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Abstract We prove that for evolution problems with normally hyperbolic
trapping in phase space, correlations decay exponentially in time. Normally
hyperbolic trapping means that the trapped set is smooth and symplectic and
that the flow is hyperbolic in directions transversal to it. Flows with this struc-
ture include contact Anosov flows, classical flows in molecular dynamics, and
null geodesic flows for black holes metrics. The decay of correlations is a
consequence of the existence of resonance free strips for Green’s functions
(cut-off resolvents) and polynomial bounds on the growth of those functions
in the semiclassical parameter.

1 Statement of results
1.1 Introduction

We prove the existence of resonance free strips for general semiclassical prob-
lems with normally hyperbolic trapped sets. The width of the strip is related
to certain Lyapunov exponents and, for the spectral parameter in that strip, the
Green'’s function (cut-off resolvent) is polynomially bounded. Such estimates
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are closely related to exponential decay of correlations in classical dynamics
and in scattering problems. The framework to which our result applies covers
both settings.

To illustrate the results consider

P=—-hA+V(x), VeCR",R). (1.1)

The classical flow ¢; : (x(0),£(0)) — (x(¢),&(¢)) is obtained by solving
Newton’s equations x'(7)(t) = 2&(t), §'(r) = —VV (x(t)). The trapped set at

energy E, K g, is defined as the set of (x, &) such that p(x, &) o E24+V(x) =
E and ¢s(x,&) / oo,ast — oo and as t — —o0.

The flow ¢; is said to be normally hyperbolic near energy E, if for some
5 >0,

§ def

K U K is a smooth symplectic manifold, and

|E—E'|<8

the flow ¢, is hyperbolic in the directions transversal toK 5. (1.2)

see (1.17) below for a precise definition, and [29] for physical motivation for
considering such dynamical setting. A simplest consequence of Theorems 2
and 6 is the following result about decay of correlations.

Theorem 1 Suppose that P is given by (1.1) and that (1.2) holds, that is
the classical flow is normally hyperbolic near energy E. Then for W €
CO((E —8/2, E+8/2)), and any f, g € LX®™), with || {112 = llgll 2> = 1,
supp f,suppg C B(0, R),

_; Crlog(l/h) _
h R 108
(e th/ ‘W(P)f, g>L2(R”) S W@ yvi —|— CR’NhN’ r > 0, (13)
foranyy < Ao/2 and for all N. Here Ao and cq are the same as in (1.18) and
CRr, Cg.n are constants depending on R and on R and N, respectively.

This means that the correlations decay rapidly in the semiclassical limit: we
start with a state localized in space (the support condition) and energy, ¥ (P) f,
propagate it, and test it against another spatially localized state g. The estimate
(1.3) is a consequence of the existence of a band without scattering resonances
and estimates on cut-off resolvent given in Theorem 2. When there is no
trapping, thatis when K = ¢, then the right hand side in (1.3) can be replaced
by O((h/1)*>), provided that + > Tg, for some Tg—see for instance [36,
Lemma 4.2]. On the other hand when strong trapping is present, for instance
when the potential has an interaction region separated from infinity by a barrier,
then the correlation does not decay—see [36] and references given there.
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Decay of correlations 347

More interesting quantitative results can be obtained for the wave equation
or for decay of classical correlations: see Sect. 1.2 for motivation and [54,
Theorem 3] and Corollary 5 below for examples. When the outgoing and
incoming sets at energy E,

IE (. 8): px. &) = E, gi(x, &) A 00,1 — Fo0),

are sufficiently regular and of codimension one, Theorem 1 and Theorem 2
below (without the specific constant 1¢) are already a consequence of earlier
work by Wunsch—Zworski [54, Theorem 2]! and, in the case of closed trajec-
tories, Christianson [10,11]. For a survey of other recent results on resolvent
estimates in the presence of weak trapping we refer to [52].

When normal hyperbolicity is strengthened to r-normal hyperbolicity for
large r (which implies that Ff are C” manifolds) and provided a certain pinch-
ing condition on Lyapunov exponents is satisfied, much stronger results have
been obtained by Dyatlov [19]. In particular, [19] provides an asymptotic
counting law for scattering resonances below the band without resonances
given in Theorems 2, 4 and 6. It shows the optimality of the size of the band
in a large range of settings, for instance, for perturbations of Kerr—de Sitter
black holes.

Similar results on asymptotic counting laws in strips have been proved
by Faure—Tsujii in the case of Anosov diffeomorphisms [24], and recently
announced in the case of contact Anosov flows [25]. In the latter situation,
described in Theorem 4 below, the trapped set is a normally hyperbolic smooth
symplectic manifold, but the dependence of the stable and unstable subspaces
on points on the trapped set is typically nonsmooth, but C!' or Holder con-
tinuous (see Remark 1.2 below). For compact manifolds of constant negative
curvature Dyatlov—Faure—Guillarmou [21] have provided a precise descrip-
tion of Pollicott—Ruelle resonances in terms of eigenvalues of the Riemannian
Laplacian acting on section of certain natural vector bundles.

In this paper we do not assume any regularity on Ff and provide a quantita-
tive estimate on the resonance free strip. For operators with analytic coefficients
this result was already obtained by Gérard—Sjostrand [27] with even weaker
assumptions on K®. A new component here, aside from dropping the analyt-
icity assumption, is the polynomial bound on the Green’s function/resolvent
that allows applications to the decay of correlations.

The proof is given first for an operator with a complex absorbing poten-
tial. This allows very general assumptions which can then be specialized to
scattering and dynamical applications.

1 Recently Dyatlov [20] provided a much simpler proof of that result, including the optimal
size of the gap established in this paper and the optimal resolvent bound o(h~2), for smooth
and orientable stable and unstable manifolds.
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Finally we comment on the comparison between the resonance free regions
in this paper and the results of [38,39] where the existence of a resonance
free strip was given for hyperbolic trapped sets, provided a certain pressure
condition was satisfied. In the setting of [38] the trapped set is typically very
irregular but, the assumptions of [38] also include the situation where K Sisa
smooth symplectic submanifold, and the flow is hyperbolic both transversely
to K% and along each K. In that case the resonance gap obtained in [38]
involves a topological pressure associated with the full (that is, longitudinal
and transverse) unstable Jacobian, namely

P —1(10 Jit+log JT) ) = sup [ H( )—l (log J;t +log J) d
5 V08 Y] gy _up =3 g gJ)du),

(1.4)

where the supremum is taken over all flow-invariant probability measures on
K% and H (p) is the Kolmogorov—Sinai entropy of the measure ;1 with respect
to the flow. The bound is nontrivial only if this pressure is negative. In the
case of mixing Anosov flows discussed in Sect. 9 the transverse and longitu-
dinal unstable Jacobians are equal to each other; the above pressure is then
equal to the pressure P(— log J”+), equivalent with the pressure P(— log J*)
of the Anosov flow, which is known to vanish [7, Proposition 4.4], and hence
gives only a trivial bound. For this situation, our spectral bound (Theorem 4)
is thus sharper than the pressure bound. On the other hand, one can construct
examples where the longitudinal and transverse unstable Jacobians are inde-
pendent of one another, and such that the pressure (1.4) is more negative -
hence sharper - than the value —A¢ given in (1.19), which may be expressed as
—ko = sup,, (— 3 [logJf du).

Notation. We use the following notation g = Ok (f)y means that ||g]ly <
Cy f where the norm (or any seminorm) is in the space V, an the Cy depends on
k. When either k or V are dropped then the constant is universal or the estimate
is scalar, respectively. When F = Ok (f)yv— w then the operator F : V — W
has its norm bounded by Cy f .

1.2 Motivation

To motivate the problem we consider the following elementary example. Let

X =Rand P = —83. A wave evolution is given by U (¢) & sin(\/?t)/«/ﬁ.
Then for f, g € C°(R) and any time ¢ € R we define the wave correlation
function as
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Decay of correlations 349

def

Cf. o) = /[U(t)f](x)g(X)dx (1.5)
R

In this 1-dimensional setting, the correlation function becomes very simple for
large times. Indeed, for a certain 7 > 0 depending on the support of f and g,
it satisfies

1
Vi=T, C(f o)) = E/f(x) /g(x)dx
R R

This particular behaviour is due to the fact that the resolvent of P,

ROVE (P21 L2R) = L2(R), Im A > 0,

continues meromorphically to C in A as an operator Lgomp — leoc and has a

pole at & = 0. In this basic case we see this from an explicit formula,

(ROIFI) = 5 / ¢ f (y)dy.,

R

More generally, we can consider P = —8% +V(x),V e L[R),withV >0,
for simplicity. With the same definition of U (1) we now have the Lax—Phillips
expansion generalizing (1.5):

C(f. )(1) = / U f gdx

R

- Z e_“‘ft/fujdx/gujdx—i-(?(e_m), (1.6)

Im Aj>—A R R

where A ; are the poles of the meromorphic continuation of R(A) = (P — A2)~1
(for simplicity assumed to be simple), and u ; are solutions to (P — A;)u i=0
satisfying u;(x) = asgnxeim| for |x| > 1. Since u; are not in L? their
normalization is a bit subtle: they appear in the residues of R(A) at A ;.

The expansion (1.6) makes sense since the number of poles of R(1) with
Im A > —A is finite for any A. If we define C(f, g) to be O for ¢t < 0, the
Fourier transform of (1.6) gives (provided O is not a pole of R(1)),
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Sum of Lorentzians corresponding to resonances
8 T T

6 i
4 L |
2 i
0 : .
0 5 10 15
Resonances obtained using splinepot([0,50,20,80,0],[-2 -1 01 2])
0 —¥ S :
*
-0.5F % 4
*
Ll * ]
** %
-1.5 - .
0 5 10 15

Fig. 1 The effect of resonances on the Fourier transform of correlations as described in (1.7).
The resonances are computed using the code scatpot .m [4]

Crho=n= > X - PO (Z) ’
Im )\j>—A /

c; —i/fujdx/gujdx. (1.7)
R R

The Lorentzians

| Im A ;|
——— = -21Im ,
A — ;12 Aj— A
peak at A = JA; and are more pronounced for Im A; small. This stronger
response in the spectrum of correlations is one of the reasons for calling A ;
(or )»3) scattering resonances (Fig. 1).

In more general situations, to have a finite expansion of type (1.6), modulo
some exponentially decaying error O(e~ "), we need to know that the number
of poles of R(A) is finite in a strip Im A > —y. Hence exponential decay of
correlations is closely related to resonance free strips.

This elementary example is related through our approach to recent results of
Dolgopyat [16], Liverani [35], and Tsujii [46,47] on the decay of correlations
in classical dynamics.

Let X be a compact contact manifold of (odd) dimension 7, and let y;
be an Anosov flow on X preserving the contact structure—see Sect. 9 for
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details. The standard example is the geodesic flow on the cosphere bundle
X = §*M, where (M, g) is a smooth negatively curved Riemannian manifold.
Let U(t) : C*°(X) — C*(X) be defined by U(¢) f = y,*f = f o y; and let
dx be the measure on X induced by the contact structure and normalized
so that vol(X) = 1. The results of [16,35] show that, for any test functions
f» g € C°°(X), the correlation function satisfies the following asymptotical
behavior for large times:

cf % / [U(1) f1(x) g(x) dx = / fdx / gdx + 0@ ), 1 - 0o,
X X X
(1.8)

and the exponent I' is independent of f, g. In other words, the Anosov flow is
exponentially mixing with respect to the invariant measure dx.

From the microlocal point of view of Faure—Sjostrand [23], this result is
related to a resonance free strip for the generator of the flow y;. The resonances
in this setting are called Pollicott—Ruelle resonances.

In this paper we consider general semiclassical operators modeled on
P given in (1.1), for which the classical flow has a normally hyperbolic
trapped set. Schrodinger operators for which (1.2) holds appear in molecu-
lar dynamics—see the recent review [29] for an introduction and references.
In particular, [29, Chapter 5] discusses the resonances in some model cases
and the relation between the size of the resonance free strip and the transverse
Lyapounov exponents. As reviewed in Sect. 9, the setting can be extended such
as to include the generator of the Anosov flow of (1.8), namely the operator
P(h) on X such that U(t) = y;* = exp(—it P/ h).

1.3 Assumptions and the result

The general result, Theorem 2, is proved for operators modified using a com-
plex absorbing potential (CAP). Results about such operators can then be
used for different problems using resolvent gluing techniques of Datchev—Vasy
[14]—see Theorems 3 and 4. The assumptions on the manifold X, operator
P, and the complex absorbing potential may seem unduly general, they are
justified by the broad range of applications.

Let X be a smooth compact manifold with a density dx and let

P = P(x,hD) € ¥"(X), m > 0,

be an unbounded self-adjoint semiclassical pseudodifferential operator on
L?(X, dx) (see Sect. 3.1 and [55, §14.2] for background and notations), with
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principal symbol p(x, &) independent of A. Let
W =W, hD) e U"(X), 0<k=<m, W=>0,

be another operator, also self-adjoint and with /-independent principal symbol
w(x, &), which we call a (generalized) complex absorbing potential (CAP).
We should stress that W plays a purely auxiliary role and can be chosen quite
freely.

If the principal symbols p(x, &) € S™(T*X) and w(x, &) € SK(T*X), we
assume that, for some fixed Cyp > 0 and for any phase space point (x, §) €
T*X,

Ip(x, &) —iw(x, £)] = (£)"/Co— Co. 1+ w(x, &) = (&)F/Co,
exp(tHp)(x, &) is defined for all # € R. (1.9)

Here, for £ € T;X we have denoted (& 2 =1+ II& ||)2c for some smoothly
varying metricon X, x — || e ||§, and by H, the Hamilton vector field of p.
The map exp(tHp) : T*X — T*X is the corresponding flow at time ¢. This
flow will often be denoted by ¢;, the Hamiltonian p(x, £) being clear from the
context.

For technical reasons (see Lemma 10.4) we will need an additional smooth-
ness assumption on w:

1
10%w(x, £)] < Cqw(x, &)™, 0<y < 5 (1.10)

when w(x, &) < 1. This can be easily arranged and is invariant under changes
of variables.
We call the operator

P=P—iWe¥"X), (1.11)

the CAP-modified P. The condition (1.9) means that the CAP-modified P is
classically elliptic and that for any fixed z € C

{(x,8) 1 p(x,8) —z=px,§) —iwx,§) —z=01 € T*X.
We define the trapped set at energy E as

KeEip=@.8 : pep (B) erlp) cw ' 0).  (1.12)

K  is compact and consists of points in p~! (E) which never reach the damping

region {p € T*X : w(p) > 0} in backward or forward propagation by the
flow ¢;.
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We illustrate this setup with two simple examples:

Example 1 Suppose that Py = —h*A + V, V € CE@R";R), suppV &
B(0, Rp). Define the torus X = R"/(6R¢Z)", and W € C*(X; [0, 00)),
satisfying

W(x) =0, x e B(0,Ryp), Wkx) =1, x e X\B(0,2Ryp),
W = Oy (W),

(here we identified the balls in R” with subsets of the torus). The last
condition can be arranged by taking W(x) = )((|x|2 — R%)w(x) where
x(x) = exp(—x*1)1R+ (x), and ¥ € C*(X, (0, 00)) is suitably chosen. The
power of W on the right hand side can be any number greater than %

Because of the support properties of V, P e 2A +V e W3(X) and
P — i W satisty all the properties above. The trapped set K g can be identified
with a subset of TE(O, RO)R” and is then equal to the trapped set of scattering

theory:
Kp={(x.§) e T*R" : £+ V(x) = E, x(t) 4 00, t — +00}.

Remark 1.1 Normally hyperbolic trapped sets occur in the semiclassical the-
ory of chemical reaction dynamics, where they are usually called Normally
Hyperbolic Invariant Manifolds (NHIM). They are of fundamental impor-
tance to quantitatively understand the kinetics of the chemical reaction. See
for instance [48] for a description of the classical phase space structure, and
[29] and references given there for the adaptation to the quantum framework.
The focus there is on examples for which the Hamiltonian flow exhibits a

saddle x saddle x --- x center--- X center

fixed point: after an appropriate linear symplectic change of coordinates, the
quadratic expansion of the Hamiltonian p(x, &) near the fixed point (set at the
origin) reads as:

1 d—d | d 1
Paud(x.6) =2 > (€ +ofad) + D, o (6 ).
i=l1 i=d—d) +1

For this quadratic model the NHIM at a positive energy E > 02, is given by

p NE)N {ta—ai+1 =Xa—a, 11 =...=x4 =& =0}

2 For the distribution of resonances at the fixed point energy E = 0 see [34,41].
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which is a 2d — 2d| — 1-dimensional sphere. The stable/unstable distribu-
tions are d | -dimensional (see (1.17) below), and are generated by the vectors
{0/0&; £A;0/0x; }f= d—d) +1° For this quadratic model the flow along the NHIM
is completely integrable. This implies that the latter is structurally stable to
perturbations (it is then r-normally hyperbolic for any r € N), meaning that
for any given regularity r > 0, a small enough perturbation of pguag Will still
lead to the presence of a NHIM of regularity C” [31]. However, the flow on
the perturbed NHIM is generally not integrable. This situation occurs if one
considers the full Hamiltonian p with quadratic expansion pquad: for small
positive energies p will still exhibit a NHIM, which is a deformed sphere.

Physical systems featuring this type of fixed point are presented in the liter-
ature: for instance the isomerization of hydrogen cyanide [51] or the quantum
dynamics of the nitrogen-nitrogen exchange [29]. Strictly speaking the poten-
tials appearing in these physical models are more complicated than the ones
allowed here. However, the behaviour near the NHIM determines the phenom-
ena which are studied here and which are relevant in physics.

We conclude this remark by recalling that when d | = 1 (most relevant from
the point of view of [29]) and when the system is r-normally hyperbolic for
sufficiently large r very precise results on the distribution of resonances have
been obtained by Dyatlov [19,20].

Example 2 Suppose that X is a compact manifold with a volume form dx and
a vector field E generating a volume preserving flow (Lgdx = 0). Then P =
—ih Eisaselfadjoint operator on L>(X, dx), and the corresponding propagator
exp(—it P/ h) is the push-forward of the flow y; = exp(z E) generated by E
on functions f € L?(X, dx): exp(—itP/h)f = f o y_,.

To define the CAP in this setting we choose a Riemannian metric g on X,
and a function

feC®R,[0,00)), |fP(s)| < Cuf(s)'77, forsomey € (0,1/2),
F710) = [—o0, M] forsome M >0, f(s)=+/s, s>2M.
(1.13)

If A4 is the corresponding Laplacian on X, we set W(x, hD) = f(—thg).
Then the operator P — i W € W!(X) satisfies the assumptions above. The
principal symbolsread p(x, &) = £(Ey), w(x, &) = f(||E ||§), where the norm
| ® ||l is associated with the metric g.
Ata given energy E € R, the trapped set is given by the points which never
enter the absorbing region:

Kp={(x,§) eT"X : §(Ex) =E, Il(y-):éllg <M, VteR}.
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At this stage the trapped set seems to depend on the choice of M. Below we will
be concerned with exp(z E) being an Anosov flow, in which case this explicit
dependence will disappear, as long as we choose M large enough compared
with the energy E (see the second assumption (1.15) below).

Returning to general considerations we also define

Ko U Ke. (1.14)
|E|<5

which is a compact subset to 7*X and assume that
dplgs#0, K’ NWE (W) =0. (1.15)

The first assumption implies that for |E| < §, the energy shell p_1 (E) is
a smooth hypersurface close to w™!(0). The second assumption is consistent
with the definition (1.12) of Kg. It implies that the latter is contained in the
interior of the region w~!(0), a property which is stable when enlarging K g
to K?, or when slightly modifying the support of w.

We now make the following normal hyperbolicity assumption on K°:

K? is a smooth symplectic submanifold of 7% X, (1.16)
and there exists a continuous distribution of linear subspaces
K’ >3 pr— E; CT,(T*X),
invariant under the flow,

+ _ *
VieR, (¢)E; =E; ),

and satisfying, for some A > 0, C > 0 and any point p € K?,

T,K°NEXf=EfNE, ={0}, dmEf=4d,,
T(T*X)=T,K°®E} ®E,,

Vv e Ey, V1 >0, [dos(0)vligepy < Ce vl (1.17)

Here p — || o ||, is any smoothly varying norm on 7,,(T*X), p € K?. The
choice of norm may affect C but not A.

Remark 1.2 A large class of examples for which the distributions p — E}f
are not smooth is provided by considering contact Anosov flows on compact
manifolds—see [23,47] and Sect. 9.1 below for the natural appearance of
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normally hyperbolic trapping for the flow lifted to the cotangent bundle of the
manifold. The regularity is inherited from the regularity of the stable and unsta-
ble distributions tangent to the manifold, which in general are only known to be
Holder continuous [3]. More is known on the regularity of these distributions
when the manifold is 3-dimensional (and preserves a contact structure). In this
situation, Hurder-Katok showed [32] that there is a dichotomy (or “rigidity”):
either the stable/unstable distributions are C>~€ for any € > 0 but not C? (this
is due to a certain obstruction, namely the Anosov cocycle is not cohomologous
to zero), or the distributions are as smooth as the flow. If that 3-dimensional
flow is the geodesic flow on a surface of negative curvature, then following
Ghys [28] they show (Corollary. 3.7) that the latter case imposes a metric of
constant negative curvature. Hence, for the geodesic flow on a surface of non-
constant negative curvature, the stable/unstable distributions, and hence their
lifts Eff, are not C2.

We do not know of an example of a Schrodingier operator (that is of a
classical Hamiltonian of the form p(x, &) = | |24V (x)) for which the trapped
set is smooth—or sufficiently regular: as with all microlocal results a certain
high level of regularity, depending on the dimension, is sufficient—and the
distributions p +— Eff are irregular. However there is no general result which
prevents that possibility. Interesting regular examples of E;t of any dimension
1 <d| <d — 1 were discussed in Remark 1.1.

We also remark that higher dimensional distributions can lead to compli-
cated topological issues, which would make the global approach of [19,20,53]
difficult. This is visible already for flows on constant curvature manifolds for
which smooth foliations may have nontrivial topology [21, §2.2].

Except for the construction of the escape function, for which we need to use
[37,43], the analysis in Sects. 5 and 6 would not be simplified by a smoothness
assumption on the distributions.

We can now state our main result.

Theorem 2 Suppose that X is a smooth compact manifold and that P and
W satisfy the assumptions above. If the trapped set K° given by (1.12),(1.14)
is normally hyperbolic, in the sense that (1.16) and (1.17) hold, then for any
€o > 0 there exists ho, co, C1, such that for 0 < h < hy,

(P —iW =22 < Crp~ 0 Imalhige (1,
for z €[—6+¢€y,8 —e€p]l —ih[0, Ao/2 — €], (1.18)

where Ao > 0 is the minimal transverse unstable expanding rate:

|
2o < tim inf— inf logdet (der] 1 ). (1.19)

t—o0 I pek?
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Here det is taken using any fixed volume form on ET, the value of Ay > 0
being independent of the choice of volume forms.

This theorem will be proved in Sect. 6 after preparation in Sects. 4, 5. The
bound log(1/h)/h on the real axis is optimal as shown in [5]. Using the
methods of [14] the estimate (1.18) almost immediately applies to the setting
of scattering theory. As an example we present an application to scattering on
asymptotically hyperbolic manifolds, which will be proved in Sect. 8:

Theorem 3 Suppose (Y, g) is a conformally compact n-manifold with even
power metric: Y is compact, Y = {x = 0}, dx[sy# 0, g = (dx* + h)/x>
where h is a smooth 2-tensor on Y with only even powers of x appearing in
its Taylor expansion at x = Q. If the trapped set for the geodesic flow on Y is
normally hyperbolic, then the following resolvent estimate holds:

_ log A
150 = Ag = (= D24 =22 £i0) 6 e < Corm A 1

The next application is a rephrasing of a recent theorem of Tsujii [46,47]; it
will be proved in Sects. 9. We take the point of view of Faure—Sjostrand [23],
see also [13].

Theorem 4 Suppose X is a compact manifold and y; : X — X a contact
Anosov flow on X. Let B be the vector field generating y;, and P = —ihE the
corresponding semiclassical operator, self-adjoint on L*(X, dx) for dx the
volume form derived from the contact structure.

Define the minimal asymptotic unstable expansion rate

1
o = lim inf- inf log det (dy,(v) - (1.20)

t—oo I x€

with E,(x) C Tx X the unstable subspace of the flow at x.
For any t > 0 there exists a Hilbert space, H,g (see (9.10)),

C®(X) C Hig(X) c D'(X),
such that (P — z)~!' : Hig — H;g is meromorphic in the half-space
{Imz > —th}.

Then for any small €y, 6 > 0, there exist hg, co > 0 and C1 > 0 such that,
taking any t > Ao/2 and any 0 < h < hy,

1P =2 Mg g < Crh™ "0 M Mi0g(1 /1),
z €[8,87 11— ih[0, ro/2 — €0 (1.21)
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The Hilbert space H;g in the above theorem is not optimal as far as sharp
resolvent estimates are concerned’. It is obtained by applying a microlocal
weight ¢’9" on L2, with a function G(x, &) vanishing in a fixed neighbourhood
of the trapped set. In [46] Tsujii constructed Hilbert spaces B? leading to
resolvent estimates ||(P — z)~!|| s < Cq h~! in the same region. A similar
resolvent estimate could be obtained in our framework, by further modifying
H,g using the “sharp” escape function G presented in Sect. 2 [see the estimate
(2.4)].

Under a pinching condition on the Lyapunov exponents, the recent results
announced by Faure—Tsujii [25] provide a much more precise description of the
spectrum of P = —ihE on H,g: the Ruelle-Pollicott resonances are localized
in horizontal strips below the real axis, and the number of resonances in each
strip satisfies a Weyl’s law asymptotics. That is analogous to the result proved
by Dyatlov [19], which was motivated by quasinormal modes for black holes.

Theorems 3 and 4 have applications to the decay of correlations, respectively
for the wave equation and for contact Anosov flows. As an example we state
a refinement of the decay of correlation result (1.8) of Dolgopyat [16] and
Liverani [35].

Corollary 5 Suppose that y; : X — X is a contact Anosov flow on a compact
manifold X (see Sect. 9.1 for the definitions) and that Lg is given by (1.20).
Then there exist a sequence of complex numbers, |,

0> Impj > Impjqq,

and of distributions uj i, vj i € 2(X), 0 < k < K, such that, for any
€0 > 0, there exists J(eg) € N such that for any f, g € C*°(X),

J(eo) K
[remrswax = [ rax [edxs 33t v
X X X j=1k=1
O (e P0m0/2), (1.22)

fort > 0. Here dx is the measure on X induced by the contact form and
normalized so that vol(X) = 1, and u(f), u € D'(X), f € C*(X) denotes
the distributional pairing.

The exponential mixing estimate (1.22) has been obtained by Tsujii [46, Corol-
lary 1.2] in the more general case of contact Anosov flows of regularity C”.
We restate it here to stress its analogy with resonance expansions in wave
scattering, see for instance [45].

3 We are grateful to Frédéric Faure for this remark.
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For information about microlocal structure of the distributions u x and v; x
the reader should consult [23]. Here we only mention that (with the standard
wave front set of [30])

WF(u i) C EX, WF(vjx) C E,

where E} = |J,cx E(x), and E}(x) C T)X is the annihilator of RE, +
E.(x) C Ty X, @ = u, s. The spaces E4(x) appear in the Anosov decomposi-
tion of the tangent space (9.2)

2 Outline of the proof of Theorem 2

The proof proceeds via the analysis of the propagator for the operator
P def ¢~ G @hD) (p _ )G D)

where the function G (x, &; h) belongs to a certain exotic class of symbols.
Our G is closely related to the escape function constructed in [37], it depends
on an additional small parameter, /&, which will be chosen independently of
h.

For a large 7o, any fixed I' > 0 and € > 0, we can construct G so that,
f0r~some constant Co, the following holds uniformly in 0 < & < ho, 0 < h
< ho:

G(p) = O(log(1/h)), G(p)— G(p—4(p) = —Co, peT*X,

G(p)—G(p_iy(p) =2, pep ' ([=8,81), d(p. K®)>(h/h)2, w(p)<e,
2.1

where d (e, @) is any given distance function in 7*X.
The proof of Theorem 2 is based on the following estimate. For some
€1 > 0, take an operator A € WO(X) such that WF,(A) C p_l(( 5,8)) N
w10, €1)). We will prove the following norm estimate: for any €g and M
there exists M, and ho > 0, ho > 0 such that for any h < ho, h < hg, we
have the estimate

| exp(_ltPG/h)A||L2(X)—>L2(X) < ¢ 100—€0)/2,

1 1
uniformly for times M, log Z <t <max(M, M) log Z 2.2)
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As aresult, for Im z > — (Ao — 2¢€0)/2,
T

(PG — Z)i/e_i’(ﬁG_Z)/hAdt — (I — ¢~ TP=2/hy 4
h
0

=A—0@ T, . (2.3)

Hence, by taking T large enough and using the ellipticity of PG —z away from
p~1((=8,8) Nw~1([0, €1)), we obtain

(P6—2) ' =0k 22, Imz > —(ho — 2€0)/2. (2.4)

Since e*" = O(h~Mo) 12, 12 from the growth condition on G, a polynomial
bound for (P — iW — z)~! follows. The more precise bound (1.18) follows
from a semiclassical maximum principle.

To prove the estimate (2.2) we proceed in a number of steps:

Step 1. The most delicate part of the argument concerns the evolution near the
trapped set. For some fixed R > 1, we introduce a cut-off function x € S 1

supported in the set
(pep™'(=8,8) : dlp, K®) <2R(/R)?).

This cut-off is quantized into an operator y * def x"(x,hD).
VYe thgn claim that f0r~ any €p > 0and M > 0, there exists C > 0 such that,
for h < hg and h < ho(h),

”Xwe—iz‘P/th”LZ_)L2 < Cﬁ—dl/Ze—t(XO—éo/z)/z’

1
uniformly for 0 < ¢ < M log Z (2.5)

The proof of this bound is provided in Sect. 5.
Step 2. For the weighted operator we obtain an improved estimate, now with a
fixed large time 7 related to the construction of G, and for y which in addition
satisfies
~ 1
x(p) =1 ford(p, K®) < R(h/h)2,|p(p)| < 8/2.

Using Egorov’s theorem and (from (2.1)) the positivity of G — G o ¢_4, on
the set supp(1 — x) N WF;,(A), we get following the weighted estimate:

11— x®)emi0Palh g < 07T (2.6)
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When constructing the function G it is essential to choose I" such that

foA
r~ 220
2

We also show that

lemitoPe/h Al < €2, 2.7)
for a constant Co independent of 4, h. Formally, these results follow from
Egorov’s theorem but care is needed as G is a symbol in an exotic class. To
obtain (2.6) and (2.7) we proceed as in the proof of [37, Proposition 3.11].

This is done in Sect. 6.
Step 3. The last step combines the two previous estimates, by decomposing

e—inl‘oﬁG/h — (UG,+ + UG,—)n’

Ug n déf e—il‘oﬁc/hxw, UG _ d;f e—iloﬁc/h(l _ Xw)
In order to apply (2.5) we use the fact that
Xwe—Gwe—it(P—iW)/herXw _ Xgle—itP/th’z +OG®) + C’)(h%),

where the symbols x¢,; have the properties required in (2.5). A clever expan-

sion of (e!"0PG/M)" into terms involving Ug,+ and an application of Steps
1 and 2 lead to the estimate (2.2) for t = nty. The argument is presented in
Sect. 7.

3 Preliminaries

In this section we will briefly recall basic concepts of semiclassical quantiza-
tion on manifolds with detailed references to previous papers.

3.1 Semiclassical quantization
The semiclassical pseudodifferential operators on a compact manifold X are

quantizations of functions belonging to the symbol classes S modeled on
symbol classes for R":

S™(T*R") = {a € C®°(T*R" x (0, 1]) :

Va, f € N, |a;§‘a§a(x,s; h)| < Cop(1 + |§|)mflﬂ|} ’
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see [55, §14.2.3]. The Weyl quantization, which we informally write as
S™T*X) s a(x,&) —> a¥(x, hD) € ¥"(X),

maps symbols to pseudodifferential operators. It is modeled on the quantization
on R":
[a®ul(x) = a®(x, hD)u(x) = [Opj (@)u](x)

= (anh)d //a(x;yvf)e”xy’@/hu(y)dydé, ue SR, (3.1

The symbol map

o V(X)) — S’”(T*X)/hSm_l(T*X),
is well defined as an equivalence class and its kernel is R =1(X)—see [55,
Theorem 14.3]. If 0 (A) has a representative independent of 4 we call that

invariantly defined element of S”(T*X) the principal symbol of A.
Following [12] we define the class of compactly microlocalized operators

WeOmP (X)) o {a¥(x,hD) :a e ($°N CENT*X)} + h°W ™ (X).
These operators have well defined semiclassical wave front sets:
WP (X)) 5 A —> WF,(A) € THX,

see [12, §3.1] and [55, §8.4].

Letu = u(h), llu(h)|;2 = Oh~N) (for some fixed N) be a wavefunction
microlocalized in a compact setin 7* X, in the sense that for some A € W°™P,
one has u = Au + Qg (h®°). The semiclassical wavefront set of u is then
defined as:

WE,(u)=0{peT*X : Jac SUT*X), a(x,&)=1, |la” ull,2 =0(h™)}.
(3.2)

When A € WP (X) we also define

WEy (I —A):= | ] WF(BU - A)),
BeWwcomp(X)
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and note that WF;, (B) N WF}, (A) is defined for any B € W™ (X) as

WF),(B) N WE),(A) := WF,(CB) N WE),(A), C € Weomp,
WE),(I — C) N WF,(A) = @.

Semiclassical Sobolev spaces, H; (X) are defined using the norms

lull sy = 1T = B> Ag)*Pull 2 x), (3.3)

for some choice of Riemannian metric g on X (notice that H; (X) represents
the same vector space as the usual Sobolev space H* (X)).

32§ 1 calculus with two parameter

Another standard space of symbols SS(RZ"), 0 < § < 1/2, is defined by
demanding that 3%a = O(h~1%1%). The quantization procedure a > Opja
gives well defined operators and Op;’a o Op;’b = Op;’c with ¢ € Ss.

For0 < § < 1/2 westill have a pseudodifferential calculus, with asymptotic
expansions in powers of 4. However, for § = 1/2 we are at the border of the
uncertaintly principle, and there is no asymptotic calculus—see [55, §4.4.1].
To obtain an asymptotic calculus the standard S; spaces is replaced by a

2
symbol space where a second asymptotic parameter is introduced:
S, @) = {a =alp.h. h) e CURE x (0, 1

x (0, 117) = [97al < Ca(h/ﬁ)—lal/Z} .
Then the quantization a + a*(x, hD) € ‘AI}% (R™) is unitarily equivalent to
ar> a" (3, hD)=0p? @, a(p) =a((h/h)p). ae SR™M), (3.4)

—see [55, §§4.1.1,4.7.2]. Hence, we now have expansions in powers of /1, as in

the standard calculus, with better properties (powers of (hh) %) when operators
in WV, and W are composed—see [43, Lemma 3.6].

2
For the case of manifolds we refer to [12, §5.1] which generalizes and
clarifies the presentations in [43, §3.3] and [54, §3.2]. The basic space of
symbols, and the only one needed here, is
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SO (T X) = <a €CX(T*X): Vi Via = O(h/R)~%), Yk,
2
Vj e C®*(T*X, T(T*X))} + h®S~°(T*X).

The quantization procedure

SYMP(T*X) 3 a — Opj(a) € "™ (X)

2 2

defines the class of operators \ifomp(X ) modulo 2% ¥ ~%°(X), and the symbol
2
map:

5 TP (X) — ST X)/ h2hr SO (T X). (3.5)
2 2

BI—

The properties of the resulting calculus are listed in [12, Lemma 5.1] and we
will refer to those results later on.
When i = 1 we use the notation S;° " (7*X) for symbols and denote by
2

W °"P (X)) the corresponding class of pseudodifferential operators. The symbol
2
map

ot WP (X) — SOTP(TFX) /R SO (THX),
2 2 2
is still well defined but the operators in this class do not enjoy a proper sym-

bol calculus in the sense that o (AB) cannot be related to o (A)o (B). How-
ever, when A € \I—'Clomp(X) and B € ¥ (X) then 6(AB) = o(A)o(B) +
2

(9(}1%)51 (r*x)—see [43, Lemma 3.6] or [12, Lemma 5.1].
2

3.3 Fourier integral operators

In this paper we will consider Fourier integral operators associated to canonical
transformations. It will also be sufficient to consider operators which are com-
pactly microlocalized as we will always work near p~!'([—28, 26]) N w™'(0)
which by assumption (1.9) is a compact subset of 7*X.

Suppose that Y1, Y> are two compact smooth manifolds (Y; = XorY; = T"
in what follows) and that, U; C T*Y; are open subsets. Let

kU — Uy,

def
I, S {6y, =) s (. 8) =k(y.m). (y.m) € U1} C T*Yy x T*Y,
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be a symplectic transformation, for instance x = ¢;, Uy = Uy = T*X. Here
", is the graph of x and ' denotes the twisting n +> —n. This follows the
standard convention [30, Chapter 25].

Following [12, §5.2] we introduce the class of compactly microlocalized h-
Fourier integral operator quantizing k., 1 ;omp(Yz xY, ). IfT €1 gomp(Yz X
Y1, T}) then it has the following properties: 7 = O(1)2(y,)— 12(y,); there
exist Aj € WOP(Y;), WF;,(A;) € U; such that

AZT =T+ O(hoo)p/(yl)g)coo(yz), TA] =T+ O(hoo)’D/(Yl)—)Coo(Yz);
forany B; € W"(Y)),

TB, =C\T+hTy, o(C))=0(B))ok !,
BT =TCy+hTs, o(Ca) =0a(By)ok, Tj €l "P(Ya x Y1, T}).
(3.6)

The last statement is a form of Egorov theorem.
When B; € \Iffomp(X ) then an analogue of (3.6) still holds in a modified
2

form

TB=CT +h%fz%D1T1, o(C1) =o(By) ok,
BT = TCy +h2h2ThDs, o(Ca) = o (Ba) ok,
T; € '™ (Y, x Y1,T,), Cj,D; e V"™ (X), (3.7)
2

see Proposition 6.3 (applied with g = 0).
An example is given by the operators

Ae HPIh g HPIhA € [OMP(X x X, TY,), ifA € U™P(X). (3.8)
In Sect. 5 we will also need a local representation of elements of 7°°™P
as oscillatory integrals—see [1],[22, §3.2] and references given there. If

T € [°°MP(R" x R", I'}) is microlocalized to a sufficiently small neighbour-
hood Kk (U) x U C T*R" x T*R" ([55, 8.4.5]) then

Tu(x)=Qrh)~ 3" / / VD gy 0)u(y)dydo+Oh™®)glull y-u. (3.9)
RkRn

for any M. Herea € Cé’o(Rz” x RK), ¥ € C®°(R?" x R¥), and near x (U) x U,
the graph of « is given by
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1—‘K = {((-xa dxw(xv y79))’ (y’ _dy‘//(x’ Vs 9)) : (x9 y’e) € Cl/f}a

def
Cy S {(x,y,6) = do¥(x,y,6)=0,},
dx,y,0(;¥), j=1,... k, arelinearly independent, (3.10)

For given symplectic coordinates (x, £) and (y, ) in neighbourhoods of « (U)
and U respectively, such arepresentation exists with an extra variable of dimen-
sion k, where 0 < k < n, and n + k is equal to the rank of the projection

L 3 ((x, 8), v, m) F— (x, m),

assumed to be constant in the neighbourhood of x (U) x U—see for instance
[55, Theorem 2.14]. Since I' in (3.10) is the graph of a symplectomorphism
it follows that for some y' = (y;,, ..., y;, ) € R*7K,

def ( Iy 0%y

Dy(x,y,0) = det , ) 0. 3.11
530 et (0 7o) # (3.11)

For the use in Sect. 5 we record the following lemma, proved using standard
arguments (see for instance [1]):

Lemma 3.1 Suppose that T is given by (3.9) and that B € 7 1 (R™). Then for
any u € L? with |lu|| ;2 = 1,

BTu(x):(2nh)—k§”//eiw’yﬁ)a(x,y,e)

Rk R"
xb(x, dy ¥ (x, y, 0)u(y)dydd + O(h?h7),2,
TBu(x):(Znh)_n;k//eli’/’(x’y’e)a(x,y,e)
Rk R”

xb(y, —dy(x, y, 0)u(y)dydd + O(h2h?) 2,

where b = o (B).

3.4 Fourier integral operators with operator valued symbols

In Sect. 5 we will also use a class of Fourier integral operators with operator
valued symbols. We present what we need in an abstract form in this section.
Only local aspects of the theory will be relevant to us and we opt for a direct
presentation.
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Suppose that ‘H is a separable Hilbert space and Q is an (unbounded) self-

adjoint operator with domain D C H. We assume that Q : D — H is

invertible and we put Dt def Q_eH, for £ > 0. For ¢ < 0, we define D! as the

completion of H with respect to the norm || Q%u/|5.
We define the following class of operator valued symbols:

Ss(R* x RK, H, D), (3.12)
to consist of operator valued functions
R" x R" x R¥ 5 (x, y,0) —> N(x,y,0): D®° — H
which satisfy the following estimates:
3% L gN(x.y,0) = Oy (1) : D — D, (3.13)

for any multiindex « and £ € Z, uniformly in (x, y, 6). We note that this class
is closed under pointwise composition of the operators: if N; € S; then N;
defines a family of operators D¢ — D!, hence so does their product NiNy;
the estimate (3.13) follows for the composition, since for |8| + |y | = |«]|,

3P N187 Ny = O(1) pessial  prstai—ah QD) pessiai—ipn s pt = O (1) pislal _ pe -

Proposition 3.5 at the end of this section describes a class which will be used
in Sect. 5.

Suppose that i satisfies (3.10) and (3.11). We can assume that i is defined
on R x RK. For N € Ss and a € C (R?" x R¥) we define the operator

T:LPRHYQH— LXRH®H, L*R")QH~L*R" H),

(the second identification is valid as H is separable [40, Theorem II.10] but it
is convenient in definitions to use the tensor product notation) by

Twev) (2nh)—#//eé*w("’y’g)a(x,y,e) (u(y) ® N(x,y,0)v)dyds. (3.14)
RERn

This operator is well-defined since a is compactly supported, but to obtain a
norm estimate which is uniform in # we need to assume that N € Sp:

Lemma 3.2 Supposethat N € So(R¥"* H, D) and that T is given by (3.14).
Then

lal [Nl H—x
I|T||L2(R")®H—>L2(R")®H = max 7R + O(l’l), (315)

Cy VIDyl
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where Cy, def {(x,y,0): 09y =0}, and Dy, is given by (3.11).
IfN € Ss(R*"t* 'H, D) then

T =0(): L*(R") @ D™+ — L>(R") @ DY, (3.16)

where my, depends only on the dimension n.

Proof The estimate (3.15) follows from a standard argument based on consid-
ering T*T and from [55, Theorem 13.13]. The estimates (3.13) with § = 0
and £ = 0 show that the operators can be treated just as scalar symbols.

To obtain (3.16) we note that

2 (NG Y, 0) =0() : H > M, forlals < L.
To obtain the norm estimate (3.15) we only need a finite number of derivatives,
M,,, depending only on the dimension. Taking m,8 > L > M, 6, we can then
apply (3.15) to the operator Q LT, which gives the bound (3.16) for 7. O

A special case of is given by x = id. In that case we deal with pseudodif-
ferential operators with operator valued symbols. The following lemma sum-
marizes their basic properties:

Lemma 3.3 Suppose that N; € ng (R2"), j = 1,2. Foru € (R") and
v € D we define

S 1 Liy_y
Opf (V) © ) < / ehtr=y) [Nj (“2” ,s) v}u(y)dyds.

These operators extend to
Opl(N;) = O(1) : L*(R") @ DT — L2(R") @ D',  (3.17)
and satisfy the following product formula:

Op,/ (N1)Opy, (N2) = Op}, (N1 N2) + hR,

Here and in (3.17), £ is arbitrary and m,, depends only on the dimension n.

Proof When §; = 6, = 0 the proof is an immediate vector valued adaptation
of the standard arguments presented in [55, §§4.4,4.5] where we note that
only a finite number (depending on the dimension) of seminorms of symbols
is needed. In general, (3.13) gives

Q7 EN;OM=0(1): D" > D, Jals; <L+ M, (3.19)
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and the norm estimates (3.17) follows. To obtain the product formula we note
that, using (3.19), it applies to Q™™ Ny and No QM for M sufficiently large
depending on n. Hence

Opy (N1)OpY (N2) = 0MopY (0~ Ny)OpY (N, 0~ M) oM
= oMopy (@M NN, 0" oY
+QMO(h)L2®DP—>L2®DP oM
= Opj, (N1\2) + Oh) p2gpr+m_ 29—,

which gives (3.18) provided m,, (61 + §2) > 2M. O

We can also factorize the operator T using the pseudodifferential opera-
tors described in Lemma 3.3, the proof being an adaptation of the standard
argument. When S : L*>(R") — L*(R") we also write S for S ® Iy :
L*(R" @ H — L*(R") @ H.

Lemma 3.4 Suppose that T is given by (3.14) with N € Ss. Then
T = T'Op}! (Ny) + hRy = Op}/ (N)T! + hR,,
where
Tl e [€OmP(R" x R", T,

Thu(x) = (2’”“)_%”/ / VI Da(x, v, Oyu(y)dydo,

Rk R

NZ(-x’ de(x» y’ 9)) == Nl()’» _dyw(-x’ yv 0)) - N(-xa yv 0),
(x,y,0) € Cy

R; = O(1) : L*(R") @ D™+ — L*(R") @ D". (3.20)

Here, Nj € S5(R" x R", H, D), and
OpY(N;) = O(1) : L*(R") @ D™ — L*(R") ® D".
In our applications we will have
H=L*R™, dy), Q=-h*A;+37°+1, (3.21)
so that D are analogous to Sobolev spaces (see [55, §8.3]). In the rest of this
section (as well in Sect. 5), we will use the shorthand notations p| = (x, y, 0)

in order to shorten the expressions, and to differentiate between these variables
and the “transversal variables” (y, 77).
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We consider a specific class of metaplectic operators:

- ~ _ 1L y,7)— (7,5 s g~
N(ppu(3) = Q@mhy ™ / / (det 83 1qp)7er 1TV,
RL RL

(3.22)

where g, (, 17) is areal quadratic form in the variables y, 77, with coefficients
depending on py|, being in the class S(R?"*%) and the matrix of coefficients
a}%ﬁqpu is assumed to be uniformly non-degenerate for all p|. The definition
involves a choice of the branch of the square root—see Remark 5.8 for further
discussion of that. For any fixed p| these operators are unitary on H (see for
instance [55, Theorem 11.10]).

The next proposition shows that this class fits nicely into our framework:

Proposition 3.5 The operators N(p)) given by (3.22) satisfy
35 N(py) = O e(h™*) : DIt — DE, (3.23)

for all £, That means that (3.13) holds with § = 1 (the loss in h is considered
as dependence on «).
def

If 5 € S(R*L) s fixed, A > 1, and x(e) = % (A~ 'e), then for any €
and k > 0,

XX (3, hD;) = Op(A*) : D' — DI, (3.24)
so that

O, (XA ¥, f‘Di)N(PII)) = Oy o(A?p71ehy . Db — DY, ]
. 3 (3.25)
ag“ (N(p“)ix)(j}’ hDy)) = Oa’((Az‘alh_lal) . DZ R DZ.

Proof We see that 82‘| N (py) is an operator of the same form as (3.22) but with
the amplitude multipiied by

> RSP iP g 0)), qp € SRP),
|B1=2|c|

B=(B1, Ba, B3) N>, B; € NI,

where mg < |a|. Hence to obtain (3.23), it is enough to prove that
0'5 N (o)) (Y2 (D3P 0™~ Iu(5")) = Ol
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Using the exact Egorov’s theorem for metaplectic operators (see for instance
[55, Theorem 11.9]) we see that the left hand side is equal to

~ 4
N (py) (p;g”@c D) (K;0) Q‘“'“'v@’)) - Kq 059, 1) — (3, 959),

q = qp, and where pg is a polynomial of degree less than or equal to |B|.
Since B < 2|, the operator py (K 0)¢ 0@l is bounded on H (see for
instance [55, Theorem 8.10]) so the unitarity of N gives the boundedness in H.
To obtain (3.24) we first note that x5 € S(R*?L) uniformly in A > 1.
Hence Q7 ‘3V Q% = O(1)p— 3, uniformly in A (again, see [55, Theo-
rem 8.10]). This gives (3.24) for k = 0. For the general case we put
Or =1+ A‘Z((hDy)2 + %), and note that for any M, Q%)A(K = )A(I’(),M,
where o m € S (R%41) uniformly in A. Hence it is bounded on L?(R41)
uniformly in A and 4. We then write
0" XX (3. hDy) = QX 0 F 0L X 5, hDy)

= (1 + (hD3)* + 7" (1 + A2(hD5)* + A725%) *F¥ (5. hDy)

= AL+ (hD5)* + 3HNA? + (hD5)* + 7)) XY 1 (5. h Dy)

= O(AZk)LZ(RdJ_)_)LZ(RdJ_)a

completing the proof of (3.24). O

4 Classical dynamics

In this section we will describe the consequences of the normal hyperbolicity
assumption (1.16), (1.17) needed in the proof of Theorem 2.

4.1 Stable and unstable distributions

Let K be the trapped set (1.14) and Eff CT,X,peKkK 3, the distributions

in (1.17). We recall our notation ¢, def expt H, for the Hamiltonian flow
generated by the function p(x, &).
We start with a simple

Lemma 4.1 If w is the canonical symplectic form on T*X then
wp [p==0, 4.1)
that is E}f are isotropic.
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Without loss of generality we can assume that the distributions Eff satisfy
Ef ®E, = (T,K)", 4.2)
where V= denotes the symplectic orthogonal of V.

Proof The property (4.1) follows from the fact that ¢, preserves the symplectic
structure (¢;w = w). For X, Y € E =+

wp(X,Y) = 0y, (p)(dpx)(p) X, dp(p)Y) — 0, 1 — +o0.

To see that we can assume (4.2) we note that the distribution {(7, K 0L, pE
K‘s} is invariant by the flow: do¢;(p) : T,K — T, K, and de¢;(p) is a
symplectic transformation. If 7, : T,(T*X) — (T,K 5L is the symplectic
projection, then 74y, (p) © de;(p) = dg;(p) o wy. This means that we may
safely replace Eff with np(E;t), without altering the properties (1.17). O

4.2 Construction of the escape function

To construct the escape function near the trapped set we need a lemma con-
cerning invariant cones near K°. To define them we introduce a Riemannian
metric on 7*X and use the tubular neighbourhood theorem (see for instance
[30, Appendix C.5]) to make the identifications

neigh(K°) ~ N*K® N {(p,¢) e T*(T*X) : |I¢|l, < €1}
~ (TK®T N {(p,2) e T(T*X) : |zll, < e1}
~{(m,z):me K% zeR¥. |z||, <€) (4.3)

Here (T K%)L denotes the symplectic orthogonal of TK?® C Tys(T*X) C
T(T*X). Since K° is symplectic, the symplectic form identifies (7 K?)* with
the conormal bundle N*K?%. The norm || e || p 18 a smoothly varying norm on
T,(T*X).We write d,(z, z') = |lz—Z'|| , and introduce a distance functiond :
neigh(K ) x neigh(K %) — [0, co) obtained by choosing a Riemannian metric
on neigh(K®). We have d((m, z), (m, z')) ~ d,y(z, z) and the notation a ~ b,
here and below, means that there exists a constant C > 1 (independendent of
other parameters) such that b/C < a < Cb.
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Assuming that Eff are chosen so that (4.2) holds we can define (closed)
cone fields by putting

def
CE = {ze (T,K" 1dy(z EL) < ellzllp. llzll, < 1),
def . 4.4
ct= U Cff Cnelgh(K‘S), (44)
pek?’

where we used the identification (4.3). Since the maps p +— E ff are continuous,
C* are closed.
The basic properties C* are given in the following

Lemma 4.2 There exists ty > 0 and eg > 0 such that, for every t > tg
there exists 6(1) such that if one chooses € < e?, j = 1, 2 in the definition of

neigh(K‘S) and C*, then
p € Cx, 9ii(p) € neigh(K®) = ¢u/(p) € . (4.5)
In fact a stronger statement is true: for some constant A1 > 0 and any t > ty,
P, 941(p) € neigh(K®) = d(p+i(p), CT) < e M'd(p, CF). (4.6)
Finally,
d(p,CH? +d(p,CT)* ~d(p, K. 4.7

The conclusions (4.6) and (4.7) are similar to [37, Lemma 4.3] and [42, Lemma
5.2] but the proof does not use foliations by stable and unstable manifolds
which seem different under our assumptions.

Proof For p € neigh(K?%) let (m,z), m € K® and z € R?*¥ ~ (T,,K%)*
be local coordinates near p. Similarly let (7, 7) be local coordinates near
¢:(p) € neigh(K 8y (by assumption in (4.5)). Then if for each m we put

dj g (m) def d:(m) F(TmKa)L, the map ¢, can be written as,

@ (m, 2)=(pr(m) + O (IzlI*), d Lo (m)z + O;(IIz]1%))
=(pi(m1), digi(m)z + O (IzI1P), mi=m+O,(Iz|?). (4.8)

(Here we identify (7;, K )L with R24+ and consider d 1L @(m) - R2dL 5 R2d1
with similar identification near ¢;(0). The norm || e || is now fixed in that
neighbourhood.)

Let z = z4+ + z_ be the decomposition of z corresponding to (7}, K HL =
Entl ®E,, (we assumed without loss of generality that (4.2) holds). The
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continuity of p +— E;t and the definition of C;f show that if € is small
enough depending on ¢ (so that d(m, m|) = O, (lIz]|%) is small)

2€Cp = lz-llm < 2€2lz4llm;- (4.9)

Since

digm)z =Y digim)ze, digim)ze € Ey 0,
+

normal hyperbolicity implies that for some C > O and A1 > 0

ld @i (m1)z4 | >1e2“’||z [
! = +h (4.10)

=2\t

ldLg(m)z_|| < Ce lz—1I,

for all positive times ¢.
If z € C;}, then this and (4.9) show

Ild1L @ (m1)z— || < 2C% e ™ ey||d1 @ (m1)z].

Let us take 7y such that 2C2 e~ < 1/2. For t > tp and €; small enough
depending on ¢ this shows that

ze€C)and |z| < e, |die(m)z| < €

= dig(m)z+ Oi(lzI*) € CF (0, (4.11)

which in view of (4.8) proves (4.5) in the + case with the — case being
essentially the same.
To obtain (4.6) we note that for (m, z) € neigh(p, K?%),

d((m, 2), C*)~dp(z, G~z (1 =1t (@), 2=24 +2-, 24 € E,,

where 1 4 is the characteristic function of a set A. (To see the first ~ we need
to show that d((m, z), C*) < cody(z, C;}) for some cg, which follows from
an argument by contradiction using pre-compactness of K°.)

We also observe that if do;(m1)z € neigh(K‘S) then (4.11) gives, for €
small enough depending on ¢,

1= ler, (dugimz+0,(1dP) = 1 - 150

Hence, using (4.8) and (4.10), writing z = z_ + z4 as before, and taking €;
sufficiently small depending on ¢ > 1y,
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d(@i(m, 2), C) ~ dy,my) (dLpr(m1)z + O (1217, Cf 1)
~ lld g mpz—|| (1+ Os(llz—1)
x(1=T¢r - (@igim)z+ Ou(lzI))

< Ce™ Mz (1 + Or(lz= D) (1 = L ()
< CleMdy (2, Ch ) ~ Cle My (2, C)

< e Md((m,z),Ch).

Here in the second line we used the fact that ||z|| < C||z—]|| if the distance is
non zero (with C depending on €;). In the fourth line we used the continuity
of the cone field, m +— C,|.

This proves (4.6). The last claim (4.7) is immediate from the construction
of C* and the fact that E} N E, = {0}. o

We now regularize d(p, C i)2~ uniformly with respect to a parameter €. It
will eventually be taken to be /2 /h, where £ is a small constant independent of
h.Lemma 4.2 and the arguments of [37, §4] and [43, §7] immediately give

Lemma 4.3 There exists to > 0 such that for any t > to, there exists a
neighbourhood V; of K* and a constant Cy > 0 such that the following
holds.

For any small € > 0 there exist functions y+ € C*°(V; U ¢, (V,)) such that
for p € Vi N p~ (=8, 8],

y£(p) ~d(p,Cx)* +€, yi(p) > e,
£ (y£(p) — y+(@:(p)) + Coe ~ y+(p),
3y (p) = Oy=(p)' 714/,
y+(p) + v—(p) ~ d(p. K°)* + €.

4.12)

Following [37, §4] and [43, §7] again this gives us an escape function for a
small neighbourhood of the trapped set. We record this in

Proposition 4.4 Let y+ be the functions given in Lemma 4.3. For L > 1
independent of €, define

Go € log(Le + y_) — log(Le + ) (4.13)

on a neighbourhood V of the trapped set K*°.
Foranytylarge enough, and L depending on ty, we can find a neighbourhood
ofU €V ofK26 and c1, ca, C1, Ca2, > 0, independent of L, such that

. o] _lof
Go = O(log(1/€)), 09;Go = O(min(y4,y-)"2) =0 7), la| =1,
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and such that for p € Uy N p~1([=8, 8]),

3¢ (Golgiy () — Go(p)) = Omin(yy, y-)~3) = O™ 1), ol = 0,
d(p, K°)* = Cre = Golgy(p)) — Go(p) = c1/L,
d(p,K*)? < cxLe = |G(p)| < Ca. (4.14)

Remark 4.5 For the reader’s convenience we make some comments on the
constants in Proposition 4.4 referring to the proof of [37, Lemma 4.4] for
details. The constant L has to be large enough depending on the implicit con-
stants in (4.12). The constants C1, C, have to be large enough, and constants
c1, c2 small enough, depending on the implicit constants in (4.12). In Sect. 6.2
it matters that we can take cp L > C which is certainly possible.

In the intermediate region between U; and {x : w(x) > 0} we need an
escape function similar to the one constructed in [15, §4] and [26, Appendix].
We work here under the general assumptions of Sect. 1.3 and present a slightly
modified argument.

Lemma 4.6 Suppose that X is a compact smooth manifold, p € S™(T*X; R),
w € SK(T*X; [0, 0)), k < m, and that (1.9) holds. For any open neighbour-
hood V 0fK35, there exists €; > 0 and a function G| € C° (p_l ((—28, 28)))
such that

G1(p) =0 for p in some neighbourhood of K3,

HyG1(p) = 0 for p ¢ w™! (1, 00)), (4.15)

HyG1(p) > 0 for p € p~ (=8, 8D\ (Vi Uw ™ ((e1, 00))).

Proof Call Uy © w=1((0, 00)) and suppose p € p~! (=25, 28)\(V; U Up).

We first claim that there exist 74+ = T+ (p), T— < 0 < T4, such that

¢r, (p) € Uy or g1 (p) € U, (4.16)
or.(p) € V1 U Up. 4.17)

(Here and below we use the notation p4(p) = {¢;(p) : t € A}.)
To justify these claims we first note that since p ¢ K%, pr(p) N Uy # @
which implies that

3T1, n(p) € Uo. (4.18)

Assuming that 77 < 0 we want to show that ¢1,(p) € Vi U Uy for some
T» > 0. Suppose that this is not true, that is

©0,00) () N (V1 UUp) = 0. (4.19)
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Then for any ¢; — o0,

i 01, (p) € p (=28, 28D\(Vi UUp), @10.00)(p) N (V1 U Ug) = 0.

By (1.9) the set p‘1 ([—26, 26D\ (V1 U Up) is compact and hence, by passing
to a subsequence, we can assume that p; — o ¢ V1 U Up. We have ¢;(p;) —
¢:(p),as j — oo, uniformly for [¢| < T, and it follows that ¢ o) (0) N (V1 U
Up) =¥0.Fort > —t;,

©1(Pj) = Pr11,(p) C P0.00)(p) C p~ ' ([=28, 28D\ (V1 U Up),

which means that ¢, (p) ¢ Vi U Up fort > —t; — —o00. We conclude that
Pr(P) VI UUy =0 = ¢r(p) € K».

This contradicts the property p ¢ Vi, and proves the existence of 75 > 0 such
that o7, (p) € Vi U Uy. Wecall T_(p) = T, T+ (p) = T>.

In the case T in (4.18) is positive, a similar argument shows the existence
of 75 < O such that g7, (p) € (V1 UUp) # 0. In this case we call T_(p) = T2,
Ty(p) =T.

Foreach p € p~!'([—28, 28]) we can find an open hypersuface I o, transver-
sal to H), at p, such that, if g7, (p) € U, then for p’ € T,

or.(p") € U, o1, (p") € V1 U Up.

Notice that the closure of the tube €2, &ef ocr_,1,)(I'p) does not intersect K 35,
Using this tube, we construct a local escape functions g, € CZ°(2,), with the
following properties: for some €, > 0, and an slightly smaller tube Q:O C 2,

containing ¢(r_.1,)(p),

Hygp(p)) >0, p' ¢ w (e, ),
Hpgp(p’) > 0, p/ IS Q:o\(w_l((ep, 00)) U V). (4.20)

Here €, is chosen so that if @7, (p) € Uy then o1, (I'y) C w_l((2ep, 00)).

To construct g, we take (t,m) € (T_,Ty) x I', as local coordinates:
(t,m) — @;(m) € Q,.Suppose that p7_(p) € Uy, and that or_ 7_1,)(I'p) C
wil((ep, 00)) and @7, —,.1,)(I'p) C V1 U Up. Choose x, € C((T-, Ty))
which is strictly increasing on (7_ + y, T4+ — ) and non-decreasing on (7 —
¥, T4+). Also, choose ¥, € CX°(I",) with ¥, (p) = 1. Then put g, (¢;(m)) &
Xp ()Y, (m). Since Hpg, = X;) (t)yp(m), (4.20) holds. A similar construction
can be applied in the case where ¢7_(p) € Vi, o1, (p) € Up.
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From the open cover
P ([=8, 8D\ (ViU Uo) C ({2, : p € p~1 (=8, 8D\(V1 UUn)},

one may extract a finite subcover UJL~:1 $2;. The closure of this cover does

not intersect K%, so that the function G, (p) def ZzL:1 8p, (p) satisfies (4.15),
for € = min; €p;- O

We conclude this section with a global escape function which combines the
ones in Proposition 4.4 and Lemma 4.6. The estimates will be needed to justify
the quantization of the escape function in Sect. 6. The proof is an immediate
adaptation of the proof of [37, Proposition 4.6] and is omitted.

Proposition 4.7 Let V, Uy, Gg and ty be as in Proposition 4.4, and let Wy be
a neighbourhood of K% such that W, € Uy, W; U iy (W1) € V.

Take x € C°(V) equal to 1 in Wi U @, (W), and let G| be the escape
function constructed in Lemma 4.6 for Vi = Wy. Then for any I' > 1, G €
C°(T*X; R) defined by

G ¥ O3 G+ Cylog(1/€) G 4.21)

where C3 and Cy4 are sufficiently large, satisfies the following estimates

IG(p)| < Cg log(1/€), 3G = O /?), ja| =1,

peW = G(py(p) —G(p) =2 —C7,

peWwiNp l(=58,8D. dip,K%?=>Cile = G(py(p) — G(p) = 2T,

pep (=8.8D\ (W1 Uwl((e1, 20)) = Gl (p)) — G(p) = Cg log(1/e),

(4.22)
with Cg > 0.
In addition we have
n\ M
exp G(p) <Gy (1+d(p,p)) 4.23)
expG(p) ~ Je ) '

for some constants Cg and Nj.
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5 Analysis near the trapped set

In this section we will analyse the cut-off propagator
x"exp(—itP/h)x", (5.1)

where x* = Op;’(x), x € Cé’oﬂg% andsupp x C {p :d(p, K% < R(h/ﬁ)%}

for some R > 1 independent of /2, h. We could take two different cut-offs on
both sides, as long as they share the above properties.
Our objective is to prove the following bound (announced in (2.5)):

Proposition 5.1 For any €9 > 0 and M > 0, there exist Co > 0, fzq, and a
function h — ho(h) > 0, such that for 0 < h < hgand 0 < h < ho(h),
. ~ 1
Ix¥e PRy 2 2 < Coh™ /2 exp (—Et(?no - 60)) :
0<rt<Mlogl/h, (5.2)

where L is given by (1.19).

—itP/h

Since e is unitary, the above bound is nontrivial only for

d; 1 1
Of—lOgTStSMIOg:.
A h h

5.1 Darboux coordinate charts

We start by setting up an adapted atlas of Darboux coordinate charts near K°,
that is take a finite open cover

K? C U Uj,
jedJ

and symplectomorphisms «; : U; — V; = neigh(0, R24). The standard

symplectic coordinates on V; then appear as a local symplectic coordinate
frame on U;. We may choose the coordinates such that they split into

X=(xy), E=(&n), y,neR™ x&eRIT

such that the symplectic submanifold K NU j isidentified with NV, C R,
where

K€ (y=y=0) cR™
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That is, (x, &) is a local coordinate frame on K°, while (y, 1) describes the
transversal directions.

We also assume that for each p € K® N U j» identified with some
(x,0,€,0) € V;, the subspace {(x,y,£,0), y € RIL} is e-close to the
transversal unstable space dk j(E;), while the subspace {(xg, 0, &9, 1),
ne Rdi} is e-close to the transversal stable space dk ; (E ;).

We want to describe the flow in the vicinity of K, using these local
coordinates. We choose a (large) time 79 > 0, and express the time-#y flow
@1 - Uj, — Uj, in the local coordinate frames, through the maps

def -1,
Kjrjo = Kj1 0@ 0K~ Djjy — Ajijos (5.3)

where Dj, j, C Vj, is the departure set, while Aj, j, C Vj, is the arrival set.
This is defined when ¢, (Uj)) N Uj, # ¥ and such a pair j; jo for which this
holds will be called physical.

Below we will also consider the maps «
in the charts V;, — V; —see Sect. 5.6.

n

o representing the time-nfy flow

5.2 Splitting e"0P/" into pieces

We want to use the fact that the propagator e *0P/" is a Fourier integral
operator on M associated with ¢,. To make this remark precise, we will use
a smooth partition of unity (7; € C°(Uj, [0, 1])) such that each cut-off 7r; is

equal to unity near some U j € Uj, and the quantized cut-offs IT; o Opy, (7;)
satisfy the following quantum partition of unity:

J
& Z I; M} =1 microlocally in a neighbourhood of K 8. (54

j=1
We will then split e #0P/" into the local propagators

b def

Y njle—”of’/hnjo, (5.5)

Jjijo
which can be represented by operators on L*(R%) as follows. We define
Fourier integral operators I/ : L*(X) — L*(R%) quantizing the coordinate

changes «;, and microlocally unitary in some subset of V; x U; containing
Kkj(supp ;) X supp;, so that

Vi, T = MUU T + O(h™), (5.6)
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The local propagators ij] jo are then represented by

def —i
Tjjo = Uy I e 0P/ M L0047 (5.7)

Notice that for an unphysical pair ji jo, T}, j, = O(h*>°)1,-1,. For a phys-
ical pair ji jo, T}, j, is a Fourier integral operator associated with the local
symplectomorphism « j, .

From the unitarity of e~/0P/h
ators T'r;.

we draw the following property of the oper-

. def .
Lemma 5.2 The operator-valued matrix T = (Tij)i,j=1,...,s, acting on the
space L*(R%)Y with the Hilbert norm |u||*> = ijl llu ||iz, satisfies

1T L2gdys 2y = 1+ O(h).
Proof From (5.6), the action of Tj ;, on L*(RY) is (up to an error
O(h*°)2_, ;2) unitarily equivalent with the action of ij] jo on L?(X). Hence,

the action of T on L?(R?)” is equivalent to the action of T° on L>(X)”, where

T’ is the matrix of operators (5.5).

To obtain the norm estimate we follow [2, Lemma 6.5], put ‘H def L3(X),

U = e~ 10P/h and define the row vector of cut-off operators C = (I1;);=1,....J.
The operator valued matrix T can be written as T° = C*(U ® 1;)C. Its
operator norm on L(H) satisfies
IT° 1% 000, = I TNl gy = IC*U @ INCCH*U* @ 1)C |l ey
= |C*(UTIU* ® INCl gy

Egorov’s theorem (see (3.6)) and [55, Theorem 13.13] imply that ! &ef

UTIU* is a positive semidefinite operator of norm 1 + O(h), with symbol
equal to 1 + O(h) near K?, and its square root ~/T1!, as well as the product
~/TI' TT V/T1!, have the same properties. Hence,

171y = 1 (VT @ 1) €) (VT @ 1) Cll e
= IV @ 1) ¢ (VI 1,)C) llcay
= W IV gy = 1+ Oh).

O

@ Springer



382 S. Nonnenmacher, M. Zworski

5.3 Iterated propagator

In this section we explain how to use the T/; to study our cut-off propagator
(5.1).

First of all, Egorov’s theorem (3.7) applied to T = U jl'I’j’f, By = x" allows
us to write

U T 1 _Xjun*+(9( i) j=1. 0, (5.8

where the symbol x; = x o K le 51 (T*RY).

We start from a arbitrary normahzed state u € L%(X), and represent the
part of u microlocalized near K through the (column) vector of states

def def
ui(”])]l ,,,,, J>» MJEZ/{H*

”eon ujl? = (u, Tu) + O™ Jul?,.

The Eqgs. (5.7) and (5.8) show that

e —ztoP/thu_ZH H* —ttoP/thu_Z 1—[“1—[* —ltoP/hH H]OX u

Ji.jo
= Z LU U, T e~ 0P T U0 U, T X u+ O (™) 2, g2
Ji.jo
1~1
= z I u J1]0XA}"(J)"‘j0+O(h2h2)L2—>L2'
Ji.jo
—intyP/h

Similarly, for n > 2 the propagator e can be represented by iteratively
applying the operator valued matrix T to the vector u. By inserting the identities
(5.4), (5.6) n times in the expression e~ 0P/ y Wy we get the following

Lemma 5.3 For any n € N (independent of h), we have

Me~mMoP/h ywy = Z T, U5, T ju—1 -+ Tjijo Xjo o+ On (hh j) s

.....

_ann 5T o X o e jo + On (h2h?) 2 2, (5.9)
Jn»Jo

where the matrix of operators, T, was defined in Lemma 5.2.
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5.3.1 Inserting nested cut-offs

In this section we modify the Fourier integral operators T/}, taking into

account that in the above expression their products are multiplied by narrow
cut-offs X}U-

By construction of x, there exists Ry > 0 (independent of £, fz) such
that for any index j the cut-off x; € S ! is supported inside the microscopic

cylinder
def ~
Bz = 10y, €m) = Iyl Inl < Ro(h/)'/?) € T*R?. (5.10)

Fix some R > 2Ry, and choose a function x° € Co° (R%41 10, 1]) equal to
unity in the ball {|y[, || < R;}, and supported in {|y|, |7] < 2R;}. Normal
hyperbolicity implies that there exists A > 2 such that the cylinders B, (see
(5.10)) satisfy

kjj(Bag(h/h)'/?) € Bra(h/h)'/?, (5.11)

for all 0 < R < 1 and any physical pair j';.
We then define the families of nested* cut-offs { x " }en, { X" }nen as follows:

~n def ~ —n _n
VneN, 7'(y.m) = XGAT AT, (5.12)
n def ~p/ = ~ S
X'y 6o = (/)2 o0/ h)'?) € STRY).
(5.13)

We stress that the 5% (T*R4) seminorms of x " hold uniformly in n: the smooth-

ness of x" actually improves when n grows. From the assumption R; > Ry
we draw the nesting x© > x jforany j =1, ..., J.Furthermore, the property
(5.11) implies that

for any physical pair j'j, X" "o Kjj. (5.14)

From these nesting properties and from Egorov’s property (3.7) we easily
obtain the following
Lemma 54 Forany j =1, ..., J we have

GOxY =1+ OR) a2 X GO =)+ OB 2, g2
(5.15)

4 Below we use the notation XO > x for nested cut-offs, meaning that XO = 1 near supp(x).
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In addition, we have the estimate
Tii(xM" = (x"hw Tiri(x™" + Oh™) 2,12, (5.16)

uniformly for all j, j' =1, ..., J and for all n independent of h.

We will actually only use n smaller than M log 1 /A for some M > 0 inde-
pendent of h, h, so our cut-offs x" will all be localized in microscopic neigh-
bourhoods of KC when 2 — 0. Furthermore, for such a logarithmic time the
number of terms in the sum in the middle expression in (5.9) is bounded above
by J*H! < h=N for some N > 0. As a result, taking into account the above
cut-off insertions, this sum can be rewritten as

e—intoP/h w

x%u
= Z Hjnuj*,, Tjnjnfl(Xn_l)w ~Thjy (Xl)wlejo(Xo)jooujo
JnseesJo
+O(h™®) 2, 2. (5.17)

In the next section we will carefully analyze the kernels of the operators
Ty (X"
J'

5.4 Structure of the local phase function

To analyze the Fourier integral operators we will examine the structure of the
generating function for the symplectomorphism « j, j,.

We start by studying the transverse linearization d) k (p) of the map k =
Kji jo» for a point p € K N Dj, j,. In our symplectic coordinate frames, this
transverse map is represented by the symplectic matrix S;, j,(p) = S(p) €
Sp(2dy, R) given by

aer 3y', n")
(0, n%)

The linear symplectomorphism S(p) admits a quadratic generating function
0, ¥°, 60", where 8’ € R is an auxiliary variable: the graph of the map
Ty0, 1% = Ty, n") = S(p)T(»°, n°) can be obtained by identifying the
critical set

S(p) (), pek. (5.18)

Co, = {3, )%, 60" : 390(y",»°,60") =0} c R¥".
This critical set is in bijection with the graph of S(p) through the rules

N =0,0,0")%8), 1°=-8,00,0"5%6), '.)°0.6)eCy,.
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More structure comes from taking the normal hyperbolicity into account.
Recall that our coordinates are chosen so that ET and E~ are e-close to
{n = 0} and {y = 0}, respectively. (Here we identified E* with their images
under dk j—see Sect. 5.1.) This implies the existence of a continuous family
of symplectic transformation

KNDjj,>p+ R(p) € Sp2d.,R),
such that

R(p)(n=0D=E,, R(){y=0D=E,, R(p)=I+0(). (5.19)

+

Since d 1k (p) = S(p) maps Eff to Ek(p), the matrix
=, | def _
S E RS R(P).  peKNDyj.  (520)
is block-diagonal:
< _(Ap) 0
S(p) = ( 0 TA(p)_l) : (5.21)

The normal hyperbolicity (1.17) implies that, provided 7y has been chosen
large enough’, the matrix A(p) is expanding, uniformly with respect to p:

Jv>0, Vpek, A ' (p)l<e’ <l (5.22)

More precisely, for any small ¢ > 0, if #y is chosen large enough the coefficient
v can be taken of the form v = fo(Amin — €0), Where Apin > 0 is the smallest
positive transverse Lyapunov exponent of ¢; near K°.

Combining (5.19), (5.20) and (5.21) gives

_ [A(p) +O(eN) O(eAN)
S(p) = ( Oen) OEA + TA(p)—l)) , pek. (523)

This explicit form, more precisely the fact that the upper left block is invert-
ible, allows to use a special type of quadratic generating function:

Lemma 5.5 If ty is chosen large enough, for each p the generating function
Qp(yl, y0, 0" can be chosen in the following form:

0,00',%,6) =q,", 0" — (3°,6). (5.24)

5 Recall that « represents ¢y, .
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For any point (y', y°,0) on the critical set Cyg,, the auxiliary variable 0" is
identified with n° of the corresponding phase space point.

The specific form of the generating function corresponds to the geometric
fact that the graph of S(p) admits (yl, no) as coordinates (that is, the graph of
S(p) projects bijectively onto the (y', n%)-plane).

The function g, (y', n%) can be written in terms of a symmetric matrix
H(p):

1 A
0,0 = 5((y1,n°),TH(p)(y1,n°)>, H(p) = (H; HZ)

Hi, invertible. (5.25)

The matrix S(p) is related to H(p) in the following way:

Hy ! —H;'H
S(p)z( 2l S ) (5.26)
H\1H,," Hi»— Hy1Hy H»

Comparing with (5.23) we see that

HL = Hy = A(p) '+ O0EA(p)™), Hip=0(), Hyp=0(),
(5.27)

uniformly with respect to p. The quadratic phase function Q, will be relevant
when we consider the metaplectic operator M (p) quantizing S(p) in Sect. 5.5.4
[see also (3.22)].

From the study of the linearized flow in the transverse direction, we now
consider the dynamics of

E=Ej1j0:Dj1jomlc—>Aj1jom]C- (5.28)

along the trapped set—see Fig. 2 in Sect. 5.6. When no confusion is likely to
arise we use the notation D, and A, for the corresponding subsets of XC. There
we have no assumptions on the flow, except for it being symplectic.

Possibly after refining the covers U j, each map k can be generated by a non-
degenerate phase function ¥ = ¥, j, (x', x9, 0) defined in a neighbourhood
of the origin in RY™1 x R4~4L x R¥, where 0 < k < n—see Sect. 3.3.

Since the U; have been chosen small, the map Cy — I'y can be assumed
to be injective. Notice that the values of ¥ away from Cy, are irrelevant.

We now want to extend i into a generating function of the map «, at least
in a small neighbourhood of K. The intuitive idea is to “glue together” the
generating function v for k, with the quadratic generating functions Q, for
the transverse dynamics d k (p).
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Kjaji1o

~ A s D, ~
. J1Jo J27 .
Kj1jo ! ! Ko i
Djl]h Dj2j1jo V]
1
Vio
D.ﬂ]'n Dj2j£jo
K3t jo Ko g

Fig.2 Schematic representation of the departure and arrival sets for j of length 1 and 2. We show
two physical sequences j; ji jo and jp ji Jjo and the corresponding maps (5.28). As remarked
there we use the same notation for the departure and arrival sets on }C

Let us consider the following Ansatz for a generating function W for «:

Wx!, x%,0: 91,12 0) = vx!, %, 0) + sw(x!, x0, 0: y1, 10, 0,
(5.29)

with an additional auxiliary variable ' € R?". To simplify notation we split
the variables into longitudinal and transversal ones:

o= x06), pL=0"0). (5.30)

Lemma 5.6 Near any point p € K, k is generated by V of the form (5.29)
with the transversal correction, SV (p, p1), satisfying

SW(py. pL) = Qpy(pL) + O, 01,

where Qp (e) is a quadratic form of the same type as (5.24, 5.25), which

depends smoothly on p. If p| € Cy corresponds to the point (o' p°) e I'z,
then Qp = Q po.
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In other words, the quadratic forms Q,, extend the forms Q, to a neighbour-
hood of Cy,.

Proof Since K is preserved by k and carries the map k, we may assume that for
any p|, the function §W (p, ) has no linear part in the variables p, . At each
point p € Cy (identified with some ¥ € K), the quadratic part Q py(PL)
generates the linear transverse deviation from ¥ near the point p°, namely
d) k(p°). This means that Qp, = @0, which has the form (5.24). This form
corresponds to the geometric fact that the graph of d k (p”) admits (y', %)
as coordinates.

This projection property locally extends to the graph of «: in some neigh-
bourhood of /C, the points of I', can be represented by the coordinates
(p° = (x°, 8% e KC; y1, ), where y!, n° € neigh(0). This property shows
that §W can be written in the form

3 (py, pr) =8V (py, y', 6" — (y°,0"). (5.31)

As explained above, the quadratic part g, (e) of 8\3(,0“; e) must be equal,
for p| € Cy, to the corresponding g, generating § (0°). The equations for

Cy show that, if we fix small values (yl, o' = nO), then value p; such that
oy, ¥ ¥0, 1Y) € Cy is O((y!, n%)?)-close to Cy. u!

5.5 Structure of the propagators 7);

From the above informations about the phase function W = W ;, we can write
the integral kernel of T = T}/; defined in (5.7) and quantizing the map «;,
as an oscillatory integral. The general theory of Fourier integral operators (see
Sect. 3.3) tells us that its kernel takes the form

do do’

1 1.0 0y _

Tx',y:x",y)= (rh)t+di+d)/2
RL+dJ-

+O(l/loo)L2_)L2, (532)

a(py, pL) el ¥ O1P)

where we use the notation (5.30). Let us group the variables (x,y) = X,
(&,n7) = E, (0,0") = ©. We may assume that the symbol a(X', X% 0) is
supported in a small neighbourhood of the critical set Cy. In particular, for
small values of the transversal variables p, , a(e, p1) is supported near Cy;.
From (5.7), this Fourier integral operator is microlocally subunitary in V;» x V.
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5.5.1 Using the cut-off near

We now take into account the cut-offs (x*)*, and study the truncated propa-
gator T (x*)* appearing in (5.17).

Lemma 5.7 For any k > 0 we have
T ()" =T + 0h™®) e, o, (5.33)

where the Schwartz kernel of the operator T* “is given by

x def do dn®
Pttt Y | o a0 G
s K (30, n0) e VPP, (5.34)

where x aef Xk|n:0, with x* given in (5.12).

Proof Asin (5.16), the nesting property x *“®*1 = xko ;s ; and the uniformity
(in k) of the symbol estimates on x* imply that

(B Dyw (Xk)w =T (X" + Oh>), (5.35)

uniformly for all £ > 0. (We recall that uniformity in & is due to (5.12) and
(5.13) and the uniform error estimate comes from (3.7).) The Fourier integral
operator calculus in the class § 1 presented in Lemma 3.1 has the following
consequence:

[SIE

GEEEDYE T (0 = T+ Oz i),
which combined with (5.35) gives (5.33). O

5.5.2 Rescaling the transversal coordinates

. . ~ 1 . .
Since we work at distances ~ (h/h)?2 from the trapped set, it will be convenient
to use the rescaled transversal variables

§=(h/h)zy, ii=h/h). (5.36)

Our cut-offs x*, x* defined in (5.12, 5.13) are then related by ¥*(, 7) =
x°(y,n). This change of variables induces the following unitary rescaling
T : L*(dxdy) — L*(dxdy):

def

Tu(e, ) (/D)2 u(x, (h)h)25) = (/R u(x,y).  (537)
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We recall (see for instance [55, (4.7.16)]) that

Ta”(x,y,hDy,hD))T* = a"(x, y, thﬁDy),

ate, 5.6, € atx, v, &, n).

. . k. .
Through this rescaling, the operator 7% is transformed into

K CE e L2 dxdy) —s L2(dxd),

with Schwartz kernel

~ 5 . d9 di® -1
7 (0, 39, ', ‘)—/ a(py, (h/h)2p1)
(27rh) —d, Qr h)d I L

Rk Rd
) L1
% Xﬁ(kﬁq)(yl) S('k()';o’ ﬁo) e RV P8V (o5 (h/h)2 1)
(5.38)

5.5.3 Transversal linearization

The factor x**+D (31 %*GP, 7°) appearing in the integrand (5.38) allows
us to simplify the above kernel. Indeed, it implies that the variables p; =
(', 32, 1) are integrated over a set of diameter ~ R A. One can then Taylor
expand the amplitude and phase function §W in (5.38):

~ 1 i TN A N b )
a(py, (h/h)2 ) end¥ P/ p0 5ol (51 k(50 50y

1 £ 51) ~ k0 ~
_ (Cl(,O”, 0) + Oﬁ’k(hz)S(T*Rd)) ethH (o1) Xﬁ(k+1)<y1)xk(y0, 770)

Since we will restrict ourselves to values k < M log 1/h, uniformly bounded
with respect to i, we may omit to indicate the k-dependence in the remainder.
As a result, up to a small error we may keep only the quadratic part of §W,
namely consider the operator with the Schwartz kernel

d~0
/ / = 1 a4y 0) F* D G 7% 57, no)eh‘/’(p”)ehg””(m
R RIL (Z”h) Qrhh
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Combining the above pointwise estimates with the fact that a € S(T*R3?),
and with (5.35) and Lemma 5.7, gives

T = TGH 5, hD3) + O(h™) 2, 12,
. do di’
11,0 0y _
Tlxhyhxt,y )—/ Q2 h)k+d=dD/2 (o7 fydi

a(py. 0) h V0D o1 oy P
(5.39)

uniformly for k < M log 1/ﬁ|.

5.5.4 Factoring out the transversal contribution

Foreach p| € suppa(e, 0), the quadratic phase Q, (o) generates a symplectic
transformation S(p)) (which, in the case p| € Cy corresponds coincides with
the transformation S (,00) of (5.18)). As already shown in (3.22), this phase
allows to represent the metaplectic operator M(p|) : Lz(djz) — Lz(d)?)
which -quantizes this symplectomorphism:

~ - def ~ L ) -
MG 3% € Qrhy~d / det(Hpa (o) 2 en @217 ai® (5.40)

R4L
where Hi2(p)) is the block matrix appearing in Q p, , similarly asin (5.24, 5.25).

Remark 5.8 In the expression (5.40) we implicitly chose a sign for the square
root of det(H12(p))). Indeed, the metaplectic representation of the symplectic
group is 1-to-2, a given symplectic matrix S being quantized into two possible
operators =M. The relations (5.27) and the uniform expansion property (5.22)
show that det(H12(p|)) does not vanish on the support of the amplitude a (e, 0)
(which is a small neighbourhood of Cy x (3" = 3! = 7% = 0}), so we may
fix the sign in each connected component of this support. This remark will be
relevant in Sect. 5.6.

Defining the symbol

~ . det a(p),0)
alp) = ———,
det(Hi2(p)))?

we interpret the operator T in (5.39) as a Fourier integral operator with an
operator valued symbol, M (p|), where M is given by (5.40). That fits exactly
in the framework presented in Proposition 3.5:
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Tuev ', ih

= Qmh)~ a0 / / aop) [M(ppvlGh) ef ¥ Pu(x0)dx de.
Rk R"

We now apply Lemma 3.4 to see that

T = Op (M)T" + O; (W) pme_, ., (5.41)

where m = my_4, is defined in (3.7) and where the Schwartz kernel of Tl is
given by

710, xY) = @rh)~* / (o) eV P do. (5.42)

RK

The operator valued symbol M (p!) is the metaplectic operator ﬁ—quantizing
S(p?), where p' = k(p?) and S(p?) is given in (5.18). We summarize these
findings in the following

Pr0p0s1t10n 5.9 Suppose that the Schwartz kernel of T is given by (5.32), x,
x* are given in (5. 12), and T is the unitary rescaling defined in (5.37).
Then for k < K (h), where K (h) may depend on h but not on h,

T (TGH") T* = 0py DTIFHT + O o 2+ Op () 2 2,
(5.43)

where Tl is given by (5.42) and M(x!, Sl) given by (5.40) with p € Cy, deter-

mined by (x! el = !, 0,1 (p))). Here and below we use the abbreviation

@ L (75 (5, hD;).

Proof Lemma 5.7, (5.39), and (5.41) give (5.43) with the remainder
O™ 12(dxd5)— 12@xas) + O (h)LZ(dx)®Dm—>L2(dxdy)(Yk)w,

where m = my_4, is given in (3.7). The definition of j(Vk in (5.12) and (3.24)
show that

(X" = 0> : L*(dy) — D",
and that gives the remainder in (5.43). |
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5.6 Back to the iterated propagator

We can now come back to (5.9) and (5.17), re-establishing the subscripts
Jr+1Jjk on the relevant objects. We rescale all the operators by conjugating
them through 7. Fixing the limit indices jo, j,, we want to study the sum of
operators obtained by conjugation of terms in (5.17) by 7:

0
TIT";, 50" T =T (Z [T T (xk)“’> T*+0(h™) 2, 1

Jj k=n—1
= T XD G T X7 +OG™) o 2
J

(5.44)

where the sum runs over all possible sequences j = j,—1...j1. A sequence
(which could be thought of geometrically as a path) j, j jo will be relevant only
ifitis physical, meaning that there exists points p € K° such that @kt () € Uj,
for all times k = 0, ..., n (we say that the path j, j jo contains the trajectory
of p). Any unphysical sequence leads to a term of order O(h*°). On the other
hand, for a given point p € K? there are usually many sequences j containing
its trajectory, since the neighbourhoods (U;)’s overlap, and so do the cut-offs
().

izor physical sequences j, j jo we define the departure set D, j j, as the set
of points «j,(p), p € Ujy = 1(Vjo) such that @, (0) € Uj, for0 < £ < n.
We then put

K.
Jo

D?njo = U Dij,jjo = Kjo ({,0 eUj N K, Pnig(P) € an})' (5.45)
J

We now simplify the expression (5.44), in the following way.

Lemma 5.10 In the notation of (5.9) and (5.44), and forn < M log1/h,

TIT", (X" T* = Opy (M% T (RO + O(h™®) 2, 2. (5.46)

Here TJZ”].O is a Fourier integral operator on L*(dx) quantizing the map
k" : Viy = V;, defined on the departure set D?O j,- For each p € A;?n io
E”(D;’njo) (the arrival set) the operator valued symbol M;lnjO (p) is a meta-
plectic operator quantizing the symplectic map

ST (@7 () = dik" (@) ().
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Proof If we insert the approximate factorizations (5.43) in a term j of the sum
in the left hand side of (5.44), this term becomes

D" - Opf (M i) T ) (X7 + O™) 2, 2.

I
Opy (M, j, )T Jjtjo
(5.47)

jnjnfl

We now observe that just as we inserted the cut-offs x* to obtain (5.17) from
(5.9) we can remove them so that each term becomes

Opy (Mj,, )T}, Opy (M )T} o (T + Oh™) 2, 2. (5.48)

We can now apply Lemmas 3.3, 3.4 and Proposition 3.5 to see that

W I weng oyl
Opy, (MJan—l)Tjnjn_l -+ Opy, (MJIJO)TJ'IJ'O
_ .. . I r—2mg_q, n
= Op(Mjyjir--jo)T5, jjo + Oh I e 20
(5.49)
where we use the shorthands
[ A U .
JnJn—1"J0 Jnn—1 " Jn—1Jn-2 Jijo’
def P ~
Mjnjn—l"‘jO = (Mjnjlz—l)(M.in—l.fn—Z o an—ljn) T (MJZJI o K.iZ"'jn)
(M, jo © Kjyji)s
def ~

Kikjk—1-jo = Kjrjr—1 © Kjr—1je—2 """ ° Kjijo-

These expressions only make sense for physical sequences j, j jo. The map
K, jjo is defined on the departure set D, j j;.

The metaplectic operator M, jj,(p) quantizes the symplectomorphism
Si.j jo(,oo), with p = ¥"(p") € A jujjo- This symplectomorphism represents,
in the charts V;; — V; , the transverse linearization of the flow ¢, at the
point Kj_ol(po). As a consequence, the symplectic matrix Sj, ; jo(,oo) is iden-
tical for all sequences j, j jo containing the trajectory of p°, and we call this
matrix S ;’n i (p%). Hence, two metaplectic operators M, j j,(0), M ind'io (p) cor-
responding to two different allowed sequences can at most differ by a global
sign.

For all p in the arrival set

A;%n].() = U AJnJJO = an({lo € Uln m K‘S’ @—nto(p) = U/O})’
J
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we choose the sign of the metaplectic operator M 7 i (p) quantizing S;’ io (09,
such that M " (,o) depends smoothly on p on each connected component of
A" o (there 1s no obstruction to this fact, due to the property mentioned in
the Remark 5.8: the symplectomorphisms S’} o (p) also have the form (5.23)).

Hence, for each physical sequence j, j jo we have
M;,jjo(P) = €j,jjo(PIM], (), o € Djyjjos (5.50)

for some sign ¢;,j,(p) € {%} constant on each connected component of
Aj jj,- As before, the functions p — ¢, (p), p = M;,jj,(p) can be
smoothly extended outside A j, ; j,, into compactly supported symbols. Lemma
3.3 and the identity (5.50) give

[ Tl
Opz) (Mjnjn—l"']())Tj Jjjo = Oph (M;l jo) (SJnJJ()) Jn./]O

+0; (h)L2(dx)®Dmdi—>L2' (3.51)
When ()’ZO)'D is inserted in (5.49) and (5.51) we apply (3.24) to see that

O(E—and,dlh) O)lI) — O(ﬁ_znmd*“ﬂ h)L2—>L2

= O}”l(h)LZ_)LZ,

L2(dx)@D™""d—dL 12 (x

and hence that error term can be absorbed into O (7).
Returning to (5.47) we see that the sum in the right hand side of (5.44) can
be factorized in the following way:

Z Tjnjn—l (in_l)ﬁ) T T]l]o(io)w
J

- Oph ( Jn ]O) z leljj() (sjnjjo)w (Xo)w + O(h )L2—>L2’

J
(5.52)
with a uniform remainder for n < Mlogl/h. Let us put T ”/0 o
> j Jljl j JO( jnjjo)" > so that the above identity reads exactly like in the state-

ment of the Lemma. The operator Tj,,”jo is sum of Fourier integral operators

Tj|| j jo defined with different phase functions v/, il jo’ yet these phases generate

(on different parts of phase space) the same map k" D;’ io A’; i . Hence,

T |L0 is a Fourier integral operator quantizing x”. This completes the proof

of (5.46). O
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The next lemma shows that the Fourier integral operator T;;”jo is essentially
subunitary.

Lemma 5.11 Let M > 0. For any small h > 0, there exists hg = ho(ﬁ) such
that, for any sequence j of length n < Mlogl1/h and any h < ho(h), the

operator 7"l

ino satisfies the following norm estimate:

1T} 22 12y < 1+ OGR). (5.53)

Proof We first note that we can bound the left hand side of (5.53) by A=,

for some C—that follows from a trivial estimate of the terms T jl’ll i in (5.52).

To prove (5.53) it is clearly enough to prove the bound
”T;;”jo(zo)w”Lz(dxdi)—)Lz(dxd)?) < 1+ O(h*). From Lemma 5.2 we know
that [|'T"(|(z2y7 (z2y2 < 1 + O(h), which implies that |[[T"],[I12 2 <

1 + O(h). Lemma 5.10 then shows that B

lopy (M T (ROl 22 < 14+ OG™). (5.54)

The family of unitary metaplectic operators p +— M ;Fn io (p)~!is well defined

for p in the neighbourhood of the arrival set A’}n o and Tjril}() is microlocalized

in any small neighbourhood of A" . x D’ . C Vj, x Vj,. Lemma 3.3 and
(3.24) then show that

@O = opp (M )"Hopy (M )T ()"

JnJo
. n|| ~0\w
+Oh(h||T]n]O||)L2(dx)®D2md7dl—>L2(X )

= Opy (M )" Hopy (M T (FO + Op(h) 2, 2.

JnJo

where we used the above a priori bound on || TZ”jo Il.

Just as before we can insert the cut-off x” (see (5.12)) with a (’)(ftoo) loss.
We also introduce a cut-off ¥ = v/ (x, &) to a small neighbourhood of A, ;.

(It was not necessary before as TJZHJ.O provided the needed localization.) This
and (5.54) give the bound

1T GO < 0Py (MY )~ G IIOpE (M T GO
+O(h™)
< 10py (M )" EHP I + O(R™))
+O(h®™).
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Since by Lemma 3.3 and (3.24)

[Op}y (M )~ ) (X™)” ]Oph (M} 0 ™
= [ T Y IED T XD + O (h) 2o 2,

we have

10p (M ) )G < I G + O th) < 1+ O(h,

and the bound (5.53) follows. O

5.7 Inserting the final cut-off

We now return to the operator x e 0P/ yw From Lemma 5.3 we easily
obtain

xVe —intgP/h xPu = Z ;U J”X," [(T)"jo )(,O Uj, + O( )
Jn»>Jo
= D> T,Us X (X L) o X" X ujy+OR™),
JnsJo

(5.55)

where in the first line we used (5.8), while in the second line we used
(5.15). Hence our last step will consist in estimating the norm of the oper-
ator (x9)¥ [T"1;, o (x)™ (or its conjugate through 7). To this aim we will
use Lemma 3.4, Proposition 3.5 and the factorization (5.46) to obtain

GO (T, T (X" =@ Opy (M2 ) T1 (P +OR®) 2, 12
=771 (X% Opp (N" ) (RO)P+O (™) 2, 1.
(5.56)

Jo

Here the operator valued symbol N j io (p) = J JO((K”) L), p € J i’
is a metaplectic operator quantizing the symplectic map S " (,0) dik"(p).
(Having it on the right now makes the notation slightly less cumbersome.)

In Lemma 5.11 we control the norm of T "” . There remains to control the
norm of the factor (¥°)% Op; (N J” JO) (Xo)w For that it is enough to control
the operator-valued symbol Opw (X YN 7 i (p) Opﬁw 5 x9).
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5.7.1 Controlling the symbol

In (5.19) we defined, for each point p € XN D}, j,, asymplectic transformation
R(p) € Sp(2d, R) which maps the y-space to E; and the 7-space to E .
This transformation is e-close to the identity and in particular it is uniformly
bounded with respect to p.

By iteration of this property, for any pg € D"

o the map

$ 1 (p0) E R(pw) 1S L (p0) R (po)

is block-diagonal in the basis (y, 1):

A" (po) 0 ) (5.57)

jnjo('OO) ( 0 TAn(IOO)—l

where A" (pg) is expanding. We may quantize R (o) into metaplectic operators
A(p), and define

def —
N7 1 (00) = Alpn) ™" N7 (p0) Alpo)

which quantizes §;’n io (00)-
We can then rewrite

GO N () GO =G Alon) N7 i (00) Alpo) ™' (XD (5.58)
We are interested in the L? — L2 norm of this operator. Since metaplectic

operators are unitary, and using the covariance of the Weyl quantization with
respect to metaplectic operators, this norm is equal to that of

Y ~| f ~ ~(0 def ~
GO 7% o8 (e H. 70 E 7o R(ow). 70 E 10 R(po).
The block diagonal form of §yn io (00) shows that
~0 on —1 ~ ~ _ =0 n —1~ Tan ~
|20, 0 S0 ™| G ) = Zoy (A" (00) ™' 5 TA" (o)D) (5.59)

We may now invoke the following simple

Lemma 5.12 Suppose that A is a m x m real invertible matrix and that
X1, x2 € L (R*™). Then

~ 15 Lo m
lxi (e, kD) x3 (Ax, TAT RD )l L2 oy 2y < Cl det A|2R7 2, (5.60)
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where C depends on certain seminorms of x1 and x2, but not on A.

We remark that the upper bound becomes nontrivial only if | det A| < h™/2.
When that holds one cannot apply the ~-symbol calculus any longer because
the second factor is not the quantization of a symbol in the class S(R>"),
uniformly in 7 and A. When applicable, the symbol calculus would give the
norm equal to maxy ¢ | x1(x, §) x2(Ax, T A=1g)| + O(h)—see [55, Theorem
13.13].

Proof If we put x;(x, Z) def rm Xj (X, £)elf%:8)dg | then the kernel of the
operator in the lemma is given by

1 xX+z Az + Ay
K = , =TTy
(x,y) (2nh)2m/X1( > S) xz( > n

R3m
el =28 /htite=y /b e qp gy

| det A| . [(x+z x—z\ . (Az+ Ay Az — Ay
=—— [ Xi ,—— ) X2 y—F dz.
@uhy ). 2 h 2 i

We will estimate the norm using Schur’s Lemma and hence we need to show
that

(max/|K(x,y)|dy) (max/|K(x,y)|dx) < C2|detA|}~l_m.
xeR™ yeR™
(5.61)

Making a change of variables Z = (x — z) /fz and X = (x + 2) /fz we obtain

[ 1K iax < imax a1 deeali ™ [ [ 1inex. zyiazax
R m
< C|detA|h™"™.
To estimate the integral in y let

F(Z) = max|i(e. 2)|. G(Y) = max|ja(e. V),

noting that our assumptions give F(Z) = O((Z)™*), G(Y) = O({Y)™™).
Changing variablesto Z = (x — z)/h and Y = (Az — Ay)/h we obtain,

/|K(x, Vldy < C3 // F(Z)G(Y)dzZdY < C.
This proves the upper bound (5.60). O
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Applying Lemma 5.12 to the product on the right hand side of (5.58) we
get the bound

IO N2 i (00) X 25y 125y < C(Koy- Xop)| det A" (po) |72 =472,

Since the transformations R(p) are uniformly bounded, the prefactor
C (j(vgo, )?Bn) is uniformly bounded with respect to pg. On the other hand, the

determinant of A”(,oo)_1 can be bounded as follows.

Lemma 5.13 Take €y > 0 arbitrary small. Then there exists C¢, > 0 such
that,

Vi1, Vpy € Dj ;. [det A"(po) | = Cepe” om0,

where Ao was defined by (1.19), andty > Qis chosen large enough, as explained
in the comment following (5.22).

Proof This follows from writing the definition of Ao using the local coordinate
frames. O

We have thus obtained the following upper bound:
IO N0 00) (X 1205 12(a5) < Ce h™ 42 =G0 (5. 69)

valid foranyn > 1 andany pp € D;?" o In particular, the time n may arbitrarily

depend on .

When n < M log 1/h, for M > 0 arbitrary large but independent of & or f,
we combine this bound with (5.17), Lemma 5.11 and Lemma 5.10 to obtain
the estimate (5.2), which was the goal of this section.

6 Microlocal weights and estimates away from the trapped set

In this section we will justify the estimates described as Step 2 of the proof
in Sect. 2. That will involve a quantization of the escape function G given in

Proposition 4.7 with € = (h /fz)%. That means that we will use the calculus
described in Sect. 3.2.

6.1 Exponential weights
Suppose that g € CX°(T*X; R) satisfies the following estimates:

exp g(p) -

i/ h)? MY e — 7 —lal/2
expg(p,)_C(H(h/h) dip, o))", 9%g=0((h/B)"?), Ja|>0,

6.1
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for some N and C, and for some distance function d(p, p’) on T*X x T*X
(since g is compactly supported, the estimate is independent of the choice
of d—we can d to be the distance function given by a Riemannian metric).
We note that G defined in Proposition 4.7 with € = (h /ﬁ)% satisfies these
assumptions.

We first recall a variant of the Bony-Chemin theorem [6, Théoréme 6.4],
[55, Theorem 8.6] in the form presented in [37, Proposition 3.5, (3.21), (3.22)]
(as usual g* = Op;’(g)):

Proposition 6.1 Suppose that g € C°(T* X) satisfies (6.1). Then
exp(g") = b", (6.2)

where the symbol b(x, &) satisfies the bounds

0“b(p)| < Ca e8® (/i) "2, (6.3)
in any local coordinates near the support of g.
Ifsuppg € U, foran open U € T*X, then
Bfaf(b(x, £) =1 =0h>E)™), (¢ elU. (6.4)

Also, if A € W™ (X) B € U™ (X) and C € W™ (X) then
2 2

8" Ae8" = A+ i(hh)2 Ay, A€ G (X), WF, (A1) C WF,(A),
2
e8"Be8" = B+ ihB;, By € V"™ (X), WF,(B1) C WF;(B),
2

8" Ce8" = C+ih1Cy, €1 e W™ (X), WF(Ci) C WEF;(C).
2
6.5)

The assumptions in (6.1) show that exp g is an order function for the §%
calculus—see [37, §3.3, (3.17), (3.18)]. Hence we can apply composition for-

mulae. In particular if g;, j = 1, 2 satisfy (6.1) then

—lel/2

exp(g}) exp(gy) = ", [3%c(p)| < Cyexp(gi + g2)(h/h) (6.6)

Because of the compact supports of g;’s and because of (6.3) derivatives can

be taken in any local coordinates.
The consequence of (6.6) useful to us here is given in the following Lemma.
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Lemma 6.2 Suppose that A € @fomp (X) and that
2
F(A) =a+0(hi)?)z,, aeCET*X)NT (T*X).
2

IfUhﬁ def {peT*X :d(p,suppa) < (h/fz)%}, then

A et 82 2 2= sup(laleg‘+gz)+(9(ﬁ sup eg‘+g2)+(9 (h% log(l/h)) .
T*X Ui

6.7)

Proof We first consider this statement in R”. We apply the standard rescaling
(3.4) noting that (6.1) imply that m; = exp g; are order functions. If d is the
Euclidean distance and if we put

~, def ~ TN — ~ def 1
N = A +d@, 0NN, U= (h/h2U,;,

then ny is an order function for any N, and a € S(ny) for all N. We have
A = OpY(a + (hh)2ay), for some a; € St

and hence, after rescaling,

A ¢OPi (€D O (82) _ Opg) (b) + (hfl)%Opg) (by),

]; (S S(nNﬁllrhz), I;— a€§1+§2 S ES(nNm1ﬁ12), 51 S S(n~11n~12).
Put

M =M, b)Y supnyiiyig < sup ((1 +d(p, ﬁ))—Neg1<ﬁ>+gz<ﬁ>)

R2n p
< (sup e§1+5’2) (1 + sup(1 + C1C2d (5, ﬁ))—N+N1+N2)
U p
< C sup egl+82’
Ui

where we took N > N + N, with N;, C; appearing in (6.1) for g;.
We now apply [55, Theorem 13.13] (with & replaced by /) to b/M € S.
That gives

|OpY (b)|| = sup |a]e! 782 + O(h) sup e81742,
Uni
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Since iy = O(log(1/h)), applying the same argument to by /log(1/h)
gives (6.7).

The calculus is invariant modulo (’)((hfz)%) terms (see (3.5) and [12,
§5.11,[54, §3.2]), so these local estimates on R” imply similar estimates on
manifolds. o

The next result is a version of (3.6) for exponentiated weights g. It is a
special case of [37, Proposition 3.14] which follows from globalization of
the local result [37, Proposition 3.11]. We state it using concepts recalled in
Sect. 3.3.

Proposition 6.3 Suppose that T € 1°°"°(X x X, T'}) where k : Uj — Uy,
Uj C T*X, is a symplectomorphism, that g € C°(T*X) satisfies (6.1), and
that A € W°™P. Then

2

" AT = Te®'®" B 4 h2ji3 T 9" C,
Tie,"""(X x X,T,), B,Ce 513%()(), o(B) =k*0(A). (6.8)

6.2 Estimates away from the trapped set

We now provide precise versions of the estimates (2.6) and (2.7) described in
the Step 2 of the proof in Sect. 2.

For the escape function G constructed in Proposition 4.7 we define the
operator

G & 0pl(G) e log(h/M)F™ (X), 5(G) = G + O((hh)=™)
2

§l :
2
(6.9)
Since G satisfies (6.1), Proposition 6.1 describes the exponentiated operator
e9" = 9P (©) We refer to Remark 4.5 for the requirements on the constants

in the definition of G. Intuitively, G is bounded (independently of 4 and h) in
a(h/ fz) > -neighbourhood of K, and satisfies the growth condition G (¢, (p)) —

G(p) = 2I" outside of a smaller (h/ ﬁ)%—neighbourhood of K.
The first lemma shows that the weights are bounded near the trapped set:

Lemma 6.4 Suppose that x € C°(T*X) N §% (T*X) has the property
supp x C {p eT*X :d(p, K?) < co(h/ﬁ)%}, (6.10)

for some constant C satisfying 0 < (Co + 1)> < c3L, in the notation of
(4.14).
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~ Then for some constants hg, fzo, C1 > 0we have for 0 < h < hy, 0 < h <
ho,

Ix"eC" | < 1, 118" x"| < Cy. (6.11)

Proof Since 3 (x")=x+O(h*h)3, , and |G (p)| < C3TCs for d(p, K2) <

2
(Co+1)(h/ fz)% (see (4.14) and (4.21)), the estimates in (6.11) follow directly
from Lemma 6.2. O

The main result of this section provides bounds for the conjugated propa-
gator. It relies heavily on the material about the propagator for the complex

absorbing potential (CAP) modified Hamiltonian, exp(—it(P —iW)/h), pre-
sented in the Appendix.

Proposition 6.5 Suppose that G¥ is given by (6.9) and that A € WP (X)
satisfies

WF(A) C p~' (=8, 8) Nw™ ([0, €1)), (6.12)

for some €1 > 0. ~ y
~ Then for some constants hg, hg, C1 > 0 we have for0O <h < hg, 0 < h <
ho,

le=C" =PI/ A < 261, (©6.13)

If x satisfies (6.10) and in addition

x(0) =1 ford(p, K*) < %co(h/ib%, PPl <8, (6.14)
where Cq is a large constant dependending on to, then, if | Al < 1,
(1 = xW)e G e 10 P=iW)/h G 4| < o= (6.15)
where I is the constant appearing in the definition (4.21) of G.

Proof Let A_g def ¢%" Ae=G"  Then (6.5) in Proposition 6.1 shows that

AG=A+0Op_ () =02, and A_g = AA_g + O(h™),
(6.16)
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where A satisfies (10.10). To prove (6.13) we use the notation of Proposition
10.3, and rewrite the operator on the right hand side as

e 0" TP =W hGY g — =G gmitoP/h ,G¥ (=G VZ(IO)AfGecw
i
+O(h§)L2—>L2
_ e—Gwe_i’OP/herC(to) + O(h%)LZ—w2 )
(6.17)

where using (6.5) and Proposition 10.3,

C(t9) € W™ (X), WF,(C(t9)) C€ WF;(A) Nw™'(0).
2

Since
et = BetC" 4 (1 - B) + O(h*) 2,12, forsome B € WTP(X),

Proposition 6.3 (applied with A = I) and (3.8) show that for some By €
¥y (X),

oG o=itoP/h G _ e_izoP/he—(w;gG)w el (I " h%fz%Bo) T O(hoo)Lz_)Lz.
From this and (6.17) we see that to prove (6.13) it is enough to show that

e~ G Bl = O1),2_, 12, By € WOMP(X),

B B (6.18)
WE,(B1) C p~ ((=4,8) Nw™ ([0, €1)).

Lemma 6.2 applied with g1 = —¢; G and g» = G, and the property G —
<p;(‘) G < C7in (4.22) which holds in a neighbourhood of WF, (B)), give (6.18)
and hence (6.13).

To obtain (6.15) we proceed similarly but applying the property ¢ G —G >

2I" which is valid outside a (h/ ﬁ)% neighbourhood of K §_gsee (4.22). In more
detail, Proposition 6.3 applied with A = 1 — x* gives®
(1 _ Xw)e_Gwe_”O(P_iW)/herA
— (1 _ Xu})efG")efil()P//’lerewa VX(IO)A—Ger + O(h%)L2—>L2

. (¥ w w w w 1
= e 0P/ 1T D" G (1 — (g x)")e " Va(t0) Age®" + Oh2) 22,

6 Strictly speaking 1 — x™ ¢ WS°"™ but the operator A € W™P provides the needed local-

2
ization: we can write A = AgA + O(h®);2_, ;2 where WF;, (I — Ag) N WF;,(A) = # and
apply Proposition 6.1 to Ag.
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where we used the boundedness established in (6.13) to control the lower order

. def . .
terms. Defining y = (p;‘) x, we have, by the invariance of K under the flow,

~ 1
xi=1 for d(p.K°) < Ci(h/h)2, |p(p)| <.
Let ¥ € C(T*X) be equal to 1 in the set Wy of Proposition 4.7, and
supp ¥ C (w™'(0))°.
Since (6.5) and Proposition 10.3 give

_GWw w _Gw w ~ ~1
le=0" Va0 A-Ge®" I <™ Va0)e® 114N < IAT (141l + Opo 2 (i0))

<1+ 0@Y),

it is enough to show that

le™ D" (1 =yl < e, (6.19)
le™ " e0" (1 = ) (1 — y")BIl < Chlog(1/h)  (6.20)
for B € W™ (X) with WF;,(B) € w~'([0, €;/2]) N p~1([—8, 8]), is as in
Proposition 4.7. Both inequalities follow from Lemma 6.2 and properties of
G in (4.22). For (6.19) we apply (6.7). For (6.20) we note that
91 G — G > Cglog(h/h), on supp(l — ) N WF;(B),

and (6.7) gives the estimate with the error dominating the leading term. O

7 Proof of Theorem 2
We first prove (2.2) which we rewrite as follows
IUEAll 20x) 12(x) < Ce 030702 a1 log % <n<Mlog }ll (7.1)
where
Ug def exp (—itoﬁ(;/h) A= e_Gwe_”O(P_iW)/her,
with 79 chosen in previous sections, and
A € UO™P(X), WF4(A) C p~'((=8,9)). (7.2)
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To apply the estimates of the last two sections we first observe that Proposition
10.2 implies that for any r there exist B; € W™, j =1, .. .r, eachsatisfying
(7.2), such that

,
UGA =[] UcBj +Oh™) 2,12, B, = A, (7.3)
j=1

where the constants in the norm estimate O(h°°) depend on r. This means
that, for r independent of 4 but depending on h, U A can be replaced by the
product of operators Ug B;, to which estimates of the previous section are
applicable.

We now want to decompose U in such a way that the estimates obtained
in Sects. 5, 6 can be used. For that we define

U= UG+ +Us—, Ust = Usx" Us-LUcl—0" 4

We note that Proposition 6.1 shows that

_Qw s w _Qw w _ w s w
W, G e it(P lW)/heG —e G G Xwe GY —it(P lW)/h G
w

— e Xw —it(P— lW)/]’l Gv +O(h2h2)L2_)L2
—e -G¥ Xw —it(P—iW)/h ttP/h —ttP/h Gv
+OMh j)L2—>L2
= e_Gthwe_itP/her + O(fl%h%)Lz_)Lz,
(7.5)

X

where x;" o x Ve H(P=iW)/hitP/h \We now use Proposition 10.3 applied
with P replacedby — P, A € WP satisfying WF;, (I —A)NWF,(x") = ¢.In
the notation of (10.12), x* = x¥Va(t)*, Va(t)* € ¥, (X). From (10.12)

t

1
oae) =exp 3 [0 W ) o,
0
with a full expansion of the symbol in any coordinate chart given in Lemma
10.4. For p € suppx, d(p, K% = O(h%), and as K? is invariant under

the flow d(p—s(p), K% = O (h%). But that means that on the support y,
p* W = 0 for s < t, where ¢ is independent of &, as long as & is small
enough. This means that WF, (I — V4(¢)*) N WF,(x") = ¢ and hence, for

allt, x, = x + O,(h%)sl.
2
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Returning to (7.5) this means that for 7 < Clog(1/h) (in fact for any time
bounded independently of %), we have

_ow i w _ow w 1
Xwe G e it(P lW)/heG :Xwe G e ttP/heG +Ot(h2)L2_>L2,

_ow s ) _ow o w l
e~ G" p—it(P lW)/heG“Xw:e GY p—itP/h ,G Xw+Ot(h2)L2%L2-

(7.6)
Using the notation (7.4)
Ut =D Ue, U6eaUsc.q
&=+
def
== Z Ue’ Ue == UG,en e UG,GQUG,E]’ (7-7)

where we used the symbolic words € = €1 ---¢; € X(n) = (£)". Now, for
eachworde # — — .. — — ,call ny (€) (ng(e), respectively), the number of
consecutive (—) starting from the left (the right, respectively):

—— —_——

nr (€) ng(€)

Given integers ny, ng, call ¥(n, ny, ng) the set of words € € X (n) such that
nr(e) =ng and ng(e) = nr. The decomposition (7.7) can be split into

Us=Us_+> > U
np,ng ec¥(n,np,ng)

where the sum runs over ny,ng > Osuchthatn; +ng <n —1.
We make the following observations:

S(,np,ng) = {(=)""+(=)",}, ifng +ng=n—1,
Z(n,np,ng) = {(=)"+€'+(=)"k 1€ € T(n —np —ng —2)},
ifn;, +ng <n—1.

Hence, the above sum can be recast into

n—1
UL =UL_+ > (Ug-)" U+ (Ug—)""""
nr=0
+ D" (Ue,-)"™ Ugy (Ue)" ™™ "2 Ug,y (Ug,-)"™ (1.8)

nr,nr
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where the last sum runs over ny, ng > Osuch thatny +ng <n — 2.
The following lemma provides the estimate for terms in the last sum on the
right hand side of (7.8):

Lemma 7.1 For h > h > 0 small enough, the following bound holds for
ro <r < Colog(1/h), r € N,

- 1
|UG.+ UG UG 4] oy = CHTH/2 exp (—5107’(?»0 - e)) . (79)

where the constant C is uniform with respect to h, hand r.

Proof Lemma 6.4 shows that Gy, xPe " = O(1) 2, ;2. Also, Lemma
6.2 shows that for x; € § 1 with the same properties as y but equal to 1 on the

support of x, we have

w

xVe " = x e O x + O a2, € x = e X"
+Oh™®) 2, 0.
Using (7.6) the operator on the left hand side of (7.9) can be rewritten as
Ug x" (Ug) ! x¥ = Ug x® e=C" ¢=ir+DioP/h ,G” w4 O(h%)L2—>L2
= Ug (Xwe_Glew + O(ﬁoo))e—i(r+1)l0P/h
w ~ 1
X (x17e" x " + O(h™)) + Ohz) 2,

Hence,

U +UGUG +| 2, 12

—Gw
= gl |x7e="|

‘X{l}e*i(r‘l’l)lop/hxlll}‘) HerXwH + O(;NZOO)

where we used the fact that the operators Ug, " x* and x*e~¢" are uni-
formly bounded on L?. We can now apply Proposition 5.1, replacing ¢ by

(r + Dty and x by x1. O

Let us now take n = Cq log l/ﬁ, with Co >> 1. Werecall that I" in (2.6) was
assumed to satisfy I' > fpA/2. We will use the bounds (7.9), and Proposition
6.5: H UG,_AH <e T,

Returning to the estimate for Ug; A we first observe that (7.3) and the esti-
mates (6.15) in Proposition 6.5 give

<C H Xliye—i(r+1)t0P/hX111)

Vg _All < e + O, (h?). (7.10)

@ Springer



410 S. Nonnenmacher, M. Zworski

In (7.8),foreach ¢ =1, ..., n—2, we group together terms withny +ngr =
£, and apply Lemma 7.1 and (7.10):

n—2

~ rAo—€
(UEANSe™ +ne” DT L= d/2 3 (04 1) e~ e 00=07" L O(h3)
=1
A

n—2
el 2 e on 30 gy 1y T ) 4 ond
=1

~ AQ)—€
5 h—dl/z e—ton 02 .

By taking Cop = M, > 1/€ we may absorb the prefactor h~41/2 and obtain,
for 4 > 0 small enough,

Ao — 2€
IULA| < C exp (= nip=

), n~ Mclogl/h. (7.11)

We can now complete the proof of (1.18) following the outline in Sect. 2. We
first note that (7.11) gives (2.2), so that (see (2.3)) for

z €[—8/2,8/2] —ih[0, (Ao — 3€0)/2] (7.12)
and A € WP (X) satisfying (7.2),

(PG —2)0a(2) = A— R(2), Rz)=Oh)2 2,

T )
Qa(2) def L / e—it(ﬁe—z)/hAdt _ O(T(h)) |
L h
0 L2—L?

T(h) = M, log 1/h.

We now apply this estimate with A € W™ (X) such that 6(A) = 1 in

p~1(=38/4,38/4) Nw~([0, €1)). Then Pg — z € U (X) is elliptic outside
- p ~
of WF;,(A). Hence, using the ¥ 1 calculus of Sect. 3.2, there exists Q4(z) €
W™ (X) such that
2
(PG —2)0a(x) =1 —A+R(@), R@) =002, ;.

The Fredholm operator Pg — z has index 0 since Pg +i is invertible for small
h. It follows that for 4 small enough and z satisfying (7.12)

(P6 —2)7" = (Qa@) + 04U + R + Ra2) ™' =01/ h)
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Since 0" ®AD) — O(p=M/2+1y , ., for some M, it follows that

(P—iW —2) '=0h™™) 2,2 z€[—8/2,8/2] — ih[0, (ho—3€0)/2],
(P—iW—-2"'=001/Imz);2 2, Imz>0,

where the second is immediate from non-negativity of W as an operator.
We now use a semiclassical maximum principle [8, Lemma4.7],[44, Lemma
2] to obtain the bound for (P —iW —z)~!in (1.18) (after adjusting é and €).

Remark 7.2 Strictly speaking we proved (1.18) for z € [—=§/2,6/2] —
ih[0, Ao/2 — €1], for any €1, provided that % is small enough.

8 The CAP reduction of scattering problems: Proof of Theorem 3

In this section we will prove a generalization of Theorem 3 which applies
to a variety of scattering problems. Our approach of reduction to estimates
for the Hamiltonian complex absorbing potential (CAP) is based on the work
Datchev—Vasy [14] (see also [22, §4.1]) but as the argument is simple and
elegant we reproduce it in our slightly modified setting.

Let (Y, g) be a complete Riemannian manifold and let

Py =—h*Ag+V, VeC®Y;R). (8.1)

We make general assumption on (Y, g) which will allow asymptotically
Euclidean and asymptotically hyperbolic infinities.

We assume that Y is the interior of a compact manifold Y with a C* bound-
ary, Y # (. We choose a defining function of dY:

p €C¥(Y;[0,00)), {p=0}=23Y, dplyy #0. (8.2)
Let py = |& |§ + V(x) be the principal symbol of P, and let
(x(1), §(1)) = exprHp, (x(0), §(0)),

be the Hamiltonian flow (geodesic flow lifted to 7*Y when V = 0. The first
assumption on (Y, g) we make is a non-trapping (convexity) assumption near
infinity formulated using p with properties (8.2):
d d*
px (1)) € (0, €1), Ep(x(t)) =0 = ﬁp(x(t)) < 0. (8.3)

The trapped set at energy E € [—4d, 8] is defined as

(x,8) € Kg <= pg(x,§) = Eand exp(RH),)(x, §) is compact in T*Y.
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We assume that the trapped set at energies |E| < §, (see (1.15)),
K° is normally hyperbolic in the sense of (1.17). (8.4)

We now make analytic assumptions on P. For that we first assume that P,
can be modified inside a compact part of Y, to obtain an operator

Poo=—1*Ag +V, VeC®Y), Vipee=Vip<e

with the following properties: for some sop > 0 and Cy > 0,

o Co
6% (Poo — E —i0) " 0™l 2y 12(y) < — [El<5 (85
and

u=(Po—E—i0)'f, feC®y =
WE;, (u) \ WF, () C exp([0, 00) Hyip.,) (WER(f) N p;}(E)) ,
(8.6)

where po oo |§|§ +V.

We note that these assumptions do not require that the resolvent of P, has a
meromorphic continuation from Im z > 0 to the lower half-plane. A stronger
conclusion will be possible when we make that assumption: more precisely,
for x € C°(Y), we assume that the resolvent (Po, — z)~ ! continues from
Im z > 0 analytically to [—8, 8] — ih[0, Cyp], for some Cy > 0, and that for
some N, the following resolvent estimate holds:

X(Po—2) 1 = 0L2_>L2(h_N), z € [=6,8] —ih[0, Col. 8.7)

When P is chosen to be selfadjoint, interpolation [8, Lemma 4.7],[44, Lemma
2] shows that (8.7) improves to

X(Poo = )71 = Opa, pa(h= 1 M M og(1/ ),
z €[-46,8] —ih[0, Col. (8.8)
We can now state a more general version of Theorem 3:

Theorem 6 Suppose that the Riemannian manifold (Y, g) and the potential V
satisfy the assumptions (8.3), (8.4), (8.5) and (8.6). In particular, the trapped
set for the operator P = —thg + V is normally hyperbolic.
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Then, for some constant C1 (and sq in (8.5)), we have

L log(1/h)
0% (P — E —i0) " 0™ 2yy s 12(v) =C——, [E[<5. (89

If in addition (8.7) holds then, for any €y > 0, x (P — 27! X can be continued
analytically to [—6/2,5/2) — ih[0, min(Co, Lo/2 — €0)], with Ay given by
(1.19), and

X (Pg — D7y = OL2_>L2(h_N),
z €[—=6/2,68/2] — ih[0, min(Cyp, Ag/2 — €p)], (8.10)

with the improved estimate (1.18) if (8.8) holds.

Before the proof we present two classes manifolds which satisfy our assump-
tions. We say (Y, g) is asymptotically Euclidean if

g=p tdp* +p ?g0(p), neardy,

where go(p) is a family of metrics on dY depending smoothly on p up to
p = 0. We say (Y, g) is evenly asymptotically hyperbolic if

g=p 2dp*+p ?g0(p), neardy,

where p is as before but this time go(p) is a family of metrics on Y depending
smoothly on p? (hence even) up to p = 0.

In both cases the non-trapping assumption near infinity (8.3) is valid: see [ 14,
Proof of Lemma4.1] for the asymptotically hyperbolic case; the asymptotically
Euclidean case follows from the same proof, with the fourth displayed equation
of the proof replaced by [49, (4.3)].

For asymptotically Euclidean manifolds (8.5) and (8.6) follow from the
results of [49]. The modification of V' can be done in any way which produces
a non-trapping classical flow: for instance we can choose V = V + Vj,; where
Vint 18 a smooth, large non-negative potential (a barrier) supported in {p > €1}.

To obtain (8.7) more care is needed but, under additional assumptions one
can use an adaptation of the method of complex scaling of Aguilar-Combes,
Balslev-Combes and Simon—see [53] for the case of manifolds and for refer-
ences. The simplest example for which this is valid was considered in Theorem
1. For even asymptotically hyperbolic manifolds the properties (8.5), (8.6), and
(8.7) all follow from the recent work of Vasy [50].

As long we are not interested in analytic continuation properties, the weaker
assumptions (8.5) and (8.6) may hold in the generality considered by Cardoso-
Vodev [9].
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Proof of Theorem 6 To show how Theorem 6 follows from Theorem 2 we
use the parametrix construction of [14, §3]. For that we first have to relate the
situation in this section to the set-up in Theorem 2. It will be convenient to
rescale p so that in (8.3) we can take €] = 4.

Let X be any compact manifold without boundary such that Y C X is a
smooth embedding: for example, we may take X to be the double of Y. We
then extend p to p € L% (X) to be identically O on X \ Y. Let P € W?(X) be
any selfadjoint semiclassical differential operator satisfying

P|p>1:Pg|p>la P:_thgX"’_VX’

where gx is a Riemannian metric on X and Vy € C*®°(X; R).
We then take W € C*°(X; [0, 00)) such that

0 forpkx)>1;

Wx) = { 1 forp(x) < %

Let V € C®°(Y) be a potential for which (8.5) and (8.6) hold. We notice that
one possibility to obtain the required properties for P is to take a complex
potential V. = V — i W, where, Wy, € C*°(Y; [0, 00)) (see Fig. 3)

0 for p(x) < 4,

Woolx) = [1 for p(x) > 5,

Using the convexity property (8.3) it is easy to check that this operator satisfies
(8.5)and (8.6). Then for Im z > 0, |9z| < &, define the following holomorphic
families of operators

Rx(x)=(P—iW—27", R =(Px—2)""
Due to the compactness of X, the family of operators Ry (z): L>(X) — L*(X)
is meromorphic for z € C. The resolvent Ry (z) is estimated in Theorem 2. For
the moment we only assume that Ro(z): L2(Y) — L?(Y) is holomorphic

for Im z > 0 and satisfies (8.5), (8.6).
Now take a cutoff function xx € C*°(R, [0, 1]) with

supp xx C (2,00), supp(l — xx) C (—o0, 3).

We putand xoo = 1 — xx.
Our first Ansatz for the inverse of (Pg — z) is the operator

F(z) = xx(p(e) + DRx(2) xx (p(®)) + Xoo(0(®) = 1) Roo(2) X0 (0 (®))-
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xx(p+1) xx () \ Xoo(p) Xoo(p— 1)
supp W supp W,

p=0 1 2 3 1 5

Fig. 3 Schematic representation of the cut-offs used in the proof of Theorem 6 as functions of
p(x). The spatial infinity is represented by p(x) = 0 and X \ Y corresponds to p(x) <0

Note that F(z): L2(Y) — L%(Y) for Im z > 0 since all the cut-off functions
are supported away from X \ Y. Also, the support properties of W, W, and
xx show that

(Pa—2)xx(p(®)+ 1) =xx(p(&)+1)(P—iW—2)+[xx(p(8)+1), h*A],
(Pg—2) Xoo(P(®) = 1) = Xoo(0(8) = 1) (P — 2)+[Xco(p(®) — 1), B2 A,].

Hence
(P —2)F(2) =1+ Ax(2) + Axo(2),

where

Ax(z) = [xx(p(®) + 1), B2 A 1Rx (2) xx (p (o)),
Aso(2) = [Xoo(p(®) = 1), B2 Ag1Roo(2) Xoo (P (e)).

Note that Ax (z)? = Ao (z)? = 0, due to the support properties

suppd (xx(p(e) + 1)) Nsupp xx (p(e)) =4,
suppd (xoo(p(e) — 1)) N supp xoo(p(e)) = 0. (8.11)

Moreover, thanks to assumptions (8.3) and (8.6) [see [14, Lemma 3.1]],

lAso(2)Ax (Dl 127y 12(yy) = O(A™), uniformly for Im z > 0, [Re z| < 4.
(8.12)

Consequently

(Pg —2)F(2)((I — Ax(2) — Aoo(2) + Ax(2)Axe(2)) = I — E(2),
where E(2) = Axo(2)Ax(2) — Acc(2)Ax (2) Ao (2).
(8.13)
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Using (8.12) we see that E(z) = O(h*) 12(y)_, 2(y), uniformly for Im z > 0,
|Rz| < 8. This allows to write an explicit expression for (P, — )~

(Pg—2) ' = FQU = Ax(2) — A(2) + Ax (2) A (2)) Z E(2)".
n=0

We now want to estimate || p** (Pg — 2) "L L2(v)— L2(y)- For this we expand
the above identity using the expression of F(z) (some terms vanish due to the
support properties (8.11)). Denoting ax = ||Rx (2)|l, doo = 10*° Roo(2) 0%,
we get the bound

19 (Pg — )7 ™| < C(aoo + ax + haseax + h*aZ ax)
+O(h®™). (8.14)

Finally, we use the bounds (8.5) for ao, the bound (1.18) for ay (with Im z >
0), and obtain the desired estimate (8.9).

When the assumption (8.7) holds, the construction shows that for y €
C°(Y) equal to 1 on a sufficiently large set,

o0

X(Pe=2) "' x=xF@)x (I - Ax ()= Acc(R)+Ax Acc(2) x D (E(@)X)",
n=0

continues analytically to the same region as both Rx(z) and x Roo(z)x. The
same expansion as above allows to bound from above || x (P, — 2 x| by

the same expression as in (8.14), now using ax = |[[xRx@ x|, deo =
| X Roo(z) x |l By using (1.18) for ax, resp. (8.7) for ay, (with now Im z taking
negative values), we obtain (8.10). O

For completeness we conclude this section with the proof of Theorem 1.
The conclusion is valid under more general assumptions of Theorem 6.

Proof of Theorem 1 In the notation of Theorem 6, (1.3) is equivalent to the
estimate

logl/h

hl'f‘—CO)/ e_yt + O(l/loo),

lx v (Pe)e™ P/ Ayl 12 y)— 12ry < €

1
y = E(ko —€), (8.15)

valid (with different constants) for any x € C°(Y). Let v e CF(C) be
an almost analytic extension of ¥, that is a function with the property that
Y lr= ¥ and 9 w(z) = O( Im z|°°) (see for instance [55, Theorem 3.6]).
We can construct ¥ so that supp ¥ C [—8/2, 8/2] — i[—8, 8]). We start with
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Stone’s formula
—i 1 —i e —
Xl//(Pg)e ltPg/hX — E/w()\)e MX ((Pg —)\—IO) 1
R
—(Pg — 2 +i0)7") x dx.

We now write R_(z) = (P — z)~!, for the resolvent in Im z < O (that is for
the analytic continuation of (Pg — (z —i 0))~! from Im z < 0) and R, (z) for
the meromorphic continuation of the resolvent from Im z > 0 to the lower
half-plane. We then apply Green’s formula to obtain, for 0 < y < A¢,2,

XV (Py)e 1Pe/y = L / ey (Ri(2) — R—(2)x ¥ (2)dz

2mi
Im z=—yn

+% // ey (R (2) = R-()x D9 (2)dm (2),
—yh=<Im z=<0

(8.16)

where dm (z) is the Lebesgue measure on C. From (1.18) (see Theorem 6) we
get

X R+(2)x N2y 2 < Ch= 1O Jog(1/ 1),
IxR-(2)xll2—p2 < C/| Imz|,

for —yh < Imz < 0. Inserting these bounds in (8.16) gives (8.15) and that
proves (a generalized version of) Theorem 1. m|

9 Decay of correlations for contact Anosov flows: Proof of Theorem 4

Most of this section is devoted to the proof of Theorem 4. This proof will be
obtained by adapting the proof of Theorem 2, after reviewing the geometric
point of view of Tsujii [47] and Faure-Sjostrand [23] (see also [13]). At the
end of the section we deduce Corollary 5 on the decay of correlations.

9.1 Geometric structure
Let X be a smooth compact manifold of dimensiond = 2k — 1, k > 2. We

assume that X is equipped with a contact 1-form «, that is, a form such that
(da) =D A o is non-degenerate. The Reeb vector field, B, is defined as the
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unique vector field satisfying
Ey €ekerda,, o(Eyx)=1, xe€X.
We assume that
Vs & exptE defines an Anosov flow on X . 9.1

That means that at each point x € X, the tangent space has a y;-invariant
decomposition into neutral (one dimensional), stable and unstable subspaces
(each (k — 1)-dimensional):

TiX = Eo(x) @ Es(x) ® Ey(x), Eo(x) =RE;. 9.2)

We note that E,,(x) @ E(x) span the kernel of «,.

The dual decomposition is obtained by taking Ej(x) to be the annihilator
of Eg(x) ® E,(x), E}(x) the annihillator of E, (x) & Eo(x), and similarly for
E7 (x). That makes E7 (x) dual to E, (x), E;; (x) dual to Eg(x), and Eg(x) dual
to Eg(x). The fiber of the cotangent bundle then decomposes as

T'X = Ej(x) ® Ef (x) ® EX(x). (9.3)

The distributions E (x) and E;; (x) have only Holder regularity, but £ (x) and
E¥(x) ® E;(x) are smooth, and Ej(x) = Ra, C T)X.

The approach of [23] highlights the analogy between this dynamical set-
ting and the scattering theory for the Schrodinger equation. The role of
the Schrodinger operator is played by the (rescaled) generator of the flow
Vi = eXptE:

viu=e"P'My, ueC®(X), P=—ihE. (9.4)

The principal symbol of P simply reads p(x, §) = &£(Ey).
The flow y; can be lifted to a Hamiltonian flow ¢; on T*X:

ot (2, 8) = (), dyi(x)7'8),
which is generated by p(x, §): ¢, = exptH).

For each energy E € R, the energy shell p~'(E) is a union of affine
subspaces:

pHE) = [ J{(x. &) 1 ax(®) = E} = | (B + E}(x) + E} (x)).

xeX xeX
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We note that each of these energy shells has infinite volume; as opposed to the
scattering theory setting, infinity occurs here in the momentum direction (the
fibers), while the spatial direction is compact.

The Anosov assumption implies that for ¢ > 0,

o (x, &) < Ce™g], &€ EFx), lo_(x,&)|<Ce ™|

£ € E;(x), (9.5)
where | o | = | o |, denotes a norm on Ty*X , and we consider ¢;(x, &) €
T;( e S))X . Since the action of ¢; inside each fiber 7" X is linear, we see that

the only trapped points in 7* X must be on the line Ej(x). More precisely, the
trapped set at energy E € R is given by

Ke=J (Esc)np () = | Eax.

xeX xeX
that is K g is the image of the section F« in T*X.

Stacking together energies £ € (1 — 45,14+ 6),0 < § < 1, we obtain the
trapped set

K=K = U Kp={Eay, x€ X, |E—1]| <8} C T*X.
|E—1]|<$

This trapped set is normally hyperbolic in the sense of (1.17).

Indeed, we first note that K is a symplectic submanifold of 7*X of dimen-
sion d + 1 = 2k. Indeed, using (x, E), x € X, as coordinates on K?,
(x, E) — Eoay, we have

olgs=d(Ea) =dE ANa+ Eda.

This form is nondegenerate for E # 0 since « is a contact form.
The tangent space to K is given by the image of the differential of

XxR>x E) > Eay & (x, 6 = EB(v)),

where we see B(x) as the vector in R representing «,. Hence,

TE%K‘S:E(da)x(TXX, o) +Ray ={(v, EdB(x)v+sB(x)) :veT X, seR}
CTX®T X = Tgo, (T*X). (9.6)

Here df(x) can be interpreted as the Jacobian matrix 98/dx on R,
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Foreach x € X, the symplectic orthogonal to Ty, K 8 denoted (TEa, K 5L,

can be obtained by lifting the vectors in ker «, as follows:

vekeray > L) € (v, EdB())v) € ToX & TFX = Tgq, (T*X),

where ‘(dB(x)) denotes the transpose of dB(x). This subspace (Tgq, K L s
symplectic and transverse to K °:

T,K° ® (T,K°)t = T,(T*X), Vp = Ea, € K°.

Since ker o, = E, (x) @ Es(x), we can naturally split the orthogonal subspace
into

(T,K* =Ef @ E;, E}=Lg(E,x), E, =Lg(E(x)),
p = Eay € K°.

The distributions E; i are transverse to each other and flow-invariant. £, +
is a particular subspace of the global unstable subspace E,(x) & E *(x) C
Tgq, (T*X), and similarly for E, Ea,- Hence, in the present setting, the sub-

spaces Eff exactly correspond to the subspaces described in Lemma 4.1.

9.2 Microlocally weighted spaces and the definition of resonances

Following [13] we now review the construction [23] of Hilbert spaces on which
P — z (with P given in (9.4)) is a Fredholm operator for Im z > —fBh, for
some arbitrary 8 > 0.

The key to the definition of these Hilbert spaces is a construction of a weight
function which we quote from [23, Lemma 1.2] and [13, Lemma 3.1]. We use
the notation E} = |J, .y E¥(x) C T*X.

Lemma 9.1 Let Uy, U| be conic neighbourhoods of E§, with Uy € U, and
UyN (E} U EY) = 0. There exist real-valued functions m € SUT*X), fo €
SY(T*X) such that

(1) m is positively homogeneous of degree O for |&| > 1/2, equal to —1, 0, 1
near the intersection of {|§| > 1/2} with E, Ej, EY, respectively, and

H,m < 0 near (U} \ Up) N {[¢] > 1/2}, Hpym < 0on {|§| > 1/2};
(9.7)

2) (E)_lfo > ¢ > 0 for some constant c;
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(3) the function G o log fo satisfies
HpG < =2on{|§| > 1/2}\ Uo, HpG <Oon{|§]>1/2}. (9.8)

The function G also satisfies derivative bounds
G=000g(e)), 0L HiG=0 ()77, lal+1Bl+k=1, ©9)

for any € > 0.
As in [13, §3] we define

Hg(X) ¥ 9" L2(X, dx), (9.10)

where ¢ > 0 is a positive parameter.
The domain of P acting on H,g is defined as

Dic ® (ueD(X) : u, Puc Hg). (9.11)
The action of P on H;g is equivalent to the action of the operator P,g on L:

def g% Pe_[gw

Pg=e = exp(t adgw) P

Nk
t
= 186w P+ Ry(x. kD). Ry € hWVHIS™V4 Ve >0,
k=0 """
(9.12)

The validity of (9.12) follows from the fact that the operators e*9" are
pseudodifferential operators [55, Theorem 8.6], hence the pseudodifferential
calculus applies directly [55, Theorem 9.5, Theorem 14.1]. This expansion
and the arguments in [23, §3] give

Proposition 9.2 For P;g defined by (9.12), we have

i.) the operator P,g —z : D(P;g) — L? is Fredholm of index zero for Im z >
—th. Here D(P,g) is the domain of Pg.
ii.) for C > 0 large enough, (P;g — z) is invertible on { Im z > Ch}.

In [23] the above construction was performed, replacing the A-quantization
by the # = 1 quantization. It lead to the construction of H;g 1(X) =
e 19" D)1 2(X) equal, as vector space, to the above h-dependent space
H,g(X). The norms of these two spaces are equivalent with one another, but
in an h-dependent way:

hN||M||H,g,1(X)/C0 < llullg,gx) < Coh™V ol byg y(x) (9.13)
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—see [13, §3]. As a consequence, if we call P| = —i &, Theorem 4 translates

into the fact that P,g | &l 16" (x.D) P1e'9"@*D) s Fredholm in the strip

{ Im A > —t}, admits finitely many eigenvalues in the strip { Im A > —X¢/2+
€0}, and satisfies the resolvent estimate

[(Pig.1 —2) 2n2=00M), Imi > —19/2+4 €0, [Rer|>C.
(9.14)

9.3 Reduction to Theorem 2
In order to prove Theorem 4, we proceed as in the proof of Theorem 6 in
§8, by constructing two operators which microlocally agree with P;g (up to
negligible error terms) on different subsets of T*X.

Let W € W!(X) be as in Example 2 of Sect. 1.3. The trapped set defined
in Sect. 1.3 agrees with the trapped set in Sect. 9.1 and, as shown in (9.5), it

satisfies, the assumptions of normal hyperbolicity. Hence Theorem 2 applies
toP =P —iW.If A € UOMP(X) satisfies

WF,(A) € (G71(0))°, WF,(A) N{(x,£) : [£lg, = M} =0, (9.15)
(where M is the one appearing in the definition of W—see (1.13)) then

AP = AP, + Oh™)p_ . (9.16)

We now introduce an operator which has better global properties and agrees
with P;g near infinity. For that we proceed as in the proof of Theorem 6, and
take Woo € WP (X) such that

WE,(Wao) € (G71(0))°,  WEF,(I — W) C CK?,
WEF, (W) N WF,(Wy) = 0. (9.17)

We then put
Py = Pig —iWx.
Then for any B with WF;,(I — B) ¢ CWF;, (W),
(I = B)Poo = (I — B)P,g + O(h™)pr . (9.18)
Properties of the operator P, are listed in the following
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WE.(W) A Ao \ Bo B
supp G WF,(Wxo)
1¢] = o0

Fig. 4 Schematic representation of pseudodifferential cut-offs used in the proof of Theorem
4. The horizontal axis corresponds to |£|, the cotangent variable. Infinity in |&| plays the role
of p = 0in Fig. 3. The asymmetry is intentional, to stress that there is no need for an auxiliary
manifold, as opposed to the proof of Theorem 6 illustrated in Fig. 3

Lemma 9.3 Fix 8 > Qand lett be large enough so that P,g — z is a Fredholm
operator for Im z > —pBh. Then, there exists Ny and hg such that, for 0 <
h < hy,

(P =2) Mo < ™™ z € [1—-8/2,148/2] — ih[0, B].
In addition the analogue of (8.6) holds for Px: in the same range of z,

U= (P —2)7 f, felC®X) =
WFp,(u) \ WF,(f) C exp([0, 0c0)Hp,) (WF,(f) N p~ ! (Re 2)) .
(9.19)

Proof The first part follows from the now standard non-trapping estimates (see
[43, §4]). In the setting of Anosov flows the details are presented in the proof
of [13, Lemma 5.1] (only the escape function constructed in Lemma 4.6 above
is needed).

The propagation result is a real principal type propagation result [55, Theo-
rem 12.5] which holds when the imaginary part of the symbol is non-positive—
see Lemma 10.1 below for a dynamical version. O

Proof of Theorem 4 The proof is a repetition of the proof of Theorem 3
with Ry replaced by (P — z)~! and Ru by (Pso — z)~!. The spatial cut-off
functions are replaced by pseudodifferential operators (Fig. 4): xx(o(x)) is
replaced by Ag € WP (X), satisfying

WE; (Ao) N {(x,8) 1 [§lg, = M} =0, WE,(I —Ag) N WE;,(Woo) =0,

where M is given in the definition of W, see (1.13). The function xx (o (x)+1)
is replaced by A; € W°™P(X), where

WE, (I — A1) NWE,(Ag) =0, WER(A1) N{(x,8) : [Elg, = M} =1,
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Yoo (0(x)) is replaced by By & 1 — Ag € WO(X), and finally xeo(p(x) — 1)
by By € WO(X) , where

WEF;,(Woo) N WF,(By) =0, WF,(I — By) N WF,(By) =
We also require that
WE (A1), WE (I = B1) € (G~ (0))°.
The parametrix is now obtained by putting
F(z) = Aj(P —iW —2)"'Ag+ By(P,g — iWso — 2) "' Bo.

Using (9.16), (9.18) and Lemma 9.3 we obtain the theorem by proceeding as
in the proof of Theorem 3 in Sect. 8. O

Proof of Corollary 5 We will use the nonsemiclassical operator P| = —i E.
It is selfadjoint on L?(X)—see [23, Appendix A]—hence, by Stone’s formula,
we get for any f, g € C*°(X)

/ y* f gdx = (e L )
=— [ (P =2 —i0) 7 f,8) = ((PL — A +i0)" £, 8)) dr

~ 27i Z ¥ / THOA DT = A £i0)T (P + D S, g)do

Here the brackets (e, o) represent L2(X) scalar products.

For t > 0 we can deform the contour in the integral corresponding to +i0
(A approaching the real axis from below), where |[(P; — A) ! < | Im A1,
so that for k£ > 1 the integral is bounded as

1 .
—5 MO+ 7R — VTP + DR S g)d
R—iA

= O fllgellgl2).
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Thus,

* 1 —iAt -\ —k < — 1 Nk o o=
thgdx:% e A+ DTH((PL—=A—i0)" (PL+1D)" ], 8)
X R

+0f g™,

for any A, with the bounds depending on seminorms of f and g in C*°. We
now use the nonsemiclassical weights G (x, D) constructed in Sect. 9.2 to
conjugate Pp, and write

/V,*fgdx

X

1 - 1)~ / - . w
= %/e M+ D) K (Pgy —r—i0) N (Pigy + iD)ke!9" D) f,
R

e_[gw(x,D)g> + Of’g(e_tA)-

The nonsemiclassical analogue (9.14) of Theorem 4 shows that, by taking k >
No+ 1, we may deform the contour of integration downto Im A = —Ap/2+¢€,
collecting finitely many poles i ;, to finally obtain the expansion (1.22). O
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Appendix: Evolution for the CAP-modified Hamiltonian

In the appendix we show some properties of the CAP-modified Hamiltonian,
that is the Hamiltonian modified by adding a complex absorbing potential. At
first we work under the general assumptions (1.9).

The semigroup exp(—it(P —iW)/h) : L*(X) — L%(X) is defined using
the Hille-Yosida theorem: for 4 small P —i W —i is invertible as its symbol is
elliptic in the semiclassical sense (see (1.11) and [55, Theorem 4.29]). Ellip-
ticity assumption for large values of & also shows that P — i W is a Fredholm
operator, and the comment about invertibility shows that it has index 0. The
estimate

(P —iW — 2ullllull = —Im (P —iW — 2)u, u)
> Imz|ul?, ue H"X),
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then shows invertibility for Im z > 0, with the bound
(P —iW —2)7 ! P Imz >0
—iW - —— > 0.
Z 12512 = Im 2 4

Since the domain of P — i W is given by H”(X) which is dense in L2, the
hypotheses of the Hille-Yosida theorem are satisfied, and

le™ PR 22 <1, 120,
o~ it (P=iW)/h y=is(P=iW)/h _ ,~i(t+)(P=iW)/h ; ¢~ (

(10.1)

Alternatively we can show the existence of the semigroup exp(—it (P—i W)/ h)
using energy estimates, just as is done in the proof of [55, Theorem 10.3]. We
get that for any 7' > 0,

e MP=IW e C ([0, T; LOHS(X), Hi (X)) N CH((0, T1; L(HS, HE™™)).
(10.2)

Our final estimates will all be given for L? only and that is sufficient for our
purposes.

The first result we state concerns propagation of semiclassical wave front
sets. We recall the notation ¢; = exp(t H),) for the Hamiltonian flow generated

by p(x,§).

Lemma 10.1 Suppose that A € WP (X). Then for any T independent of h
there exists a smooth family of operators

[0, 71>t Q@) € V"™(X), WF,(I — Q1) Ne(WF;(A)) =0,
(10.3)

such that
(I — Q1)) e HP=IM/h A — O(1™®) ;2 5. (10.4)
In addition if WFy,(A) C w1 ([e], 00)), €1 > 0, then for any fixed t > 0,

e*it(P*iW)/hA — O(hoo)LZ_)LZ, Ae*il‘(P*iW)/h — O(hOO)L2_)L2.
(10.5)
Proof We first construct Q(¢) using a semiclassical adaptation of a standard
microlocal procedure—see [30, §23.1]. For that, let Q(0) € W™ (X) be an

operator satisfying WF, (I — Q(0)) N WF,(A) = #, and with the principal
symbol, go(0), independent of 4. Using the fact that the flow ¢, is defined
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for all ¢+ we put go(?) def ©*,q0(0). In terms of the Poisson bracket on the
extended phase space T*(R; x X) > (¢, x, t, ), this means that the function
qo(t) satisfies the identity {t + p, go(¢)} = 0. Consequently, at the quantum
level we have

[hD; + P, Opy (qo(1)] = hRi(t), Ri(1) € WP (X)),
Opj, (q0(0)) — Q(0) = hEy, E; € ¥*"P(X),

and the principal symbols of Rj, Ey, r1, e; € C°(T*X), are independent of
h.If py = o((P — Op}’(p))/h, we then solve (in the unknown ¢ (t)) the
equation

{t+p. a1} =r—{p1.q0®}, q1(0) =e.
By iteration of this procedure we obtain g, € C°°(T*X) such that

N—-1
[hDy + P, > WOp (qe()] = h¥ Ry(1). Ry (1) € U™ (X),
=0
N-—1

> h'0py(qe(0) — Q0) = hNEy. Ey € W™ (X).
=1

By a standard Borel resummation we may construct Q(¢) € W°™P(X) such

that Q(t) ~ "= b/ Op} (qe(1)).
Forany N > 0 we can iteratively construct a sequence of auxiliary operators
Q)= Q) € VO™ (X),0 < j < N, satisfying

WE,(I — Qj+1(1)) "NWF,(Q (1)) = WE, (I — Q) N (WF,(A))

= WE,(I — Q1)) "WF,(Q,(1)) =¥,

[Qj(1), hD; + P] € C*([0, T1; h° WP (X)). (10.6)
(These assumptions imply that ¢,(WF;,(A)) C WE(Q;(1))
C WE(Qj+1(1)) C WE(Q(1)).)

Let v(r) & e t(P=iW)/h Ay l]| 2 = 1. Our aim is to prove the following
property:

wj(z)déf(l— Q;(Nv(t) = Oh'?),2, forj=0,...,N, 0<r<T.

(10.7)

Since A € W™P (10.2) shows that this property holds for j = 0. Let us now
prove that, if true at the level j, it then holds at the level j + 1.
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Noting that
wip1 = (I = Qjr)wj + Oh™)ex, (10.8)
we have

(hDy+ P — iW)wjs1 = (I — Qj41(0)(hD; + P — iW)w;
—i[W, Qjt1lwj + O(h®) 2

Dividing by h/i, taking the inner product with w;, taking real parts and
integrating gives

t

lwj 172 = w1017, +2 / (Wwji1(5), wjt1(s))ds

0
t

2
-2 / Re([W, Q41 ()1w; (), w1 ())ds + OG™),  (10.9)

0

Now,

(I = Qi1 GNIW. (I = Q1 ()] = ihBjs1(s) + h2Cjp1(s),
Bj11(5), Cjy1(s) € UM (X), Bji1(s) = Bj1(s)".

Hence, using (10.8) and the induction hypothesis (10.7), the right hand side
of (10.9) becomes

t
2h/R€><C_/+1(S)wj (5), w;(s))ds + O™ = O/,
0

Returning to (10.9) and using the non-negativity of W, we see that
lwjs1 @I < llwjr1 O, + Ch/*

Since
wi1(0) = — Qjr1)Au = O(h™);2,

we have established (10.7) with j replaced by j + 1.
The estimate (10.4) then follows from

(I —Q0)v@) =T - Q0)Hw;(t) + O2(h™),
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the estimate (10.7) at the level j = N, and the fact that N could be taken
arbitrary large.

To see (10.5) we note that if A € W™P(X) then
WEF;,(A) C w™ ! ([e1, 00) = ¢, (WF,(A)) C w™ ! ([e1/2, 00) for0<r<§.

Hence, by (10.4),

WE, (v(1)) € w™l([€1/2, 00), v(r) & =it P=iW)/h gy
lull2=1, 0<t<3é.
This means that we can modify W into Wy, so that
o (W)(x, &) > (Y /C, W, > co, for0 < h < ho,

while we have

O0=0tD;+P—iW)v(t) = (hD; + P —iW)v(@) + Oh™) e
uniformly for 0 < ¢ <§.

Taking the imaginary part of the inner product of the above expression with
v(t) gives

h
S VOI72 = =(Wiv@®, v©) + Oh™) < —colp®|* + OG>,
and hence
lv®)[17, = O(h™) uniformly for §/2 < t <.

This proves the first part of (10.5). The second part follows by taking a con-
jugate: A e =PI/ — (o=it(=P=IW)/h A*)* ‘and all the arguments remain
valid for P replaced by —P. O

The next lemma is needed in Sect. 7 and follows immediately from Lemma
10.1:

Proposition 10.2 Suppose that A € V™ (X)) satisfies
WE,(A) € p~'((=8,8) Nw ™! ([0, 1)), (10.10)
for some €1 > 0 and that T is independent of h.

Then there exists B € W°™P (X)) for which (10.10) holds with B in place of
A, and
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e 1P/ h g — ge=it(P=IW)/h g L O(R®) ;5 2, 0<t<T. (10.11)

Proof Using again the operator Q(t) constructed in the proof of Lemma 10.1,
we take a compact set L containing WF, (Q(¢)) for all 0 < ¢ < T. By taking
WF,(Q(0)) C p‘1 ((—$6, &)) (which is possible due the assumptions on A) we
see that we can assume L C p_1 ((—4, 8)). We can now choose B € W MP(X)
such that

WE,(I — B)NLNw~ ([0, €/3]) = ¥,
WE;,(B) C p~1((=8,8)) Nw™' ([0, €1 /2).

This implies that (I — B) Q(t) = C(t), where WF;,(C(1)) C w™ ' ([¢1 /3, 00)),
and hence, by (10.4) and (10.5),

(I — B)e—it(P—iW)/hA _
(CO+U =BT = 0@)e " P=WIIMA = Oh™) 2,2,

proving (10.11). O

Finally we present a modification of [38, Lemma A.1]. The modification
lies in slightly different assumptions on P and W, and the proof also corrects
a mistake in the proof given in [38]. From now on we work under the extra
assumption (1.10) on the CAP. We remark that in [38] we only needed Lemma
10.1 and hence the assumption (1.10) was not required.

Proposition 10.3 Suppose that X is a compact manifold, P is a self-adjoint
operator, P € V" (X), W € WK(X), W > 0, and that (1.9) and (1.10) hold.
Then for any t independent of h, for A € WP (X) satisfying (10.10), we may
write

eilP/he—il(P—iW)/hA — VA(I) + O(hOO)LZ_)LZ,
where

Va@t) € W™ (X), WE,(Va0) C () (p—sw™'(0))) N WFi(A),
0<s<t
t

o (Va(t)) = exp —}ll/(p;‘st o (A). (10.12)
0

The class of operators \Ilf/omp was introduced in Sect. 3.2.

The proof is based on the following lemma inspired by the pseudodifferen-
tial approach to constructing parametrices for parabolic equations presented
in [33].
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Lemma 10.4 Suppose that t — p(t,z, h), p(t,e, h) € Cé’o(Rzn; R), is a
Sfamily of functions satisfying

0% p(t,z,h) = Opa(1), p=—Ch, 0<h <h,

1
10 p(t, 2, )| = Ou(p'™), 0 <8 < > (10.13)

Then, for 0 < s <t there exists E(t,s) € Vs(R") such that
(hd; + p"(t,x,hDyx, W)E(t,s) =0, t 25 >0, E(s,s)=1.

Moreover, E(t,s) = e“(t,s,x,hDy, h) where e(t,s) € Ss(R*") has an
explicit expansion given in (10.27) below.

Proof Replacing p by p+ (C +1)h, gives p > hand p(t,e,h) € (C+ 1)h+
Cce (]Rg”). The multiplicative factor e/*D=9) in the evolution equation is
irrelevant to our estimates.

For any N > 0 we try to approximate the symbol e(z, s, x, £, h) by an
expansion of the form

N
sz h) E > hiejt, sz, h. (10.14)
j=0

The symbol of the operator 19, fy/ + p* fy can be expanded using the
standard notation a” o b* = (a#b)" and the product formula (see for instance
[55, Theorem 4.12]):

ho, fn(t,s) + [p(O# fn (2, 5)]

N
=>"hi [ hde;j(t.s)

j=0

N 1 1

—Jj- k
1. .
+ E k'<2lhw(Dz»Dw)) pt,2)ej(t, s, w)|my + h"Y ’m,;)
k=0

N
= > 0 | iy + pe)e; . s)
j=0
= 1 (1 j=t )
+§ m (le)(Dm Dw)) P(t, Z)eg(t, S, w)|Z:w +h rN(l, S,Z),

N—1
(5.2 S s, 2). (10.15)
=0
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The remainders satisfy the following bounds (see for instance [43, (3.12)]):

sup |07, (1, s, 2)]
Zz

1 .
<Canj D, sup sup |(h20:4)P(0(D;, D)V O p(2)02e; (w)| .
ajtay=a ©W |BI<M,BeNM

(10.16)

The standard strategy is now to iteratively construct the symbols e; so that
each term in the above expansion vanishes. The term j = 0 simply reads
(hdy + p)eo = 0. From the initial condition eg(s, s) = 1, it is solved by

t
1
eo(t,s,z,h) =exp —E/p(s/, z,h)ds' | . (10.17)
)
For j > 1, the symbol ¢; is obtained iteratively by solving

t

1
ej(t,s,z) o Z/eo(t,s/,z)qj(s/,s,z)ds’,

N

ej(t, s, 8) € C(R™),

def
qj(t s, Z) =

j—t
_Z g), ( «(Dy, Dw>) pt. De(t, s, w)|—w € CER".
(10.18)

This construction formally leads to an approximate solution:
ho; fn (1,5, 2) + [p@t, O)# fx (1,5, 0)] (2) =N ry(t,s.2).  (10.19)

To make the approximation effective, we now need to check that the sum
(10.14) is indeed an expansion in power of #. We thus need to estimate the
e;’s and thereby the remainders ry ;’s.

We will prove the following estimate by induction:

t 2j+le|

. 1
|8§‘ej(t,s,z)lfCa,jh_z‘”_‘S'“' 1+ Z/p(s/,z)ds/ eo(t, s, 7).
S

(10.20)
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1-6

For that we first note that, as p > h, and |0%* p| < Cyp' —°, we have

10%p| < Coh ™0 p. (10.21)

Consequently, for j = 0 we have

0%eo(t, s, )| < D H /Iaa‘p(s Dlds’ | eo(t, s, 2)

Shojae=at §
< Y H p / ', s’ | eot, 5,2
Ze lotg_ot s

t Jex|

1
<chol 1+ . / p(s’, 2)ds’ eot, s, z), (10.22)
N
Here we used the fact that k£ < || and that

t

1
AR < (14 A, A= Z/p(s/, 2)ds' > 0.

N

This gives (10.20) for j = 0.
To proceed with the induction we put

def
ajo(t,s,z) = 07ej(t,s,z)/eo(t,s,2),

def
bia(t,s,2) = 8%q;(t,s,2)/e0(t, s, 2),

noting that, for some coefficients, c,,

i1
bjalt,s,2) =D D cp por.jo(De, D) 0P p(t, 2)ae g, (1, 5, W)z,
£=0 p1+pr=a
. t
aj’a([, $,2) = Z z CB1.Ba.j / aop, g, (¢, s/, z)bjyﬂz(s/, s)ds/’ (1023)
Bi+pr=a s

where the last equality follows from eg(z, s', z)eo(s’, s, z7) = eo(t, s,2), s <
/
s/ <t
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Our aim is to show
‘ 2j+la|—1

. 1
bja(t, s, 2)| <Cq ih 271 pa, 2) | 14 . / p(s’, 2)ds’ :

N

(10.24)

and
t 2j+|af

: 1
@t 5, 2)] < Co gh™ 270 1 / p(s', 2)ds’ ,
N

(10.25)

assuming the statements are true for j replaced by smaller values.
We note that the case of j = 0 has been shownin (10.22), and since by o = 0.
The first estimate (10.24) follows immediately from the inductive hypothesis
onayy, 0 < ¢ < j—1and the estimates on p in (10.21). The second estimate
(10.25) follows from (10.22), (10.24) and the obvious fact that f;f p(sHds' <

[l pGshds',s <s1 < s <t.
We note that (10.20) and the definition of ep given in (10.17) imply that

0%ej(t,5,2) = OR1*I=2%) - j >0.

so from (10.14) we see that the symbol fx(z,s) € Ss (R?).
The bounds (10.16) then show that the remainders satisfy

10%rN (2,5, 2)] < Cy.ogh 2N =0l

Going back to (10.19) we get the expression

t
E(t,s) = f;{,’(t,s,x,th)—i—hN_]/E(t,s/)r}“\‘,’(s/,s,x,th). (10.26)

N

(We note that, since p¥ (¢, x, hD,) > —Ch by the sharp Garding inequality
[55, Theorem 4.32], and since p" is bounded on L2, the operator E (¢, s) exists
and is bounded on LZ, uniformly in /.) Since operators in Wy are uniformly
bounded on L? [55, Theorem 4.23], it follows that

E(t,s) = fy(t,s.x,hDy) + O 2Ny 5 s
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To show that E(t,s) — e¥(s, t, x, hDy) € W" P (R"), we use (10.26) and
Beals’s lemma in the form given in [43, Lemma 3.5, h = 1]: €; are linear
functions on R?", E’;’ = E’;’(x, hD), then

adgw - - - adgy E(s,t)
= adgy - -adgw f¥(s.t,x, hDy) + AN~ [Tadgw - adgw
(E(s, sHry s’y s, x, th)) ds’
= 0", 2+ OMU2INY 5 = O0hU=2Y s,
if N is large enough. Here we used the fact that fy,ry € Ss and that
adgllv e adgy E(s,t) = O(1);2_, 12, which follows from considering the evo-
lutions equation for the operator on the left hand side.

In conclusion we have shown that E (¢, s) = ¥ (¢, s, x, hD,), where e €
Ss(R™) admits the expansion

e(t,s,z,h)~th'ej(t,s,z,h), ej(t,s) e 2SR, > 1,
j=0
(10.27)

with eq given by (10.17). |
Proof of Proposition 10.3 We first observe that Lemma 10.1 (applied both
to propagators for P —i W and for P) shows that for B € W°™P(X) satisfying
WEF, (I — B) N WF;,(A) = 0,
(i1 P/h =it (P=iW)/h g _ B itP/h,—it(P=iW)/h s 4 Oh™®) 2, 2.
We can choose B = B*. Since
ho, (BeizP/hefit(PfiW)/hA) — _Bei1P/hyy o=itP/h it P[h =it (P=iW)/h 4
_ (BeitP/hWefizP/hB)
% (BeitP/hefit(PfiW)/hA) FOh™) o0,
it follows that
Bl P/he=it(P=iW)/h A — B (1) 4 Oh™) 2,2, (10.28)
where

ho,VE(r) = — W) VE@), Wi(t) & Bel'P/hwe=itP/hg (1029
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We note that Wg(t) € WP (X), WF,(Wpg(t)) C WF;(B), and that Wg(¢) >
0. Hence VB (1) = O(1)2_, 72 and (10.28) follows from Duhamel’s formula.

By decomposing A as a sum of operators, we can assume that WF;,(A) is
supported in a neighbourhood of a fiber of a point in X. Hence, by choosing B
with a sufficiently small wave front set, we only need to prove that V2 (1) € W
for X = R"; that follows from Lemma 10.4, since the symbol of W (¢) satisfies
the assumptions (10.13). The second and third properties in (10.12) follows
from (10.5) and (10.27). O
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