Cartier smoothness in prismatic cohomology
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Abstract

We introduce the notion of a p-Cartier smooth algebra. It generalises that of a smooth algebra
and includes valuation rings over a perfectoid base. We give several characterisations of p-Cartier
smoothness in terms of prismatic cohomology, and deduce a comparison theorem between syntomic
and étale cohomologies under this hypothesis.

CONTENTS
1 Introduction 1
2 Prismatic cohomology of Cartier smooth algebras 4
3 Valuation rings are Cartier smooth 18
4 The syntomic-étale comparison theorem 25

1 INTRODUCTION

Let p be a prime number. The Cartier isomorphism is a fundamental cohomological property of
smooth IF)-algebras. It states that for any smooth Fj-algebra A, the inverse Cartier map

o1 e, — H'(Q)5,)
" fdgi A Adgn — fPGETE L gPT dgr A - Adgy
1 n

is an isomorphism of [Fp-vector spaces for each n > 0. Assuming resolution of singularities in char-
acteristic p, any IFp-algebra would be locally smooth in the cdh-topology. The local rings in the
cdh-topology are valuation rings, so valuation rings of characteristic p should be filtered colimits of
smooth [F,-algebras, and in particular should satisfy the Cartier isomorphism. Without assuming
resolution of singularities, Gabber proved [KST21, Appendix]| that valuation rings of characteristic p
actually satisfy the Cartier isomorphism. Motivated by this result and the general lack of understand-
ing of valuation rings, Kelly and Morrow [KM21| introduced Cartier smooth algebras as F,-algebras
satisfying the Cartier isomorphism, and study their algebraic K-theory.

We develop here an analogue of this story in mixed-characteristic. The inverse Cartier map, as an
extension of the Frobenius morphism, is specific to characteristic p, and we define p-Cartier smoothness
for general ring homomorphisms essentially in terms of their reductions modulo p. This more general
notion coincides with that introduced by Kelly-Morrow [KM21] in the special case that the base ring
is IF,. For an IF,-algebra R, we denote by ¢r its Frobenius endomorphism.

Definition 1.1 (Cartier smoothness). (1) A morphism R — S of F,-algebras is Cartier smooth, or
S is a Cartier smooth R-algebra, if it is cotangent smooth, i.e., its cotangent complex Lg g is a
flat S-module in degree O given by Q}g/R, and if the inverse Cartier map

C™1 Q5 ®rgp R — H'(QY)5)

is an isomorphism of R-modules for each n > 0.
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(2) A morphism R — S of commutative rings is p-Cartier smooth, or S is a p-Cartier smooth
R-algebra, if the natural map S ®% R/p — S/p[0] is an equivalence in the derived category
D(R/p) and the reduction R/p — S/p modulo p is Cartier smooth.

Said another way, a morphism R — S of commutative rings is p-Cartier smooth if it is p-cotangent
smooth (Definition 2.3) and if its reduction R/p — S/p modulo p satisfies the Cartier isomorphism. The
p-cotangent smoothness hypothesis is necessary not to lose control, when specialising to characteristic p,
on the invariants we will study. Any smooth morphism of commutative rings is p-Cartier smooth (for
any prime p). Regarding valuation rings, an extension of valuation rings (i.e., an injective morphism of
valuation rings) in mixed-characteristic is in general not p-Cartier smooth. For instance, the morphism
Zy — Ly, where Z, is the ring of integers of an algebraic closure @p of Q,, is not p-cotangent smooth
and does not satisfy the Cartier isomorphism: its cotangent complex is in degree 0, given by the torsion

Zp—module @p /Z,7 and Q‘(JZ )/ F, = Zp /p contains nilpotent elements; in fact the de Rham complex
P p

of F, — Z,/p is zero in positive degrees, and thus does not convey a lot of information. However, if the
base valuation ring is sufficiently ramified, these obstructions vanish and we can prove the following
general result. This generalises a theorem of Gabber in characteristic p, which is valid over perfect
valuation rings (Theorem 3.4 below). We refer the reader to [BMS18, Definition 3.5] for the definition
of perfectoid rings.

Theorem A (see Theorem 3.1). Let CT be a valuation ring whose p-adic completion is a perfectoid
ring. Let ET be a valuation ring extension of CT. Then the morphism CT — E™ is p-Cartier smooth.

The proof proceeds by reduction to the case of valuation rings of characteristic p, and uses defor-
mation theory.

With the examples of valuation rings and smooth algebras in mind, we study the algebraic K-theory
of general p-Cartier smooth algebras over a perfectoid ring. Recall that in certain cases algebraic
K-theory is equipped with a motivic filtration with graded pieces Z(i)(—) € D(Z), for i > 0, called
motivic cohomology. The motivic filtration, with its expected properties, was defined by Voevodsky
for smooth varieties over a field. In characteristic p the Beilinson—Lichtenbaum conjecture, proved
by Suslin and Voevodsky as a consequence of the Bloch-Kato conjecture [SV00], computes the ¢-adic
part of motivic cohomology in terms of the étale cohomology. More precisely, given a field k of
characteristic p, a smooth k-variety X and a prime ¢ different from p, it states that there is a natural
quasi-isomorphism

Z/0"(3)(X) ~ RT z40(X, 75 R ),

where pn is the étale sheaf of ¢"-roots of unity and « : (Sm/k)e — (Sm/k)zqr is the projection of
sites.

The Beilinson—Lichtenbaum conjecture can be interpreted as a comparison between Zariski motivic
cohomology and étale motivic cohomology. The étale sheaf usn is indeed naturally identified with
the étale sheafification Z /¢™(i)®® of the (Zariski) motivic sheaf Z /€"(i), and in fact with the étale
sheafification of Ko;(—;Z /£™) by rigidity results from [Sus83, Gab92].

In characteristic p, to describe the p-adic part of motivic cohomology, and thus the p-adic part
of algebraic K-theory, one needs to replace pyn (which is zero on smooth varieties when ¢ = p)
by the logarithmic de Rham—Witt sheaf WnQi_Jog, see [GLOO|. This description of p-adic algebraic
K-theory in terms of the logarithmic de Rham-Witt sheaf is generalised in [KM21] to all Cartier
smooth [F-algebras.

In mixed-characteristic, the f-adic part of algebraic K-theory can often be computed by Gab-
ber’s rigidity theorem [Gab92], but much less is known about the p-adic part. The syntomic com-
plexes Z /p"™ (i)™, introduced in [BMS19, Section 7.4] and generalised in [BL22, Section 8], pro-
vide a well-behaved theory of p-adic étale motivic cohomology for arbitrary schemes. On p-henselian
p-quasisyntomic rings S (a nonnoetherian generalisation of p-henselian local complete intersection
rings) the complex Z /p™(:)®™(S) is concentrated in degrees [0;i+ 1] by [AMMN20, Theorem 5.1]. The
top degree i + 1 of Z /p™(#)*¥™(S) can be computed in terms of the logarithmic de Rham-Witt forms
by [AMMN20, Corollary 5.43], and vanishes étale locally. We provide a description in smaller degrees
of Z,(1)®"(S) in terms of the étale cohomology of the generic fibre of S, when § is p-Cartier smooth
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over a perfectoid ring. Note that Bhatt and Mathew introduce in [BM22] the notion of F-smoothness
in terms of absolute prismatic cohomology, and prove the following result for p-torsionfree F-smooth
rings. Over a perfectoid base ring, F-smoothness and p-Cartier smoothness coincide by Theorem 2.19.
Also note that Bhatt—Morrow—Scholze [BMS19] proved the following result for smooth p-adic formal
schemes over mixed-characteristic algebraically closed valuation rings (see Remark 4.13).

Theorem B (Syntomic-étale comparison theorem, see Theorems 4.10 and 4.12). Let R be a perfectoid
ring, and S a p-Cartier smooth R-algebra. Then for any integers i > 0 and n > 1, the map

Z [p" (i) (8) — RTet(Spec(S[3]), )

is an isomorphism on cohomology in degrees < i—1, and is injective on H' 1. If the perfectoid ring R
is p-torsionfree, this map is an isomorphism on cohomology in degrees < i, and is injective on H'.

The proof relies on the comparison between étale cohomology and prismatic cohomology [BS22,
Theorem 9.1|, and a property for p-Cartier smooth algebras of the Nygaard filtration on relative
prismatic cohomology (Theorem C (N=) below). To prove this property, we extend various results on
the relative prismatic cohomology of smooth algebras to general p-Cartier smooth algebras. It is a
priori surprising that these properties are true assuming only a property on the special fibre (namely,
the Cartier isomorphism); we prove that some of them even characterise p-Cartier smoothness.

Theorem C (see Theorem 2.17). Let (A, ) be a bounded prism, and S a p-cotangent smooth A/I-alge-
bra. The following are equivalent:

(CSm) S is p-Cartier smooth over A/I.

(LQ = ]I:S\)) The canonical map (LQs/a/1)); — (JEDS/(A/,))Q 18 an equivalence in the derived cate-

gory D(A/I), where (ms/(A/,))g is the Hodge-completion of the p-completed derived de Rham
complez.

LQ=Q) The counit map (LQg/a/n)> — (Qg/ca/n)s is an equivalence in the derived category
/(A/T))p /(A/T))p
D(A/I), where (LQs/(a/1)); is the p-completed derived de Rham complex.
dR) The de Rham comparison map O ®L AT — Qg/ca/n)0 is an equivalence in the derived
S/A PA /(A/T))p
category D(A/I).

~ ~(1
( = ) The canonical map can : qu/)A — (S/)A is an equivalence in the derived category D(A), where

~(1
Eg/)A is the Nygaard-completion of the prismatic complez.

(Ln) The Frobenius map b g/)A — Lnr s/a is an equivalence in the derived category D(A).

(NZ) The Frobenius map 7<'¢ : 7SINZ1 (51/),4 — TS g4 is an equivalence in the derived category
D(A) for alli > 0.

Outline.

In Section 2 we study the relative prismatic cohomology of p-Cartier smooth algebras and prove The-
orem C (Theorem 2.17). We also provide a comparison between p-Cartier smoothness and F-smooth-
ness over a perfectoid base (subsection 2.4). In Section 3 we prove Theorem A on the p-Cartier
smoothness of certain valuation ring extensions (Theorem 3.1). In Section 4 we prove the syntomic-
étale comparison Theorem B (Theorems 4.10 and 4.12), applying the results of Section 2 to the case
of a perfectoid base.
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Notation.

Given a commutative ring R, denote by D(R) the derived oco-category of R-modules, in which
we use the cohomological convention for the indices. Also denote by DF(R) := Fun((Z,>)°?, D(R))
the filtered derived oco-category of R-modules, where the filtrations are decreasing. Given a filtered
complex Fil* C' € DF(R) and for each integer n € Z, let gr™ C € D(R) be the homotopy cofibre of the
transition map Fil"™' C' — Fil” C. A filtered complex Fil* C' € DF(R) is said to be complete if the
limit lim,, Fil" C vanishes in the derived oo-category D(R). For a nonzerodivisor d in R, the (derived)
reduction C'/d modulo d of a complex C' € D(R) is the homotopy cofibre of the map d : C' — C' induced
by multiplication by d, i.e., C/d := C®% R/d. If C'is given by an R-module M in degree 0, we also call
derived reduction of M modulo d the complex M ®@% R/d; it is given by M/d (the classical reduction
of M modulo d) in degree 0 and by M|[d] (the d-torsion of M) in degree —1. The (derived) d-adic
completion of a complex C' € D(R) is the derived limit of the complexes C/d™ over n > 1. An R-module
M is said to have bounded d*°-torsion if there exists an integer n > 1 such that M[d™] = M[d"] for all
m > n; this assumption guarantees that the derived d-adic completion of M is in degree 0, given by the
classical d-adic completion of M. Given a complex C' € D(R) and some integers a,b € Z, a < b, there
is a naturally associated complex 7[%?/C' € D(R) which is concentrated in degrees [a;b] and with the
same cohomology groups as C' in degrees [a;b]. A complex C' € D(R) is said to have Tor-amplitude in
degrees [a; b] if for any R-module N, the complex C®% N is in degrees [a; b]. Similarly, C is said to have
d-complete Tor-amplitude in degrees [a;b] if C ®@% R/d € D(R/d) has Tor-amplitude in degrees [a; b].
Given an ideal I C R, a complex C' € D(R) is I-adically complete if it is d-adically complete for every
element d € I.

Given a commutative ring R, an oo-category D which admits sifted colimits (e.g., D(R) or DF(R)),
and a functor

F : Smp := {smooth R-algebras} — D,

define
LF: R-Alg— D

S +— colim F(P),
P—S

where the colimit is taken over all free R-algebras P mapping to S. The functor LF is called the left
Kan extension (from free R-algebras) of 7. For instance, the cotangent complex L_,p := LOY /R is
the left Kan extension of the module of Kihler differentials Q! /R and the derived de Rham complex
LQ_ /R is the left Kan extension of the de Rham complex ©_ ,z. The Hodge filtration on the de Rham
complex is given for each n € Z by Filj 4 Q_ /5 := Q%;ZR; the Hodge filtration on the derived de Rham
complex is defined as the left Kan extension of this filtration, and is not always complete.
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2 PRISMATIC COHOMOLOGY OF CARTIER SMOOTH ALGEBRAS

Let p be a prime number. In this section we introduce the notion of p-Cartier smoothness for mor-
phisms of commutative rings (Definition 2.5), and give several characterisations in terms of prismatic
cohomology (Theorem 2.17).

The p-Cartier smooth morphisms generalise smooth morphisms, and behave as if they were smooth
from the point of view of p-adic étale motivic cohomology. More precisely, the main interest of this
article is in syntomic cohomology (see Section 4), which provides a general theory of p-adic étale motivic
cohomology. Syntomic cohomology can be defined in terms of Frobenius eigenspaces of prismatic
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cohomology, and this section is devoted to the prismatic cohomology of p-Cartier smooth algebras. Our
main result is Theorem 2.17. We also give a comparison with the notion of F-smoothness introduced
in [BM22] (see subsection 2.4).

2.1 Definitions

For a commutative ring R, the cotangent complex
L_,g: R-Alg — D(R)
is the natural derived version of the module of Ké&hler differentials
0! : R-Alg — R-Mod.

It controls information on the relative prismatic complex via the Hodge—Tate comparison theorem
[BS22, Theorem 4.11]. The condition that S ®% R/p € D(R/p) is in degree 0 and base change for
the cotangent complex imply that the morphism Lg/r ®Hj{ R/p — L(s/p)/(r/p) is an equivalence. This
allows one to lift properties of the cotangent complex of R/p — S/p to similar properties on the
p-completed cotangent complex of R — S.

Definition 2.1 (p-discreteness). A morphism R — S of commutative rings is p-discrete if the derived
tensor product S ®H1§ R/p € D(R/p) is concentrated in degree 0, where it is given by S/p.

Examples 2.2. A morphism R — S of commutative rings is p-discrete in the following cases.
(1) R and S are F,-algebras.
(2) The morphism R — S is flat.

(3) R and S are p-torsionfree. More precisely, if R is p-torsionfree, then the morphism R — S is
p-discrete if and only if S is p-torsionfree.

The following definition axiomatises some properties satisfied by the cotangent complex in the
smooth case.

Definition 2.3 (Cotangent smoothness, [BMS19]). (1) A morphism R — S of commutative rings
is cotangent smooth, or S is a cotangent smooth R-algebra, if the cotangent complex g/ has
Tor-amplitude in [0;0], i.e., Q}S,/R is a flat S-module and H,(Ls/r) = 0 for all n. > 0.

(2) A morphism R — S of commutative rings is p-cotangent smooth, or S is a p-cotangent smooth
R-algebra, if it is p-discrete and its reduction R/p — S/p modulo p is cotangent smooth.*

Examples 2.4. (1) A smooth morphism of commutative rings is cotangent smooth, because its
cotangent complex is in degree 0, where it is given by the locally free module of differential
forms.

(2) A morphism of perfect Fp-algebras is cotangent smooth, because its cotangent complex is zero.
More generally, a p-discrete morphism R — S of perfectoid rings is p-cotangent smooth. Indeed,
the cotangent complex L(s/p)/(r/p) 1S zero, as a base change of the cotangent complex Lg, g
of the morphism R’ — S° of perfect F,-algebras. In particular, a morphism of p-torsionfree
perfectoid rings is p-cotangent smooth.

(3) A filtered colimit of (p-)cotangent smooth algebras is (p-)cotangent smooth, because the cotan-
gent complex commutes with filtered colimits.

IMore generally, a morphism R — S of commutative rings, possibly with bounded p>-torsion, will be called
p-something if it is p-discrete and if its reduction R/p — S/p modulo p is something. We distinguish this from similar
notions on p-complete rings, often called p-completely something.
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(4) Let CT be a valuation ring with perfect fraction field, and E* a valuation ring extension of C*
(see section 3). The morphism C* — ET has cotangent complex concentrated in degree 0
(|GR0O3, Theorem 6.5.8 (ii)]). If C contains a perfect field, then the morphism C*t — E7 is
cotangent smooth ([GR03, Corollary 6.5.21]). If the p-adic completion of C™T is a perfectoid ring,
then the morphism C*t — E7 is p-cotangent smooth (Proposition 3.8 below).

Several properties of prismatic cohomology in the smooth case —such as the comparison between
prismatic cohomology and de Rham cohomology [BS22, Corollary 15.4]- do not hold for general
p-cotangent smooth morphisms R — S. We will prove (Theorem 2.17) that the obstruction to satisfy
these properties vanishes exactly when the morphism R/p — S/p satisfies the Cartier isomorphism.
For an [Fp,-algebra R, we denote by ¢ its Frobenius endomorphism.

Definition 2.5 (Cartier smoothness). (1) A morphism R — S of F,-algebras is Cartier smooth, or
S is a Cartier smooth R-algebra, if it is cotangent smooth and if the inverse Cartier map

C™1: Q8 R QR g R — H"(Q%/)
is an isomorphism of R-modules for each n > 0.

(2) A morphism R — S of commutative rings is p-Cartier smooth, or S is a p-Cartier smooth
R-algebra, if it is p-discrete and its reduction R/p — S/p modulo p is Cartier smooth.

Remark 2.6. A morphism R — S of commutative rings is then p-Cartier smooth (resp. p-cotangent
smooth) if and only if its p-adic completion R;\ — SZ/,\ is p-Cartier smooth (resp. p-cotangent smooth).

Equivalently, a morphism R — S of commutative rings is p-Cartier smooth if it is p-cotangent
smooth and if the morphism R/p — S/p satisfies the Cartier isomorphism. For a morphism R — S of
F,-algebras, recall that the inverse Cartier map

c: Q% p ®Rr,¢r B — H"(QY)R),
for any integer n > 0, is defined as the unique R-linear map satisfying
C~Yfdgi A Ndg, @1) = fPgP~ 1 .. gE7 gy A -+~ Adgh.
Cartier smoothness when R = F,, was already studied in [KM21].

Examples 2.7. A morphism R — S of commutative rings is p-Cartier smooth in the following cases.

(1) The morphism R — S is smooth. Indeed, S is a flat R-algebra and the cotangent complex Lg, g
is a flat S-module in degree 0, so the morphism R — S is p-cotangent smooth. The Cartier

isomorphism is a standard property of smooth morphisms in characteristic p (see for instance
[DI87, Theorem 1.2]).

(2) S is a filtered colimit of smooth R-algebras. Indeed, filtered colimits of p-cotangent smooth
algebras are p-cotangent smooth, and the inverse Cartier map commutes with filtered colimits.

(3) R = F, and S is a valuation ring. The cotangent smoothness is a result of Gabber-Ramero
(Example 2.4 (4)). The Cartier isomorphism is a result of Gabber ([KST21, Corollary A.4]).

(4) R — S is a p-discrete morphism of perfectoid rings. The cotangent complex of the morphism
R/p — S/p is zero (Example 2.4 (2)), so the Cartier isomorphism is trivial for n > 1. If R and S
are perfect [Fp-algebras and n = 0 the Cartier isomorphism holds; in general the inverse Cartier
map for n = 0 is the reduction modulo p® of the inverse Cartier map associated to the morphism
R® — §° of perfect [F,-algebras, and is thus an isomorphism.

(5) R is a valuation ring whose p-adic completion is a perfectoid ring, and S is a valuation ring
extension of R (Theorem 3.1 below).
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Example 2.8. An imperfect [F,-algebra S whose cotangent complex Lg,p, is trivial, is cotangent
smooth but not Cartier smooth. Indeed, it is cotangent smooth because any algebra over the field I,
is flat and because the zero complex of S-modules has Tor-amplitude in [0;0]. In degree 0, the inverse
Cartier map for the map F, — S is the Frobenius map S — S, and is thus not an isomorphism; so
the Fp-algebra S is not Cartier smooth. Remark that imperfect F,-algebras with trivial cotangent
complex exist, by [Bhal3].

Lemma 2.9 (Base change for Cartier smoothness). Let R — S be a p-Cartier smooth morphism, and
R’ an R-algebra. Then the morphism R’ — S @g R’ is p-Cartier smooth.

Proof. The p-cotangent smoothness is preserved by base change. The Cartier isomorphism depends
only on the reduction modulo p of the morphism R’ — S ®gr R’, so we can assume that R, R’ and S
are Fp-algebras. Let n > 0 be an integer. There is a canonical isomorphism of R’-modules

Wsonry/r =5 Or R

By Cartier smoothness of the morphism R — S, the R-module H"(QE/R) is flat, so there is a canonical

isomorphism of R’-modules
H™(Q%) ) @r B 2= H'(Q 5 & R).

Moreover, % /R is a complex of flat R-modules by cotangent smoothness of the morphism R — S, so
there is a canonical isomorphism of R’-modules

H"(Q% 5 ®p R) = H" (s pr)/r)
and the morphism R’ — S ®p R’ satisfies the Cartier isomorphism. O

Lemma 2.10 (Transitivity of Cartier smoothness). Let R — S and S — T be p-Cartier smooth
morphisms. Then the composite R — T is also p-Cartier smooth.

Proof. The p-cotangent smoothness and the Cartier isomorphism for n = 1 follow from the transitivity
sequence for the cotangent complex. The Cartier isomorphism follows in general from the transitivity
property of the derived de Rham complex ([Bhal2, Proposition 3.22]). O

Corollary 2.11. Let R — S and R — S’ be p-Cartier smooth morphisms. Then the morphism
R — S®gr S is also p-Cartier smooth.

Proof. The morphism S — S ®g S’ is p-Cartier smooth by Lemma 2.9. The morphism R — S ®g S’
is then p-Cartier smooth, as the composite of two p-Cartier smooth morphisms (Lemma 2.10). O

2.2 Review of relative prismatic cohomology

Prisms are defined in [BS22| as pairs (A,I), where A is a d-ring (roughly,” a Z,)-algebra with
a lift of Frobenius ¢4 : A — A) and I C A is an ideal defining a Cartier divisor in Spec(A), such
that A is derived (p,I)-complete and p € I + ¢p4(I)A. In all the cases of interest the ideal I C A
will be a principal ideal generated by a nonzerodivisor. A prism (A,I) is called bounded if the
ring A/I has bounded p™-torsion. Restricting to bounded prisms avoids complications involving
derived completions: for instance, the underlying ring A of a bounded prism (4, I) is (p, I)-complete
in the classical sense.

Following [BMS19, Section 4] or [BL22, Appendix C], a morphism R — S of commutative rings
is p-quasisyntomic if it is p-flat and L(g/,)/(r/p) has Tor-amplitude in [~1;0]. For instance, any
noetherian local complete intersection ring S is p-quasisyntomic over Z by [Avr99, Theorem 1.2].

Given a bounded prism (A,T) and a p-quasisyntomic A/I-algebra S, [BS22, Section 4.1] defines
the prismatic site (S/A) as the site having as objects the prisms (B, IB) over (A,I) with a map

2More precisely, a d-ring is a Z(p)-algebra A equipped with a map 64 : A — A such that ¢4 : A — A,z +— 2P +pda (z)
is a ring homomorphism. If A is a p-torsionfree Zp)-algebra, a é-ring structure on A is the same as a ring endomorphism
lifting the Frobenius on A/p. If A is a general Z(p)-algebra, a é-ring structure on A is the same as a lift of Frobenius in
the derived sense ([BS22, Remark 2.5]).



TESS VINCENT BOUIS

S — B/IB, and covers given by flat covers. The relative prismatic complex g/4 € D(A) is defined
as the cohomology of the sheaf

O :(S/A) — A-Alg, (B,IB)+— B.
Similarly, the Hodge-Tate complex g/4 € D(A/I) is defined as the cohomology of the sheaf
O :(S/A) — A/I-Alg, (B,IB)— B/IB.

For instance, if k is a perfect field of characteristic p and S is a (p-)quasisyntomic k-algebra, then
(W(k), (p)) is an example of bounded prism and g/ () recovers the crystalline cohomology of S
([BL22, Section 4.6]). For a general A/I-algebra S, prismatic and Hodge-Tate complexes are defined
by left Kan extension from the smooth case. The compatibility between the two definitions in the
p-quasisyntomic case is proved in [BL22, Section 4]. Note in particular that p-Cartier smooth algebras
are not necessarily p-quasisyntomic, as they are not necessarily p-flat.

The prismatic complex g,4 naturally bears a ¢ 4-semilinear Frobenius endomorphism

¢ (51/)A —  5/4,
where (Sl/) A= 5 A@@HA’ s, A is the Frobenius-twisted prismatic complex. Our main result on the pris-
matic cohomology of p-Cartier smooth algebras describes the image of this Frobenius endomorphism ¢,
and is formulated in terms of the functor Ln;. Following [BMS18, Section 6] and for A a commuta-
tive ring, I C A an ideal defining a Cartier divisor in Spec(A) and C' € D(A) a complex, the object
Ln;C € D(A) is defined as follows. The complex C' in the derived category D(A) is represented by a
complex (C*®,d) of A-modules such that for all i € Z, C* is I-torsionfree (i.e., C*[I] = 0). Define the
complex n;C® with terms
nC" = {x € I'C" | dw € I'T' O}

and differential induced by the differential of C*. As an object of the derived category D(A) this
construction does not depend on the choice of (C*,d) ([BMS18, Corollary 6.5]), and we call this
object Ln;C € D(A). Following [BMS19, Section 5], an object Fil* C of the filtered derived cate-
gory DF(A) is called connective for the Beilinson t-structure if the graded pieces gr C € D(A) are in
degree < i for all i € Z. The connective cover for the Beilinson t-structure of a filtered complex Fil* C
is the universal connective filtered complex with a map to Fil* C.

Proposition 2.12. Let A be a commutative ring, I C A an ideal defining a Cartier divisor in Spec(A)
and C an object in the derived category D(A).

(1) (|[BMS18, Lemma 6.4]) For each integer i € Z, there is a canonical isomorphism of A-modules

H'(Ln;C) = (H'(C)/H (O)[I]) @4 I'.

(2) (|BMS19, Proposition 5.8]) Ln;C € D(A) is the complex underlying the connective cover for the
Beilinson t-structure of the I-adically filtered object I*C' € DF(A).

(8) (/BMS18, Proposition 6.12]) There is a natural equivalence
(Ln;C) &% A/T = H*(C/I)

in the deried category D(A/I), where the differential on H*(C/I) is the Bockstein operator
induced by the I-adic filtration on C.

The upshot is that the image of the Frobenius ¢ : (Sl/) 4 — 574 will be identified with Lnr g/a,
when S is a p-Cartier smooth A/I-algebra. By the previous proposition, the complex Ln; g/4 is
characterised by a universal property in terms of the I-adic filtration on the prismatic complex g/4.
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Following [BS22, Section 15|, define the Nygaard filtration A/* g/) 4 on the Frobenius-twisted prismatic

complex g/) 4 as the preimage? of the I-adic filtration I* g /4 via the morphism ¢. The Frobenius

1
o (s/)A — 5/A

naturally upgrades to a map of filtered complexes
Nz D 1
¢ S/A s/A (1)

in the filtered derived category DF(A). Beware that the filtration N'=* (Sl/) 4 1s in general not complete,

and we denote by A(Sl/)A € D(A) (resp. N* gl/)A € D(A/I), for i > 0) the Nygaard-completed prismatic
complex (resp. the Nygaard graded pieces). On the Nygaard graded pieces, the Frobenius (1) can be
rewritten as a map

¢: N’ (51/)A — gali}
for each ¢ > 0, where

Csyalit = sya®ayr (I/17)%

To describe the image of this Frobenius map, define the conjugate filtration Fil®°™ “s/a{i} on the
Hodge-Tate complex 75/ a{i} as the left Kan extension from smooth A/I-algebras of the increasing

Postnikov filtration 7* _ /4 {i}.

Theorem 2.13 ([BS22, BL22|). Let (A, 1) be a bounded prism, and S an A/I-algebra.

or each i > 0, the Frobenius map ¢ : N'* — 75 aii} factors as
1) For eachi >0, the Frob 6N G = T sali}
Ni (1) i> Folconj* . can_ .
5/A 1 s/ali} —  syafil,

and the map ¢ : N (Sl/)A — Fil‘;mnj “s/a{i} is an equivalence. In particular, the complex

N (Sl/)A € D(A/I) is concentrated in degrees < i.

(2) The Frobenius map ¢ : gl/)A —  g/a factors as

1 1,5 can
,(S/)A — Lnr sja —  s/a-

Proof. The first part of (1) is a special case of [BL22, Proposition 5.1.1 and Remark 5.1.3], where the
result is formulated for a general animated commutative A/I-algebra S. All the objects are left Kan
extended from the smooth case, where the result is also given by [BS22, Theorem 15.3]. The functor
7<1"_, 4{i} is concentrated in degrees < i, so its left Kan extension (defined as a sifted colimit) is also
concentrated in degrees < i.

(2) The filtered complex N Z* gl/) 4 € DF(A) is connective for the Beilinson ¢-structure by (1). So
the map ¢ : N'2* g/) 4 — I s/4 factors through the connective cover for the Beilinson ¢-structure of

the target. The result follows from Proposition 2.12(2), by looking at the underlying complexes. [

We recall some important features of the relative prismatic complex in the smooth case, follow-
ing [BS22].

3To make sense of this preimage, one needs to restrict to large p-quasisyntomic A/I-algebras —for which the prismatic
complex g,4 is concentrated in degree 0, and then generalise the definition using descent on the p-quasisyntomic site
and left Kan extension.
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Theorem 2.14 (Prismatic cohomology in the smooth case, [BS22]). Let (A4,I) be a bounded prism,
and S a smooth A/I-algebra.

(1) (Lnr comparison) The Frobenius map
7. (1) ~ L
¢ gja—Lnr s/a
of Theorem 2.13(2) is an equivalence in the derived category D(A).

(2) (Hodge—Tate comparison) There is a canonical isomorphism

(/a/n))p — H( ( syafx)): @H syafi})
>0

of differential graded A/I-algebras, where the differential on H* (75/14{*}) is the Bockstein oper-
ator induced by the I-adic filtration on g/a.

(8) (de Rham comparison) There is a canonical equivalence

(S/A ®% A/T = (Qsya/n))p

in the derived category D(A/I).

Proof. By [BL22, Corollary 4.1.14], the prismatic cohomology of S is the same as the prismatic coho-
mology of the p-adic completion of S. (1) and (2) then respectively follow from [BS22, Theorem 15.3]
and [BS22, Theorem 4.11]. Using Proposition 2.12 (3), (3) is a consequence of (1) and (2). O

2.3 Prismatic cohomology of Cartier smooth algebras

In this subsection we prove Theorem C (Theorem 2.17), characterising p-Cartier smooth algebras
in terms of their prismatic cohomology.

Any p-Cartier smooth algebra is p-cotangent smooth by definition. We first extend some properties
of smooth algebras to general p-cotangent smooth algebras. Given a morphism R — S of commutative
rings, denote by LO s/r the Hodge-completed derived de Rham complex, and by (]EQS/ R)Q its p-adic
completion.

Proposition 2.15. Let (A, I) be a bounded prism, and S a p-cotangent smooth A/I-algebra.
(1) The canonical map (ms/(A/,))g — (Qs/(a/n); is an equivalence in the derived category D(A/T).

(2) The conjugate filtration Filc°™ s/ on the Hodge-Tate complex /4 € D(A/I) coincides with
the Postnikov filtration 7% s/a- In particular for each i > 0, the Frobenius map

i (1 - .
o N (s/)A —  s/ali}
mduces an equivalence
7 (1 .
qS:N g}A—>T_ S/A{Z}
in the derived category D(A/I).

(8) There is a canonical isomorphism

(QS/(A/I)) —>H( s/a{x})

of differential graded A/I-algebras, where the differential on H*(is/A{*}) is the Bockstein oper-
ator induced by the I-adic filtration on g/4.

10
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(4) The Frobenius map ¢ : gl/)A — Lnr g4 of Theorem 2.13(2) factors as

1 can ~(1) J)
(S/)A — g4 —Lnr sya,

-~ ~(1
and the map ¢ : fg/)A — Lnr sya is an equivalence in the derived category D(A).

Proof. (1) By the derived Nakayama lemma ([Stal9, 091N]), it suffices to prove the result after de-
rived reduction modulo p. By base change for the Hodge-completed derived de Rham complex and
p-discreteness, this is equivalent to proving that the canonical map

LQs/p)/carw.n) — s/p)/a/m.)

is an equivalence in the derived category D(A/(p,I)). Both sides are complete for the Hodge filtration,
so it suffices to prove that this canonical map is an equivalence on the Hodge graded pieces. The
corresponding map

Lis/my/casan =10 = Qs/p)pcas o,y =1
is the shift of a wedge power of the counit map

1
Ls/p)/(A/w.1) — s/p)jca/ 0]

for all n > 0, which is an equivalence by p-cotangent smoothness of the morphism A/I — S.
(2) By left Kan extension of the Hodge-Tate comparison Theorem 2.14 (2) (or [BL22, Remark 4.1.7]),
there is a canonical equivalence

(Lg/(A/J))Q [—n}{-n} = grffmj 7S/A
in the derived category D(A/I), for each n > 0. By the derived Nakayama lemma ([Stal9, 091N]) and
p-cotangent smoothness of the morphism A/I — S, the complex (Lg/(A/I))z/)\ € D(A/I) is in degree 0

and the conjugate graded piece gréo™ 75/ 4 is thus in degree n. By induction on n > 0 and using the
long exact sequence in cohomology groups associated to the homotopy cofibre sequence

.jconj .jconj conj
Fil,™  s/a — Fi7Y g4 — g™ g/4,

we deduce that Filc°™ " s/4 belongs to DI%" (A/T), that the induced morphism

Fili™ g4 — 7SR g4

is an equivalence and that the morphism
H"(Fil™ g/4) — H™(grs™ 5/4)

is an isomorphism of A/I-modules. The conjugate filtration Fils®™ —
left Kan extension of the exhaustive Postnikov filtration 7% _ /A- So the canonical map

s/4 is moreover exhaustive, as a

. i <n7: .jconj <n
Fllflon‘] S/A e ’T*n 11]?1(]:—‘\117”'_;c S/A) ~ T*n S/A

is an equivalence for each n > 0, and the conjugate filtration Fil®™ g /4 coincides with the Postnikov

filtration 7<* g,4. The last statement is a consequence of Theorem 2.13 (1).
(3) By left Kan extension of the Hodge—Tate comparison Theorem 2.14 (2) (or [BL22, Remark 4.1.7])
and (2), there is for each n > 0 a canonical isomorphism

() a/n))y — H” ( s/a{n})

of A/I-modules. To prove that the de Rham differential d coincides via these isomorphisms with the
Bockstein operator 3 on H*( g/4{*}), it suffices to prove it when S is a polynomial A/I-algebra, where
this is Theorem 2.14 (2).

11



TESS VINCENT BOUIS

(4) For each integer k > 0, the map of filtered complexes ¢ : N'=* gl/)A — I* g4 induces a map of
filtered complexes

* 1 1 * *
OINZT QN Gy T /T g spa s YT
Taking the inverse limit over k£ > 0 defines a map of filtered complexes

*A(l) *
¢:'/\/'Z S/A*)I S/A-

~(1
The canonical map NZ* g/) =N 2* (S /) 4 1s an equivalence on graded pieces, so the same argument
as in Theorem 2.13 (2) proves that

(1) can ~()
S/A T S/A T S/A

factors as

(1) can ~1 3 can
s/a—— s/a——Inr sja — ga,

where the composite ¢ : E@l/)A — Lnr g/a of the first two maps is the map of Theorem 2.13(2).

Remark that the [-adic filtration on Ln; g/4 is complete by [BL22, Remark D.10]. To prove that

NG
¢: Eq /) 4 — Lnr s/4 is an equivalence, it suffices by completeness to prove that it is an equivalence on

graded pieces. Proposition 2.12 (2) (more precisely, [BMS19, Theorem 5.4 (2)]) identifies the i** graded

piece of Ln; g/ with the truncation 75 of the I-adic graded piece 73/,4{1'}. Together with the

. ING
identification N 591/),4 — N* (S/)A, it then suffices to prove that

7 i (1 i .
qb:./\/ SS'/)A_>T§ S/A{Z}
is an equivalence for all 4 > 0, which is (2). O

Remark 2.16. The factorisation part of Proposition 2.15(4) and its proof hold more generally for
(A, I) a bounded prism and S any A/I-algebra.

Theorem 2.17. Let (A, I) be a bounded prism, and S a p-cotangent smooth A/I-algebra. The following
are equivalent:

(CSm) The inverse Cartier map

n C_l n [ ]
As/v)/(a/@1) @A/@1).0/ .00 A (0 1) = B (s /3y 4/ ,17))
is an isomorphism of A/(p,I)-modules for alln >0, i.e., S is p-Cartier smooth over A/I.

(LQ = H:S\)) The Hodge-completion map (Ls/ca/1)), — (H:S\)S/(A/I))Q s an equivalence in the derived
category D(A/T).

(LQ = Q) The counit map (LLs/a/r)), — (sya/n), is an equivalence in the derived category
D(A/I).

(dR) The de Rham comparison map fgl/)A @4 A/T — (Qs/(a/1)), s an equivalence in the derived

category D(A/I).
() The canonical map gl/)A @G A/ — H*( s/a{*}) is an equivalence in the derived category D(A/I).
(

~ ~(1
( = ) The Nygaard-completion map Sl/)A — Eg/)A is an equivalence in the derived category D(A).

(Ln) The Frobenius map b g/)A — Lmr g/a is an equivalence in the derived category D(A).

12
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(N') The canonical map HY : g/)A @4 A/T — H*(N* gl/)A) is an equivalence in the derived category

D(A/I), where the differential on H*(N* ES}/)A) is the Bockstein operator induced by the Nygaard

filtration on gl/)A.

(NZ) The Frobenius map 7<'¢ : TSINZ? (Sl/)A — 7SI 5/A 18 an equivalence in the derived category
D(A) for alli > 0.
Proof. (CSm) < (LQ = Q) By derived Nakayama ([Stal9, 091N]), the counit map

(Ls/a/n)p — Qsya/n)y

is an equivalence in the derived category D(A/I) if and only if the counit map

LQs/p)/carw.n) — s/p)/asm.)
is an equivalence in the derived category D(A/(p,I)), i.e., if the induced map

H* (LQs/p)/(a/.0) — B Qs as.))
is an isomorphism of A/(p,I)-modules for each n > 0. By [Bhal2, Proposition 3.5|, the derived
de Rham complex 1L.€(s/p)/(a/(p,1)) is equipped with an exhaustive N-indexed increasing filtration
Filcom LQ(s/p)/(A/(p,1))» Whose graded pieces are given by

—1 . Am L ~ conj
C™H s A (Ls/p)/(A)0.1) @A p1)ba o0y AP D)[=1] = g1 L (s5/p) /(a7 (p1))

where C~! is the left Kan extension of the inverse Cartier map. By cotangent smoothness of the
morphism A/(p,I) — S/p, the graded piece gréo™ LQ(s/p)/(A/(p,1)) i thus concentrated in degree n
for each n > 0. Arguing by induction on n > 0 and by exhaustiveness of the conjugate filtration
Filion-j LQ(s/p)/(A/(p,1))> there is a canonical isomorphism

H"™ (gr5™ L5 /p) /(a7 (0,1))) — B (L (s/p)/ A/ (p.1)))-

In particular the counit map L& (s/p)/(a/(p, 1)) — 2(S/p)/(A/(p,1)) 1S an equivalence in the derived
category D(A/(p, I)) if and only if the inverse Cartier map

C™ Qsypy sas o) A/ 6as o A0 T) — H (s /) /(a7 p.1))

is an isomorphism of A/(p, I')-modules for all n > 0.

— o~

LO=LA) < (LO=Q)< (dR)< ( )< ( = )< (Ln) By |[BL22, Proposition 5.2.3] there is a
commutative diagram

1
|
|
|
|
|
|
1
|
|
|
1
|
|
|
1
|
|
|
3

A
p

\T

(LQs/a/n))p (Qs/ca/m))

H*(is/A{*})

13
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in the derived category D(A), where the dashed arrows are derived reduction modulo I ([BL22, Propo-
sition 5.2.5 and Corollary 5.2.8] and Proposition 2.12(3)). The map (LQs/a/p))p — H* (" s/a{*}) is
defined as the composite

(Ls/a/n)p — Qsyayn)y — H*( s/a{*}).

The three equivalences in this diagram hold for any p-cotangent smooth A/I-algebra S by Proposi-
tion 2.15. By derived Nakayama ([Stal9, 091N]) and commutativity of this diagram, the conditions
(L= L), (LQ =Q), (dR), ('), (Ln) and ( =) are then equivalent.

(Ln) < (N) There is a commutative diagram

O gl A/1 —25 e

5/A
| ~Js

HY e
(Lnr s74) @'% A/ —2 H*(" sja{*})

5a)

in the derived category D(A/I), where the maps ¢ are defined in Theorem 2.13, and the functor HY,
(where B refers to the Beilinson ¢-structure) is defined in [BMS19, Theorem 5.4]. More precisely, the
functor HY sends the filtered complex

NZ* g/A € DF(A)

to
H* (V" §),) € D(A) ~ DF(A)°,

Where ’D]-' (A)? is the heart of the filtered derived category DF(A) for its Beilinson ¢-structure. Because
N ¢ S/A is naturally an object of the derived category D(A/I), this induces a map

O ekoa/r M e )

5/4¥A S/A

on the underlying complexes. For any p-cotangent smooth A/I-algebra S, the right and bottom maps
of the previous diagram are equivalences (Propositions 2.15(2) and 2.12 (3)). By derived Nakayama
and commutativity of the diagram, the Frobenius map

~ 1
@ (s/)A — Lnr s/a
is an equivalence in the derived category D(A) if and only if the canonical map
¢! woare (1
HY : S/)A ®% A/T — H'WV (S/)A)

is an equivalence in the derived category D(A/I).
(NZ) = (Ln) Assume that the Frobenius map

TSig . rSINZ (1/)A g <igi s/a

is an equivalence for each ¢ > 0, and in particular that the Frobenius map
i i i (i
o HNZ' g)) — H(I g/a)

is an isomorphism of A-modules for each i > 0. The homotopy cofibre sequence

>i (1) >i—1 (1) i—1 (1)

N= S/A‘”\/* S/A‘>N S/A

induces an exact sequence

n— i— 1 n e n i— 1 ngaLri— 1
H' W ) — HYVE G — HNWET ) — HYWT G

14
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for each integer n. By Proposition 2.15 (2), the graded piece N~1 (sl/)A is in degrees [0;4 — 1] and the
Frobenius map ¢ : N1 591/);1 — g/a{i — 1} is an isomorphism in degrees < i — 1. In particular the
morphism H" (N Egl/)A) — H"(NZiL gl/)A) is an isomorphism for all ¢,m > 0 satisfying 7 < n, and
the canonical morphism
i i—1 (1 i 1) i (1)
HI(NV=1 g/4) — H (N=0 s/a) =H'( 5/4)
is an isomorphism for all ¢ > 0. The A-module Hi(Lm s/4) is canonically identified with the image
of the morphism H'(I' g/4) — H'(I'"' g/4) by Proposition 2.12(1). The Frobenius map
* 1 *
¢:NZ QT g4

thus induces a map of short exact sequences
i— i—-1 (1 i— i—1 (1 i i (1 i (1
Wz D) — W ) — B Q) —— 1)) —— 0

Lﬁ Lzs lcb lq;
HNW I g4) — H 7 (Cgpafi — 1)) — H'(I' s/4) — H(Lnr s/4) — 0.
The first three vertical maps are isomorphisms by assumption, thus so is the right vertical map, for

each ¢ > 0. So the Frobenius map é : qu/)A — Ln; g4 is an equivalence.

(Ln) = (NZ) Assume the Frobenius map b : S/) 4 — Lnr g/4 is an equivalence. We prove by

induction on ¢ > 0 that for every integer n < 4, the Frobenius morphism
n i (1 n(ri
¢ H'NZ G — HYIT g)4)
is an isomorphism of A-modules. For ¢ = 0, it suffices to prove that the Frobenius morphism
1
¢ : HY( ES‘/)A) — H( 5/4)
is an isomorphism, or equivalently that the canonical map
H(Lnr s7a) = HO( g/4)/H( s7a)[I] — H( 5a)
is an isomorphism. For any prism (B,IB) over (A,I), the A-algebra B is I-torsionfree [BS22,
Lemma 3.5], so
HY = lim B
( S/A) (B,IB)E(S/A)
is also I-torsionfree ([BL22, Theorem 4.3.6]) and the morphism H’(Ln; sjA) — H( 5/4) is the
identity. Assume 7 is now a nonnegative integer for which the result holds. Using the equivalence
- N o~
¢ (s/)A — Lnr g/a,
the first, second and fourth vertical maps of the previous diagram are isomorphisms, so the morphism

b Hz(NZz Fgl/)A) SN Hi(]i S/A)

is also an isomorphism. For n < 4, the Frobenius ¢ : N'Z* (51/)A — I* 5,4 induces a map of exact
sequences

BNz ) 5 T Q) BTV ) S YW () s BTV )

%¢ %lq& Lza %d’ %fb

H" NI ga) » BN gya{i}) — HY I g/0) — H'(I' g/4) — H*( s/a{i})

where the isomorphisms are given by Proposition 2.15 (2) and the induction hypothesis. It follows that
the morphism ¢ : H" (N2 gl/)A) — H"(I' g/4) is also an isomorphism, which concludes the proof. [

15
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2.4 Comparison with F'-smoothness

In this subsection we compare the absolute notion of F-smoothness, introduced by Bhatt—Mathew
[BM22]|, with our relative notion of p-Cartier smoothness, in the case when the base is perfectoid
(Theorem 2.19). F-smoothness is a variant of (p-adic) smoothness designed to capture smoothness in
an absolute sense. For instance, regular rings are F-smooth ([BM22, Theorem 4.15]).

Absolute prismatic cohomology can be defined using an absolute version of the relative prismatic
site introduced in subsection 2.2. We recall only the necessary notation, and refer the reader to [BL22]
for the general theory. Following [BMS19, Section 4| or [BL22, Appendix C], a commutative ring S is
p-quasisyntomic if S has bounded p>-torsion and Lg, 7 ®% S/p € D(5/p) has Tor-amplitude in [—1;0].
Following [BL22, Sections 4 and 5] and for any p-quasisyntomic ring S, the absolute prismatic site (.S)
is the site having as objects the prisms (B, J) with a map S — B/J and covers given by flat covers.
The absolute prismatic complex g € D(Z,) is the cohomology of the sheaf

O :(S) — A-Alg, (B,J)— B.
It is equipped with a Nygaard filtration N =* g and a map of filtered complexes

(bZNZ* s — §]7

where the filtered complex Eg*] is an absolute version of the I-adic filtration on relative prismatic coho-
mology. This Frobenius map is compatible with the Frobenius map on relative prismatic cohomology

when S is defined over a base prism.

Definition 2.18 (F-smoothness, [BM22]). A p-quasisyntomic ring S is F-smooth if for each inte-
ger i > 0, the Nygaard filtration on s{i} is complete and the homotopy cofibre hocofib(¢) of the
Frobenius map B

N s —  s{i},

where  g{i} := grt Eg*], has p-complete Tor-amplitude in degrees > 1 + 1.

Following [BS22, Section 3|, a bounded prism (A, I) is perfect if its Frobenius ¢ 4 is an isomorphism.
The functor (A,T) — A/I induces an equivalence between the category of perfect prisms and the
category of perfectoid rings ([BS22, Theorem 3.10]). Given a perfect prism (A4, I), a p-quasisyntomic
A/I-algebra S and an integer 7 > 0, the canonical maps

s{it — saliy — §ali}

are equivalences and their composite can be refined into an equivalence of filtered complexes ([BL22,
Construction 5.6.1 and Theorem 5.6.2])

N2+ gliy D Nz Qi)

Theorem 2.19. Let (A, ) be a perfect prism, and S a p-discrete A/I-algebra. Assume that the ring
S is p-quasisyntomic. Then S is F-smooth if and only if S is p-Cartier smooth over A/I.

Proof. Assume first that S is p-Cartier smooth over A/I. Let i > 0 be an integer. The Frobenius map
¢:N' g — s{i}
is naturally identified with the Frobenius map
. Nz (1) - .
d) . S/A — S/A{Z}a

whose homotopy cofibre is 721"/ 4{i} by Theorem 2.15(2). For all n > i+ 1, the cohomology
groups H" (72+1

(Proposition 2.15(3)). By p-cotangent smoothness of the A/I-algebra S the S-modules (Qg/(A/I))Q

s/a{i}) are canonically isomorphic to (23 /(A 1))9 by the Hodge-Tate comparison

16
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are p-completely flat for all n, hence the complex T21‘+1*S/A has p-complete Tor-amplitude in de-
grees > i + 1. Moreover, the Nygaard filtration on g{i} is canonically identified with the Nygaard

filtration on gl/)A{z} ([BL22, Theorem 5.6.2]), where the Nygaard filtration on (Sl/)A{i} is defined as
the tensor product of the Nygaard filtration on 591/) 4 With the invertible A-module A{i} ([BL22, Con-

struction 5.6.1]). In particular the Nygaard filtration on g{¢} is complete, by Theorem 2.17( = A).
Assume now that S is F-smooth. In particular the Frobenius map

¢:N! (sl/)A — g/afl}

has homotopy cofibre in degrees > 2, and /! qu/)A is in degrees < 1 (Theorem 2.13 (1)), so there is an
equivalence

(2) INl .(S}/)A — Tglis/A{].}.

The Frobenius factors through the equivalence
7. Nl (1) ~ F-lconj - 1
¢ g/a — Fili™  g/a{1}
of Theorem 2.13 (1), so the canonical map
Fili™ g a{1} =5 750 g/a{1}

is an equivalence. Moreover, gri™ ¢ /4{1} is naturally identified with H( g /4{1}) by the Hodge-Tate
comparison. So, using the Hodge Tate comparison gri®™ Coaf{l} ~ (Lsyca/n)p[—1], the cotan-
gent complex (Lg/a/r))j is in degree 0 and is naturally identified with H'(" s/4{1}). Using the
F-smoothness condition for i = 0,1, the complexes 721 g/4{1} := 721 g/ a®4,1 /1% and 72% g,4{1}
have p-complete Tor-amplitude in degrees > 1 and > 2 respectively. So Hl(ig/ A{1}H[—1], as the ho-
motopy cofibre of the morphism

TZlis/A{l} — TZQ*S/A{l}a

has p-complete Tor-amplitude in degrees > 1. In particular the cotangent complex (Lg/a, I));\ has
p-complete Tor-amplitude in degrees > 0, or equivalently it is a p-completely flat S-module in degree 0.
So the morphism A/I — S is p-cotangent smooth. The Nygaard filtration on 591/) 4 1s naturally
identified with the Nygaard filtration on g ([BL2AQ, Theorem 5.6.2]), and is thus complete. So S is

p-Cartier smooth over A/I by Theorem 2.17( = )= (CSm). O

Remark 2.20. In general, given a p-discrete morphism R — S of p-quasisyntomic rings, the notions of
F-smoothness for S and p-Cartier smoothness for R — .S do not agree. For instance, the ring Z, [pl/ P
is regular noetherian and is thus F-smooth ([BM22, Theorem 4.15]), but the morphism Z, — Z,[p*/?]
is not p-Cartier smooth (it is not p-cotangent smooth). On the other hand, the identity endomorphism
of R is always p-Cartier smooth, but not all p-quasisyntomic rings R are F-smooth: any F-smooth
p-complete noetherian ring is regular ([BM22, Theorem 4.15]). If S is a p-Cartier smooth Z,-algebra,
then S is F-smooth ([BM22, Corollary 4.17]).

Remark 2.21. Let (A,I) be a bounded prism, and S a p-quasisyntomic A/I-algebra. Then S is
p-Cartier smooth over A/I if and only if it satisfies the following relative version of F-smoothness:
for each integer ¢ > 0 (or equivalently ¢ € {0,1}), the homotopy cofibre of the Frobenius map
¢ N? 591/) s 73/ 4{t} has p-complete Tor-amplitude in degrees > i + 1 and the Nygaard filtration

on (51/) 4 is complete.
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3 VALUATION RINGS ARE CARTIER SMOOTH

Recall that a valuation ring is an integral domain CT such that for any elements f and g in CT,
either f € gCT or g € fCT. The valuation on the fraction field C' of C'* is defined as the canonical
group homomorphism v : C* — C*/(CT)* =: T'¢, where ['¢ is naturally equipped with a structure
of totally ordered abelian group, and is called the value group of C. The value group I'¢ (resp. the
valuation ring CT) is said to be discrete if it is isomorphic to the ring of integers Z. The rank of
a valuation ring is defined as its number of nonzero prime ideals. In particular, a valuation ring
C™ has rank at most 1 if and only if its value group I'c can be embedded in the ordered group of
real numbers R. A valuation ring extension E* of C" is a valuation ring E* equipped with a flat
ring morphism C* — ET. The flat modules over a valuation ring C* are exactly the torsionfree
C*-modules, so a morphism CT — ET of valuation rings is flat if and only if it is injective.

Valuation rings arise in various contexts in p-adic geometry, e.g., in [BS17, Hub96, Sch12, BM21].
The goal of this section is to prove the following result.

Theorem 3.1. Let C* be a valuation ring whose p-adic completion is a perfectoid ring. Let E* be a
valuation ring extension of Ct. Then the morphism Ct — E¥ is p-Cartier smooth.

Corollary 3.2. Let CT be a p-torsionfree valuation ring whose p-adic completion is a perfectoid ring,
and ET be a valuation ring extension of CT. Then for any integers i >0 and n > 1, the map

Z [p" (i)™ (E") — RTe(Spec(ET[1]), pp)
is an isomorphism on cohomology in degrees < i, and is injective on H'.

Proof. This is a direct consequence of Theorems 3.1 and 4.12. O

_ Examples of valuation rings C' satisfying the hypothesis of Theorem 3.1 include the ring of integers
Zy of an algebraic closure Q, of Q,, the ring of integers Oc, of the p-adic complex numbers C, and
the ring Z,[p>] (Example 3.6 below).

Remark 3.3. By Example 2.2 (2), an extension of valuation rings is p-discrete. In particular, an
extension of valuation rings C* — E7 is p-Cartier smooth if and only if the morphism C*/p — ET /p
is Cartier smooth, i.e., if CT/p — EV /p satisfies the Cartier isomorphism and the cotangent complex
L(g+ /p)/(c+ /p) 18 a flat (B /p)-module in degree 0.

We will distinguish three cases. If p is invertible in the valuation ring C*, then the rings C*/p and
E* /p are zero* and the result is trivial. If p is zero in the valuation ring C'*, the result is essentially
due to Gabber-Ramero and Gabber, as we recall now. We will then focus on the remaining case,
i.e., that of mixed-characteristic.

Assume that p = 0 in the valuation ring C*. By [BMS18, Example 3.15| an F-algebra, or
equivalently its p-adic completion, is a perfectoid ring if and only if it is perfect (i.e., its Frobenius
endomorphism is an isomorphism). Theorem 3.1 is then due to Gabber-Ramero and Gabber. Remark
that Cartier smoothness in characteristic p, including its relation to valuation rings and algebraic
K-theory, was previously studied in [KM21].

Theorem 3.4 (Cartier smoothness of characteristic p valuation rings, [GR03, KST21]). Let C* be a
perfect valuation ring of characteristic p, and ET a valuation ring extension of Ct. Then the morphism
CT — E7 is Cartier smooth. Equivalently:

(1) The cotangent complex L+ ¢+ is concentrated in degree 0, and Q}E+/C+ is a flat ET-module.
(2) The inverse Cartier map
C_l : Q%+/C+ ®C+7¢C+ C"" — Hn(Q.E+/C+)

is an isomorphism of CT-modules for each n > 0.

4There is a slight ambiguity whether the zero ring is perfectoid or not. We include this case to avoid any ambiguity.
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Proof. (1) The cotangent complexes L+ o+ and L+ /T, are concentrated in degree 0 (|[GRO3, Theo-
rem 6.5.8 (i7)]) where they are given by QlE+/C+ and Q}ﬁ/]&,’ and Q}ﬁ/& is a torsionfree ET-module
(IGRO3, Corollary 6.5.21]). There is a homotopy transitivity fibre sequence

Le+w, ®Hé+ Et — Lg+/r, — LEe+/c+,
and Le+/r, =~ 0 because C™ is a perfect F,-algebra. So the natural morphism
QO+, — Qg+ o

is an isomorphism of E+-modules. Torsionfree modules over a valuation ring are flat, so Q}Tﬁ Jo+ is a
flat E+-module.

(2) The morphism F, — E* satisfies the Cartier isomorphism ([KST21, Corollary A.4]). By the
previous paragraph, there is a canonical isomorphism

Qg+ /v, — g+ /o
of E+-modules, so the morphism CT — E7T also satisfies the Cartier isomorphism. O

Assume now, for the rest of this section, that p is neither invertible nor zero in the valuation
ring C'"; we say in this case that CT is a mized-characteristic valuation ring. The hypothesis on C*
in Theorem 3.1 can be reformulated as follows.

Lemma 3.5. Let Ct be a mized-characteristic valuation ring. The following are equivalent:
(1) The p-adic completion of the valuation ring CT is a perfectoid ring.
(2) The ring CT /p has a nonzero nilpotent element, and its Frobenius endomorphism is surjective.

Proof. The second condition depends only on the ring Ct/p, so we can assume the valuation ring C+
is p-adically complete. Because p is nonzero in the valuation ring C'T, the ring Ct is in particular
p-torsionfree.

By [BMS18, Lemmas 3.9 and 3.10], a p-torsionfree ring R is perfectoid if and only if R is p-adically
complete, the Frobenius on R/p is surjective and up € R admits a compatible system of p-power
roots for some unit v € R*. From now on, let C* be a nonzero p-adically complete and p-torsionfree
valuation ring, such that the Frobenius on CT /p is surjective.

(1) = (2) Let u € (C*)* be a unit such that up admits a compatible system ((up)'/?"),en of
p-power roots in the valuation ring CT. Because C is p-torsionfree and not the zero ring, p is nonzero
in C* and neither is (up)'/P. The element (up)'/P € C* thus defines a nonzero nilpotent element in
the ring C* /p.

(2) = (1) Assume the valuation ring C* has an element 7 € Ct defining a nonzero nilpotent
element in CT /p. Because the Frobenius on C*/p is surjective, we can assume that 7P is nonzero
in C* /p. Because CT is a valuation ring, this implies that 7? divides p and that p divides some power
of m in C*. In particular the valuation ring C" is m-adically complete for this element 7 € C*. By
[BMS18, Lemma 3.9], there exists a unit « € (C1)* such that up € Ct admits a compatible system
of p-power roots in C+. O

Example 3.6. The p-adic completion of the ring Z,[p'/?”] is a perfectoid valuation ring, because it
satisfies the hypotheses of Lemma 3.5 (2). In particular, any valuation ring extension E*t of Z, con-
taining a compatible system of p-power roots of p is p-Cartier smooth over Z, [pl/ pm] by Theorem 3.1.
Beware that p-adic completion (or even taking the p-adically separated quotient) does not preserve the
value group of a valuation ring. For instance, the localisation of the ring Z,[X/p™,n > 0] at the ideal
(X/p",n > 0) C Zy[X/p",n > 0] is a valuation ring, with fraction field Q,(X) and with p-adic comple-
tion Z,; an alternative description of this valuation ring is the fiber product Z,, xq, Q,[X](x). Similarly,
the localisation of the ring Zp[pl/pm,X/p", n > 0] at the ideal (X/p™,n > 0) C Zp[pl/Pm,X/p", n > 0]
is a valuation ring, with fraction field Q,(p*/?”, X) and p-adically separated quotient Z,[p'/?™].
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To prove Theorem 3.1 for the morphism Ct — ET, it suffices to prove that the morphism
C*t/p— E*/p is cotangent smooth (i.e., its cotangent complex L(g+/p)/(c+/p) 18 given by a flat
E* /p-module in degree 0) and satisfies the Cartier isomorphism (Remark 3.3). We first prove the
cotangent smoothness.

Lemma 3.7. Let ET be a valuation ring in which p is nonzero, and M be an EV-module. If the
ET-module M is p-torsionfree, then its derived reduction M@%+ E*/p modulo p is a flat ET /p-module
in degree 0.

Proof. Because p is a nonzerodivisor in the valuation ring E*, the derived reduction M ®%, E*/p
modulo p of any ET-module M is concentrated in degree 0 if and only if M is p-torsionfree.
Assuming M is a p-torsionfree ET-module, we prove now that M/p is a flat ET /p-module. Consider
the p-adically separated quotient E+’ of E*, i.e., the quotient of E™ by its ideal (,~,p"E™. The
ring Et/ is a valuation ring, because it is an integral domain and satisfies the divisibility condition of
valuation rings. Define M’ as the E™/-module M ® g+ E*'. The morphism M — M’ of E*-modules
is surjective, with kernel given by a quotient of the ET-module M Qg+ (),,op"E". The ET-module
M ®@p+ >0 p"ET is p-divisible, so the morphism M — M’ becomes an isomorphism after reduction
modulo p. Because ET’ is a p-adically separated valuation ring, any p-torsionfree ET’-module is
torsionfree and thus flat. In particular the ET’-module M’ is flat, and the E™’/p-module M’ /p is also
flat. So the ET/p-module M/p is flat. O

Proposition 3.8 (Cotangent smoothness of the morphism C*/p — E1/p). Let C* be a mized-
characteristic valuation ring whose p-adic completion is a perfectoid ring. Let ET be a valuation
ring extension of C*. Then the ET-module Q}w/m is p-torsionfree and the cotangent complex

Lg+ /p)/(ctp) 1 a flat E* /p-module in degree 0.

Proof. Note the equivalence L g+ /p)/(c+/p) = L+ /c+ ®HE+ E*/p. The cotangent complex of any
extension of valuation rings with characteristic 0 fraction fields is concentrated in degree 0 ([GRO3,
Theorem 6.5.8 (44)]°). In particular the cotangent complex L+ o+ is concentrated in degree 0, given
by the Et-module Q7 o+~ 1f the E*-module QF, Jc+ 1s p-torsionfree, then the cotangent complex

L(g+/p)/(c+/p) 18 a flat ET /p-module in degree 0 (Lemma 3.7).
We prove now that the E+-module Q}ﬁ Jo+ is p-torsionfree. Let E be the fraction field of the

valuation ring E*, and E an algebraic closure of E. We fix a valuation on E extending the valuation
of the valued field F, and denote by E" the corresponding ring of integers. Applying again [GRO3,
Theorem 6.5.8 (ii)] to C*, ET and E" and because the morphism E* — E is flat, the transivity
sequence for the cotangent complex can be rewritten as a short exact sequence of E " -modules:

1 — QL. 0.

=+
O*}QlEv+/C+®E+E ‘)QE+/C+ E/E+

An Et-module (resp. E+—module) M is p-torsionfree if and only if the multiplication by p morphism
p: M — M is injective. The morphism ET — ET being faithfully flat, the ET-module Q}E+/C+ is thus
p-torsionfree if and only if the E ' -module QlE+ o Qp+ Eis p-torsionfree. By the previous short exact
sequence, it then suffices to prove the E ' -module Q%r o+ is p-torsionfree. The p-adic completions
(CT)p and (ET)
E is algebraically closed. In particular the cotangent complex L

;,\ of C* and B are perfectoid rings, respectively by assumption and because the field
() /sy p 15 2610 ([BMSI8,

B /p)/(C+/p) is zero. In particular, the derived

L =T 1
ot ®p+ E  /p modulo p of the £ -module QF+/C

Lemma 3.14]). Equivalently, the cotangent complex L

reduction Qlﬁ+ is in degree 0, or equivalently the

+

/
—=+ 1 . .
E -module QE+ o+ B p-torsionfree. O

5More precisely, [GR03, Theorem 6.5.8 (i4)] is formulated for extensions of valued fields. An extension of valuation
rings CT — E7 is the composition of the localisation CtT — C;’ at the prime ideal p := CT Nmg and the morphism

C;r < ET. The cotangent complex of the first morphism is trivial and the second morphism is induced by an extension
of valued fields.
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It remains to prove the Cartier isomorphism for the reduction modulo p of valuation ring exten-
sions C* — ET, where Ct is a mixed-characteristic valuation ring whose p-adic completion is a per-
fectoid ring. The proof of the Cartier isomorphism for positive charateristic valuation rings [KST21,
Corollary A.4] relies on subtle approximation results of Gabber, which do not immediately pass to
mixed-characteristic. Our strategy of proof in mixed-characteristic is to reduce to this result in posi-
tive characteristic. We are immediately faced with the following issue: if C* is a mixed-characteristic
valuation ring, the ring C" /p is in general not an integral domain, and in particular not a valuation
ring.

Here we use the perfectoid assumption on the base C* to remark that there is a perfect valuation
ring C*° of characteristic p (the tilt of C*) whose reduction modulo some element d € C*” is naturally
isomorphic to CT /p. The Cartier isomorphism is preserved by base change (Lemma 2.9). So it would
suffice to find a valuation ring extension E+” of C** whose reduction modulo d is E* /p to prove the
Cartier isomorphism for C*/p — E*/p. To construct such a valuation ring E** over the d-adically
complete lift CT° of C* /p, we use the deformation theory of Illusie [11171, 111.2.1.2.3] (see also [Sch12,
Theorem 5.11]). Namely, we will need the following result, where R is a ring, I C R is an ideal such
that I? =0, and S is a flat Ry := R/I-algebra.

Theorem 3.9 ([II71]). There is an obstruction class w(So) in the group Ext% (Ls,/ry:So @ry I)
which vanishes precisely when there exists a flat R-algebra S such that S ®g Ro = Sy. If there exists
such a deformation, then the set of all isomorphism classes of such deformations forms a torsor under
Ext}% (Lsy/Ro» S0 @R, I), and every deformation has automorphism group Homs,(Ls,/r,, S0 @R, I)-

To apply this deformation result recursively up to a d-adic deformation E*” of the flat C* /p-alge-
bra ET/p, we need to have control on the cotangent complex Lg+/py/(ct/p)- More precisely, if
the cotangent complex L g+ /p)/(c+/p) Was a projective E* /p-module in degree 0 then the higher
Ext-groups in this deformation result would vanish and we could construct the lift E° in a unique way.
By Proposition 3.8, the cotangent complex L(g+ /) /(c+/p) 18 concentrated in degree 0, given by the
flat ET /p-module Q%E+ /p)/(C+ /p)* The inverse Cartier map commuted with filtered colimits, so we
can assume the field extension C — E induced by the valuation ring extension C* — E7 is of finite
type to prove the Cartier isomorphism. But even for such valuation ring extensions, the E+/p-module
Q%E+/p)/(c+/p) will not be projective in general. For instance, when F = C(X), it follows from
the proof of [GR03, Proposition 6.5.6] that the E+-module Q}E+/C+ can be isomorphic to mg+ ET,
where mg+ is the maximal ideal of C*. The next result will ensure the vanishing of the relevant
Ext?-groups in the deformation theory, and thus the existence of a lift E1? (see also Remark 3.15
about the uniqueness of such a lift).

Lemma 3.10. Let ET be a finite rank valuation ring, with fraction field E. If M is a torsionfree
E*-module such that M Qg+ E is a finite dimensional E-vector space, then the ET /p-module M /p is
a countable filtered colimit of free ET /p-modules of rank at most dimg(M Qg+ E). In particular, the
E* /p-module M /p has projective dimension at most 1.

Proof. The morphism of EtT-modules M — M ®pg+ E is injective because the E+-module M is
torsionfree. We identify the ET-module M with a submodule of the ET-module M ® g+ E via this
morphism. We prove by induction on the dimension d of the E-vector space M ®p+ E that M is a
countable filtered union of free ET-modules.

For d = 0, the ET-module M is free of rank 0. For d = 1, the E*-module M is isomorphic to a
submodule of E, and we consider two cases. If M is equal to F, then M is the filtered union of the free
E*-submodules of rank 1 of E. If M is not equal to E, then up to shifting M multiplicatively by an
element of ET, we can assume that M is contained in Et, i.e., that M is an ideal of E+. Every ideal
of a ring is the filtered union of its finitely generated subideals, and every such ideal is principal in a
valuation ring. So the ET-module M can be written as a filtered union of free ET™-submodules of rank
at most 1. In both cases, and because the valuation ring E+ has finite rank, one can assume that the
filtered colimit is countable. So the E*-module M is a countable filtered union of free E+-modules of
rank at most 1.

Fix an integer d > 1, assume the result is proved for all integers < d, and let M be an ET-submodule
of (d + 1)-dimensional E-vector space @fillEei. Let M, be the image of M under the projection

€d+1
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is the countable filtered
union of a system (Me(;?l)neN of free Et-modules of rank at most 1. Let M) := p;il(Me(gll), S0

that M is the filtered union of the ET-modules M (. For each integer n > 0, there is a short exact
sequence of ET-modules

Dd41 ° @fillEei — Fegy1. By the previous paragraph, the ET-module M,

€d+1

0— M™Nnagd Fe; — M™ — MM 0,

€d+1

which is split since the E+-module Me(fll is free. The induction hypothesis implies that, for each
integer n > 0, the ET-module M N @%  Ee; is a countable filtered union of free EF-modules.
Taking the direct sum with the ET-module M, (") | this implies that M) is the countable filtered

€d+1
union of a system (M (™), y of free Et-modules. The Et-module M is thus the countable union

of the free Et-modules M (™) n m € N, and this union is filtered by construction. This concludes
the induction.

In particular, the E+ /p-module M/p is a countable filtered colimit (P™),,cx of free E* /p-modules
of rank at most dimg(M ®g+ E). To prove the last claim, consider the Milnor exact sequence

0 — @nenP™ 2, BrenP™ — M/p—0
of Et-modules, where f,, : P(") — P("+1) i5 the transition map and

0 : (xn)nzo — (3771 - fn—l(xn—l))v

where f_1(z_1) := 0. For every ET/p-module Q, the Ext-groups ExthJr/p(P(”),Q) vanish for all
integers n > 0 and ¢ > 1. Applying the long exact sequence of Ext-groups to the previous short exact
sequence of ET /p-modules implies that

EXtiE+/p(M/p7 Q) =0

for every integer i > 2 and every ET/p-module Q, i.e., that the E+/p-module M/p has projective
dimension at most 1. O

Corollary 3.11. Let Ct be a mized-characteristic valuation ring whose p-adic completion is a per-
fectoid ring. Let ET be a finite rank valuation ring extension of CT. Assume that CT and ET
are p-adically separated, and that the induced field extension C' — FE is of finite type. Then the
E* /p-module Q%E+/p)/(c+/p) has projective dimension at most 1.

Proof. We apply Lemma 3.10 to the ET-module Q%E+/C+. The ET-module Q}E+/C+ is p-torsionfree

(Proposition 3.8), and thus torsionfree since E7T is p-adically separated. The localisation at a prime
ideal has trivial cotangent complex, so the canonical map Q}ﬁ Jo+ OB+ E— QlE e is an isomorphism.

Moreover, the E-vector space Q}E e is finite dimensional since C — F is a field extension of finite

type. The reduction modulo p of the Et-module Q}E+/C+ is the ET /p-module Q%E+/p)/(c+/p)7 hence
the conclusion.

We now use this result on the projective dimension of Q%E+/p)/(c+ /p) O lift the C't /p-algebra E* /p

to a valuation ring extension E? of C*.

Notation 3.12. Let C* be a mized-characteristic valuation ring whose p-adic completion is a perfec-
toid ring. Denote by

the tilt of this perfectoid ring. The ring C is a perfect valuation ring of characteristic p, which is
d-adically complete for some element d € C° such that there is a natural ring isomorphism

ct/p=ctd.
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We will need the following to ensure that the flat lift E*® produced by deformation theory is
actually a valuation ring.

Lemma 3.13. Let C be a mized-characteristic valuation ring whose p-adic completion is a perfectoid
ring. Let ET be a valuation ring extension of Ct and E1’ a d-complete flat C°-algebra. Assume
there is an isomorphism of Ct*/d = C*t /p-algebras EY*/d = E+/p. Then E*’ is a valuation ring
extension of CT°.

Proof. We want to prove that E*” is an integral domain such that for any elements f and g in E*?,
either f divides g or g divides f.

The valuation ring C** is perfect by definition. Denote by (d'/?"),cy € (C™)N a compatible
system of p-power roots of d € C**. A module over the valuation ring C** is flat if and only if it is
torsionfree, so the C**-module E*1 is d'/?" -torsionfree for each n > 0. In the following we identify the
rings C* /p and C*?/d; in particular any (rational) power d* of d € C*® defines an element of C*/p,
which we also denote by d®.

Let f and g be elements of the ring ET”. Let us prove that either f divides g or ¢ divides f. The
ring Et? is d-torsionfree, so we can assume that d does not divide one of f and g. We first assume
that d does not divide f in E*?, and prove that f divides d. Because Et is a valuation ring, and for
every a € Z[%], a < 1, either f divides d®, or d* divides f in the ring E**/d. If f divides d* for
such an « in E'H’/d, then we can write fh = d* + dt for some elements h,t € Et?. Because E1’ is
d-adically complete it is also d'~®-adically complete. In particular 1 + d'~%¢ is a unit in E*?, so f
divides d*, and thus f divides d. If f does not divide d* for any o € Z[%], o < 1, then in particular
d'/? divides f in E*’/d, and thus also in E1’. Because E*? is d'/P-torsionfree, we can consider the
element f/d'/? € E*’, which divides d'~'/? in E*’/d. And we argue as in the previous case to prove
that f/d"/? divides d'~'/? in E*t’.

Going back to the elements f and g of E*?, we deduce the following: if f is not divisible by d and
g is divisible by d, then f divides g. We now assume that d does not divide f or g. Without loss
of generality and because EV is a valuation ring, there is an element h € E*/p such that f = gh in
E“’/d. We can then write f = gfL + dt for some elements iL, t € E*’. By the previous paragraph, and
because d does not divide g, we know that g divides d. So g divides f.

We now prove that the ring E+” is an integral domain. Given two elements f and g of the ring Et?,
then without loss of generality we can assume that g divides f using the divisibility property we just
proved. Assume now fg = 0. The ring E*? is d-adically separated, so if f is nonzero then f divides d”
for some integer n > 1. But then d?" = 0, which is impossible since E*” is d-torsionfree. So f = 0, and
the ring E*° is an integral domain. By assumption E*° is a flat C**-algebra, so E*” is a valuation
ring extension of C*°. O

Theorem 3.14. Let CT be a mized-characteristic valuation ring whose p-adic completion is a per-
fectoid ring, and ET be a valuation ring extension of Ct. If the ET /p-module Q%E+/p)/(c+/p) has

projective dimension at most 1, then there exists a d-complete valuation ring extension E1* of C*°
such that there is a ring isomorphism E*°/d = E* /p.

The projective dimension hypothesis is satisfied in particular if the induced field extension C' — F
is of finite type and E7 is of finite rank (Corollary 3.11). It is also satisfied for the p-adic completion
of such an extension, as it depends only on its reduction modulo p.

Proof. We prove by induction on n > 1 that there are, for all 1 < m < n, flat C*"/d™-algebras E;}’
with isomorhisms E;Ef /d = gt /p and with discrete cotangent complexes LE# J(C+ Jdm) having pro-
jective dimension at most 1. By Theorem 3.9, the vanishing of the obstructions in this process can
be expressed in terms of the cotangent complexes ]L(E#)/(C”/dn). For n = 1, define Efb as the flat
C*/d-algebra E* /p.

Now let n > 1 be an integer, and assume we are given for each 1 < m < n aflat C’*b/dm—algebra Ef,

m

with isomorphisms E;f’/d™~! = E’ | for all 2 < m < n. We claim that the cotangent complex

23



TESS VINCENT BOUIS

LE#/(C+b/dn) is in degree 0, given by a E;fb—module of projective dimension at most 1. Tensoring the
short exact sequence

dn—l
0—E" = EPY —E’ —0

of C*”/d"-modules by the cotangent complex L J(c+» jny nduces a distinguished triangle
L(E+/p)/(c+/p) — LEIb/(CH»b/dn) — LEIEI/(C+b/d,,L,1 —

in the derived category D(E;). The discreteness and the projective dimension of L, B (O jdn) being
at most 1 thus reduce inductively to the case n = 1. For n = 1, L(g+/,)/(c+/p) is in degree 0 by
Proposition 3.8, and the E*/p-module Q%E+/p)/(c+/p) has projective dimension at most 1.

In particular, the Ext?-group in the deformation theory Theorem 3.9 vanishes, and so does the
deformation class. This implies that there is a flat C*P /d" 1 algebra E;L with an isomorphism

E:[_f_l /d" = E;". This concludes the induction.
Let E** be the inverse limit of the system (E;”),,>1. In particular, the C*"-algebra E*” is d-adically
complete. For each integer n > 2, there is a natural exact sequence of C*’-modules:

d
0— E S EP — B

Passing to the inverse limit over n > 2 implies that the C*t’-modules E*° has no d-torsion, and is thus
flat. By Lemma 3.13, E*® is thus a valuation ring extension of C*”. O

Proof of Theorem 3.1. As a flat morphism of integral domains, the valuation ring extension C* — E*
is p-Cartier smooth if and only if the morphism C*/p — E*/p is Cartier smooth (Remark 3.3). The
result in characteristic p is Theorem 3.4, and the result when p is invertible in E¥ is trivial. In mixed-
characteristic, the cotangent smoothness of the morphism C*/p — E*/p is Proposition 3.8. The
inverse Cartier map depends only on the morphism C*/p — E1/p, so we can replace CT and ET by
their p-adically separated quotients to prove the Cartier isomorphism. We assume now that C'" is a
mixed-characteristic p-adically separated valuation ring whose p-adic completion is a perfectoid ring,
that E7T is a p-adically separated valuation ring extension of C*, and prove the Cartier isomorphism
for the morphism C*/p — ET /p. The fraction field E of the valuation ring E7 is the filtered union
of the finite type field extensions E; of C contained in E. The valuation ring E™ is the filtered union
of the associated valuation rings E;r and the inverse Cartier map commutes with filtered colimits, so
we can assume that the field extension C' — F is of finite type.

If the valuation ring E7 is of finite rank, then there exists a valuation ring extension Ct? — E+°
such that E*?/d is isomorphic to E*/p (Theorem 3.14). The Cartier isomorphism for C** — E+°
(Theorem 3.4) then implies the Cartier isomorphism for C*/p — ET/p by base change along the
morphism C** — C**/d (Lemma 2.9).

In general (i.e., if the valuation ring E7 is not necessarily of finite rank), the ideal p := \/@ of Bt
is a prime ideal, the localisation E;r of ET at this prime ideal is a rank 1 valuation ring extension of
C* and the commutative diagram

ETt Ef
E*[p —— By /pE;

is a Milnor square ([HKK18, Lemma 3.12]). By [HKK18, Lemma 3.14] and its proof, this Milnor
square induces, for all integers n > 0, compatible short exact sequences

0= Qs+ /p) s+ /) = Ut ypysctip) @ Het it = Net jpps) om0

of CT-modules by [HKK18, Lemma 3.14]. These short exact sequences induce a long exact sequence
of cohomology groups:

> BN Qg ) ot gm) = B Qg 1) 00 ) O Qe gy o ) = B Qt oty o o) =0
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The morphisms C*/p — E*/p and CT/p — E,T /)JEP+ are extensions of characteristic p valuation
rings, and in particular satisfy the Cartier isomorphism (Theorem 3.4). This implies, via the inverse
Cartier map relating the previous two exact sequences, that the morphism CT/p — E7 /p satisfies
the Cartier isomorphism if and only if the morphism C*/p — E;' /p does. We proved in the previous
paragraph that the morphism C*/p — E;‘ /p satisfies the Cartier isomorphism. Hence the morphism
C*/p — E™ /p satisfies the Cartier isomorphism, which concludes the proof. O

Remark 3.15. Let C* be a mixed-characteristic rank 1 perfectoid valuation ring, and £ a rank 1
valuation ring extension of C'*, such that the induced field extension C' — FE is of finite type. In this
remark, we sketch the proof of the fact that the d-adically complete valuation ring E*”, introduced in
Theorem 3.1, is unique up to isomorphism. To do so, we consider almost mathematics ([GR03, AGT16])
with respect to the pair (C+,/(d)) (Notation 3.12). The proof of Lemma 3.10, where we use [GR03,
Lemma 2.4.15], can be adapted to prove that the E*/p-module Q%E‘*’/p)/(c""/p) is almost free, and in
particular almost projective. The almost deformation theory [GR03, Corollary 3.2.11] then implies
that the d-adically complete flat lift F° of Theorem 3.14 must be unique when seen in the category
of almost Ct"-algebras. One can check that the functor

(=), : CF-Alg 25 (0H)e-Alg 4205 oFAlg,

where the second map is the right adjoint to the localisation functor from CT-algebras to almost
Ct-algebras (|[GR03, Proposition 2.2.13 (i)]), is the identity on rank 1 valuation rings extensions
of C**. By construction, the valuation ring E1” is of rank 1 because the valuation ring Et is of
rank 1, hence the result.

4 'THE SYNTOMIC-ETALE COMPARISON THEOREM

In this section we prove Theorem B (Theorems 4.10 and 4.12), comparing the syntomic cohomology
of a p-Cartier smooth algebra over a perfectoid ring to the étale cohomology of its generic fibre.
This comparison theorem was also proved in [KM21, LM21] in characteristic p, and in [BM22] for
p-torsionfree F-smooth schemes, using different methods.

4.1 Syntomic cohomology

The syntomic complexes Z, (7)™ were first defined in [BMS19, Section 7.4] for p-complete p-quasi-
syntomic rings in terms of p-completed topological cyclic homology. Another equivalent definition was
given in [BS22| in terms of absolute prismatic cohomology, and a generalisation for general schemes
was developed in [BL22, Section 8.4]. We will be interested mainly in p-complete algebras over a
perfectoid ring, whose syntomic complexes can be defined in terms of relative prismatic cohomology
(Definition 4.1).

The ideal I C A of a perfect prism (subsection 2.4 or [BS22, Definition 3.2 (2)]) is necessarily
principal, generated by a nonzerodivisor d € A. When defining a perfect prism (A, (d)) in this section,
we implicitly fix a choice of generator d € A. If the perfect prism (A4, (d)) is a prism over the perfected
g-de Rham prism (Z[ql/pm]g\p,q_l), ([plg)), we implicitly assume that this element d is [p]; € A. When
the base prism (A, I) is perfect, one can define a Nygaard filtration N=* g /4 on the prismatic complex

s/4 (without Frobenius twist), and we denote by

gf):NZ* s/A—N—>N2* g}A—(b—)I* S/A

the Frobenius on the relative prismatic complex (see subsection 2.2 for the definition of the second
map). Following [BS22, Section 12] and for each ¢ > 0, a divided Frobenius map

¢ = “%” TN g4 — sa
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is defined and sits in the commutative diagram

NZ g4 —— g)a
X idi
d S/A-
Definition 4.1 (Syntomic complexes). Let (A, (d)) be a perfect prism over the perfected q-de Rham
prism (Z[ql/pm]f\p g—1) ([plg)); and S a p-complete A/d-algebra. For each integer i > 0, the syntomic

complex Z,(i)*¥™(S) € D=°(Z,,) is
Zp(i)™™(S) :=hofib(¢; — 1 : N=" g4 —  g/a).
For each integer n > 1, also define Z /p" (i)™ (S) 1= Z,(3)>™(S) ®Hip Z[p™.

Over a scheme in which p is invertible, the object Z,(4), called p-adic étale Tate twist, will denote
the (pro-)étale sheaf defined as the inverse limit over n > 1 of the étale sheaves MS’J. Following [BL22,
Section 8.3], there is a map comparing the syntomic complexes and the p-adic étale Tate twists.

Construction 4.2 (The syntomic-étale comparison map, [BL22]). Let S be a p-complete ring (e.g.,
a p-complete Z,°-algebra). For every integer i > 0, there is a canonical map

'Ysé;rn{i} t Zp ()77 (S) — RFproét(SpeC(S[%DvZp(i))-
For every integer n > 1, one can also consider the derived reduction modulo p™ of this canonical map
Yo {i}/P" 2 Z [p" (D)™™ (S) — RTat(Spec(S[}]), upr)-

Remark 4.3. Let (A, (d)) be a perfect prism, and S an A/d-algebra. For each ¢ > 0, the canonical
map _
W= sy)lal/p — salil/p

is an equivalence in the derived category D(A). By left Kan extension and p-quasisyntomic descent, it
suffices to prove it for quasiregular semiperfectoid A/d-algebras S, for which there are natural inclusions
of (p,d)-completely flat A-modules qﬁgl(d)i s/a € NZi s/4 € g/a. The result follows by using the

equality (¢, (d))? =d in A/p.

Theorem 4.4 (Prismatic-étale comparison). Let (A, (d)) be a perfect prism, and S a p-complete
A/d-algebra. Then for any integers i > 0 and n > 1, there are canonical identifications
RTg(Spec(S[3]), ppn) — hofib(¢; — 1 s/a{i}[gl/p" —  s/a{i}gl/p")
and
RT proet (Spec(S[3]), Zp(i)) — hofib(¢s — 1= sya{i}lgly —  s/ali}gly)-
Proof. For i = 0 this is [BS22, Theorem 9.1]. When (A, (d)) is the perfected g-de Rham prism
(Z[ql/pm](\p’qfl)7 (¢ — 1)), [BL22, Theorem 8.5.1] and its proof extend [BS22, Theorem 9.1] to the
general case ¢ > 0. By independence of the perfect base prism for prismatic cohomology [BL22,
Theorem 5.6.2], the same result also holds for any perfect base prism (A, (d)) such that the perfectoid
ring A/d admits a compatible system of p-powers roots of unity.

Assume now that (A, (d)) is a general perfect prism. Consider a perfect prism (A4’, (d)) over (A, (d))
such that A’/d admits a compatible system of p-power roots of unity and such that A/d — A’/d is
a p-quasisyntomic cover ([BS22, Theorem 7.14]). We prove the result for torsion coefficients, by
reduction to the case of (A’ (d)) instead of (A4, (d)); taking limits over n > 1 implies the result for
integral coefficients. For any object C' € D(Z /p") equipped with a map F : C' — C, denote by CF=1
the homotopy fibre of the map F —1: C — C.
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The constructions
S — RFet(Spec(S’[%]),uf?,fL ( S/A{Z}[é}/pn)(’ﬁl:l

from p-complete p-quasisyntomic A/d-algebras S to D(Z /p™), are p-quasisyntomic sheaves. For the
first one, this is a consequence of arc-descent (|[BM21, Corollary 6.17]). For the second one, this is a
consequence of p-quasisyntomic descent for prismatic cohomology (e.g., [BS22, Construction 1.16 (2)]).
In particular, to construct a natural map

Rrét(SpeC(S[%D,ugf) — ( S/A{i}[é}/pn)d)i:l

for all p-complete A/d-algebra S, and proving that it is an equivalence in the derived category D(Z /p™),
it suffices, by left Kan extension, to do so for p-quasisyntomic A/d-algebras, and then locally in the
p-quasisyntomic topology, e.g., for all p-complete p-quasisyntomic A’/d-algebras. By [BL22, Theo-
rem 5.6.2|, there are canonical equivalences

_jafiy = i} = _jadi}

on A’/d-algebras, which concludes the proof. O

4.2 The syntomic-étale comparison theorem in characteristic p

In this subsection we review the description of the syntomic complexes in characteristic p in terms of
logarithmic de Rham-Witt forms (following [KM21, LM21]), and its consequence on the syntomic-étale
comparison map (Construction 4.2).

Proposition 4.5 (Syntomic-étale comparison theorem in characteristic p). Let R be perfect F,-algebra,
and S a Cartier smooth R-algebra. Then for any integers i > 0 and n > 1, there are canonical
identifications .

Z [p"(1)*"(S) ~ RTet(Spec(S), Wnllig) [ ]
and _

Zp(i)™"(8) = RTproct (Spec(S), W, )[—i].
Proof. The first equivalence follows from [LM21, Proposition 5.1 (i¢)], the second by taking limits

over n > 1. O

Corollary 4.6. Let R be a perfect F,-algebra, and S a Cartier smooth R-algebra. Then for any
integers ¢ > 0 and n > 1, the comparison maps

V& {iY D" Z Jp ()™ (S) — RUe(Spec(S[L)), ui)
and )
Yayn i} : Zp())¥™(S) — RTproct (Spec(S[3]), Zp(i))
have homotopy cofibres in degrees > i — 1.

Proof. The syntomic complexes Z /p™(i)%"(S) and Z,(7)*"(S) are in degrees > i by Proposition 4.5,
and the generic fibre S [Il]] of S is zero. O
4.3 The syntomic-étale comparison theorem

In this subsection we prove the syntomic-étale comparison theorem over a general perfectoid base
ring (Theorem 4.10), generalising Corollary 4.6.
The following result is a direct consequence of Theorem 2.17 (NZ) when the base prism is perfect.

Lemma 4.7. Let (A, (d)) be a perfect prism, and S a p-Cartier smooth A/d-algebra. Then for every
integer i > 0, the map

TSINZ g4 S5 TS ga

s an equivalence.
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Proof. The diagram

; ®i
NZgja—— s/a

X i
e
d' g4

is commutative for any A/d-algebra S and the map d': g4 — d* g/4 is an equivalence. Locally on
the p-quasisyntomic site g4 is a d-torsionfree A-module in degree 0 and this is by definition of the
divided Frobenius map ¢;, and in general this is true by descent on the p-quasisyntomic site and left
Kan extension. When S is p-Cartier smooth over A/d, the Frobenius map ¢ : N'=* S/A — d’ s/A s
an isomorphism in degrees < i, hence the result. O

Lemma 4.8. Let (A, (d)) be a perfect prism, and S a p-Cartier smooth A/d-algebra. For all inte-
gersi >0 and k <1i— 1, define the map

o7t T HA( g/a/p) — H*( s/4/p)
as the composite
o7t i n
HY( s/a/p) —— H*WZ" g/a/p) = H*( 5/4/p)

where the first map is given by the derived reduction modulo p of Lemma 4.7. Then for every k <i—2,
the map ¢; ' is zero on the d-torsion subgroup H( s/a/p)[d]).5 For k =i —1, the map byt opr !t s
zero on the d-torsion subgroup H' (5,4 /p)[d].

Proof. First assume that k < i — 2. In this case, the map
o7 HY( 5/a/p) — HE( s/a/D)

can be rewritten as the map d'/ pgbi:ll, where (b;ll is defined as gi)i_l. Let = be a d-torsion element of
the A/p-module H*( s/a/p). Then

o7 M (x) = d/Pe Y () = ¢} (dw) = 0,

hence the result.
Now assume that k& = 7 — 1, and let us prove that (¢;1)2 = qb;l ) (;5;1 is the zero map on the
A/p-module H~"( 5,4/p)[d]. There is a natural short exact sequence of A/p-modules

0— H"( s/a)/p — H7'( s/a/p) — H'( s7a)lp] — 0,

and compatible maps (b;l on each of its terms. This short exact sequence induces, by the snake lemma,
an exact sequence of A/p-modules

0 — (H'™'( s/a)/p)ld] — H T g7a/p)[d] — (H'( s574)p])d],
and the maps ¢; ! restrict to these A/p-modules. It suffices to prove that the map ¢; 'is zero on both

(HY( s/4)/p)[d] and (H( s/4)[P])[d]. Indeed, if 2 is an element of H ™Y s/4/p)[d], then o (x) is
naturally in the kernel of the canonical map

H s/a/p)ld] — (H'( s74)[p))[d].

So ¢;*(x) is in the subgroup (H'™'( s/a)/p)[d] € H'™'( 574/p)ld], and thus ¢; ' (¢; '(x)) = 0.

SEquivalently, by Lemma 4.7, the canonical map
can: H¥ (V2" g/ 4/p) — H*( 5/4/p)

is zero on the d'/P-torsion subgroup H* (N'2? 5/A/DP) [d1/P].
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On the A/p-module H'~( s/4)/p, the map ¢;1 can be rewritten as the map dl/p(é;_ll, and is thus
Zero on (Hifl( s/4)/p)[d], arguing as in the first paragraph of this proof. We now prove that the map

¢; ! is zero on the A/p-module (H'( s/4)[p])[d]. By definition of the map ¢; ', it is equivalent to prove
that the canonical map

can : H'(NZ" g/4)[p] — H'( 5/4)[p]

is zero on the d'/P-torsion subgroup (H(NZ? g/4)[p])[d*/?]. By Theorem 2.17, there is a commutative
diagram

H' (M= 5/4)[p) % H(d' s/4)[p]

lcan \Lcan

i ¢ i
H'( sya)lp] ——==H(Lna s/4)lpl,
where the right vertical map is defined in [BMS18, Lemma 6.9]. By [BMS18, Lemma 6.4] and its proof,
the canonical map o _
can : I’Iz(dZ S/A) — Hl(Lnd S/A)
is surjective, with kernel given by the d-torsion subgroup H'(d’ s/a)ld]. In particular, the right

vertical map in the previous diagram is surjective, with kernel given by the d-torsion subgroup
(H'(d* s/a)[p])d]. The left vertical map of this diagram is thus also surjective, with kernel given

by the d'/P-torsion subgroup (H'(NZ! g, 4)[p])[d*/?]. Hence the result. a

Remark 4.9. In the previous lemma, the result can be slightly improved if the perfectoid base ring
A/d is p-torsionfree. In this case, the map (bi_l is zero on Hk( s/a/p)[d], for every integer k < i — 1;
see the proof of Theorem 4.12 below.

Theorem 4.10 (Syntomic-étale comparison theorem). Let R be a perfectoid ring, and S a p-Cartier
smooth R-algebra. Then for any integers i > 0 and n > 1, the homotopy cofibres of the maps

VL {3} /P 2 fp" (i)™ (S) — RTai(Spec(S[2]), uiih)
and
Yern{#}  Zp(@)¥™(S) — RT proer(Spec(S[L]), Zy (1))

are in degrees > 1 — 1.

Proof. By p-quasisyntomic descent (as in the proof of Theorem 4.4), we can reduce to the case where
R admits a compatible system of p-power roots of unity. In this case, the Breuil-Kisin twists in the
definition of syntomic cohomology can be trivialised (see Definition 4.1). We first prove the result
modulo p. Let ¢ > 0 be an integer, (A, (d)) the perfect prism corresponding to the perfectoid ring R
and R®(S,F,(i)) € D(F,) the homotopy cofibre of the comparison map

Wi}/ Fyi)7(S) — Blat(Spee(S[E). 5.

Following [BL22, Section 8.4], the syntomic complex F,(i)*"(S), where S is a not necessarily
p-complete ring, is defined by the cartesian square

Fy(i)"(S) —— RTe(Spec(S[;]), 15")
Fp(i)(S)) — RTe(Spec(SPL3 1) 157),

where the bottom horizontal map is the syntomic-étale comparison map (Construction 4.2). In par-
ticular, the homotopy cofibre of the top horizontal map is naturally identified with that of the bottom
horizontal map. The desired statement depending only on this homotopy cofibre, we assume for the
rest of the proof that the ring S is p-complete.

29



TESS VINCENT BOUIS

By Theorem 4.4 and Remark 4.3, there is a commutative diagram

N 4 bi—1
[y, (4)7(S) N=ZFgu/p——> g/a/p

| o

RTe(Spec(S1]), u8") —— spaldl/p—2"> /albl/p

| l |

R®(S, F,(i)) —— hocofib(\;) ~—> hocofib()\)

>

where all the horizontal maps are homotopy fibre sequences. The maps A; and A correspond to
inverting d.

We want to prove that R®(S,F,(i)) € D="1(F,), i.e., that R®(S,F,(i)) is zero in degrees < i — 2.
This statement depends only on

7" 2hocofib(\;) i 75""2hocofib(\),
and thus only on the commutative diagram

i— i ¢l i
TSN NZ g4 /p) —— 757 s/4/p)

l‘rsi_lx\i lr<i_l)\

F<im1( S/A[é}/p)grﬁ Y syalil/p)-

In terms of this diagram, we want to prove that the map

hocofib (75"~ 1/\)—>hocoﬁb( si=1))

is an isomorphism in degrees < ¢ — 3 and is injective in degree i — 2.
By Lemma 4.7, the divided Frobenius map ¢; : NZ? s/a/p — s/a/p is an isomorphism in
degrees < i — 1. Define

1— ¢ 757 gyu/p) — 7= s/a/p)
as the map ¢; — 1 : 7S L(NZE s/a/p) = TS s/4/p) precomposed with the inverse of the divided
Frobenius map ¢; : 771N g/4/p) = 75771 g/4/p). Similarly the divided Frobenius map
¢i: s/alsl/p— s/al3]/p is an equivalence by Theorem 2.17 (Ln), and we define

L=t 7= gpaldl/p) — 7571 sal]/p)

<i— 1(

as the map ¢, —1: 7= s/al3l/p) = 7S g/4[4]/p) precomposed with the inverse of the divided
[ i

Frobenius map ¢; : 75"71( g/4[2]/p) = 75"71( g/4[2]/p). We thus want to prove that the induced

map
-1

hocofib(7=171)\) —>hocoﬁb( Si=1y)

is an isomorphism in degrees < ¢ —3 and is injective in degree ¢ —2. We prove that it is an isomorphism
in degrees < i — 2.
Let k be an integer < i — 2. There is a short exact sequence of A/p-modules:

0 —» Coker(H"()\)) — H"*(hocofib(\)) — Ker(H* (X)) — 0.

To prove that 1 — ¢; !is an isomorphism on H* (hocofib())), let us prove that it is an isomorphism on

both Ker(H***())) and Coker(HF())).
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First consider the map
Hk“()\) : HkH( S/A/p) — HkH( S/A/p)[i]-

Its kernel is given by the d-power torsion subgroup of H*™!( ¢ /4/D), so we want to prove that the
map 1 — ¢; ! is an isomorphism on the A/p-module H*( s/4/p)[d*]. The relation ¢ 4(d) = d? holds
in the ring A/p. So for any integer j > 1 and any element x € H’”l( s/A/P) [dP]:

j—1

4 o7 (@) = ¢ H(dP x) = 0,

and thus ¢; ! (z) € H*"( S/A/p)[dpj_l]. By Lemma 4.8, the map (¢; ')? is zero on the A/p-module

H( s/4/p)[d]. So the map 1 — ¢; " is an isomorphism on the A/p-module HM s/A/P) [dP"], for
each integer j > 1, with inverse given by the map

Lot + o (o7 1)

So the map 1 — ¢; ! is an isomorphism on the A/p-module H*( s/4/P)[d>].
Now consider the map

H*(\) : H*( sya/p) — H( 5/4/p)[3].

It is the filtered colimit over m > 0 of the maps
A A fp— s/alp

given by multiplication by d”. The A/p-module Coker(H*())) and the map 1 — ¢;”

: I acting on it can

(p—1)m
be rewritten as the colimit over m > 0 of the A/p-modules H¥( s/4/p)/d™ with maps 1 —d P o7t
Let m > 0 be an integer. We claim that the map

(p=1)m

d v g7t HY( gpa/p)/d™ — H( g/a/p)/d"

(p—1)m
is nilpotent. Because k£ <i—2, thismapd P ¢ ! is naturally identified with the map

(p=1)m 1

d 7 Trerl i HY s/a/p)/d™ — HY( g/a/p)/d™,

where , 4 4
R e N Y e e 7
is the equivalence of Lemma 4.7. Composing with itself k£ times for some integer k£ > 1 and using the
@*-1)m  pr-1
d);‘l—linearity of (b;ll gives the map d  P" pk(p—1) (¢;11)k. This map is zero for any integer k > 1
k_ _ . (p—1)m

satisfying 2 p,})m + p,f(kp_ll) > m, that is p* > m(p — 1) + 1. The map 1 —d .
of an isomorphism and a nilpotent map, so it is an equivalence. Taking colimit over m > 0, the map
1 — ¢; ! is an isomorphism on Coker(H"()\)). This concludes the proof of the result modulo p.

We now prove the result for integral coefficients. Let R®(S,Z,()) € D(Z,) be the homotopy cofibre
of the comparison map

1 .
¢, is thus a sum

'Y:)tzn{i} : Zp(i)syn(s) — RFproét(SpeC(S[%D,Zp(i)).

We want to prove that R®(S,Z,(i)) € D=""(Z,), i.e., that 7= "2R®(S,Z,(i)) ~ 0. The truncation
of a derived p-complete object is derived p-complete ([Stal9, 091N]). By derived Nakayama, it thus
suffices to prove that

(T="72R®(S, Z,(i)))/p ~ 0.

For every integer k < ¢ — 3, the natural map

H*((r=72R9(S, Zy(i))) /p) — H"(R®(S, Z,(0)) /p) = H* (RD(S, Fy (i)
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is an isomorphism, and its target is zero by the first part of the proof. In degree i — 2, the cohomology
group H'"?((S172R®(S, Z,(4)))/p) is naturally identified with the (classical) reduction modulo p of

the cohomology group H“QP(R@(S, Z,(1))), and there is a short exact sequence of abelian groups:

0 — H™2(R(S, Z,(0)))/p — H'2(RO(S,F, (1)) — B (RE(S, Z,(0)lp] — 0.

The middle term of this short exact sequence is zero by the first part of the proof; so the left one also
is, which concludes the proof for integral coefficients. The result modulo p™ can be proved like the
result for integral coefficients, or deduced from it by reduction modulo p”. O

4.4 The syntomic-étale comparison theorem over a p-torsionfree base

In this subsection we prove a refined version of the syntomic-étale comparison theorem (Theo-
rem 4.12), assuming the perfectoid base ring is p-torsionfree.

Lemma 4.11. Let (A, (d)) be a perfect prism such that A/d is p-torsionfree, and S a p-Cartier smooth
A/d-algebra. Then for every integer i > 0, the Frobenius maps and divided Frobenius map

¢ s/a/p— Lna( s/a/p)

¢ TS NZD g a/p) — 75U 5/a/D)
¢ TSHNZ 5/a/p) — TS 5/4/P)

are equivalences.

Proof. By Theorem 2.17 (Ln), the Frobenius map

¢ g4 —>Lng s/a

is an equivalence, thus so is its derived reduction modulo p. Note that p is a nonzerodivisor in the ring A
([BS22, Lemma 2.28 (1)]). Moreover, S is p-cotangent smooth over A/d, so the groups (Qg/(A/d))ZA, are

p-flat modules over the p-torsionfree ring A/d and are in particular p-torsionfree. The groups H"( g/4)
are thus also p-torsionfree (Proposition 2.15 (3)), and the natural map

(Lna s/a)/p — Lna( s/4/Pp)

is an equivalence in the derived category D(A/p) ([Bhal8, Lemma 5.16]), which proves the first state-
ment.
The proof of Theorem 2.17 (Ln) = (N'=), where we use that the short exact sequence

0—H'( s/a/p)/d—H'( s/a/(p.d) — H°( s/a/p)[d] — 0

to prove that H’( s/4/p) is d-torsionfree, then adapts readily to prove that the Frobenius map

¢ TS NZD g a/p) — TSHd 5/4/D)

is an equivalence in the derived category D(A/p). The proof of the third statement is the same as in
Lemma 4.7. ]

Theorem 4.12 (Syntomic-étale comparison theorem over a p-torsionfree base). Let R be a p-torsionfree
perfectoid ring, and S a p-Cartier smooth R-algebra. Then for any integers i > 0 and n > 1, the ho-
motopy cofibres of the maps

Ve {i}/p" 2 Z /0" (D)™ (S) — RTer(Spec(S[3]), )

and
W& {i} 2 Zp(i)¥™(S) — R proct (Spec(S[2]), Zy (i)

are in degrees > 1.
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Proof. As in the proof of Theorem 4.10, we first reduce to the case where R admits a compatible
system of p-power roots of unity, S is a p-complete ring and, by derived Nakayama, it suffices to prove
the result modulo p. We keep the same notation as in the proof of Theorem 4.10. We want to prove
that

RO(S,F, (1)) € D(F,),

i.e., that R®(S,F,(i)) is zero in degrees < ¢ — 1. This statement depends only on

75" hocofib(\;) KN 7= Thocofib(\),
and thus only on the commutative diagram

Tgi(/\/zi S/A/P) (b;> Tgi( S/A/P)

lT<i>\,~ l7<i)\

1

Si(g/alt)/p) 2> 7SI s/al2)/p).

=<
In terms of this diagram, we want to prove that the map

hocofib(757);) -2=1 hocofib(r<¢)\)

is an isomorphism in degrees < ¢ — 2 and is injective in degree i — 1.
The divided Frobenius map ¢; : NZ* s/A/P — s/a/p is an isomorphism in degrees < i by
Lemma 4.11. Define

1— ¢ 75 gya/p) — 7='( 5/4/p)

as the map ¢; — 1 : 7SHNZ! s/A/p) — T s/a/p) precomposed with the inverse of the di-
vided Frobenius map ¢; : 7/ (N=% g/4/p) — 7=( s/a/p). Similarly the divided Frobenius map
¢i: s/alil/p— s/4l3]/p is an equivalence (Theorem 2.17 (Ln)), and we define

1— o775 galdl/p) — 7= syaldl/p)

as the map ¢; — 1 : 75%( /A[é]/p) — 79( s/4[3]/p) precomposed with the inverse of the divided
) = )-

Frobenius map ¢; : 75¢( S/A[é]/ <i( s/A é]/ We thus want to prove that the induced map
<i —; <i
hocofib(7=X) 1, hocofib(7=*))
is an isomorphism in degrees < ¢ —2 and is injective in degree ¢ —1. We prove that it is an isomorphism
in degrees < i — 1.
Let k be an integer < — 1. There is a short exact sequence of A/p-modules:

0 — Coker(H*(\/p)) — H"(hocofib(\/p)) — Ker(H*"(\/p)) — 0.

1 is an isomorphism on H* (hocofib(\/p)), let us prove that it is an isomorphism
on both Coker(H*(\/p)) and Ker(H***(\/p)).
For Coker(H*(\/p)), the argument is the same as in the proof of Theorem 4.10, where we need
Lemma 4.11 for the case of k =i — 1.
For Ker(H*"!()\/p)), we follow the lines of the proof of Theorem 4.10. It suffices to prove the case
of k=1—1, i.e., that 1 — gbi_l is an isomorphism on the A/p-module H’( s/4/p)[d>]. It then suffices
to prove that ¢;1 is nilpotent on the A/p-module H’( s/4/p)[d]; we prove that it is zero. By definition

To prove that 1 — ¢!

of the map ¢, it is equivalent to proving that the canonical map

can : H'(N=" g/4/p) — H'( g5/a/p)
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is zero on the d'/P-torsion subgroup H'(N'Z? g,4/p)[d'/?]. By Lemma 4.11, there is a commutative
diagram

<

H (N 5/4)/p) ——H'(d" s/4/p)

lcan \Lcan

H( S/A/p)—i>Hi(L7]d( 5/4/P))s

1R

where the right vertical map is defined in [BMS18, Lemma 6.9]. As in the proof of 4.8, the right vertical
map of this diagram is surjective, with kernel given by the d-torsion subgroup of H(d" g /4/P). So the
left vertical map is also surjective, with kernel given by the d/P-torsion subgroup H'(N'Z° g,4)/p)[d"/?].
Hence the result. O

Remark 4.13 (Comparison with [BMS19]). Let C' be a complete and algebraically closed extension
of Q,, and O¢ be its ring of integers. In particular, O¢ is a p-torsionfree perfectoid ring. When S
is a smooth O¢-algebra, the previous result was already proved by Bhatt—Morrow—Scholze (|[BMS19,
Theorem 10.1]). In this situation, their result is slighlty stronger, as they prove that the syntomic-étale
comparison map is an isomorphism in degree ¢ (and is thus not only injective). Note that this fact does
not hold for general p-Cartier smooth Og-algebras, e.g., for general valuation ring extensions of O¢.
Their method uses crucially the functor Lz, and in particular the existence of a compatible system
of p-power roots of unity in the perfectoid ring Oc¢.

Remark 4.14. Without assuming that the perfectoid base is p-torsionfree, the previous result would
be false: for instance, in characteristic p, the homotopy cofibre of the syntomic-étale comparison map
is typically nonzero in degree ¢ — 1 (Proposition 4.5).
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