfies the derivative bounds ([276) with some constant Cy depending
only on (M, g). Define

A =00 VE)) = mGp N VE)) CR.
Then by Lemmas .18 and the set ﬁ;c" is £-porous on scales Ch” to C~ 1.
We now claim that
(4.105) Qf C Qi +[-Ch,Ch].
Indeed, take arbitrary p € $;7. Then d(p, py) < & < e2, so by Lemma [L.20] there
exist
P € Wylpr), p" € Wu(p), r € [—e1,e1] such that p" = @, (p").

(See Figure[IOl) By [@I02) we have d(pk,p’) < e1 < e2; thus p’ € ;. We also have
d(p,p') < e1, p € Wou(p), and p € Vé' N S*M, which by Lemma [£T9 imply that
p e VﬁQJr. Therefore

(4.106) m(x(p') € .

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CONTROL OF EIGENFUNCTIONS IN VARIABLE CURVATURE 435

Waos(p)
\ V‘ﬁ,—
N A
SO I
RN :
Q‘ | Ch1/
|
" SO I
Ve r

FIGURE 11. An illustration of the proof of Lemma 23] following
the same convention as Figure [0l The darker shaded set is 3,
and the lighter shaded set is Vi~

On the other hand by Lemma we have

n1(5(p)) — m((p"))| < Ch.
Since Qf = 1 (3¢(X})), together with ([I06) this gives (EI05).
To show that €2} is %-porous on scales Ch” to C~! it now remains to use (@I05),
Lemma [2.17], and the previously established porosity of ﬁz O

Finally, using Lemma 2T we see that Lemma T follows from

Lemma 4.23. Let v > 0 be fized in Lemma EI8. Then for each k € {1,..., R}
the set Q" is &-porous on scales ChY/(6A) to 01,

Proof. Without loss of generality we may assume that 3, # (. Then py, lies in the
& < &g sized neighborhood of VI N S*M € Uy,. Let vy : [~Cez,Cea] — S*M be
an unstable interval (see Definition 23] such that }/(0) = p,. Here C' is chosen
large enough (depending only on (M, g)) so that every point p” € Wy (px) with
d(pr, p") < e2 lies in . We may choose €5 small enough so that v C Up,.

Since s is a symplectomorphism and p = 7g0s¢ by part (4) of Lemma(2.3] > maps
the Hamiltonian field Hy, into 0,,. Since E, (py) is transversal to H, and tangent to
Wou(po), which is mapped by s to {n; = 0, 12 = 1}, we have d(y0)(pr)7;(0) # 0.
Therefore if €5 is small enough depending only on (M, g) then the map

Y =y oxony: [—Ceq,Cea] - R

is a diffeomorphism onto its image. We extend v} to a global diffeomorphism
similarly to the proof of Lemma [4.22] and define

Q= ()7 (VE)) = (i N Vi) C R

Then by Lemmas EI8 and 212 the set € is ¥-porous on scales Ch'/(®A) to C—1.
We now claim that

(4.107) Q; C Qp + [-ChY8 Chl/0).
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Indeed, take arbitrary p € ¥,/. Then d(p, pr) < & < €2, so by Lemma [£.20)] there
exist

o€ Wy(p), p" € Wulpr), r € [—e1,e1] such that p' = ¢,.(p").

(See Figure [[11) By (#I02)) we have d(pg,p”) < e1 < e2; thus p” € v}, We also
have d(p, p"") < e1, p” € Wos(p), and p € V; N S*M, which by Lemma EI9 imply
that p” € Vi~. Therefore

(4.108) v (>(p")) € Q. .

Since d(p, Wou(po)) < C3h/% and p' € Wy, (po) N Wi(p), we have d(p, p') < Ch'/S.
We also have y1(32(p’)) = y1(3¢(p")). It follows that

ly1 (52(p)) — y1 (5<(p"))| < CRMS.

Since ;= y1 (s (Z_)) together with ([@LI08)) this gives (@I07).
To show that Q" is §-porous on scales ChY/(6M) to C~1 it remains to use (ZI07),

Lemma 2.17] and the prev10usly established porosity of Q . a

4.6.3. Application of the fractal uncertainty principle. We now use the fractal un-
certainty principle (in the form given by Proposition P-I0) and the porosity state-
ments proved in Lemmas to establish an uncertainty principle for neigh-
borhoods of the right-hand sides of ([@39)-@3J0). Recall the sets 9 C R from
([@36), [@E8]). As before, denote by QF(a) := QF + [~a, a] the a-neighborhood
of OF.

Lemma 4.24. Define the following subsets of R?:

1 m
. .= <, <4 +(pT
(4.109) vt = {mm)| g <m < Tearon)
(4.110) T = {(yl,yg) | y1 € Q_(hl/ﬁ)}.
Then there exists 8 > 0 depending only on V1, V. such that
(4.111) [ Lr- () L+ (ADy) || 12 oy 2oy <

Proof. (1) Put O~ := Q~(hY/6), QF := Q+(h7). We first show that
(4. 112)

[ L= @) v+ (hDy) | 12 g2y L2 g2y < Sl[l?]||ﬂﬁ—(th)ﬂ7n2§+(771)||L2<R>aL2<R>-
n2€ 2,4

Indeed, conjugating by the semiclassical Fourier transform we see that

H]l'r ]1'r+(hD H]l'r hD )ﬂ’r+

HLQ(]R2)—>L2(]R2) HLQ(RQ)—>L2(R2)

Now take

feCX(R?), g:= 1y (hD,)ly+(—n)f.
For each 7y € R define the functions f,,,g,, € L*(R) by fo,(m) == f(m, —n2),
Gna (M) := g(m1, —n2). Then

B {ﬂthmmW(m)fm, n2 € [3,4]
Ina = .
0, otherwise.

Writing Hf||%2(R2) as the integral of || f,,, ||2LQ(R) over 72, and same for the norm of g,

we obtain ([{LI12).
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(2) Fix no € [1,4]. Denoting by F, the one-dimensional unitary semiclassical

Fourier transform (see (2.60)), we have

(4113)  [[1g5-(hDy )1, &+ )llL2@)»r2m) = 1g-Frl _, a+ l2@)—r2(r)-

Let Q; , 2} be the sets defined in Lemmas LI6HLTT here ||, |¢| < C. We put
Qp = (%), Qf = af ().

By Lemma 17 we have O~ C Uk ﬁ,;, which means that 15 = 37, b,ﬂﬁg for

some b_ € L*(R), 0 < b_ < 1. Similarly by Lemma we may write 1, o, =
Do ]17772§£+b+ where 0 < by < 1. This gives

(4.114) Mg-Fal_ g l2@-r2@ < D Lo-Fnl_, a8 lL2@—r2@)-
kL

By Lemmal4. 16 each set QZ is v-porous on scales Ch™ to C~!, where v > 0 depends
only on V1, V,. By Lemma [Z11] the set QZ is then Z-porous on scales Ch” to c—h
It follows from Definition L8] that —n2Q; is %-porous on scales 4Ch7 to (4C)~ L.
Similarly, by Lemmas 17 and ZIT] each set Q; is %-porous on scales Chl/(6})
to C~ L.

We now apply Proposition 210l to the sets €2, —7729}. By the discussion in the
previous paragraph, for h small enough these sets are g-porous on scales hYo to

R and b0 to h respectively, where

_ 1 _ 1
Yo =GA T © Yo =T ¢, ’Y1=7fr=5:=60—A-
Recalling from [@6T) that 7 =1 — ﬁ, we compute
) ot - + - 1
(4.115) v:=min(yy,1—91) —max(n',1-9) = 550 > 0.

If By > 0 is the constant from Proposition 210 with v replaced by %, then (Z.74)
gives

(4116) ||ﬂﬁ;‘Fhﬂf'rhﬁz'H[P(R)_)[P(R) S Chﬁ, ﬂ = ’YIBO > O
Together (LI12)—(@I14) and (4I16) imply (EIIT). O

4.6.4. Microlocal conjugation and the proof of Proposition .14l We now conjugate
the operators A, AE by Fourier integral operators and give the proof of Proposi-
tion .14 using Lemma [.24]

Let s be the symplectomorphism defined in (£80). As explained in §46.1] we
may assume that %, is generated by a single phase function. Then (see §2.3.3)
there exist Fourier integral operators

B=B(h): L*(M) — L*(R?), Be ;"™ (),
B'=B'(h): L*(R*) = L*(M), B €L, (>

which quantize s near (VI N {7 <I€lg <4}) x (Eﬂ {1 < |¢]y < 4}) in the sense
of (Z314). In particular

(4.117) B'B =1+ O(h*>) microlocally near vin {i < ||y < 4}
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By Lemma [2.3] all derivatives of s are bounded independently of the choice of
the base point pg fixed in ([£79). Thus we may choose B, 8’ which are bounded
uniformly in h, pg; that is, all derivatives of the corresponding phase functions and
amplitudes in the oscillatory integral representations (Z43]) are bounded.

By Egorov’s theorem (Z37) and since WF;,(A.) C Ve N {3 < [¢], < 4} by @I3)
and VI = ¢1(Ve) by B2), we have

1
WE(Ae(=1)) €V N {7 < [€ly <4}
Fix a pseudodifferential cutoff Z, € ¥9 (M) such that
1
(4.118) WF,(Z.) Cc V) n {1 <[]y <4}, WFL(I —Z.) N WF(Ac(-1)) = 0.

Since A is the sum of polynomially many in h terms of the form A (see (B3))
with the words q € Q),(w, e) starting with the letter e (see ([62)), we see from the
definition B.3) of A that

(4.119) AJQr = ZeAJQr + O(hOO)Lz(M)HLz(M).

Since WF,(Z.) N WF,(I — B'B) = 0 by (EI17)-(EII8), we then have
(4.120) AGAL = AJZB'BAL + O(h™°) 12y 12(M)-

We also have norm bounds

(4.121) A L2 (ary 220y < 2,

(4.122) IAG L2 (ar)— L2 (ary < Clog®(1/h).

Here ([AI21)) follows from (BI5) and [@I22]) follows from Lemma [H and ([@63]).

By the equivariance of pseudodifferential operators under conjugation by Fourier
integral operators (see (2.52))) the conjugated operators BA, Z.B' and BAJQFB’ for-
mally correspond to the symbols

(agon(Ze))ox !, abo xh

By ({89)—({90) the supports of the above symbols satisfy
+ nocor 1o, <
(4.123) x(suppag) C {772 €N }ﬂ {4 <y < 4},
(4.124) %(supp(a;ah(Ze))) ﬂ{ Z—l‘ < h1/6} C {y1 €07}
2

where the sets QF C R are defined in (£386)), (£88). Here we denote points in T*R?
by (y,7n) where y,n € R2.

We now make two microlocalization statements which quantize the above con-
tainments. The first statement, proved using the results of §4.3.3 and §2.3.4] quan-

tizes (EI23):
Lemma 4.25. Assume that the constant €y in §4.2] is chosen small enough depend-
ing only on (M, g). Let YT C R? be defined in [@I0T). Then

(4125) BAJé = L+ (hDy)BAJé + O(hoo)Lz(M)%[g(Rz).

Proof. (1) By (@II9) it suffices to prove that Ipa\y+ (hDy)ZS’ZeAJQr =
O(h®)r2(Mm)—L2(r2). Since Q has polynomially many in h elements, recalling the
definition ([3.9)) of AE it suffices to show that uniformly in q € Q

(4126) ]].R2\’r+ (hDy)BZeA;; = O(hOO)L2(M)*>L2(R2).
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We henceforth fix q € Q. Recalling the definitions ([£36]) and ([@II]) of O and Vg
we see that Qf C QF where

(4.127) Qt =mG(Vins M) c R
Recalling the definition @I0J) of T+ we then have T C T+ where

1 m
+ . (KT
Moreover, we have A} = UFU(—n) where the cutoff propagator UJ is defined

in [@48). Since U(—n) is unitary, ({126]) follows from the bound
(4129) HRQ\T; (hDy)BZeU; = O(hoo)[}(M)_)L?(]RQ)-

(2) Let By, By, q € </, be the Fourier integral operators defined in (£55]). They
quantize the symplectomorphisms 5, defined in @4J). Since WF;,(4,) C V,N{} <
|€]g < 4} we have

(4.130) Aq = B;Bqu + O(hOO)Lz(M)%Lz(M)
= B(;BquB(;Bq + O(hoo)Lz(M)H[g(M).
Put /Tq = B,A,B;. By ([252) and part (4) of Lemma 2.3 we have
~ ~ 1
A, € WYR?), WEA(A,) C ory(WF(4,) € (5 <2 < 4).
Thus there exists an h-independent function y € C2°(R?) such that for all ¢ € &
1 -~ ~
supp x C {Z <1 < 4}, Aq = Aqx(hDy) + O(hoo)L2(R2)_)L2(R2).
Together with ([AI30) this implies
Aq = AyByx(hDy)By + O(h™) L2 (ar) - 12 (ar)-
We write q = q1 .. . gn, where q; = e (see [@L62])). Recalling ([@45]), we have
U;r = U;B;WX(hDy)Bqn + O(hoo)LQ(M)_,Lz(M).
Thus ([@129) follows from the estimate
(4131) HRQ\T; (hDy)BZeUJB;nX(hDy) = O(hoo)Lz(Rz)ﬁLz(Rz)

and the L?-boundedness of Fourier integral operators.
Now, take arbitrary f € L?(R?) such that |f||zz = 1. Following (£50) define
®p(y) = (y,0), y,0 € R2. Using the Fourier inversion formula we write

(4.132) X(hD) () = )™ [ (OF )" a9

where Fj, f(0) = (2h)~1f(0/h) is the semiclassical Fourier transform of f, satisfy-
ing || Fn fllz2r2) = 1. Using Hoélder’s inequality we bound

| ﬂR?\Tj; (hDy)BZeU;B;nX(hDy)fHLZ(]R2)

<Ch™ sup  |[Lga\yz (hDy)BZUS By (¢%/")| p2m2).
fcsupp x
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Thus to prove ([@I3]]) it is enough to show the following estimate on the propagated
Lagrangian distributions UJ B] (e'®¢/"):

(4.133) sup || Lgay s (hDy)BZUS By (€M) p2(z2) = O(h™).

fesupp x
(3) Henceforth we fix 6 € supp x. In particular, i + e < 6y < 4 — ¢ for some fixed
e > 0. Let N > 0. Using Proposition 4.8 we write (recalling that ¢; = e)

(4.134) Us B, (/") = U1)BL(e"*% M agon) + O(AN) 2.
Here @44 is a generating function (in the sense of ([2.42)) of the propagated La-
grangian g g = s.(Ly,0) defined in [@E0).

We now analyze the function BZ.U(1)B.(e!*a/"aq g n). By @ZT), the com-
position property (4) in §2.33 and the condition (ZII]]) on WF}(Z,.) we have

BZ.U(1)B, € I,"™(3), 2:=x0¢p;jo0 %gl\%e(ve).

Recall from ([4.49) and .80) that s = s, , % = s, are homogeneous sym-
plectomorphisms constructed using Lemma 23] and pg € ¢1 (V. N S*M) (as as-
sumed in Proposition I4)), p. € V. N S*M, with the diameter of V. N S*M
bounded above by eg. In particular, dsz(p.) maps the flow/stable/unstable spaces
Eo(pe); Es(pe), Eu(pe) to ROy, RO, ,RI,, and a similar statement is true for
ds(po). Thus for gy small enough, the differential d3(0,0,0,1) maps the vertical
subspace ker dy to an almost vertical subspace. It follows that > has a generating
function in the sense of [2:47), and thus BZ.U (1) B., can be written in the oscillatory
integral form (Z48)). (See the proof of [NZ09, Lemma 4.4] for details.) Moreover,
by Lemma E7] the Lagrangian .é;g is a graph in the y variables and its tangent
planes are O(gg) close to horizontal. Thus for €y small enough the Lagrangian
submanifold

L =5 L) = #(pn(3 (L) N V) C TR
is also a graph in the y variables, and thus can be written in the form (242):
L ={(y,d®(y)) |y € }.
From the properties of .5!;79 in Lemma [£.7] we see that for every a

(4.135) sup [0°®| < C,,
4

where the constant C, depends only on (M, g) and a.
We now apply the method of stationary phase using ([250), (Z45) and get

(4.136) BZU(1)B.(e"*@0 " aq g ) = €/ + O(hN) 12 (g2,

Here a is given by the stationary phase expansion and depends on the symbol
aq,0.N; see [NZ09, Lemma 4.1] for details. From the properties of the symbol aq 0N

in Proposition .8 we see that @ € C°(% ) and for all «
(4.137) d(supp a, R? \ OZA/) >C™', sup|9®al < On.a-
(4) Together (£134) and ({I36]) give
BZUS B, (€'%/") = ¢®/i + O(WN) 2 g2).
Since N is chosen arbitrary, to prove ([AI33) it suffices to show that

(4.138) g (RD) (%/8) | 2 gy = OB,
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To do that we use Proposition 2.7 (which is a Fourier localization statement for
Lagrangian distributions) with b’ := A7, U := 52?/, d:=d, K = supp @, and a := a.
The assumptions ([Z58) and (ZX51) of that proposition are satisfied due to (£130)
and (LI37). Next, define

Q:={dd(y) |y e %} C R

Then Q is the projection of . onto the 7 variables. Since . C =V np~(62)),
recalling the definition (@I27) of Q} we have

Q C (0:9%) x {6}

As explained in the paragraph preceding Lemma 15 the diameter of Qf{ is

bounded above by Ch™. Then diam 2 < Ch™ as well, giving the assumption 2354).
Thus Proposition 2.7 applies, giving

|1 hDy)(eiq)/hd)HL%Rz) < CNhN.

R?\ﬁ(ghf)(

Since the neighborhood ﬁ(%hT) lies inside Y2 by @I28) and @SIT), this gives
(#138), finishing the proof. O

Our second microlocalization statement quantizes ([@I124):

Lemma 4.26. Let Y~ C R? be defined in @II0). Then there exists x_ €
C>(R?;[0,1]) such that supp x— C T~ and

(4.139) A, ZB 1y (hDy) =A, ZEBIX_ (y) Ty (hDy) + O(h2/37)L2(R2)~>L2(M)'

Proof. By Lemma BT (recalling that we suppressed the ‘—’ sign in the notation

there) and the product formula in the \Il‘ic;glf calculus we have

ay € ST (T*M), AJZ. = Op, (ayon(Ze)) + O(h**7) L2 (ary— L2 (ar)-
Then by [@IT7)—-(@II]) we get
A;Ze =B'B Oph (a;(fh(Ze)) + O(hz/gi)LQ(M)—»Lz(My

Thus it suffices to show that there exists x; € C°(R?;[0,1]) such that x. = 1 on
T+ and

HBOph (a;oh(ze))B/(l - X*(y))XJr(hDy)HL2(R2)HL2(R2) = O(h‘2/3_)'
By ([2352) and since o, (BB’) =1 on »(WF,(Z,)) we have

B Op,, (a;ah(Ze))B’ = Op,, ((a;ah(Ze)) o %71) + O(h2/37)L2(R2)~>L2(R2)'

Thus it is enough to show the bound
(4‘140) H Oph ((a;oh(ZS))O%_l)(l _X*(y))XJr(h‘Dy)HLz(Rz)*)Lz(]}p) = O(hz/s_)‘

We now define the cutoff functions x4, in a way that they lie in the symbol class

Sf%np(R2). By (EST) and (£I09) we have

v (5gh") < {5l <}
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where Tt (a) := YT + B(0,«) denotes the a-neighborhood of Y. By [DZI6
Lemma 3.3] there exists x4+ € S;‘/’g‘p(R2; [0,1]) such that

supp x4+ C {‘%‘ < hl/G}, supp(1 — x+) N TT = 0.

Next, by ({I124) and (@II0) we have
T (hY/%) c T~ where T~ := y(>«(supp(agy on(Z.))) N{n € supp x+}).
Thus by another application of [DZ16] Lemma 3.3] there exists y_ € Sf%np(R2; [0,1])
such that _
suppx— C Y7, supp(l—x_)NT™ =0.

To prove (I40) it remains to use the product formula in the ¥y /6, (R?) calculus
(see e.g. [Zw12, Theorems 4.18 and 4.23]) and the identity

((agon(Ze)) o5 1) (1 = x—(y))x+(n) =0
which follows from the fact that supp(1 — x_) N Y~ = 0. O
Armed with Lemmas we are finally ready to give
Proof of Proposition .14l We have
A;AE = A;ZEB/HTJr (hDy)BAJé + O(hoo)Lz(M)ﬁLz(M)
= A;ZeB/X_ (y)Ly+ (hDy)BAE + O(hz/gi)I}(M)_)LQ(M)
where the first line follows from ([@I20]), Lemma 25 and (@I2I)); the second line
follows from Lemma and (£122).
Using the norm bounds (@I2I)-#I122) and the fact that Z., B, B are bounded
in L? — L? norm uniformly in h, we get
Ay AbllL2(an— 2y < Clog® (1/R)|[Ly— (y) Ly+ (hDy) || L2(r2)— L2 (re) + O(R*/37).
Using the uncertainty principle given by Lemma we then have
IAT ASllL2(ny =22y < ChPlog? (1/h) + O(R*/37).
This gives ([£T78) (with a smaller value of (), finishing the proof. |

5. PROPAGATION OF OBSERVABLES UP TO LOCAL EHRENFEST TIME

In this section we prove Propositions d.21and .4l on the structure of the operators
Aat when jqi < Ch=9. We will focus on the operators Ay, with Af{ handled the
same way (reversing the direction of propagation). Recall from (33) that

Ay = Ay (n—=1)---A4,0), 9=qo..-qn-1
where the operators A, € ¥, (M), ¢ € & = {1,...,Q}, are defined in §4.21 Here
we use the notation (Z35):
A(t) =U(=t)AU(t), U(t) =e tFP/h

where P € W, (M) is defined in (Z34).

To analyze A, we write it as a result of an iterative process, where at each
step we conjugate by U(1) and multiply by an operator A,; see §5.11 We carefully
estimate the resulting symbols and the remainders at each step of the iteration,
using quantitative semiclassical expansions established in Appendix[Al This largely
follows [Ril0, Section 7]; the estimates on the symbol of Aj there are similar in
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spirit to those in [ANOT7al Section 3.4]. Compared to [Ril0] we will obtain more
precise information on the propagated symbols in order to control the sums over
many operators Ag which is needed in the proof of Proposition E.4l

5.1. Iterative construction of the operators. Let q = qp...qn—1 € &/° and
assume that n < Cylog(1/h) for some constant Cy. Define

-~

(5.1) Agr =4, 4 . T=1..,n
Then /Aqu = Ay, Aq /T , and we have the iterative formula
(5.2) Aqr =U(-1)Aq, AUMA,, ., 7=2,....n

The next statement gives the dependence of the full symbol of the operator /Tq,r

on that of the operator gq,r,h with explicit remainders. We use the quantization
procedure Op;, on M defined in (A.F).

Lemma 5.1. Assume that a € C(T*M), suppa C {3 < [¢]; <4}, and g € .
Then for eacll N € N we have

(5.3)
N-1 ]
U(~1) Op,(a)U(1)4, = Op,, ( S W0 m) + OlallcamnhN) s 1.
j=0

Here each Lj 4 is a differential operator of order 2j on T*M. We have Lo 4 = aq.
Moreover, each Lj 4 is supported in Vo N {1 < |€|, < 4}.

In addition to N, the constant in O(e) depends only on (M, g), the choice of the
coordinate charts and cutoffs in (AB), and the choice of the operators Ay, ..., Ag.
The operators L; , depend only on the above data as well as on j,q.

Proof. From the construction of A, in §4.2 we have for all N
N-1

(5.4) Aq = Opy, ( Z hjaq,j) +O(hN) 212

Jj=0

for some h-independent a,; € C°(T*M) such that supp aq; C V,N{3 < [¢]y < 4}
and ag0 = a4 Now (B3) follows by combining the precise versions of Egorov’s
theorem, Lemma [A7] and of the product formula, (AT6). O

Now, arguing by induction on r with (B4 as the base and (5.2), (53) as the
inductive step, we write for each N € N

(5.5) Aq,r = Opy, (th (’“>)+Rg§), r=1,...,n

where:

. agk{ = aq, ,k where the latter function is defined in (5.4));
e for r > 2, we have

k
(5.6) =Y Lig. (a7 o p1)

7=0

where L; , are the operators from (5.3));

4We use boldface N here to avoid confusion with the propagation time defined in (EIT)).
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e the remainder Rfﬂ) satisfies the norm bound

r—1N-1
(5.7 RPN (F5 3) DY [y
{=1 k=0

for some constant Cn independent of q, r.

Here the bound (B.7) is obtained from the iterative remainder bound

N-1
N k
IR ([ zemsre < RSy 1 lzesre - [ Ag, -, remsze + OREN S [lal)_ [lcam-war
k=0

using that [|A,||g2 2 < 14 Ch'/? similarly to (ZI4).

Here are some basic properties of the symbols af,’fl which follow immediately

from their construction using the notation &II), (B2):
) aqr € CX(T*M) and

B 1
(5.8) suppa(k) C Ve rigna N {Z < |ély < 4};

0) _

® dq,r =a,

(0)

in particular aq,n = ag .

The following is a key estimate on the symbols agf,)« and their derivatives, proved

in §5.21 Recall that for a word q € &/* its Jacobian J;  was defined in (.13

qn—r--qn—1"

Lemma 5.2. Assume that Vg # (). Then we have the following bounds for all
r k,m:

(5.9) lagHllom < Crmrt*+2™ (7,

)2k+m
dn—r---dn—1

where the constant Cl,, depends on k,m but not on r,q.

Remark. We allow the factor r#*¥2m in (B3) to simplify the proof; it does not
matter for Proposition since r = O(log(1/h)). It is quite possible that more
careful analysis can remove this factor.

Using Lemma we now give

Proof of Proposition 4.2 We con51der the case of Ay, with Af{ handled similarly.
By (5.9), recalling that J; < Coh ™ and n < Cy log(l/h), we have for all k,m

(510) 121a<x Ha(k ||C’m < O/ (2k+m)5(10g(1/h))4k+2m.

This implies that hkaff) O(h(1*25)k*)sgomp. Using additionally that sup |a££21\ <

1 we see that ag% =aq = =01 )Sgimp.

By Borel’'s Theorem [Zw12] Theorem 4.15] there exists a symbol a2~ €

a
S§IMP(T* M) such that az ~ Zk>0 aq ), in the following sense:
T = > W) + On (R PN ) geoms for all N € N

From the basic properties of the symbols a((f% listed above we see that

_ _ o5 _ _ 1
az =ag + O(n' 2 )ggome, suppafJl CVy ﬂ{zﬁmgﬁﬁl}.
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By (5H) and the L? boundedness of operators with symbols in S;*™" we have for
all N

(5.11) Ag = Aq = Opy(al7) + RN + O(R0=2N=) 1, s

The remainder joz) is estimated using (&) and (EI0Q):

(5.12) IR |2 p2 < OnehN=CNFID (log(1/h)) N2,

Since N can be chosen arbitrarily large and § < %, together (5.11) and (E12) imply
that A; = Op,, (a';l_) + O(h*>°)2_ 12, finishing the proof. O

5.2. Estimating the iterated symbols. In this section we prove Lemmal5.2l To
do this we differentiate the inductive formulas (5.6) and represent the terms in the
resulting expressions by the edges of a directed graph ¢. We then iterate (B.6]) to
write each derivative of agf,)« as the sum of many terms, each corresponding to a

path of length r — 1 in & — see (5.23)). The reduced graph g, , obtained by removing
the loops from ¥, is acyclic, which implies that the number of paths of length r — 1
in ¢ is bounded polynomially in . We finally analyze the term corresponding to

each path, bounding it in terms of the Jacobian J, . .

5.2.1. Graph formalism. We first introduce some notation to keep track of the
derivatives of the symbols. We fix some affine connection V on T*M. For each
function a € C°(T*M) and m € Ny, let V™a be the m-th covariant derivative
of a, which is a section of @™ T*(T*M), the m-th tensor power of the cotangent
bundle of T*M. We fix an inner product on the fibers of T*(7T* M) which naturally
induces a norm on each @™7T*(T*M). When suppa C {1 < [¢|, < 4} we have for
some constant C'

(5.13) CMallen < max sup ||V a(p)|| < Cllafcm.
JS<M peT* M

Fix Ny € Ny. The objects below will depend on Ny but for the sake of brevity we
will suppress it in the notation. Denote

(5.14) ¥ = {(k,m)| k,m € Ny, 2k+m <Np}.
Henceforth we write a = (k,m). Define the vector bundle over T* M
&= tns ) =T (T*M)
agV

and its sections composed of the derivatives of the symbols a((f,)a

(5.15)  Agqr € C®(T"M;E), Agri=(V"a{)kmer, ©=1...,n

That is, in the biindex (k,m), k is the power of h and m is the number of derivatives
taken. We denote by
lo 60 — &, To: 8 —E,

the natural embedding and projection maps.
The iterative rules (5.6) together with the chain rule imply the relations

(516) Aq,r(p) = Mq'n—r(p)Aqn‘—l(SOl(p)% r= 2) RN p € M \ 0
where the coefficients of the operators L; , determine the homomorphisms

M, € C*(T*M \ 0;Hom(pi&;&)), q€ .
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0 1 2 3 k

FicUure 12. A subgraph 4 of the reduced graph 4 for Ny = 6,
with edges (k,m) — (k,m — 1) and (k,m) — (k— 1,m +2). The

full graph ¢ is obtained as follows: there is an edge from «a to o
in ¢ if and only if there is a nontrivial path from « to o’ in ¥.

That is, Mg(p) is a linear map &(p1(p)) — &(p) depending smoothly on p €
T*M\ 0.

Define the directed grap}ﬁ ¢ with the set of vertices #', which has an edge from
a = (k,m) to &/ = (K',m’) if and only if
(5.17) 2K +m' <2k+m, K <k.
If (5I7) holds then we write

a—a.

The homomorphisms M, are subordinate to the graph ¢ in the following sense: we
may write them in the ‘block matrix’ form

(518) Mq = Z Lan,a,a’ﬂ—a’
a—a’
where
(5.19) Moo = TaMgler € C(T*M \ 0;Hom(piEu; €a)).

That is, if Vmagf,)u(p) depends on Vm/agf;)_l(cpl(p)) in (56, then (5I7) holds. This
is straightforward to see using (5.6) and the chain rule.
It will be important for our analysis to separate out the ‘diagonal’ part of M,

consisting of the homomorphisms ¢, Mg o7« corresponding to the loops a — o in

5A directed graph is a pair (V, E) where V is a finite set of vertices and E C V x V is the set
of edges. There is an edge going from the vertex v1 to the vertex vz if and only if (vi,v2) € E.
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the graph ¢. Using (5.0) (recalling that Lo 4 = a4) and the chain rule we compute
(5.20) My,a,a(p) = aq(p) - (dp1(p)")*™, o= (k,m).

The remaining components of M, correspond to the reduced graph g, , obtained by
removing all the loops a — a from ¥; see Figure

5.2.2. Long paths and end of the proof. We now restrict to the case r = n in
Lemma [5.2] proving the bounds
(5.21) la{)lom < Cppn 2™ (T0)2R™, ki € No.
The general case follows from here by replacing q with g, ... ¢n_1-
By (EI3) and the support property (B.8) see that (5.21]) follows from

(5.22) sup [ Aqn ()]l < Cngn™ (T ).
PEVG N{ 5 <[€]y<4}
Here Ny was the natural number used in (5.14)) and thus in the definition (G.I5]) of
Agqn. To obtain (B2I) we put Ny := 2k + m.
In the rest of this section we prove (0.22]). Iterating (B.10) we get the following
formula for Ag ,:

(5.23) Agn(p) =My, (p)Mg, (¢1(p)) -+ Mg, _; (n—2(p)) Aq,1(Pn-1(p))-
Using the decomposition (5.I8) we write

(5.24) Agn(p) = Z tasMq,a(p)Ta, Ag,1(Pn-1(p))
acy
where
(525) P = {&:al...an eyn | Q5 — Oyl for a11]:17,n—1}

is the set of paths of length n — 1 in the graph ¢ and

(526) Mq,&'(p) = Mqo,al,az (p)Mq1,a2,a3 (@1 (p)) e qufz,anfhan (L)On—2(p))

Since supyp.y [|Aq1]l < C, using the triangle inequality in (524) we get for all
peT*M

(5.27) lAqn(P)] < C Y IMaalp)ll < CH#(2) - max |Mq,a ()]
acz

Thus to show ([B22]) (and thus finish the proof of Lemma [£2)) it remains to prove
the following

Lemma 5.3. There exists a constant C depending on Ng but not on n,q such that
(5.28) #(2) < Cn*No,

(5.29) max sup IMg.a(p)|l < C(Tg)N.
€L pevgn{i<iel <4}

Proof. (1) For each path & € & we define the corresponding reduced path
R(G)=P1...Bey1 € VT, By # Bjy1 forall j

obtained by removing all the loops in @: that is, @ has the form

(530) a = Bf(l)_S(O)B;@)_S(l) . Bzfzrl)_s(f)
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5(0) 5(1) $(2) . 5(0) S(e+1)
Br| - Br|Ba| -+ | B Be | - Be |Bex1| -+ |Berr
Yq,l Yq,2 Yq-f Yq,Hl
Qe Qa2 w O
B B2 Be Bes1

FIGURE 13. Top: the decomposition (B.30) of a path in ¢, with
the indices s(;) marked. Bottom: a representation of this decom-
position as a combination of loops and a path in the reduced graph
¢, with the homomorphisms in the right-hand side of (&31]).

where 3% = Bf3... 3 is the path obtained by repeating 3 € ¥ for s times and (s(;))
is a sequence such that
0= S) <8) <8@) < ... < S < Su41) =N

See Figure [[3

For every & € &2, Z(&) is a path in the reduced graph ¢. The latter graph is
acyclic; indeed if (B.I7) holds and (k,m) # (k’,m’), then 3k’ +m’ < 3k + m. Since
0<3k+m< % < 2Ny for all (k,m) € ¥, we see that the length ¢ of any path
in ¢ is bounded above by 2Nj.

Now, the size of the range of # is bounded above by the number of paths in g:
which is finite (since 9 is acyclic) and depends only on Ny. On the other hand, if E

-,

is a fixed path in & then elements of Z~!(3) are determined by 5(1)s - - -+ 8(¢); thus
they are in one to one correspondence with size ¢ subsets of {1,...,n — 1}. Thus
%~*(f) has (",") < n®™o clements. Together these two statements give (5.28).
(2) Take p € Vg N{§ < [¢]y < 4} and @ € &. Writing @ in the form ([E.30), we
have

(5.31) Ma,a(p) = Yq1(p)Zq,1(p) -+ Ya,e(p)Zq,e(p)Y qe+1(p)
where
Yq,(p) = qu(j,l)ﬁj”@‘j (@8(];1) (p)- - MQS(j)—Z’ij,Bj (‘PS(J-)—2(P))7
Zq,j(p) = qu(j)_1,ﬁj,ﬁj+1 (‘PS(j)fl(p))-

That is, the factors Y ; correspond to loops in the path & and the factors Zq ;, to
‘true jumps’ between the loops. See Figure
Using the formula (5.20) for the ‘diagonal terms’ M, , o We compute

S(j)—2

(5.32) Yq,j<p>—( 11 aqr<%<p>>>'<d<ps(j)_1_s(jD(@sw(p»ﬂ@mf

T=8(j-1)
where 3; = (kj,m;). Define the words
qQj ‘= Gs_yy - - Ds—1s ,7:1;3‘6—’_1;

and note that q can be written as the concatenation

(533) q=d192 .- -9¢+1-
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Since sup |aq| < 1 and ¢, ,,(p) € Vg, N {1 < |¢|y < 4}, we obtain from (E20)

1Y (P)Il < Clldpaisy—s ;) (Psgsny (D™ < C(Tg)™ < C(TGN"
We have ||Zq,;(p)|| < C and the product (5.31)) has 2 + 1 < 4Ny + 1 elements.
Therefore by (£25) and (33))

(5.34) Mq.a(p)ll < C(Tq, - Tgp )N < C(Tg )N

giving (5:29). O

5.3. Summing over many words. We finally give the proof of Proposition [£4l
By (@I4]) for h small enough we have the following bound on the length of words
with Jacobians less than Coh™% < h=1/2:

1
Ty <Coh™, JF < Coh™® = |p|,|r| < Cylog(1/h), Ci:= TS

We now split the operator Ap from ([@40) into pieces by the length of the words
involved:

F(p,r) ifpe g™ regm;

D Y R R
’!L7,7L+7 —n4 bl .
n_,ny<Cy log(1/h) 0, otherwise.

Using the triangle inequality we see that Proposition 4] follows from
Proposition 5.4. Let ny < Cylog(1/h), fiz 6 € [0,3) and Co > 0, and define
A ={qe " | JF < Coh™°}.
Assume that
F:di x o —C, sup|F|<1.
Then there exists a constant C depending only on §,Cy, A1, ..., Ag such that
lAr| 22 < C  where Ap:= Z F(p,r)A A
(p,r)€aty x ot
Proof. The proof proceeds by writing Ar as a pseudodifferential operator and esti-

mating its full symbol. The complications arising from the fact that A is the sum
over polynomially many in h terms are handled similarly to the proof of Lemma 311

(1) Let p € @ , r € o and fix N € N to be chosen at the end of the proof
in (047). Following the analysis in §§5.IH5.2l (and its immediate analog for the
operators AT) we write similarly to (53] and (5.12)

N-1

A5 = Op, ( 3 hkag’?) + O(RN-CNTIDIy
(5.35) o
AF = Op, < 3 hkaskl) L OmN-ENFIDy L
k=0
where (note we put agf)_ = a,(;,]lef in the notation of §5.1)):
. agf),, al(fl € CX(T*M) satisfy the support conditions

1 1
(5.36)  suppal) C VN {7 <lelg <4, suppalt) c Vi n {7 <lelg <4}
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and the derivative bounds similar to (5.10)

k k —(2hetm)§—
(5.37) 1) (|, al®) om = O(h=CrHmI=),
o if we fix Ny < 2N and denote similarly to (515])

— m (k m (k
(5.38) A, = (V ap,l)(k,m)ev,, Af = (V ai,i)(k,m)en,
where ¥4 := {(k,m) | k,m € Ny, 2k +m < Ny}, then for each p € T*M \ 0
we have similarly to (B.27)
(5.39) AR (I <C Y IMp ) 1AL (I <C D IV 4 ()l
Gep_ aeP,
where £, are the sets of paths of length n4 — 1 in the corresponding graphs

(see B.29));
e the homomorphisms M ;(p), Mi&(p) are defined similarly to (5.20): if @+ =

£ o, € P+ then

ay ...
My () =My M ()M (e ()
pat (D) =MD o (M () Mjnﬁ,azrvaa (0—(ns—2)(P));

e finally, the homomorphisms
M, . € C(T* M \ 0; Hom(¢% Eurs 6a)),

q,0,

are defined similarly to (B.I9)); in particular we have similarly to (520

g, a,o €Yy, a— o

M;a,a(p) = aq(p) - (d<P1(P)T)®m7
M, o (p) = ag(e-1(p)) - (dp—1(p)")®™

where a = (k,m).
(2) Using (B.35)-(E31) together with the precise version of the product formula,

Lemma [A6] we obtain
— At
ASAf =

Oph ( ?I))|Diag> + O(hN_(QN-FN)(S_)L"‘ﬂL"‘

S Rt @l

ky,i>0
k_+ky+i<N

where each L; is a differential operator of order 2i on T*M x T* M. Recalling that

o ={1,...,Q}, we have
#(%i) <h™% where Cs:=C4logQ.

Summing over (p,r), we get
(5.40) Arp = Op, ( Z hk+k++iak_7k+)i) + O(hN7(2N+17)572C27)L2_>L2

ki,iZO
k_tky+i<N

where
Yo FerLilay) @ al) b

Ak _ ki =
(pr)€cty x ol
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(3) We now estimate the derivatives of the symbols aj_ j i We first compute

the principal term ag 0, using that a( ) = ap, af.?}r = a7 similarly to the line

r
following (E8):
0,00 = Z F(p,r)agyaf

which, recalling that sup |F| <1, a1,...,ag > 0, and a3 + --- + ag < 1, implies
(5.41) sup |ag,0,0 < 1.

To estimate the higher derivatives of ag,0, as well as the other symbols ay_ 1, i,
we argue similarly to Lemma [£.3] handling the sum over words similarly to the
proof of Lemma Bl By the triangle inequality and since sup |F| < 1 we have for
any m
(5.42)

llak_ kil

m_ m k?
cm <C sup max > ([V™ay (o) - [Vl (p)]]).

pe{d<Iglo<a} ,, nED o or
Fix my > 0 such that m_ +m4 < m + 2¢ and put
Ny =2k +my, N_+N; <2(k_+ky+i)+m

By (5:39) we then have for each p € {1 < [¢[, < 4}
1V =al = () - IV a2 (o) < ClIAS (o) - | AL ()]
(5-43) <0 Y (M. ()l IM . ()]).

atezy

Fix two paths @ € £, and write them in the form (E.30):

+ _ o+ ok st
ot 5%) S(o)/BS@) S B <ei+1> Stex)
- M1, l1+1,£
- +
for some sequences 0 = S0y <81y < < S(Zi) < s(ei+1) n4. Define

— (e - + o +
S, = {5(1) L8y )~ 1}, Si = {5(1),...,s(e++1)}.

Arguing similarly to (5.34), but keeping track of the symbols a,, in (5:32]) (rather
than simply using the inequalities |ay| < 1) and recalling the support proper-

ties (5.36) we get for all p € supp agf:) N supp af.k_t) CVy NVFN{g < ¢y <4}

My - (D) < C(T ) 5-(p), IM 51 (0)| < C(T)Nraf 50 (p)

where we define the nonnegative functions ag 5> ar 5+ Dby removing certain factors
in the definitions (3.1)) of a, af (denoting p=po...pn_—1, T ="r1...70,):
L S+
am I Gnoe) = T o)
0<j<n, GES 1<j<ny, GEST,

Since J, , I+ < Coh™?, we have for all p € supp a( ’) N supp a(k”

IV 5 () - IV 4 () < ™ 2(k’+k*+z)+m)5d;af (p)a) 5+ (p).
Combining this with (542)—(E43]) we obtain
(5.44)
Jan iy illom < CH=EE-HHIMS gy SN S G (it (o).

Pe{ <[lg<4} ate?y p.r
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Now, we have for all @+ and p

(545) Z (a;,&7 (p)dI&Jr (P)) < Q4(k7+k++i)+2m+2 <C.
(pr)ed™— x A"+

Indeed, we write the left-hand side as the product of sums over the individual digits
pj_, T, . Since a;+- - -+ag < 1, each such sum is bounded by @ when j1 € S;i and
by 1 otherwise. It remains to recall from Step (1) of the proof of Lemma [5.3] that
¢+ < 2N and thus #(S2_) #(S;) <2N_ 42Ny +2 < 4(k_+ky+i)+2m+2.

Substituting (545) into (B-44)) and using the bound (B.28]) on # (%, ), we finally
get the bound

(5.46) lak_ gy illom = O(h— @tk +i)+m)s—y
(4) The bounds (41 and (G40) give

ap,0,0 = O(l)sgimp7 Ak _ kyi = O(h—Q(kf-‘rkJr"ri)ts—)Sgomp.

From the L? boundedness of pseudodifferential operators with symbols in S5°"F we
see that the first term on the right-hand side of (5:40) is bounded by a constant in
L? — L? norm. The remainder in (5.40) is also bounded by a constant if we choose
N large enough so that

(5.47) N(1—28) > 176 + 2C5.
Thus ||Ap||r2_r2 < C, finishing the proof. |

APPENDIX A. SEMICLASSICAL CALCULUS ON A SURFACE

In this appendix we provide versions of several standard statements from semi-
classical analysis (product and commutator rules, Egorov’s theorem) with explicit
expressions for the resulting symbols and for the L? — L? norms of the remainders.
These are used in the proofs of Egorov’s theorems up to minimal Ehrenfest time
(Lemma [Z5]) and local Ehrenfest time (§5]).

We restrict to the case of dimension n = 2. The statements below apply in the
general case but the number of derivatives needed to get an O(hN) remainderfd will
take the form 2N + C,, where (), is a constant depending only on the dimension.
The precise values of the constants C,, (which we compute for n = 2) are not
important. We do not attempt to prove optimal bounds. This is already evident in
the case of Lemma [A1] which does not recover boundedness of pseudodifferential
operators in W§™"P(R?).

To shorten the formulas below, we introduce the following notation:

DFa

denotes the result of applying some differential operator of order k to a. The specific
operator varies from place to place, with coefficients depending on the objects listed
in ‘e’ but not on h or a. Next, for an operator A on L? we write

A =0, (M)

to mean || Al|z2_, 72 < ChN where the constant C' depends on the objects listed in

)
o .

6As in §5l we use boldface N here to avoid confusion with (BIT)).
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A.1. Operators on R2. We first discuss pseudodifferential calculus on R%. We
use the standard quantization given by

(A1) Oph(a)f(@) = (2eh) ? [ ehe v a(a, &) f(g) dyd, a € S (TRD).
R4
We start with a quantitative version of the basic L? boundedness statement which

follows from the proof of [Zw12, Theorem 4.21]:

Lemma A.1. We have for some global constant C' and all a € ./ (T*R?)

0Py (a)l| L2 (v2)— r2R2) < C hax  sup €20 al.

The next statement is a quantitative version of the product formula. To prove
it we write OpY(a)Op}(b) = OpY (a#b), where a#b is determined by oscillatory
testing [Zw12, Theorem 4.19] and estimated via quadratic stationary phase [Zw12]
Theorem 3.13], and apply Lemma [A1]

Lemma A.2. Let N € Ny, R > 0. Then for alla,b € C>°(T*R?), supp aUsupp b C
B(0,R), we have

(A.2)
(—ih)lel

0@ 0p50) = 0pf (3 a0t + O rlllalenselblonsol ™),
lor| <N '

Remark. It is also useful to discuss composition of pseudodifferential operators
with multiplication operators. Assume that a € C®(T*R?), b € C°(R?), and
suppa C Brpepe(0, R), suppb C Bg2(0, R). Denote by Op} (b) the multiplication
operator by b. From (A) we see that Opj (b) Opy(a) = Opj(ab). Moreover,
Lemma [A 2] still applies with the same proof.

We finally give a quantitative version of the change of variables formula. We
follow [DZ19, §E.1.6]. The statement below is proved by following the proof
of [DZ19, Proposition E.10] using the method of stationary phase with explicit
remainder [Zw12, Theorem 3.16] and applying Lemma [A-1l We use the notation

(A.3) e i=(pT), @ f=foph

Lemma A.3. Assume that  : U — V is a diffeomorphism where U,V C R? are
open sets and x1,x2 € CX(U). Put

(A.4) P:TU =TV, &x,€) = (p(x), (dp(x)) 7€)

Let N €N, R > 0. Then for all a € C>(T*R?), suppa C B(0, R), we have

N-1
x19” O} (a)e™"xz = Op, (Xl(XQ + YWD, (o 45>>
j=1
+ ON,R,p.x1x: ([|all gz hN)-

Here the operators Di{m are supported in supp xa.
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A.2. Operators on a compact surface. We now study operators on a compact
Riemannian surface (M, g). We define a (non-canonical) quantization procedure
similarly to [DZ19, Proposition E.15]:

(A.5) Opy(a) = xii Op)) (xea) 0 B ) oy “xe
4

where we use the notation ([A.3), Op} (e) on the right-hand side is defined by (A,
e Up — Vo, Up € M, V, C R?, is a finite collection of coordinate charts with
M =, Uy, the cutoff functions x¢, xj € C(Uy) satisfy

(A.6) 1=3 e suppxe Nsupp(l - xp) = 0,
14

and @y : T*Uy — T*V, is defined by (A4). To simplify the formulas below we
denote

2= {(M,9)} U{(#e, xe: X0) e

For each j € Ny we fix some norm | e ||¢; on functions on T*M supported in
{l¢lg < 10}

We first give an L? boundedness and pseudolocality statement:
Lemma A.4. Assume that a € C(T*M) and suppa C {|{|; < 10}. Then
(A7) Opy(a) = O=(llallcs)-
Moreover, if x1,x2 € C°°(M) and supp x1 Nsupp x2 = @, then for every N € Ny
(A.8) X1 0P, (a)x2 = ON 2z e (lallons ATY).
Proof. The bound (A7) follows immediately from (AJ]) and Lemma [Al The
bound ([A-8) for the quantization Op}) on R? and x1, x2 € C>(R?) follows from the

remark following Lemma [A2} for the quantization Op,, it then follows from (AH).
O

We next give an auxiliary statement used in the proof of Lemma We
introduce the following notation: for a € C°(T*M)

(A.9) Opj,(a) == Opj, ((xpa) 0 3, ') : L*(R?) — L*(R?).
Lemma A.5. Assume that

(A.10) A= Xwr Opp(ar)e, "X « LA(M) — L*(M)

for some a, € C*(T*M) such that suppa, C {|¢|; < 10}. Put

(A.11) A= o o Axpel - L2 (R?) — L*(R?).
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Then for every N € N we have

(A.12)
N-1 ) )
A= 00, (3 (o + 30 WD, )i ) + Oz (o eomesah™),
r j=1
(A.13)

A= Z XIZSDZAEQOZ*XZ + ON’E(IHT&X ||ar||CN+6hN)7
l
(A.14)

N-1
A= Oph (Z (X’r‘ + Z h]DijE)ar) + (’)N,E(max HaTHCer+12hN).
T j=1

Here the operators D%E from (AI2) and ijE from (AI4) are supported in
Supp Xr-

Remark. The expression (A.10Q) is the general form of a pseudodifferential operator
on M, with Opy,(a) obtained by putting a, := a for all . The operator Ay is the
localization of A to the ¢-th coordinate chart. The statement (AT12) shows that
each localization is a pseudodifferential operator on R?; (A1) reconstructs A from
its localizations; and ([A.14)) writes a general pseudodifferential operator in the form
Op;,(a) for some a.

Proof. The expansion (AI2) follows immediately from Lemma [A3] with ¢ :=
prowyt, x1i= (XX o wp ' x2 = (Xexr) o9y s and a = (xpar) 0 B
To show (AT3) we write by (A6)
A= "Xt Avey "xe =Y (1= (X)*) Axe
¢ ¢

and estimate the right-hand side similarly to (Ag).

To show (AI4), we introduce a bit more notation. For a vector of symbols
a = {a,}, indexed by the coordinate charts used in (A5, let Opj (a) be the
operator defined in (AI0). Next, put

t(a) ={a},, w(a)= Zxrar.

Recalling (AZ5), we have for any a € C°(T*M)

Opy,(a) = Opj ((a)).
Therefore, for each vector a = {a,}, with a, € C*(T*M), suppa, C {|{|, < 10},
we have Op},(a) — Op,,(7(a)) = Op),(b) where b := a — ((n(a)). We apply (AI2)
and ([A13) to this operator to write it in the form Opj(c) for some vector of
symbols ¢ (modulo a remainder); note that by (A2) the leading term of ¢ is zero
since 7(b) = 0. This implies

N71 . .

(A15) O (a) = Opy (@) + Opi, ( X DY) + Oz (laloomesel™

Jj=1

where the differential operators DQEj act on vectors of symbols. We iteratively
apply (AT5) to the second term on the right-hand side and obtain (A14]). O
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We can now give the product and commutator formulas for the quantization
on M:

Lemma A.6. Assume that a,b € CX(T*M) and suppa Usuppb C {|¢|, < 10}.
Then for every N € N we have

N-1

Opy,(a) Op,,(b) = Op, (ab +Y WD¥ 2(daw dlb)|Diag>
(A.16) 2
+ ON,E(HO‘ ® b||CQN+15 hN),
N-1
(A7) [Opy(a), Op,(b)] = Opy, ( —ih{a, b} + Z WDE *(d*a® dzb)\Diag)
: =

+ ON,E(HG (29 b||C2N+15hN)7

where a @ b € C°(T*M x T*M) is defined by (a ® b)(p, p') = a(p)b(p’), Diag C
T*M x T*M denotes the diagonal, and d*b denotes the vector (8ab)|a‘§k.

Remarks.

(1) The expression D% ~2(d'a®d'b)|piag in (AIG) is a linear combination of prod-
ucts 0%a 8°b where |a| 4+ |3] < 2j and |a,|8] < 2j — 1. That is, the symbol in
product formula does not feature terms of the form h’/(D?/a)b or h7a(D%b). This
is not obvious; in fact the proof needs us to use the same quantization procedures
Opy, on both sides of (A16]).

Here is an informal explanation: in a fixed coordinate chart we have Op,(a) =
Op) (@), Opy,(b) = OpY(b), Op,,(ab) = OpY(é), where @ = a + > i>1 hiL;a, b =
b+> ;51 W Ljb, and ¢ = ab+ ).~ h? Lj(ab); here each L; is a differential operator
of order 2j (depending on the chart chosen). Denote by Ez#g the Moyal product
from ([A.2). If we denote by ‘...  terms of the form /D% ~2?(d'a @ d'b)|piag, then
a#b =ab+--- = ab + > i1 hi((L;ja)b+ a(L;b)) + ... and Leibniz’s Rule shows
that ¢ = ab+ 3,5, W/ ((Lja)b+ a(L;b)) + ... as well.

Similarly in the commutator formula (A17) the expression D% ~4(d?a®d?b)|piag

consists of products 0%a 9*b where |a| + |5 < 25 and |al,|5] < 25 — 2.
(2) We immediately deduce from (A7) the formula (240) used in the proof of
Egorov’s theorem up to global Ehrenfest time: it suffices to take b € Sg°™7 (T* M)
such that P = Opy(b) + O(h*°) and choose N large enough so that (1 —20)N >
2 + 130. Note that /D% ~%(d%a ® d?b)|piag € h'TUTDA=20) GNP (T \T) when
a € S{P"P(T*M). The expansion (A7) is crucial in the proof of the precise
version of Egorov’s theorem in Lemma

Proof. (1) Fix cutoff functions

Xy € CE(Ue), supp xe Nsupp(l — x7) = supp x7 Nsupp(l — xy) = 0.
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We write
Opy(a) Op, (b) = Z( 2)? Opy(@)x/ Opy (b)xe
(A.18) +Z (1= (x2)*) Opy(a)x7 Opy, (b)xe
+ Z Opy,(a)(1 = x7) Opy (b)xe,
(A.19) Opy(ab) = > (x7)> Opy(ab)xe + Y (1 — (x2)?) Opy(ab)xe

L L

The last two terms on the right-hand side of ([AIS8]) and the last term on the right-
hand side of (AJ9)) are estimated using (A7) and (A§). Rewriting the first terms

on the right-hand sides of (AI8)-(AT9), we get
Opy(a) Opy,(b) — Opy,(ab) = Z Xer (AeBe = Co)oy "xe
(A.20)
+ ON,E(HG ® bllenroh™),

where (note we use the notation A, in a slightly different way than Lemma [A5)

1, _*

Api= @y " Xe Op (X7l Bei= 0, " Xe Opp(b)Xi 07, Cr i= "Xy Opn(ab) X7 ;-
(2) Similarly to (AI2) we write for every N using the notation (A9

N-1

(A.21) Ay = Opﬁ < Z hij7(a> + ON,E(Ha||C2N+12hN)

=0

where each Lj, is a differential operator of order 2j supported in supp X and
Lo = xy. Same is true for By, Cy, with the same operators Lj ;.

Using (A.21) and the bound (A7) we get
(A22)  ABy= Y W' Op;(Ljea) Opy(Lieb) + Onz(lla® bllconssh™).

j,k>0
J+k<N

We next use the product formula for the standard quantization (Lemma [A2)) and
the fact that L ¢a, L ¢b are supported in supp x; which does not intersect supp(1—
X7), to write

(A.23)

Opj, (Lj.ea) Opj,(Ly.cb) = Opj, ((Lj,za )(Lkeb) + Z hSDS 2(Lja® Lk,Zb)|Diag>

+Onz(lla® b||C2N+12hN i= k).

Here D®® denotes a differential operator of order 2s on T* M x T*M which has no
more than s differentiations in either component of the product. This implies
(A.24)

A¢By — C, = Opy, <x2’ (X7 — Dab + Z B ((x7a)(Lyeb) + (Ljea)(x¢b) — Lyj.e(ab))
N-1

# 3 WD a0 D)l ) + On=(la @ Hlomessh®)
j=1
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where the second line includes all the terms in (A:23)) such that s > 1 or j -k > 0.
Using Leibniz’s Rule for the operators L;,, j > 1,

Lje(ab) = a(L;¢b) + (Ljea)b + D, 2(d'a @ d')|piag

J:4.E
we see that the restriction of the first line on the right-hand side of (A24]) to
T*M \ supp(1 — x7) D supp x¢ has the form Z;\L—ll thffE_2(d1a ® d'b)|Diag. From
here and (A14)) (using that the operators DQEJ .. there are supported in supp x,) we

get the product formula (AI6]).
(3) To obtain the commutator formula (A7) we write similarly to (A20)

[Opy,(a), Opy, (b)] + ih Opy, ({a,b}) = > X4wi ([Ae, Bel = Ee) oy "xe
J4

+Onz(lla @ blonioh™),
Ey := ;"X Opy,(—ih{a, b}) X} ¢;.
Similarly to (A22) we get

A Bl = 3" WO} (Lya), Oph (Lied)] + Onz(la @ bl cone 15 k™).

J,k=0
k<N

By Lemma [A2] we have the following analog of (A.23)):

[Op}, (L; ea), Oph (Ly.eb)]
N—j—k—1

= Opﬁ < —ih{L; ¢a, Ly ¢b} + Z hSDZ’;(Lj,ga oy Lk,éb)|Diag>
5=2

+Onz(lla @bl eonerhNTI7F),
This gives the following analog of (A.24):

[Ag, B¢] — E;, = Opj, (z’h(xi;’{a, b} — {x7a, x;b})

N-2
+ Y ihI (L e{a, b} — {x/a, Lj b} — {Lj.ea, x/b})
j=1
+ Z h]D??£4(d2a & d2b)|Diag> +Onz(lla® bH02N+15hN)
j=2
where the third line includes all terms such that s > 2 or j -k > 0. To get (AI7)
it remains to argue as at the end of Step (2) using the following Leibniz’s rule for
the Poisson bracket:

Lje{a,b} = {a, Lj b} + {Ljea,b} + D}z *(d*a @ d*b) |piag. O

A.3. Egorov’s theorem. We finally give a quantitative version of Egorov’s the-
orem (236)). The proof below applies to more general situations but we restrict
ourselves to the case of the propagator U(t) = exp(—itP/h), where P is defined
in [234), and the flow ¢; defined in ([Z2]).
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Lemma A.7. Assume that a € C°(T*M) and suppa C {1 < [¢|, < 4}. Then we
have for all N € N and 0 <t <1

N-1
(A.25) U(—t) Opy(a)U(t) = Op,, <(a—|—z thian>ogpt) +0n .z (||lal| censr7hNY).

Proof. (1) We first recall from (2.33) and ([2:34) that
1
P = Opy(po +hp') + O(h™) 1252, po=p on {7 <[]y <4}

where pg, p’ are classical symbols on T*M supported inside {% < [€]g < 5}. Here
p(z,§) = [§lg and @y = exp(tH)).
By the commutator formula (AI7), for any a € C°(T*M), suppa C {3 <
‘€|g S 4}7
; N-1 ‘
E[P7 Op,(a)] = Op,, (de + Z h]DQE]d) + ON’E(HZLHCzNJthN).
j=1
Here we use that p’ is classical, i.e. has an expansion in powers of i, and incorporate
the terms in that expansion into the operators Déj.
Therefore, for any family of symbols a; € C°(T* M) depending smoothly on ¢ €
[0,1] and such that suppa; C {3 < [¢], < 4}, and for any N € N
; N-1
— —[P,Opy(as o ¢1)] = Opy, ((@at -y hij’tat) o (pt>

j=1
+ Ons(llag oo hN)

0 Op;, (az o
(A.26) wlaoe) =g

where each L;, is a differential operator of order 2j on T*M with coefficients
depending on ¢, =.

(2) We now construct ¢-dependent families of symbols agj ) e CX(T*M), t €]0,1],
j=0,...,N —1, using the following iterative procedure:

] J—1 ¢
aEO) = a; agj) ::Z/ L psa®ds, j=1,...,N-1.
k=070
Note that agj ) has the form D?féa. Put
N-1
d,EN) = Z hjagj),
=0

then (A226) implies
- 1 -
(A27) 0 0py(a" o pr) = [P0 (@™ 0 0r)] = Onz(lallcanarh™).
(3) From (A27) and the unitarity of U(t) we obtain for ¢ € [0, 1]
0, (U(1) Opy(a™ 0 ) U (1)) = Onz(l[alconsrhN).

) — ¢ we have

Integrating this and using that ELE)N
U(t) Opp (@™ © 0)U(~t) = Opy(a) + Onz(lla] gansi7hN).

Conjugating this by U(t) we get (A25]). O
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APPENDIX B. FOURIER LOCALIZATION OF LAGRANGIAN STATES

In this appendix we prove Proposition 2771 We use the following interpolation
inequality in the classes C*. It is standard (see for instance [[ISI, Lemma 7.7.2] for
a special case) but we provide a proof for the reader’s convenience.

Lemma B.1. Assume that U C R™ is an open set, K C U, d(K,R"\U) > rg > 0,
and f € C*(U). Denote

[ fllm := max sup|0°f|, m € No.
la|l<m U

Let 0 < £ <m. Then there exists a constant C depending only on m,ry such that

(B.1) macsup |07 1] < Clfls™ ™11,

Proof. Since ||f]lo < ||f|lm it suffices to show (B) for |a| = ¢. Then (B holds
once we prove the following inequality for all zy € K:

(B.2) max |0% f(zg)] < C']%(§7Z/771113€7747’L7 Ry = max sup [0°f].
la|=¢ la|<k B(xq,r0)

By Taylor’s inequality we have for all y € B(0, ) and some constant C,,, depending
only on m

604]0(1,0) ya.

m—1
‘ (wo+y)— > Puly ’<cmRm|ylm, Po(y) =) —
=0 ’

|a|=2¢

Substituting

(&)1/7” ges 1t 0<r<nr

and using that |f(zo + y)| < Ro we get

m—1

> (72) " Ptor

sup
=0 R

r€[0,70)

< (14 Cor™) Ro.

The expression on the left-hand side is the sup-norm on the interval [0,rg] of a
polynomial of degree m — 1 in r. Using this sup-norm to estimate the coeflicients
of this polynomial, we obtain

sup |Pp(0)| < CmVTOR(l)_Z/mR%m forall £=0,...,m—1
gesn—1

where the constant C,, ,,, depends only on m,ro. This implies (B.2). O
We are now ready to give

Proof of Proposition 271 We show the following stronger estimate:
(B.3) a(&/h)| < CARNT2() T, £ e R\ Qa(Cy ' R).
Take arbitrary & € R™ \ Qg(C5 'h') and put

s:=d(¢,Qs) > Cy 1.
We have

(B.4) a(e/h) = /U P g(0) dz,  Be(w) = B(x) — (2, &),
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In the rest of the proof we put

2N
NO::[ I —l—n—" N :=Ny+1
-7

and denote by C constants which depend only on 7,n, N, Cy,Cys, whose precise
value might change from place to place.
We integrate by parts in (B.4)) using the differential operator L defined by

Lf(w) =Y b;(@d;f(x), bi(x):= _%

Jj=1

Integrating by parts Ny times and using that hLe'®¢(®)/h = ¢i®e(@)/h we get

(B.5)

a(e/n)| = ' /U (L) () dr| < Coh™ sup (L) Vo

where L! is the transpose operator:

n

L'f(z) = — Zaj (bj(z)f(2)).

Jj=1

To estimate the function (L*)Noa we bound the derivatives of ®¢. Since diam Qg <
Coh/ < CZs we have

s <|d®e(z)] < Cs forallxz e U.

By Lemma[B.Jlapplied to the first derivatives of ®¢ we obtain the derivative bounds
for 0 </ < Ny

(B.G) | rlm’}xlsu]? |aaq)£‘ < C's1—¢/No < Csh—(1—-7)¢/2
al=l+1 K

where in the last inequality we used the definition of Ny and the fact that s >
C’alhT > C’alh. This implies the derivative bounds for 0 < ¢ < Ny

(B.7) max sup |0%b;| < Cs 1p=(A-7)¢/2
al=t K

=

This gives an estimate on the right-hand side of (B.), implying

(B.8) [a(&/h)| < CRHTINo/25=No,

We have s > C~!h", thus (using again the definition of Np)
la(&/h)| < ChO=TINo/2 < CpN+n/2,

This gives (B.3)) for [¢] < C. On the other hand, if £ is large enough then s > (£)/2
in which case (B.3)) follows from (B.8) as well since Ny > n. O
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