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Abstract

Let G be a connected perfect real Lie group. We show that there
exists @ < dimG and p € N* such that if p is a compactly supported
a-Frostman Borel measure on G, then the p-th convolution power p*?
is absolutely continuous with respect to the Haar measure on G, with
arbitrarily smooth density. As an application, we obtain that if A C G is
a Borel set with Hausdorff dimension at least «, then the p-fold product
set AP contains a non-empty open set.

1 Introduction

The original motivation for this article was to study the Hausdorff dimension of
product sets in perfect Lie groups. Recall that a group G is called perfect if it
is equal to its commutator subgroup, i.e. G = [G,G]. Given a Borel subset A
of GG, we want to obtain non-trivial lower bounds on the Hausdorff dimension of
the product set AP of all elements that can be written as products of p elements
of A. We prove the following.

Theorem 1.1 (Hausdorff dimension of product sets). Let G be a connected real
perfect Lie group of dimension d. Then there exists o < d and p € N* such that
if A is any Borel subset of G of Hausdorff dimension at least «, then the product
set AP contains a non-empty open subset of G. In particular, G has no proper
Borel' subgroup of Hausdorff dimension larger than o.

It was proved in [8] that in a connected simple Lie group of dimension d,
there is no Borel dense subgroup of Hausdorff dimension strictly between 0
and d. The above result allows to conclude that in fact, any proper Borel dense
subgroup of a simple Lie group must have Hausdorff dimension zero. This comes
in contrast with what happens in nilpotent Lie groups, where it was shown by
the second author in [7] that there always exist proper Borel dense subgroups
of arbitrary Hausdorff dimension in [0, dim G].

It turns out that the techniques used for the proof of Theorem 1.1 also have
interesting implications about regularity of convolution products of compactly
supported measures on a connected perfect Lie group G. We say that a Borel
measure 4 on a Riemannian manifold M is a-Frostman if there exists C > 0
such that for any ball B, of radius r in M, u(B,) < Cr®. Our main result is as
follows.

n this paper, a “Borel subgroup” is a subgroup that is simultaneously a Borel subset. This
name honors the French mathematician Emile Borel (1871-1956) and must not be mistaken
with the “Borel subgroups” introduced by the Swiss mathematician Armand Borel (1923-2003).



Theorem 1.2 (Convolution of Frostman measures). Let G be a connected per-
fect Lie group. Given a positive integer k, there exist Kk > 0 and p € N* such
that if pa, ..., pbp are compactly supported (d— k)-Frostman measures on G, then
the p-fold convolution iy, * - - - * p1 is absolutely continuous with respect to Haar
measure, with k times differentiable density.

It is worth noting that this result already has a non-trivial consequence about
convolution of compactly supported continuous functions on G. For k € N, we
denote by C*(G) the space of compactly supported C* functions on G.

Corollary 1.3 (Convolution of continuous functions). Let G be a connected
perfect Lie group. Given a positive integer k, there exists p € N* such that

CL(G)'? € CE(G).

The main ingredient in the proof of Theorem 1.2 above originates in the work
of Bourgain and his coauthors in [1, 2, 3|, and was developed in a more general
context by Boutonnet, Ioana and Golsefidi [4]. This ingredient is a bound on
the L2-norm of coefficients of the regular representation of a connected perfect
Lie group G. This bound will imply a convolution inequality for Frostman
measures, which is the subject of Section 2. Then, we need to iterate this
convolution inequality. For that, the main idea is to identify G locally with a
torus of equal dimension, so as to be able to use Fourier analysis in this setting.
This is done in Section 3. Finally, in Section 4, we derive Theorems 1.2 and 1.1.

2 A local convolution inequality for perfect groups

2.1 Bounds on coefficients of the regular representation

Let G be a Lie group of dimension d and denote by g the Lie algebra of G. We
fix a Euclidean structure on g and consider a left-invariant Riemannian metric
on G. We will assume that the exponential map induces a diffeomorphism from
Bg(0,1) to a neighborhood € of the identity in G; this can always be ensured
by changing the norm on g by a multiplicative constant.

Fix a function ¢ € C¢°(g) supported on By(0,1). For 1> ¢ >0, and x € G

we let Py(a) = csp(*BL) ifx e
T 0 ifz & Q,

where cs is chosen so that f oPs =1

We denote by T, : L?*(G) — L?*(G) the left regular representation of G,
defined by T, F(z) = F(g~'x).

The next theorem is essentially due to Boutonnet, Ioana and Golsefidi :
see Inequality (x) in [4, Section 5 p. 32]. It generalizes work of Bourgain and
Gamburd [2] in the case G = SU(d) . We will explain in this paragraph the
minor modifications needed to get the version stated here. Recall that a group
G is called perfect if it is equal to its commutator subgroup, i.e. G =[G, G].

Theorem 2.1. [4, Section 5| Let G be a connected perfect Lie group and B
a compact subset of G. There exist positive constants ¢,k such that for every
Fy, Fy € L?(B), for all 6 € (0,1), one has

/G (TyFr, Fa)* dg < c|| P Fy[[3]1Ps  Fa3 + o™ || FulI3]| F2 3 (1)



Remark 2.2. For the application presented in this article, we will only need
the bound on the L!'-norm of the coefficient

/ (ToFr, )| dg < cf| P x Fil2]| P * Fall2 + e™ || Fa [[2[ 22,
G

but the proof yields the stronger inequality on the L?-norm of the coefficient,
and we do not know of an easier proof of this slightly weaker inequality.

The aim of this section is to explain how to adapt the ideas of [4, Section
5] in order to prove (1). In [4, Section 5], the authors assume that G is simple,
that F; = F5 and the conclusion involves a power 4d that we will get rid of.
The assumption that G is simple is only used through the fact that there exists
a one-dimensional compact subgroup H with Lie algebra h such that the ideal
generated by b in g = LieG is equal to g. We show now that this property is
still valid as long as the Lie group G is perfect and linear. More precisely, we
have the following.

Proposition 2.3. Let g be a perfect real Lie algebra and X € g be an element
with non-zero projection in all the simple factors of g. Then the ideal I generated
by X is equal to g.

The proof will use the following lemma.

Lemma 2.4. Let g be a perfect real Lie algebra, then g decomposes as a semi-
direct product g = s ® u, where s is a semisimple subalgebra and u is a nilpotent
ideal in g.

Proof. By Lévi’s theorem [9, Corollary 1, page 49] we know that g is the semi-
direct product of its solvable radical v and a semisimple Lie algebra s. All we
need to check is that v is in fact nilpotent. We will show that for all X € «,
ad X is nilpotent; by Engel’s theorem, this will prove the lemma.

By Lie’s theorem applied to ad ¢, the set of X € t such that ad X is nilpotent
is an ideal of r. So we only need to check that v is spanned by ad-nilpotent
elements. Since g is perfect, we must have

t=[g,1],

and v is spanned by all subspaces [H,t], H € g. Now for any H € g, the Lie
algebra CH & t is solvable and therefore, by Lie’s theorem again, any element
in [H, ] is ad-nilpotent. This is what we wanted. O

Proof of Proposition 2.3. By the above lemma, the Lie algebra g is the semi-
direct product of a nilpotent ideal u with a semisimple algebra s. Let Z be
the ideal generated by X. Since the projection of X on any simple factor is
non-zero, we must have g =7 4+ u. Let J = Z Nu. Since g = [g, g], we have

u= [Iau} + [u,u] =J+ [uvu]'

By induction on the nilpotency step of u, this readily implies that J = u, and
thus, 7 = g. O



Corollary 2.5 (Existence of a spanning torus). Let G be a connected perfect
linear Lie group. Then there exists a one-dimensional compact subgroup H of
G such that

ty ;= Span{(Adg — 1)h; g € G} s equal to g. (2)
Proof of Corollary 2.5. First note that the vector space ty is also equal to

ty = Span{((Adg: — Adg2)h ; g1,92 € G},

so that this space ty is in fact an ideal of g. Since G is linear, it contains a
one-dimensional compact torus H that is not included in any proper normal
subgroup of G. For such an H, one can find ¢ in G such that the line (Adg—1)h
of ty has all its projections in the simple factors of g different from zero. Hence,
by Proposition 2.3, the ideal tz is equal to g. O

This one-dimensional torus H will be useful thanks to the following lemma.

Lemma 2.6. [4, Lemma 5.3] Let G be a connected perfect Lie group of di-
mension d and H a one-dimensional compact torus of G satisfying (2). Let
dg and dh be the Haar measures on G and H. Define m : G x H> — G by
7(g,s,t) := sgs~ttg=1t7L, for all g in G and s,t in H. Let ¢ € CL(G) and de-
fine the finite measure v =vy, on G as the image measure v := . (¢ dgdh dh).
Then the measure v*¢ is absolutely continuous with respect to dg with L*- Hélder
density p.

The condition that the compactly supported function p is L'- Holder means
that there exist 0 < 7 <1 and C' > 1 such that

/ lp(x™tg) — p(g)|dg < Cd(x,e)” for all x in G.
G

This condition will be used under the form (see [4, Claim 2 in Section 5]):

For all compact subset B C G, there exists Cg > 1 such that 3)
|F *v*d — Ps x F xv*d||y < Cpd™||F|l2 for all F € L*(B) and § > 0.

Proof of Lemma 2.6. This lemma is proven in [4, Lemma 5.3 when G is simple.
No modification in the proof is needed but we sketch the argument so that the
reader can understand how condition (2) is used. Consider the map

() . (G x Hx H)? — G
(91,81, t1, - gas Sasta) — 1o, sigisy "tigi 7!

By the assumption (2) on h, we may find d elements g1, ...,gq in G such that
g= @?:1 (Ad g;—1)h. Fixing such a choice of g;, the tangent map at the identity
of (t1,...,tq) — 7@ (g1,e,ty,...,ga, e, tq) is onto. This implies that there exists
a point at which the tangent map of 7(¥) has maximal rank d, and since 7(% is
analytic, this must hold in fact for almost every point in (G x H x H)%. Since
v*¢ is the pushforward of the finite measure (¢ dgdhdh)®? by the map 7(4),
the conclusion follows from [4, Lemma 5.2]. O

In order to prove Theorem 2.1, we will first assume that G is linear and
prove the following bound (4) which is weaker than (1).



Proposition 2.7. Let G be a connected perfect linear Lie group of dimension
d and B a compact subset of G. There exist positive constants a,x such that,
for all Fy, Fy € L?>(B), for all § > 0, one has

2L L "
/G|<F1,Tng>\2dg§a||F1||§(|\F2H2 WP+ Bl 3T+ 0B (4)

Proof of Proposition 2.7. With Corollary 2.5 and Lemma 2.6 at hand, the proof
of Proposition 2.7 will follow the lines of [4, Section 5]. We give some details
so that the reader may understand how the estimate (3) is used and may check
that one can deal with two functions F; and F5. Since G is a connected perfect

linear Lie group, by Corollary 2.5, we can choose a one-dimensional compact
torus H in G satisfying (2). We want to bound the following integral

Ip, py 12/ (F1, Ty Fo)* dg -
G
First step: We assume that F5 satisfies the invariance property
Vg€ G, t € H, Fy(gt) = x(t)F2(g),

for some character y of H. In this case, we have
I p, = /3E(x)F2(g_1$)F1(y)E(g_ly) dz dy dg
G
B // Fi(x)Fy(g~ at) Fy(y) Fa (g™ yt) dt dedy dg
GsJH

Since G is perfect, it is unimodular. We make the change of variables g’ = g lat,
y =x ly, ' =t Let B := B~'B. Using Schwarz’s inequality, this yields

Inr < [ [ F@FR@) o) o) dt dedydg
G3 JH

2 3
S||F1||§|F22/~</ ‘/ Fy(gtyt™")dt dg) dy
B \Js|/u

= [BI2 | F1[[3] Fll- </ /~ Fy(g)Fa(gsys~'ty~'t™") dy dtds dg)
B JBxH?

1
2

Let ¢ € C1(G) be a symmetric function such that 1 > 1z, and let v = vy be

the measure on G constructed in Lemma 2.6. We finally get

2

Ir, 5, < B> | B3] a2 (/ F(g) (F2 +v)(9) dg)
B
~ 3 1
< B[R Fl3 [1F * I3

Since the convolution by v is a self-adjoint operator in L?, according to the
spectral theorem and Hoélder’s Inequality, one has

1—% *d é
[F2 vl2 < [[Fally *[1F2+v™5.



Since the torus H satisfies (2), by Lemma 2.6, the measure v*? satisfies the
bound (3) for some constants 0 < 7 <1 and Cp > 1, and one has

HF2 * V*d||2 < ||P§ * F2||2 + CB(STHFQHQ for all 6 > 0.

~1 1
Hence, one gets with a := |B|%C§d and Kk == 7,
Iry ry < all L2 Fall3 7 (| Py = Bl 37 + 02| Fy|3° 5
Py < al|Fu[af| Fally 2 (1Ps * Fall3* + 077 || Fyl[3). (5)

Second step: We now deal with a general function Fy € L?(B). We write Fy =

F,, with F, (gt) = F\(¢)x(t). Applying (5) for each x € H*, one gets,

I g < al|FL2(|F 23| Py « By |27 + 62| . |12
F Ry, Zall LR F s 22 Ps * Fxll3® + 0" || Fyll2),

and summing over y, we find using Holder’s Inequality,

9 L

1 L
Iry,py < al P I F 2 I1Ps % Fy 137 + 6°(| E»3)
X
[

1
< all A3 (1 Flly > |1 Ps + F2ll37 + 82| F2l3)
as required. O

Proof of Theorem 2.1. We first assume that G is linear. We have to explain
how to deduce the improved bound (1) from the bound (4). If the function F;
satisfies || P 5 Fall2 < V|| 3|2, then the bound (4) applied at scale v/§ yields

| 1R T PP dg < 57 IR B (©
since k£ < 7. By symmetry, (6) also holds if ||P 5 Fi |2 < V| il

Now write F; = Py F; + G;, i = 1,2. It is easy to check that
1P 5 — Pys % Psll < V6, (7)
so that for each i, || P sz * Gill2 < V/§||F;||2. Moreover, one has

(LT B)* < (G TyGa)l* + (P 1, TyGo) | +
(G, TyPs + Fo)|> + |(Ps % Fy, T, Ps x Fo)|?

Applying as above the bound (4) at scale V8 to the first three terms, and
bounding trivially the last one, we obtain what we wanted to show:

/G (1, Ty o) ? dg < || Ps + PulI3]1Ps * B3 + 6% | Fu |3 P2 13-

Now we explain how to drop the assumption that G is linear. We first notice
that in order to prove Theorem 2.1, it is enough to prove it when the compact
set B is included in a small neighborhood of the identity in G. According to
Ado’s theorem, the group G is locally isomorphic to a linear Lie group G'. We
fix a local isomorphism v : U — U’ between a neighborhood U of e in G and
a neighborhood U’ of e in G’. We may assume that the compact set BB~ is
included in U. The integral in (1) is then an integral on U, hence it can be seen
as an integral on U’ or as an integral on the linear group G'. O



2.2 Application to Frostman measures

It was observed by Bourgain in [1] that bounds of the type of Theorem 2.1 above
imply a convolution inequality for Frostman measures on G. Recall that given
a € [0,d], a Borel measure p on G is called a-Frostman if there exists C' such
that for all » > 0 and all « in G, p(B(z,r)) < Cr®. In our context, we obtain
the following, which is a refined version of the mixing inequality proved in [4,
Theorem 5.1].

Corollary 2.8 (Convolution inequality). Let G be a connected perfect Lie group.
There exist a neighborhood U of the identity in G and ' > 0 such that if p is
any (d— r')-Frostman probability measure supported on U and F € L?(U), then,
for all 6 >0, )

% Flla < [Py * Flla + 6% | Fl,

where the implied constant in < depends only on p.

Proof. Throughout the proof, C' will denote a large constant, depending only
on y, and whose value may increase from one line to the other.

Let i € P(G) be the pushforward of the measure 4 ® p on G x G under the
map (z,y) — zy~ L. Of course fi is (d—k')-Frostman. Without loss of generality,
we may assume || F||s = 1. We use the Paley-Littlewood decomposition of F, as
introduced in [2], ' =", A;F', where

AoF = P% x FandVi>1, AjJF =Py-i-i %« F —Pyi xF.

We refer to [4, Theorem 6.2| for a nice exposition of the basic properties of this
decomposition. In addition, we note that there exists an absolute constant C'
such that for all integer i, the function A;F is C2'-Lipschitz.

We assume for simplicity that 6 = 27% for some iy > 1. We have

H*F:H*Pé*F+ZH*AiF

i>io
Since 4 is a probability measure, the first term is bounded in L?-norm by
i Py + Flls < |15 + Flla.
On the other hand, for ¢ > iy, we write
I+ AFIE = [ (T, AP AF) dilo)
s/unmﬂmﬂmmm
G
Since A;F is C2'-Lipschitz, so is the map g — [(TyA;F,A;F)| — adjusting
possibly the value of the constant C' — and since P,-2: is supported on a ball of
radius 272, we have, for all g € G,
(T,AF,AF)| < O27° +/ (T A F, A F)| Py2i(g a) da.

G

Therefore

L ITAF AR aitg) < 027 + [ (AR AP A+ P (o)



Since [ is (d — £’)-Frostman the function fi % Py-2: is bounded in L°-norm by
C2%%"% 50 that

/ (T, AF, A F)| dji(g) < 270 + 22 / (T,AF, A;F)|dg
G G

Thus, by Theorem 2.1 applied to A;F at scale 279/
% AGF||3 < 270 4 224(|| Pysso % AF |3 +27F).
To conclude, note that (7) implies that ||Py—i/2 ¥ A;F ||y < C27/4, so that
% AGF||3 < 270 4 2038 =)0 4 926" =50

Assuming £’ < min(g, %), we can sum over i to get

> ik AiFle < 6
2i>§

and in turn, /
[ Fllo < || Py Fl|2 + 6% .

3 Local action on the torus and Fourier series

Let G be a Lie group and T¢ be the d-dimensional torus. In this section, we
discuss local actions of G on a small open set V of T¢. The reader may think
of V as a small open set in an arbitrary manifold that we embedded in T? via
a local chart, in order to be able to use Fourier series to study the action of G
on elements of L2(V).

Definition 3.1. Given neighborhoods U and V of the identity in G and T,
respectively, we define a local action of G on T¢ as a smooth map

UxV — Td
(g,) +— gx

satisfying, for all g,h € U and z € V, g(¢g7'2) = 2z if g7'2 € V and g(hz) =
(gh)x if hz € V and gh € U.

Suppose now that we are given a local action of a Lie group G on T% defined
on U x V. If f is a real-valued function supported on V that is integrable for
the Haar measure dz on T¢ and u any Borel probability measure supported on
U, we define the convolution product p* f to be the integrable function on T¢
defined by the formula, for almost all € T?,

p fla) = /G f(g™ ) dulo), (8)

where, by convention, the quantity f(g~'z) is set to be 0 when = & gV.



3.1 Convolution and high-frequency harmonics

As before, suppose we have a local action U x V — T¢ of a Lie group G on the
torus T¢. Given f € L?(V), we can decompose it into its Fourier series

f=> fne

nezd

where f(n) = [,4 f(x)e 2™ dz and e, (z) = ™7 for € T If p is a
probablhty measure supported on U, we want to control the Fourier expansion
of u* f in terms of that of f.

Notation. Given a positive integer NNV, and a continuous function f on T, we
write Supp f NN =0 if f(n) = 0 whenever |n| < N.

Lemma 3.2. Let G be a Lie group and U x V — T? a local action of G on T?.
Fiz 0 € C*(V). Given positive constants T, A, there exists C' = C; 4 such that
the following holds.

Suppose  is a Borel probability measure with Suppy C U and f € L*(T?) is
such that Suppfﬂ N = 0. Then, one can decompose

[ foll2 < CraN~2]f]l2

*(ef):fo-i-fl with { SuppflﬂNl T_

Proof. Let ¥ = p* (6f). The Fourier coefficient 1/)( ) is given by

//w e Y09~ y) f(9 ™ y) dy du(g)

For a fixed g, use the change of variables y = gz, let |¢’(z)| be the Jacobian of
the diffeomorphism x — gz, defined for g € U and = € V, and write

b(n) = e 2™ 92) (1) f(2)|¢' (x)| da .
-/ ) (2)lg ()] d (o)

Fixing g € U, let 1, 4(z) = e~ %™ 6%)|¢/(2)|0(x), so that the inner integral
above rewrites

[ e @)1 @)l @) do = [ o y@)f()da
Td B

If A denotes the usual Laplacian on T%, we can bound, for p any positive integer,
if n # 0,
[ AP glloe < Cp|n|2p,

where the constant C}, depends only on p. On the other hand, if h, € L?(T?) is
such that APh, = f and h, has zero average, we have

Ihpll2 < N727|If]]2

because f(n) = 0 whenever |n| < N. Therefore, integrating by parts p times,
we find

/Td Mn,g() f(z) dz = /Td AP, o (2)hy(x) da

n\*
< Cp <N> Hf||2



Integrating over du(g), we find, provided |n| < N1~7,
[o(n)] < CuN 7| f]]2.

Let fo = > <ni-- z/p\(n)en and f1 = >0, s ni-r @(n)en. One has of course
Supp fi N N'=7 = (), and by the above estimates, provided p has been chosen
so that 2pT — d > A, one also has

[ foll2 < Co AN~ £]2.

This proves the lemma. O

3.2 The regular local action

We define now the regular local action of a d-dimensional Lie group G on the
torus T¢. It corresponds to the action of G on itself by left-multiplication, in
a neighborhood of the identity. More precisely, let U be a neighborhood of the
identity in G such that ¢ = expra 0 expé1 induces a diffeomorphism from U? to
a neighborhood of the identity in T and let V := ((U). We define the regular
local action of G on T? by

VgeU, z€V, gr=1(g (). (9)

Recall that Ps denotes the family of C'°(G) approximations to the identity
defined at the beginning of Section 2. The lemma below relates the Fourier
expansion of a function f on V' C T? with the size of Ps x f, which is the
regularization of f at scale §. Here the convolution product refers to the local
action of G on T and has been defined in (8).

Lemma 3.3. Let G be a d-dimensional Lie group and consider the reqular local
action U x V. — T as in (9). Fiz § € C°(V). For all positive integer k, there
exists a constant Cy, such that for all N > 1, for all § > %, for all f € L*(T?)

with Suppfﬂ N =0,

1

2k
N ] S

Proof. The proof is similar to that of Lemma 3.2 and will follow from integrating
by parts. We have

Py (07)(x) = /G 6(g~"2)f (g~ =) Ps(g) dg.

For a fixed x, use the change of variables x = gu, let J,(u) be the Jacobian of
the diffeomorphism u +— g, defined for v and € V near the identity by the
equality = = g,u, and write

Pyx (0F)(@) = [ F()0(u)Ps(gu) ()

= [ f(uw)y(u)du,

Td

10



where ¢ (u) = 0(u)Ps(gy)Jz(u). For any positive integer k, we can bound
AFgp(u) < Cpo 2

and on the other side, if 7, is a mean-zero function on T? such that A*n, = f,
one has
—2k
[kl < N72F(| flla

because Supp f N N = (). Therefore, one deduces the inequality

< Cud P TINT2H ]2,

fu)p(u)du
’]Td

which proves our claim. O

3.3 Iterating the convolution inequality

Given a Frostman measure g on a connected Lie group G, the goal of the
rest of this section is to apply Corollary 2.8 inductively. More precisely, we
prove Proposition 3.4 below, which will allow us to show in Section 4 that large
convolution products of Frostman measures become arbitrarily smooth.

Proposition 3.4. Given a connected perfect Lie group G, we consider the reg-
ular local action U x V. — T?, as defined in (9) and the convolution product
(8). There exists & > 0 such that for all A > 0, there exist smaller neighbor-
hoods U' C U, V! C V and p € N* such that for 0 € C*(V'), if p1, ..., up are
(d — K)-Frostman probability measures supported on U', then there exists C > 0
such that, for all f € L*(T%) with Supp f NN =0,

llpep - - % pg = (0|2 < CN?AHf”Q-

We recall that the convolution product refers to the local action of G on
T? and has been defined in (8). We start by a lemma which will be an easy
consequence of Corollary 2.8 and Lemma 3.3.

Lemma 3.5. Let G be a perfect Lie group and U x V. — T9 the regular local
action. There exists k > 0 such that if 0 € C(V), for all (d — k)-Frostman
probability measure p, there exists C > 0 such that for all f € L*(T?) such that
SuppfNN =0,

[ (0f)ll2 < CNTF[[f][2.

Proof. Since ¢ = expqa oexpé1 induces a diffeomorphism from U to V, any
function ¥ on V corresponds to a function F' =1 ot on U. Moreover, for some
constant C depending only on the ambiant group G,

1
vl <[Pz < Cllv 2.

We apply this observation to ¢ = 6f, and denote F = (6f) o . Thus, Corol-
lary 2.8 gives us a constant x’ > 0 such that, for all § > 0,

[ (02 < Ml Flla < [[Bs * Fll2 4 6% || F|2.

11



Using Lemma 3.3, we can bound the first term on the right

1

2k
1P+ Fll < 0~ (55 ) 17k

so that choosing ¢ = N—% and k > d+TK/ we obtain

s OF)]ls < N5 | f]o.

This proves the lemma, with k = %, given by Corollary 2.8. O
We are now ready to prove Proposition 3.4.

Proof of Proposition 3.4. We assume without loss of generality that || f|j2 = 1.
Let k > 0 be as in Lemma 3.5. Choose 7 > 0 and p € N* such that

K+ (1—7)k+ -+ (1—71)P"1k > A

Choose the neighborhoods U’, V” so that U7V’ C 1V, and for each i = 1, ..., p,
let 0, € C°(U) be such that

0i () 1 ifzeU V'’
=0 ifx g U VY
By Lemma 3.2 we can write

I foll < N4

N’l*(ef):fo_'_fl with { Suppflle—‘rzw

By Lemma 3.5, || f1|l2 < N~ *. Note that since u1 * (6f) is supported on U’ % V",
we have pq % (0f) = 01 (1 % (0f)) = 01 fo +61f1. So we apply Lemma 3.2 again,
this time to 01 f1, at scale N'=7 to write

Hf1o||2/f< N4

pz * (01f1) = fro+ fu1 with { Supp fr1 N NO—* — ¢

This time, by Lemma 3.5, ||fi1] < N~%*(=7) We apply this procedure p
times to obtain the inequality

lip 5 -+ %y % (Of) 2 < N™4 4 N7Rmr(mn)=mn@on)h o =)

which ends our proof. O

4 Applications

4.1 Differentiability of convolution powers
We now prove the main result of this article.

Theorem 4.1 (Convolution of Frostman measures). Let G be a connected per-
fect Lie group. There exists k > 0 such that, for all positive integer k, there
exists p € N* such that if pa, ..., pp are compactly supported (d — k)-Frostman
measures on G, then the p-fold convolution py, * - - - * pq is absolutely continuous
with respect to Haar measure, with k times differentiable density.
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Proof. We can assume k > d. Let k > 0 and p € N* be such that Proposition 3.4
holds for A > 2k + d.

First step: Assume that each p; is supported in the neighborhood U’ given by
Proposition 3.4. The measure v = p, * --- * pup is then supported in a small
neighborhood U. We identify this open set U C G with its image «(U) C T¢
under the diffeomorphism ¢ := expqa o expal.

Recall that A denotes the usual Laplacian on T¢. Let H?*(T?) be the
Sobolev space

H?*(T?) := {¢ € L*(T?) | A*y € L*(T?)}.

Since one has the inclusion H?*(T?) ¢ C?*=4(T), it suffices to show that the
distribution v belongs to H?2*(T%).

We will use again the convolution * defined in the open set +(U) C T? which
refers to the local group law of G on U ~ «(U). Let Dy be the Dirac mass at
0 € T?. Note that the distribution A*Dy on T¢ is supported by 0. We claim
that the linear partial differential operator 1 + ¢ x A¥Dy on +(U) is elliptic
of degree 2k. Indeed, this operator is invariant by left multiplication and its
principal symbol at the point 0 is equal to the principal symbol of AF.

According to the regularity of solutions of an elliptic linear partial differential
operator in [6, Theorem 4.1.5], it suffices to show that the distribution v* A* D
lies in L?(T9). Since the distributions v * A*Ps converge to v * A¥ Dy when §
goes to 0, we just need to bound the L?-norm ||v * A* Ps||» independently of §.

Fix 6 € C.(V') equal to 1 on a neighborhood of 0 and, for § > 0 small
enough, decompose Ps = 0 Pj into its Fourier series:

Ps = Z Pg(n)en = Z pg(n)é’en,

nezd nezd

and R
APy =" [n|* Ps(n)0ey,.
nezd

By Proposition 3.4 applied to e,,, we get
v (Ben)l2 < nf =
and therefore, since |Ps(n)| < 1,

[ * AFPsly < Y | < Oy < 0.
nezd

This shows that v * A*Dg lies in L? hence that v is (2k—d) times differentiable.

Second step: The general case reduces to the case where the p; are supported
in U’. Indeed, if B is a large symmetric compact set containing | J7_, Supp p;,
cover B by a finite union of translates g;U", where U" is chosen so that for all
g in the product set BP, gU"”g~! c U’. Taking a partition of unity associated
to this cover, we see that we may assume that for each ¢, y; is supported on
some g;U". For g in G, we denote by D, the Dirac mass at g. Let

v, = D(g,;...gl)*1 * g Dgi,lu.gl)
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so that each v; is supported on U’ and
Hp * -k = Dy g % Vp ko k1.

Since vp * - -+ x v is k-times differentiable by the first part of the proof, so is
Mp * -+ * 11, and we are done. O

As a consequence of the above theorem, we have the following.

Corollary 4.2 (Convolution of continuous functions). Let G be a connected
perfect Lie group. Given a positive integer k, there exists p € N* such that

C.(G)P C CH(@).

Example 4.3. Note that the assumption that G is perfect is necessary. Indeed,
the function on T! defined by

1 "imx
F(x) = Z ﬁez
n>1

is continuous, but for all p, F*P is nowhere differentiable. This example can
easily be generalized to any connected abelian Lie group.

Corollary 4.4 (Convolution of Li-functions). Let ¢ > 1 and denote by Li(G)
the space of compactly supported Li-functions on G. Then, given any positive
integer k, there exists p € N* such that

LYU(G)™ € CE(G).

Proof. Since the spaces LI(G) decrease when ¢ increases, we may assume ¢ < 2.
By the classical Young inequalities, L(G) * LY(G) C L= (G) so that for some
integer p € N*, we get

LYG)* C L"(G), for some r > 2.
This implies in particular that
LI(G)™ < I2(G).
Since L2(G) x L2(G) C C.(G), the result follows from the previous corollary. []

Example 4.5. The assumption that ¢ > 1 is necessary, as is shown by the
following example. Let B, be the ball of center e and radius r in G and

2nd

f:: Zﬁlj’%*"'

n>1

Then f belongs to LL(G) but, for all p € N*, f*? is not in L?(G). In particular,
no convolution power of f can be continuous.
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4.2 Products sets and Hausdorff dimension

Recall Frostman’s lemma, which relates sets and Hausdorff dimension to Frost-
man measures.

Lemma 4.6. (Frostman’s lemma, see [5, Thm 3]) Let M be a Riemannian
manifold and A C M a Borel subset. If dimg A > «, then there exists an
a-Frostman measure p with compact support included in A.

For subsets A, ..., A, of a group G, we denote by A;As -+ A, the product
set of all elements g € G that can be written g = ajas ... ap, with each a; € A;.
The above lemma allows us to deduce the following from the results about
Frostman measures of the preceding paragraph.

Theorem 4.7. Let G be a connected perfect Lie group of dimension d. There
exists o« < d and p € N* such that for any Borel subsets Ai,..., A, with
dimg A; > o, the product set A1As - Ay, contains a non-emply open set.

Proof. Let Kk > 0 and p € N* be as in Theorem 4.1, with & = 0, and set
a = d — k. By Frostman’s lemma, we may choose for each ¢ an a-Frostman
probability measure p; with support included in A;. By Theorem 4.1, the
convolution product g * - - - * p, is absolutely continuous with respect to Haar
measure, with continuous density. In particular, the support S of py * - *
contains a non-empty open set. This proves the theorem, because S is included
in the product set A;---A,. O

This has the following consequence about Borel subgroups of a connected
perfect group G.

Corollary 4.8. Let G be a connected perfect Lie group of dimension d. There
exists a < d such that G admits no proper Borel subgroup of Hausdorff dimen-
sion larger than «.

It was proven in Saxcé [8] that a connected simple subgroup G has no dense
Borel subgroup of intermediate dimension « € (0, dim G). The new information
contained in the above corollary is that the only Borel subgroup of maximal
Hausdorff dimension is G, so that we find:

Theorem 4.9. Let G be a connected simple Lie group. Any proper dense Borel
subgroup of G has Hausdorff dimension 0.

We recall that such a simple Lie group G always contains many uncountable
subgroups of Hausdorff dimension 0.

Remark 4.10. Theorems 4.7 and 4.9 are still true if we replace the assump-
tion “Borel subset” by the assumption “analytic subset” or equivalently “Suslin
subset”. Indeed the only tool we use on these subsets is the Frostman’s lemma
4.6 which is still true for analytic subsets according to [5, Thm 3.
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